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Abstract

Nonrelativistic, self-gravitating scalar �elds are of current interest in several scenarios

of cosmological structure formation. This includes the gravitational clustering of dark

matter in the late-time Universe which can be described by a class of nonrelativistic

scalar �elds, as well as the gravitational fragmentation of the in�aton �eld after the end

of in�ation. A well-motivated and promising dark matter candidate is the QCD axion.

Large axion density �uctuations can be produced in the post-in�ationary scenario leading

to the gravitational formation of highly compact objects known as axion miniclusters.

They are expected to exist as substructures within the Milky Way at the present time

which is of signi�cance for axion detection experiments. The scalar in�aton �eld is

generally assumed to be responsible for a phase of rapid, accelerated expansion in the

very early Universe. Subsequently, the Universe may have passed through a long epoch of

matter-dominated expansion during which initially small in�aton density perturbations

grow and eventually collapse into gravitationally-bound structures. There exists a strong

analogy in the nonlinear evolution of the studied scalar �eld for these two di�erent

eras of structure formation. Accordingly, the same numerical methods can be applied

to explore the phenomenology of gravitationally-bound objects in both scenarios. In

this thesis, we make use of large numerical simulations to study the post-in�ationary

gravitational clustering of the in�aton �eld and the gravitational collapse of axion density

�uctuations into axion miniclusters. Our simulation results provide the �rst insights

into the mass distribution and morphology of axion miniclusters and reveal the �rst

quantitative predictions of gravitationally-bound in�aton structures in the very early

Universe. While the existence of axion miniclusters directly a�ects searches for the

axion, we show that a period of structure formation in the post-in�ationary Universe

can lead to the production of primordial black holes and to the generation of a stochastic

gravitational wave background that might be detectable by future experiments.
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Chapter1

Introduction

The aim of cosmology is to describe the evolution of our Universe, starting from its initial

state usually referred to as “Big Bang” to the formation of large-scale structures such as

galaxies. Since the beginning of the last century, there has been enormous experimental

progress that has bit by bit unveiled the composition of the Universe throughout most of

its history. After Edwin Hubble’s pioneering discovery that the Universe is expanding [1],

more and more observations have completed the picture and eventually have led to the

formulation of the Standard Model of Cosmology. All visible objects in the Universe

consist of ordinary, baryonic matter which constitutes only 5% of the total energy budget

of the Universe [2]. According to the Standard Model of Cosmology, the dominant

contributions come from so far unidenti�ed forms of matter and energy that are called

dark matter and dark energy, respectively. While the latter amounts to about 70% of

the total energy content and is responsible for the observed accelerated expansion of

the Universe at present time, 25% of the Universe is made of dark matter, which plays a

crucial role in the process of structure formation.

The �rst evidence for the existence of dark matter dates back to the 1930s. Observing

galaxies orbiting the Coma cluster, Fritz Zwicky discovered discrepancies in their orbital

velocities which he could only explain with an additional nonbaryonic matter compo-

nent [3]. Before the end of the 20th century, further evidence was gathered, for example

from galaxy rotation curves [4–6] and from the �rst measurements of the anisotropies

in the Cosmic Microwave Background [7, 8]. In the past two decades, observations from

ambitious experiments with increasing sensitivity could further con�rm the dark matter

hypothesis. Additional evidence for dark matter on galactic scales comes from gravita-

tional lensing of distant galaxies [9], X-ray measurements [10], and the Bullet cluster [11].

Precise estimates of the energy content of the Universe were obtained from missions

probing the Cosmic Microwave Background in great detail [2, 12]. The most recent
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Chapter 1. Introduction

results demonstrate that the dark matter density exceeds the density of baryons by a

factor of �ve (see above). Nevertheless, the nature of dark matter still remains a mystery.

It is known that dark matter has to interact very weakly with ordinary matter, mainly

through the gravitational force. Moreover, the fact that dark matter still exists today

requires it to be stable on time scales of the age of the Universe.

To explain the observed large-scale distribution of galaxies necessitates the dark

matter to be cold [13]. It consists of particles that have become nonrelativistic before the

onset of structure formation. This is in contrast to dark matter candidates with higher

particle velocities that suppress the growth of structures on small scales, however, such

models are highly constrained by observations [14, 15]. Admittedly, there are some

observations that seem to contradict the cold dark matter predictions on small scales [16–

21]. It is a controversial issue whether the small-scale challenges actually exist or if they

can be resolved by a deeper understanding of astrophysical processes [22].

A large number of cold dark matter candidates have been proposed to date. Prominent

particle candidates are weakly interacting massive particles, which have been extensively

searched for in direct and indirect detection experiments [23]. They have not been

detected, though, which is why other dark matter candidates such as primordial black

holes [24] and axions [25] are of increasing interest. The latter include the QCD axion and

axion-like particles that are motivated by particle physics and string theory, respectively.

Since they are in general light and stable scalar particles and can be described as a classical,

nonrelativistic �eld, they are perfectly suited candidates for cosmological structure

formation. A characteristic feature of any scalar �eld with the aforementioned properties

is that wave e�ects are induced on length scales of their de Broglie wavelength. This

leads to fascinating phenomena such as wave interference patterns and the formation

of gravitationally-bound solitonic cores. A popular model of axion-like particles that

has received much attention in the last few years is fuzzy dark matter [26]. It assumes a

particle mass of< ∼ 10
−22

eV and does not couple to itself or to any other particles, except

for gravitational interactions. For such masses the prominent cores can become as large as

several kpc, forming in the centre of galaxies. Originally introduced to provide a solution

to the small-scale challenges of cold dark matter, fuzzy dark matter can successfully

recover the distribution of standard cold dark matter on super-galactic scales.

In models of structure formation with QCD axions, wave phenomena arise only at

much smaller length scales due to their larger particle mass. The most striking feature

in this cosmological scenario is instead associated with the possible generation of large

axion density inhomogeneities in the early Universe. These overdensities start to collapse

already in the radiation-dominated epoch to form gravitationally-bound objects called

axion miniclusters [27–30]. In the course of time, the miniclusters evolve into large-scale

2



dark matter halos but it is expected that a signi�cant fraction of axion miniclusters survive

the gravitational evolution and exist as substructures at the present day. The clumping of

axion dark matter into such highly compact objects establishes di�erent possibilities for

axion searches. A central quantity for minicluster searches is their predicted distribution

within the Milky Way which requires the execution of large numerical simulations.

The formation of gravitationally-bound structures is not restricted to the late-time

Universe but can also take place in the earliest moments of our Universe during the

so-called primordial dark age.
1

It is generally assumed that the Universe passed through

a period of rapid, accelerated expansion during its �rst instants. This theory is called

in�ation [31–34] and provides answers not only to the observed �atness and large-scale

isotropy of our Universe. Importantly, in�ation can also explain the origin of the initial

density �uctuations which have subsequently developed into the large-scale structure of

the Universe today. It is presumably impossible to probe the high energy scales of in�ation

directly, and in�ation itself is largely unconstrained by observations, which is why a range

of di�erent models have been proposed since the 1980s. The most basic assumption is that

the extensive expansion during in�ation is driven by a real scalar �eld called the in�aton.

In a broad class of scenarios, in�ation can be followed by an extended period of e�ectively

matter-dominated expansion. During this era, initially small in�aton overdensities start

to grow on subhorizon scales and gravitationally collapse into bound objects [35, 36].

Recently, it has been discovered that this phase of gravitational structure formation

during the primordial dark age is very similar to cosmological structure formation with

axion-like particles [37]. Hence, the same already existing numerical methods can be

applied to shed some light on the very early Universe.

In this thesis, we make use of this analogy to study the formation of gravitational

structures in two cosmological scenarios of interest by means of large numerical simula-

tions. This involves the gravitational evolution of axion dark matter and the associated

formation of axion miniclusters, as well as the gravitational fragmentation of the in�aton

�eld in the matter-dominated, post-in�ationary universe. The simulations presented in

this thesis provide detailed insights into the mass distribution and structure of axion

miniclusters, and reveal the �rst quantitative predictions for gravitationally-collapsed

in�aton halos in the matter-dominated epoch following in�ation. Applying numerical

methods developed originally in the context of axion-like particles, we con�rm the exis-

tence of solitonic cores that form after the end of in�ation. By analogy with boson stars,

we denote them in�aton stars [38]. We show that they might become gravitationally

unstable and collapse into primordial black holes. Finally, the early-Universe simulations

1. This should not be confused with an epoch in the late-time Universe, normally simply termed the dark

ages, that is followed by the formation of the �rst galaxies.
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Chapter 1. Introduction

are extended to include the computation of a stochastic gravitational wave background

that is produced from the gravitational fragmentation of the in�aton �eld.

Outline

This thesis is structured as follows. In the remainder of this chapter, we cover the

necessary background about the Standard Model of Cosmology, the physics of the early

Universe and axion dark matter. This includes a discussion of the successes and challenges

of the cosmological Standard Model, as well as an introduction to the concept of in�ation

and the processes that can occur afterwards. Furthermore, an overview of the origin of

the axion and its production mechanisms is provided.

Chapter 2 then deals with the growth and collapse of density perturbations. Under-

standing the origin of the initially tiny �uctuations requires the treatment of cosmological

perturbations. Supplemented by Appendices A and B, we collect the relevant equations

of motion in Section 2.1 and apply them to the perturbed in�aton �eld in Section 2.2. Af-

terwards, the gravitational evolution and growth of density perturbations on subhorizon

scales are considered. Eventually, linear perturbation theory breaks down, necessitating

other methods such as numerical N-body simulations to study the gravitational collapse

of perturbations. Chapter 3 focuses on structure formation with self-gravitating, nonrela-

tivistic scalar �elds. We derive the evolution equations, valid for both the QCD axion

and the in�aton in our scenarios of interest, and discuss the formation of solitonic cores.

Moreover, we give a brief summary of di�erent simulation schemes.

We present simulation results from the formation of axion miniclusters in Chapter 4.

Beforehand, we review the spherical collapse model that was originally used to describe

the collapse of axion overdensities into miniclusters and we examine the early evolution of

the axion �eld resulting in these overdensities. After a discussion of the simulation results

in Section 4.3 based on work published in Ref. [39], the relevance of axion miniclusters

for the detection of axion dark matter is portrayed. We turn to the post-in�ationary

Universe and the gravitational collapse of in�aton �uctuations into bound objects in

Chapter 5. The presented work is largely based on Refs. [40, 41]. Beginning with an

overview of the post-in�ationary dynamics and a derivation of the in�aton density power

spectrum on subhorizon scales, Section 5.2 summarises the setup for structure formation

simulations in the early matter-dominated era. We present N-body simulations of this

epoch in Section 5.3. Extending the simulations to much smaller length scales to achieve

su�cient spatial resolution, the formation of solitonic cores is studied in Section 5.4. Also,

we describe in Section 5.5 how an associated stochastic gravitational wave background

can be computed and discuss �rst results. Finally, we conclude this thesis in Chapter 6
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1.1. The Standard Model of Cosmology

with a summary of our results and a discussion of possible directions for future research.

As indicated above, most of the results of this thesis
2

were published in Refs. [39–

41]. Section 4.3 follows and extends the original publication titled “First Simulations

of Axion Minicluster Halos” [39] and published in Physical Review Letters. The author

of this thesis performed the analysis of the already existing N-body simulation data

and produced all of the �gures in Ref. [39], except for Fig. 4.3 in Section 4.3 which

corresponds to Fig. 1 in Ref. [39]. The N-body simulations were carried out by the third

author of Ref. [39] who also created this particular �gure. The author of this thesis

wrote large parts of the publication and communicated with the referees in the peer-

review process. A large portion of Sections 5.2 to 5.4 are directly taken from the original

articles “Formation of in�aton halos after in�ation” [40] and “Gravitational collapse in

the postin�ationary Universe” [41], both published in Physical Review D. The author

of this thesis was mainly responsible for both publications. He created the setup for

the simulations, performed them, produced all of the �gures in Refs. [40, 41], wrote the

entire draft in both cases, and communicated with the referees in the peer-review process.

The numerical simulations involved some code development by the author of this thesis.

In particular, the simulations reported in Ref. [41] required the implementation of the

so-called classical wave approximation (see Section 3.2.3) within the cosmology code

AxioNyx [43]. This process was assisted by the second author of Ref. [41].

1.1 The Standard Model of Cosmology

Modern cosmology has its origin in 1915 when Albert Einstein completed the theory of

general relativity. Only a few years later Edwin Hubble discovered that our Universe is

actually expanding [1]. Together with the cosmological principle [44], which assumes

that the Universe is homogeneous and isotropic on su�ciently large scales, this led

to the foundation of the Standard Model of Cosmology. Its fundamental concepts and

composition, as well as its successes and unresolved problems, are brie�y summarised in

this section.

1.1.1 The FLRW Universe

The fundamental principle of general relativity is that gravity results from the curvature

of spacetime. Spacetime itself is not static. Instead, its geometry is a�ected by the energy

2. There also exists a publication by the author of this thesis about the formation of solitonic cores in the

centre of axion miniclusters [42] that are usually referred to as “axion stars” in this context. It is not part

of this thesis since most of the work was done prior to the starting date of the doctoral studies.
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Chapter 1. Introduction

and momentum of the matter contained within it. The relationship between the curvature

of spacetime and matter is given by the Einstein �eld equations
3

[45]

�`a = '`a −
1

2

'6`a = 8c�)`a , (1.1)

where spacetime is expressed by the metric tensor 6`a and� denotes the gravitational

constant. The left-hand side consisting of the Ricci tensor '`a and the Ricci scalar

' = 6`a'`a , where 6`a is the inverse of 6`a , is called the Einstein tensor �`a . It describes

the geometry of spacetime which responds to the matter content expressed by the stress-

energy tensor )`a on the right-hand side. The Ricci tensor can be written as

'`a = m`Γ
f
af − maΓf`f + Γf`_ Γ

_
af − Γfa_ Γ

_
`f , (1.2)

where the Christo�el connection Γ_`a is de�ned as [46]

Γ_`a =
1

2

6_d
(
m`6ad + ma6d` − md6`a

)
. (1.3)

Assuming homogeneity and isotropy, the spacetime of our Universe on large scales can

be described by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric [47–50]

dB2 = 6`adG
`
dGa = −dC2 + 02(C)

[
dA 2

1 −  A 2 + A
2
dΩ2

]
, (1.4)

where the scale factor 0(C), which is normalised to 0(C0) = 00 = 1 at the present time

C0, parameterises the expansion of space. The parameter  accounts for the spatial

curvature of the Universe and  −1/2 has the dimension of distance. This has a value of

 > 0 in a closed universe,  < 0 in an open universe and  = 0 for a �at universe.

Furthermore, dΩ2
is the line element of a unit sphere and A is the radial coordinate in

comoving units. While the physical distance 3phys between two points in space increases

due to the expansion of space, the comoving distance 3comv is de�ned to remain constant.

They are directly related to each other via the scale factor as 3phys = 0(C)3comv. From an

observational point of view, it is useful to express the scale factor 0(C)/00 = (I + 1)−1 in

terms of the redshift I which measures the di�erence in the wavelength of light between

its emission at time C and its observation at the present time C0. Thus, the redshift can be

used as a measure of cosmological time.

On large scales, the stress-energy tensor that appears in Eq. (1.1) takes the form of a

perfect �uid [51]

)
`
a = (d + ?)D`Da + ?X`a , (1.5)

3. Throughout this thesis, we will use natural units where 2 = ℏ = 1, unless stated otherwise.
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1.1. The Standard Model of Cosmology

which characterises the matter content by the density d , the pressure ? and the normalised

4-velocity D` of the �uid. In the local rest frame of the �uid, D`D` = 6`aD
`Da = −1 implies

that D0 = (1, 0, 0, 0) and D0 = (−1, 0, 0, 0). Thus, ) 0

0
= −d , ) 0

8 = ) 8
0
= 0 and ) 89 = ?X89

which illustrates that a perfect �uid is isotropic in the local rest frame. Assuming that

both d and ? do not vary spatially, the form of Eq. (1.5) is therefore consistent with the

cosmological principle. Inserting the stress-energy )
`
a = diag(−d, ?, ?, ?) of a perfect

�uid together with the FLRW metric into the Einstein Eq. (1.1), and noting that the

rest frame of the �uid coincides with the comoving coordinates in the FLRW metric,

the Einstein equations yield the evolution equations
4

for the scale factor known as the

Friedmann equations [47],

� 2 =
8c�

3

d −  
02
, (1.6)

¥0
0
= −4c�

3

(d + 3?) . (1.7)

In the �rst Friedmann equation, the Hubble parameter � ≡ ¤0/0 was introduced which is

a meaningful physical scale in an expanding universe since its inverse determines both

the current age and size of a universe.

Demanding conservation of energy and momentum, the time component (a = 0) of

the conservation equation m`)
`
a gives the continuity equation

¤d + 3� (d + ?) = 0 . (1.8)

Introducing the equation of state parameter F ≡ ?/d and assuming that it does not

change with time, the continuity equation is solved by

d (0) = d0
(
0

00

)−3(1+F)
, (1.9)

where d0 = d (00). For a nonrelativistic matter component (F = 0) the energy density

scales as dmat ∼ 0−3, for radiation (F = 1/3) we have drad ∼ 0−4 and the energy component

dΛ of a cosmological constant Λ (F = −1) is constant [52]. This means that the evolution

of a universe consisting of these three components can be described by a series of three

di�erent epochs. At early times the universe was radiation-dominated, followed by

an epoch of matter-domination and eventually, the energy density of the cosmological

constant dominates the evolution. De�ning the density parameters at the present time C0

as [53]

Ω8,0 ≡
d8 (C0)
dcrit

=
8c�

3� 2

0

d8 (C0) , with dcrit =
3� 2

0

8c�
, (1.10)

4. Throughout this thesis, a dot denotes a derivative with respect to physical time C .
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Chapter 1. Introduction

the energy density on the right-hand side of the Friedmann Eq. (1.6) can be written as

d = dcrit
(
ΩΛ,0 + Ω ,00−2 + Ω<,00−3 + ΩA,00−4

)
, (1.11)

where the energy density of curvature d = −3 /(8c�02) was introduced to absorb the

curvature term in Eq. (1.6) into d . This allows us to write the �rst Friedmann Eq. (1.6) as

1 − Ω = Ω< + ΩA + ΩΛ , or 1 − Ω ,0
02

=
Ω0,<

03
+ ΩA,0
04
+ ΩΛ,0 , (1.12)

where the curvature density parameters can in principle be either positive or negative.

However, observations have revealed that Ω ,0 = 0.0007 ± 0.0019 [2] which means that

we live in a �at universe. Thus, the spatial curvature term in the �rst Friedmann Eq. (1.6)

can be omitted and the FLRW metric for a �at universe simpli�es to

dB2 = −dC2 + 02(C) [dG2 + d~2 + dI2] . (1.13)

Often it is bene�cial to use the conformal time g de�ned by dg = dC/0 instead of the

ordinary time coordinate C .5 Then, the �at FLRW metric can be expressed in terms of the

Minkowski metric [`a = diag(−1, 1, 1, 1) as

dB2 = 02(g)[`adG `dGa = 02(g) [−dg2 + dG2 + d~2 + dI2] . (1.14)

1.1.2 Successes of the ΛCDM Model and Unresolved Problems

Cosmology is not restricted to describing the evolution of the Universe on large length

scales: it also makes predictions about the thermal history and composition of the Universe

as well as about the formation of gravitationally-bound structures. Starting from the

discovery that our Universe is expanding, an increasing number of observations and

measurements have improved our understanding of the Universe. Currently, the favoured

description of our Universe is given by the so-called ΛCDM model which assumes that it

consists largely of a dark energy component denoted Λ and cold dark matter (CDM).

The cosmological constant Λ was originally introduced by Albert Einstein to enforce

a static universe and again abandoned after Hubble’s observation that the Universe

is actually expanding. It became of relevance again when supernovae observations

indicated an accelerated expansion of space at the present time [54, 55]. This could only

be explained by the existence of some unknown form of dark energy which dominates

the Universe today. Although other attempts to explain this observed phenomenon have

been suggested [56], the cosmological constant remains the most popular.

5. Throughout this thesis, a prime denotes a derivative with respect to conformal time g .
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1.1. The Standard Model of Cosmology

Table 1.1 | Selection of ΛCDM parameters and their 68% error intervals as determined by

Planck [2], taking into account CMB lensing reconstruction and measurements of baryon acoustic

oscillations. The Hubble parameter at the present time is referred to as Hubble constant and often

written in terms of the dimensionless variable ℎ as �0 = 100ℎ km/s/Mpc. The spectral index =B
(see Eq. (2.69)) and the amplitude of �uctuations �B are parameters of the CMB power spectrum.

Description Parameter Value

Hubble constant �0 [km/s/Mpc] 67.66 ± 0.42
Baryon density parameter Ω1,0ℎ

2
0.0224 ± 0.0002

CDM density parameter Ω2,0ℎ
2

0.1193 ± 0.0009
Matter density parameter Ω<,0 0.3111 ± 0.0056
Λ density parameter ΩΛ,0 0.6889 ± 0.0056
Spatial curvature density parameter Ω ,0 0.0007 ± 0.0019
Spectral index =B 0.9665 ± 0.0038
Amplitude of �uctuations 10

9�B 2.105 ± 0.030

Originating from the time when photons �nally decoupled from matter after be-

ing in thermal equilibrium before, the Cosmic Microwave Background (CMB) provides

information about small inhomogeneities present in the early Universe. Being highly

homogeneous and isotropic on large scales, the temperature power spectrum of the

CMB contains tiny anisotropies which can be translated to �uctuations in the matter

density. An explanation for the origin of these inhomogeneities is given in Section 2.2.

Together with measurements of baryon acoustic oscillations from large-scale structure

surveys such as BOSS [57], the WMAP [12] and Planck [2] CMB missions allowed for

the parameters of the ΛCDM model to be determined to high precision. The most recent

results con�rm that the geometry of our Universe is �at, |Ω ,0 | < 0.003, and suggest that

ΩΛ,0 = 0.689, Ω<,0 = 0.311 and ΩA,0 = 9.18 × 10−5 with baryonic matter contributing as

Ω1,0 = 0.049 and CDM as Ω2,0 = 0.262 (see Table 1.1 for a selection of ΛCDM parameters

and their 68% error intervals taken from Ref. [2]). Since the energy density of CDM

is large compared to baryonic matter and it is assumed that CDM couples only very

weakly to photons, the nonrelativistic CDM component is indispensable for the process

of structure formation [13]. During the time when baryons were still coupled to photons,

initial �uctuations in the CDM component could already start to grow and collapse

into gravitationally stable dark matter halos. Baryonic structures, i.e. stars and galaxies,

formed only at much later times. This chronological sequence can explain the distribution

of large-scale structure in our Universe today. The growth of structure from initially

small density �uctuations and their gravitational collapse is discussed in Chapter 2.

There is additional evidence, for example from the large-scale distribution of galaxies

and from gravitational lensing measurements, supporting the predictions of the ΛCDM

9



Chapter 1. Introduction

model (see for example Ref. [58] for an overview). Thus, it provides a remarkably good

�t to a number of existing observational data. However, tensions between data sets from

di�erent experiments have arisen for some ΛCDM parameters. Two prominent examples

are the tension in measurements of the Hubble constant from the low-redshift and the

high-redshift universe [59–61] and that some measurements actually favour a closed

universe with a curvature density parameter Ω ,0 < 0 [62–64] instead of a �at geometry.

Future high-precision measurements will show whether these inconsistencies result from

undetected systematics or whether their potential a�rmation will be a hint for new

physics.

On the other hand, the ΛCDM model itself poses several so far unresolved questions

about the origin of our Universe and the nature of dark matter and dark energy. Starting

with the latter, the Λ term can be interpreted as the energy density of the vacuum [65].

Theoretical calculations based on quantum �eld theory estimate this quantity to be

considerably larger than the observed value which can be computed from ΩΛ = 0.689.

Depending on the theoretical prediction, there exists a deviation between 30 and 120

orders of magnitudes [66, 67]. Potentially, this could be solved by a so far unknown

symmetry mechanism that cancels the vacuum energy. If so, the accelerated expansion of

the Universe would then be described by some new energy source such that the equation

of state parameter ful�ls F < −1/3 (see Eq. (1.20)). Alternatively, there are thoughts

about abandoning ΛCDM completely and introducing a modi�ed theory of gravity on

large scales to explain the observed accelerated expansion [68, 69].

Furthermore, ΛCDM does not make any predictions about what CDM is actually

made of and so far no CDM particle has been discovered in a direct detection experiment.

Instead, a number of observations even seem to be in con�ict with predictions from

numerical CDM simulations on small scales, known as the small-scale challenges [22].

For instance, simulations predict a much higher number of dark matter subhalos inside a

host halo of Milky Way size compared to the number of observed Milky Way satellite

galaxies [18, 19]. Similarly, there exists a mismatch between the abundance of observed

dwarf galaxies in the Local Volume and that predicted in simulations [70]. This con�ict is

usually known as the missing satellite or missing dwarf problem. It can be explained by the

possibility that dark matter substructures can lose a substantial amount of baryons which

makes them di�cult to detect with optical instruments due to their large mass-to-light

ratio. However, it was pointed out that some of the dark matter subhalos are too dense

and massive to let this happen which became known as the too-big-to-fail problem [20,

21]. Another challenge for ΛCDM is to explain the observed “cored” density pro�le in

the centre of dwarf and low-surface-brightness galaxies while CDM simulations predict

a universal pro�le that behaves as A−1 in the centre (see Eq. (2.131)) forming a “cusp” for
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1.1. The Standard Model of Cosmology

all dark matter halos independent of mass [71]. This discrepancy is called the cusp-core
problem [16, 17]. Whether the small-scale challenges of CDM exist at all or whether

they can be solved by a better understanding of baryonic physics and including them

accordingly in numerical simulations, is a controversial topic [22]. For example, the

missing satellite problem in terms of observed Milky Way satellite counts is resolved by

results from the Sloan Digital Sky Survey [72].

Nevertheless, it might be possible that not all of the small-scale problems can be

alleviated and if so, alternatives to CDM that can solve the tensions are required. Popular

models are warm dark matter (WDM) consisting of sterile neutrinos or gravitinos [73–76],

self-interacting dark matter taking into account self-interactions between dark matter

particles [77], and fuzzy dark matter (FDM) that is described by a light nonrelativistic

scalar �eld [26]. However, WDM is e�ectively ruled out by observations [15], self-

interacting dark matter alone is unable to solve the missing satellite problem [22], and

FDM su�ers from strong observational constraints (see Section 3.1.2 for a brief discussion)

which raises questions about the validity of these models.

Apart from the lack of knowledge about the nature of dark matter and dark energy,

the ΛCDM model is not able to entirely explain the processes of the early Universe. It is

known from the CMB that the early Universe must have been in a hot state of thermal

equilibrium which is usually referred to as the beginning of the “hot Big Bang”. The

ΛCDM model does not make any claims about what processes led to the hot Big Bang in

the �rst place and why the CMB is so highly isotropic on large scales. The latter can only

be resolved if di�erent parts of the Universe were in causal contact with each other at

a time prior to the hot Big Bang. This is known as the horizon problem [78, 79] and is

described in the following. Introducing the concept of the particle horizon
6

[74],

g =

∫ C

0

dC ′

0(C ′) , (1.15)

which is the comoving distance a photon can propagate between the initial time C = 0 and

some later time C , allows us to understand the causal structure of the universe. Since 0 > 0,

the particle horizon increases with time. It also implies that points in space separated

by a comoving distance larger than the particle horizon are causally disconnected. This

means that their past light cones do not intersect and no information could be transferred

from one point to the other. This might change at later times when the particle horizon

has become su�ciently large. Turning now to the CMB, which shows the Universe at

the redshift I ∼ 1100, and computing Eq. (1.15) at that time on the basis of the ΛCDM

model one �nds that the particle horizon is much smaller than the part of the universe

6. Note that the particle horizon is sometimes simply called the horizon in the literature.
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visible in the CMB. In fact, one can show that points with an angular separation of more

than only 1
◦

on the sky today were not in causal contact with each other at the time the

CMB was released [52]. Nevertheless, the CMB is uniform on much larger length scales

which implies that somehow di�erent regions of the Universe must have been causally

connected before.

Another issue for the ΛCDM model is that it introduces a �ne-tuning problem known

as the �atness problem [80]. Using the expression of the Friedmann equation in terms of

the density parameters in Eq. (1.12) and writing Ω = Ω< + ΩA + ΩΛ, one obtains that

1 − Ω =
 

02� 2
. (1.16)

If a universe is perfectly �at, we have Ω = 1 for all times. However, if Ω ≠ 1, the density

parameter evolves with time. Since (0� )−1 grows both in a radiation- and a matter-

dominated universe, a small deviation from �atness will grow accordingly. Measuring

a value of Ω ≈ 1 today implies that the Universe must have been even �atter at earlier

times. The purpose of the �atness problem is to �nd the origin of the initial �atness.

1.2 The Early Universe

The ΛCDM model seems to be incomplete as it cannot explain the observed �atness of our

Universe, the large-scale homogeneity of the CMB and where the tiny inhomogeneities

in the CMB on small scales actually come from. In this section, the theory of in�ation is

introduced which describes a period of accelerated expansion in the very early Universe

prior to the hot Big Bang. We will see that an epoch of in�ation can solve both the horizon

and the �atness problem. Even more importantly, it provides the seeds for the large-scale

structure in the Universe we observe today. Understanding the origin of the primordial

�uctuations from in�ation requires cosmological perturbation theory (see Section 2.1) and

is therefore deferred to Section 2.2. While there are numerous possibilities for di�erent

in�ationary scenarios, the exact process is still not known. Its simplest realisation is

single-�eld slow-roll in�ation which is discussed in Section 1.2.2. A complete theory

of in�ation needs to induce the transition to the hot Big Bang. The period that follows

slow-roll in�ation is called reheating and reviewed in Section 1.2.3.

1.2.1 An Inflationary Phase of Accelerated Expansion

In�ation was originally introduced to solve the horizon and the �atness problems [32].

Recall from the discussion of the horizon problem in Section 1.1.2 that the particle horizon

in Eq. (1.15) is the relevant quantity to study the causality of di�erent points in space. In

12



1.2. The Early Universe

terms of the comoving Hubble lengthH−1 = (0� )−1, which is often simply called the

(comoving) horizon in the literature,
7

the particle horizon can be expressed as

g =

∫ C ′

0

dC

0(C) =
∫ 0′

0

d0

�02
=

∫ 0′

0

d ln0

H . (1.17)

This allows us to interpret the Hubble length as the comoving distance travelled by a

photon while the universe has expanded by Δ ln0. One can easily verify that the comov-

ing Hubble lengthH−1 grows monotonically during matter- and radiation-domination.

However, introducing an early phase with a shrinkingH−1 implies that the comoving

distance photons can travel during the same amount of expansion shrinks while the

particle horizon grows. In other words, an initially large region of causally connected

space becomes smaller in the course of time. Demanding a shrinking Hubble length

during in�ation thus provides a solution to the horizon problem. The origin of the �at-

ness problem is that |1 − Ω | =  H−2 grows as a function of time during radiation- and

matter-domination. The requirement of a decreasing Hubble length during a period of

in�ation thus drives Ω → 1, providing a solution to the �atness problem. Note that grand

uni�ed theories predict that magnetic monopoles and other unwanted relics are produced

prior to in�ation [32]. However, the extensive expansion during in�ation dilutes the

density of the relics to practically zero which is consistent with the fact that they have

not been observed.

Applying the Friedmann equations now allows us to obtain conditions for in�ation

that are equivalent to the decreasing Hubble lengthH−1. Since

0

!

>
dH−1
dC

= − ¥0¤02 , (1.18)

we see that in�ation is a period of accelerated expansion, i.e. ¥0 > 0. Expressing the second

Friedmann Eq. (1.7) as

¥0
0
= � 2(1 − Y) , where Y = −

¤�
� 2

, (1.19)

one �nds that Y < 1 for ¥0 > 0 meaning that the Hubble parameter varies only slowly

during in�ation. Similarly, the second Friedmann Eq. (1.7) implies that

d + 3? < 0 ⇒ F < −1
3

, (1.20)

so in�ation demands negative pressure. Note that all these di�erent conditions are

equivalent to each other.

7. Note that this is also the case for the particle horizon.
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Figure 1.1 | Schematic representation of the evolution of the comoving Hubble length, (0� )−1,
during and after in�ation. The Hubble length decreases during in�ation and perturbations of

di�erent comoving scales, denoted by :−1
1

and :−1
2

, leave the horizon at di�erent times. Once

in�ation is completed, the Hubble length increases and the comoving distance scales eventually

become subhorizon.

From a cosmological point of view, it is of major importance that in�ation provides

an explanation for the creation of primordial density perturbations (see Section 2.2)

which are the seeds for all the structures in our Universe. For the later discussion

of the evolution of these density perturbations the history of each comoving distance

scale : is relevant. A scale can be subhorizon (: > H ), superhorizon (: < H ) or at

horizon (: = H ). Since the comoving Hubble length H−1 decreases during in�ation

and increases afterwards, initially subhorizon scales exit the horizon during in�ation

and re-enter at later times when the Universe is radiation- or matter-dominated (see

Fig. 1.1). Importantly, the amplitude of the density perturbations generated during

in�ation at a certain comoving scale : depends on the time when this scale exits the

horizon during in�ation (see Section 2.2). Superhorizon density perturbations remain

constant during in�ation
8

but start to collapse when they become subhorizon at later

times. This meaningful circumstance is the origin of the standard formation scenario of

primordial black holes (PBHs). Applying Newtonian gravity it was found that a density

�uctuation, which re-enters the horizon during radiation-domination, can collapse into a

black hole if the density contrast X = Xd/d exceeds the critical value X2 = 1/3 [81, 82].

The mass of such PBHs is roughly given by the mass contained within the horizon at the

8. More precisely, curvature perturbations remain constant during in�ation on superhorizon scales if they

are adiabatic (see discussion in Section 2.2.2). As shown in Section 2.3.2, they can be related to density

perturbations.
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time C2 of collapse [82],

"PBH ∼ 10
15
g

( C2

10
−23

s

)
. (1.21)

As a result, PBHs cover a wide mass range and can in principle reach masses as low as

10
−5

g.

1.2.2 Single Field Slow-Roll Inflation

As we have seen in the previous section, the accelerated expansion of the universe during

in�ation is equivalent to an equation of state parameterF < −1/3. The required negative

pressure cannot be realised by ordinary matter or radiation, however, this can be achieved

by introducing a real scalar �eldi which is called the in�aton. Parameterising the in�aton

by i , its Lagrangian is given by [52]

Li = −1
2

6`am`imai −+ (i) , (1.22)

where + (i) is the e�ective potential of the scalar �eld i . The shape of + (i) depends on

the considered in�ationary model, we keep it unspeci�ed for now. When coupling to

gravity, the relativistic action of the scalar �eld is [52]

( =
1

16c�

∫
d
4G
√−6' +

∫
d
4G
√−6Li , (1.23)

with Ricci scalar ' and 6 = det(6`a ). Varying the action with respect to i and considering

the �at FLRW spacetime leads to the equation of motion [52]

¥i + 3� ¤i − ∇
2i

02
+ d+

di
= 0 , (1.24)

which as known as the Klein-Gordon equation. Provided that i = i (C) is homogeneous,

the ∇2i term vanishes. Varying the action in Eq. (1.23) with respect to the metric, one

can obtain the stress-energy tensor of a scalar �eld [52],

)`a = m`imai − 6`a
(
1

2

mUim
Ui ++ (i)

)
. (1.25)

Identifying the components of the stress-energy tensor with that of a perfect �uid (see

Eq. (1.5)), the energy density and pressure of a homogeneous scalar �eld are

di =
1

2

¤i2 ++ (i) , ?i =
1

2

¤i2 −+ (i) . (1.26)

Thus, the equation of state parameter can be expressed as

F =
?i

di
=
1 − 2+ (i)/ ¤i2

1 + 2+ (i)/ ¤i2
, (1.27)
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Chapter 1. Introduction

which reveals that F < 0 if + (i) > ¤i2/2, i.e. the in�aton potential has to dominate

over the kinetic term during in�ation. Inserting the expressions for energy density and

pressure from Eq. (1.26) into the Friedmann Eq. (1.6), we see that the universe evolves as

� 2 =
1

3"2

Pl

(
1

2

¤i2 ++ (i)
)
, (1.28)

where "Pl = (8c�)−1/2 is the reduced Planck mass. As was already discussed in Sec-

tion 1.2.1, the parameter Y = − ¤�/� 2
introduced in Eq. (1.19) must be small to explain

the shrinking Hubble horizon during the in�ationary stage. Using the two Friedmann

equations and the density and the pressure of a scalar �eld from Eq. (1.26), the slow-roll
parameter Y can be written as [52]

Y ≡ −
¤�
� 2

=
¤i2

2"2

Pl
� 2

. (1.29)

Since Y < 1 during in�ation implies that the potential + (i) must dominate over the

kinetic term ¤i2
. To achieve this for a long period of time requires that the acceleration

of the scalar �eld ¥i has to be small as well. This provides motivation to de�ne a second

slow-roll parameter [52]

[ = − ¥i
� ¤i . (1.30)

As long as Y and [ are small, the period of in�ation does not come to an end. Applying

the slow-roll approximation Y, [ � 1, it is possible to simplify the equations of motion.

This approximation means that the in�aton potential dominates over the kinetic term

in Eq. (1.28), i.e. + (i) � ¤i2
, and the friction term 3� ¤i dominates over ¥i in Eq. (1.24).

Then, the Friedmann Eq. (1.28) and the Klein-Gordon Eq. (1.24) simplify to the slow-roll

equations

� 2 =
+ (i)
3"2

Pl

, 3� ¤i = −mi+ (i) . (1.31)

Thus, the Hubble parameter is approximately constant during slow-roll and the scale

factor evolves as 0(C) ∼ exp(�C). Using the slow-roll equations to express Y and [ in terms

of the potential + (i) and its derivatives, de�nes the potential slow-roll parameters [52]

Y =
¤i2

2"2

Pl
� 2

≈ 1

2

"2

Pl

(
mi+

+

)
2

≡ Y+ , (1.32)

and

[ = − ¥i
� ¤i =

mii+

3� 2
− Y ≈ "2

Pl

mii+

+
≡ [+ . (1.33)
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1.2. The Early Universe

Here, the time derivative of the second slow-roll equation in Eq. (1.31) was used to

replace ¥i . In�ation comes to an end once the slow-roll conditions are violated, i.e. when

Y (iend) ≡ 1 or Y+ (iend) ≈ 1. A useful quantity which provides a measure for the amount

of expansion until the end of in�ation is the number of 4-foldings N ,

N ≡ ln

0(Cend)
0(C) =

∫ C
end

C

� (C) dC =
∫ i

end

i

�

¤i di ≈ 1

"2

Pl

∫ i

i
end

+

mi+
di , (1.34)

where the approximation is only valid during slow-roll. To be consistent with CMB

observations at leastN = 60 4-folds of in�ation are usually required
9

[52]. This guarantees

that the largest observable scales were subhorizon at the beginning of in�ation which is

necessary for solving the horizon problem.

Eventually, in�ation is followed by an epoch which is called reheating during which

the in�aton decays into radiation and other particles. Before coming to this stage of the

early Universe, di�erent models of in�ation are brie�y summarised in the following.

Inflationary Models

Any model of in�ation consists of a potential + (i) and must provide a mechanism

for ending in�ation. This occurs once i approaches the minimum of + (i) or when

Y (iend) = 1. In so-called hybrid in�ation models, another scalar �eld is present that can

lead to an end of in�ation even though the slow-roll approximation is still valid [83]. In

general, one distinguishes between small-�eld and large-�eld models of in�ation that are

characterised by the range Δi in Planck units that i is allowed to move during in�ation

(see Fig. 1.2).

In small-�eld models, the in�aton �eld varies only over a small range, i.e. Δi < "Pl.

