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Abstract

Planktonic microorganisms play a fundamental role in oceanic ecology and chemical cycles.
Different planktonic species are found at various levels of the oceanic trophic chain, ranging
from photosynthetic organisms to grazing species higher in the food chain. Many planktonic
species have developed migration strategies to aid their survival. This includes motility and
density regulation. Physical aspects, such as transport and collision rates, have a direct impact
on planktonic survival and are influenced by the planktonic migration strategies. Furthermore,
collision rates between planktonic organisms also play an important role in the formation of
macroscopic plankton blooms. These have a direct effect on the ecology of oceans and lakes.
In this dissertation we use physical modeling to study motile and sedimenting microorganisms
in a fluid flow. We aim at shedding light on the key features of microorganism dynamics in
fluid flows as a function of their key parameters: shape, motility, and density offset.
In chapter 1 we introduce the biological setting of plankton, and give a very brief overview
of the physical modeling approaches for plankton in fluid flows. Subsequently in chapter 2
we introduce the theoretical framework of turbulence and the methodology of our numerical
simulations.
In chapter 3 we start by examining microswimmers in a simple two-dimensional toy-model. We
use methods from dynamical systems theory to uncover the role played by shape and motility
in determining the microorganism dynamics in this simple setting. We explicitly identify the
Hamiltonian dynamics followed by spherical microswimmers. Additionally, we find that elon-
gated microswimmers more easily escape simple vortex structures than other shapes.
In chapter 4 we then move on to ellipsoidal microswimmers in realistic mild turbulent flows. We
analyze transport and rotation rates of motile ellipsoids. We find that elongated microswim-
mers have an advantage in transport, which is in part due to shape-dependent rotation rates.
We also investigated the collision rates of motile spheres, and we were able to extract a master
curve interpolating between the passive and motile limits for different sized spheres. We quan-
tified the effect of motility and found that even very small motility greatly enhances collision
rates.
In chapter 5 we study of sedimentation of elongated microorganisms in mild turbulence. We
measure the collision rates of elongated microorganisms in terms of size, energy dissipation
rate, and aspect ratio. We then find a master curve interpolating between a passive particle
and a sedimentation dominated limit. We characterize the role played by shape, which in-
creases collision rates of elongated microorganisms in comparison with equal-volume spheres.
This shape-induced enhancement helps to explain the timescales for formation of blooms of
elongated planktonic species.
In summary, in this dissertation we study the effect of shape, motility, and density regulation
on physical models of planktonic microorganisms. Our findings help to shed light on the in-
terplay between these planktonic parameters, the role of oceanic turbulence, and biologically
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relevant physical measures, such as transport, collision rates, and planktonic bloom formation
times.
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CHAPTER 1
Introduction

Microscopic organisms are an integral part of the oceanic ecosystem [1, 2]. Phytoplankton, for
example, are photosynthetic planktonic microorganisms that absorb nutrients and solar energy
to grow and multiply [3]. These small organisms form the base of the oceanic food chain. A
vast and complex trophic web of grazing microorganisms (see figure 1.1), called zooplankton,
then carries nutrients up to the level of macroscopic organisms, such as fish, birds, and whales.
This collection of microscopic organisms plays a critical role in the carbon cycle of the ocean
[4], photosynthesizing basic chemicals into usable nutrients for higher trophic levels. Within
this picture, different planktonic species have developed migration strategies to maximize their
survival.
Phytoplankton can generate their own food by means of photosynthesis, and their survival
greatly depends on being in nutrient rich regions and having access to sunlight. Some species
do this by regulating their buoyancy and sinking during night to nutrient rich waters, while
surfacing during the day to carry out photosynthesis. Zooplankton are predatory and in order

Figure 1.1: Plankton are microscopic organisms present in the ocean. They are an integral part
of the oceanic food chain and chemical cycles. These microorganisms come in a wide spectrum
of shapes, sizes, and have a variety of mechanistic strategies to maximize their survivability,
for example motility and sedimentation. Taken from [5].
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Figure 1.2: The microscopic oceanic ecosystem is complex and plays a fundamental role in the
oceanic chemical cycles and trophic chain. Within this complex picture the turbulent oceanic
medium induces physical mixing. Additionally, many planktonic species have developed mi-
gration strategies, such as motility and buoyancy regulation, as a survival strategy. Physical
properties, such as transport and collision rates, as a function of the migration strategies splay
a crucial role in determining plankton survival in the ocean. Taken from [7].

to survive they need to graze, mate and evade predation. Therefore some zooplankton species
have developed motility as a transport mechanism to improve their survival. This complex in-
terplay between planktonic organisms, migration strategies, and the turbulent oceanic medium
is sketched in figure 1.2. Mechanistic migration strategies are present at various trophic levels
[6], and a great part of the survivability of these plankton species depends on physical prop-
erties of the microorganisms in the flow, such as transport and collision rates. Studying these
physical properties of microorganisms in an oceanic turbulent medium is therefore an impor-
tant step at understanding the complex and vital role plankton play in the oceanic ecosystem.
Another tangible way in which planktonic organisms affect the oceanic ecosystem is through
bloom formation.
Planktonic blooms are events in which temperature and nutrient conditions favor the exponen-
tial growth of planktonic population [1]. Some plankton blooms are seasonal [8], while others
are driven by oceanic nutrient excess due to human activity [9]. These blooms can grow to
macroscopic sizes even visible from space, such as in figure 1.3. The exponential growth of the
bloom is eventually halted, either by nutrient depletion, or by such a dense plankton popu-
lation that the water becomes dark and sunlight no longer penetrates into the water. When
the photosynthetic microorganisms die, oxygen is eventually depleted. This is because on the
one hand the photosynthetic organisms suffer a catastrophic death, and on the other hand the
bacteria that decompose these dead phytoplankton consume oxygen. The bloom then creates
a hypoxic dead zone in the ocean in which biotic organisms cannot survive. Plankton blooms
then play a fundamental role not only in the oceanic ecosystem but also in human economic
activities, such as fisheries by creating dead zones and depleting fish populations.
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A B

Figure 1.3: Under certain circumstances planktonic organisms can bloom, and grow expo-
nentially in the ocean. These bloom are eventually halted, and lead to oxygen depletion,
further impacting oceanic ecosystems. Explaining the generation of plankton bloom requires
a complex interplay between biological, environmental, and physical factors. A mechanistic
approach helps to better understand the interplay between planktonic migration strategies,
and fluid flow properties of the oceanic turbulent medium, leading to bloom formation. A A
bloom in Lake Erie due to fertilizer inflow and nutrient excess in the water. Taken from [10].
B A spring bloom of coccolithophores in the Celtic Sea off the coast of Brittany. Taken from
[11].

Plankton survival as a function of migration strategies, as well as the process and mecha-
nisms for the generation of a plankton blooms are still active research questions. A complex
interplay between external factors, such as nutrient input, temperature, ocean turbulence, as
well as planktonic factors, such as biological behavior, locally present species, and plankton
transport strategies, all play a role [12, 13]. Analyzing this whole complex picture is a difficult
endeavor, which spans several disciplines. In this dissertation, we will concentrate on the basic
physical mechanisms to model microorganisms in oceanic turbulence on the order of tens of
centimeters to meters. Studying these models might help to better understand how the rela-
tion between planktonic microorganisms and turbulent flows affects plankton surviveability in
terms of transport and collision rates, as well as how this leads to phenomena such as plank-
tonic blooms.
To better understand microorganisms in a turbulent oceanic medium, scientists have devised
simplified modeling approaches [14, 15] to understand and quantify planktonic phenomena. We
concentrate in models, in which a turbulent background flow u advects the microorganisms,
which are modeled as non-inertial particles. Furthermore, apart from the survival migration
strategies of motility and buoyancy regulation, the microorganism shape is also a critical pa-
rameter, as it determines how the flow rotates and spins the organisms around. A glimpse
at figure 1.1 reveals the variety of shape and sizes of planktonic organisms. By focusing on
the case of small organisms and approximating their shape as ellipsoidal, the spinning and
rotation induced by the turbulent medium on these microorganisms can be modeled by use of
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the Jeffery’s equations [16]. These modeling approaches then have the generic form

ẋ = u + f(p̂), (1.1)
˙̂p = 1

2ω
ωω × p̂ + α

(
Sp̂ − p̂TSp̂ p̂

)
+ g(p̂). (1.2)

Here x is the microorganism position, α parametrizes the shape of the ellipsoid, and p̂ is the
ellipsoid’s orientation. The fluid vorticity ωωω and strain rate S rotate and spin the microorgan-
isms. Furthermore, migration strategies depending on the microorganism orientation can be
modeled by the term f(p̂). The term g(p̂) can be used to introduce preferential orientation
(such as gravity) or orientational stochastic terms. This modeling approach has been used to
study several migration strategies, such as self-propulsion (motility) [17–24], buoyancy regula-
tion (sedimentation) [25–31], and gravity oriented motility (gyrotaxis) [15, 19, 24, 32–40]. In
this dissertation we will limit ourselves to the study of motility and sedimentation. We will
study the mathematical properties of motile microorganisms in a two-dimensional toy-model.
Afterwards we will move on to realistic turbulence and measure microswimmer transport and
collision properties in mild turbulence. We then will turn our attention the problem of sedi-
mentation of slim microorganisms in the ocean, and tackle the question of bloom formation of
thin elongated planktonic species.

Thesis outline
This dissertation is structured as follows. In chapter 2 we will introduce the theoretical frame-
work which our physical models are based on, as well as details regarding the implementation
in simulation code. In chapter 3 we will study a modeling approach of motile microorganisms
in a two-dimensional toy-model setting. In this toy-model setting, we will analytically explore
the properties of the pertinent equations as a function of shape and motility. Subsequently, in
chapter 4 we make the jump from a two-dimensional toy-model to a turbulent medium. By use
of direct numerical simulations, we systematically study the transport and rotation properties
of motile microorganisms in mild turbulence as a function of shape and motility. We will also
study the effect of motility and particle size in collision rates of motile spherical particles.
In chapter 5 we then switch our approach and instead of motility study microorganisms with a
density mismatch to the surrounding fluid. More specifically, we look at sedimenting elongated
microorganisms in mild turbulence, and relate the effect of turbulence intensity and density
offset, to collision rates and subsequently to the timescales pertinent to plankton bloom for-
mation.
Finally, in the appendix 6 we present two manuscripts that formed part of the research carried
out during my time as doctoral researcher, but which are not directly related to the central
topic of this dissertation.



CHAPTER 2
Theory and Methods

In this chapter we will introduce the theoretical framework relevant for the topics of this disser-
tation: turbulence and particles in turbulent flows. We will first introduce the Navier-Stokes
equations as the underlying equations of a turbulent flow. Subsequently we will characterize
the different length and time scales present in fluid flows via a small excursion into the statis-
tical theory of turbulence. We will then consider particles embedded in a fluid flow, starting
with non-inertial Lagrangian particles, and then going on to more general equations of motion,
where particle shape is taken into account. As a next step we will introduce collision rates and
the corresponding criteria for quantifying what constitutes a particle collision. Finally, we will
discuss details regarding the numerical simulations of the turbulent flow and the rotational
dynamics of particles in the flow.
We refer to classical textbooks for more thorough and detailed presentation of the theory of
turbulent flows [41–44].

2.1 Turbulent flows

2.1.1 Navier-Stokes equations

Fluid flows appear in a variety of physical settings. The motion of viscous fluid flow is captured
by the velocity field u = u(x, t), which is a function of position x and time t. The time
evolution of the velocity field is governed by the Navier-Stokes equations [41]. In the case
of liquids, the flow is usually incompressible. That is, density differences are negligible. The
incompressible Navier-Stokes equations then take the form of a momentum equation and an
incompressibility condition

∂u

∂t
+ u · ∇u = −∇p + ν∆u + f , (2.1)

∇ · u = 0. (2.2)

Here p denotes the kinematic pressure, ν is the kinematic viscosity, and f is a generic term
accounting for forcing or external forces. In this dissertation f will always be a pure large-
scale isotropic forcing term, as we will not take into account any other external forces acting
on the flow. Without the forcing term, the dissipation term ν∆u will eventually dissipate
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2.1. TURBULENT FLOWS 7

all the energy contained in the flow u, leading to a quiescent flow solution (u = 0) at long
times. We hence include a large scale forcing f to obtain a statistically stationary velocity
field. Additionally, the pressure term p is a non-local term [41], enforcing incompressibility
(2.2) in the momentum equation (2.1).
Consider now typical velocity and length scales of a given flow u given by U and L, respectively.
Using these length scales we can rescale the physical variables of equations (2.1)-(2.4) as
u → u′ U , x → x′ L, f → f ′ U2/L, t → t′ L/U , and p → p′ U2. These new primed quantities
are non-dimensional. Dropping the tildes we can rewrite (2.1) and (2.2) in non-dimensional
form as

∂u

∂t
+ u · ∇u = −∇p + 1

Re∆u + f , (2.3)

∇ · u = 0. (2.4)

Here we have obtained Re, the so-called Reynolds number. It is an non-dimensional quantity
defined as

Re ≡ UL

ν
. (2.5)

The Reynolds number describes the ratio between the typical scales of the flow (inertial scales),
and the scales at which viscous dissipation becomes important. Hence a flow with a small
Reynolds number is said to be highly viscous, as the viscous term is important. On the other
extreme, a large Reynolds number flow is said to be turbulent. This means that there is an
appreciable separation between the typical scales of the flow, and the scales at which viscosity
becomes important. This large separation allows for the energy to be transfered from the
forcing at the large scales, then by inertial transport as kinetic energy down to the smallest
scales of the flow, where it is finally dissipated. This picture is known as the cascade picture of
turbulence. In order to better understand this picture we will now take a look at the statistical
theory of turbulence. This will allow us to more formally define the different length scales at
play in a turbulent flow, and precisely describe what is meant by this cascade picture.

2.1.2 Statistical theory of turbulence

The velocity field of a turbulent flow u following the Navier-Stokes equations (2.3) is chaotic,
and as such a statistical approach is adequate. We consider flows with forcing and boundary
conditions such that the flow statistics are homogeneous and isotropic.
In order to better understand the dynamics of the fluid flow, we will look at the dynamics of
energy in the flow, from where it is pumped into the flow by the forcing, up to its dissipation at
the smallest scales. The classical picture of an energy cascade was introduced by Richardson
[45] in 1922. According to this picture energy is input at the large scales of a fluid flow. This
may be, for example, wind over the ocean. The flow acquires speed from the forcing. There
is then an energy transfer from the external forcing into kinetic energy contained in the fluid
flow u. The kinetic energy is then transferred from length scale to length scale. The kinetic
energy is eventually transferred to scales at which viscosity becomes important. Viscosity then
dissipates energy in the form of microscopic heat.
In the cascade picture there are three important ranges of length scales. First of all, the largest
scales, which are induced by the large scale forcing. Then the inertial range: a range of scales
in which energy is transferred in form of kinetic energy from length scale to length scale onto
the smaller length scales. Finally the smallest scales of the flow denote the length scales at
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which viscosity starts to become important and eventually dominates. We will now introduce
the two-point correlation function as a formal way to define these different length scales.

Two-point correlation function

At a given time t a velocity field u decorrelates in space. The simplest statistical quantity
containing information on spatial structure is the two-point correlation function. This is a
direct way to measure spatial statistics, and it will help us to formally define length scales in
a turbulent flow. In a homogeneous flow, the (equal time) two-point correlation is the defined
as

Rij(r, t) ≡ ⟨ui(x + r, t)uj(x, t)⟩ , (2.6)

where the brackets indicate volume averaging (average over x). At zero separation |r| = 0
we get Rij(0, t) = u2

rms/3, where urms =
√

⟨u2⟩. In a statistically isotropic flow, Rij can be
recast as a contribution from the transverse and longitudinal directions of r. This yields the
two-point correlation as

Rij(r, t) = u2
rms
3

(
g(r, t)δij + [f(r, t) − g(r, t)] rirj

r2

)
(2.7)

where r := |r| is the distance. The the two-point correlation then has explicit contributions
from a longitudinal autocorrelation function f , and a transverse autocorrelation function g.
These functions have the property that f(0, t) = g(0, t) = 1. In three-dimensional isotropic
turbulence it can be shown that g depends on f through

g(r, t) = f(r, t) + r

2
∂f(r, t)
∂r

. (2.8)

Hence, the two-point correlation function and all derived quantities can be expressed in terms
of f . The explicit expressions for g in the rest of this section can be readily worked out [41].
However, for simplicity, in the following we will express all relevant quantities using f .

Large length scales: integral length

In a turbulent flow, certain regions with a given size may show turbulent structures with some
coherence. These turbulent coherent regions are called eddies, and typically have a vortex
structure of a given length scale [43]. Eddies are found at all length scales in a turbulent flow.
The largest eddies are then the largest turbulent coherent structures in a turbulent flow. These
large length scales may be taken as the typical large scales of the flow. A way of defining the
size of these largest coherent structures is by use of the autocorrelation function f .
The typical length of the autocorrelation function Lint can be obtained by integrating over it.
That is,

Lint(t) :=
∫ ∞

0
dr f(r, t). (2.9)

This integral length is a statistical quantity. Presuming exponentially decaying tails, it tells us
after which distance the flow decorrelates. That is, the integral length characterizes the length
scales of the largest eddies in the flow.
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Kolmogorov similarity hypotheses

In his seminal work in 1941 [46, 47] Kolmogorov proposed two simliarity hypotheses for turbu-
lent flows at high Reynolds numbers. Using dimensional analysis, Kolmogorov’s first similarity
hypothesis pertains the statistics at the small scales of a turbulent flow, and it can be rephrased
as follows:

First similarity hypothesis: At high enough Reynolds numbers the small-scale
turbulent statistics have a universal form depending only on ν and ε.

Here ε is the kinetic energy dissipation rate, which is defined as

ε = 2ν ⟨SijSij⟩ (2.10)

Here S is the strain rate tensor, that is, the symmetric part of the velocity gradient tensor

Sij = 1
2

(
∂ui
∂xj

+ ∂uj
∂xi

)
. (2.11)

The kinetic energy dissipation rate ε then accounts for the total energy dissipated by viscous
forces. In isotropic turbulence ε can be recast as [41]

ε = 15 ν
〈(

∂ux
∂x

)2〉
. (2.12)

Kolmogorov also proposed a second similarity hypothesis pertaining the inertial range. This
second hypothesis can be expressed as follows:

Second similarity hypothesis: At high enough Reynolds numbers the statistics
of turbulent motion in the intertial range have a universal form depending only on
ε and not on ν.

Kolmogorov microscales

At the smallest scale viscosity dissipates kinetic energy into heat. Using Kolmogorov’s first
similarity hypothesis we will derive the so-called Kolmogorov microscales, which characterize
the smallest scales of the flow in which viscosity starts to dominate. Using combinations of ν
and ε we can form length, time, and velocity quantities

η =
(
ν3

ε

)1/4

, τη =
(
ν

ε

)1/2
, uη = (νε)1/4 . (2.13)

These microscales characterize the scales at which viscous forces become comparable to the
inertial. A way to see this is by calculating the typical Reynolds numbers Reη at these scales

Reη = uη η

ν
= 1. (2.14)

A Reynolds numbers of unity means that these scales characterize the small scales of the fluid.
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Figure 2.1: Here we show the energy spectrum from two simulations. The energy spectrum
E(k) of a turbulent flow shows the energy contained in structures of typical length l = 2π k.
Energy is input at the forcing band, and then transfered from larger to smaller eddies in the
flow. Eventually viscous forces dominate at the large wave number regime (small length scales),
and energy is dissipated. The Reynolds number Rλ is a measure of the separation between the
large and the small scales of the flow, i.e. a measure of the turbulence intensity. A turbulent
flow with larger Reynolds number has a broader inertial range. The slight departure at the
deep dissipative range (large kη) can be related to dependence on Reynolds number [48].

Energy spectrum of the inertial range

Kologorov’s second similarity hypothesis can be used to predict the energy spectrum in the
inertial range. The energy spectrum is a function of the wavenumber k = l/2π, and it displays
the kinetic energy contained structures of the length scale l. Then the kinetic energy spectrum
can be expressed as

E(k) = 1
2

∮
dΩ(k) 1

(2π)3

∫
dxRjj(x) e−ik·x, (2.15)

where dΩ(k) is a spherical differential surface element at radius k, and
∮

dΩ(k) is an integral
over a spherical shell of radius k = |k|. Then, the quantity E(k)dk is the kinetic energy
contained between k and k+dk an dhas units of velocity squared. Kologorov’s second similarity
hypothesis [41, 46] can be used to derive the following scaling law

E(k) = C ε2/3 k−5/3, (2.16)

where C is a universal constant. This is known as the 5/3-law, and is one of the most celebrated
results of the statistical theory of turbulence. This scaling is typical of turbulent kinetic energy
transfer in the inertial range. In figure 2.1 we show a typical energy spectrum of numerical
simulations.

Taylor based Reynolds number

Apart from the integral length, we can derive a second length scale from the autocorrelation
functions. The autocorrelation functions f and g are parabolic at r = 0. Taking a Taylor
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expansion of f around r = 0 we obtain the so-called Taylor longitudinal microscale λf as

λf (t) =
[
−1

2
∂2f(r, t)
∂r2

∣∣∣∣∣
r=0

]−1/2

(2.17)

A similar length scale can be derived for the transverse autocorrelation function g, and it is
related to the longitudinal Taylor microscale through λg(t) = λf (t)/

√
2. Furthermore, taking

a Taylor expansion of f we can relate the longitudinal Taylor microscale to average of the
gradient tensor as 〈(

∂ux
∂x

)2〉
= 2 u2

rms
3 λ2

f

. (2.18)

Using equation (2.12) we can also express the energy dissipation rate in terms of the Taylor
microscale

ε = 10ν u2
rms

λ2
f

(2.19)

The Taylor microscale does not have a direct physical interpretation, and it is intermediate
between the dissipative scales η and the integral length L [41]. The Taylor microscale is,
however, a well defined quantity from which a Reynolds number can be defined. The so-called
Taylor based Reynolds number is defined as

Rλ ≡ urmsλf√
6 ν

(2.20)

The Taylor based Reynolds number is commonly used in turbulence simulations to characterize
the degree of turbulence intensity. In figure 2.1 we present the energy spectrum of two numerical
simulations. The integral range shows the k−5/3 scaling. Increasing the Reynolds number
increases the range of the integral range. This means that the separation between the large
scales and the scales at which viscousity dominates becomes larger.

2.2 Particles in turbulence
The Navier-Stokes equations (2.3)-(2.4) describe the velocity field of an incompressible fluid
flow and appear in a wide variety of physical settings. The presence of particles in turbulent
flows has been intensively studied [49], as it has applications ranging from industry applications
to droplet growth in clouds.
We now turn our attention to non-inertial particles embedded within this turbulent fluid. We
start by introducing the advection equation of Lagrangian tracers. That is, particles which
have negligible inertia and are advected by the surrounding fluid. We will then introduce
generalizations of these equations for particles with different features. Subsequently we will
introduce the Jeffery’s equations, which describe the rotations of a microscopic ellipsoid in a
fluid flow due to the small-scale features of the flow.

2.2.1 Non-inertial particles

The most simple non-trivial particles one can encounter in turbulent flow are Lagrangian
tracers. These are particles move with the velocity field, such that their position evolves as

ẋ = u(x(t), t) (2.21)
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This is the simplest type of particles in a turbulent flow, and no feedback into the flow in
considered. In this dissertation we will look at particles which are advected, but have additional
contributions to their spatial evolution, for example due to motility or sedimentation. We will
hence expand (2.21) to equations of the form

ẋ = u + f(p̂), (2.22)

where p̂ is an orientation vector. In chapter 5 we will look at sedimenting ellipsoids (5.10).
There we will explore a shape- and orientation-dependent particle settling. Later in chapter 4
we will investigate the effects of motile ellipsoids (4.3) in turbulence.

2.2.2 Particle orientation: Jeffery’s equations

A key parameter of particles contained in a turbulent flow is their shape. Consider a particle
with a certain geometry in a turbulent flow. The torques produced by the flow on the surface
of the particle induce rotation. How these rotation rates depend on the exact shape of a
particle is a complicated question, which usually escapes an easy solution. In the following we
will present the equations for the rotation rate of small triaxial ellipsoids in turbulence, for
which analytic results are known. We will then simplify this result to the case of an symmetric
ellipsoid.
Consider the limiting case of small particles, smaller or comparable to the Kolmogorov length
η of the flow. The local velocity field can then be expressed by a Taylor expansion in terms
of gradients of the velocity field, i.e. strain S and vorticity ωωω. The strain and vorticity the
effect torque on the surface of the particle and induce rotation. Calculating the total torque is
usually a complex computation, without a closed solution. In the case of ellipsoids, however,
this computation can be carried out to obtain the rotation rates of the ellipsoid’s main axes.
This is known as Jeffery’s equations [16], and the original derivation goes back to 1922. In the
following we will present the Jeffery’s equations for a triaxial ellipsoid [50] and then simplify
to the case of symmetric ellipsoids.
We begin by considering a triaxial ellipsoid with three main axes given by ai, where i = 1, 2, 3.
We define, additionally, the auxiliary shape parameters αi, defined as

α1 = (a2/a3)2 − 1
(a2/a3)2 + 1 , α2 = (a3/a1)2 − 1

(a3/a1)2 + 1 , α3 = (a1/a2)2 − 1
(a1/a2)2 + 1 . (2.23)

Now let us define the orientation of the ellipsoid by the orientation of the ellipsoid axes. We
define the unitary vectors p̂i pointing in the corresponding ai axis, such that they form form
a complete right-handed orthonormal vectorial basis, i.e.