The shape of a possible corresponding potential is similar to the potential in spontaneously

broken symmetries, where a �eld evolves from an initially unstable equilibrium condition

towards the minimum of its potential (see left-hand side of Fig. 1.2). Hence, such models

can be described by potentials of the form [52]

+ (i) = +0

[
1 − _

(
i

"Pl

)
4

+ . . .
]
, (1.35)

where the dots represent terms of a higher order that are negligible during in�ation. A

particularly interesting model is Starobinsky in�ation where the single-�eld potential is

given by [31]

+ (i) = _4"4

Pl

[
1 − exp

(
−
√

2

3

i

"Pl

)]
, (1.36)

9. Note that this number is reduced in models when in�ation is followed by an extended phase of matter-

dominated expansion (see Eq. (1.65)).
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Figure 1.2 | Illustration of the in�aton potential in small-�eld (left) and large-�eld (right) models

of in�ation. While the in�aton �eld evolves over a small distance Δi < "Pl during small-�eld

in�ation, a large range Δi > "Pl is covered in large-�eld in�ation. During reheating (see

Section 1.2.3), the in�aton oscillates around the minimum of its potential.

which results from including an additional '2 term in the action of Eq. (1.23). On the

contrary, large-�eld in�ation covers models where the in�aton starts at an initially large

value and thus varies by large values of Δi > "Pl before reaching a minimum of the

potential at i = 0 (see right-hand side of Fig. 1.2). A simple large-�eld model is chaotic
in�ation [33] where the potential is of the monomial form + (i) ∼ i= . Another model is

natural in�ation where the in�aton is the Nambu-Goldstone boson of a spontaneously

broken symmetry with the periodic potential
10

[85, 86]

+ (i) = +0
[
1 ± cos

(
i

5

)]
, (1.37)

which in principle can be considered both as a small-�eld and a large-�eld model as

this depends on the free parameter 5 . Note that there are even more possibilities of

building in�ationary models, for example by considering more than one in�aton �eld [87].

However, in this thesis, we will consider only a simple single-�eld slow-roll model.

Apart from describing the accelerated expansion of the universe during in�ation and

�nding a way of ending it, a successful in�ationary model needs to be consistent with

observational data. While large-�eld models produce a signi�cant amount of primordial

gravitational waves [88], small-�eld models predict a comparatively small gravitational

wave signal (cf. Eq. (2.85) in Section 2.2.5). The most recent CMB measurements have

revealed strong tensions for large-�eld models, i.e. for both chaotic and natural in�ation,

while Starobinsky in�ation is compatible with all observations so far [89].

10. Note that the same mechanism motivates the axion (see Section 1.3), thus this potential resembles the

axion potential in Eq. (1.71). This type of in�ation is the origin of other axion in�ation models, where

an axion drives the accelerated expansion of space during in�ation. An overview of axion in�ation can

be found for example in Ref. [84].
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1.2. The Early Universe

1.2.3 Reheating

Once the end of in�ation is reached, Y (iend) = 1, the in�aton starts to oscillate around the

minimum of its potential (see Fig. 1.2). Since the vast expansion during in�ation leaves

the universe in a rather empty and cold state, a mechanism is required that transforms

the energy stored in the in�aton �eld to other forms of matter and radiation. This

mechanism is called reheating and describes the transition of the universe from the cold

state to the hot Big Bang, where the universe is in thermal equilibrium and dominated by

radiation. The temperature of the universe when thermal equilibrium is reached is called

the reheating temperature. The general idea of reheating is that the oscillations of the

in�aton produce elementary particles via its coupling to other matter �elds.

Soon after the in�ationary theory was introduced, e�orts were made to develop

the theory of reheating. Initially, it was tried to modify the equation of motion of the

in�aton �eld directly to transfer energy to other particles [90]. This approach raised

more questions than answers as it was not speci�ed what additional terms need to be

added to the equation of motion and whether they should be present already during

slow-roll in�ation [91]. Instead, it was discovered that a perturbative theory of reheating

could be successfully used to determine the reheating temperature [92, 93]. However,

perturbative reheating is only e�cient at the late stages of reheating. At earlier stages,

the theory of parametric resonance provides a way to e�cient particle production [94,

95], a process known as preheating [96]. Up to the present day, no complete theory

of reheating exists, in the sense that it should describe the evolution from the end of

in�ation until thermalisation has been developed. Nevertheless, substantial progress has

been made in uncovering plenty of fascinating physical phenomena that can occur prior

to thermalisation.

Evolution of the Inflaton Field

Before specifying the processes that can lead to particle production and eventually to

the thermalisation of the Universe it is necessary to describe the dynamics after in�ation

when the in�aton oscillates around the minimum of its potential, ignoring for the moment

couplings to other particles. Choosing for convenience the quadratic potential

+ (i) = 1

2

<2i2 , (1.38)

where< denotes the in�aton mass, the Klein-Gordon Eq. (1.24) for the homogeneous

in�aton �eld i and the Friedmann Eq. (1.28) read

¥i + 3� ¤i +<2i = 0 , and � 2 =
1

6"2

Pl

(
¤i2 +<2i2

)
. (1.39)
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Introducing the angular variable o , the Friedmann equation can be parameterised as [53]

¤i =
√
6�"Pl coso , <i =

√
6�"Pl sino . (1.40)

Since ¥i =
√
6"Pl( ¤� coso − � ¤o sino), the Klein-Gordon equation can be used to obtain

¤� = −3� 2
cos

2 o (1.41)

¤o =< + 3� sino coso . (1.42)

As is evident from Eq. (1.41), the Hubble parameter decreases with time. Consequently,

the second term on the right-hand side of Eq. (1.42) oscillates with decreasing amplitude

and can be neglected for< � � . Setting the integration constant to zero,
11

we have

o ' <C and the scalar �eld i oscillates with frequency l ' <. Solving Eq. (1.41) by

integrating d�/� 2 = −3 cos2(<C)dC we obtain [53]

� =
2

3C

(
1 + sin(2<C)

2<C

)−1
' 2

3C
, (1.43)

where the approximation is only valid for <C � 1 (< � � ). Since � = ¤0/0, one can

extract the behaviour of the scale factor by integrating Eq. (1.43),

0(C) ' 0end
(
C

Cend

)
2/3
∼ C2/3 , (1.44)

where the subscript “end” refers to a quantity evaluated at the end of in�ation. Then, the

Hubble parameter in terms of the scale factor reads

� ' 2

3Cend

(0end
0

)
3/2

= �end

(0end
0

)
3/2

. (1.45)

The evolution of the �eld i is given by

i ' A(C) sin(<C) , with A(C) =
√
6"Pl

<
� ∼ "Pl

<C
, (1.46)

where A(C) is the amplitude of the �eld oscillations. Neglecting the ¤� term in the time

derivative of i as it is suppressed with 0−3, the energy density of the scalar �eld (cf.

Eq. (1.26)) can be thus written as

di '
1

2

<2A2(C) , (1.47)

and behaves as di ∼ 0−3. Hence, the post-in�ationary evolution can be treated as a matter-

dominated universe on timescales larger than the frequency of the �eld oscillations.
12

Now we are in a position to take into account couplings to other particles. This can be

done either perturbatively or via a process of parametric resonance.

11. The integration constant corresponds to a constant phase in sino and coso , and can be safely neglected.

12. Note that the post-in�ationary evolution behaves like a radiation-dominated universe if a quartic

potential + (i) ∼ i4
instead of the quadratic potential in Eq. (1.38) is used.
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1.2. The Early Universe

Perturbative Reheating

Following Ref. [91], we discuss the perturbative theory of reheating which was originally

developed in Refs. [92, 93]. Considering interactions of the in�aton �eld with another

scalar �eld jB and a fermionic �eld j5 and neglecting cubic interaction terms, the e�ective

potential in the Lagrangian is given by

+ = + (i) + 1

2

62Bi
2j2B + 65 sj5 j5i , (1.48)

where 6B and 65 are small coupling constants. Assuming a quadratic potential + (i) with

a minimum at i = f ,

+ (i) = 1

2

<2(i − f)2 , (1.49)

and performing the shift i → i + f , one obtains an additional interaction term ++ =

62Bfij
2

B in Eq. (1.48) while+ (i) is the quadratic potential from Eq. (1.38). The interaction

terms ΔL = −62Bfij2B − 65 sj5 j5i describe the decay of the in�aton into a pair of scalar

jB and fermionic j5 particles. Assuming that their masses<jB ,<j5 are much lighter than

the mass< of the in�aton, the decay rates are [91]

Γ(i → jB jB) =
64Bf

2

8c<
, and Γ(i → sj5 j5 ) =<

62
5

8c
. (1.50)

Evidently, the decay rates are proportional to 64B and 62
5
, respectively. Since the coupling

constants are small, perturbative reheating is a rather slow process. Nevertheless, the

number density =i = di/< ' <A2/2 (see Eq. (1.47)) of the in�aton particles in a

comoving volume decreases with the total decay rate Γ = Γ(i → jB jB) + Γ(i → sj5 j5 )
as

d(03=i )
dC

= −Γ03=i . (1.51)

This exponential decrease in the number of in�aton particles can be understood as an

additional friction term in the equation of motion for i [91],

¥i + (3� + Γ) ¤i +<2i = 0 . (1.52)

Note that this equation is only valid for< � � , i.e. at the time when i performs rapid

oscillations at the minimum of + (i) and not during slow-roll in�ation. At the initial

reheating stage, the expansion of the universe leads to a decreasing energy density of the

in�aton �eld. Once � . Γ, the energy density is transferred to the decay products. Since
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< �<jB , <j5 , the created particles are relativistic and the universe becomes radiation-

dominated. Assuming that reheating is completed when � ∼ Γ which corresponds to the

time Creh ∼ 2Γ−1/3, one obtains that the energy density at time Creh is

d (Creh) ' 3"2

Pl
Γ2 . (1.53)

Provided that thermodynamic equilibrium is established after the in�aton has decayed,

one can relate this energy density to the reheating temperature )reh [91],

d (Creh) ' 3"2

Pl
Γ2 ' c

2

30

6∗)
4

reh
. (1.54)

Here, 6∗ is the number of relativistic degrees of freedom at reheating which is of the

order 10
2

in the Standard Model. Hence, the reheating temperature is
13

)reh '
(
90

c26∗

)
1/4 √

Γ"Pl = 0.55

(
100

6∗

)
1/4 √

Γ"Pl . (1.55)

Admittedly, this perturbative treatment of reheating is quite intuitive, however, it raises

some issues. As already mentioned, the small couplings require that the reheating

process evolves slowly and it is possible that the energy transfer is not completed leaving

energy in the in�aton �eld [96]. Furthermore, the above approach does not consider Bose

condensation e�ects which can enhance particle production enormously once the number

density of the bosonic decay products crosses a certain threshold [91]. Apart from this,

perturbative reheating does not work if larger couplings to the in�aton are considered

which necessitates a non-perturbative description. Exploiting the large number density of

the in�aton, the idea is to consider the oscillating homogeneous in�aton �eld as a classical

condensate. Treating the decay products quantum mechanically, which is necessary due

to their initially vanishing occupation numbers, the oscillating background �eld can lead

to huge particle production rates via parametric resonance. This production mechanism

is known as preheating (see below) and was introduced in Ref. [96]. Nevertheless, the

perturbative treatment is in any case applicable to the late stage of (p)reheating when

most of the in�aton energy density has already been transferred into other particles to

avoid that energy remains stored in the in�aton �eld.

Preheating

To take into account Bose enhancement e�ects in the production of bosonic particles at

the earlier stages of reheating, one has to rely on a non-perturbative description referred

13. Note that this expression appears to be di�erent from the result )reh ' 0.2
√
Γ"P in Ref. [91]. However,

this can be explained by the fact that "P refers to the Planck mass "P =
√
8c"Pl and that the authors

of Ref. [91] assumed a value of 6∗ = 200.
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1.2. The Early Universe

to as preheating. The coupling between the oscillating classical in�aton �eld i and the

quantum bosonic �eld ĵ leads to a resonant ampli�cation of ĵ which translates to an

exponential growth in their number density.
14

As before, we consider the quadratic

in�aton potential from Eq. (1.48) without the fermionic part and the shift i → i +f such

that the interaction terms are

ΔL = −1
2

62i2j2 − 62fij2 − 1

2

62f2j2 . (1.56)

Expressing the �eld j in terms of annihilation (0̂: ) and creation operators (0̂
†
:
) in Fourier

space,

ĵ (C, x) =
∫

d
3k

(2c)3/2
(
0̂: j: exp(−8kx) + 0̂†

:
j∗
:
exp(8kx)

)
, (1.57)

the equation of motion for the mode functions j: in an expanding background is [91]

¥j: + 3� ¤j: +
(
:2

02
+ 62i2 + 62f2 + 262fi

)
j: = 0 . (1.58)

Since this equation resembles an oscillator with frequencyl2

:
= :2/02+62i2+62f2+262fi ,

a periodically changing background �eld i can lead to parametric resonance of certain :

modes.

It is illustrative to analyse this equation in di�erent preheating regimes for a non-

expanding background (0 = 1, ¤0 = 0). If i � f , the equation of motion reduces to

¥j: +
(
:2 + 62f2 + 262fi

)
j: = 0 . (1.59)

Introducing the variables �: = 4(:2 + 62f2)/<2
, ^ = 462fi/<2

and e =<C/2, it can be

written as [91]

d
2j:

de2
+ (�: − 2^ cos(2e)) = 0 , (1.60)

which is known as Mathieu equation [97]. Solutions to this equation are of the form

j: ∼ exp(`e), where ` is the Floquet exponent, and exhibit instabilities for real values

of ` that are larger than zero for certain modes : . Since these instabilities translate to

an exponential increase in the occupation numbers =: ∼ |j: |2 ∼ exp(2`e) of quantum

�uctuations [91], the Floquet exponent ` is a measure for the e�ciency of particle

production.

14. E�cient parametric resonance is restricted to bosonic particles. Hence, fermionic particles are not

considered in the following and the subscript in j and 6, which were used to distinguish between scalar

and fermionic �elds before, is dropped.
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For ^ � 1, i.e. < � 6f , solutions for Eq. (1.60) can be found analytically. Parametric

resonance occurs in the narrow regimes �: ∼ =2, where = is an integer, with a width

of order Δ: ∼ ^= in momentum space. Since ^ � 1, the �rst resonance band with

�: = 1±^ is the widest and a calculation of the Floquet exponent reveals that one observes

resonance for all : in the interval between : =<(1 − ^/2)/2 and : =<(1 + ^/2)/2 [97].

The maximum of ` = ^/2 is at : = </2 which can be understood as the decay of an

in�aton particle i into two j particles. This seems to be similar to the case of perturbative

reheating discussed before. However, the process of particle production in this scenario

is completely di�erent as the production rate depends on the number of particles that

were created before. Hence, Bose enhancement e�ects are the reason for the exponential

particle growth rate. The smallness of^ leads to both a small resonance regime and a small

exponent ` which is why preheating is not very e�ective in the narrow resonance regime.

If the expansion of the universe is taken into account, the e�ciency even decreases.

On the one hand, the amplitude of i becomes smaller reducing the value of ^ and thus

the width of the resonance bands. On the other hand, the modes : are redshifted and

eventually leave the regime in which resonance can take place. One �nds that narrow

resonance only occurs for ^< & 3� + Γ [91], so eventually it is not e�ective anymore

and the remaining in�aton particles decay via perturbative reheating.

The previous results are only valid for i � f which in the considered model can

only be satis�ed at the end of preheating. At the beginning of the reheating stage, the

�eld value is actually quite large so that the 62i2
term in Eq. (1.58) cannot be neglected

and ^ > 1. Preheating thus starts in the regime of broad resonance where parametric

resonance occurs in much broader resonance bands than in the case of narrow resonance.

In the chaotic in�ation model, the amplitude of the in�aton �eld i can initially be of the

order "Pl. Assuming i � f and a static universe, the equation of motion for the mode

functions then reads

¥j: + (:2 + 62i2)j: = 0 , (1.61)

which can be written as Eq. (1.60) with�: = :
2/<2 + 2^ , ^ = 62i2/(4<2) and e =<C [91].

For a large value of ^, parametric resonance takes place in the wide range :2 . 2<2^1/2

and particle production becomes very e�cient [91]. Solving Eq. (1.61) numerically, one

�nds an enormous increase in the occupation numbers =: each time the oscillating

in�aton �eld i crosses zero [91]. If the expansion of the universe is taken into account,

the initially large amplitude of i rapidly decreases. While the change of the oscillation

frequency is periodic for a non-expanding universe, this is not the case when expansion

is included. This leads to a di�erent phase of j: each time i crosses zero and thus to a

process called stochastic resonance during which the occupation number =: in general
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1.2. The Early Universe

increases but it may occasionally also decrease [91]. Eventually, ^ becomes small and the

narrow resonance regime is reached, followed by the perturbative in�aton decay.

Nonlinear Evolution

Although reheating is a crucial part in a complete theory of in�ation, cosmological ob-

servations have not shed light on the involved physical processes so far. It is known

that the Universe must reach thermal equilibrium at the end of reheating and Big Bang

Nucleosynthesis
15

(BBN) provides a lower limit of ) ∼ MeV for the reheating tempera-

ture [100–102]. Beforehand, plenty of interesting physical phenomena could have taken

place. In the following, a brief overview of these phenomena is presented.

The resonant particle production during preheating has to stop at some point. If

the expansion of the Universe does not lead to its termination, the back-reaction of the

produced j particles, which has been neglected in the above discussion of preheating, ends

the process [103]. This can be taken into account by including higher order correction

terms in the equation of motion of the quantum �uctuations (see Eq. (1.58)). To begin

with, the e�ective mass of the in�aton oscillations is altered by the existence of j particles.

As long as this change in mass Δ<2 ' 6=j/|i | is smaller than the squared in�aton mass

<2
, back-reaction e�ects can be neglected. Once Δ<2 > <2

they become relevant and

as a result, resonant particle production comes to an end. Additionally, one can show

that the back-reaction of j particles is subdominant as long as the energy density dj in

the j particles is smaller than the energy density di of the in�aton �eld [103]. Apart

from this, the scattering of j particles from each other and their interaction with the

oscillating in�aton �eld can lead to the production of i particles. This process is known

as rescattering and results in an increase of the e�ective mass of the j �eld and in the

fragmentation of the homogeneous in�aton �eld [91]. In principle, parametric particle

production can end with a signi�cant fraction of the total energy stored both in i and in

j . Numerical simulations are required for a detailed analysis of the back-reaction e�ects

during preheating and for the subsequent nonlinear evolution that leads to thermalisation.

The �rst detailed three-dimensional simulations of broad resonance in an expanding

universe including the back-reaction and rescattering were reported in Ref. [104].

To evolve the combined system of the in�aton and potential daughter �elds, numerical

codes such as Latticeeasy [105], Defrost [106] and PSpectRe [107] have been developed.

They can be used to solve the equations of motion of the coupled system of �elds in an

expanding universe. In the simplest considered model, the in�aton is only weakly coupled

15. BBN denotes the production of nuclei for light chemical elements and isotopes such as deuterium,

helium and lithium. This process occurred between 10 s and 20min after the hot Big Bang [98, 99].
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to other �elds, so any interactions with other �elds can be omitted. If self-interactions

are included, the in�aton potential + (i) takes the general form [108]

+ (i) = 1

2

<2i2 + _3
3

i3 + _4
4

i4 + . . . , (1.62)

and the in�aton oscillations at the initial stage of reheating can induce a resonant ampli-

�cation of its own �uctuations. This is in contrast to the standard preheating mechanism

where parametric resonance leads to the production of daughter particles which is why

this scenario is called self-resonance. It can lead to the fragmentation of the in�aton �eld

in the subsequent evolution. The nonlinear dynamics during the latter phase is particu-

larly interesting for in�aton potentials that are in agreement with current observational

constraints. Such potentials can be approximated by Eq. (1.62) around their minimum

while they �atten and reach a plateau-like region away from the minimum. Simulations

have shown that long-lived soliton-like objects such as oscillons form abundantly in

such a scenario [109–112]. Since the energy density is dominated by oscillons which

behave like dust, this allows for a long phase of matter-dominated expansion following

self-resonance [111, 112]. If the minimum in the in�aton potential is nonquadratic, objects

similar to oscillons but less stable form and the universe will become radiation-dominated

instead [113–115].

In models where the in�aton couples to other �elds, simulations have shown the

formation of bubble-wall-like con�gurations [116, 117] after the termination of preheat-

ing. Moreover, it is possible to produce topological defects such as domain walls and

cosmic strings [118], so there is a rich amount of possible nonlinear physics involved

in the phase following preheating. Importantly, even for an in�aton without couplings

to other �elds and without self-interactions, i.e. in the absence of resonance, gravita-

tional interactions lead eventually to the fragmentation of the in�aton �eld and to the

formation of gravitationally-bound, nonlinear structures [35–38, 40, 41]. This is similar

to cosmological structure formation in the late-time universe and is further studied in

Chapter 5.

In any case, the Universe must become radiation-dominated in the last stages of reheat-

ing and �nally reach thermal equilibrium at some reheating temperature )reh ≥ 1MeV.

Completing thermalisation can be a long process and an equation-of-state parameter of

F ∼ 1/3 is reached already at an earlier time called pre-thermalisation [108]. However,

pre-thermalisation can be delayed in scenarios where oscillons or gravitationally-bound

structures are formed. In this case, the universe is matter-dominated which requires the

decay into relativistic matter to accomplishF ∼ 1/3. Furthermore, one has to ensure that

the in�aton decays completely since otherwise, the universe can again become matter-

dominated before BBN [108]. This shows the signi�cance of perturbative reheating in
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the last stages of reheating when preheating is not e�cient anymore. Thermalisation can

be achieved only afterwards and requires out-of-equilibrium quantum �eld theory [108].

However, the exact thermalisation process is still not understood and the computation of

a robust reheating temperature for a particular model remains an open problem.

Observational Consequences

Since the thermal state of the Universe at BBN veils the relevant processes that led to this

state in the �rst place, it is unfortunately di�cult to construct reheating constraints from

observations. However, the rich dynamics during reheating make it possible to generate

direct and indirect signatures that might be detectable in the future. They are addressed

brie�y below.

While the primordial density power spectrum is not a�ected by the thermal history

(see Section 2.2), a full understanding of the history from in�ation until today is required

to relate length scales in the early Universe to the length scales observed in the present

Universe. Since it is not known how reheating has actually proceeded, there is some

uncertainty in mapping scales observed in the CMB to the corresponding scales during

in�ation. To obtain a relation that performs this matching, the history of the Universe is

divided into di�erent periods. Considering some scale : which leaves the horizon during

in�ation at time C: when : = 0:�: , it has to be evolved until the end of in�ation, from

there to the end of reheating and �nally to the present time. Relating it to the present

size of the horizon, one obtains the expression

:

00�0

=
0:�:

00�0

=
0:

0end

0end

0reh

0reh

0eq

�:

�eq

0eq�eq

00�0

. (1.63)

Here the subscript “eq” refers to a quantity evaluated at matter-radiation equality. Assum-

ing matter-dominated expansion during reheating, d ∼ 0−3, and a radiation-dominated

universe, d ∼ 0−4 from the end of reheating until matter-radiation equality Eq. (1.63) can

be written as [52]

:

00�0

= 4−N(:)
(
dreh

dend

)
1/3 (

deq

dreh

)
1/4

�:

�eq

0eq�eq

00�0

. (1.64)

For scales that left the horizon during in�ation one can make use of the slow-roll approx-

imation to express �: in terms of the in�aton potential + (i:) = +: . Using additionally

that 0eq�eq/(00�0) = 219Ω<,0ℎ [52], and solving Eq. (1.64) for N , we obtain the number

of 4-folds before the end of in�ation as a function of : [119],

N(:) = 66 − ln
(
:

00�0

)
− 1

12

ln

(
dend

dreh

)
+ ln

(
+

1/4
:

"Pl

)
+ ln

(
+

1/4
:

d
1/4
end

)
. (1.65)
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This relation is also known as the matching equation. The uncertainty in the duration

of reheating and thus the uncertainty in the energy density dreh at the end of reheating

a�ects N(:) and in�ationary observables.

The fragmentation of the in�aton �eld during reheating might lead to the generation

of gravitational waves (see Section 5.5) that might be observable in the present as a

stochastic gravitational wave background (SGWB) [120–131]. As will be discussed in

Section 2.2.5, in�ation itself produces a gravitational wave spectrum that originates from

the quantisation of tensor perturbations and can be observed via the polarisation of the

CMB. This is in contrast to the gravitational waves from reheating that result from the

production and evolution of inhomogeneities on subhorizon scales which is described

by classical equations of motion. The frequencies of the emerging gravitational waves

during reheating are redshifted due to the expansion of space. Thus, the uncertainty

in the exact evolution and duration of the reheating epoch (cf. Eqs. (1.63) and (1.64))

translates to uncertainties in the frequencies that one would observe today.

Furthermore, di�erent reheating processes can provide explanation attempts for the

observed baryon asymmetry in our Universe [132–137] and produce primordial magnetic

�elds which might explain the large-scale magnetic �elds in the present Universe [138,

139]. Of increasing interest is also the possible formation of PBHs which can arise from

the fragmentation of the in�aton �eld on subhorizon scales and the subsequent creation

of large inhomogeneities [41, 140–152]. PBHs with small masses will evaporate quickly

and might contribute to the thermalisation of the Universe while PBHs that survive

the reheating process would act as a potential dark matter component. Note that the

production of PBHs during reheating is di�erent to the standard PBH formation scenario

(see Section 1.2.1) that is related to the collapse of in�ationary density perturbations

when they re-enter the horizon during radiation-domination.

1.3 Axion Dark Ma�er

As discussed previously in Section 1.1.2, it is still unclear what dark matter is made of.

A popular candidate motivated by particle physics is the axion which was originally

introduced to solve the so-called strong CP problem of Quantum Chromodynamics (QCD).

The initial concept of the QCD axion has been extended to axion-like-particles (ALPs)

which can appear over a wide mass range in string theory. Since they can be treated

as a classical, nonrelativistic scalar �eld, they are of interest for cosmological structure

formation. In this section, the origin of the QCD axion and its potential production
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1.3. Axion Dark Ma�er

mechanisms in the early Universe are discussed. This is relevant for the possible formation

of axion miniclusters studied in Chapter 4.

1.3.1 The Origin of the Axion

The QCD Lagrangian has two contributions violating charge (C) and parity (P), meaning

that it is not invariant under the parity transformation x→ −x and the charge conjugation

which reverses the charge of a particle. The �rst CP-violating term was originally added

to the QCD Lagrangian in order to solve the U(1) problem of QCD and reads [153, 154]

L\QCD =
62B

32c2
\QCD�

0
`a�̃

0 `a . (1.66)

Here,�0`a is the gluon �eld tensor, �̃0 `a = n`a_d�0
_d
/2, \QCD is a dimensionless parameter

and 6B is the coupling constant between gluons and quarks. The other CP-violating

contribution comes from the coupling of the quarks to the electroweak sector which

arises due to a phase in the complex mass matrix "@ . This can be taken into account by

replacing \QCD from the Lagrangian in Eq. (1.66) with [155]

s\ = \QCD + arg(det"@) . (1.67)

This parameter is 2c-periodic and combines the two CP-violating contributions. Thus,

if
s\ = 0 there is no CP-violation. Importantly, it is directly related to the electric dipole

moment 3= of the neutron [156]

3= ≈ 3.6 × 10−16s\ 4 cm , (1.68)

where 4 denotes the charge of the neutron. This relation can be used to deduce the

value of
s\ from measurements of 3=. Recent results constrain the dipole moment to

|3= | . 1.8 × 10−26 4 cm [157] which according to Eq. (1.68) translates to |s\ | . 10
−10

. This

poses a �ne-tuning issue known as the strong CP problem since there exists no explanation

from �rst principles why
s\ → 0.

Roberto Peccei and Helen Quinn proposed a mechanism to solve the strong CP

problem by introducing a global chiral U(1) symmetry [158, 159], usually referred to as the

Peccei-Quinn (PQ) symmetry. It is spontaneously broken by the vacuum expectation value

of a complex scalar �eld with angular part 48q/50 . The energy scale of symmetry breaking

is 50 and the QCD axion q is the Nambu-Goldstone boson of the broken symmetry [160,

161]. Initially, it is massless and obeys the shift symmetryq → q+const. To obtain a mass,

the shift symmetry must be broken at some energy scale. This occurs at the time of QCD

phase transition when nonperturbative e�ects such as instantons [25] become relevant
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at temperature) ∼ ΛQCD ∼ 200MeV. The axion shift symmetry is then explicitly broken

which generates an e�ective axion potential. By relaxing to its minimum at q = −50s\ ,

the axion obtains a mass and the value of the CP-violating parameter
s\ is shifted to zero

which solves the strong CP problem. The originally introduced QCD axion has a mass of

<0 ' 25 keV, however, it was soon excluded [162, 163]. Since the axion decay constant

50 can be chosen freely if new particles are introduced, much smaller axion masses are

allowed in other models. Examples are the KSVZ [164, 165] and the DFSZ [166, 167]

model, where heavy quarks and an additional Higgs �eld, respectively, are introduced

beside the complex PQ scalar �eld. Importantly, the axion is stable on cosmological

timescales and is thus an attractive dark matter candidate [168–170].

It is possible to compute the mass of the QCD axion in chiral perturbation theory

which gives [171, 172]

<0 ' 5.7 × 10−6 eV
(
10

12
GeV

50

)
(1.69)

at zero temperature. Upper limits on the axion decay constant come from supernova

cooling [25, 173, 174] while black hole superradiance can constrain the axion in limited

lower mass ranges [25, 175]. Taking them into account, the allowed QCD axion mass

lies in the range 8 × 10−11 eV . <0 . 4 × 10−2 eV [25, 176]. Note that the QCD axion

mass is temperature-dependent which is encoded via<2

0 () ) 5 20 = j () ) in the topological

susceptibility j () ). A calculation based on the interacting instanton liquid model valid

at high temperatures ) > 1GeV predicts the power-law relation [177]

<2

0 () ) =
U0Λ

4

QCD

5 20

(
)

ΛQCD

)−=
, (1.70)

with coe�cients = = 6.68 and U0 = 1.68 × 10−7. Similar results were obtained from lattice

QCD computations [178, 179]. This relation has to be truncated at low temperatures

) < ΛQCD in order to match the axion mass at zero temperature from Eq. (1.69).

Not being able to necessarily solve the strong CP problem, a large number of ALPs

can be produced in string theory [180–182]. In principle, they can arise alongside the

QCD axion with a similar production mechanism. For example, they can also result

as a Nambu-Goldstone boson from the breaking of a U(1) symmetry at scale 50 . The

boson acquires a mass when the temperature of the universe drops below some reference

scale Λ0 . As Λ0 can be quite low and 50 in principle also arbitrarily large, the mass of an

ALP<0 ∼ Λ2

0/50 can become quite small. Accordingly, the parameter space for ALPs is

distinctly larger than the one for QCD axions. In particular, this allows the production

of an ALP with mass< ∼ 10
−22

eV which is adopted in the FDM model to approach the

small-scale challenges of the ΛCDM model.
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1.3. Axion Dark Ma�er

1.3.2 Production of Axion Dark Ma�er

Once the PQ symmetry is broken, the massless axion �eld takes a random initial value

within the horizon at that time. In terms of the dimensionless angular �eld \ = q/50 , the

shift symmetry of the axion �eld requires that the initial value \8 lies within
16 −c and

c [25]. Depending on the time when the PQ symmetry is spontaneously broken, one

can make di�erent predictions about the abundance of the produced axions. If the PQ is

unbroken during in�ation, also known as the post-in�ationary scenario, \ takes a di�erent

random value on each Hubble patch. Thus, the massless axion �eld is inhomogeneous on

scales larger than the size of the horizon. These small-scale inhomogeneities are the seeds

of axion miniclusters [27–30] that arise from their gravitational collapse after the axion

�eld has acquired a mass at some energy scale Λ0 . The formation of axion miniclusters

is discussed in Chapter 4. Additionally, according to the Kibble mechanism [183] the

breaking of the PQ symmetry gives rise to topological defects such as axion strings

and domain walls [25]. Since \ takes di�erent values on di�erent Hubble patches it

can wind from −c to c around a given point in space. Decreasing the loop around this

point, one ends up in the point itself where \ cannot continuously change from −c to

c anymore. This results in a string-like topological defect [25]. Domain walls occur

once the axion becomes massive and are 2D surfaces of a nearly constant \ connecting

di�erent strings. They pull strings together which eventually leads to the destruction of

the string-domain wall network and the production of both relativistic and nonrelativistic

axions [25]. The post-in�ationary scenario is the relevant scenario for the QCD axion if

they have a symmetry breaking scale of 50 . 10
12
GeV which is a good target region for

axion detection experiments using a microwave cavity [184].

For ALPs with much lighter masses, the symmetry breaking scale is usually much

larger and PQ symmetry breaking takes place during in�ation. This situation is known as

the pre-in�ationary scenario where each Hubble patch of di�erent \ is stretched nearly

exponentially such that the size of a single patch can be actually larger than the size of

the horizon at present time. Thus, the axion �eld is homogenised in this scenario taking

a uniform value of \ everywhere. Note that topological defects are also created similarly

to the post-in�ationary scenario. However, they are diluted during in�ation in the same

way as other defects such as magnetic monopoles (cf. Section 1.2.1). Since the axion �eld

already exists during in�ation as a “spectator” �eld,
17

it is subject to quantum �uctuations

that result in isocurvature perturbations. They are created alongside the in�ationary

adiabatic perturbations (see Section 2.1.4 for a classi�cation of perturbations). In the

16. Note that this is the common convention. In principle, one could also consider for example \8 ∈ [0, 2c].
17. This is in contrast to models of axion in�ation where in�ation is driven by an axion �eld [84–86].
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pre-in�ationary scenario, the isocurvature �uctuations are small on subhorizon scales

and are thus not relevant for gravitational structure formation with ALPs. Instead, an

axion-like �eld is attracted by the potential wells generated by the adiabatic perturbations

from in�ation. This is in contrast to the post-in�ationary PQ symmetry breaking case

relevant for QCD axions, where the resulting inhomogeneities on small scales are also of

the isocurvature type, but of much larger amplitude, and thus can gravitationally collapse

into axion miniclusters at early times.

Both scenarios have in common that axion dark matter is produced non-thermally

via the misalignment mechanism. Once the shift symmetry of the axion �eld is explicitly

broken at the energy scale Λ0 ∼ (<0 50)1/2, it develops a potential and acquires a mass. If

the axion �eld value, expressed in terms of the misalignment angle
18 \ = q/50 , does not

align with the minimum of the potential but is instead displaced, it will roll down the

potential and perform oscillations around its minimum.
19

Usually, the axion potential is

written as [25]

+ (q) =<2

0 5
2

0

[
1 − cos

(
q

50

)]
, (1.71)

which can be approximated as the quadratic potential + (q) =<2

0q
2/2 =<2

0 5
2

0 \
2/2 if \

is not displaced far from the minimum. The corresponding equation of motion is given

by the Klein-Gordon Eq. (1.24) that is valid for any massive oscillating scalar �eld, so,

for example, both for the in�aton during reheating and the axion. In terms of \ it can be

written as

¥\ + 3� ¤\ − ∇
2\

02
+ 1

5 20

m+ (\ )
m\

= 0 (1.72)

with the axion potential given in Eq. (1.71). Note that the mass<0 in the axion potential

is temperature- and thus time-dependent for QCD axions such that the full evolution

equation of\ can only be solved numerically. Considering the pre-in�ationary scenario for

convenience, where one can assume a constant ALP mass, the axion �eld is homogeneous,

i.e. ∇\ = 0. Together with the quadratic approximation of the axion potential, it is then

possible to �nd an exact solution of Eq. (1.72) provided the background universe is

either radiation- or matter-dominated [25]. This is useful to gain insight into the general

evolution of the axion �eld after symmetry breaking. Adopting a radiation-dominated

background universe and the initial conditions \8 = 1,
¤\8 = 0, the solution for \ as well

as the energy density d0 (cf. Eq. (1.26)), the comoving number density =0 = d00
3/<0 ,

18. Here we assume a domain wall number set to one.

19. Note that this is similar to the behaviour of the in�aton �eld at the end of in�ation described in

Section 1.2.3.
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Figure 1.3 | Evolution of the axion �eld \ , its energy density d0 , comoving number density =0 ,

equation of state parameter F and �/<0 for an initially misaligned �eld \8 = 1 in a radiation-

dominated background universe. The time coordinate is normalised to the time Cosc when the

axion �eld begins to oscillate at � '<0 .

the equation of state parameter F and the Hubble parameter are shown in Fig. 1.3.

Initially, the Hubble parameter is much larger than the axion mass and the axion �eld

is overdamped. Once � ∼ <0 , the �eld starts to oscillate around zero. Averaged over

many oscillations, the energy density of the axion scales as d0 ∼ 0−3 and accordingly

33



Chapter 1. Introduction

the comoving number density approaches a constant. This is similar to nonrelativistic

matter which makes the axion a well-motivated CDM candidate. While the equation of

state parameter is initially �xed at F = −1, i.e. behaving as a dark energy component,

it oscillates between F = −1 and F = 1 at late times with an average value of 〈F〉 = 0

which is similar toF = 0 for CDM.

The production of axions via the misalignment mechanism allows the energy density

parameter Ω0,0 of axion dark matter at the present time to be computed as a function of

initial �eld displacement and the axion mass. De�ning 0osc as the scale factor at the time

when the �eld starts to oscillate (� (0osc) =<0), the axion energy density at later times

0 > 0osc is determined by

d0 (0) ' d0 (0osc)
(0osc
0

)
3

. (1.73)

Since d0 is nearly constant until the �eld starts to oscillate, one can approximate d0 (0osc)
as d0 (0osc) ≈<2

0q
2

8 /2. Considering low-mass ALPs in the mass range 10
−24

eV ≤ <0 ≤
10
−12

eV, the density parameter can be approximated as [185]

Ω0,0 ≈
1

6

(9ΩA,0)3/4
(
<0

�0

)
1/2 (

q8

"Pl

)
2

, (1.74)

which depends on the initial �eld displacement q8 , the ALP mass <0 and the present

values of the Hubble parameter and the radiation energy density parameter. Demanding

that dark matter consists entirely of ALPs, Ω0,0 = Ω2,0 = 0.262, one can �nd a set of

parameters (<0, q8) that gives the correct dark matter density. This requires for low-mass

ALPs that q8 > 10
14
GeV [25]. Hence, they are relevant only in the pre-in�ationary

PQ symmetry breaking scenario as the Hubble parameter is . 10
13
GeV at the end of

in�ation [89].

Due to the temperature-dependent mass term (see Eq. (1.70)) and the formation of

topological defects the computation of the relic density is more complicated for QCD

axions. Beginning with the contribution from the misalignment mechanism, one can

de�ne as before � ()osc) = <0 ()osc) as the time the axion starts to oscillate. For QCD

axions with 50 < 2 × 10
15
GeV this occurs when ) > 1GeV which is slightly above

ΛQCD [186]. Thus the mass <0 ()osc) of the axion at the beginning of the oscillations

together with the misalignment angle \8 determines the energy density which scales as

0−3 afterwards. Considering only the misalignment mechanism, this allows the present

QCD axion density parameter to be estimated as [186]

Ω0,0ℎ
2 ∼ 2 × 104

(
50

10
16
GeV

)
7/6
〈\ 28 〉 . (1.75)
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This assumes that the axion potential can be approximated as a quadratic potential which

is only justi�ed for small misalignment angles close to the minimum of the potential.

If the initial displacements are large, axion self-interactions that are implicitly present

in the cosine potential from Eq. (1.71) lead to an anharmonic correction factor F such

that \8 in Eq. (1.75) needs to be replaced with F\8 [25, 187]. In the post-in�ationary

scenario relevant for the formation of axion miniclusters (see Chapter 4), each causally

disconnected patch takes a di�erent value of \8 ∈ [−c, c] such that 〈\ 28 〉 = c2/3 is

�xed [25]. To avoid overproduction of dark matter by the misalignment mechanism,

one demands that Ω0,0ℎ
2 < 0.12 which in this scenario yields constraints on the PQ

symmetry breaking scale, 10
9
GeV . 50 . 10

11
GeV [25]. It is known for a long time that

the production of axions can be signi�cantly enhanced by the decay of the network of

axion strings and domain walls [188–195]. Nevertheless, the precise amount of produced

axions from the decay of topological defects is still uncertain and overall, the evolution

of axion strings and the evolved physical processes is a highly debated subject [196–206].

Note that if the axion contribution from strings were signi�cantly larger than from

misalignment, dark matter consisting of QCD axions would be completely excluded by

astrophysical constraints [25].

QCD axions are weakly coupled to the Standard Model of particle physics.
20

Highly

relevant for axion detection experiments is the coupling of the QCD axion to photons.

Additionally, they interact with other particles gravitationally which is of signi�cance for

cosmological structure formation. Since ALPs motivated by string theory are expected

to interact even solely via gravity, both QCD axions and ALPs are in general excellent

dark matter candidates [168, 170]. As discussed above, they are produced to a large

amount non-thermally via the misalignment mechanism which guarantees that they are

nonrelativistic and thus well-motivated CDM candidates. They can even account for

the entire abundance of CDM in our Universe. Apart from the non-thermal decay of

topological defects, QCD axions can in principle also be generated by a thermal process

of pion scattering [208–210] which could contribute as hot dark matter. However, the

thermal population is negligible for QCD axions with 50 & 10
9
GeV [25] that are relevant

for the formation of axion miniclusters.

20. See Ref. [207] for the computation of their couplings to photons and electrons.
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Chapter2

Growth and Collapse of Density

Perturbations

We considered a perfectly homogeneous universe in Section 1.1. While the assumption

of homogeneity is justi�ed on the largest scales, we know that our Universe is far from

homogeneous on smaller scales. This poses the question of where the observed structures

in our Universe come from and how they have formed. In other words, we require a

mechanism to generate the initial conditions building the seeds of all structures at the

present time and their subsequent evolution. Interestingly, the idea of an in�ationary

phase of accelerated expansion in the very early Universe does not only solve the �atness,

horizon and monopole problems (see Section 1.2.1) but also provides an explanation for

the existence of primordial density �uctuations. Although they are initially quite small,

they start to grow gravitationally and collapse eventually into bound structures such as

dark matter halos and galaxies.

This chapter gives an overview of the generation of in�ationary perturbations, their

linear gravitational growth and the methods that can be applied to study their nonlinear

collapse. The foundation is laid in Section 2.1 which brie�y introduces the concept of

cosmological perturbations by perturbing both the metric and the stress-energy tensor

in the Einstein �eld equations. Considering the perturbed FLRW spacetime and adding

�uctuations to the homogeneous background in�aton �eld in Section 2.2, allows us to

derive the evolution equation of in�ationary perturbations known as the Mukhanov-

Sasaki equation. Quantising the �uctuations is the key to obtaining the primordial

curvature power spectrum that can be probed by the CMB. In a similar manner, one

can compute the power spectrum of primordial gravitational waves. The evolution of

matter density perturbations on subhorizon scales, where Newtonian perturbation theory

applies, is then discussed in Section 2.3. As this is restricted to their linear evolution,
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Section 2.4 outlines models to study their eventual gravitational collapse which includes

both analytical and semi-analytical models as well as numerical N-body simulations.

2.1 Cosmological Perturbations

In order to study the evolution of initially small density perturbations, one relies on the

use of perturbation theory. While it is possible to use Newtonian perturbation theory for

the growth of cosmological structures on scales smaller than the Hubble horizon (see

Section 2.3), the perturbation theory of General Relativity gives a complete description

on all scales. The idea is to consider a perturbed spacetime that is very close to the

background spacetime.
21

The Einstein equations couple perturbations both in the metric

6`a and in the stress-energy tensor )`a . The perturbed tensors can be written as

6`a (g, x) = s6`a (g) + X6`a (g, x) , (2.1)

)`a (g, x) = s)`a (g) + X)`a (g, x) . (2.2)

In the following, we consider cosmological perturbation theory where the background

spacetime is described by the �at FLRW metric and the background stress-energy tensor

takes the form of a perfect �uid (cf. Eq. (1.5)). This is suited to our needs and simpli�es

calculations signi�cantly. Additionally, the equations of motion are perturbed only to

linear order which allows us to evolve di�erent types of perturbations independently from

each other and to treat them separately. Concretely, one makes use of the so-called SVT-
decomposition to decompose the metric and stress-energy perturbations into scalar (S),

vector (V) and tensor (T) perturbations. While tensor perturbations describe gravitational
waves that do not appear in Newtonian perturbation theory, vector perturbations are

related to the rotational velocity perturbations of the cosmic �uid. They decay in an

expanding universe and are thus not relevant from a cosmological point of view. In this

section, only scalar perturbations are covered as they couple to density perturbations and

show gravitational instability resulting in the formation of structures in our Universe [53].

Importantly, the decomposition of the spacetime into a background and a perturbation

depends on the chosen coordinate system G = (g, x). So far we have considered the case

of a homogeneous and isotropic universe where the coordinate system was chosen such

that the spacetime is given by the FLRW metric. However, there are in principle no

preferred coordinates for the perturbed spacetime as there are many coordinate systems

that can ful�l Eq. (2.1). Selecting a speci�c coordinate system de�nes the so-called

gauge in cosmological perturbation theory. Sometimes it proves to be useful to change

21. Background quantities are marked with a bar on top of a variable in this thesis.
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the chosen coordinate system by a small coordinate transformation which is known as

gauge transformation. While choosing an appropriate gauge can simplify calculations

signi�cantly, one has to be clear about which perturbations are actual physical and which

only arise from the chosen gauge and are thus spurious. To avoid any misinterpretations,

it is therefore helpful to introduce gauge-invariant quantities as they do not change under

a coordinate transformation. Another possibility is to �x the gauge by constraining the

perturbations such that the coordinate system is fully de�ned [211].

In this section, we brie�y summarise some main results from cosmological pertur-

bation theory and introduce the Newtonian gauge that is used in the derivation of the

equations of motion. As mentioned before, we focus only on scalar perturbations as

they are associated with the gravitationally unstable density perturbations that are of

particular interest in this thesis. Appendix A brie�y introduces the SVT-decomposition

and deals with gauge transformations of di�erent types of perturbations as well as with

particular gauge choices without going into too much detail. Furthermore, Appendix A

provides derivations of some relevant equations that are used in this section.

2.1.1 Metric Perturbations

Considering �rst-order perturbations to the homogeneous background metric s6`a given

by the FLRW metric, the perturbed line element can be written as [53]

dB2 = 02
[
−(1 + 2�)dg2 − 2�8dg dG8 + ((1 − 2�)X8 9 + 2�8 9 )dG8 dG 9

]
. (2.3)

Here,�(g, G8) is the so-called lapse function, �8 (g, G8) is the shift vector, � = −ℎ88/6 carries

the trace of the spatial metric perturbation ℎ8 9 and �8 9 is a symmetric and trace-less shear
tensor, �88 = 0. Thus, the perturbed metric consists of the two scalar perturbations � and

� , the vector perturbation �8 and the tensor perturbation �8 9 .

We are interested in the scalar perturbations only, so we make use of the SVT-

decomposition (see Appendix A.1 for details) of the perturbations. This splits the vector

�8 into the gradient of a scalar � and a divergenceless vector �+
8

, i.e. X8 9 m 9�
+
8
= 0, such that

�8 = −m8� + �+8 . Similarly, one can decompose the symmetric tensor �8 9 = �
(
8 9 + �+8 9 + �)8 9

into a scalar �(8 9 , a vector �+
8 9

and a tensor �)8 9 , where the scalar component is given by

�(8 9 = (m8m 9 −
1

3
X8 9∇2)�. Replacing the full perturbations in Eq. (2.3) by the scalar ones, the

perturbed metric for scalar perturbations reads

dB2 = 02
[
−(1 + 2�)dg2 + 2m8�dg dG8 + ((1 − 2kR)X8 9 + 2m8m 9�)dG8 dG 9

]
, (2.4)
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where we de�ned the so-called curvature perturbation22
[53]

kR = � + 1

3

∇2� . (2.5)

As mentioned earlier, a change in the coordinate system can a�ect the perturbations and

might introduce spurious perturbations. The gauge transformation rules of the scalar

perturbations �, �, � , � in Eq. (2.4) can be found in Eqs. (A.25) to (A.28). Accordingly,

the curvature perturbation transforms as [212]

kR → kR + Hb0 . (2.6)

under the gauge transformation G ` → G ` + b` . It is possible to construct combinations of

the scalar metric perturbations that do not change under a gauge transformation. Two

gauge-invariant quantities, which will prove to be particularly useful, are the so-called

Bardeen potentials. They are de�ned as [53]

Φ = � + H (� − �′) + (� − �′)′ ,

Ψ = � + 1

3

∇2� −H(� − �′) = kR −H(� − �′) . (2.7)

Furthermore, it is sometimes wise to pick a certain gauge and keep it �xed as this can

simplify computations enormously. An overview of some particular gauge choices that

prove to be useful can be found in Appendix A.3. In the remainder of this section, we

will make use of the conformal Newtonian gauge that is de�ned by �# = �# = 0.

Metric in Conformal Newtonian Gauge

The Bardeen potentials in the conformal Newtonian gauge are equal to the metric pertur-

bation (Φ = �# ) and to the curvature perturbation (Ψ = k#R ), respectively. The metric in

Eq. (2.4) then reduces to [53]

dB2 = 02
[
−(1 + 2Φ)dg2 + (1 − 2Ψ)X8 9dG8 dG 9

]
. (2.8)

The advantage of the Newtonian gauge is that the gauge invariance of Ψ and Φ allows

the derivation of gauge-invariant equations of motion in a rather simple way. Therefore,

it is particularly suited for studying the growth of large-scale structures in the universe

(see Section 2.3).

22. Note that we use kR here instead of the common k because we reserve the variable k for the wave

function of a scalar �eld in Chapter 3.
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2.1.2 Ma�er perturbations

The stress-energy tensor s) `a of the unperturbed FLRW universe is described by the

background quantities density sd , pressure s? and 4-velocity sD` (cf. Eq. (1.5)). We now de�ne

density, pressure and velocity perturbations as Xd = d − sd , X? = ? − s? and XD8 = D8 − sD8 ,

respectively. Exploiting isotropy, the background velocity is sD` = (sD0, 0, 0, 0) and since

sD`sD` = 02[`asD`sDa = −02(sD0)2 = −1, one �nds sD` = 0−1(1, 0, 0, 0) and sD` = 0(−1, 0, 0, 0).
Writing now the velocity perturbation as D8 = XD8 = E8/0, the 4-velocity can be expressed

as

D` = 0−1(1 + 0XD0, E8) , and D` = (−0 + XD0, XD8) . (2.9)

Using now the metric 6`a given by (cf. Eq. (2.3))

[6`a ] = 02
[
−1 − 2� −�8
−�8 (1 − 2�)X8 9 + 2�8 9

]
,

and considering only perturbations to �rst-order, one obtains that XD0 = −(02XD0 + 20�),
XD0 = −�/0, XD8 = −0�8 + 0E8 . Thus, we have

D` = 0−1(1 −�, E8) , and D` = 0(−1 −�, E8 − �8) . (2.10)

Inserting these expressions into )
`
a = (d + ?)D`Da + ?X`a , the perturbed stress-energy

tensor to linear order in perturbations can be written as [212]

) 0

0
= −(sd + Xd) , (2.11)

) 0

8 = (sd + s?) (E8 − �8) , (2.12)

) 8
0
= −(sd + s?)E8 , (2.13)

) 89 = (s? + X?)X89 + Σ8 9 . (2.14)

Here, Σ8 9 is the so-called anisotropic stress and de�ned as Σ8 9 ≡ X) 89 −
1

3
X8 9X)

:
:

. The

anisotropic stress vanishes in the unperturbed FLRW universe, i.e. for a perfect �uid, as

it appears only as a �rst-order perturbation. As before, one can make use of the SVT-

decomposition (see Appendix A.1) to consider only scalar perturbations. In Newtonian
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gauge (�# = 0), the perturbed components of the stress-energy tensor then read
23

[212]

X) 0

0
= −Xd# , (2.15)

X) 0

8 = −(sd + s?)m8E# (2.16)

X) 8
0
= (sd + s?)m8E# , (2.17)

X) 89 = X?#X8 9 + s?

(
m8m 9 −

1

3

X8 9∇2
)
Π , (2.18)

where Π is the scalar perturbation from the tensor perturbation Π8 9 that is directly related

to the anisotropic stress via Π8 9 ≡ Σ8 9/s? . Note that the anisotropic stress is gauge-

invariant (see Eq. (A.32)) which is the reason why Π in Eq. (2.18) does not carry the

superscript # .

2.1.3 Equations of Motion in Newtonian Gauge

In this section, we collect the equations of motion for scalar perturbations to linear

order, working in the Newtonian gauge where the perturbed metric is given by Eq. (2.8).

Keeping only terms up to �rst-order in the Bardeen potentials Ψ and Φ, the associated

connection coe�cients Γ
d
`a = sΓ

d
`a + XΓ

d
`a de�ned by Eq. (1.3) are [213]

sΓ0
00

= H , XΓ0
00

= Φ′ , (2.19)

sΓ8
00

= 0 , XΓ8
00

= m8Φ , (2.20)

sΓ080 = 0 , XΓ080 = m8Φ , (2.21)

sΓ08 9 = HX8 9 , XΓ08 9 = − (Ψ′ + 2H(Ψ + Φ)) X8 9 , (2.22)

sΓ890 = HX89 , XΓ890 = −Ψ′X89 , (2.23)

sΓ8
9:

= 0 , XΓ8
9:

= −(m:ΨX89 + m 9ΨX8:) + m8ΨX 9: . (2.24)

The connection coe�cients will be used in the derivation of the perturbed Einstein and

conservation equations below.

Perturbed Einstein Equations

Expanding the Einstein equations to �rst-order in perturbations and subtracting the

background equation s�
`
a = 8c�s)

`
a , the perturbed Einstein equations read

X�
`
a = 8c�X)

`
a . (2.25)

23. Similar to the metric �uctuations, the perturbations of the stress-energy tensor are gauge-dependent.

Its transformation rule can be found in Eq. (A.15) and the explicit transformation behaviour of the

scalar perturbations is given in Appendix A.2.2.
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While the components of the perturbed stress-energy tensor are given by Eqs. (2.15)

to (2.18), a derivation of the perturbed Einstein tensor can be found in Appendix A.4.

In short, using the connection coe�cients Γ
d
`a = sΓ

d
`a + XΓ

d
`a from Eqs. (2.19) to (2.24),

one can compute the Ricci tensor '
`
a and thus the Einstein tensor �

`
a . Subtracting the

background s�
`
a from Eqs. (A.46) to (A.48) and using the perturbed components of the

stress-energy tensor in Newtonian gauge (see Eqs. (2.15), (2.17) and (2.18)) then gives the

perturbed components of the Einstein equations in Newtonian gauge [53]:

X�0

0
= 0−2

(
−2∇2Ψ + 6HΨ′ + 6H 2Φ

)
= −8c�Xd# , (2.26)

X�8
0
= 20−2m8 (Ψ′ + HΦ) = 8c� (sd + s?)m8E# , (2.27)

X�8 9 = 0
−2

(
m8m 9 (Ψ − Φ) + [2Ψ′′ + ∇2(Φ − Ψ) + H (2Φ′ + 4Ψ′) + (4H ′ + 2H 2)Φ]X89

)
= 8c�

[
X?#X89 + s?

(
m8m 9 −

1

3

X8 9∇2
)
Π

]
. (2.28)

Since the spatial part of the perturbed Einstein equations is quite cumbersome, it is

helpful to separate it into its trace and a traceless part. The latter can be obtained by

contracting X�8 9 and X) 89 with the tensor %
9

8
= m 9 m8 − 1

3
X
9

8
∇2 [212]. This leads to the

equation

Ψ − Φ = 8c�02s? Π . (2.29)

Taking the trace of spatial Einstein equation gives [212]

Ψ′′ + H (2Ψ′ + Φ′) + (H 2 + 2H ′)Φ + 1

3

∇2(Φ − Ψ) = 4c�02X?# . (2.30)

We can drop the spatial derivatives in Eq. (2.27) since the equality of the spatial derivative

of two perturbations implies that the perturbations are the same. Then, Eq. (2.27) simpli�es

to

Ψ′ + HΦ = 4c�02(sd + s?)E# . (2.31)

The Eqs. (2.29) to (2.31) and Eq. (2.26), also known as (relativistic) Poisson equation,

will be used in Section 2.2 for the derivation of the evolution equation of in�ationary

perturbations.

Perturbed Conservation Equations

The conservation of the stress-energy tensor, ∇`) `a = m`)
`
a + Γ

`
`U )

U
a − ΓU`a)

`
U = 0,

allows us to derive conservation equations for the a = 0 and the a = 8 components.

Considering perturbations to �rst-order in Ψ and Φ, we obtain the background continuity
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equation sd′ = −3H(sd + s?) for a = 0 at zeroth order. Using E#8 = −m8E# , we can derive an

equation for the �rst-order perturbations [212],(
Xd#

)′
= −3H

(
Xd# + X?#

)
+ (sd + s?) (∇2E# + 3Ψ′) . (2.32)

This perturbation equation can thus be understood as a continuity equation and describes

the evolution of density perturbations. While the �rst term on the right of Eq. (2.32)

represents the expansion of the background, the ∇2E# term is an e�ect of the local

�uid �ow and the Ψ′ term is a relativistic e�ect that arises from the metric �uctuations.

Taking a = 8 and keeping only perturbations to �rst-order, one �nds the perturbation

equation [212]

(sd + s?)
(
E#

)′
= −(sd + s?)′E# − 4H(sd + s?)E# + X?# + 2

3

s? ∇2Π + (sd + s?)Φ , (2.33)

which corresponds to the Euler equation for a viscous �uid. The term on the left-hand

side and the �rst on the right-hand side of Eq. (2.33) express the change in momentum,

the second term on the right-hand side is due to the background expansion, and the

remaining terms describe di�erent forces.

Using the background continuity equation, the equation of state parameterF = s?/sd ,

and introducing the relative density perturbation X ≡ Xd/sd , the above perturbation

equations can be rewritten as [213](
X#

)′
= 3H

(
FX# − X?

#

sd

)
+ (1 +F) (∇2E# + 3Ψ′) , (2.34)(

E#
)′
= −

(
F ′

1 +F + H (1 − 3F)
)
E# + X?#

sd + s?
+ 2F

3(1 +F) ∇
2Π + Φ . (2.35)

Note that Eqs. (2.34) and (2.35) are not independent from the perturbed Einstein Eqs. (2.29)

to (2.31). However, Eqs. (2.34) and (2.35) can in principle be used to replace the last two

of the perturbed Einstein equations.

The two �uid equations simplify enormously for the case of a nonrelativistic �uid

when ? = F = 0 and the anisotropic stress Π vanishes. Taking the spatial derivative of

Eq. (2.35), one obtains in this case that(
X#

)′
= −∇ · v# + 3Ψ′ , (2.36)(

v#
)′
= −Hv# − ∇Φ , (2.37)

where we again made use of E#8 = −m8E# . Combining both equations by taking the time

derivative of Eq. (2.36) and a spatial derivative of Eq. (2.37) leads to [213]

X′′ + HX′ = ∇2Φ + 3(Ψ′′ + HΨ′) , (2.38)
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where we dropped the superscript # for convenience. For a perfect �uid, we have Ψ = Φ

(cf. Eq. (2.29)) and the right-hand side of Eq. (2.38) is purely described by the gravitational

potential Φ which is sourced by the density perturbation on the left-hand side. We will use

this equation in Section 2.3 to study the evolution of density �uctuations on subhorizon

scales.

2.1.4 Classification of Perturbations

For future reference, we now introduce adiabatic, isocurvature and Gaussian perturba-

tions. Considering a barotropic equation of state, ? = ? (d), one can relate the pressure

perturbations X? and density perturbations Xd to each other via [52]

X?

Xd
=
¤
s?

¤
sd
= 22B , (2.39)

where 22B is the speed of sound. Perturbations that ful�l

X? = 22BXd =
¤
s?

¤
sd
Xd (2.40)

are called adiabatic perturbations in cosmology. They arise when there is, for example,

a slight time delay in the evolution of di�erent parts of the universe which is the case

during in�ation. For multiple �uid components consisting, for example, of matter and

radiation, all matter components have the same X< perturbation and all radiation compo-

nents have the same XA perturbation. Deviations from adiabaticity lead to isocurvature

perturbations
24

which introduce variations in the ratio of the number density of two

di�erent �uid components [52]. Since there is only one component in single-�eld in-

�ation, namely the in�aton �eld, purely adiabatic perturbations are generated in this

scenario. As long as those perturbations are superhorizon, they stay adiabatic. However,

once they become subhorizon during radiation- or matter-domination they can develop

isocurvature perturbations, as discussed in Ref. [52].

Gaussian perturbations obey, as the name suggests, a Gaussian probability distribu-

tion which means that the Fourier components of the perturbations have independent

probability distributions [52]. The variance, i.e. the two-point correlation function evalu-

ated at the same position 〈62(x)〉, of a Gaussian perturbation 6(x) does not depend on

the position x and the direction of the Fourier mode k. Hence, the variance of Gaussian

perturbations is invariant both under rotations and translations. Additionally, it contains

all statistical information about the perturbations since higher-order correlation functions

can be calculated from it [52]. Importantly, the �uctuations generated during in�ation are

24. Note that isocurvature perturbations are sometimes also called entropy perturbations.
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Gaussian, so only their two-point function has to be extracted from the CMB to unveil

their statistics.

2.2 Inflationary Perturbations

Now we decompose the scalar in�aton �eld i into an inhomogeneous perturbation Xi

and a position-independent background si ,

i (C, x) = si (C) + Xi (C, x) . (2.41)

Figuratively, these perturbations lead to local time delays in the in�ationary evolution

such that in�ation comes to an end at slightly di�erent times in di�erent parts of the

universe. Inserting Eq. (2.41) into Eq. (1.24), the homogeneous background equation is

given by

¥
si + 3� ¤si ++ ′(si) = 0 , (2.42)

and the perturbations are described by [52]

X ¥i + 3�X ¤i − 0−2∇2Xi ++ ′′(si)Xi = 0 . (2.43)

However, this approach ignores perturbations in the spacetime and that the in�aton �eld

is coupled to the metric. Fortunately, we can make use of cosmological perturbation

theory (see Section 2.1) in order to explicitly take into account metric perturbations.

In this section, the evolution equation of in�ationary perturbations is discussed. As

before, we will at �rst work in the Newtonian gauge and consider only scalar metric

perturbations. We then derive the so-called Mukhanov-Sasaki equation which, on the one

hand, is a way of expressing the perturbation equation of the in�aton �eld in a simple

form. On the other hand, it provides insight into the initial conditions of in�ation and can

be used to compute both the primordial curvature power spectrum and the primordial

spectrum of gravitational waves.

2.2.1 Evolution Equations

Using the perturbed FLRW metric in Newtonian gauge (see Eq. (2.8)), a direct computation

of the Klein-Gordon Eq. (B.12) to linear order in perturbations gives [52] (see Appendix B.2

for details)(
Xi#

)′′
+ 2H

(
Xi#

)′
− ∇2Xi# − (Φ′ + 3Ψ′)si′ + 02(mii s+ )Xi# + 202Φmi s+ = 0 , (2.44)
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where s+ ≡ + (si). Perturbing the stress-energy tensor of a scalar �eld (cf. Eq. (1.25)) to

linear order (see Appendix B.3 for details), one �nds that the anisotropic stress Π vanishes,

which implies that Ψ = Φ as can be seen from Eq. (2.29). While Eq. (2.44) then simpli�es

to (
Xi#

)′′
+ 2H

(
Xi#

)′
− ∇2Xi# − 4Ψ′si′ + 02(mii s+ )Xi# + 202Ψmi s+ = 0 , (2.45)

the perturbed Einstein equations for a scalar �eld are given in Eqs. (B.20) to (B.22) and

only depend on Ψ and Xi# . The perturbed Einstein equations can be rewritten as a

di�erential equation which depends only on Ψ. This requires taking the time derivative

of Eq. (B.21) which yields(
Xi#

)′
=
(Ψ′′ + H ′Ψ + HΨ′)si′ − (Ψ′ + HΨ)si′′

4c�si′2
, (2.46)

and to insert 3HΨ′ from Eq. (B.20) into Eq. (B.22). Using the relation from Eq. (B.11), we

obtain the evolution equation

Ψ′′ − ∇2Ψ + 2
(
H − si′′

si′

)
Ψ′ + 2

(
H ′ −H si′′

si′

)
Ψ = 0 . (2.47)

In terms of the equation of state parameterF and the speed of sound 22B (see Eqs. (B.4)

and (B.9)), it can also be written as

Ψ′′ − ∇2Ψ + 3H(1 + 22B )Ψ′ + 3H 2(22B −F)Ψ = 0 . (2.48)

2.2.2 Comoving Curvature Perturbation

A useful quantity for studying in�ationary perturbations is the so-called comoving cur-
vature perturbation R (see Appendix B.4 for details). It is de�ned in Eq. (B.23) and can

be expressed in terms of the curvature perturbationkR and the in�aton perturbations

Xi (see Eq. (A.40)). Importantly, R is in fact a gauge-invariant quantity which can be

realised by writing it in Newtonian gauge (see Appendix A.3). The Bardeen potential is

then given by Ψ = kR and the comoving curvature perturbation is R = Ψ + HE# (see

Eq. (A.39)). Using the Einstein Eq. (2.31) with Ψ = Φ, the velocity perturbation E# in

Newtonian gauge is

E# =
Ψ′ + HΨ

4c�02(sd + s?) . (2.49)

Applying the �rst Friedmann equation in Eq. (B.1), the comoving curvature perturbation

then is [212]

R = Ψ + 2

3

Ψ′ + HΨ

H(1 +F) . (2.50)
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Evidently, R depends only on the Bardeen potential Ψ and is therefore gauge-invariant.

This allows us to compute R in any gauge. Its time derivative R′ can be written as

3

2

(1 +F)HR′ = Ψ′′ +
(
3

2

(1 +F)H + H − H
′

H −
F ′

1 +F

)
Ψ′ − HF

′

1 +F Ψ . (2.51)

With the relations in Eqs. (B.4) and (B.5) and using the evolution Eq. (2.48), we �nd that

the time derivative

3

2

(1 +F)HR′ = Ψ′′ + 3H(1 + 22B )Ψ′ + 3H 2(22B −F)Ψ = ∇2Ψ . (2.52)

is essentially given by ∇2Ψ. In Fourier space, the last equation reads [212]

3

2

(1 +F)
H R′

:
= − :

2

H 2
Ψ: , (2.53)

and reveals that R is conserved on superhorizon scales : � H . Thus, the purely adiabatic

perturbations generated during single-�eld in�ation basically freeze out once they cross

the horizon. From there on, a perturbation stays constant until it reenters the horizon at a

later time. In principle, one does not need to know anything about the physical processes

inside the horizon in the meantime, for example during reheating. On the contrary, this

remarkable result allows us to directly shift the perturbations generated during in�ation

to much later times when they start to become subhorizon again.

Note that the constancy of R on superhorizon scales is only true for adiabatic pertur-

bations. Writing the time derivative R′ as

3

2

(1 +F)
H R′ = Ψ′′

H 2
+ 2 + 322B
H Ψ′ + 3(22B −F)Ψ +

Ψ′

H , (2.54)

and using the Einstein Eqs. (2.30) and (2.31) in Newtonian gauge for a perfect �uid, we

obtain in Fourier space that [212]

3

2

(1 +F)
H R′

:
=
3

2

X?#

sd
+ 322B

(
Ψ′
:

H + Ψ:
)

= −22B
:2

H 2
Ψ: +

3

2

(
X?#

sd
− 22B

Xd#

sd

)
. (2.55)

For adiabatic perturbations we have X? = 22BXd (see Eq. (2.40)), and the term in brackets on

the right-hand side of this equation vanishes revealing that R is constant on superhorizon

scales only in this case.

2.2.3 Mukhanov-Sasaki Equation

In this section, we lay the foundation for relating the gauge-invariant comoving curvature

perturbation R to the quantum-mechanical �uctuations generated at the beginning of
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in�ation. This can be achieved by deriving an equation of motion for R in a form of a

simple harmonic oscillator which is straightforward to quantise [212].

It was shown in Ref. [214] that quantising the variable @, which is known as the

Mukhanov variable and is de�ned as

@ = ZR = 0

(
Xi + si′

HkR
)
, where Z = 0

si′

H , (2.56)

leads to the initial conditions of in�ation. In the �rst step, we need to derive the equation of

motion for the variable @. There are several ways of doing so, for example by starting from

the full action in Eq. (1.23). Perturbing the action to second-order in R and expressing

it in terms of @ then allows the action to be varied with respect to @ to obtain the

equation of motion [212]. In a similar approach, one makes use of the Arnowitt-Deser-

Misner formalism [215] where the spacetime metric is sliced into three-dimensional

hypersurfaces. The metric perturbations are then encoded in the so-called lapse function

and the shift function. It is possible to rewrite the action such that lapse and shift occur

as Lagrange multipliers. Varying the action with respect to these two functions leads to

constraint equations which are then used to derive the equation of motion for @ [212].

Instead, we take the equation of motion of the scalar �eld perturbation (see Eq. (2.45))

and combine it with the perturbed Einstein equations from Eqs. (B.20) to (B.22) to �nd

the equation of motion for @. A detailed derivation of the so-called Mukhanov-Sasaki

equation [214, 216] can be found in Appendix B.5. Using the result from Eq. (B.33), it can

be written as [212]

@′′ − ∇2@ − Z
′′

Z
@ , and @′′

:
+

(
:2 − Z

′′

Z

)
@: = 0 (2.57)

in Fourier space. While this equation resembles a harmonic oscillator, it is nevertheless

not easy to solve it in general since Z ′′/Z depends on the background dynamics. It is

possible to express Z ′′/Z in terms of slow-roll parameters Y and [ (see Eqs. (1.29) and (1.30))

as [217]:

Z ′′

Z
= H 2

(
2 + 2Y − 3[ + [2 − Y[ + ¤Y

�
− ¤[
�

)
. (2.58)

During in�ation, where Y, |[ | < 1, this can be approximated to leading order in slow-roll

parameters as Z ′′/Z = H 2(2 + 2Y − 3[).

Mukhanov-Sasaki Equation in de Si�er Space

In de Sitter space (Y, [ → 0, � = const), where 0 ∼ exp(�C) and thus g = −(0� )−1, one

can approximate Eq. (2.58) as (see Eq. (B.2))

Z ′′

Z
=
0′′

0
=

2

g2
= 202� 2 . (2.59)
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Chapter 2. Growth and Collapse of Density Perturbations

This allows us to consider highly relevant limits of Eq. (2.57) on super- and subhorizon

scales. For the former case it is :2 � (0� )2 = Z ′′/Z and Eq. (2.57) reduces to

@′′
:
− 2

g2
@: = 0 . (2.60)

Similarly, one �nds that on subhorizon scales :2 � (0� )2 = Z ′′/Z , Eq. (2.57) approaches

@′′
:
+ :2@: = 0 , (2.61)

which resembles the equation of a harmonic oscillator with a frequency that does not

depend on time. Hence, the solutions of Eq. (2.61) oscillate, @: ∝ exp(±8:g), while

Eq. (2.60) can be solved by [212]

@: = U
exp(−8:g)
√
2:

(
1 − 8

:g

)
+ V exp(8:g)√

2:

(
1 + 8

:g

)
. (2.62)

The free parameters U and V can only be determined if additional boundary conditions

for @: are provided. This can be achieved by quantising the variable @: .

�antisation of Perturbations

Exploiting the analogy between Eq. (2.57) and the equation of motion of the harmonic

oscillator, one can quantise the perturbation @ in a similar manner. Then, the Fourier

components @k correspond to quantum operators [212],

@k → @̂k = @: (g)0̂k + @∗−:0̂
†
−k , (2.63)

where the creation (0̂
†
−k) and annihilation operator (0̂k) obey the commutation relation

[0̂k, 0̂
†
k′] = (2c)

3X (k − k′). Moreover, the complex mode functions are normalised such

that 〈@: , @:〉 = 8 (@′
:
@∗
:
− @

:
@∗′
:
) = 1 [212]. The normalisation of the mode functions

imposes a boundary condition on solutions of the Mukhanov-Sasaki equation (see for

example Eq. (2.62)). An additional boundary condition can be obtained by specifying the

vacuum state 0̂k |0〉. At early times (g → −∞), all relevant comoving length scales were

subhorizon (Z ′′/Z = 2/g2 → 0, : � 02� 2
). In this case, the Mukhanov-Sasaki equation

is given by Eq. (2.61) which corresponds to the mode equation of a harmonic oscillator

in the non-expanding Minkowski space. By analogy, one can require the vacuum to be

the state of lowest energy that is given by the positive frequency mode @: ∝ exp(−8:g).
Properly normalised, this provides the initial condition [212]

@: (g) →
1

√
2:

exp(−8:g) , (2.64)

known as the Bunch-Davies vacuum.
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2.2. Inflationary Perturbations

2.2.4 Primordial Curvature Power Spectrum

The initial condition given by Eq. (2.64) �xes the two free parameters from Eq. (2.62) to

be U = 1, V = 0. Thus, the mode functions on superhorizon scales are

@: =
exp(−8:g)
√
2:

(
1 − 8

:g

)
. (2.65)

With this knowledge we can compute the power spectrum %R (:) of curvature perturba-

tions R: = @:/Z , de�ned via the two-point function [212]

〈R:R: ′〉 = (2c)3X (k − k′)%R (:) , with %R (:) =
|@: (g) |2

Z 2
. (2.66)

Hence, the dimensionless curvature power spectrum Δ2

R is

Δ2

R (:) = %R (:)
:3

2c2
=

1

Z 2
02� 2

2:3

(
1 + :2

02� 2

)
:3

2c2
. (2.67)

Inserting the de�nition of Z (see Eq. (2.56)), the curvature power spectrum approaches

on superhorizon scales (: � 0� )

Δ2

R (g, k) =
� 2

(2c)2
� 2

¤
si2

=
� 2

∗
(2c)2

� 2

∗
¤
si2

∗
. (2.68)

The power spectrum is evaluated at horizon crossing (:∗ = 0∗�∗) since R remains

constant on superhorizon scales until the corresponding mode re-enters the horizon (cf.

Section 2.2.2). In a pure de Sitter universe, the resulting power spectrum does not depend

on : since � and ¤si are constant, so it is scale-invariant. However, this does not apply

during slow-roll in�ation and di�erent modes exit the horizon at slightly di�erent values

of �∗ leading to deviations from the scale invariance. They are usually quanti�ed in

terms of the scalar spectral index =B [212],

=B − 1 ≡
d lnΔ2

R
d ln:

, (2.69)

that can be also written as

=B = 1 + 2[ − 4Y (2.70)

to �rst-order in the slow-roll parameters Y, [. A deviation from =B = 1 can thus be

understood as a probe of the in�ationary dynamics in terms of the slow-roll parameters.
25

It is convenient to parameterise the primordial power spectrum as [212]

Δ2

R (:) = �B
(
:

:?

)=B−1
, (2.71)

25. Note that one obtains the same result for the spectral index =B when Z ′′/Z in Eq. (2.58) is expanded to

�rst-order in slow-roll parameters [212].
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Chapter 2. Growth and Collapse of Density Perturbations

where =B ' 0.967 and �B ' 2.1 × 10−9 for a pivot scale of :? = 0.05Mpc
−1

(cf. Table 1.1).

Apart from the nearly scale-invariant curvature power spectrum, two other signi�cant

properties of the in�ationary perturbations in single-�eld in�ation are that they are

adiabatic and Gaussian
26

(cf. Section 2.1.4). In in�ationary models with multiple �elds,

both isocurvature perturbations and primordial non-Gaussianities can be generated,

however, they are subdominant according to the latest Planck results [89]. Note that

such primordial non-Gaussianities are di�erent from the non-Gaussianities that build up

from the gravitational evolution of density perturbations during the matter-dominated

universe on subhorizon scales.

2.2.5 Gravitational Waves From Inflation

Apart from explaining the origin of small �uctuations in the in�aton �eld and the corre-

sponding primordial power spectrum, in�ation also predicts the generation of primordial

gravitational waves. This leads to a stochastic background of gravitational waves which

imprints its signature in the polarisation of the CMB. Certainly, measuring in�ationary

gravitational waves or an SGWB originating from the post-in�ationary era would extend

the knowledge about the relevant in�ationary parameters. Therefore, many experiments

such as the space-based interferometers LISA [220], DECIGO [221, 222] and BBO [223]

as well as the terrestrial interferometers (Advanced) LIGO [224–227] and Advanced

VIRGO [228] have been proposed to search for a signal.

Having treated so far only scalar perturbations, one can adapt the same approach to

compute the primordial power spectrum of tensor perturbations. Extracting the tensor

perturbations from the perturbed metric in Eq. (2.3), one obtains to leading order [229]

dB2 = 02(g)
[
−dg2 + (X8 9 + ℎ8 9 )

]
dG8dG 9 . (2.72)

The tensor perturbations ℎ8 9 are transverse and traceless, m8ℎ8 9 = X8 9ℎ8 9 = 0 (cf. Ap-

pendix A.1), and gauge-invariant (cf. Appendix A.2.1). Additionally, they are completely

decoupled from the in�ationary background and its scalar perturbations at linear order

in perturbation theory. Perturbing the Einstein equations to �rst-order in the tensor

perturbations ℎ8 9 , one eventually obtains the evolution equation
27

[53, 229]

ℎ′′8 9 + 2Hℎ′8 9 − ∇2ℎ8 9 = 16c�02Σ))8 9 , (2.73)

26. Strictly speaking, deviations from Gaussianity are predicted to be rather small in single-�eld in�a-

tion [218, 219].

27. Note that there is only one non-trivial component of the Einstein equations and not three as before for

scalar perturbations.
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2.2. Inflationary Perturbations

where Σ))8 9 is the traceless and transverse anisotropic stress tensor. It can be assumed to

vanish during in�ation as there are no source terms. Then, Eq. (2.73) corresponds to a

wave equation with drag term 2Hℎ′8 9 . Exploiting the symmetry of ℎ8 9 , the trace condition

X8 9ℎ8 9 = 0 and that m8ℎ8 9 translates to :8ℎ8 9 = 0 in Fourier space, one �nds for a wave

propagating along the I-axis, i.e. k = (0, 0, :), that [212]

[
ℎ8 9

]
=


ℎ× ℎ+ 0

ℎ+ −ℎ× 0

0 0 0

 . (2.74)

The wave exhibits two di�erent polarisations, denoted by the plus sign and the cross.

This labelling originates from the fact that the plus-polarisation perturbs test particles in

the same direction as their original separation while the cross-polarisation rotates the

test particles by 45
◦
. In Fourier space, the tensor perturbation can be written as [212]

ℎ8 9 (g, x) =
∫

d
3k

(2c)3/2
∑
W=+,×

n
W

8 9
(:)ℎk,W (g) exp(8kx) , (2.75)

where the polarisation amplitude is denoted by ℎk,W . The polarisation tensor n
W

8 9
satis�es

n
W

88
= :8n

W

8 9
= 0 and n

W

8 9
n
W ′

8 9
= 2XWW ′ . Inserting this Fourier representation into Eq. (2.73) with

vanishing stress, the equations of motion for the tensor perturbations can be expressed as

ℎ′′W + 2Hℎ′W + :2ℎW = 0 , (2.76)

for W = +,×. De�ning the variable @W = 0"PlℎW/2, Eq. (2.76) can be written as [212]

@′′
:,W
+

(
:2 − 0

′′

0

)
@:,W = 0 , (2.77)

which resembles the Mukhanov-Sasaki Eq. (2.57) for scalar perturbations. This imme-

diately suggests quantising @W in order to obtain the power spectrum of in�ationary

gravitational waves, as was done before with the scalar perturbations. According to

Eq. (2.59), we have 0′′ = 2/g2 in de Sitter space and thus

@′′
:,W

=
2

g2
@:,W (2.78)

on superhorizon scales. Choosing again the Bunch-Davies vacuum in Eq. (2.64) to provide

the initial conditions for solving Eq. (2.78), the dimensionless power spectrum for each

polarisation on superhorizon scales is [212]

Δ2

W (g, k) =
4

02"2

Pl

|@:,W |2
:3

2c2
=

4

"2

Pl

� 2

∗
(2c)2 . (2.79)
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As before, the power spectrum is evaluated at horizon crossing, :∗ = 0∗�∗. The full tensor

power spectrum is the sum of the spectra for each polarisation and thus reads

Δ2

C =
2

c2

� 2

∗
"2

Pl

. (2.80)

In a pure de Sitter universe, � is constant and this spectrum would be scale-invariant.