13×3 = p̂1 ⊗ p̂T1 + p̂2 ⊗ p̂T2 + p̂3 ⊗ p̂T3 , pTi · pj = δij , ϵijkpjpk = pi. (2.24)

By taking the limit of small ellipsoids, such that a strain S and vorticity ωωω = ∇ × u dominate
the torques on the ellipsoid, Jeffery worked out the rate of change of the orientation of these
orientation vectors. The time evolution of the orientation vectors p̂i can be cast as [50]

˙̂p1 = 1
2ω
ωω × p̂1 − α2p̂3(p̂T3 Sp̂1) + α3p̂2(p̂T2 Sp̂1), (2.25)

˙̂p2 = 1
2ω
ωω × p̂2 − α3p̂1(p̂T1 Sp̂2) + α1p̂3(p̂T3 Sp̂2), (2.26)

˙̂p3 = 1
2ω
ωω × p̂3 − α1p̂2(p̂T2 Sp̂3) + α2p̂1(p̂T1 Sp̂3). (2.27)
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α = −0.92

λ = 0.5
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Figure 2.2: Ellipsoid shape can be parametrized by the aspect ratio λ between the axis of
symmetry, and the other axes. The shape parameter α (2.28) is a function of the aspect ratio
and is the relevant shape control parameter in Jeffery’s equations (2.39); it determines the
rotational dynamics of an ellipsoid in a fluid flow.

We can readily verify that these vectors remain unitary with time evolution, that is dp̂2
i /dt =

p̂Ti · ˙̂pi = 0. It is notable that these equations are cyclic, revealing the interchangeability of the
labels of the different axes.
Consider now the case of an ellipsoid with two equal axes, and a third axis of symmetry. Let
us define the axis of symmetry as i = 1. Consider now the ratio between the axis of symmetry
and the other axes as λ, i.e. λ = a1/a2 = a1/a3. Then the auxiliary shape parameters (2.23)
become

α1 = 0, −α2 = α3 = λ2 − 1
λ2 + 1 =: α. (2.28)

and we are left with only one shape parameter α. The relation between α and λ is shown in
figure 2.2. The equations (2.25)-(2.27) then take the form

˙̂p1 = 1
2ω
ωω × p̂1 + α

[
p̂2 ⊗ p̂T2 + p̂3 ⊗ p̂T3

]
Sp̂1, (2.29)

˙̂p2 = 1
2ω
ωω × p̂2 − α p̂1(p̂T1 Sp̂2), (2.30)

˙̂p3 = 1
2ω
ωω × p̂3 − α p̂1(p̂T1 Sp̂3). (2.31)

Using the identities (2.24) we can reduce the dynamics of the ellipsoid orientation to depend
only on p̂1, p̂2, p̂3, and ˙̂p1. Using the identity

p̂2 ⊗ p̂T2 + p̂3 ⊗ p̂T3 = 13×3 − p̂1 ⊗ p̂T1 (2.32)

we can rewrite equation (2.29) so that ˙̂p1 only depends on p̂1, S, and ωωω. Now, applying a time
derivative on the identity p̂2 = p̂3 × p̂1 we obtain

˙̂p2 = ˙̂p3 × p̂1 + p̂3 × ˙̂p1. (2.33)

The first term in this equation can be substituted from equation (2.31) to yield

˙̂p3 × p̂1 = 1
2(ωωω × p̂3) × p̂1 = p̂T1 ·ωωω

2 p̂3. (2.34)

For the second term in equation (2.33) we can use p̂3 = p̂1 × p̂2 to obtain

p̂3 × ˙̂p1 = (p̂1 × p̂2) × ˙̂p1 = −p̂1(p̂T2 · ˙̂p1). (2.35)
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Proceeding then in a similar manner with ˙̂p3 we can rewrite equations (2.29)-(2.31) as

˙̂p1 = 1
2ω
ωω × p̂1 + α

(
Sp̂1 − p̂T1 Sp̂1 p̂1

)
, (2.36)

˙̂p2 = p̂T1 ·ωωω
2 p̂3 − p̂1(p̂T2 · ˙̂p1), (2.37)

˙̂p3 = − p̂T1 ·ωωω
2 p̂2 − p̂1(p̂T3 · ˙̂p1). (2.38)

Note that with this formulation it becomes clear that the orientation of the ellipsoid is then
defined by the orientation of the axis of symmetry. The other axes, p̂2 and p̂3, are slave
variables to p̂1. We hence will only keep track of the dynamics of the axis of symmetry p̂1,
which we denote p̂ from now on. We drop the dynamics of p̂2 and p̂3 and retain the rotational
evolution of the ellipsoid as

˙̂p = 1
2ω
ωω × p̂ + α

(
Sp̂ − p̂TSp̂ p̂

)
. (2.39)

It is these set of equations which are commonly called the Jeffery’s equations. Note that in
this reduced formulation the orientation vector p̂ remains normalized. Here this is due to the
p̂Sp̂ term. This term is a Lagrangian multiplier, ensuring the normalization of p̂ in the α ̸= 0
case. This equation has been intensively used to study rotation of particles in turbulent flows
[51].

2.3 Particle collisions
In real turbulent flows, particles contained in the flow are advected and may also be affected
by sedimentation, and the particles might be motile. These particles can collide or coalesce.
Measuring collision rates is a way to statistically approach these collision events. Just as we
did with the equations of motion when we neglected feedback into the surrounding fluid, here
we will do a simplifying consideration. We will use the so-called ghost collision approximation.
Using this approximation, particles may overlap and move through one another. Collisions
are merely the event at which a particle overlaps another one. But no change is made to the
equations of motion of the particle itself, of the colliding particle, or the underlying flow.
In this section we will explain the concept of a collision kernel as a statistical measure for
particle collision occurrences. Additionally we will describe geometrical conditions by which
to measure and classify collisions between spheres, thin disks, and rods.

2.3.1 Collision kernel

In a physical flow particles can collide, coalesce, or even interact. To quantify the evolution of
droplet size distributions a Boltzmann like equation comes into play [52]. Within this complex
picture a critical quantity is the so-called collision kernel Γ [53]. In the droplet case, the collision
kernel describes the rate at which particles of different radius collide. In general, however, the
collision kernel is a geometric quantity obtained by also taking into account particle shape and
orientation. It describes the collision rate of particles averaging over all possible geometrical
collision configuration. In the context of microorgansism, the collision kernel Γ is also called
sometimes encounter rate [14].
Consider a total of N identical particles in a volume V . Now consider that in a certain time
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T the total number of new collisions is Nc. Then the collision kernel Γ is the proportionality
constant between particle number, volume, and time, and the total number of new collisions
[54, 55]

Nc = Γ
2
N2T

V
or equivalently Γ = 2 V Nc

N2 T
. (2.40)

The collision kernel Γ is a statistical quantity which states how many new collision of a given
particle species will occur, given volume, time, and number of particles.
In a simulation a new collision is then characterized as a particle pair transitioning from no
collision to collision over a timestep. Numerically the total number of new collisions Nc over a
time period T is obtained by keeping track of the identity of colliding particles and integrating,
i.e.

Nc =
∫ T

0

dNc

dt dt. (2.41)

Saffman-Turner kernel

A celebrated result in the theory of turbulence is the so-called Saffman-Turner kernel [56].
This is a collision kernel for small non-inertial spheres of radius r advected by turbulence. The
kernel has the form

ΓST = 1.3 (2r)3
√
ε

ν
. (2.42)

The Saffman-Turner collision kernel is proportional to sphere volume. This intuitively means
that larger spheres collide more often than smaller ones. Additionally, using we identify that
the kernel is inversely proportional to the Kolmogorov time τη (2.13). This means that in more
intense turbulence, i.e. smaller τη, collisions happen more often than in milder turbulence with
a larger τη. It is notable that the Saffman-Turner result overestimates the real measured
collision rates from simulations by around 5% [57].

2.4 Ghost collision algorithms

In our approach we have neglected the hydrodynamic interactions between particles, as well
as any feedback effect of the particles on the fluid flow. For calculating collisions we also use
a simplified approach, the so-called ghost collision approximation [54, 57, 58]. This consists
of simulating particles in a flow which can geometrically overlap without interacting with one
another. Hence, by use of simulations we can measure how often particles come close enough
to one another to touch or even overlap, but we ignore any coagulation or interaction effects
resulting from this process. Deriving and implementing exact algorithms for particle collision
detection is notably difficult, even in the case of ellipsoids [59, 60]. Therefore, in the following,
we will describe the collision test for three limiting cases of particle shapes: spheres, thin disks,
and slim rods.

2.4.1 Collision algorithm between spheres

Collision between spheres happen, when the distance between the centers of two spheres ri is
smaller than their diameter d, that is:√

(r1 − r2)2 ≤ d. (2.43)
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2.4.2 Collision algorithm between thin disks

Consider two disks centered at x1 and x2, and orientations p̂1 and p̂2. Their width is denoted
as w. A collision, if any, will happen along the intersection of the two planes which contain these
disks. The intersection of these planes is a line. Positions along this line can be parametrized
by one parameter t, the line orientation p̂0, and a point along this line x0 as

l(t) = x0 + p̂0t, (2.44)

where the vectors x0 and p̂0 can be defined as

p̂0 = p̂1 × p̂2, x0 = (x1 · p̂1)p̂1 + (x1 · p̂1)(p̂1 · p̂2) − x2 · p̂2
1 − (p̂1 · p̂2)2 [p̂2 − (p̂1 · p̂2)p̂1] . (2.45)

The distance between the disk center and an arbitrary point along this line is given by

di(t) =
√

[xi − l(t)]2 (2.46)

If a collision were to happen, it would require that di(t) ≤ w/2. We then solve this equation
for the solutions to di(ti±) = w/2. This can be solved analytically to

ti± = xi · p̂0 ±
√

(xi · p̂0)2 + w2/4 − (xi − x0)2. (2.47)

If for one of the disks no solution pair exists, then a collision is impossible. On the other hand,
if solutions exist, then a collision will happen when the two disk sections overlap. This overlap
can be tested as

t1+ ≥ t2− ∧ t2+ ≥ t1−. (2.48)

If this computation is true, then a collision happens.

2.4.3 Collision algorithm between rods with spherical caps

Collisions between thin rods can be calculated by searching for the minimal distance between
the two symmetry axis of the rods with spherical caps. In the limit of very thin rods the
spherical caps are negligible, and this algorithm practically becomes the same as checking for
collisions of pure rod geometry. Consider that the first rod at a position x with orientation
p̂, and a second rod with orientation q̂ at a position y. Both rods have length l, with two
spherical caps of radius l/2λ, a cylindrical body of length l(1 − 1/λ), and width w = l/λ.
Positions along the rods may be parametrized by use of the parameters t, s ∈ [−1, 1], such that
any point along the symmetry axis of the rods may be written as

r1(t) = x + t l

2 p̂

(
1 − 1

λ

)
; t ∈ [−1, 1] (2.49)

for the first rod, and
r2(s) = y + s l

2 q̂

(
1 − 1

λ

)
; s ∈ [−1, 1] (2.50)

for the second. The distance between two points on symmetry axis of the rods is then

dist(t, s) =
√

[r1(t) − r2(s)]2 =

√[
l

2

(
1 − 1

λ

)
(p̂ t− q̂ s) + ∆x

]2
. (2.51)
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Here we define ∆x = x − y. The minimum distance can be found by setting the gradient of
this distance function to zero. This leads to a linear system, which can be solved to(

tmin
smin

)
= 2
l(λ− 1)

λ

(p̂ · q̂)2 − 1

(
1 −p̂ · q̂

p̂ · q̂ −1

)(
∆x · p̂
∆x · q̂

)
. (2.52)

This yields the minimum distance if |tmin, smin| ≤ 1, that is, if we are inside both rods. If
|tmin| ≥ 1 or |smin| ≥ 1 we must search for the minimum distance along |t| = 1 and |s| = 1.
Along the edges the minimum distance can be analytically calculated by finding the minimum
of equation (2.51) for t (s), while keeping s (t) constant. Keeping t constant at tmin = ±1 the
minimum at s is found at

smin = tmin p̂ · q̂ + 2
l

λ

λ− 1∆x · q̂. (2.53)

Keeping s constant atsmin = ±1 the minimum for t is found at

tmin = smin p̂ · q̂ − 2
l

λ

λ− 1∆x · p̂. (2.54)

Collisions at a given time snapshot can then be characterized as dist(tmin, smin) < rod width.

2.5 Details on numerical simulations
The Navier-Stokes equation (2.1)-(2.2) describe the time evolution of a velocity field u. In this
dissertation we will be interested on the specific case of isotropic homogeneous turbulence. To
this end we will be simulating the Navier-Stokes equations directly in a cube with periodic
boundary conditions. For this usecase a very advantageous technique for solving the Navier-
Stokes equations is the so-called pseudo-spectral approach. In the following we will describe
the numerical approach for solving the Navier-Stokes equations. Finally, we will then visit
the implementation of Jeffery’s equations in the code and give an overview of the particle
implementation in the code.

2.5.1 Pseudo-spectral approach to solving the Navier-Stokes equations

The pseudo-spectral approach to solving the Navier-Stokes equation (2.1)-(2.2) actually solves
the vorticity formulation in Fourier space. Recall that vorticity ωωω is the curl of the velocity
field, i.e. ωωω(x, t) = ∇×u(x, t). Applying a curl to equation (2.1) we obtain a partial differential
equation for vorticity

∂ωωω

∂t
= ∇ × (u ×ωωω) + ν∆ωωω + ∇ × f . (2.55)

To obtain this equation we have used the incompressibility condition of velocity ∇ · u = 0, as
well of the vorticity field ∇·ωωω = 0. Additionally, the identity ∇×(u×ωωω) = (ωωω ·∇)u−(u ·∇)ωωω
is needed when deriving equation (2.55). The pressure term, previously a Lagrange multiplier
ensuring incompressibility, is gone. But now, both velocity u and vorticity ωωω appear in the
same equation. The Biot-Savart law can be used to invert the velocity in terms of vorticity,
i.e.

u(x, t) = 1
4π

∫
d3y

ωωω(y, t) × (x − y)
|x − y|3

(2.56)

Together, equations (2.55) and (2.56) form a closed system of integro-differential equations for
vorticity ωωω. As a next step we will transform into a Fourier representation. Because we are
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working in a cube with periodic boundary conditions the Fourier representation automatically
fulfills the periodic boundary conditions. Consider the Fourier transformation, denoted by F
and its inverse by F−1. We denote the Fourier wave vector as k, and the Fourier representation
of velocity and vorticity as û and ω̂ωω, respectively. Therefore we have

û(k, t) = F [u(x, t)] , ω̂ωω(k, t) = F [ωωω(x, t)] . (2.57)

Applying the Fourier transform to equation (2.55) we obtain

∂ω̂ωω

∂t
= ik × F [u ×ωωω] − νk2ω̂ωω + F̂ (2.58)

Where F̂ the forcing in Fourier space F̂ = F [∇ × f ]. The Biot-Savart law (2.56) in Fourier
space now takes a simpler form than in real space

û = ik × ω̂ωω

k2 . (2.59)

Replacing real space velocity and vorticity in equation (2.58) and using the Fourier Biot-Savart
formulation of the velocity field (2.59) we obtain

∂ω̂ωω

∂t
= i k × F

[
F−1

[ i k × ω̂ωω

k2

]
× F−1 [ω̂ωω]

]
− ν k2 ω̂ωω + F̂ (2.60)

Compared to the real space velocity formulation (2.3), the Fourier equation for the vorticity
(2.60) is a closed system of partial differential equations for vorticity ωωω: instead of having
a pressure term, which is non-local and difficult to compute, in Fourier space becomes a
multiplication. This is the reason why this method to solve the Navier-Stokes equations is
called pseudo-spectral. We solve the time evolution equations in Fourier space, but use the
Fourier transform to compute the computationally intensive non-linear term in equation (2.60).
In our code we solve this equation, and then obtain the velocity field by means of Biot-Savart
law and inverse Fourier transform. We use our in-house code TurTLE [61] to integrate the
vorticity fomulation (2.60). We use a third order Runge-Kutta method for time integration
and use the FFTW library [62] to perform the Fourier transform. A mixed parallelization
scheme using MPI and OpenMP allows for a scalable and efficient implementation.

2.5.2 Particle integration

The code TurTLE [61] implements particle position and orientation via time integration of
the equations of motion. This is done with a second order Adams-Bashforth time integrating
scheme. The particles are distributed according to the paralelization scheme described in the
previous section, allowing also for numerical scalability and efficiency solving for the particles
in the turbulent flow. The particles can be coupled to the value of the velocity, vorticity, or
gradient fields at each particle position. This is done via an efficient and scalable interpolation
scheme [61]. The coupling is one way, as the particles can be coupled to the fluid flow, but
they themselves have no effect on the undelying flow. Additionally, the code allows for particle
interaction. This can be implemented in a variety of ways. In this thesis we utilize the
interaction functionality to carry out the measurement of particle collisions.
As part of the work carried out during this doctoral thesis, we used the existing particle code
to implement the Jeffery’s equations (2.39). As we discussed in section 2.2.2, the term p̂TSp̂
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is a Lagrange multiplier to ensure that p̂ remains a unitary vector. Numerically, however, this
term leads to numerical instabilities. Hence we integrate the equations without this term and
then normalize the orientation vector after each time step. Starting from equation (2.39) and
using (2.11) we exclude the Lagrange multiplier and expand the x-component of the orientation
vector p̂ as

ṗx = 1
2 [ωypz − ωzpy] + α

[
∂ux
∂x

px +
(
∂uy
∂x

+ ∂ux
∂y

)
py
2 +

(
∂uz
∂x

+ ∂ux
∂z

)
pz
2

]
. (2.61)

Furthermore, using the definition of the shape parameter α (2.28) in terms of the aspect ratio
λ and replacing the components of vorticity with ωi = ϵijk∂juk we can further expand the
expression of ṗx as

ṗx = 1
2

[(
∂ux
∂z

− ∂uz
∂x

)
pz −

(
∂uy
∂x

− ∂ux
∂y

)
py

]
+λ2 − 1
λ2 + 1

[
∂ux
∂x

px +
(
∂uy
∂x

+ ∂ux
∂y

)
py
2 +

(
∂uz
∂x

+ ∂ux
∂z

)
pz
2

]
. (2.62)

Rearranging this expression we finally obtain

ṗx = 1
λ2 + 1

[
pz

(
λ2∂ux

∂z
− ∂uz

∂x

)
+ py

(
λ2∂ux

∂y
− ∂uy

∂x

)
+ px

(
λ2 − 1

) ∂ux
∂x

]
. (2.63)

It is this expression in terms of λ, the components of the orientation vector pi, and the com-
ponents of the velocity gradient tensor ∂ui/∂xj that we implemented in our code. The other
components of ˙̂p are obtained by cyclic permutation. The orientation vectors are then normal-
ized at each time step.
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Abstract

Microswimmers are encountered in a wide variety of biophysical settings. When inter-
acting with flow fields, they show interesting dynamical features such as hydrodynamical
trapping, clustering, and preferential orientation. One important step towards the under-
standing of such features is to clarify the interplay of hydrodynamic flows with microswim-
mer motility and shape. Here, we study the dynamics of ellipsoidal microswimmers in a
two-dimensional axisymmetric vortex flow. Despite this simple setting, we find surprisingly
rich dynamics, which can be comprehensively characterized in the framework of dynamical
systems theory. By classifying the fixed-point structure of the underlying phase space as
a function of motility and microswimmer shape, we uncover the topology of the phase
space and determine the conditions under which microswimmers are trapped in the vor-
tex. For spherical microswimmers, we identify Hamiltonian dynamics, which are broken
for microswimmers of a different shape. We find that prolate ellipsoidal microswimmers
tend to align parallel to the velocity field, while oblate microswimmers tend to remain
perpendicular to it. Additionally, we find that rotational noise allows microswimmers to
escape the vortex with an enhanced escape rate close to the system’s saddle point. Our
results clarify the role of shape and motility on the occurrence of preferential concentration
and clustering and provide a starting point to understand the dynamics in more complex
flows.

Driven by the need to better understand the physical mechanisms of microswimming, e.g. in
the context of phytoplankton in the ocean [63] or artificial microswimmers in the laboratory
[64], the investigation of microswimmers in complex flows has gained considerable momen-
tum over the past years. In such flows, inertial effects [18, 65–68], gyrotactic swimming
[15, 19, 24, 32–40], fluid-cell [6, 69] and cell-cell interaction [17, 70], as well as active motility
and morphological changes [22, 71] can give rise to complex spatial microswimmer distributions
and enable migration strategies.
Among the various mechanisms, shape and motility are the key parameters in quantifying
microswimmer interaction with hydrodynamic flows [20, 23, 26, 72]. For instance, motility is
a crucial ingredient for the emergence of clustering of neutrally buoyant particles [23, 24, 37].
Shape, on the other hand, determines the dynamic reaction to hydrodynamic cues. Rod-like
agents, for example, tend to align with the direction of local vorticity, while also spinning due

23
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to it [73–77]. Furthermore, it has recently been shown that self-propelled rod-shaped particles
tend to align with the velocity field [72].
Given the complexity of turbulent and spatiotemporally varying flows, several investigations
have focused on simple flows, which allow making contact with dynamical systems theory.
For example, the (quasi-)periodic [78] and chaotic [79] motion of spherical microswimmers in
a Poiseuille flow can be understood through the underlying Hamiltonian dynamics. In this
scenario, the effect of shape in microswimmer dynamics and its relation to the swimming ve-
locity could be well understood: Elongated microswimmers explicitly break the symplectic
structure of the dynamics, but their swimming behavior qualitatively follows the swinging and
tumbling motion observed for spherical microswimmers [80]. As another example, the ubiq-
uity of vortices in natural environments and their dynamical impact on biological agents [81]
continues to make the study of single vortex structures a good starting point for understand-
ing microswimming in more complex, biologically relevant flows [82]. Isolating the impact of
individual vortices on microswimming in a two-dimensional cellular flow has revealed barriers
to particle transport as a function of shape and swimming speed [83, 84]. Shape deformation,
as another example, has been found to have a strong impact on the scattering dynamics of
individual microswimmers in a single vortex structure [85]. This illustrates how the investiga-
tion of simple flow settings sheds light on the interplay between shape and swimming speed
on microswimmer dynamics.
Here, we comprehensively characterize microswimmer dynamics in a single vortex structure by
relating the observed physical phenomena to properties of the underlying dynamical system.
In particular, we consider non-interacting microswimmers in a two-dimensional axisymmetric
vortex flow and address their trapping properties as well as the occurrence of clustering (the
spatially heterogeneous distribution of particles) and preferential orientation with respect to
the velocity field. We idealize microswimmers as advected ellipsoidal particles, which addition-
ally have a swimming direction and a constant self-propulsion speed. Furthermore, vorticity
and shear induce particle tumbling, which alters the swimming direction.
Our study discusses the fundamental dynamical systems properties of ellipsoidal microswim-
mers in a general axisymmetric vortex flow, complementing previous works on simple vortex
[81] and cellular flows [83].
This simple setting reveals surprising insights: we identify an effective swimming velocity,
which takes into account both motility and shape, as a control parameter for this system. We
find surprisingly rich dynamics, which can be comprehensively characterized in the framework
of dynamical systems theory. Classifying the fixed-point structure of the underlying phase
space as a function of the effective swimming velocity allows distinguishing microswimmers
that escape the vortex from the ones which remain trapped. Moreover, we find that spherical
microswimmers obey Hamiltonian dynamics, whereas other shapes break the symplectic struc-
ture of phase space. Hence phase-space contraction, and ultimately preferential concentration,
can be set into the context of breaking of Hamiltonian dynamics by departure from a spherical
shape. Finally, to quantify the robustness of our results, we investigate the impact of rotational
noise. We find that a saddle point, present in the relevant phase space, plays an important
role in the escape of microswimmers from the vortex core.
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3.1 Microswimmers in a vortex flow

3.1.1 Model equations

We model microswimmers as inertialess particles advected by a velocity field u. The particles
are additionally capable of self-propulsion with swimming velocity vs in direction p̂ [15]. The
microswimmer position x obeys the equation of motion

ẋ = u + vs p̂, (3.1)

where the flow field is evaluated at the Lagrangian position of the microswimmer u(t,x(t)).
A simple but effective way to introduce shape is to consider ellipsoidal microswimmers [86].
Particle orientation can be described by the particle’s symmetry axis p̂. Additionally, in many
relevant settings, microswimmers are smaller than the smallest hydrodynamic scales (such as
the Kolmogorov length scale in turbulence). In this limit, the spinning and tumbling of the
particle orientation can be described by Jeffery’s equation [16], which takes the form

˙̂p = 1
2ω × p̂ + α(Sp̂ − p̂TSp̂ p̂). (3.2)

Here, Sij = (∂iuj +∂jui)/2 is the strain tensor and ω = ∇×u the vorticity. The ratio between
the ellipsoid’s major and minor axes λ defines the shape parameter as α = (λ2 − 1)/(λ2 + 1).
The parameter α interpolates shapes between an oblate ellipsoid (−1 < α < 0), a sphere
(α = 0), or a prolate ellipsoid (0 < α < 1).