This is not the case in slow-roll in�ation. The amplitude of modes that exit the horizon

at an earlier time is larger, thus one expects slight deviations from scale invariance. In

complete analogy to the scalar spectral index in Eq. (2.69), one can de�ne a spectral index

=C for the tensor perturbations [212],

=C ≡
d lnΔ2

C

d ln:
= −2Y . (2.81)

From an observational point of view, it is useful to de�ne the tensor-to-scalar ratio
Ats ≡ Δ2

C /Δ2

R . Expressing ¤si in Eq. (2.68) in terms of Y and � , one �nds that [212]

Ats =
Δ2

C

Δ2

R
=

8

"2

Pl

¤
si2

� 2
= 16Y. (2.82)

The latest Planck results constrain the tensor-to-scalar ratio to be Ats < 0.10 [89]. Future

experiments will be able to achieve more accurate results on Ats and measure the full

power spectrum of tensor perturbations. Since the amplitude of the scalar perturbations is

�xed to ∼ 10
−9

(cf. Table 1.1) and Δ2

C ∼ � 2 ∼ + [2], the tensor-to-scalar ratio is especially

useful for determining the energy scale of in�ation. A large value of Ats corresponds to a

large in�ationary energy scale.

Related to the tensor-to-scalar ratio is another relation known as the Lyth bound.

Expressing Ats in Eq. (2.82) in terms of the number of 4-folds N (see Eq. (1.34)) with

dN = −d ln0 = −�dC , we obtain

Ats =
8

"2

Pl

(
di

dN

)
2

. (2.83)

This relation can be used to determine the amount Δi the �eld i has changed between

the end of in�ation atNend and the time �uctuations observed in the CMB left the horizon.

This occurredNCMB ≈ 40− 60 4-folds before the end of in�ation and Δi can be computed

from

Δi

"Pl

=

∫ NCMB

N
end

(Ats
8

)
1/2

dN . (2.84)

It was found that this expression can be approximated during slow-roll in�ation yielding

the Lyth bound [88]

Δi

"Pl

= O(1) ×
( Ats
0.01

)
1/2

, (2.85)
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where Ats = Ats(NCMB). Thus, one can expect large values of the tensor-to-scalar ratio

for large-�eld models of in�ation that are classi�ed by Δi > "Pl and accordingly small

values of Ats for small-�eld models.

2.3 Evolution of Ma�er Perturbations

Having seen that in�ation produces tiny perturbations that are essentially frozen on

superhorizon scales, we now study their evolution once they re-enter the horizon at the

time when the Universe was radiation- or matter-dominated. We will see that there is

e�cient growth of matter perturbations only during matter-domination
28

and how the

primordial curvature perturbations can be related to �uctuations in the matter density. In

the following, we consider the evolution of subhorizon density perturbations assuming

slowly varying gravitational �elds and nonrelativistic velocities. This allows a Newtonian

treatment and the relativistic e�ects in the equations of motion obtained in Section 2.1

can be neglected.

2.3.1 Gravitational Instability and Linear Growth

We start from the perturbed continuity and Euler equations for a relativistic �uid (see

Eqs. (2.34) and (2.35)) and consider a perfect �uid with vanishing anisotropic stress,

i.e. Ψ = Φ. In terms of the equation of state parameter F = s?/sd and speed of sound

22B = X?/Xd , the continuity and Euler equations for adiabatic perturbations (22B ≈ F ) then

simplify to [213]

X′ = −(1 +F) (∇ · v − 3Φ′) , (2.86)

v′ = −H(1 − 3F)v − 22B

1 +F ∇X − ∇Φ , (2.87)

where Eq. (B.5) was used to replaceF ′. Taking the time derivative of Eq. (2.86) and the

divergence of Eq. (2.87), we obtain a second-order di�erential equation for the evolution

of the density perturbations on subhorizon scales [213],

X′′ + (1 − 3F)HX′ − 22B∇2X = (1 +F)∇2Φ . (2.88)

Note that we neglected the time derivatives of the metric perturbation Φ in the derivation

of Eq. (2.88). As discussed in Ref. [213], this is justi�ed on subhorizon scales and valid

28. This does not mean that gravitational structures cannot form before matter-radiation-equality at all.

For example, axion miniclusters (see Chapter 4) start to form already during radiation-domination.
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when the metric perturbation is averaged over a Hubble time. As the density perturbations

are coupled to the gravitational potential via the Poisson equation (see Eq. (2.26))

∇2Φ = 4c�02sdX , (2.89)

the perturbation Eq. (2.88) can be written in Fourier space as

X′′
:
+ (1 − 3F)HX′

:
+

(
22B:

2 − (1 +F)4c�02sd
)
X: = 0 . (2.90)

The scale : � at which the gravity term is equal to the pressure term 22B:
2X: is the so-called

Jeans scale [213]

:2� = (1 +F)
4c�02sd

22B
. (2.91)

For large scales (: < : � ), the pressure term in Eq. (2.90) can be neglected and gravity leads

to growing perturbations. Vice versa, gravity is subdominant on small scales (: > : � )

and perturbations oscillate without growing.

Considering now a nonrelativistic �uid, like CDM withF = 0, the pressure term can

be omitted and the equation of motion takes the form (cf. Eq. (2.38))

X′′
:
+ HX′

:
− 4c�02sdX: = 0 . (2.92)

Evidently, this equation does not depend on : which means that all perturbations X: grow

at the same rate.
29

This allows us to decompose solutions of this equation into factors of

a time-dependent and a spatial part. As there exist two solutions to Eq. (2.92), the general

form of the solution in real space can be expressed as

X (x, g) = �+(g)�+(x) + �−(g)�−(x) . (2.93)

The functions �+(g) and �−(g) describe the evolution of the perturbations, while �+(x)
and �−(x) contain information about the initial conditions of X . For a purely matter-

dominated universe (Ω< = 1), one �nds that there is a solution with linear growth,

�+(g) = 0(g), and a decaying solution �−(g) = 0−3/2(g) that can be neglected. Thus,

density perturbations grow linearly with scale factor in a matter-dominated universe.

It is now illustrative to study the behaviour of perturbations at early times when the

universe was dominated by radiation and matter, and at late times when the radiation

component can be neglected and dark energy becomes dominant. Starting with early

times, the total background energy density can be approximated as sd = sd< + sdA . As

29. Note that this is only correct for linear perturbations. Once higher-order corrections become relevant,

products of the density and velocity perturbations lead to coupled Fourier modes [230].
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perturbations in the radiation component only oscillate and do not grow
30

, they can be

neglected and Eq. (2.92) becomes for matter perturbations [52]

X′′< + HX′< − 4c�02sd<X< ≈ 0 . (2.94)

Note that the radiation component is assumed to be smooth and has only been considered

in the expansion rate. Introducing the variable ~ = 0/0eq, the Hubble parameter can be

written as

H 2 =
H 2

0
Ω2

<

ΩA

(
1

~
+ 1

~2

)
. (2.95)

Then, Eq. (2.94) becomes [52]

d
2X<

d~2
+ 2 + 3~
2~ (1 + ~)

dX<

d~
− 3

2~ (1 + ~)X< = 0 , (2.96)

which is known as the Mészáros equation and solved by [52]

X< = �+

(
1 + 3

2

~

)
+�−

[(
1 + 3

2

~

)
ln

(1 + ~)1/2 + 1
(1 + ~)1/2 − 1

− 3(1 + ~)1/2
]
. (2.97)

The matter perturbations behave as X< ∼ ln0 during radiation-domination (~ � 1) and as

X< ∼ 0 during matter-domination (~ � 1). Thus, they experience signi�cant growth only

once the Universe has become matter-dominated. In the late-time Universe, dark energy

starts to dominate andH 2 = 8c� sdΛ0
2/3 � 4c�02sd< , so the last term in Eq. (2.94) can

be omitted. Using furthermore thatH = −g−1 in a dark energy-dominated universe, the

equation of motion for matter perturbations then becomes X′′< − X′</g ≈ 0. It is solved by

X< = �+ +�− exp(−2Hg). Hence, matter perturbations stop growing once dark energy

dominates the energy budget of a universe.

2.3.2 Ma�er Power Spectrum

Since the primordial curvature perturbations generated during in�ation are assumed

to be the origin of all the structures in our Universe, all sorts of perturbations in the

post-in�ationary Universe are related to the in�aton perturbations Xi . In the following,

the curvature power spectrum Δ2

R from in�ation (see Eq. (2.68)) is linked to the power

spectrum of density perturbations.

30. This can be best seen by analysing Eq. (2.90) and the Jeans scale for a radiation component. Using

the �rst Friedmann Eq. (B.1) in conformal time, we obtain that in this case : � ∼ H . Thus, subhorizon

scales : � H are also sub-Jeans scales and the pressure term in Eq. (2.90) dominates. This results in an

oscillatory solution for radiation.
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Using the result for the comoving curvature perturbation R from Eq. (2.50), one

obtains a di�erential equation for the metric perturbation Φ,

5 + 3F
3

Φ + 2Φ′

3H = (1 +F)R . (2.98)

Exploiting that R is constant on superhorizon scales for adiabatic perturbations and

assuming thatF does not change as well, this equation can be solved by [213]

Φ =
3 + 3F
5 + 3F R . (2.99)

Note that we omitted the decaying part of this solution. According to the Poisson Eq. (2.89),

the metric perturbation is related to the density perturbation,

X: = −
(
:

0

)
2 Φ:
4c� sd

= −2
3

(
:

H

)
2

Φ: , (2.100)

once Φ: has entered the horizon. It is insightful to study how Φ evolves in the matter-

and radiation-dominated eras which is given by Eq. (2.30). In the matter era, Eq. (2.30)

reduces to

Φ′′ + 6

g
Φ′ = 0 , (2.101)

which is solved by Φ = �+ +�−0−5/2. Thus, Φ is constant during matter-domination. In a

radiation-dominated universe, the equation of motion for Φ is [213]

Φ′′ + 4

g
Φ′ − 1

3

∇2Φ = 0 . (2.102)

One �nds that Φ oscillates with a decreasing amplitude and behaves as Φ ∼ 0−2 on

subhorizon scales [213]. Since Φ does not change on subhorizon scales in a matter-

dominated universe, one can directly relate the density perturbations X: to the primordial

curvature perturbation R: ,

X: = −
2

3

(
:

H

)
2

Φ: = −
2

5

(
:

H

)
2

R: , (2.103)

where we used that Φ: = 3R:/5 forF = 0. However, this is not the case for perturbations

entering already during radiation-domination. One needs to consider that Φ ∼ 0−2 during

this time, and that the related density perturbation X: grows only logarithmically until

matter-radiation equality. Denoting the scale entering the horizon at matter-radiation

equality as :eq, smaller scales with : > :eq become subhorizon at earlier times and

experience thus more suppression. All of these e�ects can be incorporated into a transfer
function ) (:, g) such that [52]

X: (g) = −
2

5

(
:

H

)
2

) (:, g)R: , (2.104)
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where by de�nition) (:, g) = 1 for : � :eq. This guarantees that one recovers Eq. (2.103)

for large scales entering the horizon during matter-domination. The suppression of

small scales is accounted for by requiring ) (:, g) ∼ (:eq/:)2 [52]. In practice, a full

analytical solution for the transfer function does not exist. Its computation is usually

done numerically with codes such as Camb [231] which can take into account all relevant

physical e�ects. Due to the homogeneity and isotropy of the background universe, the

transfer function does not depend on the direction of k. Taking the squared average of

Eq. (2.104) gives the power spectrum of density perturbations which is also called the

matter power spectrum

Δ2

< (:, g) =
4

25

(
:

H

)
4

) 2(:, g)Δ2

R . (2.105)

In this expression, Δ2

R is the in�ationary spectrum from Eq. (2.71). In contrast to the

primordial curvature power spectrum, the matter power spectrum is not scale-invariant.

While the transfer function modi�es the matter power spectrum for small scales : > :eq,

the shape of the primordial spectrum is preserved for the large scales : � :eq which

enter the horizon during matter-domination.

2.3.3 Lagrangian Perturbation Theory

So far, perturbations have been described in the Eulerian framework which allows for the

evaluation of the density and velocity �elds at any point in space and time. For the sake of

completeness, we brie�y introduce the concept of Lagrangian perturbation theory (LPT)

where the trajectories of �uid elements are followed instead of solving the equations of

motion for the density and velocity �elds. In LPT, one de�nes the displacement �eld
31

Ψ(q, g) which connects initial particle positions q to the �nal Eulerian positions x [232],

x(g) = q +Ψ(q, g) , x′(g) = d

dg
Ψ(q, g) . (2.106)

Rewriting the equation of motion for particle trajectories x(g) in terms of the displacement

�eld, one ends up with a nonlinear equation for Ψ(q, g). It can be solved perturbatively,

i.e. by expanding the displacement �eld as

Ψ(q, g) = Ψ(1) (q, g) +Ψ(2) (q, g) + . . . , (2.107)

where the omitted higher-order terms improve the solution only marginally [232]. Ex-

ploiting conservation of mass, sd (1+X (x))d3x = sdd3q, one can show that the Jacobian � (q)
31. Note that the displacement �eld is denoted by Ψ while the metric perturbation from the previous

sections is denoted by Ψ.
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of the transformation in Eq. (2.106) is related to the density perturbation X (x) as [233]

1 + X (x) = 1

� (q) =
����det ( mG8m@ 9

)����−1 . (2.108)

Once �uid elements with di�erent initial positions reach the same position x and cross

each other, a situation known as shell-crossing, the Jacobian becomes zero, leading to a

singularity in the density perturbation. Note that already displacements to linear order

in LPT contain nonlinear information about the Eulerian density �eld, so Eq. (2.108) is

essentially a nonlinear relation [232]. Considering only the linear order term Ψ(1) (q, g)
in the displacement �eld is known as the Zel’dovich approximation (ZA) [234]. It leads

to the result that

∇q · Ψ(1) (q, g) = −� (1) (g)X8 (q) , (2.109)

where X8 (q) is the initial density �uctuation and� (1) (g) is a linear growth factor. This can

be understood as initialising �uid particles with straight trajectories where their initial

velocities are speci�ed by the initial density perturbation. The ZA provides a suitable

description of the evolution in the single-streaming regime where a unique velocity value

can be assigned to each point in space. However, even before shell-crossing occurs and

multiple streams of matter exist in the same space, the ZA becomes invalid. Taking into

account the second-order perturbation Ψ(2) (q, g), referred to as 2LPT, improves the ZA

in describing the Eulerian density and velocity �elds drastically [232]. Both the ZA and

2LPT are used for the generation of the initial conditions in N-body simulations [235]. We

will make use of the publicly available Music code [236] to generate the initial conditions

for the simulations presented in Chapter 5.

2.4 Gravitational Collapse of Perturbations

In the previous discussion of the growth of density perturbations in Section 2.3.1 only

perturbations up to linear order were considered. This provides an accurate description

only for X � 1. Once X ∼ 1, nonlinear e�ects become important which requires taking

into account higher-order perturbations. They can either be directly included in the

Eulerian framework or via LPT which yields nonlinear density perturbations already

when perturbing the displacement �eld to linear order. Eventually, density �uctuations

will grow beyond X & 1 and nonlinear perturbation theory breaks down. This occurs

before gravitationally-bound objects such as in�aton halos, axion miniclusters or galaxies

start to form. Numerical simulations can be used to study the gravitational collapse

of initially small density �uctuations and to predict the evolution of structures in the
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Universe. However, under certain conditions (semi)analytical models of gravitational

collapse can be applied to gain an understanding of gravitational clustering and the

distribution of collapsed objects in the Universe.

2.4.1 Spherical Collapse Model

Considering a spherically symmetric perturbation with radial size ' and an initial over-

density X in a �at and matter-dominated universe provides valuable insight into the

behaviour of perturbations in the nonlinear regime. Since the evolution of the spherical

mass distribution is independent of the background universe, it can be considered as a

universe on its own with positive curvature  > 0. It will reach a maximal extent 'max

at some time Cmax and eventually collapse. The corresponding Friedmann equations are

solved by [52]

'(o) = 'max

2

(1 − coso) , C (o) = Cmax

c
(o − sino) , (2.110)

where the angle o runs from 0 to 2c . Evidently, the sphere grows and reaches its maximal

size 'max at o = c . From there on, the overdensity starts to collapse which is why 'max is

also called the turn-around radius. At earlier times, o � 1 and the overdensity is still in

the linear regime. Then, the expressions for both '(o) and C (o) can be expanded in a

Taylor series and one obtains that [52]

'(C) ' 'max

4

(
6c

C

Cmax

)
2/3

[
1 − 1

20

(
6c

C

Cmax

)
2/3

]
, (2.111)

which describes the evolution of a spherical perturbation to linear order. Using that

the density of a sphere scales as d ∼ '−3, the corresponding overdensity Xlin = Xd/sd =

−3X'/' can be calculated from Eq. (2.111) which yields [52]

Xlin '
3

20

(
6c

C

Cmax

)
2/3

. (2.112)

Thus, the linear overdensity at the time of turn-around is X ta
lin

= 1.06 which means that

density perturbations in linear theory start to collapse when Xlin ∼ 1. Note that the actual

overdensity in the spherical collapse model at the same time is X ta = 4.55, i.e. larger by a

factor of 4 [52]. After turn-around, the collapse proceeds similarly to the preceding phase

of expansion and completes at C = 2Cmax. According to Eq. (2.112), the density contrast is

Xcoll
lin

= 1.686 in linear theory at this time.

While a density perturbation reaches in�nity at the time of collapse in the spherical

collapse model, there are always tiny departures from perfect spherical symmetry in
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reality. They lead to the formation of gravitationally-bound structures such as dark

matter halos and �laments. A useful approximation for the time scale of the gravitational

collapse of a spherically symmetric object is the free-fall time
32

[230]

C� =

(
3c

32� sd

)
1/2

, (2.113)

where sd is the average density of the collapsing object. During the collapse, gravitational

potential energy is converted into kinetic energy. Eventually, a halo will reach virial

equilibrium meaning that the potential energy �pot and the kinetic energy �kin satisfy the

virial theorem, 2�kin + �pot = 0. This implies that a spherical object virialises at radius

Avir = 'max/2, i.e. at o = 2c , where the spherical collapse model predicts an overdensity

of Xvir ' 178 [230]. Numerical simulations revealed that the overdensity at virialisation

Δvir = d (Cvir)/sd (Cvir) − 1 in a �at ΛCDM universe is well described by [237–239]

Δvir(I) ≈
18c2 + 82G − 39G2

Ω< (I)
, (2.114)

where I is the redshift of virialisation and G = Ω< (I) − 1 with

Ω< (I) =
Ω<,0(1 + I)3

Ω<,0(1 + I)3 + ΩA,0(1 + I)4 + ΩΛ,0
. (2.115)

For a purely matter-dominated universe, the virial overdensity Δvir = 18c2 ≈ 178 does

not depend on time and coincides with the result obtained from the spherical collapse

model. In numerical simulations, this parameter is used to de�ne the average density of

a collapsed object. To avoid any dependency on the cosmological model, it is also quite

common to use Δvir = 200 instead.

2.4.2 Press-Schechter Theory

The spherical collapse model tells us that a linearly evolved overdensity will collapse

and form a halo once
33 X (x, C) > X2 = 1.686. Working with the linearly extrapolated

overdensity X0(x) = X (x, C)/� (C) where � (C) is the linear growth factor normalised to

unity at redshift I = 0, this is equivalent to X0(x) > X2/� (C) ≡ X2 (C). In fact, this simple

collapse criterion can be used to estimate the mass distribution of halos. The ansatz of

the Press-Schechter (PS) formalism [243] is to smooth the density �eld with a window

32. This time scale de�nes the time it takes a uniform, pressure-free sphere to collapse [230].

33. Note that this is only true in a matter-dominated universe. The collapse threshold is modi�ed during

radiation-domination which is relevant for axion minicluster formation [240–242].
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function
34, (x, ') such that it is �ltered on a length scale ',

XB (x, ') =
∫

X0(x′), (x + x′, ')d3x′ . (2.116)

The �lter scale can be related to a mass " and all points in space satisfying XB (x, ') >
X2 (C) are considered to be part of a halo. The idea is now to relate the probability that

XB (x, ') > X2 (C) to the fraction of the total mass contained within halos with a mass larger

than " . Assuming a Gaussian density �eld as generated by in�ation, the probability

is [230]

P[> X2 (C)] =
1√

2cf2(')

∫ ∞

X2 (C)
dX exp

(
− X2

2f2(')

)
. (2.117)

The variance f2(') on scale ' of the smoothed density �eld can be expressed in terms of

the linear power spectrum % (:) and the window function in Fourier space,' (:) as

f2(') = 1

2c2

∫ ∞

0

% (:),' (:):2d: . (2.118)

Introducing the halo mass function (HMF) d=/d log" , which is the comoving number

density of halos per logarithmic mass bin, the mass fraction � (> ") of halos with a mass

larger than " can be written as [243]

� (> ") = 1

sd

∫ ∞

"

d=

d log"′
"′d log"′ , (2.119)

where sd is the comoving background density. Taking into account an additional factor of

2 and demanding that � (> ") = 2P[> X2 (C)], one obtains the Press-Schechter halo mass

function
35

(PS-HMF) by di�erentiating Eq. (2.119) and Eq. (2.117) with respect to " [243],

d=

d log"
= −1

2

sd

"
5 (a)d logf

2

d log"
. (2.120)

Here, a denotes the peak signi�cance and 5 (a) is the multiplicity function given by

5 (a) =
√

2a

c
exp

(
−a
2

)
, with a =

X22 (C)
f2(') . (2.121)

Note that there is a time dependence in the PS-HMF due to the “hidden” linear growth

factor� (C). The proposed multiplicity function in Eq. (2.121) assumes a spherical collapse

34. For the sake of generality, we leave the exact shape of the window function undetermined at this point.

In the case of spherical collapse, it is usually taken to be a top-hat function in real space.

35. The “fudge factor” of 2 was originally introduced rather arbitrarily to account for the possibility that

underdense regions can be contained within a larger overdense region [230]. However, this factor could

be inferred naturally in the excursion set formalism [244], also known as extended Press-Schechter

formalism, where a random walk process is applied to compute � (> ").
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of overdensities. However, it was discovered that considering ellipsoidal dynamics in

terms of a di�erent multiplicity function [245–247]

5st(a) = �st

√
2@sta

c

(
1 + (@sta)−?st

)
exp

(
−@sta

2

)
, (2.122)

with ?st = 0.3,�st = 0.3222 and@st = 0.707, produces halo mass functions that are in better

agreement with N-body simulations than the original PS-HMF. In any case, the HMF

obtained from the Press-Schechter formalism strongly depends on the chosen window

function, (x, '). A common choice to model the spherical collapse is the top-hat window

function which corresponds to a sphere with radius 'th in real space. Correspondingly,

the enclosed mass is given by "th = 4c sd'3
th
/3. In Section 5.3.1, we will instead make

use of the sharp-: window function that is de�ned as a top-hat sphere in Fourier space,

,sk(:'sk) = Θ(1 − :'sk). As this �lter has contributions on all scales in real space, one

cannot simply assign a mass to the �lter scale 'sk. How this issue can be resolved in

order to obtain a PS-HMF with sharp-: �lter is discussed in the context of Section 5.3.1.

2.4.3 N-body Simulations

Numerical N-body simulations have proven to be indispensable for studying the collapse

of density �uctuations well into the nonlinear regime and for understanding the evolution

of structures in our Universe. Under the assumption that a system consists of a self-

gravitating collisionless �uid, which can be described by the 6-dimensional phase space

density 5 (x, p, C), where p = <v is the momentum, the gravitational evolution of the

system is given by the collisionless Boltzmann equation [248]

m5

mC
+ 1
<02

p · ∇5 −<∇+# ·
m5

mp
= 0 . (2.123)

Furthermore, the gravitational potential +# obeys the Poisson equation (see Eq. (2.89))

∇2+# = 4c�02(d − sd) . (2.124)

The system of these two equations is usually referred to as the Vlasov-Poisson equations.

It is suited to describe the evolution of both CDM, such as axions (see Section 4.3), and

the in�aton in the matter-dominated epoch following in�ation (see Section 5.3). The

approach of N-body simulations is to evolve an ensemble of sample particles under their

own gravity. The phase-space distribution 5 (x, p, C) can be approximated from the sample

particles according to [248]

5 (x, p, C) =
#∑
8=1

X� (x − x8 (C))X� (p − p8 (C)) . (2.125)
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This can be understood as a Monte-Carlo sampling of the phase space distribution which

provides a good approximation of the true solution of the Vlasov equation for a su�ciently

large number # . In the �rst step of an N-body simulation, the initial conditions have

to be speci�ed. Based on an initial power spectrum the ZA or 2LPT (see Section 2.3.3)

can be used to initialise particle positions and velocities. Subsequently, the Poisson

equation is solved to compute the gravitational force on each particle in order to update

their position and velocity until the simulation is completed. While usually a leapfrog

integrator [249] is used to update particle positions and velocities at each half a time step,

there are several approaches for the computation of the gravitational force. The latter is

the most challenging part of an N-body simulation.

The simplest and the original approach to achieve this is known as the particle-

particle (PP) method [250]. The force on a particle is obtained by directly summing the

force contributions of all other particles,

F8 =<8

∑
8≠ 9

�< 9

x8 − x 9
|x8 − x 9 |3

. (2.126)

Since this expression diverges once a close encounter between two particles occurs, one

needs to smooth the force between two particles by introducing the softening length Yso�

such that [251]

F8 9 = �<8< 9

x8 − x 9
( |x8 − x 9 |2 + Y2

so�
)3/2

, (2.127)

This can be understood as replacing point particles with spherical particles of size Yso�.

However, the PP method has a computational cost of O(# 2) evaluations that have to

be performed at each time step. Because of this, it is not suitable for large cosmological

simulations that require a large number of particles. A natural extension of the PP method

is the usage of a tree algorithm [252] where particles are grouped together and treated as

a single pseudo-particle instead. While the short-range force between a target particle

and its nearby neighbours is computed via the PP method, one considers the distant

pseudo-particles for the computation of the long-range force. In other words, a multipole

expansion of clusters of particles is performed and truncated at a given order. Compared

to the PP approach, this leads to reduced computational costs of O(# log# ).
In the completely di�erent particle-mesh (PM) method [249], the computational

volume with side length ! is divided into a �xed grid of size # with # 3
cells such that the

width of a cell is ΔG = !/# . Interpolating between particles of �xed size and mass, one

can deduce the density at each grid point. There are di�erent approaches to do so, for

example, nearest-grid-point, cloud-in-cell (CIC) and triangular-shaped-clouds. Particles

are considered to be point-like in the nearest-grid-point approach and the particle mass
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is completely assigned to the grid cell where the particle is located. In the CIC scheme,

particles instead have a �xed size of ΔG and contribute mass to all intersecting cells. CIC

particles are treated as cubes of uniform density in contrast to triangular-shaped-clouds

particles, which have – as the name suggests – a triangular shape. Having a well-de�ned

density, the Poisson equation can be solved very e�ciently on the grid using the Fast

Fourier transform (FFT). As this requires periodic boundary conditions the size of the

simulation box has to be much larger than the scales of interest to prevent arti�cial

interactions due to periodicity. Once the Poisson equation is solved, the forces on the

grid points are interpolated back to the position of the particles. A PM algorithm is

signi�cantly faster than a PP method. However, the spatial resolution is limited by cell

size ΔG which corresponds to an e�ectively rather large softening length Yso� ∼ ΔG . To

reach smaller softening lengths, one can make use of adaptive mesh re�nement (AMR)

which locally introduces additional grids with �ner spacing [253, 254]. In regions of

interest where the density is large, the spatial resolution is thus increased by a hierarchy

of nested rectangular sub-grids. Other methods to increase the spatial resolution of

the simple PM approach are for example the P
3
M and the TreePM scheme. The former

combines PP and PM algorithms where the long-range forces are computed on the grid

exploiting the speed of the FFT and the direct summation of interactions of nearby

particles is used to calculate the short-range forces [249, 255]. The TreePM method is an

additional improvement by adopting a tree algorithm instead of the PP algorithm for the

small-range forces [256–259].

Commonly used tree codes are for example Gadget [259–261] and Pkdgrav [262,

263], while Nyx [264], Enzo [265], Art [266] and Ramses [267] are widely used AMR

codes. It is important to verify that the outcome of simulations with di�erent N-body

codes starting from the same initial conditions closely resemble each other. This has been

con�rmed for the previously mentioned codes by the Agora comparison project [268] and

by recent Nyx simulations that reproduce the patterns observed in the Agora runs [269].

Due to the accordance among the di�erent codes, one can work with the code that is

geared to the needs of a given situation. In this thesis, the TreePM code Gadget-3, a

precursor to the current version Gadget-4 [261], has been used for the �rst simulations

of axion miniclusters (see Section 4.3) and Nyx for the structure formation simulations in

the post-in�ationary universe (see Section 5.3).

Eventually, one needs to locate halos in the simulation volume to extract, for example,

their mass distribution in terms of the halo mass function and to study their formation

history and inner structure. N-body simulations cannot provide such important data on

their own which is why additional algorithms have to be applied to �nd halos. The two

halo �nders that were used for this thesis are Subfind [270, 271], which is specialised to
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analyse Gadget simulation data, in the context of axion miniclusters in Section 4.3 and

Rockstar [272] to identify in�aton halos in the simulations from Section 5.3. The basis of

both halo �nders is a friends-of-friends algorithm [273] which groups particles together

that are close to each other, i.e. their distance must be smaller than a certain linking

length. Having identi�ed a halo, gravitationally unbound particles are removed from it in

order to �nd subhalos within a halo. An overview of di�erent halo �nders and how they

perform can be found in Ref. [274]. They have in common that they characterise halos

in terms of virial quantities. Under the assumption that a halo is spherically symmetric,

one usually de�nes its radial size in terms of the virial radius Avir, for which the average

overdensity within the halo matches the virial parameter Δvir from Eq. (2.114). Then, the

mass of a halo is approximated by the virial mass

"vir =
4c

3

ΔvirsdA
3

vir
, (2.128)

and its circular velocity is given by the virial velocity [230]

Evir =

(
�"vir

Avir

)
1/2

. (2.129)

Once a halo is located, it is of interest to study its internal structure. The mass distribution

of a halo can be described by its density pro�le d (A ). For example, it was shown that the

self-similar infall of an isolated initial density perturbation leads to the steep power-law

pro�le [275]

d (A ) ∝ A−9/4 . (2.130)

High-resolution cosmological N-body simulations have revealed that the density pro�le

of objects forming from hierarchical structure formation can be described by the Navarro-

Frenk-White (NFW) pro�le [71]

dNFW(A ) =
d0

(A/AB) (1 + A/AB)2
, (2.131)

where AB is the so-called scale radius and d0 is a characteristic density. For small radii

A < AB , the NFW pro�le scales as d ∼ A−1 and for large A > AB it behaves as d ∼ A−3.
Thus, the scale radius AB represents the scale where the transition between the two

asymptotic power-law pro�les occurs. At this point one �nds d0 = 4d (AB), so only one

free parameter in Eq. (2.131) is required in this model. Related to the scale radius is the

concentration of an NFW halo which is de�ned by 2NFW = Avir/AB and of O(10) for typical

halos. Remarkably, the NFW pro�le is universal in the sense that it can describe the

density pro�le of halos for any mass and in di�erent cosmological scenarios [237, 276].
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However, simulations have revealed that there are small but systematic deviations in the

density pro�les of halos compared to the NFW pro�le. In fact, the Einasto pro�le [277],

which introduces an additional free parameter in the density pro�le, might provide a

more suitable description [278, 279].

2.4.4 The Peak-Patch Method

Since large and high-resolution N-body simulations are computationally expensive, it

is desirable to use approximate methods to generate large halo catalogues. This can be

achieved by the Peak-Patch algorithm [280]. Instead of resolving the full gravitational

evolution as N-body simulations do, the Peak-Patch method linearly extrapolates an

initial density �eld and identi�es regions with an overdensity larger than X2 = 1.686.

In this way, peaks in the density �eld at any given time can be found. Since they can

be compared to halos in an actual N-body simulation, the Peak-Patch method can be

understood as a halo �nder operating on the initial density �eld. As a result, one obtains

a large halo catalogue having used only a fraction of the computation time and memory

of an N-body simulation. In Section 5.3 we make use of M3P, which is based on the

Peak-Patch algorithm from Refs. [280, 281] and has been adapted for studying axion

miniclusters [240, 241], to validate the in�aton halo mass function obtained from N-body

simulations. In contrast to the Peak-Patch methods from Refs. [280, 281], which take into

account ellipsoidal collapse, M3P only applies the spherical collapse model.

Peaks in the linearly evolved density �eld are detected by smoothing it with a spherical

top-hat �lter in real space on various scales and storing all regions above the density

threshold X2 . It is important to make a wise choice as too few �lters might miss potential

halos. However, too many �lters reduce the computational performance of the �ltering

procedure signi�cantly. Optimally, the �lter sizes should be logarithmically spaced and

cover the mass range of the expected halos. Once peak candidates are identi�ed, the

maximum radius at which a spherical region around a given peak will gravitationally

collapse determines both the size of a halo and its time of collapse. If, for example, the

enclosed average density within a certain radius is smaller than the critical overdensity X2 ,

the radius has to be decreased. As a result, the average density within a smaller enclosed

region will eventually be large enough to ful�l the collapse criterion. The mass of the

collapsed halo is then given by the average density within the collapse radius.

Since halos can overlap with each other and smaller collapsed objects might actually be

contained within larger ones, a hierarchical Lagrangian exclusion and reduction algorithm

is performed in the next step. This avoids any double-counting of mass and ensures

that halo candidates are distinct. Beginning with the most massive halo candidates, any
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halo whose centre lies within the radius of the larger one is excluded from the list of

halo candidates. Furthermore, overlapping halos are reduced in size to prevent double-

counting of mass. Eventually, the displacement �eld Ψ(q) is computed from the density

�eld to determine the �nal Eulerian position of the halos using either the ZA or 2LPT.
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Chapter3

Structure Formation with

Nonrelativistic Scalar Fields

Having discussed the growth and collapse of matter density perturbations in the previous

chapter, we now address self-gravitating scalar �elds in the context of cosmological

structure formation. As already noted in Chapter 1, the in�aton, the QCD axion and any

other ALPs are described by scalar �elds which can form gravitationally-bound objects

in di�erent cosmological scenarios. They have in common that they can be considered as

cold – and thus nonrelativistic – matter, they have high occupation numbers which allows

us to treat them as classical scalar �elds, and their self-interactions can be neglected in

our scenarios of interest.

The evolution equations of a nonrelativistic, self-gravitating scalar �eld are derived

at the beginning of this chapter. We will see that the evolution is governed by the

familiar Schrödinger equation. However, it is important to emphasise that purely classical
scalar �elds are considered and quantum e�ects do not exist. Instead, one should regard

this analogy as a wavelike description of the scalar �eld with the associated wavelike

behaviour on scales of the de Broglie wavelength. Aside from wave interference patterns,

a prominent feature is the formation of bound solitonic objects. Exploring the nonlinear

evolution of scalar �eld �uctuations requires large numerical simulations. Lately, there

has been substantial progress in the development of di�erent numerical schemes. They

can be separated into particle-based approaches adopting a �uid formulation of the

Schrödinger equation, grid-based approaches solving the wave equation directly with

�nite di�erence and pseudo-spectral methods, and a hybrid approach that aims to combine

the advantages of the �uid and the �eld description.

The basis for the di�erent approaches is provided in Section 3.1 where the Schrö-

dinger and its �uid formulation are introduced. This is followed by a discussion of its
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relation to the Vlasov-Poisson equations that govern the evolution of nonrelativistic

collisionless particles such as CDM. An overview of the available numerical toolbox is

given in Section 3.2, including a brief description of the cosmology code AxioNyx [43]

that was adapted for the Schrödinger simulations of the early Universe presented in

Section 5.4.

3.1 Scalar Field Dynamics

Any real scalar �eld q with mass<, which does not couple to other �elds and does not

interact with itself except for gravity, can be described by the action in Eq. (1.23) with

Lagrangian
36

L = −1
2

6`am`qmaq −
1

2

<2

ℏ2
q2 . (3.1)

As before in Section 1.2.2, one can vary the action in Eq. (1.23) with respect to q to obtain

the Klein-Gordon equation

�q − <
2

ℏ2
q = 0 , (3.2)

where we introduced the d’Alembertian operator [46]

� = m`m
` =

1

√−6 m` (
√−66`ama ) . (3.3)

Considering the FLRW background metric, the perturbed line element in Newtonian

gauge is (see Eq. (2.8))

dB2 = −(1 + 2+# )dC2 + 02(1 − 2+# ) (dG2 + d~2 + dI2) , (3.4)

where we used that a scalar �eld has no anisotropic stress, i.e. Φ = Ψ (cf. Eq. (2.29) and

Appendix B.3) and we identi�ed the Newtonian potential as +# = Φ. We now consider

the nonrelativistic limit of the Klein-Gordon equation to derive the evolution equation

for a nonrelativistic scalar �eld.

3.1.1 Evolution Equations in the Nonrelativistic Limit

We start by taking the nonrelativistic limit of the d’Alembertian in Eq. (3.3). According to

the post-Newtonian approximation, where the parameter Ynr is introduced to account for

36. This corresponds to using the quadratic in�aton potential from Eq. (1.38). In this chapter, we explicitly

take the ℏ dependence into account.
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relativistic corrections, the gravitational potential scales as+# ∼ Y2nr [51]. Since the metric

determinant is

√−6 = 03(1− 2+# ) to O(Y2
nr
) and mC

√−6 = 3�
√−6, the d’Alembertian can

be expanded as [25]

� = −(1 − 2+# ) (m2C + 3�mC ) + 0−2(1 + 2+# )∇2 + O(Y4nr) . (3.5)

Apart from this, the nonrelativistic limit implies
37

that < � � which motivates us

to introduce another perturbative parameter YWKB ∼ �/<. In this limit, the Wentzel-

Kramers-Brillouin (WKB) approximation can be applied to express q in terms of the

slowly varying and complex �eldk [282],

q (x, C) = ℏ
√
2<

(
k (x, C)4−8<C/ℏ +k ∗(x, C)48<C/ℏ

)
. (3.6)

As q performs fast oscillations with frequency<, the idea of this ansatz is to factor out

the oscillations and consider instead the equation of motion for the �eld k that obeys

|ℏmCk | � |<k |. Calculating the derivatives mCq , m2C q and ∇2q in terms of k up to �rst-

order in YWKB = |ℏmCk |/|<k |, inserting them into the Klein-Gordon Eq. (3.2) with the

d’Alembertian from Eq. (3.5), and performing an expansion to O(Y2
nr
, YWKB), the equation

of motion fork reads
38

[25]

8mCk +
3

2

8�k + ℏ

2<02
∇2k − <

ℏ
+#k = 0 . (3.7)

Making use of Eq. (1.25), the energy density of the scalar �eld can be computed from the

stress-energy tensor up to O(Y2
nr
),

d = −) 0

0
=
1

2

[
(1 − 2+# ) (mCq)2 + 0−2(1 + 2+# )∇2q +

<2

ℏ2
q2

]
. (3.8)

Applying once more the WKB approximation and expanding the energy density to

O(Y2
nr
, YWKB) gives that d = |k |2. This allows the Poisson equation to be expressed in

terms ofk as (see Eq. (2.89))

∇2+# = 4c�02
(
|k |2 − 〈|k |2〉

)
, (3.9)

where 〈|k |2〉 = sd is the homogeneous background density. We now multiply Eq. (3.7) with

ℏ and consider the comoving �eldk instead of the physical �eld that are related bykphys =

0−3/2kcomv. Then, we obtain the comoving Schrödinger-Poisson (SP) equations [283, 284],

8ℏmCk = − ℏ2

2<02
∇2k ++#<k , (3.10)

∇2+# =
4c�

0
(d − sd) , (3.11)

37. In the nonrelativistic regime, the Hubble length ;� = 2/� is large compared to the Compton wavelength

_� = ℏ/(<2), so � �</ℏ.