3.1.2 Two-dimensional vortex flow

In two spatial dimensions, (3.1) and (3.2) have three degrees of freedom: two coordinates for
position and one swimming angle

x =
(
x
y

)
, p̂ =

(
cos θ
sin θ

)
. (3.3)

It is also worth noting that in two dimensions ellipsoids can only tumble. In the following,
we restrict ourselves to an axisymmetric vortex flow of the form u(t,x) = u(r) êϕ, where
r =

√
x2 + y2 is the radial coordinate and êϕ a unit vector along the angular coordinate. By

inserting (3.3) into (3.1) and (3.2), we obtain the equations of motion

ẋ = vs cos θ − u(r)
r y, (3.4)

ẏ = vs sin θ + u(r)
r x, (3.5)

θ̇ = 1
2r

d
dr [r u(r)] + α 1

2r
d
dr

[
u(r)
r

]
(3.6)

×
[
(x2 − y2) cos(2θ) + (2xy) sin(2θ)

]
.

Inspection of these equations in polar coordinates reveals rotational invariance. Without loss
of generality, the dynamics of the system can theqrefore be reduced by one degree of freedom
by transforming into a co-rotating frame. This is achieved by introducing new coordinates(

X
P

)
=
(

cos θ sin θ
− sin θ cos θ

)(
x
y

)
. (3.7)
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In the co-rotating coordinate system {X,P}, the microswimmers are rotated so that they
swim along the positive X axis. That is, in this new frame the microswimmer position and
orientation differ only by a rotation from the laboratory frame {x, y}. Hence, the radial
coordinate is identical in both coordinate systems,

r =
√
x2 + y2 =

√
X2 + P 2. (3.8)

Introducing an angle variable defined through tanψ := P/X helps in the description of the
dynamics. The equations of motion for X and P can be obtained from (3.4)-(3.7) as

Ẋ = vs + P f(r) [1 + α h(ψ)] , (3.9)
Ṗ = −X f(r) [1 + α h(ψ)] , (3.10)

where
f(r) := r

2
d
dr

[
u(r)
r

]
and h(ψ) := cos(2ψ). (3.11)

The function f(r) contains the dependence on the velocity field u(r). Vorticity and strain
alter microswimmer orientation. While vorticity affects all microswimmers independent of
their shape, the effect of strain is shape-dependent. The function h(ψ) is a geometric term
stemming from the relative orientation of an ellipsoid with respect to the strain tensor.
The swimming orientation angle θ is a slave variable to X and P and evolves according to the
equation

θ̇ = u(r)
r

+ f(r) [1 + α h(ψ)] . (3.12)

Hence, this co-rotating representation reduces the three-dimensional dynamics of the mi-
croswimmers in the laboratory frame {x, y, θ} to an effective two-dimensional dynamics in
the co-rotating frame {X,P}. In general, a particle’s tumbling rate is defined as ˙̂p2. In our
parametrization (3.3), the tumbling rate simplifies to θ̇2, and theqrefore can be directly deter-
mined from the swimming-angle dynamics (3.12). For spherical microswimmers, the tumbling
rate only depends on the radial coordinate, while (3.12) shows that strain additionally induces
orientation-dependent tumbling for ellipsoidal microswimmers.
As a concrete example, we consider a stationary Lamb-Oseen vortex, a prototypical vortex
structure which is representative for a large class of hydrodynamic vortices [43]. The essential
feature of this field is that the velocity profile interpolates between linear growth near the core
(corresponding to a solid body rotation) and a Gaussian decay far from the core, leading to
differential rotation. Its velocity field is given by

u(r) = u0
r0
r

(
1 + 1

2σ

)(
1 − exp

[
−σ r2

r02

])
(3.13)

where u0 and r0 are the maximum azimuthal velocity and its corresponding radial coordinate.
The vortex is stationary, and hence its width r0 is kept fixed. The constant σ is the nontrivial
solution to the equation exp(σ) = (1 + 2σ) [87], which is obtained by fixing u0 to r0. The
velocity and vorticity profiles are illustrated in figure 3.1.
Using r0 and r0/u0 as length and time scales, respectively, (3.4)-(3.6) and (3.9)-(3.13) can be
non-dimensionalized: x → r0 x̃, y → r0 ỹ, X → r0 X̃, P → r0 P̃ , t → r0/u0 t̃, u → u0 ũ. As
a result, we have a non-dimensional swimming velocity ṽs = vs/u0. In the following, we drop
the tildes and work with the non-dimensionalized swimming speed.
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Figure 3.1: To illustrate our results, we choose a Gaussian vortex, the stationary Lamb-Oseen
vortex (3.13). (a): Velocity and vorticity profile as a function of radius. (b): Streamline plot
of the velocity field with vorticity shown as color-coded background. In our system ellipsoidal
microswimmers can self-propel and are also advected by the vortex flow.
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Figure 3.2: (a)-(c): A spherical (α = 0) microswimmer ensemble (gray density plot) homo-
geneously initialized in a disk in the laboratory frame {x, y, θ} quickly separates into bound
and unbound microswimmers. Example trajectories of bound and unbound microswimmers
are given in blue and red, respectively. Trapped microswimmers remain near the vortex core
and follow quasi-periodic orbits. A non-trivial microswimmer distribution develops. (d)-(f):
An analysis in the co-rotating frame {X,P} reveals the phase-space structure of the dynamics.
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Figure 3.3: (a) Solving (3.14) and classifying the fixed points for microswimmers in a Lamb-
Oseen vortex yields a saddle(green)-center(blue) fixed-point pair. The topology of phase space
can be described as a function of an effective swimming velocity veff (3.16). (b) By increasing
veff , the fixed points converge and undergo a saddle-node bifurcation at vmax (red dot). For
veff > vmax, no fixed-point pair exists, and hence no closed trajectories are found. (c) The
bifurcation diagram showing the fixed-point coordinates (3.14) reveals the role of veff as the
control parameter for this system.

For the numerical results, we integrate the ordinary differential equations (3.4)-(3.6) using a
fourth-order Runge-Kutta method with a time step dt = 0.05. For each of the simulations
shown in figure 3.2 and figure 3.5, we initialized 5 × 105 microswimmers. For the radial
distribution function in figure 3.6, we initialized 8 × 106 microswimmers.
Typical dynamics of microswimmers following (3.4)-(3.6) and the corresponding representation
in the co-rotating frame {X,P} are shown in figure 3.2. Here, the quasi-periodic trajectories
observed in the laboratory frame can be explained by the coupling of the typical angular
velocity of the microswimmers in the co-rotating frame with their rotation frequency given by
(3.12).
In the next section, we explore the features of (3.9) and (3.10) to uncover the fixed-point
structure of the underlying dynamics and precisely characterize the observed phenomena of
the microswimmers.

3.2 Fixed-point analysis

Visual inspection of the microswimmer dynamics in the co-rotating frame in figure 3.2 reveals
an intricate behavior. These observations can be made precise by a fixed-point analysis. Be-
cause the dynamical system (3.9)-(3.10) is two-dimensional, the Poincaré-Bendixson theorem
[88] applies, and the topology of the dynamics is completely determined by the fixed points.
Already in figure 3.2 (d)-(f) we can visually identify two fixed points in phase space. These
fixed points are marked as blue and green dots in figure 3.3 (a) and (b), and are studied in the
following.
Calculating the fixed points {XFP, PFP} of (3.9)-(3.10) trivially leads to XFP = 0 for any
axisymmetric flow profile. As a consequence, r = |PFP| and ψ = sign(PFP) π/2. For the
subsequent analysis we use the specific example of the Lamb-Oseen vortex (3.13), but the
theoretical results are valid in general. For the Lamb-Oseen vortex (3.13), we find that the
inequality f(r) ≤ 0 is valid for all radii. This means that fixed points exist only for PFP > 0
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and ψ = π/2. The fixed points of (3.9)-(3.10) are then given by the solutions to

0 = XFP,
vs

1−α = −PFP f(|PFP|). (3.14)

The type of fixed points of a two-dimensional system is determined by the determinant and
the trace of its Jacobian matrix J [88]. At the fixed-point coordinates (3.14) we obtain

Tr(J) = 0,
det(J) = (1 − α)2 f(r) d[r f(r)]

dr

∣∣∣
r=|PFP|

.
(3.15)

These quantities reveal the nature of the fixed points and their dependence on microswimmer
shape. Because det(J) ∈ R and Tr(J) = 0, this type of system can only have either center or
saddle points. As a consequence, trajectories remaining bound to the vortex core correspond
to areas in phase space enclosed by the homoclinic or heteroclinic orbits of the saddle points.
All other areas in phase space lead to and come from infinity. Moreover, (3.14) motivates the
definition of an effective swimming velocity as

veff := vs
1 − α

. (3.16)

As the trace and determinant of J are independent of the swimming speed vs, and the term
(1 − α)2 in (3.15) is non-negative, microswimmers with the same effective swimming velocity
have identical types of fixed points located at the same coordinates. This implies that the
effective swimming velocity can be used to classify microswimmers according to their shape
and swimming speed. Theqrefore, veff plays the role of a control parameter for the topology
of the phase space. To obtain the bifurcation diagram of this system, the equation

veff = −PFP f(|PFP|) (3.17)

can be solved graphically. The solution to this equation for the Lamb-Oseen vortex (3.13)
is shown in figure 3.3 (c). In the case of the Lamb-Oseen vortex (figure 3.3) the condition
0 < veff < vmax ensures the existence of a solution pair to (3.14), which corresponds to a
center-saddle pair. As long as this solution exists, so does the homoclinic orbit, enclosing a
region of trapped microswimmers. figure 3.3 (a) shows the fixed-point pair and the homoclinic
orbit. By choosing a larger value for veff , as in figure 3.3 (b), the fixed points merge and
undergo a saddle-node bifurcation at vmax.
The condition veff < vmax defines a region in the {vs, α} parameter space for which mi-
croswimmers are trapped, as shown in figure 3.4. The transition from bound to unbound
microswimmers occurs at veff = vmax, which defines a straight line in {vs, α} parameter space.
For the Lamb-Oseen vortex, we numerically obtain vmax ≈ 0.726 as the maximum of (3.17).
Hence, by taking into account the role of shape, microswimmers with much lower swimming
velocity vs than the maximum fluid velocity u0 can escape the vortex. Additionally, prolate
microswimmers can more easily escape the vortex core than oblate microswimmers. That is,
the transition from bound to unbound microswimmers takes place at lower swimming velocity
for prolate microswimmers than for oblate microswimmers. Furthermore, for constant vs, thin
elongated microswimmers have a divergent veff in the limit α → 1, and hence always escape
the vortex in this limit.
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Figure 3.4: The condition veff < vmax defines a region in {vs, α} parameter space for which
bound microswimmer trajectories exist. The effective velocity veff is color-coded and takes the
value vmax at the transition. The transition from bound to unbound microswimmers defines a
straight line in {vs, α} parameters space. The transition for prolate microswimmers (α > 0)
occurs at lower vs than for oblate microswimmers (α < 0), and hence prolates can more easily
escape the vortex core. Furthermore, in the limit α → 1 the region of bound microswimmers
vanishes, and all microswimmers in this shape limit can escape the vortex core.

3.3 Hamiltonian dynamics and phase-space contraction

Next, we explore the effect of shape on the microswimmer dynamics and its relation to phase-
space contraction. Initializing microswimmers homogeneously inside the homoclinic orbit leads
to shape-dependent stationary distributions, as shown in figure 3.5. For equal effective swim-
ming velocity veff , changing shape leads to a variety of density distributions.
To elucidate this, we begin by considering spherical microswimmers (α = 0). It is well known
that, in general, equations for spherical microswimmers following (3.1) and (3.2) conserve
phase-space volume [34, 37, 69]

∇x · ẋ + ∇p̂ · ˙̂p = 0. (3.18)

An even stronger statement can be made in our case. By using the {X,P} coordinates of the
co-rotating frame, we can reveal the Hamiltonian structure of the equations of motion, i.e.

Ẋ = ∂H(X,P )
∂P , (3.19)

Ṗ = −∂H(X,P )
∂X , (3.20)

where the Hamilton function is given by

H(X,P ) = vsP +
∫ r

s f(s) ds (3.21)

for arbitrary axisymmetric velocity fields. As a consequence of the Hamiltonian dynamics,
phase-space volume is conserved and does not contract or expand. Theqrefore, starting from a
homogeneous distribution, spherical microswimmers maintain a homogeneous distribution as
time evolves.
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Figure 3.5: Bound microswimmers develop non-trivial density distributions. The gray scale
shows the density of the microswimmer distribution. We show density distributions of different
shapes and effective swimming velocities, namely veff = 0.25 in (a)-(c) and veff = 0.5 in (d)-
(f). The black lines show sample trajectories. For spherical shapes (b,e), we clearly observe
a homogeneous distribution in {X,P} space, a consequence of the phase-space-conserving
Hamiltonian dynamics. A homogeneously filled homoclinic orbit (red line) at the initial time
will remain so throughout time evolution. Other shapes break the Hamiltonian structure,
and phase-space contraction Γ (3.24) leads to preferential alignment of microswimmers with
respect to the velocity field, as illustrated by the denser regions in {X,P}-space. Oblate
microswimmers (a,d) tend to concentrate along the X-axis. Prolate microswimmers (c,f) tend
to concentrate along the P -axis. This corresponds to preferential swimming perpendicular or
parallel to the flow, respectively.

While spherical microswimmers obey Hamiltonian dynamics, other microswimmer shapes break
the Hamiltonian structure. This can be seen by recasting (3.9) and (3.10) as

Ẋ = ∂H(X,P )
∂P + α P f(r) h(ψ), (3.22)

Ṗ = −∂H(X,P )
∂X − α X f(r) h(ψ). (3.23)

As a result, phase space can contract or expand for non-spherical microswimmers. We show the
stationary distributions of bound microswimmers in both the laboratory frame {x, y, θ} and
the co-rotating frame {X,P} in figure 3.5. The gray color scale corresponds to microswimmer
density. In the co-rotating frame spherical microswimmers remain homogeneously distributed
in time. However, non-spherical microswimmers show denser regions inside the homoclinic
orbit. Moreover, prolate ellipsoids are more densely concentrated along the P -axis. This can
be explained by analyzing the phase-space contraction induced by the microswimmer dynamics.
The phase-space contraction rate is given by

Γ := ∂XẊ + ∂P Ṗ = 2 α sin(2ψ) f(r). (3.24)

Non-spherical microswimmers have an orientation-dependent tumbling rate (3.12), which in-
duces phase-space contraction (3.24). As a consequence, non-spherical microswimmers accu-
mulate or deplete in regions of phase space and will depart from an initially homogeneous
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Figure 3.6: The clustering of bound microswimmer ensembles from figure 3.5 is characterized
by their radial distribution functions (RDFs). Microswimmers with different shape but equal
effective swimming velocity have equal maximum swimming radius rmax, given by the sad-
dle point (P1 in figure 3.3). Nevertheless, different shaped microswimmers exhibit different
phase-space contraction rates, which leads to different RDFs. (a): For veff = 0.25, spherical
microswimmers (α = 0) homogeneously fill an area around the origin. Because the radial
distribution function is obtained by an angular integration over {X,P}-space, this leads to a
linearly increasing RDF (i.e. constant RDF(r)/r ) for circular integration areas fully enclosed
by the homoclinic orbit, i.e. for radii up to r ∼ 1.6. Beyond this, the RDF starts to decay.
Other shapes develop non-trivial RDFs. (b): At higher veff the vortex core may remain devoid
of microswimmers. The analytic line corresponds to homogeneously filling the homoclinic orbit
in the spherical case (α = 0) and integrating out the angle variable. This matches the RDF
obtained from the dynamics.

distribution. Note that phase-space volume can locally contract and expand. However, inte-
grating over the whole phase space reveals that the total phase-space volume is conserved. The
fact that for the Lamb-Oseen vortex (3.13) the inequality f(r) ≤ 0 holds together with (3.24)
implies a constant sign of Γ inside each quadrant in {X,P}-space. As trapped microswimmers
traverse the different quadrants, they periodically switch between expanding and contracting
quadrants. Microswimmers exiting an expansion quadrant will show a minimum in density,
whilst those exiting a contraction quadrant will show maximum density. Hence, by considering
the sign of α and f(r), we conclude that denser regions are formed along the X-axis for oblate
ellipsoids and along the P -axis for prolate ellipsoids.
In figure 3.5 the different density regions for oblate and prolate microswimmers can be iden-
tified, as well as the homogeneous distribution for spheres. Recall that in the co-rotating
coordinate frame {X,P}, the microswimmers are rotated so that they always point in the pos-
itive X direction. The velocity field, on the other hand, is rotationally invariant. Theqrefore
contraction along the different axes reveals that oblate ellipsoids (α < 0) swim predominantly
perpendicular to the velocity field (denser regions along the X-axis) while prolate ellipsoids
(α > 0) mostly remain parallel to it (denser regions along the P -axis). That means that
phase space contracts in such a way that, starting from random initial conditions, trapped
microswimmers show shape-dependent preferential orientation parallel or perpendicular to the
flow. Similar effects have been observed in chaotic, mildly turbulent flows [72].
Interestingly, the dynamical features of the microswimmers in the co-rotating frame lead to

clustering in the laboratory frame. To characterize the spatial distribution of microswimmers,
we consider the radial distribution function (RDF). As the laboratory frame {x, y} and the
co-rotating frame {X,P} differ only by a rotation, the radial distribution of microswimmer
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ensembles is identical in both cases. That means that integrating the distribution function in
the co-rotating frame along the angle variable exactly corresponds to the RDF in the labora-
tory frame for any ensemble configuration. In the case of trapped spherical microswimmers
(α = 0), starting from homogeneous initial conditions that fill out the homoclinic orbit (as in
figure 3.2), the RDF is unaltered as time evolves. In this case, integrating a constant density
inside the homoclinic orbit over the angle variable yields the RDF. Here, it is not necessary to
integrate the equations of motion for an ensemble of microswimmers to obtain the stationary
RDF; it can be obtained from the shape of the homoclinic orbit alone. For other microswimmer
shapes this approach is not feasible, as phase-space contraction sets in under time evolution
and a non-trivial stationary distribution develops.
Microswimmers with equal veff have the same type of fixed points at the same coordinates.
Nevertheless, by changing shape, we observe a variety of quasi-periodic orbits and density
distributions. These differences are rooted in the shape of the homoclinic orbit as well as the
phase-space contraction rate Γ, which is shown in the background of figure 3.5, normalized
by the maximum contraction rate Γmax := 2 max(|f(r)|). Theqrefore, the RDF of bound
microswimmers is a function of both phase-space contraction and the shape of the homoclinic
orbit. Both of these differ for microswimmers of different shape and swimming speed, even if
their effective swimming speed is identical (see figure 3.6). However, the maximum swimming
radius r0 of trapped microswimmers, beyond which the RDF is zero, is a common property of
microswimmers with identical effective swimming speeds. This can be explained by the fact
that the saddle point is the point on the homoclinic orbit with the largest radius. Hence the
saddle point determines the maximum swimming radius of trapped microswimmers, which is
a constant for microswimmers of equal effective swimming speed.

3.4 Impact of rotational noise

So far, we have considered only deterministic microswimmers. In realistic biophysical settings,
fluctuations play an important role. We explore this by considering the impact of rotational
fluctuations on microswimmers. Let W be a Wiener process with mean zero and variance dt.
We then introduce a stochastic term into (3.2) as

dp̂ = ˙̂p dt+ êz × p̂ g dW, (3.25)

where the deterministic part ˙̂p is given by (3.2) and dW is an increment of the Wiener process.
Here we are using the non-dimensionalized quantities, such that a Péclet number can be defined
as Pe := 1/g2. This equation is understood in the Stratonovich sense so that p̂ remains
normalized. With the parametrization (3.3) the equations of motion for microswimmers with
rotational noise correspond to additive noise on the swimming angle

dx = ẋ dt, (3.26)
dy = ẏ dt, (3.27)
dθ = θ̇ dt+ g dW, (3.28)

where again the deterministic parts ẋ, ẏ, and θ̇ are given by (3.4)-(3.6). A direct compari-
son with the deterministic equations reveals that rotational fluctuations enhance the particle’s
tumbling rate.
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Figure 3.7: (a)-(c) Under the influence of rotational noise a microswimmers can escape the
vortex core. The saddle point plays an important role here as the maximum expansion direction
leads to microswimmers quickly leaving the vortex core. Snapshots taken at time t = 375 for
microswimmers with veff = 0.25 and g = 0.01. (d)-(f) Number of microswimmers inside the
homoclinic orbit as a function of time, normalized by the number of microswimmers in the
homoclinic orbit at the initial time. For the same veff , prolate microswimmers are slower in
escaping the vortex as their vs is lower than for microswimmers of other shapes. For low values
of the effective swimming velocity veff or rotational noise g, the number of microswimmers
inside the homoclinic orbit decreases slowly. This is due to the microswimmers only drifting
and diffusing slowly towards the saddle point. For higher values of both veff and g, this process
happens much more quickly and is approximately described by exponential decay (black dots).

For the numerical results presented in this section, we solve (3.26)-(3.28) using the Euler-
Maruyama method with a time step dt = 0.0005 and a total of 5×105 microswimmers. Switch-
ing to the co-rotating {X,P}-frame, we obtain the stochastic equations (in the Stratonovich
sense) as

dX = Ẋ dt+ g P dW, (3.29)
dP = Ṗ dt− g X dW, (3.30)

with Ẋ and Ṗ given by (3.9) and (3.10). The effect of noise in the co-rotating frame corresponds
to rotational diffusion. This can be seen from the Fokker-Planck equation for the density
distribution function ρ(t,X, P )

∂tρ = −veff(1 − α)∂Xρ+ µρ− Γρ+ g2

2 Dρ (3.31)
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where Γ is the phase-space contraction rate (3.24) and µ is a rotational drift operator

µ := f(r)[1 + α h(ψ)](X∂P − P∂X) = f(r)[1 + α h(ψ)]∂ψ. (3.32)

Additionally D is a diffusion operator given by

D := (X∂P − P∂X)(X∂P − P∂X) = ∂ψ∂ψ. (3.33)

Setting g = 0 in (3.31) yields a Liouville equation for the deterministic part of the dynamics
(3.9)-(3.10). For vmax < veff , the drift term due to swimming dominates, and microswimmers
always escape the vortex core. Without swimming (veff = 0) only rotational drift is present,
i.e. the microswimmers behave as passive tracers. In the regime 0 < veff < vmax the presence
of the fixed-point pair and the homoclinic orbit leads to a stationary solution to the Liouville
equation, corresponding to stationary distributions as shown in figure 3.5.
Enhanced tumbling rates due to the addition of rotational noise on the swimming direction lead
to rotational diffusion (3.33) in the co-rotating frame. This induces microswimmer transfer
across the homoclinic orbit. Theqrefore, starting from a stationary distribution of microswim-
mers in the homoclinic orbit, all microswimmers will eventually escape the vortex core. figure
3.7 illustrates this phenomenon for various microswimmer shapes. The saddle point plays an
important role in this context: the maximum expansion direction at this fixed point leads to
enhanced escape rates, allowing microswimmers to escape the vortex core faster than they
would do with just rotational diffusion. For a constant veff , we observe that oblate ellipsoids
escape the homoclinic orbit faster than prolate ellipsoids. This is due to the fact that for
constant veff prolate microswimmers swim slower than oblate microswimmers.

3.5 Summary and conclusions
We have studied self-propelled ellipsoidal particles as idealized microswimmers in a two-
dimensional axisymmetric vortex flow. In particular, we have investigated under which condi-
tions microswimmers are trapped by the vortex, and whether they exhibit preferential orienta-
tion. This simple setting reveals interesting insights: due to the axisymmetry of the problem,
the phase space is two-dimensional and can be parameterized by the microswimmer’s radial
position and an orientation angle (relative to the position vector). Topologically, the phase
space features a saddle point and a center. Microswimmers bound to the vortex core follow
closed orbits inside a homoclinic orbit. Clustering in the laboratory frame occurs as a conse-
quence of phase-space contraction. Shape plays a decisive role: for spherical microswimmers,
we have shown that the dynamics are Hamiltonian, excluding clustering as a result of phase-
space conservation. However, non-spherical particles break the Hamiltonian structure, hence
enabling phase-space contraction and shape-induced clustering.
To determine whether microswimmers are trapped, we identified the effective swimming ve-
locity as the central control parameter. The effective swimming velocity depends both on the
swimming velocity and on the shape: at a constant swimming velocity, prolate ellipsoids have
a larger effective swimming velocity than oblate ellipsoids. This allowed us to map different
microswimmer shapes to topologically equivalent phase spaces. Using bifurcation analysis,
we determined the maximum velocity for a given flow profile such that microswimmers faster
than this velocity are fast enough to escape the vortex core. Notably, this maximum veloc-
ity is lower than the maximum azimuthal flow velocity, implying that microswimmers with a
smaller swimming velocity than the advecting flow field can escape the vortex. Shape plays a
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role also here as prolate microswimmers can more easily escape than oblate microswimmers.
As the shapes of many plankton and bacteria species can be approximated as thin rods [86],
this effect may have implications for motile species in aquatic environments. In particular, a
prolate shape may yield advantages such as avoiding hydrodynamic trapping while grazing or
escaping predation, without having to dedicate additional energy to swim faster.
Finally, we investigated the impact of rotational noise. We find that the inclusion of rotational
noise allows for initially trapped microswimmers to escape the vortex core. The presence of
the saddle point leads to enhanced escape rates as the maximum expansion direction quickly
drives microswimmers away from the vortex core.
While we focused on the simple case of an axisymmetric flow, our results might help to also bet-
ter understand the impact of shape and motility on microswimmer dynamics in more complex
flows.
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Dispersion and collision of motile
ellipsoids



CHAPTER 4
Dispersion statistics and collision

rates of motile ellipsoidal particles
in mild turbulence

4.1 Introduction
Plankton in the ocean is an example of microscopic organisms in a fluid flow. These organisms
form an integral part of the global carbon and nitrogen cycles. Understanding their interac-
tion with the turbulent flow is therefore ecologically relevant. Motility allows organisms to
consume internal chemical energy to self-propel in a fluid. This is one of the main mechanisms
that enables cell migration. Furthermore, cell shape is a critical parameter governing the cell
behavior in the fluid; particle shape prescribes how the small-scale features of the flow induce
particle spinning and tumbling. For motile plankton species, motility and shape are hence the
critical parameters which determine the behavior of the plankton cell in the fluid flow.
In the ocean, microscopic plankton are found in a wide variety of shapes and different motile
capabilities (figure 4.1). In order to survive, plankton need to graze, mate, and evade pre-
dation. From a physical perspective this opens several research approaches to a mechanistic
study of microscopic swimming in the ocean. For example, studying the transport properties of
microorganisms in turbulence is a simple mechanistic approach to quantify grazing or evading
predation. In which way shape, motility, or other parameters such as density interact in this
intricate system is a complex question. Mechanistic approaches to study these organisms have
revealed both complex small-scale viscous hydrodynamics [63], as well as large-scale oceanic
effects [6]. Here we will use a numerical approach to study motile microorganisms in direct
numerical simulations of a turbulent fluid flow.
As discussed in the classic review paper by Pedley and Kessler [15] microorganism shape can
be parametrized as ellipsoidal. The rotation dynamics of these microorganisms are governed
by the Jeffery’s equations [16]. This leads to a minimal modeling scheme which allowed for a
physical approach to the interaction between a microorganism and the surrounding fluid flow.
The peculiar features of such microorganisms, such as motility [18–23, 90], gyrotaxis [24, 33–
38, 40, 91, 92], and sedimentation [25–30] cause novel and complex behavior of particles in
a turbulent flow compared to passive particles in turbulence. In the present chapter, we will

38
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Figure 4.1: Taking a look at ocean water under the microscope reveals the vast diversity of
planktonic organisms present in the water. These plankton species come in a wide variety of
shapes and sizes. Some species are motile; motility influences transport properties and collision
rates of plankton in the turbulent ocean. Figure taken from [89].

concentrate on motile microorganisms, and study their rotation rates, transport properties,
and collision rates in a turbulent flow, focusing on small-scale effects.
Rotation rates of complex particles have been an active field of research with applications
in diverse disciplines, including the dynamics of microswimmers. Orientational dynamics of
ellipsoids have revealed intricate shape-dependent orientation statistics [74, 77, 93–96]. One
of the main research areas scientists focus on is understanding the rotational statistics as a
function of ellipsoid shape [51]. It has been found, for example, that prolate ellipsoids tend
to orient with the vorticity vector [51, 75, 76, 97–99], while oblate ellipsoids rotate perpendic-
ular to it [73]. That is, prolate ellipsoids spin, while oblate ellipsoids tend to mostly tumble
[100]. Analytical asymptotic approaches have revealed the shape dependence on the rotation
of motile ellipsoids [72] and shown that prolate ellipsoids tend to align with the local velocity
field. Furthermore, adding motility has introduced additional complexity to these systems.
For instance, shape dependent rotation rates lead to different spatial distributions [17, 19, 23]
and transport properties [24, 36, 38, 101] than their non-motile counterparts. One of the main
consequences of these intrinsic particle properties is their effect on particle collision rates.
A critical quantity for microscopic organisms in turbulence are collision properties as a func-
tion of shape and motility, since they determine the rate of encounters relevant for questions
regarding reproduction, predation, and grazing, for example. Collision rates of complex par-
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ticles have also been measured in a variety of systems. In cloud microphysics [57, 102, 103],
for example, shape and size dependent collision rates play a big role in particle clustering and
growth, leading to rain droplet formation and growth. When studying the collision rates of
planktonic organisms the effect of motility turned out to be critical in determining collision
rates [104, 105], while at the same time, the geometry of the colliding particles plays a crucial
role in fixing collision rates [106].
Despite this extensive range of works, a comprehensive analysis of the effect of both shape
and motility on collision rates and dispersion statistics is currently missing. We intend to do
this here. We start by introducing our modeling approach: we study self-motile ellipsoids in a
mildly turbulent flow by use of numerical simulations. We then look at rotation statistics of
motile ellipsoids, and compare with the non-motile case as a function of shape and motility.
Subsequently, we investigate transport properties of these motile particles and quantify their
shape dependent short- and long-time dispersion. Finally, we discuss the collision rates of thin
disks, spheres, and slender rods. We measure the transition from non-motile to motile collision
rates and quantify the effect of motility in enhancing collision rates as a function of shape.

4.2 Theory and methods
In this section we will introduce the relevant theoretical background to set into context the
results in the sections below. First of all, we introduce the equations of motion. Subsequently
we review the rotation statistics or passive ellipsoids in turbulence. For collision rates and
collision kernel we refer to the relevant theory section of this dissertation 2.3.

4.2.1 Equations of motion

In the following we will consider a turbulent fluid obtained by directly solving the incompress-
ible Navier-Stokes equations

∂u

∂t
+ u · ∇u = −∇p + ν∆u + f , (4.1)

∇ · u = 0. (4.2)

Here, u is the three-dimensional velocity field, p denotes the kinematic pressure, and ν is the
kinematic viscosity. A large-scale forcing f drives the flow to ensure a statistically stationary
state. Our modeling approach is as follows. We consider self-propelled microswimmers with a
constant swimming velocity vs in the swimming direction p̂ [15]. Additionally, the fluid flow u
advects the microswimmers. The resulting equation of motion for the microswimmer position
reads

ẋ = u + vsp̂. (4.3)
Furthermore, the small-scale features of the flow, strain rate S = S(x, t) and vorticity ωωω =
ωωω(x, t), induce solid body rotation of the particles. In order to model these effects, we take the
following simplifications. We consider microswimmers which are smaller than or comparable
to the Kolmogorov scale of the flow, i.e. the smallest turbulent scale in a flow. Additionally,
we idealize microswimmers as axially symmetric ellipsoids. Moreover, we set the swimming
direction along the same direction as the ellipsoid’s symmetry axis. With these simplifications
the microswimmer orientation p̂ follows Jeffery’s equations [16], which read

˙̂p = 1
2ω
ωω × p̂ + α(Sp̂ − p̂TSp̂ p̂). (4.4)
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Here, α is a shape parameter which is defined as

α = λ2 − 1
λ2 + 1 , (4.5)

where λ is the ratio between the ellipsoid’s axis of symmetry and the other axes. As shown
in figure 2.2, this parametrizes oblate ellipsoids (−1 < α < 0, λ < 1), spheres (α = 0, λ = 1)
and prolate ellipsoids (0 < α < 1, λ > 1). The microswimmer equations of motion (4.3)
and (4.4) couple the rotation dynamics to the spatial evolution. It is notable that the spatial
evolution by itself conserves the phase space spanned by position. On the contrary, the rotation
dynamics contract or expand orientation phase space for non-spherical shapes. By coupling
both of these equations, the total phase space spanned by position and orientation of the
microswimmers can contract or dilate, i.e. ∇x · ẋ + ∇p̂ · ˙̂p ̸= 0. This coupling of the rotation
dynamics onto the spatial evolution of microswimmers leads to non-trivial spatial distributions
[19, 23, 24, 36, 38, 101]. Below we will systematically analyze the transport properties of motile
ellipsoidal microswimmers. Before that, however, we will first review the rotation statistics of
passive ellipsoids in turbulence.

4.2.2 Spinning and tumbling of non-motile particles

In a fluid flow strain and vorticity induce rotation of an ellipsoid. The Jeffery’s equations (4.4)
induce shape-dependent full-body rotation of the ellipsoid. Summing the rotation on all the
axis of an ellipsoid leads to its full-body rotation [50, 74, 77], which we denote by ΩΩΩ and which
is given by

ΩΩΩ = ωωω

2 + αp̂ × Sp̂. (4.6)

The full-body rotation can be split up into a component parallel and a component perpendicular
to its symmetry axis, spinning and tumbling, respectively. Starting from equation (4.6), the
spinning Ωp p̂ and tumbling p̂ × ˙̂p can be recast as [77]

ΩΩΩ = Ωp p̂ + p̂ × ˙̂p. (4.7)

Spinning is purely due to the local flow vorticity parallel to the ellipsoid’s symmetry axis

Ωp = ωωω · p̂

2 =
ω∥p̂

2 . (4.8)

Here ω∥p̂ signifies the component of vorticity parallel to the swimming direction p̂. Similarly,
using equation (4.4) the particle’s tumbling can be obtained as

p̂ × ˙̂p = ω⊥p̂

2 + αp̂ × Sp̂. (4.9)

Here ω⊥p̂ is the component of vorticity perpendicular to the swimming direction p̂ (i.e. ΩΩΩ −
p̂ p̂ · ΩΩΩ). Notably, for spherical shapes (α = 0) the tumbling and spinning are due purely to
vorticity contributions. Due to symmetry considerations, for spheres the orientation vector p̂
can be arbitrarily redefined. Hence, each possible rotation direction contributes in average the
same. As tumbling has contributions from two rotation directions, while the other rotation
direction contributes to spinning, for spheres the tumbling rate is twice as large as its spinning
rate. For non-spherical shapes (α ̸= 0) strain yields an additional contribution to the tumbling
component. This shape-dependent contribution will be crucial later in determining particle
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Figure 4.2: Spinning and tumbling statistics for passive ellipsoidal tracers. Dashed lines corre-
spond to the analytic results for randomly oriented ellipsoids (4.14)–(4.16), i.e. the uncorrelated
case. The filled lines were obtained from averages of ensembles of 106 particles. A Randomly
homogeneously distributed isotropically oriented particles reproduce the rotation rates of the
uncorrelated case. B After evolving for 12.6 τη in a Navier–Stokes flow the passive ellipsoids
have non-trivial correlations with the fluid flow and shape-dependent rotation rates. Oblate
ellipsoids mostly only tumble, while prolate ellipsoids spin more than they tumble.

diffusion rates.
A useful measure to quantify the ellipsoid’s rotation dynamics is the squared full body rotation
rate (4.10). The squared magnitude of the full-body rotation rate factorizes into two contri-
butions. There is a contribution due to the spinning rate Ω2

p, and another due to the tumbling
rate ˙̂p2

ΩΩΩ2 = Ω2
p + ˙̂p2. (4.10)

Explicitly working out these terms from (4.8) and (4.9) yields

Ω2
p =

ω2
∥p̂

4 , (4.11)

˙̂p2 =
ω2

⊥p̂

4 + α(p̂ × Sp̂) · [ωωω + α(p̂ × Sp̂)]. (4.12)

The particle’s full body rotation rate can then be recast as

ΩΩΩ2 = ωωω2

4 + α2 (p̂ × Sp̂)2 + αωωω · p̂ × Sp̂. (4.13)

Let us now consider the statistics of an ensemble of ellipsoids in a turbulent flow. In the case
of uncorrelated orientation p̂ with strain and vorticity the averages can be worked out exactly
[74, 76, 77, 99]. By taking ensemble averages, which we denote as ⟨·⟩, in the uncorrelated
case the particle orientation is totally uncorrelated from the local vorticity and strain rate.
As a consequence the averages can be split up for example as ⟨p̂ip̂jSjkSlm⟩ = ⟨p̂ip̂j⟩ ⟨SjkSlm⟩.
Then known averages from turbulence theory, such as

〈
ωωω2〉 = 1/τ2

η can be substituted, while
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Resolution of simulated box Reynolds number Reλ kmaxη Forcing band urms/uη
1024 × 1024 × 1024 108 2.99 k = 3 − 4 9.13

Table 4.1: Simulation parameters used in this chapter.

the averages over the orientation vector can be resolved as ⟨p̂ip̂j⟩ = δij/3. The uncorrelated
rotation rates are then obtained as

⟨Ω2
p⟩ τ2

η = 1
12 , (4.14)

⟨ ˙̂p · ˙̂p⟩ τ2
η = 1

6 + 1
10

(
λ2 − 1
λ2 + 1

)2

= 1
6 + α2

10 , (4.15)

⟨ΩΩΩ2⟩ τ2
η = 1

4 + 1
10

(
λ2 − 1
λ2 + 1

)2

= 1
4 + α2

10 . (4.16)

where τη is the flow’s Kolmogorov time. These rotation rates are observed, for example, when
initializing a simulation with randomly oriented ellipsoids (see figure 4.2 A). After time passes,
the rotational dynamics (4.4) lead to correlations between the ellipsoid orientation and strain
and vorticity. As a consequence, the rotation rates of ellipsoids in turbulence differ from those
of totally uncorrelated isotropically oriented ellipsoids. Statistical stationarity is obtained after
around 10 τη. After this time, the rotation rates typical of passive tracers in turbulence are
measured (see figure 4.2 B). Notably, here shape dependence sets in and produces different
behaviors for oblate ellipsoids, spheres, and ellipsoids. In the range α < −0.5 (λ < 0.577),
oblate ellipsoids spin very little, and mostly only tumble. In a transition regime in the range
−0.5 ≤ α < 0.5 (0.577 ≤ λ < 1.73) oblates progressively spin more and tumble less, until the
sphere case α = 0 (λ = 1). As we saw above, due to symmetry arguments spheres tumble twice
as much as they spin. For larger aspect ratios α > 0 (λ > 1), prolate ellipsoids eventually spin
more than they tumble, and after a cross-over at around α ∼ 0.32 (λ ∼ 1.4) spinning becomes
the dominant rotation rate.

4.2.3 Numerical simulations

To carry out our numerical studies we directly simulate the incompressible Navier-Stokes equa-
tions (4.2) using our in-house code TurTLE. We solve these equations in the vorticity formula-
tion and obtain a fully resolved velocity field. Our code is a highly parallelized pseudo-spectral
code, which allows for scaling of large simulations onto a computing grid. The simulation
parameters are reported in table 4.1. We use statistically stationary velocity field as initial
condition. A large scale forcing (see forcing band in table 4.1) ensures the statistical station-
arity of the simulation.
Within our code, ensembles of particles of different shape and swimming speed are integrated
simultaneously with the velocity field. We integrate particle position (4.3) and orientation
(4.4) in time with an Adams-Bashford scheme. The code integrates the built-in parallelization
into the managing of particles. The particle ensembles are distributed on the computing grid
to ensure high performance.
Particles were initialized homogeneously distributed in space and isotropically oriented. Start-
ing from these initial conditions we always took a transient of at least 10τη to ensure stationarity
of the rotation rates. The only exception to this is panel A of figure 4.2, which shows the ro-
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Range of shapes α (λ) Range of swimming speeds vs/uη Number of particles
−0.999 − 0.999 0 − 33.1 106

(2.24 × 10−2 − 44.7)

Table 4.2: The parameter ranges scanned in section 4.3 and figure 4.2.

Range of shapes α (λ) Range of swimming speeds vs/uη Number of particles
−0.999 − 0.999 0 − 10.5 105

(2.24 × 10−2 − 44.7)

Table 4.3: The range of parameters scanned in section 4.4 are shown in this table.

Oblate ellipsoids Spheres Prolate ellipsoids
−1 < α > 0 α = 0 0 < α < 1
0 < λ < 1 λ = 1 λ > 1

Axis of symmetry l λ l l
Other axes l l l/λ

Table 4.4: For collisions the relative size of the particles has to be specified. A given length is
reported as l. Spheres have a diameter l, prolate ellipsoids have length l and width l/λ, and
oblate ellipsoids have a diameter l and height lλ.

tation statistics of ellipsoids at initial conditions, i.e. in the uncorrelated state.
For the numerical results of section 4.3 and figure 4.2 we scanned shape and swimming speed
according to table 4.2. For section 4.4 we scanned the parameters shown in table 4.3. In sec-
tion 4.5 we measured collision rates of particles of different shape. For the collision algorithm
is important to know how the particle shape is defined, as the collision between two particles
depends on the particle geometry and orientation. In table 4.4 we define the ellipsoid axes in
terms of a length parameter l. The shape and motility parameters we scanned in this section
are reported in table 4.5.

Shape α (λ) Swimming speeds vs/uη Particle size l/η Number of particles
−0.995 (0.05) 0 − 2.10 0.0952 − 0.952 5.1 × 105 − 1.6 × 107

0.0 (1.00) 0 − 2.10 0.0952 − 0.952 5.1 × 105 − 1.6 × 107

0.995 (20.0) 0 − 2.10 0.0952 − 0.952 5.1 × 105 − 1.6 × 107

Table 4.5: The range of parameters scanned in section 4.5 are shown here.
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Figure 4.3: Spinning, tumbling, and full-body rotation rates of motile ellipsoids as a function
of shape parameter α and swimming speed vs. A In the the range of swimming speeds 0 ≤
vs/uη ≤ 12 motility leads to a departure from the known passive tracer rotation rates. As the
swimming speed vs increases we observe convergence to the uncorrelated case. B In the motility
dominated limit to rotation rates of ellipsoids converge onto the uncorrelated rotation rates.
The rotation statistics hence interpolate between the non-motile passive statistics (vs = 0) and
uncorrelated statistics (vs > 20 uη). Equations (4.16)–(4.9) are shown in dashed black. These
results were obtained by averaging over 106 particles after a 12.6 τη transient. Each point is
an individual particle ensemble in a N = 10243 simulated Navier-Stokes flow with Rλ ∼ 100.

4.3 Rotation statistics

We explored above two limiting cases of shape-dependent rotation rates: the uncorrelated case
and the passive tracer case. In the following we will explore the effect of motility on the ro-
tation rates, and the interpolating effect that motility plays between these two limiting cases.
Motile particles depart from the trajectories expected for passive tracers. As a consequence,
the correlations between orientation and the small-scale features of the flow will differ to those
of their non-motile counterparts. This has an effect on Jeffery’s equations, as the spinning
(4.11) and tumbling rates (4.12) depend on the correlation between the ellipsoid orientation
and the local strain and voticity. We take non-motile particles as a starting point. These
tracers have known spinning and tumbling rates (see figure 4.2 B). These rotation rates are
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the product of the orientation statistics between the ellipsoids and the small-scale features of
the flow, i.e. strain and vorticity. Starting from random initial conditions, these orientation
statistics set in after around 10 τη. The introduction of motility leads to departures from the
tracer trajectories. As a consequence, the correlation between orientation and velocity gradient
gradually vanishes. In the motility-dominated limit, the correlations are so quickly destroyed
that orientation and velocity gradient decorrelate. As a consequence, in this limit we observe
the spinning and rotation statistics of uncorrelated orientations (see figure 4.2 A). Particle
motility can hence be understood as a control parameter, which interpolates between passive
tracer statistics in the non-motile case, and uncorrelated statistics in the high motile limit.
The transition from the tracer and the uncorrelated limits for motile ellipsoids is shown in
figure 4.3. In A we show spinning, tumbling, and total squared rotation rates for swimming
speeds in the range 0 − 10 uη. In B the spinning rates smoothly converge from the tracer non-
motile limit towards the constant uncorrelated limit (4.14). Throughout, prolate ellipsoids spin
more than their oblate counterparts. Conversely, oblate ellipsoids always tumble more than
other shapes. Furthermore, the tumbling rate of oblate ellipsoids changes only mildly from
the tracer limit to the uncorrelated case. This is in strong contrast with prolate ellipsoids,
whose tumbling rate approaches the uncorrelated rate only at around ∼ 30 uη. Both of these
effects combined lead to oblates reaching uncorrelated limit at a much lower motility than
other shapes.
A notable feature here is that phase-space incompressibility motile spheres has direct conse-
quences on rotation rates. As we saw above (section 4.2.2), spheres spin and tumble only due
to contributions from vorticity. Additionally, spherical swimmers preserve total phase-space.
As a consequence, the averaged spinning (4.11) and tumbling (4.12) rates of a homogeneously
distributed ensemble of motile spheres equal spatial averages of the vorticity field. Hence,
sphere spinning and tumbling rates are unaffected by motility and remain constant and equal
to the uncorrelated spinning (4.14) and tumbling (4.15) rates. This can be seen in figures 4.2
and 4.3. For spheres (α = 0), neither motility nor the presence of an underlying turbulent
flow alters rotation rates. That is, the rotation rates (4.14)–(4.16) with α = 0 are valid in the
uncorrelated, in the passive tracer, and in the motile cases.
In this section we studied the effect of motility on rotation rates of ellipsoids in a turbulent flow.
We found that the rotation rates of spheres remain unaltered by motility. For other shapes
phase-space can contract or expand, leading to different correlations and orientations between
ellipsoid orientation and strain and vorticity. As a consequence, oblate ellipsoids mostly only
tumble, and throughout they tumble more than prolate ellipsoids.
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Figure 4.4: The MSD is a statistical quantity which describes how quickly particles depart
from a given starting position. The proportionality constants β and D depend on particle
shape and motility. A,C,E At small times the behavior is ballistic, whereas at long times it
is diffusive. The effect of motility changes these constants as a function of shape. Increasing
the swimming speed makes these differences more notable. B,D,F The correlation functions
of particle velocity play a crucial role in determining the time evolution of the MSD. Prolate
ellipsoids consistently show stronger and longer lasting correlation functions than other shapes.
This leads to these shapes having higher transport properties than other shapes.

4.4 Dispersion statistics
In this section we will explore the effect of motility and shape in the dispersion properties of
motile ellipsoidal swimmers in a turbulent flow. Consider a single motile particle starting from
an initial position x(0). This particle has a squared displacement defined as

[x(t) − x(0)]2 . (4.17)

This quantity measures, as a function of time, how far a given particle is displaced from its
initial position. Let us now take an ensemble of particles and average their squared displace-
ment. This ensemble quantity describes the dispersion properties of the particle ensemble in a
flow. This mean squared displacement (MSD) is defined as

MSD(t) =
〈
[x(t) − x(0)]2

〉
. (4.18)
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Figure 4.5: The different contributions to the ballistic constant (4.21) can be split up into A
pure advective βuu, B crossed term βup, and C pure motile βpp contributions. Here we show
the relative contributions from each of these to the total ballistic constant β for a given motility
and shape. The crossed term contributions have the greatest shape-dependent behavior, due to
elongated ellipsoids aligning with the velocity field, while oblate ellipsoids tend to anti-align to
the velocity field. This gives prolates a higher ballistic constant than other shapes. Summing
all contributions yields the ballistic constant, as reported in figure 4.6 A.

In the following, we will closely look at the short- and long-time behavior of the MSD, and
quantify the effect of motility and shape in the diffusive properties of particle ensembles. To
this end we recast (4.18) in the form [42]

MSD(t) = 2t
∫ t

0
ds
(

1 − s

t

)〈
[ẋ(s) − ẋ(0)]2

〉
. (4.19)

The particle velocity autocorrelation function and the MSD are shown in figure 4.4. Using
equation (4.19) we will explore the short and long time limits of the MSD as a function of
motility and shape.

4.4.1 Ballistic regime

An analysis of the MSD at small times reveals ballistic scaling. That is, taking a small time
expansion of (4.19) reveals the scaling

lim
t→0

MSD(t) = β t2, (4.20)

This is a general mathematical property of the MSD (4.18). The specific choice of equations
of motion ẋ fixes the proportionality constant, which we call β. In our case, setting ẋ to
(4.3), plugging this into (4.19), and carrying out a Taylor expansion leads to three individual
contributions

β = βuu + βp̂p̂ + βup̂. (4.21)

The contributions to the ballistic constant are a pure velocity, a pure motility, and a cross
term contributions. These are obtained respectively as

βuu = ⟨u2⟩, βp̂p̂ = v2
s , and βup̂ = 2 vs ⟨u · p̂⟩ . (4.22)
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Figure 4.6: A The ballistic constant β is shown as a function of swimming velocity and
shape. It is normalized by the ballistic constant of non-motile species βLagrange. Prolates have
throughout a higher ballistic constant as other shapes. B The tumbling rate of the velocity
vector summarizes the effect of the individual contributions (4.21) to the ballistic constant.
Disks tumble more, which leads to reorientation of the velocity vector, and decreased transport.
Prolates on the other hand tumble less and tend to orient with the velocity vector and maximize
their transport at small times.