38. Note that the equation of motion fork ∗ can be obtained accordingly.
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Using the Madelung transformation which expressesk in terms of the density and the

complex phase ( [285],

k =
√
d48(</ℏ , (3.12)

it is possible to rewrite the Schrödinger Eq. (3.10) in the form of nonrelativistic �uid

equations that are similar to the continuity and the Euler equation. Substituting the

Madelung expression fork in Eq. (3.10) yields

8ℏ
mCd

2

√
d
− √d<mC( = − ℏ2

2<02

[
∇2√d − √d<

2

ℏ2
(∇()2

]
+<+#

√
d

− 8ℏ

202

[
∇d
√
d
∇( + √d∇2(

]
. (3.13)

De�ning the �uid velocity as v = ∇( , the imaginary part of Eq. (3.13) gives the comoving

continuity equation [286]

mCd + 0−2∇(dv) = 0 . (3.14)

Taking the real part of Eq. (3.13) leads to an evolution equation for the phase ( ,

mC( = −
(
(∇()2
202

++# +&
)
, (3.15)

where

& = − ℏ2

2<202

∇2√d
√
d

(3.16)

is often referred to as “quantum potential” or “quantum pressure” in the literature. This

naming convention originates from the similarity of & to the Bohm quantum poten-

tial [287]. Note that in this context,& does not have a quantum origin but simply depends

on the curvature of the amplitude of the wave functionk . Taking the spatial derivative

of Eq. (3.15) we obtain the comoving Euler equation,

mCv + 0−2v(∇ · v) = −∇(+# +&) , (3.17)

where the hydrodynamic pressure is replaced by & .

3.1.2 Structure Formation

Perturbing the continuity Eq. (3.14) and the Euler Eq. (3.17) in analogy to the procedure

in Section 2.3.1 to linear order, the linearised equations are

0 = 02mCXd + sd ∇ · v , (3.18)

0 = sdmCv + sd ∇+# −
ℏ2

4<202
∇(∇2Xd) . (3.19)
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Taking the time derivative of Eq. (3.18) and the divergence of Eq. (3.19), the resulting two

equations can be combined with the Poisson Eq. (3.11) which yields the second-order

di�erential equations for X = Xd/sd ,

0 = mC (02mCX) −
4c�

0
sdX + ℏ2

4<202
∇2(∇2X) . (3.20)

This perturbation equation can be written in Fourier space as [286]

¥X: + 2� ¤X: +
(
ℏ2:4

4<204
− 4c� sd

03

)
X: = 0 , (3.21)

and allows a stability analysis as done before in Section 2.3.1. Identifying a pressure and

a gravity term in front of X: in Eq. (3.21), they compensate each other at the comoving

Jeans scale [286]

: � =

(
16c0� sd

<2

ℏ2

)
1/4

. (3.22)

As in Section 2.3.1, the pressure term can be omitted on large scales (: < : � ), and gravity

leads to growing overdensities. Thus, a nonrelativistic scalar �eld behaves similarly

to a pressureless �uid like CDM on large scales.
39

In contrast to a pressureless �uid,

overdensities in a scalar �eld oscillate without growing on small scales (: > : � ) where

gravity is subdominant, which prevents further collapse [286].

In fact, it is possible to relate the Jeans length _� = 2c/: � to the de Broglie wavelength

_dB = 2cℏ/(<E) of the ground state of a particle with mass< and velocity E in a potential

well [26]. We now interpret the de Broglie wavelength as the minimum size of a collapsed

object and consider a halo with size ' and a characteristic velocity E ' '/C� given

by its free-fall time C� (see Eq. (2.113)). By demanding ' = _dB we then �nd that the

characteristic physical de Broglie wavelength of a halo is [26]

_dB =
2cℏ

<E
=

(
3c303

8� sd

)
1/4 (

ℏ

<

)
1/2

. (3.23)

Comparing this expression with the physical Jeans wavelength by using Eq. (3.22),

_� =
2c0

: �
=

(
c303

� sd

)
1/4 (

ℏ

<

)
1/2

, (3.24)

we can indeed con�rm that _dB ' _� . The quantum origin of the de Broglie wavelength

might be used as a motivation to explain the stability below the Jeans scale with the

39. Note that this is the prediction of linear perturbation theory. Taking into account higher-order pertur-

bations leads to an enhanced growth rate instead of further suppression [288].
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uncertainty principle. However, this is misleading since it is actually the gradient energy

that is dominant on small scales and ensures gravitational stability. Note again that the

evolution equations for a nonrelativistic scalar �eld are completely classical.

Structure formation with a nonrelativistic scalar �eld as an alternative to standard

CDM was discussed by the authors of Ref. [282]. Based on this, the FDM model [26] was

proposed to resolve the emerging small-scale problems of CDM. The authors of Ref. [26]

showed that the linear power spectrum of FDM coincides with that of CDM on large scales

while the suppression of gravitational growth on smaller scales produces a sharp cut-o�

in the power spectrum. A �rst estimate revealed that the power spectrum is suppressed by

a factor of two at the scale :1/2 = 4.5Mpc
−1

for an FDM mass of< = 10
−22

eV. The cut-o�

in the power spectrum translates to the suppression of halos below the corresponding

mass scale. This provides an explanation for the missing satellite problem [18, 19] and the

delayed collapse of small-scale structures a�ects the reionisation history [26]. Importantly,

FDM predicts the formation of a core with a size given by the de Broglie wavelength

inside a dark matter halo which alleviates the cusp-core problem of the ΛCDM model.

The �rst cosmological simulations that proved the formation of stable solitonic cores in

the centre of FDM halos were reported in Ref. [289]. Additional striking features of FDM

that were observed for the �rst time in Ref. [289] are interference patterns that form

along �laments and in collapsed halos. These �uctuations in the density �eld appear on

scales of the de Broglie wavelength and are known as granules.

FDM has received much attention the past years since it can tackle several small-

scale problems of ΛCDM at the same time by introducing only a single additional free

parameter, the FDM mass<. This has led to a number of observational constraints on the

FDM mass that cast doubt on whether FDM can actually solve the small-scale problems.

Without going into great detail, there are constraints from early structure formation, such

as observations of the Lyman-alpha forest [15, 290, 291], and from galactic structures

(see e.g. Refs. [292–294]). Additional constraints can be derived from processes involving

dynamical friction where it is assumed that the granular structure of FDM halos leads

to the heating of stars in a galaxy (see e.g. Refs. [295–297]). An extensive overview

of FDM mass constraints can be found for example in Ref. [298]. These observations

are closing the mass window of FDM and some results already disfavour FDM masses

that are required to solve the small-scale problems of ΛCDM. Note that the constraints

are derived under the assumption that the total dark matter density consists of FDM.

However, they are modi�ed if FDM constitutes only a certain fraction of the total dark

matter in the Universe. Simulations of a mixed dark matter model consisting of FDM

and CDM with varying fractions of FDM were performed in Ref. [43] and showed that a

solitonic core inside a halo still forms if the fraction of FDM is larger than 10%.
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Independent of the possible exclusion of FDM, the scalar �eld description that leads

to the formation of solitonic cores can be used to study the core formation in other

cosmological scenarios. This includes, for example, axion stars inside axion miniclusters

and in�aton stars in the centre of in�aton halos. The physics of the solitons is the same

in each of these three cases and is discussed in the following section. However, their

mass and size di�er signi�cantly from each other and their existence leads to di�erent

observational signatures. Axion stars and in�aton stars are further discussed in Section 4.4

and Section 5.4, respectively.

3.1.3 Solitonic Cores

To gain insight into the origin of the solitonic cores, one can consider a wave function

of the form k (x, C) = k (x) exp(−8�C/ℏ). Inserting this ansatz in the SP equations (see

Eqs. (3.10) and (3.11)) for 0 = 1 yields the time-independent SP equations,

�k = − ℏ2

2<
∇2k ++#<k , (3.25)

∇2+# = 4c�k 2 . (3.26)

Restricting ourselves to spherical solutions, the time-independent SP equations simplify

to a system of ordinary di�erential equations [299]

m2Ak +
2mAk

A
=
2<

ℏ2
(+#< − �)k , (3.27)

m2A+# +
2mA+#

A
= 4c�k 2 , (3.28)

that can be solved numerically to �nd spherically symmetric stationary solutions [299–

304]. One can recognise the spherical SP equations as an eigenvalue problem. Its solutions

are eigenstates ordered with increasing energy according to the number of nodal radii

= = 0, 1, 2, . . . where the density d = |k |2 vanishes. The ground state solution is the

= = 0 eigenstate with minimum energy, known as soliton, while solutions with = ≥ 1

are excited states. Depending on the cosmological context, the solitons are referred

to as Bose or boson stars [28, 305–307], solitonic cores [289, 308, 309], axion stars [42,

310–312], or in�aton stars [38, 41]. The properties of the lowest eigenstates of Eqs. (3.27)

and (3.28), such as their central density and the half-mass radius, can be found for example

in Ref. [304]. Importantly, the SP equations themselves and thus also their ground state

solution follow a scaling symmetry [299, 313]

{C, A,+# ,k, d} → {_−2C, _−1A, _2+# , _2k, _4d} . (3.29)
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Thus, the arbitrary scale parameter _ can be used to construct a family of soliton solutions.

Note that the radial size of a soliton scales as A ∼ d−1/4, consistent with the scaling relation

of the de Broglie wavelength in Eq. (3.23).

A perturbative treatment of solitonic solutions showed that the ground state is stable

and that it is subject to strong quasi-normal oscillations when slightly perturbed [299]. By

emitting scalar matter, a process known as gravitational cooling [299, 314, 315], soliton

con�gurations in excited states eventually settle down to the ground state. Then, the

soliton is in stationary equilibrium and ful�ls the virial condition [303, 304], 2�kin+�pot =
0, where the potential energy is given by

�pot =
1

2

∫
+# |k |2d3x =

1

2

∫
d+#d

3x . (3.30)

Making use of the Madelung transformation in Eq. (3.12) the kinetic energy can be written

as [304]

�kin =
ℏ2

2<2

∫
|∇k |2d3x =

1

2

∫
dv2

d
3x + ℏ2

2<2

∫
(∇√d)2d3x , (3.31)

where the �rst term is the kinetic energy of a �uid. The second term is the gradient energy

that arises from the term de�ned in Eq. (3.16) and prevents the soliton from gravitational

collapse.

Groundbreaking numerical FDM simulations revealed that the radial density pro�le

of a soliton in the centre of a halo can be well approximated by
40,41

[289]

d∗(A ) ' d∗,0

(
1 + 0.091

(
A

A∗

)
2

)−8
. (3.32)

Here, A∗ is the physical core radius at which the density drops to half of its maximum

value and d∗,0 is the physical central core density given by [289, 319]

d∗,0 ' 3.1 × 1015
(
2.5 × 10−22 eV

<

)
2
(
kpc

A∗

)
4

"�
Mpc

3
. (3.33)

De�ning the core mass "∗ as the mass enclosed by A∗ yields [289, 319]

"∗ ' 8.64 × 106
(
2.5 × 10−22 eV

<

)
2
(
kpc

A∗

)
"� . (3.34)

Hence, the core radius A∗, which can be roughly determined by the de Broglie wavelength

corresponding to the local velocity in the centre of the host halo, fully determines both

40. Boson stars have been studied before, for example in Refs. [283, 299, 305, 314, 316, 317].

41. Note that the soliton pro�le can only be obtained numerically and that it is nearly a Gaussian as shown

in Ref. [318].
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the mass of the soliton and its density pro�le for a given particle mass<. While solitonic

cores in the centre of FDM halos have masses of ∼ 10
7"�, typical axion star masses

are smaller than 10
−15"� [39, 42] and the mass of in�aton stars is of O(g) as shown in

Section 5.4.

Since the velocity dispersion varies only mildly within the virial radius of a host

halo, the velocities of the soliton Evir,∗ and of the halo Evir,ℎ satisfy Evir,∗ = Evir,ℎ in virial

equilibrium. This makes it possible to relate the core mass to the virial mass of its host

halo and numerical simulations found that [308]

"∗ =
1

4

0−1/2
(
Δvir(I)
Δvir(0)

)
1/6 (

"ℎ

"0

)
1/3
"0 , (3.35)

known as the core-halo mass relation. The virial parameter Δvir(I) is given by Eq. (2.114)

and the mass scale

"0 = 32c sd0

(
Δvir(0)
375Ω3

<,0

)
1/4 (

ℏ

<�0

)
3/2
∼ 4.4 × 107

(
10
−22

eV

<

)
3/2

"� (3.36)

is approximately the present Jeans mass, i.e. the minimum possible halo mass. The core-

halo mass relation is useful for predicting the expected core masses in a halo, however, it

should be clear that it is only an approximation and other simulations favour the slightly

di�erent scaling relation "∗ ∼ "5/9
ℎ

[320]. Also, instead of using Eq. (3.35) it is actually

more practical to express the core mass in terms of the virial velocity of its host halo.

Applying a halo �nder to an N-body simulation naturally outputs the virial velocity

of each identi�ed halo which, in a further step, can be immediately used to compute

the corresponding soliton masses.
42

This is done in Section 5.4 to determine the mass

distribution of in�aton stars from the in�aton halo mass function obtained from the

N-body simulations presented in Section 5.3.

3.1.4 The �estion of Soliton Formation

The cosmological FDM simulations by Ref. [289] proved the existence of solitonic cores

in the centre of FDM halos. However, the physical processes that led to their formation

in the �rst place were not discussed. The question of soliton formation was addressed

in Ref. [307]. In this work, they studied numerically the evolution of a superposition of

plane waves that are initially Gaussian distributed in momentum space. They considered

the kinetic regime where the box size ! of their simulation is much larger than the de

42. Of course, pure N-body simulations cannot be used for simulations of soliton formation as this requires

solving the SP equations.
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Broglie wavelength, ! � _dB. Starting from the Wigner distribution of an ensemble of

random classical �elds [321]

5, (x, p) =
1

(cℏ)3
∫

d
3x′ exp

(
28

ℏ
p · x′

)
〈k (x + x′)k ∗(x − x′)〉 , (3.37)

taking the derivative of 5, and inserting the SP equations, one obtains the evolution

equation [286]

mC 5, +
p
02<
∇x5, =

8<

c3ℏ4

∫
d
3x′〈k (x + x′)k ∗(x − x′) [+# (x) + x′) −+# (x − x′)]〉 .

(3.38)

Since the gravitational potential+# is sourced by |k |2 which corresponds to the non-local

interaction of two k -�elds, the integral actually consists of a correlator of four �elds.

Decomposing this correlator and expanding Eq. (3.38) in the parameter Y 5 = _dB/' � 1,

where ' is the size of a spatial inhomogeneity, one obtains that the evolution of 5, is

described to linear order in Y 5 by the Vlasov Eq. (2.123). At higher order the Landau

scattering integral St 5, acts as a source of kinetic relaxation (see Ref. [307] for details).

In fact, the scattering integral St 5, ∼ 5, /ggr is determined by the kinetic relaxation

time [307]

ggr =
1
√
2

12c3

<E6

ℏ3�2=2 lnΛ
, (3.39)

where E is a characteristic velocity, = the number density, lnΛ = ln(<E'/ℏ) the Coulomb

logarithm and 1 ∼ 1 a coe�cient that depends on the initial conditions and has to be

computed numerically. The simulations in Ref. [307] showed that ggr is the relevant time

scale for both the formation of a solitonic core with mass "∗,0 in the kinetic regime and

for its subsequent mass growth,

"∗(C) ' "∗,0

[(
C

ggr

)
1/2
+ 1

]
. (3.40)

Since a soliton is the ground state of the SP system and thus the state of lowest energy,

one can interpret the relaxation process of a self-gravitating �eld described by the SP

equations as Bose-Einstein condensation
43

[317, 327]. Hence, the time scale in Eq. (3.39)

can be understood as a condensation time and the soliton formation as a kinetic process

of classical wave condensation [307]. It is important to emphasise that solitonic cores can

form in a cosmological setting actually at earlier times than predicted by the condensation

43. Note that Bose-Einstein condensation is a well-known phenomenon arising for example also in the

framework of wave turbulence and nonlinear optics [322–326].
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time. This is possible since the kinetic description is not valid at all times in contrast to

the idealised setup of the simulations in Ref. [307]. Starting from cold initial conditions,

i.e. in the non-kinetic regime, the subsequent gravitational collapse of overdensities leads

to the formation of halos during which the kinetic regime is eventually entered. This

seems to be con�rmed by the simulations in Ref. [42] which demonstrated that the kinetic

description is applicable after the virialisation of the halos as the soliton mass growth –

but not its formation time – is described by the condensation time. Nevertheless, further

simulations are required to make more precise predictions.

Interestingly, the expression in Eq. (3.39) can be derived starting from classical two-

body scattering. Considering a gravitational system of size ' consisting of # particles

with mass<, one can compute the interaction rate of two particles. In direct collisions,

the velocity de�ection Xv of a particle with velocity v is of the same order, so |Xv| ' |v|.
One can show that the characteristic time scale of a direct collision is large compared to

the time scale of the more relevant indirect collisions [230]. They are also called weak

encounters
44

and satisfy |Xv|/|v| � 1, in which case |Xv| is perpendicular to |v|. Taking

into account many independent de�ections, one obtains a measure of the mean-square

velocity change ΔE2⊥ for a complete crossing of the system by integrating XE2⊥ from the

minimum impact parameter 1min to the system size '. De�ning the relaxation time gr as

the time at which ΔE2⊥ has reached the typical velocity of a particle in the system,
45

one

obtains that [248]

gr '
1
√
2E3

2c�2<2= lnΛ
. (3.41)

The parameter 1 ∼ 1 depends on the details of the relaxation process
46

and lnΛ =

ln('/1min) is the Coulomb logarithm. Considering a system with total mass " = #<

in virial equilibrium, one can express the relaxation time in terms of the crossing time

Ccr = '/Evir, as

gr ∼
"

<

Ccr

lnΛ
, (3.42)

which reveals that gr � Ccr. In the limit of high occupation numbers, the expression in

Eq. (3.41) needs to be modi�ed to account for Bose statistics. This can be achieved by

multiplying the Eq. (3.41) with the inverse of the phase space density [28, 305, 307, 317]

5? =
3_3

dB
=

4c
=
6c2ℏ3=

<3E3
, (3.43)

44. This means that long-range interactions in the gravitational potential scaling as 1/A are the dominant

contribution. Hence, gravitational scattering is similar to Coulomb scattering.

45. The typical velocity in a halo is given by the virial velocity.

46. In an alternative derivation the N-body system is treated as a di�usion problem which allows the

prefactor to be speci�ed, see for example Refs. [248, 328].
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such that g−1
gr

= (1 + 5?)g−1r . Thus, we have ggr ' gr/5? for a large phase space density

which leads to the expression of the condensation time in Eq. (3.39). Additionally, one

can derive Eq. (3.39) by treating the �eld �uctuations of de Broglie size in a collapsed halo

as granular quasiparticles with mass<gran ∼ d_3
dB

. Their mutual interactions can then

source the relaxation process [304]. Taking<gran as the particle mass in Eq. (3.42) gives

gr ∼
<3E6

ℏ3�2d2 lnΛ
, (3.44)

in accordance with Eq. (3.39). Interestingly, it was shown that the typical scalar �eld

�uctuations increase the velocity dispersion of a test particle inside the gravitational

potential sourced by the scalar �eld. This can be understood as “heating-up” the tracer

particle and the heating rate can be expressed in terms of di�usion coe�cients [328].

Applied to a star cluster inside a dwarf galaxy dominated by FDM, the heating of the star

cluster sourced by the FDM density �uctuations was used to derive constraints on the

FDM mass [297].

3.1.5 Schrödinger-Vlasov Correspondence

Cosmological structure formation simulations with FDM have shown that CDM and FDM

are indistinguishable on scales larger than the de Broglie wavelength [289, 309]. This

characteristic is known as the Schrödinger-Vlasov correspondence. In fact, even before

the FDM model has been introduced the SP equations were proposed as an alternative

method to simulate collisionless CDM [282] that is described by the Vlasov Eq. (2.123).

This requires constructing a phase space distribution from the wave function. Due to its

strong oscillations on de Broglie scales and the circumstance that it can have negative

values, the Wigner distribution 5, (see Eq. (3.37)) is not suited for studying structure

formation [282, 321, 329]. These issues are solved by coarse-graining 5, with a Gaussian

�lter with width fG and f? , both in real and momentum space [321, 329],

5FDM(x, p) =
1

(2cfGf?)3
∫

d
3x′d3p′ exp

(
− (x − x′)2

2f2G
− (p − p′)2

2f2?

)
5, (x′, p′) . (3.45)

It was demonstrated that 5FDM is strictly positive for fGf? ≥ ℏ/2 [330]. Choosing fGf? =

ℏ/2 de�nes the Husimi distribution function 5� = |k� |2, where the Husimi representation

of the wave function is given by [321]

k� (x, p) =
1

(2cℏ)3/2(2cf2G )3/4

∫
d
3x′ exp

[
− 8
ℏ

p
(
x′ − x

2

)
− (x − x′)2

4f2G

]
k (x′) . (3.46)

Smoothing the Vlasov equation correspondingly and comparing it with the evolution

equation for the Husimi distribution, revealed that the evolution equations are equal
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to each other to �rst order in f2G [321]. This means that deviations between CDM and

FDM are suppressed by (ℏ/<)2. As a result, the Schrödinger-Vlasov correspondence is

even valid on length scales of halos as veri�ed by the simulations in Ref. [309]. However,

deviations are expected on de Broglie scales where solitonic cores form. The Schrödinger-

Vlasov correspondence can be exploited to perform less expensive N-body simulations

to model cosmological structure formation on large scales with nonrelativistic particles

instead of running much more costly SP simulations. To resolve the correct wavelike

behaviour on small scales, an SP solver needs to be applied. An overview of di�erent

simulation methods is given in the following.

3.2 Simulating Nonrelativistic Scalar Fields

In contrast to simulations of collisionless CDM where N-body methods are the most

established tool for studying structure formation, several di�erent approaches are used

to simulate the gravitational evolution of nonrelativistic scalar �elds. In the �rst instance,

one can distinguish between the wave formulation, where the SP Eqs. (3.10) and (3.11)

are solved directly, and the �uid formulation. The latter makes use of the Madelung

transformation (see Eq. (3.12)) to evolve the density and velocity according to the �uid

Eqs. (3.14) and (3.17). Since the �rst simulations solving the SP equations numerically were

presented [282], in general four di�erent approaches have emerged. Both Eulerian �nite

di�erence methods [43, 282, 288, 289, 308, 319, 331] and pseudo-spectral methods [43,

307, 320, 332–337] were used in the wave formulation, and particle-based schemes [288,

338–343] were applied to solve the �uid equations. Furthermore, hybrid methods which

employ particle schemes on large scales and �nite di�erence methods to solve the SP

equations on small scales were introduced [269, 309].

In this section, the di�erent approaches together with their advantages and disad-

vantages are brie�y summarised. Originally developed in the context of FDM structure

formation with the pioneering cosmological FDM simulations presented in Ref. [332],

they are not restricted to this case and were also applied in the context of axion star

formation [42, 307, 344] and for structure formation simulations in the post-in�ationary

Universe [37, 40, 41].

3.2.1 Schrödinger-Poisson Solvers

Since the gravitational evolution of a nonrelativistic scalar �eld is governed by the SP

system in terms of the wave function k , the natural choice is to directly solve the SP

Eqs. (3.10) and (3.11). One possible way of doing so is to discretise the spatial coordinates

83



Chapter 3. Structure Formation with Nonrelativistic Scalar Fields

of the wave function on a grid in order to transform the partial di�erential equation

into an ordinary one. Considering only one spatial dimension for convenience with ΔG

denoting the distance between two points on the grid, i.e. the spatial resolution, a spatial

gradient of the wave function can be computed as

∇k (G) = lim

ΔG→∞

k (G + ΔG) −k (G)
ΔG

. (3.47)

The discretised derivative converges to the analytical expression for a decreased ΔG and

thus for an increased spatial resolution. Denoting the wave function at the grid point 9

ask 9 and the adjacent values separated spatially by ΔG ask 9+1 andk 9−1 respectively, the

second derivative in the Schrödinger Eq. (3.10) can be approximated as

∇2k 9 =
k 9−1 − 2k 9 +k 9+1

(ΔG)2 . (3.48)

Higher accuracy in the spatial derivatives can be achieved by taking into account infor-

mation from more neighbouring grid points. In three dimensions, the standard approxi-

mation of the Laplacian corresponding to Eq. (3.48) is the 7-point stencil which involves

the central point and its six closest neighbours. Employing, for example, the much more

accurate 19-point stencil increases the allowed size of the time step in the time integration

of the Schrödinger equation and reduces the numerical error signi�cantly [345]. Using

the same discretisation scheme for the time and writing the wave function at time C

as k
(=)
9

and at a slightly later time C + ΔC as k
(=+1)
:

, the Schrödinger Eq. (3.10) can be

integrated to evolve the wave function in time,

k
(=+1)
9

= 8

(
ℏ

2<02

k 9−1 − 2k 9 +k 9+1
(ΔG)2 − <

ℏ
+#k 9

)
ΔC +k (=)

9
, (3.49)

where Eq. (3.48) was applied. This simple time integration scheme is known as the

forward Euler method which, however, is only accurate to �rst-order. Also, it does not

guarantee stability in the sense that small numerical errors in each time step pile up

spoiling the numerical solution [346]. Sub-dividing the time step improves the stability

signi�cantly. The fourth-order Runge-Kutta time integration scheme (see for example

Ref. [346]) is accurate to the fourth-order and is unconditionally stable for solving the

Schrödinger equation if the Courant-Friedrichs-Lewy criterion [288, 319]

ΔC ≤ min

[
<

6ℏ
(ΔG)2, ℏ

< |+#,max |

]
(3.50)

is satis�ed. Since the spatial resolution must be of at least the same size as the de Broglie

wavelength, ΔG . _dB, to capture the wave e�ects of the Schrödinger equation, the

criterion in Eq. (3.50) means that the time step must be smaller than the coherence
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time scale C2 ∼ (ΔG)2</ℏ ∼ ℏ/(<E2). Moreover, the Newtonian potential introduces

another time criterion which ensures that only information between adjacent grid points

is transmitted within each time step. Due to comparatively small de Broglie scales, high

spatial resolution is required to correctly evolve the wave function. This additionally

implies that only small time steps, which reduce quadratically with increased spatial

resolution, are allowed. This is the reason why cosmological simulations with scalar

�elds cannot reach the spatial extent of N-body simulations, limiting the explorations to

smaller length scales.

In pseudo-spectral methods, one exploits that a gradient in real space corresponds to

multiplication with the wave number : in Fourier space. In contrast to �nite di�erence

methods, gradients can be computed without numerical approximations. Because of the

�nite spatial resolution of the grid in real space, the discrete Fourier transform (DFT)

is limited to wave numbers smaller than the Nyquist frequency :max = c/ΔG . While

requiring periodic boundary conditions and a uniform rectangular grid, DFTs can be

e�ciently computed using FFTs with numerical costs scaling as O(# log# ). Moreover,

they are suited to be parallelised on a large number of processors. The time evolution of

the wave function in the SP equations is given by the unitary transformation

k (C + ΔC) = 4−8HΔCk (C) , (3.51)

where the Hamiltonian of the system H = K +W is split into a kinetic K = −ℏ∇2/(2<)
and a potential part W = +#</ℏ. To second-order accuracy, the operator 4−8HΔC

can be

expanded as [320, 332, 336, 337]

4−8HΔC = 48WΔC/24−8KΔC48WΔC/2 , (3.52)

which is known as the leapfrog or kick-drift-kick method.
47

In the �rst step, the potential

+# needs to be computed which can be achieved by transforming the Poisson Eq. (3.11)

to Fourier space and back. Then, the wave function is given a kick by half a time step in

real space due to the potential term W, followed by a full time step drift in Fourier space

according to the kinetic term K. Another kick by half a time step in real space completes

the time step. Using fourth-order [335] or sixth-order schemes [43, 307] increases the

accuracy of the time integration. From the requirement that the phase of the wave

function varies less than c in a single time step [320, 336], one obtains the time step

criterion (cf. Eq. (3.50))

ΔC ≤ 4min

[
<

ℏ

(ΔG)2
2c

,
cℏ

4< |+#,max |

]
. (3.53)

47. This is similar to the leapfrog solver used in N-body simulations to evolve particles.
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As for the �nite di�erence method, resolving the de Broglie wavelength requires high

spatial resolution and small time steps which is why SP simulations in general are limited

to much smaller box sizes than N-body simulations. If the resolution criteria ΔG ∼ ℏ/(<E)
and ΔC ∼ ℏ/(<E2) are not satis�ed, the dynamics of the simulated system is not correctly

evolved anymore. As a result, the dynamics is unphysically slowed down – also on

well-resolved scales [288]. Due to their stability, pseudo-spectral methods are usually

the preferred way to solve the SP equations on a uniform grid. In contrast to a �nite

di�erence solver they cannot be applied on higher levels in an AMR simulation, though.

That is because pseudo-spectral methods require periodic boundary conditions that can

be ensured only on the root grid. Nevertheless, one can combine both approaches by

applying a pseudo-spectral method on the root grid and using AMR with a �nite di�erence

solver on higher resolved levels to zoom into regions of interest. The cosmology code

Axionyx [43] is capable of doing so and further described in Section 3.2.4.

3.2.2 Particle Based Solvers

To overcome the issue of spatially resolving the de Broglie wavelength, which is associated

with high computational costs, a di�erent approach is to solve the �uid Eqs. (3.14)

and (3.17) instead of the SP equations. Then, the density d and the velocity of the �uid

v are the variables of interest that can be discretised using particles with mass<8 and

velocity v8 . Generally, an interpolation kernel is used to compute the acceleration of each

particle which explicitly takes into account the contribution from the quantum pressure

in Eq. (3.16). There exist particle-based Lagrangian approaches [338, 340–342], in analogy

to smoothed-particle hydrodynamics [347], and the particle-mesh scheme [339] in the

literature that are built on already existing N-body methods. They are complemented by

an Eulerian grid-based solver [343]. Being fully mass- and energy-conserving, simulations

have shown that the �uid formulation correctly describes the dynamical evolution of

the SP equations on large and intermediate scales without the need of resolving the de

Broglie wavelength [288]. This is in contrast to SP solvers where the evolution on large

scales is delayed when _dB is unresolved. However, the �uid schemes have di�culties

with producing the typical interference patterns in SP simulations on small scales. This

is related to a vanishing density d = |k |2 resulting in a divergent quantum pressure

term [288]. Since the Schrödinger-Vlasov correspondence (see Section 3.1.5) allows the

use of pure N-body solvers to simulate structure formation on large scales, the �uid

formalism basically extends the N-body description to smaller scales where the quantum

pressure becomes relevant. An SP solver should be used on even smaller scales to correctly

resolve the inner structure of a halo and its solitonic core.
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3.2.3 Combining N-Body Particles with a Field Representation

The hybrid method introduced in Ref. [309] combines the e�ciency of N-body simulations

on large scales with the accuracy of the �nite di�erence method to solve the SP equations

on small scales. Since most of the simulation volume is covered by the N-body solver, the

hybrid approach reduces the computational costs compared to a full wave description

signi�cantly, enabling simulations with larger box sizes. Selecting an isolated halo and

using the N-body solver until it starts to gravitationally collapse, additional re�nement

levels are added to increase the spatial resolution in order to resolve the de Broglie

wavelength on the higher re�ned levels. This is necessary for a correct description of the

wavelike dynamics governed by the SP equations.

The essential aspect of this idea is the speci�cation of the boundary conditions for

the SP solver that are constructed from information provided by the N-body particles.

Figuratively speaking, the particles have to be converted into a �eld representation.

N-body particles cannot capture interference e�ects or the quantum pressure appearing

in the �uid equations. Therefore, the conversion of the particles into a wave function has

to take place in the single streaming regime far away from the centre of a collapsing halo

where wavelike e�ects are suppressed. The resulting classical wave function (CWF) can

be derived by omitting the quantum pressure in the evolution Eq. (3.15) for the complex

phase ( [348],

mC( = − (∇()
2

202
−+# , (3.54)

known as the classical Hamilton-Jacobi equation. The �uid representation of the SP

equations originates from using the Madelung transformation (see Eq. (3.12)) to express

the wave function in terms of the density d = |k |2 and the phase ( . Hence, subtracting

the quantum pressure de�ned in Eq. (3.16) from the Schrödinger Eq. (3.10),

8ℏmCk = − ℏ2

2<02
∇2k ++#<k +

ℏ2

2<202
∇2 |k |
|k | , (3.55)

erases the “quantum e�ects” and leads to Eq. (3.54) after applying the Madelung transfor-

mation. This classical Schrödinger equation describes the evolution of the CWF and can

be used as an approximation of the exact Schrödinger Eq. (3.10), provided the last term

on the right-hand side of Eq. (3.55) is small. This corresponds to vanishing interference

e�ects in which case the dynamics of the nonrelativistic scalar �eld can be simulated with

N-body particles. Since wave interference cannot be neglected in the centre of collapsing

halos, it is important to transform the N-body particles into the CWF in regions where

the Schrödinger-Vlasov correspondence is still valid.
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In order to construct the CWF from N-body particles, one requires – apart from

particle masses<8 , positions x8 and velocities v8 – information about the phase ( of the

wave function. The initial phase (8 of each N-body particle is obtained from the initial

particle velocity �eld v = 0−1∇( (in physical units) by solving the Poisson equation

∇ · v = 0−1∇2( , (3.56)

and interpolating ( to the particle positions. Subsequently, the particle phases are evolved

in each time step as

d(8

dC
=
1

2

v2

8 −+# (x8) . (3.57)

This corresponds to the classical Hamilton-Jacobi Eq. (3.54) that is applied to each particle

and expressed in terms of the total derivative d(/dC = mC( +0−1v∇( = mC( + v2
. In regions

far outside of a collapsed halo, the amplitude of the CWF is given by the square root of

the classical density [309]

|k (x) | =
(∑
8

, (x − x8)
)
1/2

. (3.58)

The classical density on the grid is obtained by smoothing the N-body particle masses

with the mass conserving interpolation kernel [309]

, (x − x8) =<8

3

cb3

(
1 − |x − x8 |

b

)
(3.59)

for |x−x8 | < b and 0 elsewhere. The parameter b can be thus understood as the smoothing

radius for the interpolation of the particles onto the grid. Note that the de�nition of the

CWF in Eq. (3.58) implies that interference e�ects are not contained in the boundary

conditions. The phase of the CWF on the grid is approximated as the argument of the

wave function resulting from a superposition of particles weighted by their interpolation

kernel [309],

( (x) = ℏ

<
arg

(∑
8

√
, (x − x8)48 [(8+v8 ·0(x−x8 )]</ℏ

)
. (3.60)

The author of this thesis implemented this hybrid method into the cosmology code

AxioNyx and used it to study the formation of in�aton stars in the centre of in�aton

halos. The results are presented in Section 5.4.

Recently, another hybrid scheme has been developed which allows the reconstruction

of the wave function within the virial radius of a collapsed halo [269]. The idea of
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the so-called Gaussian beam method is to decompose the wave function into coherent

Gaussian wave packets. Their superposition can correctly describe the evolution of the

wave function also at times after shell-crossing. It was shown in Ref. [269] that using the

wave function in Eq. (3.60) with a Gaussian kernel instead of the interpolation kernel in

Eq. (3.59) produces the statistically correct interference patterns inside a collapsed halo.

In contrast to the classical wave approximation from Ref. [309] where the wave function

has to be constructed in regions where interference can be neglected, the Gaussian

beam method can be applied deeply inside a collapsed halo. This decreases the domain

where the SP equations are solved and thus reduces the computational costs signi�cantly.

Conversely, the Gaussian beam method provides the possibility to simulate much larger

halos as proven by Ref. [269] where the solitonic core inside the most massive simulated

FDM halo to date was resolved.

3.2.4 Structure Formation Simulations with AxioNyx

The simulations presented in Section 5.4 were performed with AxioNyx [43], which is

an SP solver designed to work on adaptively re�ned regular meshes. Thus, AxioNyx is

suited for structure formation simulations with nonrelativistic scalar �elds over many

length scales. It is an extension of the cosmology code Nyx [264] consisting of a particle-

mesh N-body solver and built upon AMReX [349] which provides a framework for

block-structured AMR. In this computationally e�cient way, the spatial resolution can

be considerably increased in regions of interest. To solve the SP equations AxioNyx

contains both a second-order and a sixth-order pseudo-spectral method based on the

schemes in Ref. [336] and Ref. [307], respectively. Furthermore, it includes a fourth-order

Runge-Kutta �nite di�erence algorithm that was implemented within Nyx in Ref. [319].

The most e�cient way of performing pure SP simulations with AxioNyx is to apply the

pseudo-spectral solver on the root grid, making use of the FFT routines contained in

AMReX, and to use the �nite di�erence method on higher levels of re�nement [43].

For hybrid simulations as performed in Refs. [41, 269] with AxioNyx, most of the

computational domain is evolved with the N-body solver of Nyx. The comoving position

x8 and the peculiar proper velocity v8 of each N-body particle is advanced by a kick-drift-

kick method which is symplectic and thus mass conserving [264]. Applying the multigrid

Gauss-Seidel red-black Poisson solver,
48

the gravitational acceleration g8 of each particle

is computed at the beginning of each time step. Then, the particle velocities at time C (=)

48. Note that this is in contrast to other N-body PM schemes where FFTs are used to solve the Poisson

equation.
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are updated by half a time step [264],

[0v8] (=+1/2) = [0v8] (=) +
ΔC

2

g(=)
8
, (3.61)

which is followed by advancing the particle positions for a complete time step

x(=+1)
8

= x(=)
8
+ ΔC

[
0−1v8

] (=+1/2)
, (3.62)

and completed by another velocity update

[0v8] (=+1) = [0v8] (=+1/2) +
ΔC

2

g(=+1)
8

, (3.63)

after the gravitational potential has been computed at time C (=+1) . Once the wave function

is constructed in a comparatively small region of the full simulation volume via either

the classical wave approximation or the Gaussian beam method, the wave function is

evolved with the fourth-order Runge-Kutta SP solver. Inside the domain where the SP

equations are solved, the N-body particles are passively co-evolved and do not contribute

to the gravitational �eld. The density d = |k |2 of the wave function acts as the source of

gravity there.

90



Chapter4

Axion Miniclusters

As discussed in Section 1.3, the QCD axion is a real scalar �eld which is the phase of the

complex PQ �eld originally introduced to solve the so-called strong CP problem of QCD.

If the breaking of the PQ symmetry occurs after in�ation, the resulting distribution of

the axion density �eld is characterised by large inhomogeneities. In contrast to much

lighter ALPs such as FDM, which predicts the formation of prominent solitonic cores

in the centre of galaxies with a size of several kpc, QCD axions behave like CDM on

galactic scales. However, on smaller scales there can be signi�cant deviations from

standard CDM due to the formation of very dense axion miniclusters. They originate

from the large isocurvature perturbations which gravitationally collapse already in the

radiation-dominated epoch of the Universe.