These individual contributions to the ballistic constant are shown in figure 4.5. Apart from
shape-induced spatial inhomogeneities [23], βuu is an instantaneous average and reflects the
mean squared value of the flow velocity ⟨u2⟩. The motility contribution βp̂p̂ is fixed by the
particle swimming speed v2

s . Finally, the cross term βup̂ is fixed by the shape-dependent
orientational statistics. It is known that this cross term is proportional to α [72], i.e. prolates
align with the velocity field and disks anti-align. This observation has been made in other
simulations: slender ellipsoids 0 < α ≤ 1 align with the velocity field, while oblate ellipsoids
−1 ≤ α < 0 anti-align with it [73]. Due to symmetry considerations, for the averages of spheres
(α = 0) the orientation vector p̂ can be arbitrarily redefined. As a consequence, for spheres
the quantity vs ⟨u · p̂⟩ averages out to zero. Interestingly, the ballistic constant for spheres is
the direct sum of the squared averaged flow velocity

〈
u2〉 and motility v2

s

βspheres =
〈
u2
〉

+ v2
s . (4.23)

Therefore, spheres serve as a reference point to measure the effect of shape on the ballistic
constant.
Summing up all contributions above for different shapes, we obtain a shape- and motility-
dependent ballistic constant (see figure 4.6). The crossed term vs ⟨u · p̂⟩ yields the strongest
shape-dependent contribution, being negative for oblate ellipsoids, zero for spheres, and pos-
itive for prolate ellipsoids. As a consequence in the short-time limit prolate ellipsoids get an
edge compared to spheres, while oblates are hindered by the negative contribution from the
cross term. The shape-dependent ballistic constant have the following ordering

βoblates < βspheres < βprolates. (4.24)
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Figure 4.7: The correlation functions of A-C pure velocity (4.29), D-F pure motile (4.29),
and D-I mixed (4.29) contributions are shown. Integrating over all these contributions leads
to the full diffusive constant. Increasing motility from A to C shows that oblate ellipsoids
have higher pure velocity correlation than other shapes. This is due to disks being slow in
the ballistic regime, and retaining correlation at longer times, as they spatially remain longer
near their point of origin, in comparison with other shapes. D The orientation autocorrelation
function shows that for prolates, orientation remains correlated longer even in the non-motile
case. The orientation of tumbling oblates, on the other hand, tends to quickly decorrelate.
Adding motility E–F only makes these effects more dramatic, as oblates remain correlated
even longer. The crossed-term correlations G–I have the strongest shape dependence. Oblates
and spheres have negative cross-term correlation functions. Prolates cross-term correlation
functions start positive, and for sufficiently low motility will have also a negative contribution.
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As we saw in figure 4.4 and equation (4.19), the correlation functions play a defining role in the
MSD. In the ballistic limit a way to summarize our previous results is the following. Consider
the velocity vector of a particle as having an orientation q̂ and a magnitude |ẋ| such that

ẋ = q̂ |ẋ| (4.25)

A way to rationalize the results of shape-dependent ballistic diffusion is to look at the tumbling
rate of the velocity vector ẋ, that is ⟨ ˙̂q2⟩. This quantity is an instantaneous quantity relevant
at the small time scales we are considering here. A large tumbling rate of the velocity vector
indicates a motile ellipsoid whose velocity vector quickly changes its orientation. In contrast,
a small tumbling rate indicates that the orientation of velocity changes seldom, thus having a
positive effect in the particle’s ballistic diffusion. We show the shape and motility dependent
tumbling rate of the velocity vector in figure 4.6 B. As can be seen, oblates tumble more than
other shapes, while prolates tumble less. This velocity vector tumbling rate ⟨ ˙̂q2⟩ summarizes
the effect of the instantaneous averages shown in figure 4.5, which lead to the observed ballistic
constants reported in figure 4.6 A.
After investigating the small time behavior of the MSD contained in instantaneous averages,
we will study the long time limit in the next section.

4.4.2 Diffusive regime

We will now look at the long-time asymptotics. In this limit, the MSD is diffusive, that is,
it scales linearly with time. We denote D the corresponding proportionality constant in this
limit

MSD(t) ∼ D t, t → ∞. (4.26)

In the long time limit, in equation (4.19) the integrand (1 − s/t) ⟨ẋ(s) · ẋ(0)⟩ can be approx-
imated as ⟨ẋ(s) · ẋ(0)⟩, assuming that the correlation function decays quickly enough. As a
consequence, the integrand can be rewritten in this limit to yield an expression for D as

D = 2
∫ ∞

0
ds ⟨ẋ(s) · ẋ(0)⟩ . (4.27)

Using this expression, the ballistic constant can be split up into three distinct contributions

D = Duu + Dup̂ + Dp̂p̂. (4.28)

These contributions are due to pure advection Duu, pure motility Dp̂p̂, and cross terms Dup̂.
Plugging in the equation of motion (4.3) we can work out the individual contributions to the
following expressions

Duu = 2
∫ ∞

0
ds ⟨u(s) · u(0)⟩ , (4.29)

Dup̂ = 2 vs

∫ ∞

0
ds ⟨p̂(s) · u(0) + u(s) · p̂(0)⟩ , (4.30)

Dp̂p̂ = 2 v2
s

∫ ∞

0
ds ⟨p̂(s) · p̂(0)⟩ . (4.31)

These individual contributions depend solely on the integral of the respective correlation func-
tions. Analyzing the pure velocity and pure motile correlation functions in figure 4.7 have
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Figure 4.8: The diffusive constant can be split up in distinct contributions (4.28). Integrals
over correlation functions of A pure velocity (4.29), B mixed (4.29), and C pure motile (4.29)
contributions build up the diffusive constant. The mixed term has the most prominent shape
dependence. As we observed in figure 4.7, disks and spheres have a prominent negative con-
tribution in their crossed term correlation functions. These contributions lower a diffusive
constant for disks and spheres.

comparable and positive contributions. It is notable that for the pure velocity correlation
functions oblates show higher correlations than other shapes. This is due to their tumbling
and reorienting. These ellipsoidal shapes remain longer bound to a local part of the flow,
thus yielding longer correlations to the local velocity field. In contrast, the orientation cor-
relation function is dominated by prolates even in the non-motile case. Further increasing
motility enhances the orientation correlation. This is due to prolates mostly spinning and not
tumbling. The cross term correlation functions are the ones that yield the most significant
shape-dependent behavior.
Looking closely at these correlation functions (see figure 4.7), we observe that just as in the
ballistic case, the cross-terms are strongly shape-dependent. The crossed correlation function
at initial time corresponds to the average ⟨u · p̂⟩. In the non-motile case these correlations
cancel out [72]. For motile ellipsoids, this quantity is positive for prolates, zero for spheres,
and negative for oblates. The correlation function then remains negative for all times for the
spherical and oblate cases. In the case of prolates, we observe that the correlation functions
start positive and then undergo a cross-over to negative values. For sufficiently high motility
these crossed-term correlations can even be completely positive for prolates. As a consequence,
prolates have a clear transport advantage over other shapes, as they have a positive contribu-
tion to this correlation function, while all other shapes have only negative contributions.
We then integrate over the correlation functions (4.29)–(4.31) shown in figure 4.7 and sum the
individual contributions to obtain the diffusion constant (4.28). We show the relative individ-
ual contributions to the total diffusion constant D in figure 4.8. As can be seen there, disks and
even spheres have a considerable negative contribution from the integral of their crossed-term
correlation functions. This in turn hinders their diffusive properties. Oblates, on the other
hand, get mostly positive contributions.
A way to rationalize the sum of all contributions to the diffusive constant is by the total corre-
lation time of (4.27). This is nothing more than the correlation time of the velocity vector ẋ.
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Figure 4.9: A Beyond a certain swimming speed prolates quickly depart from other shapes and
show a much larger diffusive constant. This is a consequence of the correlation functions studied
in figure 4.7. B The auto–correlation time τq̂q̂ of the velocity vector orientation q̂ summarizes
our results here. A long τq̂q̂ implies an ellipsoid that retains its orientation longer and can
hence diffuse quicker in time. Oblates tumble more than other shapes. Tumbling reorients
the ellipsoid and hinders transport. Prolate ellipsoids tend to spin and remain oriented in the
same direction for longer, which leads to higher diffusion.

In figure 4.9 B we show the total correlation time as a function of shape and motility. It can be
seen that the diffusive constant is a measure of the shape and motility dependent correlation
time. A longer correlation time means that the velocity vector ẋ keeps its direction constant
for a longer time. As a consequence the swimmer disperses more. As we saw above, prolate
ellipsoids have an advantage in this. Due to their cross correlation function having positive
contributions, prolate shaped swimmers move along with the velocity field, maximizing the
possible traversed distance. Oblate ellipsoids, on the other hand, tend to anti-align, counter-
acting the advective and motile contributions.
In this section we studied the spatial dispersion properties of motile ellipsoidal swimmers. Due
to alignment properties of prolate ellipsoids with the velocity field, these shapes disperse faster
both in the short and the long time limits of the MSD. Oblate ellipsoids, on the other hand,
tumble intensely, hindering dispersion. Higher tumbling rates lead to shorter velocity vector
correlation times, by constantly reorienting oblate ellipsoids. In summary, due to rotation rates
and orientation properties, prolate ellipsoids more efficient diffusion properties in a turbulent
flow over spheres and oblate ellipsoids.

4.5 Collision rates
In this section we will investigate the collision rates of motile ellipsoids. We carried out
measurements of collision rates for flat oblate ellipsoids, spheres, and thin slender ellipsoids in
turbulence. For each of these shapes we also scanned motility.
In figure 4.10 we show the collision kernel of the different shapes as a function of motility.
After a turbulence-dominated regime, motility quickly takes over the collision rates, and a
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Figure 4.10: Collision rates of flat disks, spheres, and slim rods. A In the non-motile limit
collisions are induced by turbulent advection. In the motility dominated regime linear scaling
is observed. B The transition to the linear regime happens at a very low swimming speed.
Here we show flat disks of diameter 0.48η and aspect ratio λ = 0.05, spheres of diameter 0.48η,
and thin rods of length 0.48 η and aspect ratio λ = 20.

linear regime is observed. Due to time constraints at the time of writing of this dissertation
and the technical difficulty of handling non-spherical shapes, we will concentrate on the case
of spheres. We will now present theoretical predictions on the collision rates of spheres and
explain the numerical results obtained in the simulations.

4.5.1 Collision kernel for self-motile spheres

Consider motile spheres of diameter l. Following [56], to calculate the collision kernel we
construct the particle flux of colliding particle pairs. We calculate the integral

Γmotile
spheres = 1

2

∫
S2(l)

dS⟨|wr|⟩, (4.32)

where wr is the component of the relative velocity normal to the integration surface wr =
vsêr · (p̂1 − p̂2). This is a surface integral over the sphere of the velocity vector normal to the
sphere. We choose the coordinate system so that the first of the colliding particles is aligned
with the z-axis p̂1 = êz. With this choice of coordinate system we then average over the
direction of the second colliding particle p̂2. The integral in (4.32) then yields

l2
vs
2

∫
0

2π
dϕ

∫
0

π

dθ sin θ ⟨| cos θ − êr · p̂2|⟩p̂2
(4.33)

The average over p̂2 takes the form

⟨| cos θ − êr · p̂2|⟩p̂2
= 1

4π

∫
S2
dp̂2| cos θ − êr · p̂2|. (4.34)

In this integral cos θ is a constant, which we denote as cos θ = a. Additionally, we choose the
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Figure 4.11: The collision kernel for motile spheres of different radii can be collapsed onto
a master curve. The transition from the turbulent to the motile dominated collision kernel
happens at a very low swimming speed 4.39.

coordinate system for the p̂2 integration such that the polar angle β fulfills êr · p̂2 = cosβ. We
can then solve the integral as

1
4π

∫
0

2π
dα

∫
0

π

dβ sin β|a− cosβ| x=− cosβ= 1
2

∫
−1

1
dx|a+ x| = 1 + a2

2 (4.35)

We insert the result (4.35) into (4.33) and obtain
l2

4 vs
∫

0

2π
dϕ

∫
0

π

dθ sin θ(1 + cos2 θ) x=− cos θ= π
l2

2 vs
∫

−1

1
dx(1 + x2) = 4π

3 l2vs. (4.36)

The collision kernel of motile spheres then reads

Γmotile
spheres = 1

2

∫
S2(l)

dS⟨|wr|⟩ = 4π
3 l2vs. (4.37)

This expression describes the collision kernel of spheres in the motile limit, and is a velocity
mono-disperse version of the collision kernel in an ideal gas [107]. On the other hand, passive
tracer spheres have a collision kernel approximated by the so called Saffman-Turner kernel [56]

ΓST
sphere(l) = 1.3l3

√
ε/ν. (4.38)

A transition speed between these two limiting cases can be obtained by equating (4.37) and
(4.38). We then obtain a transition swimming speed as

vs
uη

= 3 · 1.3
4π

l

η
∼ 0.3 l

η
. (4.39)

From this result we can learn the following. Firstly, the quantity vs η / uη l is the control
parameter for the sphere collision kernel. Secondly, for a fixed Kolmogorov length and sphere
diameter, the effect of motility overcomes advection already for motility smaller than the
Kolmogorov speed of the flow. In figure 4.11 we show the collision kernel for different particle
lengths. As can be seen, we obtain a master curve depending on the control parameter. The
motile dominated linear regime quickly dominates over the turbulent limit.
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4.6 Discussion
In this chapter we have explored the effect of motility and shape on rotation rates, dispersion
statistics, and collision rates of ellipsoids in turbulence.
We observed that motility induces a transition from two limiting cases of rotation rates. In the
non-motile limit tracer statistics are observed, while in the high-motility limit uncorrelated
statistics are reproduced. Due to phase-space conservation, spheres have constant rotation
rates throughout. Oblate ellipsoids, on the other hand, mostly tumble, and throughout tumble
more than prolate ellipsoids. The high tumbling rate of oblates turned out to be crucial in
their dispersion statistics. The high tumbling rate induces a constant change of the direction
of the velocity vector. As a consequence, these shapes have a reduced dispersion compared
to other shapes. Additionally, due to the orientation dynamics prolate ellipsoids align with
the velocity field. Advection then constructively acts with motility to enhance particle travel.
Conversely, oblate ellipsoids anti-align with the velocity field, and in this case advection and
motility act against one another. Both the tumbling rates and orientation statistics lead to
ellipsoidal swimmers having enhanced dispersion statistics when compared to other shapes.
These effects are shape dependent, and compared to passive tracers, the effect of motility sets
in at motility comparable several-fold of the Kolmogorov speed of the flow.
When measuring collision rates of motile particles in turbulence we found that two limiting
cases can be identified. Firstly, turbulence dominated case in the non-motile limit. In this
limit results exist which depend on the particle size and Kolmogorov speed of the flow. In
the motile limit, the collision kernel is linear in the swimming speed. We found that small
swimming velocities suffice to dominate the collision generation mechanism.
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Abstract

Phytoplankton come in a stunning variety of shapes but elongated morphologies domi-
nate – typically 50% of species have aspect ratio above 5, and bloom-forming species often
form chains whose aspect ratios can exceed 100. How elongation affects encounter rates
between phytoplankton in turbulence has remained unknown, yet encounters control the
formation of marine snow in the ocean. Here, we present simulations of encounters among
elongated phytoplankton in turbulence, showing that encounters between neutrally buoyant
elongated cells are up to ten-fold higher than for spherical cells and even higher when cells
sink. Consequently, we predict that elongation can significantly speed up the formation of
marine snow as compared to spherical cells. This unexpectedly large effect of morphology
in driving encounter rates among plankton provides a potential mechanistic explanation
for the rapid clearance of many phytoplankton blooms.

One-Sentence Summary: Using simulations and modeling of ocean turbulence, we predict
that elongated plankton shows unexpectedly high encounter rates.

Microscopic photosynthetic marine phytoplankton cells are responsible for nearly half of
the global carbon fixation [3], a key biogeochemical process that fuels ocean primary pro-
duction [108]. While phytoplankton come in a variety of shapes [109], combined data from
different aquatic habitats indicate that elongated morphologies dominate, with 50% of cells
having aspect ratio greater than 5 [110]. The aspect ratio of the most elongated unicellu-
lar phytoplankton (e.g., Ulnaria, Rhizosolenia) approaches 100 [109], whereas bloom-forming
species, such as Trichodesmium, often form chains of cells which can have even higher aspect
ratios [111, 112]. Cell shape is recognized as a key trait determining the fitness of phytoplank-
ton [109], because it affects nutrient uptake [14], growth rate [113], survival upon grazing by
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A Phytoplankton sinking in turbulence

Encounters

Colony formation

Marine snow

Encounters in turbulence

B C D

Rod 1

Rod 2

Figure 5.1: A Encounters between phytoplankton, whose cells or chains of cells are often
highly elongated, drive key ecological processes in the ocean, such as marine snow aggregation
and likely colony formation. B,C As a model for this process, we here present results from
direct numerical simulations of millions of identical rods encountering each other due to the
combined effects of turbulence and sinking. The volume rendering shows intense vorticity
structures visualizing locally swirling regions in the flow. D Trajectories of two encountering
rods. Green and red shadings visualize the swept areas, blue indicates the rods’ overlap used
to detect encounters.

zooplankton [114], swimming direction [71] and light harvesting [115]. By contrast, the impact
of elongation on encounters between individual phytoplankton has only recently started to be
explored [116, 117], and we still lack an understanding of how interaction between environ-
mental determinants, such as turbulence [14, 26, 118], and biological determinants, such as
cell size, elongation and density [14, 26, 117, 118], control encounters. Yet, encounters be-
tween individual phytoplankton exert a fundamental control on a broad range of processes in
plankton ecology and ocean biogeochemistry. Encounters determine the formation of marine
snow, which fuels the ‘biological pump’, the vertical export of carbon to the deep ocean that
represents one of the climatically most important carbon fluxes in the ocean [118–121]. En-
counters may also influence the composition of marine snow particles [122], by overrepresenting
species that encounter frequently, as well as the rate of phytoplankton colony formation, such
as the formation of mats or tufts and puffs by the highly elongated Rhizosolenia [123] or
Trichodesmium [124], important players in the nitrogen and carbon cycles [125] (Fig. 5.1A).

Here, we present results from direct numerical simulations and scaling arguments to quan-
tify encounter rates between thin elongated cells or chains of cells, accounting for the effects of
turbulence and sinking (Fig. 5.1), focusing on the parameter regime characteristic of elongated
phytoplankton experiencing turbulence levels typical of the ocean surface layer. We find that,
for neutrally buoyant cells, elongation enhances encounter rates by 20% for cells of aspect ra-
tio 5, two-fold for aspect ratio 20, seven-fold for aspect ratio 100, and ten-fold for even higher
aspect ratios. If cells sink or rise, such as most cells upon a bloom demise or cells that actively
regulate buoyancy using gas vacuoles and carbohydrate ballasting [126, 127], respectively, we
find that the combined effect of turbulence and sinking further enhances encounter rates. Based
on these results, we predict that elongation can significantly accelerate the formation of marine
snow as compared to spherical cells. These findings provide a potential mechanistic explana-
tion for the rapid clearance of blooms, for the frequent occurrence of highly elongated species
in marine snow particles and for the propensity of elongated species to form colonies.

To quantify the role of elongation on the encounter rates between phytoplankton cells,
we conducted an extensive series of numerical simulations of millions of cells, across different
environmental and cellular parameters (Fig. 5.1B, C, SI). From the simulations, we quantified
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Figure 5.2: Cell elongation enhances encounter rates between cells in turbulence. A Encounter
kernel for elongated, neutrally buoyant (∆ρ = 0) cells, obtained from numerical simulations
(symbols), as a function of their aspect ratio λ, for three different cell lengths l and a given
turbulence intensity ε, showing that elongation enhances encounter rates by up to an order
of magnitude. For each aspect ratio, the kernel is normalized by the kernel for equal-volume
spheres [Eq. (5.1)]. The blue dashed line represents the ratio Γn.b.

rods/ΓST obtained by dividing
Eq. (5.2) by Eq. (5.1) (SI). B Encounter kernel for two different elongated, neutrally buoyant
phytoplankton cells as a function of turbulence intensity, computed from numerical simula-
tions (symbols). Note the good agreement with the power-law with exponent of 1

2 predicted
by Eq. (5.2) (dashed line) and by dimensional analysis (SI). C Encounter kernel Γrods of elon-
gated (l = 1 mm, λ = 100), sinking rods as a function of their density offset with surrounding
water and of turbulence intensity. Red crosses denote data points from numerical simulations,
used to obtain the contours and colormap by interpolation. D Master curve of the encounter
rate of elongated phytoplankton. When rescaled by the encounter kernel for neutrally buoy-
ant rods [Eq. (5.2)], the simulated encounter kernels for buoyant rods (red crosses in C and
additional data for heavier cells, Fig. 5.4) collapse onto a single master curve [Eq. (5.4), see
text], for all values of density offset and turbulent intensity. The master curve shows a clear
transition between a turbulence-dominated and a sinking-dominated regime.

encounter rates by counting geometrical intersections between cells, which we modeled as
rods (Fig. 5.1D, SI). To understand the dependency of the encounter rate on environmental
and cellular parameters, we computed the encounter rate kernel Γ. Γ represents the volume
that a pair of encountering cells sweep relative to each other per unit time and is a key quantity
widely used to characterize encounter rates in both physics and ecology [14, 56, 128].

Focusing first on neutrally buoyant cells, we found that elongated cells encounter each
other up to ten-fold more frequently than equal-volume spherical cells irrespectively of the
cell length or intensity of turbulence (Fig. 5.2A and B). From our simulations, we computed
the encounter kernel Γn.b.

rods for elongated, neutrally buoyant cells (length l, aspect ratio λ), and
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compared it with the classic encounter kernel ΓST for neutrally buoyant spheres due to Saffman
and Turner [56],

ΓST = 1.3 (2r)3
√
ε/ν, (5.1)

where ν is the fluid’s kinematic viscosity, ε is the energy dissipation rate characterizing the
turbulence intensity, and r is the radius of the spheres, which we set to match the spheres’
volumes with that of elongated cells. Computing the ratio Γn.b.

rods/ΓST for different cell lengths
and aspect ratios revealed that elongation always enhanced encounter rates, up to ten-fold
for the most elongated cells (Fig. 5.2A). This enhancement was to a good approximation
independent of the cell length, which prompted us to generalize the Saffman and Turner kernel
to elongated cells (‘rods’) by including the dependence on aspect ratio through a multiplicative
factor C(λ), as

Γn.b.
rods = 1.3 l3

√
ε/ν C(λ), with (5.2)

C(λ) = −0.472λ−3 + 1.388λ−2 + 0.0841λ−1 + 9.13 × 10−5.

C(λ) is a function of the cell’s aspect ratio only, obtained by a fit to the simulation results (for
l = 1 mm) and requiring that C(1) = 1 (Fig. 5.2A, SI). Thus, Eq. (5.2) generalizes the classic
Saffman-Turner kernel to elongated cells (λ > 1) and reduces to Eq. (5.1) for spheres (λ = 1),
as expected. To confirm the functional form of the new kernel Γn.b.

rods, which can be motivated
by scaling arguments (SI), we considered two representative elongated cells (l = 1 mm, λ = 100
and l = 80 µm, λ = 20), varied the turbulence intensity in the simulations and found good
agreement between the resulting kernel and that predicted by Eq. (5.2) (Fig. 5.2B).

For neutrally buoyant phytoplankton, we predict from Eq. (5.2) that elongation increases
the encounter rate by 20% for cells of aspect ratio 5, such as cells of the genera Navicula
or Leptocylindrus [109], two-fold for aspect ratio 20, such as Rhizosolenia, Nitzschia [109] or
chains of Skeletonema [129, 130], seven-fold for cells of aspect ratio 100, such as the most
elongated cells of Rhizosolenia, Ulnaria [109], and ten-fold for the most elongated chains of
Trichodesmium with aspect ratios above 100 [111, 112] (Fig. 5.2A). With this understanding
of how elongation affects encounters of neutrally buoyant cells in turbulence, we next studied
the encounters of elongated cells that sink in turbulence.

Cells in turbulence that also sink or rise (‘buoyant cells’) encounter each other even more
frequently than neutrally buoyant cells. Since many phytoplankton species are denser than
seawater and sink, for example following a bloom [129], or can actively modulate their buoy-
ancy [126], we considered cells with a density offset ∆ρ compared to the ambient water. For
elongated cells, a density offset induces sinking with orientation-dependent velocity (SI). Focus-
ing on highly elongated cells (λ = 100), we performed simulations to quantify their encounter
kernel Γrods for a broad range of environmentally relevant values of their density offset and the
turbulence intensity (Fig. 5.2C). The simulations revealed two distinct regimes: a turbulence-
dominated regime for small values of ∆ρ and large values of ε (horizontal contours in Fig. 5.2C),
in which sinking has a negligible impact on Γrods; and a sinking-dominated regime for large
∆ρ and small values of ε (vertical contours in Fig. 5.2C), in which sinking starts to dominate
over turbulence, eventually increasing the encounter rates in proportion to the density offset.

The self-similar shape of the contour lines in Fig. 5.2C results from a universal scaling
for the dependence of Γrods on density offset and turbulence intensity. We hypothesized that
the general encounter kernel is the sum of the two kernels representing the limits of neutrally
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Figure 5.3: Elongation of many phytoplankton cells or chains of cells accelerates bloom clear-
ance through marine snow formation. A Which monospecific bloom clears first: one formed by
chains of cells or by spheres of cells? B Predicted bloom clearance time Tc for highly elongated
chains (e.g., Trichodesmium) for a broad range of ecologically relevant turbulence intensities
and density offsets (chain concentration C0 = 10 mL−1). C The ratio of the clearance time for
chains and spheres (of equal volume) shows that marine snow forms at least seven-fold faster
from chains than from spherical cells.

buoyant cells in turbulence and of cells sinking in a quiescent fluid, i.e.,

Γrods = Γn.b.
rods + Γquiescent

rods , (5.3)

where Γn.b.
rods is given by Eq. (5.2) and, from previous work, Γquiescent

rods = lβ1∆ρVrodg/(16λµ),
where Vrod is the cells’ volume, µ is the fluid’s dynamic viscosity, g is the gravitational accel-
eration and β1(λ) is a geometrical parameter [117]. The ansatz in Eq. (5.3) then yields

Γrods/Γn.b.
rods = 1 + Λ(λ)usink/uturb (5.4)

where Λ(λ) = π/[2.6λC(λ)] is a geometrical factor that depends only on the aspect ratio, and
usink = ∆ρVrodgβ1(λ)/(8πµl) and uturb = l

√
ε/ν are the typical relative velocities between

two cells sinking in a quiescent fluid or advected by turbulence, respectively. Rescaling the
encounter kernel from our simulations (red crosses in Fig. 5.2C and additional data for heavier
cells, Fig. 5.4) by the neutrally buoyant kernel Γn.b.

rods [Eq. (5.2)] and plotting it against the
velocity ratio usink/uturb leads to a collapse of the data (Fig. 5.2D), in good agreement with
the master curve in Eq. (5.4) predicted by our hypothesis.

Equations (5.2) and (5.3) comprehensively quantify, for the first time, the encounter rate
of elongated plankton in turbulence. Previous work on nonspherical objects in turbulence fo-
cused for example on preferential accumulations of elongated phytoplankton in turbulence [26],
but did not address the role of elongation on encounters. Similarly, recent computations of
collisions of ice crystal in clouds [55, 102] do not apply to the often highly elongated phyto-
plankton, because they focused on spheroids with small aspect ratios and because ice crystals
are subject to inertial effects, which are not accessible to phytoplankton cells (characterized
by fast relaxation timescales [26]). We found that, for environmentally realistic conditions,
encounter rates of elongated cells in turbulence are often substantially higher than those of
spherical cells of equal volume (for comparison with cylinders in simple shear flow [131] see SI).
Because encounter rates are a foundation of many ecological processes [14], this finding has
direct implications in how we understand and model these processes, as we demonstrate next
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by focusing on bloom clearance, marine snow formation and colony formation by elongated
phytoplankton.

The enhanced encounter rates of elongated cells may be important in bloom clearance and
the associated formation of marine snow (Fig. 5.3). To investigate this process, we used our
results to directly quantify the role of elongation in marine snow formation. We considered a
monospecific bloom of identical elongated phytoplankton, for example cell chains that reach
a high chain concentration C0 and, after dying, start sinking and stick to each other upon
encounter, forming marine snow. We quantified the timescale of bloom clearance, associated
with the conversion of biomass into marine snow, by computing a characteristic clearance
timescale, Tc, as the time over which encounters convert half of the suspended chains into par-
ticles composed of two or more chains. We contrast the clearance time for identical chains with
a hypothetical spherical cell arrangement with the same number of cells per particle (Fig. 5.3A,
for alternative characterization using critical concentrations [129] see SI). The clearance time
Tc is obtained by solving a simplified version of the Smoluchowski equation (SI)

Tc = (C0Γ)−1, (5.5)

where Γ is the relevant encounter kernel. For example, for neutrally buoyant chains and spheres,
from Eqs.(5.1) and (5.2) we have T chains

c = (C0Γn.b.
rods)−1 and T spheres

c = (C0ΓST)−1. The clear-
ance time ratio T chains

c /T spheres
c = ΓST/Γn.b.

rods is proportional to the inverse of the kernel ratio
and our results thus predict that it is always lower for chains than for spheres, irrespectively of
the concentration C0. For neutrally buoyant cells, the clearance time is up to ten times shorter
for chains than for spheres (Fig. 5.2A). This difference is further magnified by the fact that dead
or senescent phytoplankton at the end of an algal bloom tend to be negatively buoyant and sink,
which further increases encounters between elongated cells [Eq.(5.3)] but not between spheri-
cal cells (because identical spheres do not collide under gravitational settling [117, 132]). For
example, modelling negatively buoyant (∆ρ = 50 kg/m3) chain-forming diatom Skeletonema
as chains consisting of 10 cells [130], each cell with dimensions 4 µm × 8 µm [109] (and thus
l = 80 µm, λ = 20 in our model), the clearance time is about four days for conditions representa-
tive of the ocean surface layer (ε = 10−6 W/kg) and chain concentration C0 = 500 mL−1 [129].
This short clearance timescale is consistent for example with the timescale of one week needed
to dissipate a recent bloom triggered by a volcano eruption in the North Pacific Ocean [133],
which was dominated by Skeletonema. By contrast, the clearance time predicted for spheres of
equal volume would have been more than nine days. For the most elongated phytoplankton,
such as the filaments of Trichodesmium (l = 1 mm, λ = 100 [111, 112]), the clearance times
are even shorter and can be less than two days for a broad range of conditions (Fig. 5.3B;
filament concentration C0 = 10 mL−1 [134]), consistent with field observations [135, 136]. As
a result, the clearance is seven to tens of times faster for filaments than for equal-volume
spheres (Fig. 5.3C).

The enhanced encounter rates of elongated cells may also help to rationalize marine snow
composition. Genera commonly found on diatom aggregates, a type of marine snow that
forms following algal blooms, are Nitzschia, Chaetoceros, Rhizosolenia, Leptocylindricus, Skele-
tonema and Thalassionema [122] – all of which have either elongated cells or grow as chains of
cells. While this predominance may also reflect the relative prevalence of elongated species in
the water column, our results suggest that an important role could be played by significantly
enhanced encounter and thus coagulation rates among elongated species.

Our results also contribute to understanding colony formation among certain species of
highly elongated phytoplankton. The needle-like cells of Rhizosolenia (λ up to 100 [109]) or
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chains of cells of Trichodesmium (λ can exceed 100 [111, 112]) often form colonies composed
of large numbers of individuals, called mats [123] or tufts and puffs [124], which can have very
different properties from the individuals, for example higher vertical migration speeds [137],
different microbiomes [138], and different biogeochemical functions [123]. Our results suggest
that cell elongation facilitates the formation of such colonies by accelerating the rate at which
they form from a suspension of individuals. For example, modeling Trichodesmimum filaments
as elongated rods (l = 1 mm, λ = 100, ∆ρ = 80 kg/m3) [124, 137], our results suggest that for
a turbulent intensity characteristic of the ocean surface layer (ε = 10−6 W/kg) and an initial
filament concentration of 1 mL−1 [139], colonies start to emerge in less than a week, nearly
nine-fold faster than they would if cells were spherical. Whether elongation in phytoplankton
is a specific adaptation for colony formation is unclear, but our results indicate that elongation
is an important phenotype in setting the timescale and thus ultimately the conditions of colony
formation.

In conclusion, we presented results from direct numerical simulations of plankton encounters
in turbulence, for the first time taking into account elongation, and distilled these into a single
master curve that illustrates how turbulence and sinking each contribute to encounters. We
found that elongation can accelerate encounters, and thus the timescale of the many ecological
processes dependent on encounters, by up to an order of magnitude for neutrally buoyant cells
and even more for buoyant ones, compared to spherical cells. Because to date most modeling of
plankton encounters has assumed spherical cells [118], and because a majority of phytoplankton
in the ocean are elongated [110], often with high aspect ratios [109], our results provide a
substantial departure from the current understanding of ecological processes that depend on
encounters. We illustrated the impact of accelerated encounters on bloom clearance and the
associated process of marine snow formation, yet we expect that our results will be relevant
for a range of other ecological processes, including mating [116], colony formation [123, 124],
and biodiversification [109]. Taken together, our work shows that the elongated shape of many
phytoplankton species has far-reaching, hitherto neglected consequences on their ecology by
exerting a fundamental control on encounter rates.
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5.1 Supporting information

5.1.1 Turbulence simulations

We perform fully resolved direct numerical simulations of the incompressible Navier-Stokes
equations in the vorticity formulation with our code TurTLE. This fluid flow solver is a highly
parallelized pseudo-spectral code that allows for the integration of particle species advected
with the fluid flow [61]. The incompressible Navier-Stokes equations take the form

∂u

∂t
+ u · ∇u = −∇p+ ν∆u + f , (5.6a)

∇ · u = 0. (5.6b)

Here, u is the three-dimensional velocity field, p denotes the kinematic pressure, and ν is the
kinematic viscosity in code units. f is a large-scale forcing that drives the flow to ensure a
statistically stationary state.

We rescale the simulation units and parameters to physically and biologically relevant
ones. In our simulations, we keep the large-scale forcing constant, and adjust viscosity (and
simulation resolution) to achieve ε in the range 10−6−10−9W/kg, which corresponds to realistic
oceanic values.

To convert from code units to physical units, let us denote ℓ and τ as the conversion factors
from code units to physical units for space and time, respectively. Additionally, consider the
integral length scale of the flow based on the longitudinal velocity autocorrelation function as
Lint, and the code integral length L̃int. Following this convention, symbols with a tilde refer to
code units whereas symbols without tilde refer to physical units. Consistent with experiments
in turbulence tanks, we set the integral length scale to Lint = 10 cm - since the simulation
domain is a cube with size ≈ 6Lint, our simulations represent a turbulence tank of about 250
L [140]. From this we can fix ℓ as

Lint = L̃intℓ ⇒ ℓ = Lint
L̃int

. (5.7)

Additionally, we have to match water viscosity to physical unis, which fixes τ

ν = ν̃ ℓ2 τ−1 ⇒ τ = ν̃

ν

(
Lint
L̃int

)2
. (5.8)

Using these conversion factors we can calculate the dissipation rate in physical units for a given
dissipation rate in code units:

ε = ε̃ ℓ2 τ−3. (5.9)
Finally, we set rod length to a fixed length in physical units, i.e. mm, and rescale it correspond-
ingly into code units. In Fig. 5.2A, we explored three rod lengths in the neutrally buoyant
case, 0.5mm, 0.8mm, and 1.0mm. In Fig. 5.2B, we studied also neutrally buoyant rods and
varied both aspect ratio and rod length, spanning the cases λ = 100 and l = 1.0mm, as well
as λ = 20 and l = 80 µm. Finally, in Fig. 5.2C and 2D we kept the aspect ratio λ = 100
and length l = 1.0mm fixed and scanned the density offset variable ∆ρ and the turbulence
intensity ε. In Fig. 5.2C, we concentrated on the biologically relevant ∆ρ regime, while the
collapse in Fig. 5.2D is based on a larger dataset that includes heavier rods to resolve the
sinking dominated regime - this larger dataset is shown in Fig. 5.4. Other relevant values for
the simulations used are reported in Table 5.1.
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N kMηK Reλ ε[W/kg] urms[mm/s] uK[mm/s] Npart
10243 2.89 177.1 2.69 × 10−6 8.662 1.281 3.11 × 106–1.03 × 107

10243 3.92 144.6 8.48 × 10−7 5.865 0.9597 5.65 × 105–1.11 × 107

10243 4.85 121.2 3.68 × 10−7 4.356 0.7786 4.88 × 105–1.18 × 107

5123 2.89 111.0 1.78 × 10−7 3.477 0.6492 3.06 × 105–8.87 × 106

5123 3.90 89.6 5.83 × 10−8 2.364 0.4913 2.49 × 105–9.46 × 106

5123 4, 85 75.8 2.54 × 10−8 1.768 0.3994 2.16 × 105–9.94 × 106

2563 2.89 64.7 1.28 × 10−8 1.376 0.3364 1.34 × 105–7.42 × 106

2563 4.82 44.5 2.64 × 10−9 0.7687 0.2268 8.66 × 104–7.25 × 106

Table 5.1: Simulation parameters. N is the number of grid points. The product kMηK of the
largest resolved wavenumber kM and the Kolmogorov scale ηK = (ν3/ε)1/4 quantifies the small-
scale resolution of the simulations. Reλ =

√
15u4

rms/(εν) is the Reynolds number based on the
Taylor microscale, where urms denotes the root mean square velocity component, ε the mean
energy dissipation rate, and ν = 10−6 m2/s the kinematic viscosity of water. uK = (νε)1/4 is the
Kolmogorov velocity. We scanned a range of ∆ρ with different numbers of colliding particles
Npart. The range of simulated colliding particles is reported per simulation size above.
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Figure 5.4: Shown is the full dataset that we used in Fig. 5.2D to demonstrate the data collapse
onto the master curve. We note that, in Fig. 5.2C, we showed a subset of the above dataset
(red crosses here are the same as the red crosses in Fig. 5.2C) to exclude the heaviest rods
(blue crosses) to concentrate on a biologically relevant regime for Trichodesmium.

5.1.2 Simulation of sinking rods

The investigation of sinking anisotropic particles in turbulent flows has recently gained much
attention, both from a fundamental point of view, but also with respect to applications in the
atmospheric sciences and marine ecology (see e.g. [51, 55, 102, 141–143]).

To model sinking cells, we describe the positional and orientational dynamics of small thin
elongated ellipsoidal particles sinking in a turbulent flow with no back-reaction onto the flow,
and we neglect inertial effects owing to the fast relaxation timescales of planktonic cells [26,
51]. The particles are advected by the flow and have an orientation-dependent sedimentation
velocity

ẋ = u + us (β0ĝ + β1p̂ · ĝ p̂) . (5.10)

Here, x is the position of the particle, u is the velocity field governed by Eq. (5.6) at the position
of the particle and ĝ is the direction of the gravitational acceleration. The characteristic
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sedimentation speed of a single particle is given by

us = ∆ρVrodg

8πµl . (5.11)

Here, ∆ρ := ρp − ρf is the difference between the particle ρp and the fluid ρf density, g is the
magnitude of the gravitational acceleration, µ is the dynamic viscosity of the fluid, and the
length of the rods is given by l. Eq. (5.10) was derived for ellipsoidal particles. However, for
consistency with our numerical collision algorithm (see below) we use here the volume of rods
with spherical caps Vrod = πl3/(4λ2)(1 − 1/3λ) with the same aspect ratio λ. Finally, β0 and
β1 are functions that depend on λ and are given by given by [144]

β0(λ) = λ2

λ2 − 1 + 2λ3 − 3λ
(λ2 − 1)3/2 log

[
λ+ (λ2 − 1)1/2

]
(5.12a)

β1(λ) = −3λ2

λ2 − 1 + 2λ
(λ2 − 1)3/2 log

[
λ+ (λ2 − 1)1/2

]
+ λ− 2λ3

(λ2 − 1)3/2 log
[
λ− (λ2 − 1)1/2

]
. (5.12b)

To determine the particles’ orientational dynamics, we approximate their shape as ellipsoids
with aspect ratio λ and integrate the particle orientation vector using Jeffery’s equations [16]

˙̂p = 1
2ω
ωω × p̂ + λ2 − 1

λ2 + 1
(
Sp̂ − p̂ p̂TSp̂

)
. (5.13)

Here, p̂ is the particle orientation, ωωω = ∇ × u is the vorticity, and Sij = (∂jui + ∂iuj)/2 is
the strain tensor, which induce particle spinning and tumbling depending on the shape of the
particles.

5.1.3 Encounter detection algorithm

Particle encounters are measured using the so-called ghost encounters [57], i.e. particles may
overlap but do not interact during collisions. For the encounter detection algorithm, we ap-
proximate the particles as thin rods with spherical caps (Fig. 5.1D). Encounters between thin
rods can be calculated by searching for the minimal distance between the two symmetry axes
of the rods. Consider a first rod at a position x with orientation p̂, and a second rod with
orientation q̂ at a position y. Both rods have length l and width w. Positions along the rods
may be parameterized by use of the parameters t, s ∈ [−1, 1], such that any point along the
symmetry axis of the rods may be written as

r1(t) = x + t

(
1 − 1

λ

)
l

2 p̂ ; t ∈ [−1, 1] (5.14)

for the first rod, and
r2(s) = y + s

(
1 − 1

λ

)
l

2 q̂ ; s ∈ [−1, 1] (5.15)

for the second. The distance between two points on symmetry axis of the rods is then

dist(t, s) =
√

[r1(t) − r2(s)]2

=

√[
l

2

(
1 − 1

λ

)
(p̂ t− q̂ s) + ∆x

]2
, (5.16)
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where ∆x = x−y. The minimum distance can be found by setting the gradient of this distance
function to zero. This leads to a linear system, which can be solved leading to(

tmin
smin

)
= 2
l(λ− 1)

λ

(p̂ · q̂)2 − 1

×
(

1 −p̂ · q̂
p̂ · q̂ −1

)(
∆x · p̂
∆x · q̂

)
. (5.17)

This yields the minimum distance if |tmin| ≤ 1 and |smin| ≤ 1. If |tmin| ≥ 1 or |smin| ≥ 1,
we must search for the minimum distance along |t| = 1 and |s| = 1. In these last cases, the
minimum distance can be analytically found. For tmin = ±1

smin = tmin p̂ · q̂ + 2
l

λ

λ− 1∆x · q̂. (5.18)

For smin = ±1
tmin = smin p̂ · q̂ − 2

l

λ

λ− 1∆x · p̂. (5.19)

Particle overlaps at a given time snapshot can then be detected by dist(tmin, smin) < w. This
means, at their minimum distance the rods are less than one width apart from one another.

We then keep track of overlaps of particle pairs. At every time step we compare the
overlap of particle pairs with the ones from the previous time step. If a change in the overlap
of a particle pair is detected that was not detected in the previous time step, we count that
encounter pair as a new encounter. This new encounter contributes to the number of new
encounters Nenc. Given a number of new encounters Nenc in a given time T , volume V , and
total number of particles Npart, the encounter kernel is then obtained as [57]

Γ = 2 V Nenc
N2

part T
. (5.20)

In our simulations, the simulation domain is a cube with side length 2π and volume V = 8π3 in
code units. We typically run the simulations for time T on the order of several integral times
(in code units). For our choice of particle numbers Npart (see Table 5.1), these simulation times
guarantee statistical convergence of the kernel estimate in Eq. (5.20). We also remove an initial
transient time of two integral time scales, which allows for the large-scale spatial distribution of
particles to reach a statistically stationary state. Thus, with the number of detected encounters
(Nenc is on the order of a thousand encounters per integral time), Eq. (5.20) gives us an
encounter kernel in code units, with units of space3/time. Finally, using the transformation
factors in Eqs. (5.7) and (5.8) this quantity may then be transformed into physical units.

5.1.4 Comparison of encounter kernels

In the main text, we compare the encounter kernel of elongated particles with the encounter
kernel of spheres with an equal volume. We explain the details of this comparison in the
following.

The encounter kernel of passive tracer spheres of radius r advected by turbulence is given
by the Saffmann-Turner kernel [56]

ΓST(r) = 1.3 (2r)3
√
ε

ν
. (5.21)
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In our simulations, we represent a rod as a cylinder with spherical caps at both ends of the
cylinder. The cylinder has length l(1 − 1/λ) and width l/λ. The spherical caps have diameter
l/λ, so that the total length of the rod with spherical caps is l. We now calculate the volume
of these rods and obtain the equivalent radius req of spheres with the same volume. Using req
and the Saffman-Turner kernel (5.21) gives us then a baseline encounter kernel to compare the
effect of shape on encounters. The rods with spherical caps have volume

Vrods = 4π
3

(
l

2λ

)3
+ πl

(
1 − 1

λ

)(
l

2λ

)2
. (5.22)

Consider now the spheres of equivalent radius req, with volume Vsphere = 4πreq3/3. By de-
manding Vrods = Vsphere, we can solve for req

(2req)3 = l3

2λ2

(
3 − 1

λ

)
. (5.23)

The Saffman-Turner kernel for these equal-volume spheres is then

Γeq
ST(l, λ) = ΓST(req) = 1.3

2λ2

(
3 − 1

λ

)
l3
√
ε

ν
. (5.24)

The encounter kernel of neutrally buoyant tracer rods in turbulence Γn.b.
rods can therefore be

measured as an aspect-ratio dependent deviation from Γeq
ST. As a result, we obtain

Γn.b.
rods(l, λ) = Γeq

ST(l, λ) C ′(λ). (5.25)

The function C ′(λ) quantifies how much more rods of a certain aspect ratio collide compared
to equal-volume spheres. This function can be fitted by

C ′(λ) = a(λ2 − 1) + b(λ− 1) + 1. (5.26)

This quantity is plotted in Fig. 5.2A. We used a non-linear least squares regression to estimate
the best fit of free parameters to a = 6.0864 × 10−5 and b = 5.6100 × 10−2. The fit ensures
that for aspect ratio λ = 1 rods we exactly obtain the Saffman-Turner limit, i.e.

Γn.b.
rods(l, λ = 1) = ΓST(l/2). (5.27)

Comparing then Eqs. (5.25) and (5.2) we can write the fit function C(λ) as

C(λ) = 1
2λ2

(
3 − 1

λ

)
C ′(λ). (5.28)

As we showed above, by construction C(λ = 1) = 1, so that in the case of spheres the Saffman-
Turner kernel is exactly recovered with this fit.

5.1.5 Scaling arguments for the encounter kernel

To further rationalize the functional form of the new kernel Γn.b.
rods in Eq. (5.2), we developed

simple scaling arguments. We first consider two identical spherical cells in turbulence, smaller
than the Kolmogorov length scale, the scale at which viscosity dissipates the fluid kinetic
energy, which in the ocean is typically in the range 1−6 mm [145, 146]. Their relative velocity
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∆u at the time of encounter scales as ∆u ∼ r
√
ε/ν, i.e. the sphere radius times the shear rate√

ε/ν at the Kolmogorov length scale. Since the encounter cross-section for spheres scales as
r2, the rate of volume swept by spheres scales as r2∆u ∼ r3√ε/ν, which is the classic kernel
ΓST in Eq. (5.1) up to a constant. Turning to elongated cells, both the typical distance and
the encounter cross-section at the time of encounter depend on the orientations of the two
cells, so that the relevant length scale can be as large as the cell length l or as small as its
width l/λ, depending on whether the orientations are random or aligned and the encounter
is head on. Since this length scale impacts both the encounter cross-section, which can be
as small as (l/λ)2 or as large as l2, and the cells’ relative velocity, which can be as small as
l/λ
√
ε/ν or as large as l

√
ε/ν, the rate of volume swept by elongated cells relative to each

other thus depends on all the possible combinations l3, l3/λ, l3/λ2, etc. We thus expect that
the encounter kernel for elongated cells scales as l3

√
ε/ν times a function of the aspect ratio λ.

Our scaling analysis thus validates the semi-empirical formula we derived from the numerical
simulations in Eq. (5.2), except for the aspect ratio dependence which cannot be obtained by
scaling arguments and which depends on details of the competition between the randomizing
and shear-induced aligning effects of turbulence.

5.1.6 Comparison with cylinders in simple shear flow

Here, we compare our results with a previous work on encounters between cylinders in simple
shear flow [131]. We first note that, as derived by Smoluchowski [147], for spherical particles
of radius r in simple shear flow the encounter kernel reads

Γshear
spheres = 4

3(2r)3γ, (5.29)

where γ is the shear rate. Remarkably, this classic result can be mapped onto the Saffman-
Turner kernel for spheres in turbulence if one replaces the shear rate γ with the turbulent
shear

√
ε/ν - this mapping reproduces Eq. (5.1) to within 3%. Could a similar relationship

hold between elongated cells in simple shear flow as studied in [131] and our results?
In [131], the encounter rate between cylinders (without spherical caps) of aspect ratio λ

was measured numerically and compared with Eq. (5.29) as follows

Γshear
cylinders = fΓshear

spheres, (5.30)

where f(λ) was termed ‘fractional collision frequency’, and r was set to be the radius of the
circumscribing sphere r = l

√
1 + λ−2/2. For high aspect ratios and assuming that one can

replace the shear rate γ in Eq. (5.30) with the turbulent shear rate
√
ε/ν, the definition of

f(λ) and C(λ) in our Eq. (5.2) should be similar to each other if the encounters between
elongated cells in turbulence are similar in nature to encounters between cylinders in simple
shear flow. In Fig. 5.5, we plot f(λ) and C(λ) in the range 10 < λ < 100 and found that,
remarkably, the two prefactors agree to within a factor of two (Fig. 5.5A). However, taking
the ratio of the two prefactors shows that turbulence increases encounter rates as compared to
simple shear flow as the aspect ratio increases, doubling the rate at λ = 100 with asymptotic
scaling λ2/ log(λ) for large λ (Fig. 5.5B).

5.1.7 Clearance times and critical concentrations

In the main text, we analyzed the impact of elongation on the bloom clearance time Tc [Eq. (5.5)].
Here, we first briefly derive Eq. (5.5) and then discuss critical cell concentrations [129, 148],
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Figure 5.5: Comparison with the encounter kernel for cylinders in simple shear flow studied
in [131]. A Dimensionless prefactors f(λ) studied in [131] and C(λ) in our Eq. (5.2). B The
ratio of the two quantities shows that the two prefactors agree to within a factor of two, albeit
the turbulent prefactor C(λ) is consistently larger than f(λ) as the aspect ratio increases – the
ratio scales like λ2/ log(λ) for large λ.

an alternative way to describe the impact of elongation on the bloom dynamics.
To derive Eq. (5.5), we consider a monospecific bloom of identical chains of cells that

grow exponentially until they, for example, deplete nutrients. We denote by C0 the maximal
concentration of individual cells reached at the moment of the nutrient depletion. We then
assume that cells die, become sticky, and start to sink. As they sink, they are mixed by turbu-
lence, encounter one another and form composite particles (marine snow) by sticking to each
other. The concentration C(t) of individual chains thus decreases with time because they are
converted into composite particles as described by the truncated version of the Smoluchowski
coagulation equation [147]

dC/dt = −ΓrodsC
2, (5.31)

where Γrods is given by Eq. (5.3) for elongated chains and is replaced by Eq. (5.1) for spherical
cells. Eq. (5.31) is a truncated version of the full coagulation equation, because we neglect
chain removal via higher-order encounters, such as encounters between individual chains and
marine snow composed of two chains, etc. This approximation is valid during the initial stages
of the marine snow formation, which is of our interest here, because the concentration of
composite particles are small compared to C(t) and thus the additional decrease in C(t) due
to higher-order encounters can be neglected. The solution of Eq. (5.31) with initial conditions
C(0) = C0 is

C(t) = C0
C0Γrodst+ 1 . (5.32)

We define the bloom clearance timescale Tc to be the time required for half of the individual
chains to be converted into composite particles. This corresponds to putting C(Tc) = C0/2,
and solving for Tc reproduces Eq. (5.5).