Before gravitational structure formation becomes relevant, the early evolution of the

axion �eld from PQ symmetry breaking until after the QCD phase transition is dominated

by nonlinear axion self-interactions and the formation of topological defects. Eventually,

the axion mass becomes relevant initialising the collapse into axion miniclusters accom-

panied by the formation of axion stars in their centre. Subsequently, the miniclusters

merge to build larger-scale objects called axion minicluster halos (MCHs). It is assumed

that a large amount of axion miniclusters still exists as substructures in galactic halos

at the present time. Larger axion MCHs are more likely to be tidally disrupted forming

streams of axions. Both axions gravitationally-bound in miniclusters and more loosely

axions in streams are of signi�cance for axion detection experiments.

The spherical collapse model that was originally used to model the collapse of a

spherical overdense region into an axion minicluster is reviewed in Section 4.1. This is

followed in Section 4.2 by a discussion of the early evolution of the axion �eld when

gravity can still be neglected and a brief summary of the lattice simulations that were

used to determine the distribution of the axion density �eld at redshift I = 10
6
. At this
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time, gravitational interactions among the axion particles begin to dominate which can be

studied with N-body simulations. The �rst results obtained from such simulations starting

from the initial conditions described in Section 4.2 were published in Ref. [39]. They are

presented as part of this thesis in Section 4.3. This includes the fraction of axions bound in

miniclusters, their mass distribution as a function of time and an analysis of the structure

of axion MCHs at the �nal redshift
49 I = 99. Since there remain some unanswered

questions, suggestions for follow-up simulations are also examined. Finally, models

of how axion miniclusters can be evolved to the present time and their observational

consequences for axion detection experiments are discussed in Section 4.4.

4.1 Formation From Spherical Collapse

Patches of the size of the horizon with random values of the axion �eld \ are produced

in the post-in�ationary PQ breaking scenario. The size of a patch of constant \ increases

until the axion mass becomes relevant and starts to oscillate (cf. Section 1.3). The

gravitational collapse of these patches leads to the formation of axion miniclusters. Their

size can be approximated as the horizon size �−1
osc

at the onset of oscillations and their

mass can be thus de�ned as the mass enclosed in a sphere with radius�−1
osc

. Characteristic

axion minicluster masses and radii are of the order "mc ∼ 10
−12"� and 'mc ∼ 10

12
cm,

respectively [27–30]. They are highly overdense objects that can collapse already before

matter-radiation equality where the density ful�ls deq = d< (0eq) = dA (0eq). The axion

density perturbation, i.e. the overdensity of the minicluster seeds, can be de�ned as

Φ0 = d0/sd0 − 1 and is Φ0 ∼ 1 for typical miniclusters [27]. It can also reach much larger

values and stays roughly constant during radiation-domination [28]. In fact, the spherical

collapse model can be adapted to compute the minicluster density dmc as a function of

Φ0 [29]. Considering a �at universe consisting of nonrelativistic matter and radiation, the

equation of motion for the radius A of a spherical region containing a matter perturbation

is
50

[29]

¥A = −8c�dA
3

A − �"tot

A 2
. (4.1)

The mass enclosed by the radius A is denoted as "tot and the radiation density dA is

assumed to be homogeneous. Changing to conformal time, and writing A = 0(g)'(g)b
where b labels a comoving shell of the sphere and '(g) represents the deviation of the

49. At this time, density perturbations on the scale of the simulation volume have become nonlinear and

the N-body simulations needed to be terminated (see Section 4.3.1 for details).

50. Note that there is a missing A in Eq. (2.1) of Ref. [29].
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shell motion from the Hubble �ow, Eq. (4.1) can be expressed in terms of ' and Φ0 [29],

~ (1 + ~)d
2'

d~2
+

(
1 + 3

2

~

)
d'

d~
+ 1

2

(
1 + Φ0
'2

− '
)
= 0 . (4.2)

As in Eq. (2.96), we introduced the variable ~ = 0/0eq in this di�erential equation for '.

To obtain Eq. (4.2), the total mass "tot inside a shell was replaced with [29]

"tot =
4c

3

deq0
3

eq
(1 + Φ0) b3 . (4.3)

With initial conditions '8 = 1, d'8/dG = 0 one can solve the full Eq. (4.2) numerically,

however, it is also illuminating to �nd an analytic solution by expanding ' in a power

series to second-order in ~. Then, Eq. (4.2) reduces to [29]

' = 1 − Φ0~

2

− Φ2

0~
2

8

, (4.4)

which reveals that at turn-around (¤A = 0, cf. Section 2.4.1) we have ' + ~d'/d~ = 0.

Correspondingly, the scale factor and the density at turn-around are to second-order [29]

~ta =
�~

Φ0
, and dta = �ddeq

Φ3

0

3b2
d

db
(1 + Φ0)b3 , (4.5)

respectively. Note that the parameters �~ and �d depend weakly on Φ0 and need to

be determined numerically. Since the virial radius of a collapsed object is half of the

turn-around radius, the virial density is eight times larger than dta. Using the numerical

result that�d ∼ 17, one obtains an expression for the density of an axion minicluster [29],

dmc ' 140deqΦ
3

0 (1 + Φ0) . (4.6)

This relation was used to estimate the destruction of axion miniclusters in a galaxy as

a function of Φ0 in order to measure the event rate that a minicluster passes through

Earth [350, 351]. This is a crucial quantity for axion detection experiments (see Section 4.4).

Note, however, that this outcome for the overdensity of a minicluster deviates from the

virial overdensity Δvir given by Eq. (2.114) that is used in simulations to determine the

mass and size of gravitationally collapsed objects. So far it is still not understood how

Eq. (4.6) could be used in a minicluster simulation, and we used Eq. (2.114) instead in the

simulations presented in Section 4.3.

4.2 Minicluster Seeds

An accurate description of the evolution starting from PQ symmetry breaking until the

QCD phase transition and beyond is crucial for the distribution of axion dark matter
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before gravity eventually becomes the dominant force leading to the formation of axion

miniclusters. This requires not only solving the equation of motion for the axion �eld

\ = q/50 (cf. Eq. (1.72)) but additionally, the complex scalar PQ �eld qPQ = |qPQ |48\ needs

to be evolved. Its equation of motion can be derived from the Lagrangian density [205]

L = 03
(
1

2

| ¤qPQ |2 −
1

202
|∇qPQ |2 −+ (qPQ)

)
. (4.7)

The potential + (qPQ) can be decomposed into the sum of the PQ potential, depending

only on the radial term |qPQ |, and the axion potential from Eq. (1.71) for the angular part

of the PQ �eld [205],

+ (qPQ) =
_

8

(
|qPQ |2 − 5 20

)
2 + j () )

(
1 − cos q

50

)
. (4.8)

The temperature dependence of the QCD axion mass is encoded in the topological

susceptibility j () ). Immediately after PQ symmetry breaking, the complex PQ �eld

acquires its vacuum expectation value 〈qPQ〉 = 50 and the phase of qPQ, i.e. the axion,

takes random values in causally disconnected regions. This leads to the formation of an

axion string network (see Section 1.3.2).

Large numerical lattice simulations have been performed to resolve the highly non-

linear processes over large length and time scales. The approach presented in Ref. [205]

aims to determine the axion distribution consisting eventually of the seeds of miniclusters

as precisely as possible and is further described below. Their procedure is in contrast to

other studies where numerical simulations of the string network were used to compute

the total dark matter density at the present time in order to obtain an estimate for the

axion mass [199, 202]. The challenge for these kind of simulations is to resolve the string

core whose radius stays physically constant while the Universe expands. For accurate

results, this has to be achieved at least until the time of the QCD phase transition when

the axion mass becomes relevant and the axion starts to oscillate. By then, the size of

the Universe has increased enormously, and the simulations must be able to resolve a

hierarchy of length scales. A common trick to simplify this task is to exploit the Press-

Ryden-Spergel method [352, 353]. The idea is to make the mass of the radial �eld |qPQ |
explicitly time-dependent such that the radius of the string core remains constant in

comoving coordinates. Evolving the simulations as long as possible after the QCD phase

transition necessitates high spatial resolution to capture the important �eld �uctuations

on small scales. Recently, progress has been made by applying AMR to resolve regions of

interest [354].

In the simulations performed by Ref. [205], the complex PQ �eld is evolved until the

string network has decayed completely which occurs after the QCD phase transition.
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4.2. Minicluster Seeds

At earlier times, string loops also collapse emitting relativistic axion particles which

transfers the string energy into the axion �eld. Once the axion mass becomes relevant

and the axion �eld starts to oscillate, � ()osc) '<0 ()osc) where [205]

)osc ' 1.694

(
<0

50 `eV

)
0.1638

GeV , (4.9)

domain walls start to form between the axion strings. This leads to an increased string

tension initiating the destruction of the complete string network which generates both

relativistic and nonrelativistic axions. Subsequently, the equation of motion for the axion

�eld (see Eq. (1.72)) is solved. Due to the attractive axion self-interactions arising from

the higher-order terms in the axion potential, so-called axitons form [28, 29, 355]. They

are quasi-stable soliton-like objects similar to oscillons that can form during reheating

(cf. Section 1.2.3). Axitons are subject to strong oscillations which, together with their

eventual decay, lead to the emission of spherical waves of relativistic axions. Originating

from overdensities generated by the decay of the string network in the �rst place, it was

observed that they form chain-like structures on large scales [205]. Since their radius

scales as<−10 and the axion mass increases with time, the axiton radius decreases. This

poses another challenge for the simulations to spatially resolve them for a su�cient

amount of time. If not properly resolved, the energy density transferred to the axions

cannot be computed reliably. At late times when the axion mass has reached its zero-

temperature value, the axiton radius stops shrinking and the axitons di�use away. Due

to limited spatial resolution, the simulations of Ref. [205] cannot reach such late times.

Therefore, the axion self-interactions were set to zero at a time when the axitons were

still well resolved to allow them to di�use away and to ensure that all momentum modes

become nonrelativistic. By solving the linear axion equations of motion analytically, the

axion density �eld is evolved until a redshift of I ' 10
6

at which point its distribution is

statistically �xed on essentially all scales.

It is argued in Ref. [205] that axions emitted from the well-resolved axitons at early

times contribute to a signi�cant fraction of the axion density �eld although the number

density of axitons grows at late times. The axion density distribution on scales relevant

for the formation of axion miniclusters does not depend on the contribution from late-

time axiton emission. Thus, the adopted approach with essentially neglecting late-time

axitons seems to be a valid approximation [205]. Nevertheless, it is desirable to be able

to resolve the axiton evolution for a longer time which should be feasible with AMR.

Lately, there have been some e�orts in extending AxioNyx to run similar simulations as

in Ref. [205] but with AMR instead of using a single, highly resolved uniform grid. It will

be exceedingly interesting to see its e�ect on the obtained axion density distribution as

95



Chapter 4. Axion Miniclusters

it enables string cores and axitons to be resolved to a higher extent. Additionally, the

performance of the computation should be improved which, in the next step, might allow

for larger box sizes to evolve the simulations for a longer time. The �rst promising AMR

simulations of the evolution of the axion �eld from PQ symmetry breaking and beyond

the QCD phase transition were recently reported in Ref. [354].

The outcome of the simulations from Ref. [205] provides the distribution of axion

dark matter at redshift I = 10
6

and serves as the initial conditions for the N-body

simulations in Section 4.3 to study the gravitational collapse of the minicluster seeds into

axion miniclusters. Due to the fast increase of the axion mass during the early Universe

epoch, the axion �eld can be treated as CDM. The axion distribution consists of large

homogeneous patches, where the axion �eld takes a similar value, which arise from the

misalignment mechanism. The axion density �eld is complemented with typical O(1)
overdensities reaching up to O(100) that originate from string decays and axitons. A

projection of the �nal axion density �eld at I ' 10
6

for a comoving box size of ! = 24!osc,

where [205]

!osc =
1

�osc0osc
= 0.0362

(
50 `eV

<0

)
0.167

pc (4.10)

is the comoving size of the horizon when the axion starts to oscillate (� ()osc) '<0 ()osc)),
is shown in the left panel of Fig. 4.1. Note that the original lattice simulation consisted

0.2pc
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Figure 4.1 | Projected axion density �eld at redshift I = 10
6

for a simulation with box size

! = 24!osc (left) and corresponding power spectrum of density �uctuations both in physical

(top right) and in dimensionless units (lower right). The dashed orange line denotes the scale

: ∼ c/!osc where the �rst peak of Δ2(:) is reached and below which it can be described by the

white-noise power-law in Eq. (4.11).
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4.3. The First Simulations of Axion Miniclusters

of 8192
3

grid points which was smoothed to a 1024
3

grid for the purpose of performing

subsequent N-body simulations. An analysis of the density �eld reveals that the dimen-

sionless power spectrum of the density �uctuations (see right panel of Fig. 4.1) can be

described by the white-noise power-law

Δ2(:) ∼ 0.05(:!osc)3 (4.11)

on scales larger than : ∼ c/!osc. This means that the power spectrum % (:) is independent

of : on those scales which allows the interpretation that misalignment axions dominate

the density �eld on large scales. The dimensionless power spectrum reaches a �rst peak

at : ∼ c/!osc, followed by a slight increase until another maximum at : ∼ 5c/!osc, and

slowly declines for higher : . This indicates that there are plenty of structures with small

non-Gaussianities on small scales : � c/!osc that can be ascribed to the axion production

from strings, domain walls and axitons [205]. Hence, one can expect a large amount of

substructure within typical miniclusters of size !osc. By analysing the mass distribution of

the minicluster seeds, it was found that a large number of them have high overdensities

and masses signi�cantly below the typical minicluster mass "mc ∼ 10
−12"�. This

provides an estimate for the expected rich substructure within axion MCHs.

4.3 The First Simulations of Axion Miniclusters

It is desirable to predict the expected distribution of axion dark matter in the Milky

Way at the present time as precisely as possible since this has direct implications for

axion detection experiments [350, 356–360]. This requires not only an understanding of

the axion density �uctuations generated in the early Universe (see Section 4.2) but also

knowledge about their evolution when gravity becomes the dominating force. During

this stage, axion overdensities collapse into gravitationally-bound axion miniclusters

which subsequently merge into axion minicluster halos MCHs. Assuming Gaussian statis-

tics for the axion density perturbations, semianalytical methods for structure formation

were used to determine the minicluster halo mass function (MC-HMF) [361, 362]. Only

numerical simulations can take into account nonlinear e�ects and provide the possibility

to accurately determine the properties of axion MCHs. As long as the wavelike properties

of the axion can be neglected, N-body simulations are suited to study the gravitational

evolution of the minicluster seeds (see Section 3.1.5). Early N-body simulations presented

in Ref. [363] observed the formation of axion miniclusters and were used to roughly

determine their density pro�les. However, the simulation consisted only of 100
3

parti-

cles and was thus limited to a rather low spatial resolution. Furthermore, their initial

conditions did not consider the production of axions from topological defects.
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Chapter 4. Axion Miniclusters

Large N-body simulations of the gravitational collapse of axion density �uctuations

into axion MCHs were reported in Ref. [39]. They start from the highly resolved, realistic

initial conditions created by lattice simulations using the methods from Ref. [205] (see also

Section 4.2). The obtained results are presented in this section, following and extending

the discussion in Ref. [39].

4.3.1 Gravitational Collapse of Axion Density Fluctuations

The initial conditions for the subsequent N-body simulations are given by the frozen

axion density �eld at redshift I ' 10
6

(see Fig. 4.1) resulting from early-universe lattice

simulations with a comoving box side length of ! = 24!osc. The original density �eld

was converted into 1024
3

particles with initial velocities set to zero. The resulting power

spectrum computed from the particle distribution coincides with the original power

spectrum from the lattice simulations up to : ∼ 1.5 × 103 pc−1 (see Fig. 4.5). For larger

values of : , discretisation e�ects lead to a white-noise power spectrum where the original

power spectrum actually decreases.

We used the N-body solver Gadget-3, which is a precursor of Gadget-4 [261], and

chose a comoving box size of ! = 0.864 pc corresponding to 24!osc for an axion mass

of <0 = 50 `eV to follow the gravitational evolution of the system to a �nal redshift

of I = 99. At this point, perturbations of the size of ! have become nonlinear beyond

which the N-body simulations cannot be trusted anymore (see Fig. 4.5). Each of the 1024
3

particles has a mass of 2.454 × 10−17"� and the numerical softening length, which sets

the limit of the spatial resolution, was adjusted to be Yso� = 1AU/ℎ in comoving units.

Since the simulation begins deep inside the radiation-dominated epoch, the background

radiation terms were taken explicitly into account for the computation of the Hubble

parameter. We used the parameters Ω<,0 = 0.3, ΩA,0 = 8.486 × 10
−5

, ΩΛ,0 = 0.7 and

�0 = 70 km/s/Mpc that are consisted with the ΛCDM model and we assumed that axions

account for the total amount of CDM.

Axion MCHs and sub-miniclusters (sub-MCs) were identi�ed with the Subfind halo

�nder [270, 271]. By de�nition, substructures are locally overdense, self-bound groups of

particles that are contained within a larger parent halo. Applying a friends-of-friends

algorithm with a linking length of 0.16 times the average particle separation, parent

MCHs consisting of at least 32 particles are identi�ed in the �rst step. A set of sub-halo

candidates is obtained by estimating the local density of each particle in a parent MCH

with an adaptive kernel interpolator and �nding locally overdense regions in the resulting

density �eld. The extent of a sub-halo candidate is given by a density contour passing

through a saddle point of the global density �eld. Finally, all sub-halo candidates undergo
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z= 106

0.2pc

z= 2507

z= 630 z= 397

z= 250 z= 99

Figure 4.2 | Illustration of the projected axion density of the full simulation box starting from

redshift I = 10
6

to I = 99. The projected density normalised to the average density spans over six

orders of magnitude.
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Chapter 4. Axion Miniclusters

Figure 4.3 | Projected axion density at I = 99 and an enlargement of the largest axion MCH

with a virial mass of "MCH = 3 × 10−9"� and a virial radius of Avir = 92AU that is indicated by

the dashed circle. The sub-miniclusters are coloured according to their orbital velocity. Figure

reproduced from Ref. [39].

a gravitational unbinding procedure such that only self-bound sub-MCs consisting of

at least 20 gravitationally-bound particles are kept. In the following, parent MCHs are

characterised by their virial mass "vir (cf. Eq. (2.128)) and virial radius Avir. Note that

this is not the case for sub-MCs whose mass is determined by the number of self-bound

particles.

The evolution of the axion density �eld is shown in Fig. 4.2. During the radiation-

dominated epoch, initially large overdensities start to collapse forming compact axion

miniclusters. After matter-radiation equality and, in particular, deep in the matter-

dominated era large structures grow by hierarchical structure formation. This means

that miniclusters merge to form larger axion MCHs. As visible from Fig. 4.3, the largest

MCH in the simulation volume with a virial mass of "MCH = 3 × 10−9"� consists of a

high number of sub-MCs. Overall, the masses and radii of the identi�ed MCHs span the

ranges "MCH ∈ [2.5 × 10−16, 3.0 × 10−9]"� and Avir ∈ [0.4, 92.0] AU, respectively. Their

mass distribution is studied in Section 4.3.2.

To verify that the late evolution of axion miniclusters is indeed dominated by mergers,

it is insightful to analyse the total fraction 51 of gravitationally-bound axions and the

total number #MCH of MCHs above di�erent mass scales. Both quantities are shown as a

function of redshift in the upper and lower panel of Fig. 4.4, respectively. Taking into

account MCHs with at least 32 particles, Fig. 4.4 reveals that the bound mass fraction

51 slowly saturates to a value of 51 ∼ 0.75 at the �nal redshift I = 99. The evolution

of 51 and the �nal result at I = 99 agrees with the outcome of a simulation with 512
3
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Figure 4.4 | Mass fraction 51 of gravitationally-bound axions considering axion MCHs with at

least #part as seen in the legend (upper panel) and the evolution of the total number #MCH of

MCHs above di�erent mass scales (lower panel) as a function of redshift I. Convergence of mass

resolution for the #part = 32 case is shown in the top panel by comparing simulations with 1024
3

and 512
3

particles (orange dashed line). The black dashed lines in the lower panel mark the

transition from the radiation-dominated to the matter-dominated epoch. Figure adapted from

Ref. [39].

particles only (orange dashed line in the top of Fig. 4.4). Hence, we observe convergence

between di�erent mass resolutions. Since MCHs consisting of only 32 particles are at

the lower limit of the mass resolution, one should nevertheless compare the obtained

result 51 ∼ 0.75 with the bound mass fraction when only MCHs with a higher number

of constituent particles, which do not su�er from the low-mass resolution limit, are

considered. As is evident from Fig. 4.4, the behaviour of 51 does not signi�cantly change

when only MCHs with more than 10
3

particles are taken into account. Thus, this quantity

is not sensitive to the low-mass miniclusters as it is dominated by high-mass MCHs.

This is further con�rmed by increasing the minimum particle number contained in an

MCH to 10
6

which reveals that 60% of all axions are bound in such high-mass MCHs at

I = 99. Note that the contribution becomes relevant only after matter-radiation equality.

Focusing on the evolution of the total number of MCHs in the lower panel of Fig. 4.4 we,

�rst of all, see that the �rst miniclusters form at I ' 4 × 105. Their number increases
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drastically until matter-radiation equality and reduces afterwards as a result of merger

events with other miniclusters. Distinguishing between #MCH above certain mass scales

allows us to observe at which redshift MCHs of di�erent mass emerge. Miniclusters with

masses up to 10
−11"� form already in the radiation-dominated epoch while higher-mass

MCHs arise only after matter-radiation equality. Throughout the matter-dominated era,

the number of MCHs with masses below 10
−11"� steadily decreases suggesting that they

are subject to mergers producing higher-mass MCHs. Although outnumbering high-mass

MCHs at I = 99 signi�cantly, the lower-mass MCHs contribute only slightly to the total

fraction of axions bound in MCHs.

The evolution of the power spectrum of axion density �uctuations computed from

the distribution of N-body particles is shown in Fig. 4.5. The �gure is complemented

by the power spectrum of the original density �eld obtained from the early-universe

lattice simulations. As mentioned already at the beginning of this section, the N-body

power spectrum at I = 10
6

agrees with the original one up to large values of : where

discretisation e�ects prevent the correct mapping. Nevertheless, the N-body simulations
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Figure 4.5 | Power spectrum of axion density �uctuations both in physical (upper panel) and

dimensionless (lower panel) units for di�erent redshifts. The orange line shows the power

spectrum obtained directly from the axion density �eld of the early-universe lattice simulation

with 8192
3

grid points for comparison. The black dashed horizontal line marks Δ2 = 1 where a

density perturbation on a given scale can be considered to be nonlinear. Figure adapted from

Ref. [39].
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with 1024
3

particles have a large dynamical range and are sensitive to the small scales

where the axion density �uctuations originate from the decay of topological defects and

axitons. The scales where Δ2(:) starts to decrease are thus still resolved. Comparing

the power spectra at the beginning of the simulations and at I = 10
4
, we observe a

well-pronounced growth of perturbations on the small scales while the power on large

scales increases only mildly. This is consistent with the previous observation that small-

scale miniclusters collapse �rst. After matter-radiation equality, the power on large

scales rises considerably which is related to the formation of larger-scale objects. As

can be seen from the dimensionless power spectrum at I = 99, perturbations of the

length of the simulation box are above Δ2(:) ∼ 1 which means that the corresponding

mode has become nonlinear. Figuratively speaking, the simulation box then reacts to the

gravitational potential of its periodic boundaries and the simulation can no longer be

trusted. During matter-domination, the linear growth of density perturbations can be

described in terms of the growth factor (cf. Eq. (2.97))

� (0) = 1 + 3

2

1 + Ieq
1 + I . (4.12)

Note that slight deviations from this linear prediction arise on scales of the length of

the simulation box already at larger redshifts than I = 99. No irregularities appeared

at very late times in our simulation, so the arising nonlinearities do not seem to a�ect

our simulation results. However, N-body simulations with a larger box size might be

required for an independent veri�cation.

4.3.2 Minicluster Halo Mass Function

To obtain a quantitative picture of the dynamics of MCH formation we study the MC-HMF,

which is the comoving number density of gravitationally-bound MCHs per logarithmic

mass interval as a function of MCH mass. The MC-HMF is shown for di�erent redshifts

in Fig. 4.6. The distinct cut-o� for low masses at"cut ∼ 10
−15"� originates from the low-

mass resolution limit and is thus not physical but a numerical artefact. For simulations of

higher resolution, the cut-o� will be thus shifted to lower masses and it is expected that

the number density of lower-mass miniclusters further increases. As already discussed in

Section 4.3.1, this does not a�ect the fraction of axions bound in MCHs as this quantity

is dominated by the highest-mass MCHs.

At times before matter-radiation equality (see left panel of Fig. 4.6) the MC-HMF

grows quickly. It is dominated at �rst by halos near the low-mass resolution cut-o� and

develops a pronounced peak at "mc ∼ 2 × 10−13"� when I ' 4 × 104. The rapid growth

can be understood as the collapse of initially deeply nonlinear density �uctuations and
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Figure 4.6 | Evolution of the MC-HMF separated into times before (left panel) and after matter-

radiation equality (right panel). The slope of the MC-HMF at the �nal redshift I = 99 can be

described by d=/d log
10
(") ∼ "U

with U ' −0.7. Figure adapted from Ref. [39].

the peak at "mc can be ascribed to the collapse of the largest nonlinear �uctuations.

In fact, the mass peak can be directly related to the �rst peak occurring at : ∼ c/!osc
in the initial dimensionless power spectrum. As discussed in Section 4.2, the density

�eld at : . c/!osc, which corresponds to length scales larger than !osc/2, originates

from misalignment axions. Since the mass contained within a patch of size !osc is

"osc ∼ 2 × 10
−12"� [205], the associated mass scale of !osc/2 is " ∼ 2.5 × 10

−13"�

which is in agreement with the developed peak in the MC-HMF at "mc ∼ 2 × 10−13"�.

Thus, this mass peak can be interpreted to result from “canonical” miniclusters that

have formed from large-scale density �uctuations produced by misalignment axions.

Correspondingly, the abundance of lower-mass miniclusters is the result of the collapse

of small-scale axion density perturbations arising from the decay of topological defects

and axitons.

The overall amplitude of the MC-HMF rises until matter-radiation equality, �attening

out the peak at "mc while extending towards higher masses. By the time of matter-

radiation equality, the MC-HMF has developed into a power-law d=/d log
10
(") ∼ "U

with a slope of U ' −0.7 and an exponential cut-o� at ∼ 10
−11"�. This mass scale

agrees with the mass of the largest canonical miniclusters which typically had an initial

overdensity of order O(1) [205]. During the evolution after matter-radiation equality (see

right panel of Fig. 4.6) the high-mass cut-o� continues to grow while the overall amplitude

of the MC-HMF decreases. Fitting the MC-HMF to a power-law times a high-mass cut-o�

at redshift I = 99 still prefers the same overall slope U ' −0.7. Using the semianalytic
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Figure 4.7 | Sub-MC-HMF of ten high-mass (blue data points) and medium-mass (orange data

points) MCHs, normalised to the virial mass of the parent MCH at redshift I = 99. The solid line

represents the average of the combined data for the high-mass and low-mass MCHs, respectively.

The dashed lines are power-law �ts to the data, both consistent with a slope parameter of U ' −0.7.

Figure adapted from Ref. [39].

Press-Schechter formalism and assuming a Gaussian distribution of density �uctuations,

it was found that the MC-HMF then scales as d=/dlog" ∼ "−1/2 [361, 362]. Since the

initial axion density �eld at I = 10
6

is approximately Gaussian on large scales, one

might therefore expect that the MC-HMF behaves as a power-law with slope U = −0.5
at high MCH masses. However, there exist only ∼ 30 MCHs with "MCH > 10

−10"� in

the full simulation volume (cf. Fig. 4.4), so the statistics is not su�cient for a suitable

quanti�cation and veri�cation of this prediction. Furthermore, perturbations of the length

of the simulation box have become nonlinear at I = 99 (see Fig. 4.5) which requires a

careful treatment of the MC-HMF at high masses. Only N-body simulations with larger

box sizes will allow a detailed study of the MC-HMF at the high-mass end.

In order to characterise the distribution of sub-MCs within the MCHs, we selected

samples of di�erent MCH masses separated according to Table 4.1. The substructure

of ten high-mass and ten medium-mass MCHs
51

is compared in Fig. 4.7. For this, we

identi�ed all sub-MCs within the virial radius of each MCH and normalised the sub-MC

masses to the virial mass of the corresponding parent MCH. Additionally, the resulting

distribution was normalised to the size of the simulation box to obtain the number density

per logarithmic mass interval which is the sub-MC-HMF. It is illustrated for each of the

selected MCHs by the data points in Fig. 4.7 where the solid lines represent the average

51. The small-mass sample from Table 4.1 was not included in this analysis because of the lack of a su�cient

amount of sub-MCs contained in the small-mass MCHs.
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Table 4.1 | Selected mass samples of axion MCHs, their respective concentration parameter 2NFW
from an NFW �t and its sensitivity to the radial �t range (details in Section 4.3.3).

"MCH ["�] Avir [AU] 2NFW sensitivity

high-mass [2.6 − 30.0] × 10−10 40.8 − 92.0 160 3%

medium-mass [3.4 − 4.6] × 10−11 20.7 − 22.8 400 6%

low-mass ∼ 8 × 10−12 ∼ 12.7 450 11%

sub-MC-HMF of the combined data. The slopes of the averaged sub-MC-HMFs are similar

to that of the MC-HMF, U ' −0.7, for both subsets. The independence of the slopes from

the parent MCH mass agrees with previous results of subhalo mass functions in CDM

simulations [271, 364].

4.3.3 Density Profiles of Minicluster Halos

We study the radial density pro�les d (A ) of MCHs separated into the three mass samples

from Table 4.1 at redshift I = 99 in Fig. 4.8. Since nonphysical e�ects arise on length

scales of the numerical softening length Yso�, the density pro�les on the left-hand side of

Fig. 4.8 were truncated at a radial distance of 4Yso�. This choice is in agreement with the

resolution studies from Refs. [365, 366]. The upper right panel of Fig. 4.8 con�rms for an

exemplary MCH of each mass sample that the density pro�les develop an unphysical

core on scales smaller than 4Yso�. The radial range A < 4Yso� thus needs to be excluded,

for example, in NFW �ts (cf. Eq. (2.131)) and in the computation of the concentration

parameter 2NFW of the MCHs.

The stacked radial density pro�les of 20 MCHs in each sample are plotted in the upper

left panel of Fig. 4.8 together with their best-�t NFW parameterisation. For comparison,

we also show the best-�t power-law pro�le for the high-mass MCHs. As seen in the

lower left panel of Fig. 4.8, high-mass MCHs are in good agreement with NFW pro�les

across the entire radial range, and the scale radius represented by the vertical line is well

resolved. The best-�t power-law pro�le of the high-mass MCHs is given by d ∼ A−2.52

and exhibits larger deviations than the corresponding NFW �t. The medium-mass and

low-mass MCHs, however, are slightly underdense at large radii A ∼ Avir/2 compared to

their NFW �ts, and their scale radii are only close to or even below the spatial resolution

limit. Note that the agreement with the NFW density pro�le is only valid on length scales

larger than 4Yso� as shown on the right-hand side of Fig. 4.8. The deviations of the outer

density pro�les from the NFW �ts, clearly visible in the lower panels of Fig. 4.8, might be

explained by an increased accretion of mass onto the MCHs which is discussed in the

context of standard CDM halos in Ref. [367]. Since MCHs with mass "MCH . 10
−11"�
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Figure 4.8 | Radial density pro�les of high-, medium- and low-mass axion MCHs at redshift

I = 99. Left: averaged density pro�les of 20 MCHs in each mass sample (dark solid lines) truncated

at a radial distance of 4Yso� together with NFW �ts (light solid lines) where vertical lines mark the

corresponding scale radii AB (upper panel). The density pro�les of the medium- and the low-mass

MCHs are rescaled for illustration purposes. The black line shows the best-�t power-law d ∼ A−2.52
of the averaged density pro�le of the high-mass MCHs. Deviations from the NFW �ts and the

power-law �t are shown in the lower panel. Right: exemplary density pro�le of one MCH from

each mass sample in physical units (dark solid lines) ranging from Yso� to the corresponding

virial radius together with their NFW �ts (light solid lines). The black dashed line marks 4Yso�.

Deviations from the NFW �ts are shown in the lower panel. The left-hand side of this �gure is

adapted from Ref. [39].

form from an initially nonlinear overdensity while larger MCHs originate from linear

density seeds and a merger history, one can conjecture that the mass accretion is more

pronounced for the lower-mass MCHs. This would provide an explanation for their

underdense pro�les at large radii.

The NFW �ts allowed us to compute the concentration parameter 2NFW = Avir/AB of

the MCHs, which is of the order of several 10
2

(see Table 4.1) and increases for decreasing

MCH masses, in agreement with CDM N-body simulations [278]. In order to examine the

stability of the �ts, their radial �t range was reduced by 5%, which varies the concentration

parameter of the high-mass and medium-mass samples by a few per cent. The increased

sensitivity for the low-mass sample is related to the fact that its scale radius it not resolved.

This suggests that the density pro�le of the lower-mass MCHs is actually described by a

single power-law instead of an NFW pro�le. The density pro�les of MCHs with masses
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Figure 4.9 | Radial density pro�les of all MCHs with masses between 10
−12"� and 10

−13"� at

redshift I = 99 (left) and the normalised distribution of their slope parameters U obtained from the

power-law �t d ∼ AU (right). Note that the dark line in the left panel is not a �t for the presented

data but is used to guide the eye.

ranging from 10
−12"� to 10

−13"�, which make up 9% of the total number of MCHs

above the low-mass resolution cut-o�, are presented in the left panel of Fig. 4.9. At �rst

view, a large number of MCHs seems to be in agreement with a power-law of d ∼ A−3

although some MCHs even favour a steeper slope. This is con�rmed in the right panel

of Fig. 4.9 where the normalised distribution of the slope parameter U obtained from

a power-law �t d ∼ AU to each MCH is shown. Evidently, the distribution peaks for

a slope parameter of U = −3, with a tail to steeper slopes. Only a tiny fraction of the

density pro�les of the MCHs in this sample are described by a shallower pro�le with

slope parameter U & −2.5. A veri�cation of whether MCHs with a A−3 slope converge

to an NFW pro�le and a study of possible di�erences between MCHs and miniclusters

formed from mergers or direct collapse require additional simulations with higher spatial

resolution.

Nevertheless, we can conclude that the density pro�les at I = 99 do not match a d ∼
A−9/4 power-law predicted for matter accretion onto a spherically symmetric perturbation

from a homogeneous background [275]. This has previously been used to describe the

density pro�le of axion miniclusters [29, 362]. The d ∼ A−9/4 pro�le was also used as an

approximation for so-called ultracompact minihalos that can form in a similar manner to

PBHs when a strong density perturbation crosses the horizon [368]. Due to their possible

early formation and their large overdensities, ultracompact minihalos are similar to axion

miniclusters. High-resolution simulations of the formation of ultracompact minihalos

have revealed that they produce NFW density pro�les when there are initially only slight

deviations from a spherical symmetric perturbation [369]. Our results for the axion MCH

density pro�les are thus consistent with Ref. [369].
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4.3.4 Discussion

We studied the formation of axion miniclusters and their clustering into MCHs from

post-in�ationary PQ symmetry breaking initial conditions. Our results are based on the

highest-resolution simulations performed to date, both for the initial conditions and their

gravitational evolution. Although our simulations cannot account for miniclusters at

very low masses of 10
−15"� and are not able to properly resolve the inner structure

of MCHs with masses below 10
−11"�, they allow us to draw the following important

conclusions. The total number of miniclusters is dominated by the lowest masses while

the fraction of axions bound in miniclusters is 51 ∼ 0.75 at I = 99 and is dominated

by the highest-mass MCHs. Furthermore, the MC-HMF is nearly scale-invariant with

a slope of U ' −0.7 and the mass distribution of substructures within MCHs follows a

similar scaling. Finally, the density pro�les of MCHs are NFW-like at I = 99 at least for

su�ciently massive MCHs with concentration parameters of an order of several hundred.

Lower-mass density pro�les are consistent with the power-law pro�le d ∼ A−3, excluding

the previously used A−9/4 density pro�le for axion miniclusters.

Neglected Adiabatic Perturbations and Initial Particle Velocities

It is important to mention that adiabatic density �uctuations generated from in�ation

were neglected in our N-body simulations. To verify that this is a justi�ed assumption

one should compare them with the size of the axion isocurvature density perturbations

that were used as initial conditions. This requires relating the in�ationary matter power

spectrum, which is produced on much larger scales, to the small length scales that our

simulations are sensitive to. For wave numbers larger than the one entering the horizon

at matter-radiation equality, : � :eq = 0eq�eq, the transfer function in the adiabatic

matter power spectrum (see Eq. (2.105)) is [370]

) (:, 0) =
12:2

eq

:2
ln

(
:

8:eq

)
� (0) . (4.13)

Here, � (0) is the growth factor in a matter-dominated universe that is given by Eq. (4.12).

For redshifts I � Ieq, the linear in�ationary power spectrum at scales : � :eq is thus (cf.

Eq. (2.105))

Δ2

< (:, 0) =
4

25

[
12

0

0eq
ln

(
:

8:eq

)]
2

Δ2

R , (4.14)

where Δ2

R is the dimensionless curvature power spectrum from Eq. (2.71). To compare the

adiabatic with the isocurvature power spectrum, we evolve the initial power spectrum of

our N-body simulation linearly with the growth factor in Eq. (4.12) to the �nal redshift
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Figure 4.10 | Power spectra of isocurvature and adiabatic density �uctuations at redshift I = 99

in physical units. The adiabatic power spectrum was computed with Camb [231] and extrapolated

to smaller scales (dashed orange line) while the isocurvature power spectrum corresponds to the

initial conditions of our N-body simulations extrapolated to larger scales assuming a white-noise

power spectrum (dashed blue line). An enlargement of the region where the two spectra become

comparable to each other is shown in the inset.

I = 99. It can be easily extended to larger scales than covered by the simulation since it

corresponds to a white-noise power spectrum on the largest resolved scales. Using the

in�ationary parameters given in Table 1.1 and a pivot scale of :? = 0.05Mpc
−1

, we obtain

that the two power spectra cross each other at :cross ∼ 1.2 pc−1. Since this is a factor of 6

smaller than the largest resolved wave number :! = 2c/! = 7.3 pc−1 in our simulation,

the simulation box has to be a factor of 6 larger in order to start being sensitive to those

scales. Hence, the adiabatic �uctuations can be safely neglected for the purpose of our

N-body simulations. This is additionally illustrated in Fig. 4.10, where the adiabatic power

spectrum from in�ation at redshift I = 99 is extended to smaller scales and compared to

the linearly evolved isocurvature power spectrum at the same redshift. Evidently, the

isocurvature �uctuations clearly dominate over the adiabatic perturbations at our scales

of interest.

Another detail that should be kept in mind is that the initial particle velocities were

set to zero in the N-body simulation. In principle, axions obtain a velocity from the

nonlinear evolution of the axion �eld at early times I > 10
12

. Due to the expansion of

space and the increasing axion mass during free-streaming, the axion density becomes

frozen on all scales of interest at redshift I = 10
6

[39]. Since gravity is not considered
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in the generation of the initial conditions for the N-body simulations, one can argue

one misses the contribution from the gravitational acceleration in the evolution from

I ∼ 10
12

to I = 10
6
. It is assumed that once gravity is turned on at the beginning

of the N-body simulations the particles obtain the correct velocity after a couple of

4-folds [39]. Nevertheless, this approximation might lead to a delayed formation of

small-scale structures at the low-mass end of the MC-HMF and one should treat the

lowest-mass miniclusters carefully.