Following [129, 148], we further compute the critical chain concentrations as an alternative
way to characterize the impact of cell elongation on the bloom dynamics. In this model of
marine snow formation, chains are taken to be sticky at all times, including the growth stage,
and thus marine snow particles form even during the cell division stage. Mathematically,
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l = 1.0 mm, λ = 100 
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Figure 5.6: Impact of elongation on the critical chain concentration that triggers marine snow
formation. Predicted critical chain concentration [Eq. (5.34)] as a function of the turbulence
intensity and cell’s density offset for growth rate α = 1 d−1 (other parameters are the same as
in Fig. 5.3).

Eq. (5.31) is replaced with

dC/dt = αC − ΓrodsC
2, (5.33)

where α is the cell growth rate. The critical concentration Crods
c is derived by setting the right

hand side of Eq. (5.33) to zero, which corresponds to the assumption that the chain growth is
balanced by the chain removal due to coagulation. We obtain

Cchains
c = α/Γrods. (5.34)

Similarly to the clearance time considerations in the main text, we find that critical concentra-
tions for elongated cells are lower than for spherical cells by a factor given by the ratio of the
corresponding kernels (Fig. 5.3C). Thus, sticky chains need to build up lower chain concentra-
tions for coagulation to start converting chains into marine snow. For example, for the most
elongated filaments of Trichodesmium (l = 1 mm, λ = 100) taking the growth rate α = 1 d−1,
we predict that the critical filament concentrations can be below Cchains

c = 10 mL−1 (Fig. 5.6),
consistent with field observations [134–136].
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CHAPTER 6
Summary & discussion

In this dissertation we have studied physical models of microorganisms in fluid flows. We
studied models of motile and sedimenting microorganisms in mildly turbulent flows. Our
findings can be summarized as follows.

Microswimmers in an axisymmetric vortex flow

Realistic turbulent flows are chaotic, and it is difficult to study the mathematical properties
of a specific modeling approach. Previous studies have revealed intricate dynamics in toy-
model flows, such as the Poisueille flow [78–80] and simple two-dimensional vortex [81–84].
These approaches have allowed a straightforward characterization of the dynamic and chaotic
properties of the kinds of models physicists use to study microswimmers [79].
Using a two-dimensional vortex flow toy-model we studied the effect of shape and motility on
microswimmer dynamics. We explicitly uncovered the Hamiltonian structure of the dynamics
for spherical microswimmers, and we showed how shape breaks the Hamiltonian structure
and introduces clustering via phase-space contraction. Additionally, we were able to identify
microswimmers which remain bound to the vortex as a function of their shape and motility.
We showed that elongated ellipsoids escape the vortex at lower speeds than oblate ellipsoids.
We showed that at sufficiently high speed all microswimmers escape the vortex flow, and we
related this to the mathematical properties of the system through a saddle-node bifurcation of
the system’s fixed-points.

Dispersion statistics and collision rates of motile ellipsoidal particles in mild
turbulence

Physicists have modeled microswimmers is turbulence for a long time as non-inertial ellipsoidal-
shaped particles [15]. Within this approach the rotation induced by the flow on the particles
can be computed by the Jeffery’s equations [16]. Scientists have studied various aspects of
these models as a function of shape, motility, and the turbulent flow [17, 19, 23, 24, 36, 38, 72,
101, 104–106]. In our case we contributed to the current scientific knowledge by carrying out
systematic measurements of rotation rates and transport properties of microswimmers in tur-
bulence as a function of their shape and motility. Additionally, we carried out measurements
of collision rates of spheres of different motility and size.
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We learned that rotation rates of motile ellipsoids in turbulence depend on the particle’s shape
and motility. We identified two shape-dependent limiting cases. The limit of uncorrelated
orientation is obtained when the ellipsoid orientation is totally uncorrelated from the under-
lying flow. In the limit of passive tracers the advected ellipsoids develop correlations with the
underlying flow, as Jeffery’s equations [16] dictates their orientational dynamics. We found out
that motility is the control parameter interpolating between these two limiting cases. In the
very fast limit the motile ellipsoids are so fast that there is no time to establish correlations
with the underlying fluid flow, such that their orientation is effectively uncorrelated, leading
to the uncorrelated limit. On the other hand we obviously obtain the correlated limit in the
non-motile passive tracer limit. Notably, we also found that the rotation rates of spheres re-
main unchanged as a function of motility. This is a direct consequence of the fact that the
dynamics of spheres conserve phase space. This is hence a direct consequence of a property we
already uncovered and quantified in the two-dimensional toy-model through the presence of
the Hamiltonian structure of the dynamics. Finally, we observed that prolate ellipsoids tend
to spin throughout, while oblate ellipsoids tend to tumble more than they spin.
Additionally we studied the transport properties of motile ellipsoids by measuring the mean
squared displacement (MSD). We studied both the short- and long-time behavior of this quan-
tity. By carefully studying the individual contributions to the MSD we concluded that cross
terms depending on correlation terms play a crucial role in determining the shape-dependent
behavior. We found that both for the long- and short-time limits the prolate ellipsoids disperse
faster than other shapes. We were able to bring this result into the context of tumbling rates.
As oblate ellipsoids tumble more, they change their orientation more often, this leading to
diminished transport.
Finally, we also looked at the collision rates of motile spheres of different sizes. By rescaling
we found a master curve interpolating between the passive tracer limit, known as the Saffman-
Turner collision kernel, and a motile limit. The transition happens at a speed much smaller
than the Kolmogorov speed of the flow.

Elongation enhances encounter rates between phytoplankton in turbulence

Elongated planktonic species can form macroscopic blooms in the ocean. We measured the
collision rates of elongated sedimenting particles in mild turbulence. We were able to find
an expression generalizing the Saffman-Turner expression for elongated passive particles as a
function of shape, size, and turbulence intensity. We were able to show that shape considerably
increases collision rates of elongated particles when compared to passive spheres of equal vol-
ume. We then carried out parameter studies as a function of turbulence intensity and density
offset. We reduced the parameter dependence on density offset and turbulence intensity to a
master curve, which interpolates between a passive tracer limit, and a sedimenting dominated
regime. Compared to equal volume spheres, elongated particles have increased collision rates.
This leads to a several fold decrease in expected formation times of plankton blooms, thus
helping to explain rapid bloom formation.

Conclusions

In this dissertation we have taken several modeling approaches to study microorganisms in
mildly turbulent flows. We concentrated on the cases of motility and sedimentation as migra-
tion strategies presented by different organisms to navigate in the water column. By studying
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a simplified two-dimensional toy-model we were able to explicitly study the mathematical
properties of the modeling approach used for microswimmers in fluid flows, and we uncovered
a shape-dependent Hamiltonian structure. Furthermore, we were able to explain why in this
simple toy-model picture prolate ellipsoids can more easily escape the vortex than other shapes.
Moving on to realistic turbulent flows we observed similar behavior: due to shape-dependent
rotation rates, elongated ellipsoids have higher transport properties than other shapes both
in long- and short time measurements. For survival in the ocean, these results might provide
an advantage when navigating the oceanic medium for grazing, or dispersing quickly to avoid
predation. Additionally, these results might point to an advantage of elongated organisms
developing motility over other shapes.
Another critical quantity for the survival of microorganisms in the ocean is their given collision
rate. As many organisms need to graze or meet for mating, this quantity may be considered
as a crucial metric for the survival of these motile species in the ocean. In our studies we
were able to extract a master curve extrapolating between a passive tracer limit, and a motile
limit. The transition between these two limiting cases happens at a very low swimming speed;
much lower than the Kolmogorov speed of the flow. Biologically speaking, this means that a
very small swimming speed suffices for microorganisms to considerably enhance the probability
of meeting other microorganisms. This might hint at a possible reason why microorganisms
have evolved motility as a viable migration strategy. By a relatively small energetic effort, a
microscopic organisms might considerably increase its probability of grazing or mating.
Finally, we studied the collision rates of elongated sedimenting microorganisms in mild tur-
bulence. We obtained a generalized version of the Saffman-Turner collision kernel, describing
collision rates of elongated passive particles in a turbulent flow as a function of their shape,
size, and the turbulence intensity. We observed that compared to equal-volume spheres, elon-
gated particles have enhanced collision rates. Then, by expanding onto the sedimenting case,
in which the microorganisms have a density offset to the surrounding fluid, we also observed
shape dependence in the collision rates in this limit. These result shed light on previously
not observed properties, such as how shape affect collision rates. Furthermore, this shape-
dependence has direct consequences in the formation of planktonic blooms. The severalfold
increase in the collision rates of elongated sedimenting microorganisms in the ocean, compared
to equal volume sedimenting spheres, has helped to explain the timescales in which blooms of
sedimenting planktonic species form.
Planktonic microorganisms play a crucial role in the ocean. The survival strategies of plank-
tonic species, as well as the formation of planktonic blooms play a fundamental role in chem-
ical cycles, trophic chains, and oceanic ecology. In this dissertation we have approached this
problem with a physical modeling approach. We have shed light on transport and collision
properties of motile microorganisms, important quantities in the survival of planktonic or-
ganisms in the oceanic medium. Additionally, we shed light on the mechanism underlying
the formation of planktonic blooms of sedimenting elongated plankton. These findings help
to advance the efforts of physicists to explain with a mechanistic approach the dynamics of
planktonic microorganisms in the ocean.
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APPENDIX A
Manuscript III

In this first part of the appendix we present a manuscript which originally appeared as
"Arguedas-Leiva, J.-.A, Carroll, E., Biferale, L., Wilczek, M. and Bustamante, M.D. (2022).
A minimal phase-coupling model for intermittency in turbulent systems. Physical Review Re-
search, 4 (L032035)" and is licensed under the Creative Commons Attribution 4.0 licence (CC
BY 4.0).
L. B., M. W., and M. D.B designed the study and led discussion and analysis of the results.
J-A. A-L. and E. C. wrote the code, carried out simulations, analyzed the data, and produced
the figures. J.-A. A.-L., E. C., L. B., M. W., and M. D.B. wrote the paper.
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Abstract

Turbulent systems exhibit a remarkable multi-scale complexity, in which spatial struc-
tures induce scale-dependent statistics with strong departures from Gaussianity. In Fourier
space, this is reflected by pronounced phase synchronization. A quantitative relation be-
tween real-space structure, statistics, and phase synchronization is currently missing. Here,
we address this problem in the framework of a minimal deterministic phase-coupling model,
which enables a detailed investigation by means of dynamical systems theory and multi-
scale high-resolution simulations. We identify the spectral power-law steepness, which con-
trols the phase coupling, as the control parameter for tuning the non-Gaussian properties
of the system. Whereas both very steep and very shallow spectra exhibit close-to-Gaussian
statistics, the strongest departures are observed for intermediate slopes comparable to the
ones in hydrodynamic and Burgers turbulence. We show that the non-Gaussian regime of
the model coincides with a collapse of the dynamical system to a lower-dimensional attrac-
tor and the emergence of phase synchronization, thereby establishing a dynamical-systems
perspective on turbulent intermittency.

A.1 Introduction.
Turbulence is a prototypical non-equilibrium phenomenon with a large number of strongly
interacting degrees of freedom [41, 42, 44, 149–151], exhibiting strong departures from Gaus-
sianity on the smallest spatial scales. In real space, non-Gaussian fluctuations can be related
to coherent, intense, and rare events in the velocity gradients – a phenomenon also dubbed as

81



82 APPENDIX A. A MINIMAL MODEL FOR TURBULENT INTERMITTENCY

0 π 2π

Space x

0

0.1

0.2

0.3

0.4

Ti
m

e
t

ϕ2 ϕN

Phase ϕk (t)
0 1/2 1

RT (t)

−2

0

2

u(t , x)/〈u2〉1/2 ∂x u(t , x)/〈(∂x u)2〉1/2

0 π 2π

Position x

−2

0

2

0

π

2π
(a) (b) (c)

(d)

Figure A.1: Numerical simulations of (A.6) with k0 = 1 and N = 29, with a Burgers-like
steepness parameter α = 1. (a) Plot of the real-space field u(t, x) displaying a shock near
x = π/2 at the time indicated by the blue line. The field u(t, x) is obtained by solving
the phase dynamics (A.6) and inserting the time-evolving phases into (A.2) for prescribed
amplitudes ak. (b) Plot of individual phases φ2, . . . φN . The gray line marks an instance
of a relatively disordered regime while the blue line marks a relatively synchronized regime.
(c) Time-dependent order parameter RT (α, t), cf. Eq. (A.10), for the synchronization of the
system (here with T = 0.0244). The peak corresponds to a synchronization event related to a
real-space shock. (d) Snapshots of the real-space field u(t, x) in the disordered (top, gray) and
synchronized (bottom, blue) regimes. Red curves show the gradient ∂xu(t, x) to illustrate the
difference between the two regimes.
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intermittency [152, 153]. Intermittency can also be studied from the complementary perspec-
tive of Fourier space. While Gaussian random fields feature completely uncorrelated phases,
phase correlations can give rise to complex scale-dependent properties, as the ones developed
in the presence of coherent shocks. Elucidating these connections is important for both fun-
damental and applied aspects. In particular, we currently miss a clear identification of which
dynamical degrees of freedom lead to such bursting and quiescent chaotic alternations of tem-
poral and spatial flow realizations. As a result, we lack optimal protocols to avoid disrupting
fluctuations in engineering turbulence [154, 155], predict extreme events in geophysical flows
[156, 157] and control existence and uniqueness of the PDE solutions [158], just to cite a
few open problems with multidisciplinary impacts. Studying these issues in fully developed
three-dimensional turbulence is an extremely challenging task. The hope is to isolate the main
aspects of this problem in simpler, more tractable models. One popular way is to lower the
complexity by mode reduction, as in the case of sub-grid-scale modeling [159, 160], Fourier
surgery [161, 162], statistical closure [163], partial freezing of some spectral degrees of freedom
[164, 165] or asymptotic expansions [166, 167]. All attempts have merits and deficiencies, the
main common drawback being the compromised ability to describe simultaneously spatial and
temporal fluctuations on a wide range of scales. Notably, only very few studies have addressed
the connection between the emergence of coherent intermittent structures in real space and
phase correlations, connecting the presence of bursts of spectral energy fluxes (and dissipation)
with Fourier phase dynamics [168–172].
In this letter we combine theory and simulations to provide a dynamical systems link between
real-space intermittency and phase correlations in Fourier space. We do so by means of a
minimal deterministic description of hydrodynamic turbulence derived from a PDE model,
preserving the whole richness of multi-scale spatial and temporal statistics. The model is
formulated in terms of Fourier phases whose dynamical coupling resembles the one in Navier-
Stokes turbulence: specifically, it is Burgers turbulence with the important distinction that the
amplitudes are kept at fixed values such that only the phases evolve, obeying a deterministic
system that supports a turbulent attractor.
By changing the energy spectrum slope we can tune the coupling strength of the phases and
study how the dynamics (intermittency) changes. We find that the system transitions to non-
Gaussian statistics as the spectrum is gradually steepened. For slopes beyond a certain value,
the rare fluctuations become less extreme and return to near-Gaussian statistics. Strikingly,
the strongest deviations occur in the intermediate range, within the range of values attained
by turbulent systems. Within this range, the dimension of the strange attractor collapses to a
minimum, indicating that non-Gaussian real-space statistics are related to the collapse of the
dynamical system onto a lower-dimensional manifold.
Our analysis sheds light on the emergence of coherent structures and the associated phase
synchronization phenomena 1, establishing connections between the statistical theory of non-
equilibrium systems and dynamical systems theory.

1In this paper, synchronization is understood as a transient state whereby the phases of the Fourier modes
over an extended range of spatial scales evolve following similar patterns, showing strong correlations during
finite time intervals. This is similar to the definition used in classical phase models [173, 174], although our
work is the first, to our knowledge, to study synchronization in a Fourier phase model based on a system with
quadratic nonlinearity.
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A.2 The model
As a starting point, let us consider the one-dimensional Burgers equation

∂tu(t, x) + u(t, x)∂xu(t, x) = ν∂2
xu(t, x). (A.1)

This simple prototypical PDE is reminiscent of the Navier-Stokes equations, known to develop
multi-scale bifractal scaling properties, shocks, non-Gaussian statistics and many other non-
trivial statistical features [175–184]. We consider a one-dimensional field u(t, x) on a 2π-
periodic domain with Fourier decomposition

u(t, x) =
∑
k∈Z

ak(t) exp (i [(φk(t) + kx]) . (A.2)

By inserting (A.2) into (A.1), we obtain the evolution for the amplitudes and the phases

ak
dφk
dt = − k

2
∑
p∈Z

ap ak−p cos(φp + φk−p − φk), (A.3)

dak
dt =k

2
∑
p∈Z

ap ak−p sin(φp + φk−p − φk) − νk2ak. (A.4)

This infinite set of coupled ODEs describes the full Burgers dynamics of the Fourier phases
and amplitudes. Recently, we showed that the dynamics of the Fourier phases φk(t) determine
to a great extent the shock dynamics and the associated non-Gaussian statistics when the
amplitudes follow a Burgers-like scaling [172]. In order to establish a deeper dynamical systems
understanding of the role of Fourier phases in turbulence, we now follow a different approach,
by introducing a minimal deterministic model enjoying a turbulent attractor. Take equation
(A.3) as a starting point and set the amplitudes to prescribed constants

ak = |k|−α, |k| > k0, ak = 0, |k| ≤ k0, (A.5)

where the steepness α is our new continuous control parameter and k0 > 0 is a large-scale
cutoff leading to a finite integral length scale, which destabilizes a single-shock-like fixed point,
allowing thus for a turbulent attractor. The phase dynamics is obtained from (A.3) which
becomes a system of coupled oscillators φk satisfying

dφk
dt =

∑
p∈Z

ωk,p cos(φp + φk−p − φk), |k| > k0 , (A.6)

with coefficients ωk,p = −k |p(k−p)|−α |k|α when |k−p|, |p| > k0 (ωk,p = 0 otherwise), and with
φ−k = −φk (reality condition). Compared to equation (A.3), we have rescaled time in (A.6) to
absorb the factor 1/2. The triadic interaction term couples the phases with wavenumbers k, p,
and k− p, via the so-called triad phase φkp,k−p := φp +φk−p −φk. It is important to note that
this phase-only model does not need an energy input/output mechanism, as constant energy
is maintained by the constant amplitudes. Furthermore, it is formally fully time reversible
under the symmetry t → −t;φk → φk + π. However, it will not come as a surprise that, like
in a formally reversible version of the Navier-Stokes equations [185–188], the chaotic dynam-
ics spontaneously break the time symmetry leading to a non-Gaussian and skewed velocity
increment probability density function (PDF). To study the model numerically, we further
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introduce a discretization with grid spacing ∆x = π/N , effectively setting ak = 0, |k| > N .
The reality condition φ−k = −φk leaves us with a set of phases evolving on modes k0 < k ≤ N .
We set k0 = 1 so a1 = a−1 = 0 and thus the evolving variables are φ2, . . . , φN . Note that
the energy spectrum of the field is fixed and perfectly self-similar: Ek ∼ a2

k, with a power-law
decay of Ek ∝ k−2α. The observed original Burgers case, where quasi discontinuities (shocks)
dominate the high-order statistics, corresponds to α = 1.

A.3 Numerical results on real-space and phase dynamics &
statistics.

We integrate numerically (A.6) with a fourth-order Runge-Kutta method starting from uni-
formly random initial conditions. The nonlinear term can be written as a convolution, which
we efficiently evaluate with a pseudospectral method. Figure A.1 illustrates the dynamics of
our model, for the choice of steepness α = 1 (Burgers case), revealing insights into the relation
between non-Gaussianity of the real-space statistics and Fourier phase synchronization. Panel
(a) is a space-time plot of the velocity field from this minimal model, showing that shocks are
the dominant structure. As time evolves, shocks steadily merge and separate. Occasionally,
they merge into one dominating shock (horizontal blue line). Panel (b) shows a time series
of the individual Fourier phases of the model. It shows that the presence of this dominating
shock corresponds to highly ordered patterns in the phase plot. Away from these events, the
system is dominated by smaller shocks and we observe a low coherence (gray line). To quantify
this, panel (c) shows the time average phase synchronization (A.10), which reveals the syn-
chronization of the oscillator system locally in time. The time of the highest synchronization
corresponds to the dominating shock in real space. Panel (d) shows that the presence of the
dominating shock (blue line) yield extreme events in the gradient field characterizing the small
scales of the velocity field.

By changing the free parameter α in (A.6) we control the multi-scale coupling among the
phases and the hierarchical organization of typical time scales. In a local approximation,
i.e. supposing the dynamics at wavenumber k is mainly driven by triads around the same
wavenumber, |k| ∼ |k − p| ∼ |p|, we can estimate the scale-dependent eddy-turnover time as
τk ∼ |k|α−1, indicating that, within this approximation, we reach a regime where small scales
are faster than the large scales if α < 1 (and slower if α > 1). The local-triad approximation is
expected to be valid in the range 0.5 < α < 1.5 [189], where the Fourier transform connecting
the spectrum and the two-point velocity correlation function does not diverge neither in the
UV nor in the IR. As a result, we expect that in the above range and around α = 1 a non-trivial
balancing between spatial and temporal fluctuations will set in.
In figure A.2 we indeed observe that our model has non-trivial scale- and steepness-dependent
statistics. Here we show the probability distribution functions (PDF) of the velocity incre-
ments δru = u(x+ r) − u(x) for two different scales, r = L := π and r = η := π/N , denoting
the largest and smallest distances in the periodic domain, respectively. Real-space statistics
are obtained by inserting the phase dynamics into (A.2). For completely uniform amplitudes
(steepness α = 0) the phases evolve under an all-to-all coupling with equal strength. Note
that this choice of spectral amplitudes corresponds to a delta-correlated field in real space. In
this case, all phases become dynamically uniformly distributed and uncorrelated, leading to a
Gaussian velocity field at all scales (panel (a) in figure A.2). In contrast, for steepness values
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Figure A.2: (a)-(f): Standardized probability density distributions (PDFs) of δru calculated at
the smallest, η, and largest increments, L. (a) For flat Fourier amplitudes α = 0 the velocity
field is Gaussian across all scales. (b)-(e) Increasing α leads to heavy tails at small scales. (f)
For a steep enough spectrum the velocity field is dominated by the first few modes leading to
PDFs without heavy tails. Data for N = 215 and k0 = 1.

within the range [0.5, 1.5], where the local-triad approximation is expected to be valid, heavy
tails are observed in the velocity increment PDF at small scales (panels (b)–(d) in figure A.2).
For the smallest increment, the negative PDF tails are much heavier than the positive tails
and both are much heavier than Gaussian. Heuristically (to be quantified later), this is the
result of phase synchronization leading to shocks (anti-shocks), i.e. extreme negative (positive)
gradients.
The presence of extreme events is maximal at α ∼ 1.25, as evidenced in figure A.2(c). For
higher values of α the PDF tails slowly regularize. In this limit, the large-scale modes dom-
inate the real-space velocity field, leading to a dominant sinusoidal mode with superimposed
smaller fluctuations. As a consequence, the large α limit shows close-to-Gaussian statistics
throughout.
To quantify the steepness-dependent departure of the small scales from Gaussianity we measure
the skewness and flatness:

S(r) = ⟨(δru)3⟩
⟨(δru)2⟩3/2 , F (r) = ⟨(δru)4⟩

⟨(δru)2⟩2 . (A.7)

Due to our frozen-amplitude condition the denominators of both quantities do not fluctuate.
Figure A.3(a) shows a clear transition at α ∼ 1.0. The peaks of skewness and flatness at
α ∼ 1.25 correspond to the presence of extremely intense negative gradients seen in figure
A.2(c).
As the steepness is increased further, the phases evolve under a non-local and non-trivial triad
coupling. This gives rise to synchronization events, which underlie the steepness-dependent
transition observed in the real-space statistics. Note, however, that when the steepness is too
large the timescales from the triad coupling can get too separated, as the coefficients ωk,p in
(A.6) become too small when |p| and |k − p| are large. Thus we expect to see synchronization
over a finite range of steepness values only. In the next sections we will quantify the depen-
dence on the α parameter, of synchronization, and of the structure of the associated chaotic
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attractors.

A.4 Synchronization.
We quantify the behaviour of triad phases across a range of scales for (A.6) by defining the
scale-dependent collective phase θk:

eiθk =
∑
p∈Z apak−pe

i(φp+φk−p−φk)∣∣∣∑p∈Z apak−pe
i(φp+φk−p−φk)

∣∣∣ . (A.8)

This collective phase is dynamically relevant as the RHS of (A.6) is proportional to cos θk. The
fluctuations of θk over time serve as a measure of the triad phase coherence across scales. Thus,
averaging over a causal time window T from t − T to t, we get the following scale-dependent
Kuramoto order parameter:

RTk (t)eiΘT
k (t) =

〈
eiθk(t)

〉
T

(A.9)

As usual we have 0 ≤ RTk ≤ 1, and phase synchronization is indicated by RTk values close to 1.
Averaging additionally over the spatial scales, we define the average phase synchronization by

RT (α, t) = 1
N − k0

N∑
k=k0+1

RTk (t), (A.10)

which measures how the phase synchronization changes as a function of the spectral slope.
As discussed earlier, we evaluated the time-dependent average phase synchronization RT in
Fig. A.1(c) to establish the correspondence between real-space structures and phase synchro-
nization. For very large T , we obtain the time and scale-averaged phase synchronization
R(α) = limT→∞ RT (α, t).

Figure A.3(b) shows the average phase synchronization R(α) as a function of α for various
system sizes N . The relatively high synchronization seen for small N at α > 2.0 decreases as N
is increased. This is due to the addition of faster and noisier oscillators to the system causing a
convergence towards a pronounced peak for α ∈ [1.0, 2.0], indicating high phase synchronization
for this interval for large N . The synchronization peak is remarkably coincidental with the
flatness and skewness peaks shown in figure A.3(a), providing quantitative evidence in support
of the relation between synchronization (a dynamical-system measure) and intermittency (a
real-space measure).

A.5 Chaos characterization.
As an additional characterization of the dynamical system, we estimate the properties of the
underlying strange attractor as a function of α and for N = 64, 128, 256, 512 by examining the
Lyapunov exponents (LEs) [190]. For reasons of numerical complexity we cannot reach the
same resolution we used for the statistical characterization of intermittency and synchroniza-
tion; however as we will see below the N = 512 case shows strong indications of convergence
to the large-N limit.
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Figure A.3: (a): Absolute value of the skewness |S(η)| and the flatness F (η) for the smallest
increment η as a function of α (inset: same figure on log-lin scales, N = 215). (b): the time
and scale-averaged phase synchronization R(α) as a function of α for various system sizes. (c):
ratio between the Kaplan-Yorke dimension DKY and N − k0 as a function of α for various
system sizes.

Using the LEs we can calculate the dimension of the attractor via the Kaplan-Yorke (KY)
approximation [191, 192]. Given the ordered LEs λ1 ≥ λ2 ≥ · · · ≥ λN−k0 , the KY dimension
is defined as

DKY = J +
∑J
j=1 λj

|λJ+1|
, (A.11)

where the conditions ∑J
j=1 λj ≥ 0 and ∑J+1

j=1 λj < 0 define the index J . The KY dimension
gives a measure of the systems’ effective degrees of freedom. Figure A.3(c) shows a plot of the
ratio between the DKY and the number of available degrees of freedom, as a function of α and
for several values of N . It is evident that as N grows a clear pattern emerges, whereby DKY

greatly diminishes for values of α inside the interval [1.0, 2.0], a behaviour that coincides, on
the one hand, with the departure from Gaussianity observed in figure A.3(a), and on the other
hand, with the increase in phase synchronization shown in figure A.3(b).



A.6. CONCLUSIONS. 89

A.6 Conclusions.
Our minimal model sheds light into the nature of coherent structures as low-dimensional ob-
jects, establishing a dynamical scenario where real-space intermittency and phase synchroniza-
tion are accompanied by a reduction in the dimensions of the attractor. In our model coherent
structures are controlled by Fourier phase dynamics only, as the energy spectrum is static
and plays a background role. Our results open new perspectives concerning the possibility to
connect turbulence intermittency with dynamical system tools based on phase synchronization
and chimera states [193].
On the quantitative side, our results provide insight into the solution to the full inviscid Burg-
ers equation, where all amplitudes are allowed to evolve. There, for generic initial conditions, a
finite-time singularity develops characterized by phase synchronization and a power-law spec-
trum with steepness 1.33 ≤ α ≤ 1.50 [194, 195]. We have checked that this behaviour is
robust, occurring even under the constraint ak0 = 0 for k0 = 1. Because in the full equations
the spectrum evolves slowly, it is natural to expect that in our frozen-spectrum constrained
model the phases must show high correlation in the same range of imposed slopes.
A natural extension of this work would be an investigation of the phase-only 3D Navier-Stokes
dynamics by fixing the amplitudes of all Fourier modes, including comparisons to Navier-Stokes
equations with a fixed spectrum, either for all wavenumbers or for a subset of them [164, 165].
Results in this direction would help to shed additional light on the origin of extreme events
and small-scale intermittency.
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der the European Union’s Horizon 2020 research and innovation programme (grant agreement
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Abstract

Rotations of spheroidal particles immersed in turbulent flows reflect the combined ef-
fects of fluid strain and vorticity, as well as the time history of these quantities along the
particle’s trajectory. Conversely, particle rotation statistics in turbulence provide a way
to characterise the Lagrangian properties of velocity gradients. Particle rotations are also
important for a range of environmental and industrial processes where particles of vari-
ous shapes and sizes are immersed in a turbulent flow. In this study, we investigate the
rotations of inertialess spheroidal particles that follow Lagrangian fluid trajectories. We
perform direct numerical simulations of homogeneous isotropic turbulence and investigate
the dynamics of different particle shapes at different scales in turbulence using a filtering
approach. We find that the mean-square particle angular velocity is nearly independent
of particle shape across all scales from the Kolmogorov scale to the integral scale. The
particle shape does determine the relative split between different modes of rotation (spin-
ning vs. tumbling), but this split is also almost independent of the filter scale suggesting a
Lagrangian scale-invariance in velocity gradients. We show how the split between spinning
and tumbling can be quantitatively related to the particle’s alignment with respect to the
fluid vorticity.

B.1 Introduction
In the Lagrangian study of turbulence, a point-sized sphere is used to probe the flow since
such a particle adopts the velocity and angular velocity of the fluid in its immediate vicin-
ity. Extending this idea to spheroids (figure B.1) offers a more intricate way to examine the
Lagrangian flow structure since spheroids rotate due to both fluid rotation and strain, and
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Figure B.1: Spheroids as a function of aspect ratio, AR.

thus the statistics of spheroid rotations reflect the Lagrangian dynamics of velocity gradients
[51]. Rotations of spheroidal particles and their coupling with velocity gradients are also im-
portant in applications where non-spherical particles are immersed in turbulent flows, such as
microswimmers [23, 63, 72, 82, 196], atmospheric aerosol and sediment transport [25, 197–202],
process engineering [203–208], and flow diagnostics [209–211].

In this study, we examine how spheroids of different shapes rotate due to their coupling with
velocity gradients at different scales in homogeneous and isotropic turbulence. The angular
velocity of a spheroid due to local velocity gradients in the absence of inertia is given by
Jeffery’s (1922) equation:

ωp = 1
2ω + λp × Sp, (B.1)

where ωp is the particle angular velocity vector, p is the particle orientation vector, and
λ = (AR2 − 1)/(AR2 + 1) is the shape factor with AR being the particle aspect ratio (figure
B.1). The velocity gradients are represented by the fluid vorticity vector ω and the strain rate
tensor S, which relate to the velocity gradient tensor Aij = ∂ui/∂xj via Sij = 1

2(Aij + Aji)
and ωi = εijkAkj with εijk being the alternating symbol. The first term of Eq. (B.1) shows
that particles of all aspect ratios rotate at the local rotation rate of the fluid and the second
term shows that non-spherical particles have additional rotation due to the local strain rate.
Decomposing Eq. (B.1) into its spinning (ωp · p) and tumbling (dp/dt = ṗ = ωp × p) rates
gives

ωp · p = 1
2ω · p (B.2)

ṗ = 1
2ω × p + λ

[
Sp − (pTSp)p

]
, (B.3)

where spinning is the particle rotation about its axis of symmetry and tumbling is the particle
rotation of the axis of symmetry. Spinning and tumbling are related to the total particle
angular velocity via the Pythagorean relation ω2

p = (ωp · p)2 + ṗ2.
When spheroids follow Lagrangian fluid trajectories and rotate in response to the veloc-

ity gradients along those trajectories, the mean-square spinning (⟨(ωp · p)2⟩) and tumbling
(⟨ṗ2⟩) rates reflect the distribution of particle orientations with respect to principal directions
of the velocity gradients. Eq. (B.3) shows that the particle tumbling rate for a given shape
in isotropic turbulence is a joint distribution in a seven-dimensional space [97]: 5 scalar pa-
rameters characterise the velocity gradient tensor in isotropic turbulence (e.g., 2 to quantify
the eigenvalues of the strain rate tensor, 2 to specify the orientation of vorticity in the strain
rate eigenframe, and 1 to quantify the magnitude of vorticity) and an additional 2 parameters
describe the particle orientation with respect to the velocity gradient tensor (e.g., 2 angles
relative to the strain rate eigenframe). Thus, the spinning and tumbling rates depend on the
history of vorticity and strain along Lagrangian trajectories. Being able to predict these ro-
tation rates is useful for the applications mentioned above and for benchmarking stochastic
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models of the velocity gradient tensor; for example, Chevillard and Meneveau [74] showed that
a model based on the recent fluid deformation approximation was able to correctly predict
the tumbling of rods and Leppin and Wilczek [212] showed that inclusion of strain-vorticity
interactions and shorter autocorrelation timescales for the strain rate compared to the rotation
rate were crucial for predicting the tumbling of discs.

Spinning and tumbling rates can be predicted analytically for particles randomly oriented
with respect to the velocity gradient tensor, but results from experiments and direct numerical
simulations have shown that this does not provide an accurate prediction of particle rotation
rates in turbulence [74, 76, 77, 94, 99]. For example, tumbling of small rods (AR ≫ 1)
and spinning of small discs (AR ≪ 1) are suppressed relative to their values for random
orientation. Qualitatively, this is understood to be because rods align with the vorticity causing
them to spin more than they tumble and discs align perpendicularly to the vorticity causing
them to tumble more than they spin [73, 75, 94]. While this picture suggests that alignment
with vorticity controls the dynamics of particle rotations, a quantitative understanding of this
behaviour has not been found. For example, conditional averages of the seven-dimensional joint
distribution showed that rod tumbling was equally strongly dependent on both the mean-square
vorticity and strain rate and the problem could not be further simplified via a lower-dimensional
projection [97]. Here, we present a line of argument that allows us to quantitatively predict
the spinning and tumbling rates of spheroids in isotropic turbulence based on their alignment
with vorticity. We test this prediction against data from direct numerical simulations and find
good agreement.

Since spheroid rotation statistics reveal Lagrangian dynamics of velocity gradients, an un-
derstanding of the scale dependency of these statistics can contribute to improving models of
the turbulent energy cascade [213–216], sub-grid-scale models for large-eddy simulations (LES)
[217, 218], and models of particle motion [219–221]. As a way to characterize multi-scale prop-
erties of Lagrangian turbulence, we investigate the scale-dependency in our simulations using
a filtering approach where particle rotations are tracked along Lagrangian trajectories in tur-
bulent velocity fields filtered at various scales. This allows for velocity gradients to be tracked
along trajectories for times greater than the integral time scale. Our results show that particle
rotation statistics are remarkably scale-independent when normalised appropriately and we are
able to predict the spinning and tumbling rates for different shapes from the dissipation scales
to the integral scale. We interpret this as a sign of fairly robust scale invariance for velocity
gradients across the full scale spectrum of turbulence when examined in the Lagrangian frame.

B.2 Direct numerical simulations

B.2.1 Velocity gradients along Lagrangian trajectories

We use direct numerical simulations (DNS) of isotropic turbulence to generate data of velocity
gradient time histories along Lagrangian trajectories. We do this in the fully resolved flow field
and for the flow field filtered at various length scales.

The DNS are performed with a standard pseudo-spectral Navier-Stokes solver. A third-
order Runge-Kutta method is used for time stepping the vorticity formulation of the equation,
and a high-order Fourier smoothing [222] is used for reducing aliasing errors. Turbulence
is maintained in a 3D-periodic domain of 2π × 2π × 2π (DNS units) by applying a fixed
energy injection rate in the wavenumber interval 1 ≤ k ≤ 2 (DNS units). We use a small-
scale resolution of kMη = 3 (where kM is the maximum wavenumber resolved, and η is the
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a) b)

Figure B.2: Variation of (a) scale-local timescale τℓ = ⟨AijAij⟩−1/2 and (b) mean-square
particle angular velocity ⟨ω2

p⟩ as functions of filter scale ℓ. Data in (b) is for spherical particles.

Kolmogorov length), for a fully developed turbulent flow with a Taylor-scale Reynolds number
Rλ ≈ 200 and a scale separation of L/η ≈ 140 and T/τη ≈ 20. Using the root-mean-squared
velocity component u, the integral length is defined as L = π

∫
dkE(k)/(2ku2) and the large

eddy turn-over time as T = L/u. To generate filtered flow fields, the velocity field is filtered
at length scale ℓ using a Gaussian filter as detailed in [223]. Values for ℓ vary from zero
(no filtering) to L (the integral scale). Preliminary datasets were generated using all three
spherically symmetric filter types described in [223] (i.e., ball filter, Gaussian filter, sharp
spectral filter), but the filter type resulted in only small changes in the results with the overall
trend being insensitive to the precise filter type.

At each filter scale ℓ, 104 tracer trajectories are integrated in the flow using the corre-
sponding velocity fields and the velocity gradient tensor is sampled along these trajectories
to generate a large database of Lagrangian time histories of velocity gradients along tracer
trajectories.

To analyse particle rotations across different filter scales, we introduce a scale-local time
scale defined by τℓ = ⟨AijAij⟩−1/2, which varies smoothly from τη for the fully resolved flow
to the expected Kolmogorov scaling τℓ ∼ ℓ2/3 in the inertial subrange (figure B.2a). τℓ is a
quantitative measure of the correlation time and the inverse strength of the velocity gradients
at scale ℓ, making it ideally suited to compare particle rotations across a range of scales.

B.2.2 Scale-dependency in particle rotation statistics

We use the database of Lagrangian time histories of velocity gradients to compute the ori-
entations and rotations of spheroids by integrating Jeffery’s (1922) equations (B.3) using a
fourth-order Runge-Kutta method. After an initial transient of several τℓ, the statistics of
particle rotations reach a stationary state. We calculate the statistical moments of particle
rotations after this initial transient period.

Figure B.2b shows that data for mean-square particle angular velocity follows a power
law scaling in the inertial subrange ⟨ω2

p⟩ ∼ ℓ−4/3. This scaling behaviour, which was first
introduced in the context of tumbling rods by Parsa and Voth [221] and found to be applicable
in several other contexts since then [23, 93, 224–226], can be derived based on the expectation
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a) b)

Figure B.3: a) Mean-square particle angular velocity and its decomposition into spinning and
tumbling for spheroids of different aspect ratios in turbulence filtered at different length scales.
b) Mean-square particle angular velocity and its decomposition into vorticity-induced rotations
(1

4⟨ω2⟩), strain-induced rotations (λ2⟨(p × Sp)2⟩), and the cross-correlation of vorticity- and
strain-induced rotations (λ⟨ω · (p × Sp)⟩).

that the particle rotation rate scales as the magnitude of the velocity gradients at a given scale
ωp ∼ τ−1

ℓ = ⟨AijAij⟩1/2 and that the magnitude of the velocity gradients follow Kolmogorov
scaling in the inertial range Aij ∼ ℓ−2/3.

When the mean-square particle angular velocity is examined in terms of the scale-local time
scale τℓ in figure B.3a, we observe that the mean-square rotation rate for particles for all scales
is almost shape-independent. Particles of all shapes have approximately the same rotation
rate as spheres (or spherical fluid elements) at all scales of turbulence so that ⟨ω2

p⟩ ≈ 1
4⟨ω2⟩.

Surprisingly, figure B.3a also shows that the relationship between particle shape and their
spinning and tumbling rates is qualitatively preserved as the filter scale increases, even up
to the integral scale. Discs tumble much more than they spin and rods spin more than they
tumble at all scales of turbulence. As filter scale increases, there is a shift towards the spinning
and tumbling rates becoming weaker functions of particle shape, but the main qualitative
trend is preserved. Overall, the results in figure B.3a, which are normalised by the scale-local
time scale τℓ, reflect an unexpected scale-invariance in the Lagrangian dynamics of velocity
gradients.

To further examine the shape-independence of the mean-square particle angular velocity
⟨ω2

p⟩, we take the mean square of Eq. (B.1) to analyse the situation in terms of rotations
due to vorticity and strain. This shows that the mean-square particle angular velocity has
contributions from vorticity, strain, and a combination of vorticity and strain:

⟨ω2
p⟩ = 1

4⟨ω2⟩ + λ2⟨(p × Sp)2⟩ + λ⟨ω · (p × Sp)⟩. (B.4)

The particle shape only influences the second and third terms, which contain the strain rate
tensor. Figure B.3b shows the particle rotation rates split into the three terms in Eq. (B.4).
While the vorticity term is shape-independent and the strain term is always positive as ex-
pected, the cross term is almost exactly equal and opposite to the strain term. This near
cancellation is the reason why ⟨ω2

p⟩ is nearly independent of particle shape at all scales in
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turbulence. We note that this behaviour is specific to Lagrangian trajectories and the mutual
interactions between vorticity and strain-rate along these trajectories. The rotations of parti-
cles distributed at random positions and orientations within a snapshot of a turbulent velocity
field do not show the same behaviour [as previously shown in 74, 76, 77]. While this property
of vorticity-strain interactions in the Lagrangian dynamics of velocity gradients was previously
noted for point-sized particles [77, 94], the results in figure B.3b show that this behaviour is
scale-invariant.

B.2.3 Particle spinning and tumbling

In this section, we show how the particle spinning and tumbling rates observed in figure B.3a
can be quantitatively predicted in terms of particle alignment with vorticity. Starting from Eq.
(B.4), we note that an (approximate) cancellation of the last two terms on the right-side leads
to ⟨ω2

p⟩ ≈ 1
4⟨ω2⟩. In homogeneous isotropic turbulence, the mean-square fluid vorticity and

the mean dissipation rate are related via ⟨ω2⟩ = 2⟨SijSij⟩ = τ−2
η , where τη is the Kolmogorov

timescale that characterises the smallest scales of motion. In terms of τη, the mean-square
particle rotation rate would be

⟨ω2
p⟩ ≈ 1

4τ
−2
η . (B.5)

To predict the spinning and tumbling rates of particles, we next consider the spinning equation.
By taking the mean-square of Eq. (B.2), we get

⟨(ωp · p)2⟩ = 1
4⟨ω2 (eω · p)2⟩ ≈ 1

4⟨ω2⟩⟨(eω · p)2⟩ = 1
4τ

−2
η ⟨(eω · p)2⟩, (B.6)

where we have assumed that the magnitude of vorticity and the degree of alignment between
the particle and the vorticity are statistically independent. Under this assumption, Eq. (B.6)
gives a prediction for the mean-square spinning rate solely based on particle alignment with
vorticity. We can also obtain a prediction for the tumbling rate in terms of the particle
alignment with vorticity by combining Eq. (B.6) with Eq. (B.5) and using the Pythagorean
relation ⟨ω2

p⟩ = ⟨(ωp · p)2⟩ + ⟨ṗ2⟩:

⟨ṗ2⟩ ≈ 1
4⟨ω2⟩(1 − ⟨(eω · p)2⟩) = 1

4τ
−2
η ⟨(1 − ⟨(eω · p)2⟩). (B.7)

Altogether, we have predictions of the particle rotation, tumbling, and spinning rates solely
in terms of the particle alignment with vorticity:

⟨ω2
p⟩τ2

η ≈ 1
4 (B.8)

⟨ṗ2⟩τ2
η ≈ 1

4(1 − ⟨(eω · p)2⟩) (B.9)
⟨(ωp · p)2⟩τ2

η ≈ 1
4⟨(eω · p)2⟩. (B.10)

We can now examine the predictions of Eqs. (B.8) using data from our simulations. By
replacing τη with τℓ, we can also extend these predictions to all scales of turbulence. Since
these predictions are based on the mean-square particle alignment with vorticity, we first show
this quantity in figure B.4. We see that while discs tend to be perpendicular to the vorticity
and rods tend to be parallel to the vorticity, particles of all shapes become more randomly
aligned with respect to vorticity as the filter scale increases. Particle alignment with vorticity
can be understood as the longest particle axis and the vorticity vector both independently
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Figure B.4: Mean-square particle alignment with vorticity as a function of particle shape and
filter scale. Random alignment corresponds to a value of 1/3 (solid black line).

a) b)

Figure B.5: a) Mean-square particle alignment with vorticity conditioned on the mean-square
fluid vorticity. Symbols are data for high-aspect-ratio rods (AR = 101; triangles and top lines)
and discs (AR = 10−1; squares and bottom lines). Thin horizontal lines correspond to the
unconditional mean-square particle alignment with vorticity (⟨(eω · p)2⟩). Random alignment
corresponds to a value of 1/3 (solid black line). b) A direct evaluation of the independence
between vorticity magnitude and particle alignment assumed in Eq. (B.6).
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a)

c) d)

b)

Figure B.6: Panels (a) and (b) compare the spinning (a) and tumbling (b) rates against the
predictions from Eq. (B.8) for all shapes across all scales with the solid black line showing
the 1:1 correspondence. Panels (c) and (d) compare predictions from Eq. (B.8) (solid black
lines) to data (symbols) across all shapes for unfiltered DNS data (ℓ/L = 0) (c) and DNS data
filtered at the integral scale (ℓ/L = 1) (d).

coming to align with the direction of Lagrangian stretching [75]. The data in figure B.4 show
that this effect weakens with increasing filter scale due to the effects of sub-filter-scale motions
on the velocity gradient dynamics [214, 226].

Next, we examine the assumption made in deriving Eqs. (B.8), namely that particle
alignment with vorticity is independent of the vorticity magnitude. Figure B.5a shows the
particle-vorticity alignment conditioned on the square of the vorticity magnitude for high-
aspect-ratio rods and discs. We see that particle alignment with vorticity is stronger as the
vorticity magnitude is increases, which likely reflects a recent history of Lagrangian stretching,
but this variation does not stray too far from the overall mean-square alignment (shown by
the thin horizontal coloured lines in figure B.5). Examined in this way, our assumption is only
partially supported by the data. However, in figure B.5b, we show a more direct evaluation
of the assumption made in Eq. (B.6), namely that particle spinning can be related to particle
alignment with vorticity via the relation ⟨(ω · p)2⟩ ≈ ⟨ω2⟩⟨(eω · p)2⟩. The data show that
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this assumption has a less than 20% error for moderately oblate to extremely prolate particles
with aspect ratios in the range 10−0.6 ≤ AR ≤ 101. It is interesting that for prolate particles,
the mean-square particle spinning can be accurately estimated by assuming independence
between vorticity magnitude and particle alignment with vorticity and that the error in this
approximation is independent of filter scale. For extremely oblate particles (AR ≤ 10−0.6), the
error in this approximation can be large and depends on the filter scale.

Finally, we show how the predictions of Eqs. (B.8) compare against data in figure B.6.
The data lie close to the 1-to-1 lines against predictions (figures B.6a and B.6b), regardless
of the filter scale and particle aspect ratio. Thus, Eqs. (B.8) provide reasonable predictions
of spinning and tumbling rates, despite invoking the approximation that particle alignment
is independent of the strength of local vorticity. The error induced by this approximation
does not greatly affect the quality of predictions from Eqs. (B.8) because the error is either
small in relative terms (prolate and moderately oblate particles) or because even when the
error is large in relative terms it only leads to a small error in absolute terms (highly oblate
particles). For highly oblate particles, the prediction of particle spinning has a large error
error, but small absolute error because such particles rarely spin. In fact, while the relative
error is larger for oblate particles compared to prolate particles in figure B.5b, the absolute
error is actually slightly smaller for the oblate particles compared to prolate particles in figures
B.6a and B.6b. In figures B.6c and B.6d, we can see that these predictions fare well against
data for different particle shapes for fully resolved data (ℓ/L = 0) and for data at the largest
filter scale (ℓ/L = 1), respectively.

B.3 Discussion

We have conducted direct numerical simulations to examine the statistics of the shape- and
scale-dependent coupling between velocity gradients and spheroids in turbulence. By applying
a filter that progressively removes small scales from the fully resolved simulations, we have
obtained Lagrangian trajectories of tracer particles in filtered fields and calculated spheroid
rotations along these trajectories using Jeffery’s equation. Our focus has been on the particle
rotation rates and on the decomposition of rotations in the particle frame into the spinning
and tumbling rates.

Particle rotation rates decrease as the filter scale increases following a power law that
is consistent with Kolmogorov scaling in the inertial subrange. When normalised by scale-
local time scales, we find that the mean-square particle rotation rates are independent of the
particle shape. Even though the spinning and tumbling rates are a function of particle shape,
surprisingly, there is little additional dependency on scale. Moreover, we have also shown that
relative rates of spinning and tumbling can be reasonably predicted solely from knowledge of
particle alignment with the vorticity vector even though the full dependency of these rotation
rates is a function of seven variables that quantify the velocity gradient tensor and particle
orientation within its axes.

Our results consistently show that the dynamics of the velocity gradient tensor has scale
invariant properties in the Lagrangian frame that are not observed in the Eulerian frame.
While Eulerian statistics of vorticity alignment with the strain eigenframe and flow topologies
are known to exhibit qualitative differences in the inertial range relative to the dissipation
(viscous) range [218, 227, 228], no such changes are observed as a function of scale when
velocity gradient dynamics are examined in the Lagrangian frame through the lens of coupling
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between velocity gradients and spheroids. Our results also suggest that spinning and tumbling
rates of large anisotropic particles where particle inertia due to density differences with the fluid
can be assumed small [e.g., 221, 224, 226] are likely to follow the same trends with particle
shape previously observed in small particles [51]. While information of the detailed flow-
particle interactions may still require laboratory experiments or particle-resolved simulations,
our results show that it is possible to predict rotation statistics for sub-grid-scale particles in
large-eddy simulations (LES) in principle. For example, particle orientations and rotations at
the smallest scale resolved in the simulations could be used to predict particle statistics at sub-
grid-scales based on the scaling arguments provided herein. The scale-invariance of spinning
and tumbling rates of spheroids also motivate future work on extending stochastic models of
the Lagrangian velocity gradient tensor [74, 212, 229, 230] to the inertial range. Finally, it
would also be interesting to test our predictive framework for particle spinning and tumbling in
other canonical turbulent flows like channel flow where interesting similarities and differences
have been observed in terms of how particles align compared to isotropic turbulence [231].
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