Prospective Simulations

The N-body simulation results presented above bring up questions that can only be

answered by a more in-depth analysis complemented by follow-up simulations. For

example, increased statistics are needed to sample the MC-HMF at the high-mass end

in order to determine the slope parameter of the MC-HMF at those scales. Then, one

could verify whether d=/d log" ∼ "−1/2 is indeed the correct behaviour of the MC-HMF

at high masses, as expected from Press-Schechter theory [361, 362]. A larger number

of high-mass MCHs can be theoretically obtained when stacking the MC-HMF from

multiple runs with slightly di�erent initial conditions. From a computational point of

view, this can be easily achieved in an e�cient manner by reducing the number of N-body

particles and making use of already existing simulation routines. However, one might

run into the problem of the arising nonlinearities at I = 99 (see Fig. 4.5) which would

manifest themselves at the high-mass end of the MC-HMF. To be insensitive to such

numerical artefacts it is actually safer to run simulations with a larger box size as the

simulation can then be evolved to later times.

Unfortunately, simulating larger boxes than 24!osc with the same code that originally

produced the initial conditions for the N-body simulations does not seem to be possible

at the moment.
52

This might be alleviated with the help of AMR though, as discussed

in Section 4.2. Additional simulations with smaller box sizes and an increased number

of particles to reach higher spatial resolution might be helpful for studies of the radial

density pro�les of MCHs with masses below 10
−11"�. Although the simulations could

not be evolved until I = 99, they might resolve whether the MCHs with a slope of d ∼ A−3

in Fig. 4.9 are actually described by an NFW pro�le. Also, they can be used to identify

di�erences in the morphology of the canonical miniclusters and MCHs and could verify

the conjecture that the density pro�les of MCHs converge towards an NFW pro�le for

decreasing redshift. Such a resolution study also warrants a careful treatment of initial

particle velocities since setting them to zero might a�ect the lower-mass miniclusters.

52. Javier Redondo, private communication.
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Therefore, the impact of including nonzero initial velocities on the morphology and the

mass distribution of miniclusters should be a necessary ingredient of future examinations.

Another interesting avenue for future research is to focus on the white-noise part of

the isocurvature power spectrum and to run simulations with an overall power spectrum

that includes the adiabatic density �uctuations (cf. Fig. 4.10). This basically corresponds

to generating a Gaussian density �eld as the initial condition for the axion density

perturbations. A similar study was presented in Ref. [371] but they did not take the

adiabatic power spectrum into account. In fact, their chosen comoving box side length of

! = 72 pc implies that the adiabatic power spectrum would actually dominate over the

only considered isocurvature perturbations for the majority of their resolved: . This might

a�ect their obtained MC-HMF, which agrees with our MC-HMF at late times indicating

that the high-mass MCHs then drive the evolution, considerably. The miniclusters formed

from isocurvature �uctuations at early times are small-scale objects and one assumes

that they will end up as the substructures of galactic halos. They are composed of axion

dark matter and originate from the adiabatic large-scale density �uctuations. This logic

provides motivation to treat the two types of initial conditions independently from each

other but considering both of them at relevant scales might gain some new insights.

This treatment could turn out to be irrelevant since very high-mass MCHs forming

at late times are distinctly less dense than miniclusters produced at early times. Thus,

they will be more vulnerable to being disrupted by tidal encounters with stars or other

miniclusters in a galaxy [350, 351]. This also means that our result of 75% of all axions

being bound in MCHs at I = 99 is not a robust prediction for the bound fraction of axion

dark matter at the present time as a substantial amount could be ejected by the tidal

disruption of axion miniclusters. This is highly relevant both for direct and indirect

axion detection experiments (see Section 4.4). Sophisticated models for the distribution

of axion dark matter in our Milky Way at the present time do not yet exist. Hopefully,

our simulation results can be used as a starting point for model building as the overall

problem is probably intractable with full simulations.

Axion Stars

Finally, we consider the predicted population of axion stars in the context of MCHs. Recent

studies have shown that the formation of axion stars in the cores of axion MCHs is a �rm

prediction [42, 307]. Following the core-halo mass relation "∗ ∼ "1/3
MCH

(see Eq. (3.35))

between the mass "∗ of the axion star and the host MCH found in simulations [42, 308,

309], we can expect axion stars with masses ranging from 10
−17 − 10−15"� for the mass

range of our MC-HMF. Although the expected masses of the axion stars and the smallest
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identi�ed MCHs overlap, we note that our N-body simulations are by construction

not capable of resolving them. Also, the value of the de Broglie wavelength _dB that

determines the scale of the axion star radius does not exceed the numerical softening

length across the entire mass range of the MCHs. Thus, our N-body simulations do not

miss these small-scale e�ects accidentally.

4.4 Observational Signatures From Miniclusters

For axion detection experiments it is essential to know the distribution of axion miniclus-

ters, their structure and the fraction of axions bound in them at the present time. Focusing

on the formation of large-scale MCHs by starting from a Gaussian axion density �eld

and neglecting the contribution from adiabatic density �uctuations, N-body simulations

were recently performed until a redshift of I = 19 [371]. The resulting MC-HMF was

extrapolated with a Press-Schechter method to I = 0. This can be regarded only as a

rough approximation since no predictions about the substructure of the large-scale MCHs

are made. More importantly, tidal interactions with stars that can lead to the complete

destruction of an MCH were not taken into account at all.

While axion miniclusters can be disrupted by encounters with other miniclusters, the

dominating contribution comes from interactions with stars in the late-time Universe.

Based on studies of tidal interactions between small dark matter halos and stars [372,

373], an expression for the destruction probability of axion miniclusters inside a galactic

halo was computed analytically [350, 351, 374]. In terms of the initial minicluster seed

overdensity Φ0 , the destruction probability can be approximated as %3 ' 10
−2Φ−3/20 (1 +

Φ0)−1/2 [350, 351]. This suggests that roughly one per cent of the miniclusters with Φ0 ∼ 1

and approximately one third of Φ0 ∼ 0.1 miniclusters are destroyed. This matches the

physical intuition that compact miniclusters are less likely to be disrupted. Hence, one

can expect that a majority of the early collapsed miniclusters still exist as substructures

at the present day.

Simulations of the stellar disruption of axion miniclusters in the Milky Way at the

position of the Solar System revealed that the survival probability of MCHs with an

NFW density pro�le is less than 50%, while 99% of the miniclusters with a power-law

density pro�le survive. This emphasises the need for additional N-body simulations to

precisely determine the structure of the so far not su�ciently resolved lower-mass MCHs.

Note that the tidal destruction of a minicluster does not have to occur at once. Indirect

encounters can lead to a gradual mass loss of the outer parts of an MCH whereas its inner

part is not a�ected by tidal forces [372]. Several of these tidal stripping events results in
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a decreasing MCH mass and radius but the internal density pro�le, i.e. the core of the

MCH, remains una�ected [351].

Axion Direct Detection and Gravitational Lensing

As a consequence of the destruction process, tidal streams with a lower density than their

progenitors are produced which has signi�cant implications for axion direct detection

experiments. So-called haloscopes such as ADMX [375] and ORGAN [376] consist of a

cavity surrounded by a strong magnetic �eld by which axions are converted into photons

leading to a detectable signal [184]. As the strength of the signal depends on the local

energy density of axions, the passage of a minicluster through the Earth will amplify the

power of the signal enormously. However, this is expected to be a rare event occurring

only once every 10
5

years [29, 350]. Nevertheless, the probability of detecting axions is

drastically increased by the existence of tidal streams of axions since they �ll a larger

volume than a bound minicluster. It was estimated that crossing events with axion streams

take place roughly every 20 years which increases the expected signal in a haloscope

experiment by a factor of 10 [350]. For this reason, the estimates of the destruction

probability of axion miniclusters and the distribution of tidal streams should be further

improved, which can potentially be achieved by means of numerical simulations.

Furthermore, axion miniclusters could be detected by femto- and picolensing of

gamma-ray bursts [30, 377] as well as by microlensing [362] events. The general idea

of gravitational lensing is that the path of light of a distant light source is bent by the

gravitational �eld of an object between the light source and the observer. This leads

to multiple images of the source seen by the observer. It has been noted that femto-

and picolensing of gamma-ray bursts with an axion minicluster serving as the lens is

challenging as only a small fraction of gamma-ray bursts turned out to be suitable [377].

If separate images cannot be resolved, one speaks of microlensing. The light of the

observed source is magni�ed when a minicluster, or any other compact object, passes

close to its line of sight [362]. Using a modi�cation of the peak-patch method presented

in Section 2.4.4 together with the results from the N-body simulations in Section 4.3,

merger trees were constructed to determine the collapse redshift of axion MCHs [240]. In

the next step, a concentration-mass relation of the MCHs was obtained and extrapolated

to the present time, under the assumption that the density pro�le of the MCHs is given

by an NFW pro�le. Predicting concentrations of ∼ 10
4

at I = 0, the MCHs are to di�use

to create a microlensing signal [240]. However, larger concentrations are expected in

miniclusters that collapsed very early which are likely to end up as substructures in

larger MCHs. The peak-patch method was additionally used to identify large overdense
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regions in the initial density �eld [241, 242]. The subsequent gravitational collapse of

these regions was tracked with the N-body simulations from Section 4.3 to study their

properties and their ability for microlensing.

As expected, miniclusters with a larger mass are more likely to survive disruption

events. A correlation between the overdensity at the time of collapse and the survival

rate was only observed for minicluster masses & 3 × 10−13"� [241, 242]. This raises the

question of the signi�cance of Φ0 and whether it is a relevant quantity for predicting the

properties of axion miniclusters. Consistent with the discussion of the density pro�les

in Section 4.3.3, the considered minicluster density pro�les in Ref. [241, 242] are close

to an NFW pro�le if the scale radius can be resolved. If this is not the case, they are

described by the single power-law pro�le d ∼ A−2.9. The core-halo mass relation can be

used to determine the mass and size of an axion star in the centre of an axion minicluster,

which works as a cut-o� for microlensing. Assuming the existence of an axion star in the

centre of the miniclusters and extrapolating their overall density pro�les to the present

time it was found that neither miniclusters with an NFW pro�le nor a power-law pro�le

with a slope of U = −2.9 are able to produce a microlensing signal. However, this can be

achieved if axions with a mass of<0 & 10
−4

eV are considered [241, 242].

Additionally, another lensing diagnostic has been proposed based on the strong

magni�cation of caustic transiting stars via a galaxy cluster lens. The existence of dark

matter substructures imprints themselves as observable irregularities in the microlensing

light curves. It was shown that this should be also perceivable for axion miniclusters in

the post-in�ationary PQ breaking scenario [378].

Pulsar Timing Arrays and Neutron Stars

Other possibilities to detect axion miniclusters are through Pulsar Timing Arrays and

the resonant conversion of axions into photons in astrophysical magnetic �elds. Pulsars

are rotating neutron stars with strong magnetic �elds and can be recognised from Earth

as periodic emitters of electromagnetic radiation. The observed pulsar frequency will

be di�erent when an axion minicluster, or in general a dark matter subhalo, comes

close to Earth or the pulsar. It was shown in Ref. [379] that the Square Kilometer Array

observatory [380] is presumably not sensitive to the frequency shifts induced by axion

miniclusters but this might be achievable with future experiments [371, 379].

Besides, a collision of an axion minicluster with a neutron star can lead to the resonant

conversion of axions into photons in the magnetic �eld of a neutron star [381–383].

Recently, it has been estimated that encounters of axion miniclusters with neutron stars

in the Milky Way should occur quite frequently with O(1 − 100) events per day [383].
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They are expected to last several days and up to a few months and might be observable

with existing telescopes [383]. Since the amount of generated photons depends on

the number density of axions, stronger signals are predicted for dense miniclusters.

Accordingly, axion stars in their centre might produce even stronger radio bursts [358,

384]. Collisions of axion stars with neutron stars could also source other observables, for

instance, gravitational waves, the emission of neutrinos and electromagnetic radiation in

a broad frequency range [385, 386].
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Gravitational Collapse in the

Post-Inflationary Universe

In simple in�ationary scenarios, the period of accelerated expansion comes to an end when

the scalar in�aton �eld starts to oscillate around the minimum of its potential.
53

Although

the precise details of the epoch following slow-roll in�ation are unknown, the energy

density stored in the in�aton �eld must eventually be converted into Standard Model

particles. As mentioned in Section 1.2.3, the energy scale at which this so-called reheating

phase is completed is barely constrained leaving room for a plethora of exciting physical

processes prior to thermalisation. This allows, for example, the fragmentation of the

initially nearly homogeneous in�aton �eld in a number of di�erent preheating scenarios

where parametric resonance can lead to e�cient particle production (see Section 1.2.3).

Even if couplings to other �elds can be neglected at higher energy scales and become

relevant only at later times, the in�aton �uctuations can be resonantly ampli�ed by

the strong oscillations of the in�aton �eld at the beginning of reheating, provided that

self-interactions are present. In this case, long-lived excitations such as oscillons form

and may populate the early Universe in large numbers.

In this chapter, we consider a scenario without any resonance. In�aton self-interactions

are omitted and the dominating in�aton interactions are gravitational. Provided that

the reheating temperature is su�ciently low, in�ation is then followed by a long period

of matter-dominated expansion where initially small in�aton perturbations grow grav-

itationally on subhorizon scales. This is very similar to the formation of structures in

the late-time Universe. Since the in�aton is a real scalar �eld in single-�eld models of

in�ation, we can adopt the same computational methods from Section 3.1.2 to study its

53. Depending on the shape of the in�aton potential, the oscillations are performed around a possibly local

minimum.
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nonlinear evolution and the gravitational collapse of in�aton �uctuations in the non-

relativistic limit. Using an N-body solver, we performed the largest-ever simulation of

the smallest fraction of the Universe to obtain the �rst quantitative predictions for the

mass distribution and the structure of collapsed objects which we call in�aton halos.

These simulations were complemented by solving the SP equations on length scales of

in�aton halos in order to prove furthermore the existence of solitonic cores, denoted

in this context as in�aton stars, in their centre. The formation of in�aton halos in the

post-in�ationary Universe can source gravitational waves which imprint themselves in

an SGWB. Furthermore, it is possible that subhorizon-sized PBHs are produced.

The scenario of gravitationally growing in�aton density perturbations on subhorizon

scales is described in Section 5.1, including the calculation of the power spectrum at

scales of interest. The simulation setup and the drawback of N-body simulations in this

context are discussed in Section 5.2, followed by the presentation of the simulation results

in Section 5.3 and Section 5.4, respectively. Large parts of Sections 5.2 to 5.4 are directly

taken from the original work published in Refs. [40, 41]. Finally, it is shown in Section 5.5

how the SGWB generated from the formation and subsequent evolution of in�aton halos

can be computed.

5.1 Post-Inflationary Dynamics

As in Section 1.2.3, we consider single-�eld slow-roll in�ation and work with the quadratic

in�aton potential from Eq. (1.38). In fact, the potential must actually be shallower

than quadratic at large �eld values i > "Pl to be consistent with observations [89].

However, after the end of in�ation, the in�aton oscillates around the minimum of its

potential which can be approximated by its leading-order quadratic term. Under the

assumption that higher-order terms of the full potential do not support resonance, we

can use the results from Section 1.2.3 for the evolution of the in�aton �eld and the

expansion of the universe. The evolution equations for the in�aton �eld and the Hubble

parameter are given in Eq. (1.39). Averaged over several oscillations, the in�aton �eld

evolves as i ∼ 0−3/2, the scale factor grows as 0(C) ∼ C2/3, the Hubble parameter

decreases as � ∼ 0−3/2 and the energy density decreases as di ∼ 0−3 during the matter-

dominated post-in�ationary universe. This epoch continues until the Hubble parameter

becomes eventually comparable to the decay rate Γ of the in�aton. This occurs only after

multiple 4-folds provided its coupling to other �elds is small. Using Eq. (1.55) to relate the

in�aton decay rate to the reheating temperature and that the Hubble parameter evolves as

� ' �end(0/0end)−3/2 = �end exp(−3N/2) where N now denotes the number of 4-folds
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after the end of in�ation, one can estimate the duration of the matter-dominated epoch as

N ' 2

3

ln

(
�end

Γ

)
' 2

3

ln

(
�end"Pl

3) 2

reh

)
. (5.1)

For an exemplary reheating temperature of )reh ' 10
7
GeV the matter-dominated epoch

lasts for N ' 25.6 4-folds.

5.1.1 Evolution of Perturbations a�er Inflation

We are now interested in the evolution of the in�aton perturbations Xi for which the

equation of motion is given by the Mukhanov-Sasaki Eq. (2.57). In�aton perturbations can

be conveniently treated in the spatially �at gauge (see Appendix A.3) where the Mukhanov

variable (see Eq. (2.56)) reads @ = 0Xi [212]. Then, we can write the Mukhanov-Sasaki

Eq. (2.57) in terms of Xi as

Xi′′ + 2HXi′ +
(
0′′

0
− ∇2 − Z

′′

Z

)
Xi = 0 , (5.2)

where Z ′′/Z is given by Eq. (2.58). Inserting the slow-roll parameters Y and [ into Eq. (2.58)

and using Eq. (1.39) we see that

Z ′′

Z
= 202� 2 − 02 m

2+ (si)
msi2

− 02

"2

Pl

(
1

2

¤
si2 +

¤
si2

� 2"2

Pl

+ (si) + 2
¤
si

�

m+ (si)
msi

)
. (5.3)

Here, + (si) denotes the quadratic in�aton potential from Eq. (1.38) for the background

�eld si . Since 0′′/0 = 202� 2 − 02 ¤si2/(2"2

Pl
), the perturbation Eq. (5.2) expressed in terms

of derivatives with respect to physical time becomes [36]

X ¥i + 3� ¤i +
(
<2 + <

2
si2

2"4

Pl

¤
si2

� 2
+ 2<2

si

"2

Pl

¤
si

�
− ∇

2

02

)
Xi = 0 . (5.4)

In general, one needs to solve this equation numerically in Fourier space as done in

Ref. [36] to compute the evolution of the in�aton perturbations over a wide range of : .

However, it is insightful to consider approximations of Eq. (5.4) to �nd analytic solutions.

Starting with modes that left the horizon already during in�ation, one can make use of

the slow-roll approximations, Y � 1, [ � 1 and the fact that the Hubble parameter �

is constant to simplify Eq. (5.4). According to Eq. (1.29), this then implies that the ¤si/�
terms in Eq. (5.4) can be dropped. Moreover, using the potential slow-roll parameter [+

from Eq. (1.33) makes clear that the mass term in Eq. (5.4) can be omitted as well. Hence,

in this case, the perturbation equation simpli�es in Fourier space to

X ¥i: + 3�X ¤i: +
:2

02
Xi: = 0 , (5.5)
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which has the solution [52]

Xi: =
1

0
√
2:

(
1 + 8 0�

:

)
exp

(
8:

0�

)
. (5.6)

Note that this is a solution that is valid for modes leaving the horizon well before the end

of slow-roll in�ation, C � �−1
end

. We are, on the contrary, interested in the behaviour of

perturbations in the matter-dominated post-in�ationary epoch at times C � �−1
end

where

the slow-roll approximation is not valid. Note that the time derivative of the background

�eld given by Eq. (1.46) is

¤
si =

√
6"Pl

<
( ¤� sin(<C) + �< cos(<C)) , (5.7)

where the Hubble parameter and its time derivative scale as � ∼ 0−3/2 and ¤� ∼ 0−3,
respectively. Expanding the two si dependent terms in the bracket of Eq. (5.4) in powers

of 0−3/2 reveals that the dominating contribution of order 0−3/2 is

2

<2

"2

Pl

si
¤
si

�
= 6�< sin(2<C) + O(0−3) , (5.8)

whereas the other term decays as O(0−3) and can be neglected. Thus, the equation of

motion in Fourier space takes the form [36]

X ¥i: + 3�X ¤i: +
(
:2

02
+<2 + 6�< sin(2<C)

)
Xi: = 0 . (5.9)

It was shown in Ref. [35] by writing Eq. (5.9) as a Mathieu equation (cf. Eq. (1.60)) that the

last term in the brackets leads to a parametric ampli�cation of Xi: within the resonance

band 0 < :/0 < (3�<)1/2. This should not be confused with the parametric resonance

from preheating which leads to an exponential growth of quantum �uctuations. In this

case, the resonance results in a rather mild ampli�cation of Xi: and is such that the

comoving curvature perturbation R: = �Xi:/ ¤si in the spatially �at gauge approaches a

constant for all modes : within the identi�ed resonance band. This is independent of

whether they are inside or outside the horizon [36]. This means that both the background

�eld si and the perturbations Xi evolve like in a matter-dominated universe in which R
is constant on sub- and superhorizon scales (cf. Section 2.3.2). Note that an approximate

solution of Eq. (5.9) directly shows that R approaches a constant at late times without

the need of resolving this resonance [36].

5.1.2 Power Spectrum of Inflaton Perturbations

Based on the evolution Eqs. (5.5) and (5.9) it is possible to compute the power spectrum

of the in�aton �uctuations in the limit of super- and subhorizon scales. We will see that
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the �nal result is independent of time, and therefore can be used to obtain the power

spectrum at the end of in�ation. For perturbations that leave the horizon during slow-roll

in�ation, the solution to Eq. (5.5) is given by Eq. (5.6) and therefore

|Xi: |2 =
1

2:02

(
1 + 0

2� 2

:2

)
=
� 2

2:3

(
1 + :2

02� 2

)
. (5.10)

In the superhorizon limit, : � 0� , this becomes Xi: → �/(2:3)1/2 and the dimensionless

curvature power spectrum at horizon crossing, : = 0∗�∗, is

Δ2

R (:) =
:3

2c2
|R: |2 =

� 2

∗
(2c)2

� 2

∗
¤
si2

, (5.11)

where we used that R: = �Xi:/ ¤si in the spatially �at gauge. Evidently, we recover the

result from Eq. (2.68).

The calculation is much more involved for nonrelativistic modes (:/0 � <) that

never leave the horizon (: � 0� ). Deep in the matter-dominated epoch, the equation

of motion for such density perturbations is described by Eq. (5.9) and one can �nd an

approximate solution with the leading-order WKB ansatz [36]

Xi: =
1

03/2
√
2l (C)

exp

(
8

∫
l (C) dC

)
, where l (C) =

(
:2

02
+<2

)
1/2

. (5.12)

Note that this approximation is only valid for modes :/0 � (3<� )1/2 and breaks down

when parametric resonance sets in [35, 36]. Following Refs. [36, 387] and noting that

l =< in the nonrelativistic limit, :/0 �<, a solution to Eq. (5.9) is of the form

Xi: (C) =
1

03/2
√
2<

(
�(C)4−8<C + �(C)48<C

)
. (5.13)

Both �(C) and �(C) are slowly varying functions, i.e. ¤�/� �< and ¤�/� �<, and the

time derivatives of Xi: (C) are

√
2<03/2X ¤i: =

(
¤� − 3

2

�� − 8<�
)
4−8<C +

(
¤� − 3

2

�� + 8<�
)
48<C , (5.14)

and

√
2<03/2X ¥i: =

(
¥� − 3 ¤�� − 3

2

� ¤� + 9

4

�� 2 − 28<
(
¤� − 3

2

��

)
−<2�

)
4−8<C + . . . ,

(5.15)

where the ellipse at the end of the second derivative corresponds to the �48<C terms which

are very similar and omitted for convenience. Expressing now the sin(2<C) term in
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Eq. (5.9) as exponential functions, collecting all terms proportional to 4−8<C and dropping

all contributions that decay faster than 0−2, one obtains the coupled equation

:2

02
� + 3�<8� − 28< ¤� = 0 . (5.16)

Introducing the variable [387]

G =
:2

�<02
=

3:2C

2<02
with derivative ¤G =

3:2

2<02
(1 − 2C� ) = − :2

2<02
, (5.17)

and performing a change of variables such that

¤� = − :2

2<02
d�

dG
, (5.18)

one can write Eq. (5.16) as [387]

d�

dG
+ 3�

G
− 8� = 0 . (5.19)

Similarly, one can collect the terms proportional to 48<C in Eq. (5.9) and one obtains

d�

dG
+ 3�

G
+ 8� = 0 . (5.20)

Thus, Eq. (5.9) has now turned in a coupled system of equations for � and �, which

by replacing � and its derivative can be transformed into the second-order di�erential

equation

G2
d
2�

dG2
+ G d�

dG
+ (G2 − 8G − 9)� = 0 . (5.21)

The solution to this equation and the related expression for � are [387]

� = 48G
(
1 + 98

2

− 9

G2
− 158

2G3

)
, and � = 48G

(
38

2G
− 6

G2
− 158

2G3

)
. (5.22)

Since we are interested in the late-time behaviour of Xi: , we consider G � 1 in which

case the −158/(2G3) term in � and � dominates. Hence, the in�aton perturbation ap-

proaches [36]

Xi: → −
1

03/2
√
2<

158

2G3

(
4−8<C + 48<C

)
= − 158
√
2<

<3� 309/2

:6
cos(<C) (5.23)

in this limit. Using that ¤si →
√
6"Pl� cos(<C) at late times (see Eq. (5.7)), the comoving

curvature perturbation becomes

R: =
�

¤
si
Xi: = −

158
√
12<"Pl

<3� 309/2

:6
, (5.24)
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and therefore the curvature power spectrum on subhorizon scales is [36]

Δ2

R (:) =
:3

2c2
|R: |2 =

75<5

8c2

� 6

"2

Pl

09

:9
. (5.25)

Since � 609 is constant during the post-in�ationary epoch, it can be evaluated at any

convenient time, particularly at the end of in�ation. The subhorizon power spectrum of

density perturbations (cf. Eq. (2.105))

Δ2

< (:) =
4

25

(
:

0�

)
4

Δ2

R (:) (5.26)

at the end of in�ation thus scales as Δ2

< ∼ :−5.

5.2 Simulating the Early Ma�er-Dominated Epoch

The end of slow-roll in�ation is de�ned by Y (iend) = 1 which implies, for the quadratic

in�aton potential from Eq. (1.38), that iend ≈
√
2"Pl and correspondingly �end ∼ <

where< is the in�aton mass. Since the Hubble parameter decreases with 0−3/2 in the

post-in�ationary matter-dominated era, � � < after only a few 4-folds following

the end of in�ation. This provides motivation to consider the nonrelativistic limit of

the Klein-Gordon Eq. (1.24) to study the evolution of the in�aton �eld under its own

self-gravity without self-interactions or couplings to other �elds. In addition, a large

number density allows the in�aton �eld to be treated classically, complementing the

situation that the SP Eqs. (3.10) and (3.11) are suited to evolve the in�aton �eld on

subhorizon scales [37]. Adopting a pseudo-spectral method to solve the SP equations,

numerical simulations of the matter-dominated epoch following in�ation demonstrated

the gravitational fragmentation of the in�aton �eld [37]. However, due to limitations in

spatial resolution and the box size, the simulations could not be used to study the mass

distribution of collapsed objects and to probe the formation of solitonic cores. Exploiting

the analogy to cosmological structure formation with axion-like dark matter, the Press-

Schechter formalism was adapted to estimate the mass distribution of gravitationally-

bound in�aton halos and predicted typical masses of 10
−3

kg [38]. Building on the work

presented in Refs. [37, 38], we performed detailed N-body and SP simulations published

in Ref. [40] and Ref. [41], respectively. The following two sections summarise the setup

for our simulations and are taken to a high degree directly from Ref. [40].

5.2.1 Unit System and Initial Conditions

To facilitate comparison with Refs. [36, 38] the same assumptions about the model

parameters are made. We chose an in�aton mass of< = 6.35 × 10−6"Pl which assumes
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that a pivot scale of :? = 2 × 10−3Mpc
−1

crosses the horizon N? = 60 4-folds before the

end of in�ation. Note that a long matter-dominated epoch reduces the value of N? (cf.

Eq. (1.65)) and also < itself is weakly dependent on the energy scale when reheating

is completed, so in principle N? and < need to be solved self-consistently. The small

corrections are neglected in the following as their numerical impact on our simulations

from Sections 5.3 and 5.4 is limited. Furthermore, we assume that in�aton ends when

i ≈ "Pl and correspondingly �end ≈</
√
6.

As the physical size of the horizon at the end of in�ation is�−1
end
∼ 10

−29
m, we need to

introduce an appropriate unit system for our simulations. We de�ne the comoving length

unit ;D of our simulations by the physical size of the horizonN = 20 4-folds after the end

of in�ation, i.e. ;D = 420�−1
end

= 1.51 × 10−20m. Choosing the mass unit as<D = 10
−10

g

and taking the gravitational constant in the new unit system as � = 10
−10 ;3D/(<DC

2

D ), the

corresponding time unit is

CD =

[
10
−10

6.67 × 10−11

(
;D

m

)
3

g

<D

]
1/2

s = 7.23 × 10−24 s . (5.27)

The Hubble parameter at the end of the simulation is �20 = 4
−30�end = 6.49 C−1D , where

the subscript “20” refers to quantities evaluated N = 20 4-folds after the end of in�ation.

Using that d20 = 3� 2

20
/(8c�), the energy density at this time in physical units is d20 =

5.02 × 1010<D/;3D . Additionally, the matter energy density is �xed at Ω< = 1 throughout

the simulations.

The power spectrum of density perturbations at the end of in�ation was computed

in Section 5.1.2 in the super- and subhorizon limits. To obtain the precise shape of the

power spectrum on intermediate scales, one in principle needs to compute it numerically

as done in Ref. [36]. However, the nonlinear evolution of the in�aton �uctuations is not

sensitive to its precise form [37] and therefore it is su�cient to interpolate between the

sub- and superhorizon limits of the initial power spectrum [38], as shown in the upper

panel of Fig. 5.1. As discussed in Section 5.1.1, the in�aton perturbations grow linearly

with the scale factor during the post-in�ationary epoch. This allows us to evolve the

interpolated power spectrum forward from the end of in�ation with the growth factor

� (0) ∼ 0. Nonlinearities are expected to emerge after ∼ 17 4-folds of growth [38] and

therefore we take the linearly extrapolated power spectrum at N = 14 4-folds after the

end of in�ation as the initial condition for our subsequent simulations. They are evolved

for six additional 4-folds untilN = 20 which is why we normalise the �nal scale factor to

unity such that the initial scale factor corresponds to 0init = 014/020 = 4−6. The N-body

simulations presented in Section 5.3 were evolved with Nyx [264] with box side lengths of

! = 50 ;D and ! = 100 ;D , respectively. The code AxioNyx [43] with a box size of ! = 50 ;D
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10-23

10-21

10-19

10-17

10-15

10-13

10-11
∆

2 R
(k

)

interpolation

superhorizon

subhorizon

10-1 100 101

k [l−1
u ]

10-8

10-7

10-6

10-5

10-4

10-3

∆
2
(k

)

initial PS

1283 particles

5123 particles

Figure 5.1 | Dimensionless curvature power spectrum at the end of in�ation (upper panel)

and dimensionless in�aton density power spectrum N = 14 4-folds after the end of in�ation

(lower panel). The super- and subhorizon limits of the curvature power spectrum are given by

Eq. (2.68) and Eq. (5.25), respectively. The interpolated dimensionless density power spectrum

linearly evolved to N = 14 4-folds after the end of in�ation serves as the initial condition for the

simulations. The computed power spectra from the initial density �eld for 128
3

and 512
3

particles

are shown for comparison. The increasing deviations for large : from the input power spectrum

arise due to discretisation e�ects (see text for details). The lower panel of the �gure is adapted

from Ref. [40].

was used for the SP simulations in Section 5.4. Initial particle positions and velocities

are generated with Music [236] for the power spectrum shown in the lower panel of

Fig. 5.1. As an input, Music requires a transfer function ) (:) which is related to the

power spectrum % (:) via

% (:) = f8:=B) 2(:) , (5.28)

where =B is the spectral index (see Table 1.1) and f8 is the normalisation of the power
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spectrum. In the standard cosmology we have f8 = 0.811 [2, 236], however, since we use

another power spectrum f8 has to be computed from

f2
8
=

1

2c2

∫
, (:)2:2% (:) d: . (5.29)

Here,, (:) is the top-hat window function in Fourier space,

, (:) = 3 91(:'8)
:'8

, (5.30)

where '8 denotes a top-hat �lter of radius '8 = 8 ;D and 91 is the �rst order spherical

Bessel function

91(G) =
sin(G) − G cos(G)

G2
. (5.31)

Solving the integral in Eq. (5.29) and including the growth factor by adding a factor of

(020/0init)2 = (46)2 in the integral of Eq. (5.29) gives a normalisation of f8 = 1.71.

To verify the correct setup of the initial conditions we compare the power spectrum

that was indirectly inserted in Music via the corresponding transfer function with the

power spectrum calculated from the initial density �eld in Nyx. As can be seen in the

lower panel of Fig. 5.1, the power spectra agree over a wide range of : but for large : there

are deviations from the input power spectrum which are explained by two e�ects. The

�rst is the sharp cut-o� that arises at di�erent : for di�erent grid sizes. It is determined

by the Nyquist frequency :Ny = c#cell/!, where #cell denotes the grid size and ! = 50 ;D

is the size of the simulation box. For #cell = 512, :Ny ' 32.2 ;−1D and for #cell = 128,

:Ny ' 8.05 ;−1D . However, there is also an artefact arising from an interpolation used in

Nyx to compute the particle mass density. This process requires roughly 3–4 cells and the

deviations thus become apparent at : ∼ :Ny/3. For a larger value of #cell the deviation

from the input power spectrum kicks in at larger : , as seen in Fig. 5.1.

5.2.2 N-body Simulations and Spurious Halos

In contrast to solving the full SP dynamics on all scales, we made use of the Schrödinger-

Vlasov correspondence and have instead performed pure N-body in the �rst step (see

Section 5.3). They are computationally less expensive and allow us to easily follow the

evolution of the in�aton �eld deep into the nonlinear phase. This provides an accurate

understanding of halo formation at the cost of neglecting small-scale wavelike dynamics,

including solitonic cores in the centre of in�aton halos and granular density �uctuations

at the de Broglie scale. In order to determine the mass distribution of in�aton halos

in terms of their halo mass function (see Section 5.3.1), we adapt the Rockstar halo
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�nder [272] to locate the in�aton halos in the simulation outputs. Their virial radii are

calculated from

Avir = Emax

(
4c

3

�dvir

)−1/2
, (5.32)

where dvir = Δvirsd with mean density sd , Δvir = 18c2
for a matter-dominated background,

and Emax is the halo’s maximum circular velocity. The virial mass of the halos is then

given by "vir = 4c/3ΔvirsdA
3

vir
.

In addition to not being able to capture the detailed dynamics of wavelike matter,

another downside is that N-body simulations generate so-called spurious halos [388–391]

when the initial power spectrum has a well-resolved cut-o� at small scales. These are

found preferentially along �laments and can outnumber genuine physical halos below

some mass scale. They are caused by arti�cial fragmentation of �laments and are common

in WDM simulations [388–391] where the free-streaming of particles induces a cut-o� in

the matter power spectrum. The scale below which spurious halos dominate is [389]

"lim = 10.1sdΔG:−2
peak

, (5.33)

where ΔG is the e�ective spatial resolution of the simulation and :peak is the wave number

at which the dimensionless initial power spectrum has its maximum. These small-scale

halos are resolution-dependent and are thus clearly unphysical [388], and must be �ltered

out of the halo catalogue. Algorithms that distinguish between arti�cial and genuine

halos have been developed for WDM simulations.
54

We adopt a simpli�ed but su�cient

version for use here which works as follows.

To identify spurious halos and to remove them from the halo catalogue, we follow the

procedure from Ref. [389]. In the �rst step, we trace all the particles that are in a parent

halo at a certain N to their positions at the initial snapshot. This collection of particles

is the so-called protohalo. As suggested in Refs. [272, 394, 395], the appropriate way of

computing the ellipsis parameters of a (proto)halo is via the shape tensor ( . Since all of

the N-body particles in our simulation have the same mass, the shape tensor is

(8 9 =
1

#

∑
:

G:,8G:,9 , (5.34)

where G:,8 denotes the 8th component of the position of the :th particle relative to the

centre of mass of the protohalo. The sorted eigenvalues (_0 , _1 , _2 ) of ( are related to the

ellipsis parameters (2 ≤ 1 ≤ 0) of the protohalo as _0 = 02/3, _1 = 12/3 and _2 = 2
2/3,

54. Instead of running a standard N-body simulation, it is also possible to trace dark matter sheets in phase

space [392], signi�cantly suppressing the formation of spurious halos [393].
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and the sphericity of the protohalo is de�ned as B = 2/0 = (_2/_0)1/2. Analysing the

distribution of the sphericity B of all protohalos corresponding to the identi�ed halos at a

certain N allows a cut-o� to be set below which protohalos are marked as spurious. The

corresponding halos are then removed from the halo catalogue. This procedure removes

most but not all of the arti�cial halos. In principle, one should also �lter out halos that do

not have a counterpart in simulations of the same initial conditions but with a di�erent

spatial resolution [389]. However, we only make the sphericity cut and additionally use

the peak-patch code M3P (see Section 2.4.4) to cross-validate the N-body results as M3P

results are una�ected by spurious low-mass halos.

5.3 Formation of Inflaton Halos

Adapting the cosmology code Nyx [264], we performed N-body simulations fromN = 14

to N = 20 4-folds after the end of in�ation to study the gravitational fragmentation of

the in�aton �eld in the post-in�ationary epoch. This allows us to obtain the in�aton

halo mass function (IHMF) and to analyse the density distribution of the in�aton �eld

as well as the density pro�les of gravitationally-bound in�aton halos. Su�cient spatial

resolution is required for accurate results while larger box sizes are needed to evolve the

simulations to later times. Choosing a box size of ! = 50 ;D with 512
3

particles we achieve

a spatial resolution of ΔG = !/512 = 9.8 × 10−2 ;D . This choice ensures that the density

pro�les of the highest-mass halos can be well resolved. At the same time, it guarantees

that the peak of the IHMF at N = 20 is still resolved (see Fig. 5.4). We used this setup

as our benchmark simulation. However, the largest scales of the ! = 50 ;D simulation

box start to become nonlinear around N & 19 (see Fig. 5.5). This is why an additional

N-body simulation with a size of ! = 100 ;D containing 512
3

particles has been performed.

Su�ering admittedly from a reduced spatial resolution, nonlinearities at scales of the

size of the simulation box then appear at later times. This helps to compare the IHMF

obtained from the peak-patch code M3P (see Section 2.4.4) with the N-body IHMF. Since

in�aton halos are expected to form on comoving scales roughly equal to �−1
end

, the typical

halo mass can be approximated by the mass contained within the horizon at the end of

in�ation,

"ℎ,end =
4c

3

sdend�
−3
end

=
4c"2

Pl

�end

= 0.021 kg . (5.35)

The evolution of the in�aton density �eld for the ! = 50 ;D N-body simulation is shown

in Fig. 5.2. The �rst gravitationally-collapsed objects already exist at N = 16.9 which

subsequently merge to form larger in�aton halos. At N = 20 4-folds after the end of
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5.3. Formation of Inflaton Halos

Figure 5.2 | Projected in�aton density of the full simulation box with a comoving size of ! = 50 ;D
from N = 14 (upper left) to N = 20 4-folds (lower right) after the end of in�ation. Note that the

colour bar only applies to the �nal snapshot. A volume rendering of the largest in�aton halo with

virial mass of 1.2 × 103"ℎ,end ∼ 20 kg is shown in the lower-left panel. Figure reproduced from

Ref. [40].

in�ation, 60% of the total mass is bound in in�aton halos with masses in the range

"vir ∈ [0.2, 1.2 × 10
3]"ℎ,end and corresponding virial radii of Avir ∈ [0.1, 2.0] ;D . A

visualisation of the largest halo in the simulation volume with a virial mass of 20 kg can

be also seen in Fig. 5.2.

5.3.1 Inflaton Halo Mass Function

As discussed in Section 5.2.2, N-body simulations produce spurious low-mass halos if

the initial power spectrum has a well-resolved cut-o� at small scales. This means that
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the N-body IHMF includes unphysical halos which need to be removed. According to

Eq. (5.33) spurious halos dominate the IHMF below a mass scale of "lim ∼ 0.1"ℎ,end

for our spatial resolution of ΔG = 9.8 × 10−2 ;D and for the scale :peak = 1.7 ;−1D at which

the dimensionless input power spectrum has its maximum (see Fig. 5.1). Following the

procedure presented in Section 5.2.2, the constituent particles of every identi�ed halo at

a certain time are traced back to their initial positions in order to compute the sphericity

of each protohalo. The resulting sphericity distribution of all protohalos corresponding

to the identi�ed halos at N = 20 is shown in the left panel of Fig. 5.3 and reveals a

strong increase in the number of protohalos with sphericity B < 0.13. Thus, we decided

to set a cut-o� at Bcut = 0.13 below which protohalos are considered to be spurious.

The corresponding halos are removed from the halo catalogue and the IHMF. Since this

procedure does not remove all arti�cial halos, we additionally compare the N-body IHMFs

with those computed using the M3P algorithm, and with Press-Schechter predictions

of the IHMF. The latter adopts a sharp-: �lter to account for the suppression in the

initial power spectrum on small scales. The HMF in the Press-Schechter model given by

Eq. (2.120) depends on the choice of the window function and the initial density power

spectrum. Usually, the window function is taken to be a top-hat function with radius ')

in real space such that

,) (:') ) =
3 91(:') )
:')

(5.36)
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Figure 5.3 | Sphericity distribution of all in�aton protohalos in the simulation volume and

variance of density perturbation for di�erent window functions in the Press-Schechter formalism.

Left: histogram of the sphericity of all protohalos that belong to the identi�ed halos N = 20

4-folds after the end of in�ation. The dashed vertical black line marks the sphericity cut Bcut = 0.13.

Right: Variance of density perturbations f2(') (see Eq. (2.118)) using the sharp-: and the top-hat

window function, respectively (see Eqs. (5.36) and (5.37)). Figure adapted from Ref. [40].
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in Fourier space, where 91 is the �rst order spherical Bessel function from Eq. (5.31).

However, this approach is not able to match the HMF of simulations when the initial

power spectrum has a resolved small-scale cut-o� as is the case for WDM. It was shown

in Refs. [390, 391] that using the sharp-: �lter, which is de�ned as a top-hat window

function with radius ' in Fourier space as

,: (:') = Θ(1 − :') , (5.37)

can, however, provide an accurate description of the HMF. Making use of this analogy

and choosing Eq. (5.37), a direct calculation of the variance term in Eq. (2.120) yields

d logf2

d log"
= − 1

6c2f2
% (1/') 1

'3
. (5.38)

Correspondingly, the PS-HMF from Eq. (2.120) simpli�es to [38, 390, 391]

d=

d log"
=

1

12c2f2
sd

"
5 (a)% (1/')

'3
=
1

6

sd

"
5 (a)aΔ

2(1/')
X22

. (5.39)

In contrast to the top-hat window function in real space, which allows us to directly de�ne

a mass scale ") = 4c sd'3
)
/3 to the �lter scale ') , the sharp-: �lter has contributions

on all scales in real space. This makes it di�cult to assign a mass to the �lter scale and

therefore a free parameter n is added to the mass assignment such that

" =
4c

3

sd (n') . (5.40)

This free parameter is chosen so that the PS-HMF matches the numerical simulations.

Similarly to Refs. [391, 396, 397], n = 2.5 provides a good �t to the numerical data and

does not vary with time. Furthermore, we need to rescale the value of the critical density

X2 = 1.686 originating from spherical top-hat collapse to consider any contributions from

using the sharp-: �lter instead of a top-hat. In order to do so, we follow Ref. [397] and

compare the variance of density perturbations (see Eq. (2.118)) on a �lter scale ' using

the window functions from Eqs. (5.36) and (5.37) in the right panel of Fig. 5.3. We found

that f2(') using the sharp-: window function is larger by a factor of 1.44 for large ', i.e.

for high masses. As discussed in Ref. [397], the critical density X2 in Eq. (5.39) has to be

adjusted correspondingly.

The IHMF from the Press-Schechter approach, as well as the N-body IHMF and the

M3P outcome, is shown in Fig. 5.4 at four di�erent times. Consistent with Eq. (5.33),

spurious halos dominate the N-body IHMF for halos with masses lower than "lim ∼
0.1"ℎ,end, and account for the strong increase of the IHMF for " . "lim, which becomes

steeper for smaller N . As mentioned before, the procedure of removing the spurious
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Figure 5.4 | Evolution of the IHMF predicted from the Press-Schechter formalism with n = 2.5

and obtained from N-body simulations with a ! = 50 ;D simulation box and via the M3P algorithm

with a box size of ! = 100 ;D , respectively. Figure adapted from Ref. [40].

halos is incomplete which explains the observed increase of the HMF at low masses.

Apart from these unphysical deviations, the N-body results are in agreement with the

PS-HMF at all times. Since the IHMFs generated with M3P are una�ected by spurious

low-mass halos, they serve as a consistency check. Based on the mass range of the HMF

from the N-body simulations we performed an M3P run with a total of 20 real space

�lters logarithmically spaced between 0.195 ;D and 10 ;D . In order to adequately compare

the M3P results to the N-body IHMF we chose a larger box size of ! = 100 ;D for the M3P

run, which is discussed below. As can be seen in Fig. 5.4, the corresponding IHMFs agree

with the N-body IHMFs over the entire mass range down to "lim for N ≤ 19. Notably,

the low-mass end of the M3P-HMF is slightly underpopulated compared to both the

N-body and the PS-HMF at N = 19.6, which becomes more pronounced at N = 20 when

additionally more high-mass halos than expected are identi�ed.

To understand why M3P reproduces the N-body and PS-HMF over the entire mass

range at early times but cannot adequately do so at N ≥ 19.6 we now analyse the

132



5.3. Formation of Inflaton Halos

100 101

k [l−1
u ]

10-6

10-4

10-2

100

102

104

∆
2
(k

)

L= 50 lu

N= 14.0

N= 16.9

N= 18.3

N= 19.0

N= 19.6

N= 20.0

10-1 100 101

k [l−1
u ]

L= 100 lu

Figure 5.5 | Evolution of in�aton density power spectrum in dimensionless units for a simulation

box size of ! = 50 ;D (left panel) and ! = 100 ;D (right panel). The dashed lines display the linearly

evolved power spectra used by M3P, see Eq. (5.41). Figure adapted from Ref. [40].

evolution of the dimensionless power spectrum of density �uctuations. First of all, one

can see in Fig. 5.5 by comparing the initial power spectrum of ! = 50 ;D at N = 14 with

the one at N = 16.9 that the discretisation artefacts at large : , which are discussed in

Section 5.2.1, are washed out atN = 16.9. Unsurprisingly, we observe an overall increase

in power with time, particularly for high-: modes. The dotted lines in Fig. 5.5 show the

M3P power spectrum. This is related to the initial power spectrum via the linear growth

factor � (0) so that

Δ2(:, 0) =
(
0

0init

)
2

Δ2(:, 0init) . (5.41)

As expected, the N-body and M3P power spectra coincide for small : , i.e. in the linear

regime for lower values of N . However, at N ≥ 19 the M3P spectra di�er signi�cantly

from the N-body spectra for ! = 50 ;D even at small : , indicating that all scales are now

nonlinear. Thus, the linearly evolved M3P power spectrum for ! = 50 ;D atN ≥ 19 should

not be used to obtain the corresponding IHMF. However, this issue can be resolved when

a larger box size for the M3P runs is used. As expected, the ! = 100 ;D M3P spectra shown

in the right panel of Fig. 5.5 agree with the N-body power spectra at small : for a longer

time. However, slight deviations on large scales are still observable at N & 19.6. This

leads to inaccuracies in the M3P-IHMF in the sense that compared to the N-body results

and the PS-HMF more high-mass and less low-mass halos are predicted at N = 20, as

can be seen in the lower right panel of Fig. 5.4. In other words, the N-body simulations
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are more resistant to numerical errors which arise from the largest scales becoming

nonlinear.

5.3.2 Density Distribution and Halo Profiles

We determine the density distribution of the matter �eld, i.e. the one-point probability

distribution function, by binning the normalised density d= = d/sd = 1 + X , where X is

the overdensity, using a logarithmic bin width Δ log(d=) = 0.1. The density distribution

function % (d=) illustrates the relative frequency of overdensities. It is de�ned to be the

normalised number of cells whose corresponding density value lies in a range given by

Δ log(d=), i.e. % (d=) = Δ#cell/Δ log(d=)# −3
cell

where #cell = 512 is the grid size.

The evolution of the density distribution in the ! = 50 ;D simulation is shown in the left

panel of Fig. 5.6. It can be seen that it is initially a narrow distribution, re�ecting the shape

of the power spectrum, which widens as the nonlinear phase continues. The observed

maximal overdensity then increases, due to ongoing gravitational collapse, mergers, and

accretion onto existing halos. As a consequence, the number of cells with a low mass

density increases as raw material �ows from these cells to the growing overdensities. At

N = 20, the densities range from roughly 10
−6

to nearly 10
5

and the distribution peaks at

d= ∼ 0.2.

We now approximate the density distribution functions that we obtained from the

numerical simulations. As a starting point, we introduce the log-normal distribution

function [398]

%LN(d=) =
1

d=

√
2cf2

LN

exp

(
−
(ln(d=) + f2

LN
/2)

2f2
LN

)
, (5.42)

where f2
LN

is the only free parameter. A �t for N = 16.4 is shown in the right panel of

Fig. 5.6. However, the log-normal distribution does not provide an accurate �t to the tails

of the distribution function and does not align at all with the simulation results at later

times. Consequently, we use a power-law % (d=) ∼ dU= with slope parameter U truncated

on small and large densities with exponential terms [398] to model the distribution for

d= ≤ 0.2 and another power-law with an exponential cut-o� for d= > 0.2. Speci�cally,

the distribution functions are [398]

% (d=) = �dU= exp
(
−(d1/d=)1.1

)
exp

(
−(d=/d2)0.55

)
, (5.43)

for d= ≤ 0.2 and

% (d=) = �dV= exp (−1d=/d3) , (5.44)
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Figure 5.6 | Distribution of the in�aton density �eld for di�erent N . The left panel shows the

evolution from N = 16.4 to N = 20.0 and �ts to the distribution at these two instants of time are

shown on the right. The dashed lines represent a log-normal �t forN = 16.4 (see Eq. (5.42)) and a

combined �t consisting of a power-law times a double exponential for d= ≤ 0.2 (see Eq. (5.43))

and a power-law times a single exponential for d= > 0.2 (see Eq. (5.44)) forN = 20.0, respectively.

Figure adapted from Ref. [40].

for d= > 0.2. In these two expressions�, �, U , V , 1, d1, d2 and d3 are free �tting parameters.

With slope parameters of U = 0.8 and V = −0.8, the numerical data can be modelled

accurately over the entire range of d= . The combination of Eqs. (5.43) and (5.44) is also

suited to describe the density distribution at earlier times, i.e. this approach is not limited

to the N = 20.0 case.

Furthermore, we study the density pro�les of the halos in our �nal snapshot in two

mass regimes. Since we are limited by spatial resolution, we focus on in�aton halos at the

high-mass end of the IHMF and separate between the mass regimes " > 5 × 102"ℎ,end

and " ∈ [2, 3] × 102"ℎ,end at N = 20 in the ! = 50 ;D simulation. The averaged radial

density pro�les of ten in�aton halos in each mass sample are shown in Fig. 5.7. Black

dashed lines represent NFW �ts (see Eq. (2.131)) and the total range in the sample is

shown by the coloured regions. The deviations of the averaged density pro�les from the

NFW �ts are displayed in the lower panel of Fig. 5.7. There is a very good agreement for

in�aton halos with " > 5 × 102"ℎ,end deviating not more than ∼ 20% even for large A .

For lower-mass halos, the NFW �t is less accurate at large A where the averaged density

pro�le is slightly underdense compared to the NFW �t. Nevertheless, the density pro�les

are NFW-like and exhibit concentrations of 2 ∈ [10, 13.5]. This result emphasises again

the analogy of the early matter-dominated post-in�ationary era to gravitational structure
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Figure 5.7 | Averaged radial density pro�les (upper panel) of ten in�aton halos N = 20 4-folds

after the end of in�ation in two di�erent mass regimes (solid lines). The density pro�les of the

in�aton halos of masses " ∈ [2, 3] × 102"ℎ,end are rescaled by a factor of 10
−1

for illustration

purposes. The shaded regions display the area �lled by all ten density pro�les in the two mass

bins. The black dashed lines represent NFW �ts, the deviations from the �ts are shown in the

lower panel. Figure adapted from Ref. [40].

formation in the late-time Universe. Consistent with standard CDM simulations, the

concentration parameter increases for a decreasing halo mass.

5.3.3 Discussion

The presented N-body simulation results provide quantitative predictions for the mass

and density statistics of gravitationally-collapsed objects in the matter-dominated post-

in�ationary Universe. The in�aton halos in the simulation volume have masses up to

∼ 20 kg and their mass distribution is in agreement with the prediction of the mass-Peak

Patch algorithm and with the PS-HMF as proposed in Ref. [38] after the �rst 1-3 4-folds of

nonlinear growth. As expected from dark matter N-body simulations, the density pro�les

of the in�aton halos are NFW-like with concentrations of O(10) at N = 20. Overall,

the in�aton density �eld N = 20 4-folds after the end of in�ation reaches overdensities

close to 10
5
. Importantly, the simulation results do not depend on an explicit choice of

parameters and on the precise form of the in�aton potential. For example, a smaller

amplitude of the power spectrum at the end of in�ation implies that gravitational structure

formation will be delayed and a shifted peak of the power spectrum will shift the in�aton
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halo mass distribution accordingly. As long as the resonant ampli�cation of the in�aton

itself can be neglected after the end of in�ation and the in�aton couplings to other particle

species are small compared to the Hubble parameter for a large number of 4-folds after

in�ation, there will be a long phase of matter-dominated expansion associated with the

formation of gravitationally-bound structures on subhorizon scales before the Universe

thermalises.

Certainly, the presence of gravitationally-bound structures in the post-in�ationary

Universe will modify the dynamics of reheating in ways that are yet to be properly

explored. Furthermore, their formation and subsequent nonlinear evolution can source

the production of gravitational waves that lead to a potentially observable SGWB [128].

Thus, a natural extension of the presented work is to compute the SGWB from the N-body

simulations which is discussed in Section 5.5. Since the matter-dominated phase in the

early Universe can last for a long time during which objects with increasing masses form,

it is possible that eventually a threshold is reached beyond which an object becomes

gravitationally unstable and might collapse into a PBH. The result that the IHMF in the

post-in�ationary Universe can be well described by a PS-HMF allows for the extrapolation

of the IHMF to much later times where high-mass objects appear that are in principle

massive enough to form a PBH. In the next section, we explore the formation of in�aton

stars in the centre of in�aton halos. We make use of the Press-Schechter formalism to

compute the mass distribution of in�aton stars and to study their potential to produce

PBHs. It is expected that the possible collapse of an in�aton star requires a corresponding

halo mass that is smaller than the necessary mass for a complete halo to collapse into a

PBH [151]. This stresses the signi�cance of in�aton stars in the early Universe.

5.4 Formation of Inflaton Stars

In order to con�rm the hypothesis that in�aton stars form in the post-in�ationary Uni-

verse [38] in analogy to solitonic cores in the centre of FDM halos, high-resolution

simulations of the SP equations have to be performed. Since solving the SP equations

directly on all length scales and resolving the de Broglie wavelength throughout the

full simulation is much more computationally expensive, we instead make use of the

hybrid method from Section 3.2.3. Implementing the classical wave approximation within

AxioNyx [43] enables us to solve the SP equations on adaptively re�ned regular grids

while the standard N-body solver is used for most of the simulation volume. This reduces

the computation time signi�cantly while resolving the wavelike properties of the in�aton

�eld in regions of interest which cover only 1.5 × 10−3% of the full simulation domain.
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Figure 5.8 | Scaled sequence of the in�aton densityN = 17 4-folds after the end of in�ation. The

rectangular region shows the projected in�aton density of 15% of the full simulation box centred

on a selected halo. A slice through the maximum density of the halo illustrates the setup of several

re�nement levels in our simulation. Note that the white space in the last N-body level corresponds

to cells without any particles. On the next higher level, the wave function is constructed using

the classical wave approximation (CWA) which is followed by levels where the SP equations are

solved with �nite di�erence (FD) methods. The spatial resolution of the �nest FD level, which

is displayed in an enlargement in the upper right panel, is increased by a factor of 2
8 = 256

compared to the root grid. One can clearly recognise the interference patterns in the �laments,

the granular structure inside the collapsed in�aton halo and the solitonic core (in�aton star) in its

centre. Figure reproduced from Ref. [41].

The same model parameters, initial power spectrum and unit system as described in

Section 5.2.1 are used. Extending the previous N-body simulations, the same comoving

length ! = 50 ;D of the simulation box is chosen and the simulations are initialised

N = 14 4-folds after the end of in�ation. We make use of one special trick to ensure

that the numerical simulations are tractable. The overall cosmological parameters from

Section 5.2.1 are set relative to the choice< = 6.35 × 10−6"Pl. However, we arti�cially

increase the de Broglie wavelength _dB in the simulations by reducing< by a factor of

80, so that ℏ/< = 9.84 × 10
−3 ;2D/CD . This increases the lengths at which wave e�ects

become apparent and reduces the number of nested levels we need to resolve, and allows

a larger time step within the simulation. Taken together these choices prevent the

simulations from becoming computationally intractable. This approach is justi�ed given

the scaling symmetry of the SP equations (see Section 3.1.3) which maps soliton quantities

to rescaled in�aton masses. Hence, our simulation results are qualitatively independent

of the in�aton mass.
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The 512
3

unigrid N-body simulations described in Section 5.3 are used to determine

the Lagrange patches of �ve isolated halos that experience no major mergers during the

entire simulation time. In �ve separate simulations, these regions are individually re�ned

with two additional initial, static re�nement levels with a comoving side length of up

to 7.5 ;D . The number of particles in these regions is increased accordingly. As before,

we employ the Music code [236] to generate particle positions and velocities for these

nested initial conditions.

Initially, the particles are in the single-streaming regime and can be evolved with the

N-body solver until N ≈ 16.5 without further re�nement. As the selected halos start to

collapse, we add three additional re�nement levels tracing the halos’ central positions.

The �rst is an additional N-body level, followed by a level with a cubic grid of comoving

side length 1.5 ;D on which the CWF is constructed with a smoothing radius of b = 6ΔG ,

where ΔG denotes the level’s cell width. The initial CWF is interpolated onto the �nest

level and then evolved with the SP equations via a fourth-order Runge-Kutta algorithm.

Since the Schrödinger-Vlasov correspondence does not hold in the centre of a collapsing

halo, it is important to construct the CWF far beyond it, as noted in Section 3.2.3. The

evolution of the N-body particles is tracked inside the SP domain but the source of gravity

is the density d = |k |2 of the wave function. Once the halo has formed up to three

additional �nite di�erence levels are added to ensure that the de Broglie wavelength is

resolved throughout our simulations. This yields a total of eight re�nement levels with a

re�nement factor of two at each step, six of which dynamically trace the position of the

selected halo. The level setup is illustrated in Fig. 5.8.

5.4.1 Properties of Inflaton Stars

We simulate the formation of �ve in�aton halos covering a mass range between 8.5 g

and 225 g at N = 17.3. Analogously to FDM halos, a solitonic core forms in the centre of

each collapsing in�aton halo surrounded by incoherent granular density �uctuations, as

shown in Fig. 5.8. The solitonic core is identi�ed by its radial density pro�le given by

Eq. (3.32) where the central core density d∗,0 in our unit system from Section 5.2.1 reads

d∗,0 = 3.3 × 1013
(
1.546 × 1022 eV

<

)
2
(
10
−3 ;D
A∗

)
4

<D

;3D
, (5.45)

with A∗ denoting the physical radius of the solitonic core. Fig. 5.9 shows the radial density

pro�les centred around the point of maximal density of the �ve simulated halos at di�erent

N . They are well �tted by Eq. (3.32) in the innermost region, transitioning to outer pro�les

indistinguishable from the results of the corresponding pure N-body simulations. This

con�rms the hypothesised existence of in�aton stars in the post-in�ationary universe [38]
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Figure 5.9 | Radial density pro�les of �ve simulated halos at di�erent numbers of 4-folds after the

end of in�ation. The orange curves represent the pro�les produced by solving the Schrödinger-

Poisson equations with the �nite di�erence method while the blue curves are given by the

theoretical soliton density pro�les from Eq. (3.32). For comparison, the halo pro�les from a pure

N-body simulation are shown in green. Figure reproduced from Ref. [41].

and demonstrates the validity of the Schrödinger-Vlasov correspondence in the outer

parts of the halos.

The velocity distributions of the lowest-, highest- and a medium-mass halo from our

sample are shown in Fig. 5.10 for both the wave functionk within a cube de�ned by the

halo’s virial radius Avir and for the corresponding pure N-body simulation. The former is

given by [309]

5 (v) = 1

#

����∫ d
3x exp (−8<v · x/ℏ)k (x)

����2 , (5.46)

where # is a normalisation factor. These velocity distributions are almost indistinguish-

able, again con�rming the Schrödinger-Vlasov correspondence, and are well �tted by a

Maxwellian distribution

5" (E)dE = 3

(
6

c

)
1/2

E2

E3
0

exp

(
−3
2

E2

E2
0

)
dE , (5.47)

with free parameter E0. They peak at Evir = (2/3)1/2E0. It was previously found that the

core radii A∗ are correlated with the peaks of the velocity distributions of their host halos,

A∗ =
2c

7.5

ℏ

<Evir
, (5.48)

once the cores are in virial equilibrium with their surroundings [43, 320]. In practice,

this means that the soliton velocity satis�es E∗ = Evir [286]. We use Eq. (5.48) to compute

E∗ from A∗ for each of the three halos. The soliton velocities are displayed as vertical

dashed lines in Fig. 5.10. While the soliton velocities inside the lower-mass halos agree
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Figure 5.10 | Velocity spectra of three in�aton halos inside their respective virial radii for the

wave function (solid) and for N-body particles (dotted) in the same region. Fits of Maxwellian

distribution functions (cf. Eq. (5.47)) are displayed in grey. The vertical dashed lines show the

soliton velocities E∗ that are computed from the core radius A∗ via Eq. (5.48). The crosses mark Evir
of the respective halos which closely align with the peaks of the Maxwellian distribution. Figure

reproduced from Ref. [41].

well with Evir at their respective N , E∗ of the heaviest halo at an earlier time is only half

the peak velocity, implying that this core needs to double its mass before reaching virial

equilibrium (cf. Eq. (5.50)).

We de�ne the mass of a solitonic core as the mass enclosed by A∗ [304],

"∗ = 3.9251
ℏ2

�A∗<2
. (5.49)

For the density pro�les shown in Fig. 5.9 we �nd core masses ranging from 0.95 g to

1.90 g. Inserting A∗ from Eq. (5.49) into Eq. (5.48), we obtain a relation between the core

mass and the virial velocity of the halo,

"∗ = 4.69
ℏ

<

Evir

�
. (5.50)

Note that by replacing Evir in Eq. (5.50) with the virial velocity Evir = (�"ℎ/Avir)1/2 of a

halo with mass "ℎ , one recovers the core-halo mass relation "∗ ∼ "1/3
ℎ

from Eq. (3.35).

Since Eq. (5.50) is only accurate when the soliton radii approach Eq. (5.48) the core masses

from the two lighter halos in Fig. 5.10 are 15% and 35% smaller than expected from

Eq. (5.50), while the most massive core has only half of its expected mass.

The mass increase of the respective solitonic core inside a low-mass (blue), a medium-

mass (orange) and a high-mass halo (green) is shown in Fig. 5.11. The soliton masses

are normalised by their initial masses "∗,0 when the radial density pro�le starts to be
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Figure 5.11 | Mass increase of three in�aton stars relative to their mass "∗,0 at formation. Due to

the strong oscillations of the solitonic cores, the simulation data was smoothed with a Gaussian

kernel with a standard deviation of f = 2 × 10
−5 CD . The mean and its 1f deviation band are

displayed by the solid lines and the shaded regions, respectively. As shown by the dashed lines,

the mass growth obeys Eq. (5.52) with time scale ggr given by Eq. (5.51). Figure adapted from

Ref. [41].

well described by the soliton pro�le de�ned in Eq. (3.32). The growth rate depends on

the condensation time scale (see Eq. (3.39)) which can be expressed in terms of virial

quantities as [307]

ggr =
0.7
√
2

12c3

(<
ℏ

)
3 E6

vir

�2d2 lnΛ
. (5.51)

Similar to Eq. (3.39), lnΛ = ln(<EvirAvir/ℏ) is the Coulomb logarithm and d = Δvirsd is the

mean density of the host halo. Computing ggr at soliton formation time, we recover the

expected growth rate (cf. Eq. (3.40))

"∗ = "∗,0

[
2gr

(
C

ggr

)
1/2
+ 1

]
, (5.52)

where 2gr ' 3 was determined from �tting Eq. (5.52) to the growth curves. As is noticeable

from Fig. 5.11 and expected from Eqs. (5.51) and (5.52), larger halo masses lead to larger

values of ggr and thus to a relatively slower mass growth of the solitonic core. It was

conjectured in Ref. [42] and con�rmed in Ref. [344] that the mass growth proportional to

∼ C1/2 comes to an end once the soliton is in virial equilibrium with its halo and that it

afterwards proceeds with the reduced growth rate ∼ C1/8. However, our simulations are

limited by spatial resolution and it is too computationally expensive to verify this in our

setup.
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Figure 5.12 | Frequency analysis of an oscillating in�aton star. The central soliton density as

a function of time is shown in the upper panel and its corresponding power spectrum in the

lower panel. Boundaries of the shaded region are determined by the quasi-normal frequencies

(see Eq. (5.53)) using the maximum and minimum d∗,0. The spectrum peaks at the frequency

5∗ = 2.9 × 104 CD corresponding to sd∗,0 in the lower panel. Figure adapted from Ref. [41].

From Fig. 5.11 we see that strong soliton oscillations cause "∗ to vary over time by

up to 20%. Analysing the oscillations with high temporal resolution reveals that the

central soliton density oscillates with amplitudes of more than a factor of two and a

density-dependent frequency. A representative frequency analysis can be seen in Fig. 5.12

showing the �uctuating soliton density and its temporal Fourier transform. In agreement

with previous studies (see Refs. [42, 43, 309]) the frequency spectrum of the oscillations

peaks at the quasi-normal mode of the excited soliton [299]

5∗ = 5.2 × 104
(

sd∗,0

10
21<D/;3D

)
1/2

C−1D , (5.53)

where sd∗,0 is the time-averaged value of the central soliton density, d∗,0. This means that

in�aton stars do not form in a stationary but in a highly excited oscillatory state in which

the frequency is governed by Eq. (5.53).

5.4.2 Inflaton Star Mass Function

The mass distribution of in�aton stars can be predicted using the mass distribution of

in�aton halos and their radii at di�erent times found in the N-body simulations from
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Figure 5.13 | In�aton star mass function at di�erent number of 4-folds after the end of in�ation

for an in�aton mass of< = 6.35 × 10−6"Pl. Left: solid lines represent the ISMF obtained from the

Press-Schechter formalism, while dashed lines display the corresponding ISMF derived from the

numerical IHMF (see Section 5.3.1). The upper axis shows the in�aton star overdensity relative to

the average density 20 4-folds after the end of in�ation. Right: ISMF from Press-Schechter theory

until thermalisation at) = 1 TeV (N = 36.5) with overdensities relative to the mean density sdtherm
at thermalisation. The grey shaded area highlights masses larger than "∗,max (see Eq. (5.54)).

Figure adapted from Ref. [41].

Section 5.3. We compute the expected mass of an in�aton star in each halo with Eq. (5.50).

The resulting in�aton star mass function (ISMF) d=/d log"∗, de�ned as the comoving

number density of in�aton stars per logarithmic mass interval,
55

is shown in the left panel

of Fig. 5.13 from N = 18.3 to N = 20.0. Inserting the obtained masses "∗ into Eqs. (5.45)

and (5.49), we relate them to their central densities and determine their overdensities

relative to the mean density sd . As is evident from the upper axis in the left panel of

Fig. 5.13, the distribution of overdensities associated with in�aton stars when N = 20.0

peaks at around 10
10

and can reach values as high as 10
15

before dropping exponentially.

As shown in Section 5.3.1, the numerical IHMF can be well described by adapting the

Press-Schechter formalism with a sharp-: �lter. Assuming that each halo contains an

in�aton star with a mass given by Eq. (5.50), the ISMF retains in general the shape of

the PS-HMF for the in�aton halos (cf. Fig. 5.4) but is shifted to correspondingly smaller

masses. As evident from the left panel in Fig. 5.13, the corresponding ISMFs agree with

each other at di�erentN . This allows us to extrapolate the ISMF and their distribution of

overdensities to even later times in the post-in�ationary Universe, as shown in the right

panel of Fig. 5.13. Assuming that thermalisation occurs at a temperature of 1 TeV, the

55. Note that a similar procedure is also applicable to determine the mass distributions of solitonic cores in

FDM halos and axion stars in axion miniclusters, respectively.
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early matter-dominated epoch lasts for N = 36.5 4-folds (cf. Eq. (5.1)) allowing typical

overdensities at the centre of in�aton stars to be as large as 10
32

at the end of the matter-

dominated phase. An in�aton star, like any boson star, has a maximum possible mass,

beyond which its radius approaches the Schwarzschild radius AS = 2�"/22. Applying

the uncertainty principle to an in�aton star with maximum momentum ? =<2 and size

AS, one obtains an estimate for the upper mass limit [316, 399]

"∗,max =
1

2

ℏ

<

2

�
, (5.54)

above which an in�aton star becomes gravitationally unstable, potentially dispersing or

collapsing into a black hole depending on the details of its prior evolution [316, 400]. As

is shown in the right panel of Fig. 5.13, this condition is met for a range of in�aton stars

for N ≥ 29 4-folds after the end of in�ation.

Integrating the ISMF yields an estimate for the mass "∗,tot per unit volume that is

attributed to the sum of the masses of all in�aton stars,

"∗,tot =

∫ "∗,max

0

d=

d log"∗
d"∗ . (5.55)

Performing the integration for the PS-HMF to obtain the fraction of mass bound in in�aton

halos, we �nd that this quantity rapidly converges to 70% already atN = 25. At the same

time, the mass fraction of in�aton stars decreases linearly with scale factor from 10
−5

at

N = 20.0 to 10
−12

at N = 36.5. This is reasonable since overall d=/d log"∗ ∼ 0−1 while

the cut-o� at the high-mass end of the ISMF (see right panel of Fig. 5.13), which e�ectively

acts as the upper limit in Eq. (5.55) when "∗,max is not yet reached, increases only weakly

with 0. Setting the lower limit in the integral to "∗,max and integrating to "∗ →∞ yields

the integrated mass of in�aton stars with " ≥ "∗,max. The maximal fraction of 3 × 10−11

is reached at N = 30, afterwards it decreases. Importantly, this quantity is not the mass

fraction of PBHs since (i) not every unstable in�aton star collapses into a black hole

and (ii) this approach does not capture black hole evolution via accretion, mergers or

evaporation. With maximal possible masses of only 1 kg assuming thermalisation at

) = 1 TeV, any such black holes would evaporate in less than 10
−18

s [401].

5.4.3 Discussion

Using a hybrid method combining an N-body scheme on large scales with a �nite di�er-

ence solver for the Schrödinger-Poisson equations on small scales, we performed highly

re�ned simulations of the e�ective matter-dominated era in the post-in�ationary Uni-

verse. Extending the N-body simulations from Section 5.3 to much smaller length scales
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by zooming into selected halos enabled us to properly resolve their interior structure.

Taking a sample of �ve halos with masses ranging from 8.5 g to 225 g at N = 17.3 4-folds

after the end of in�ation, we con�rm the existence of in�aton stars in the very early

Universe. In agreement with their late-time analogues in FDM halos [289, 308, 309] and

axion miniclusters [42, 307], we �nd that in�aton stars are subject to strong quasi-normal

oscillations and that their masses after formation increase as C1/2. The radial density

pro�les in the outer regions of the simulated halos and the velocity distribution inside

them are consistent with their counterparts in pure N-body simulations. This con�rms

the validity of the Schrödinger-Vlasov correspondence on scales larger than the de Broglie

wavelength.

Making use of the numerically obtained IHMF in Section 5.3.1 and the Press-Schechter

formalism we predict the mass distribution of in�aton stars in the post-in�ationary

Universe until thermalisation at temperature ) = 1 TeV. Since halo masses increase over

time and more massive in�aton halos collapse at later times, in�aton stars eventually

reach an upper mass limit suggesting that they can collapse into PBHs. Given their

masses, all these black holes evaporate prior to BBN. Any particle coupled to gravity with

a mass below the Hawking temperature can be produced in this process [402]. Hence, a

decaying PBH population provides a production mechanism for dark matter [403–408]

and also for dark radiation [401, 407]. Even if the fraction of produced PBHs is rather

small, particle creation through their evaporation can be e�cient enough to constitute

the observed dark matter relic abundance [407, 408].

The possible formation of PBHs from the gravitational instability of nonrelativistic

scalar �elds was already studied in Ref. [140] and the same formation mechanism as

presented in Section 5.4.2 was recently discussed in Ref. [151]. In this work, the au-

thors of Ref. [151] derived mass limits both for the collapse of an in�aton halo and an

in�aton star into a PBH and showed that lower halo masses are required for the soliton

collapse. Furthermore, their results suggest that taking into account attractive in�aton

self-interactions increases the probability of PBH formation. Nevertheless, this treatment

can be considered only as a starting point and more sophisticated approaches are required

to eventually obtain constraints on reheating models from bounds to the PBH abundance.

A full analysis of PBH production and their subsequent evolution should also include the

expected rapid mass growth of PBHs after formation through accretion. A detailed study

of solitons exceeding the bound of Eq. (5.54) presumably involves fully relativistic simu-

lations as in Refs. [400, 409]. It is also worthwhile to compare the PBH scenario from the

gravitational fragmentation of the in�aton �eld with other PBH formation mechanisms

in the post-in�ationary Universe [141–150]. For example, it is also possible that PBHs

are produced via oscillons [410, 411] in models where a phase of parametric resonance

146



5.5. Gravitational Wave Spectrum

follows the end of in�ation. In the standard PBH production scenario, an in�ationary

perturbation collapses into a PBH provided the perturbation is above a critical limit when

it re-enters the horizon during radiation-domination (see Section 1.2.1). In contrast to

this, subhorizon-sized PBHs can already form during reheating in scenarios where the

in�aton �eld is subject to fragmentation.

Finally, it is important to mention that the existence of a phase of parametric resonance

does not exclude the formation of in�aton stars. Instead, an oscillon-dominated era after

in�ation can serve as initial conditions for the subsequent nonrelativistic evolution in

the matter-dominated phase. Thus, one can expect a rich phenomenology of in�aton

halos and in�aton stars prior to thermalisation in a broad class of in�ationary scenarios,

provided the reheating temperature is su�ciently low. Moreover, if the in�aton has weak

self-couplings during this phase, the SP equations will need to be generalised to the

Gross–Pitaevskii equations to take the self-interactions into account. Separately, there

are likely analogues of the resonant decay of axion stars into photons for in�aton stars

coupled to external �elds [412, 413].

5.5 Gravitational Wave Spectrum

In addition to the gravitational wave spectrum that originates from the quantisation of

in�ationary tensor perturbations (see Section 2.2.5), classical gravitational waves can be

produced through a number of di�erent processes in the post-in�ationary era. These

yield an SGWB that might be observable at the present time [120–131]. In all generation

scenarios, the inhomogeneities in the fragmented in�aton density �eld act as a source

term for tensor perturbations. In particular, the gravitational collapse of in�aton density

�uctuations on subhorizon scales in the matter-dominated epoch following in�ation is

a potential origin of gravitational waves [127, 128]. So far there exist only analytical

estimates of the expected signal, however, we can make use of our N-body simulations

to re�ne the bounds obtained in Ref. [128]. In this section, the formalism to calculate

the gravitational wave spectrum is presented and how our N-body simulations from

Section 5.3 can be adapted to compute the SGWB from the gravitational fragmentation of

the in�aton �eld. Finally, the �rst preliminary simulation results are discussed. A more

detailed description can be found in Ref. [414].

5.5.1 Generation of Gravitational Waves a�er Inflation

The equation of motion for tensor perturbations is given by Eq. (2.73), where the source

term Σ))8 9 is the traceless and transverse part of the anisotropic stress tensor which can
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be expressed as [123, 229]

02Σ8 9 = )8 9 − s?02(X8 9 + ℎ8 9 ) . (5.56)

Here,)8 9 denotes the spatial components of the stress-energy tensor of the inhomogeneous

in�aton �eld and s? the background pressure. Since the s?X8 9 in Eq. (5.56) is pure trace, it

does not contribute to Σ))8 9 . Also, the term that includes the metric perturbation ℎ8 9 turns

out to be negligible on subhorizon scales and does not add to the traceless and transverse

part of the anisotropic stress tensor [123]. Thus, Σ))8 9 can be well approximated by the

traceless and transverse component of the stress-energy tensor)8 9 of the in�aton �eld for

our purposes. Importantly, it can be evaluated at any time step in an N-body simulation

as only the in�aton density �eld and the velocity �elds are required (see Eq. (5.75) and

Section 5.5.3 for details).

Introducing now the variable ℎ̃8 9 = 0ℎ8 9 and working in Fourier space with the

convention that

)8 9 (k) =
∫

d
3x

(2c)3/2
)8 9 (x)48kx , (5.57)

the evolution Eq. (2.73) becomes in comoving units [123]

ℎ̃′′8 9 (k) +
(
:2 − 0

′′

0

)
ℎ̃8 9 (k) = 16c�0)))8 9 (k) . (5.58)

The transverse traceless part of )8 9 (k) can be obtained in Fourier space by the projec-

tion [123]

)))8 9 (k) = O8 9;< (k));< (k) , (5.59)

where the projection operator O8 9;< (k) is given by

O8 9;< (k) = %8; (ek)% 9< (ek) −
1

2

%8 9 (ek)%;< (ek) (5.60)

with

%8 9 (ek) = X8 9 − 4k,84k, 9 , (5.61)

and ek = k/: is the unit vector in k-direction. Since 0′′/0 ∼ 02� 2
during matter-

domination and 02� 2 � :2 on subhorizon scales, one can safely neglect this term and

Eq. (5.58) reduces to

ℎ̃′′8 9 (k) + :2ℎ̃8 9 (k) = 16c�0)))8 9 (k) . (5.62)
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Assuming that gravitational waves are sourced in the time interval g8 < g < g5 , where g8

and g5 denote the initial and �nal time of the N-body simulations, this equation is solved

by [123, 128]

ℎ̃8 9 (k) = �8 9 (k) sin[: (g − g5 )] + �8 9 (k) cos[: (g − g5 )] , (5.63)

where

�8 9 (k) =
16c�

:

∫ g5

g8

dg cos[: (g5 − g)]0(g))))8 9 (g, k) , (5.64)

�8 9 (k) =
16c�

:

∫ g5

g8

dg sin[: (g5 − g)]0(g))))8 9 (g, k) . (5.65)

The energy density of the gravitational waves dgw is then de�ned as an average over the

volume + = !3 covered by the simulation box with a comoving side length of ! as [123]

dgw =
1

32c�04
〈ℎ̃′8 9 (g, x)ℎ̃′8 9 (g, x)〉+ =

1

32c�04
1

+

∫
d
3kℎ̃′8 9 (g, k)ℎ̃′∗8 9 (g, k) . (5.66)

Inserting the derivative of ℎ̃8 9 (k) into Eq. (5.66), one can show that the energy density

can be expressed as [123]

dgw =
4c�

+04

∫
d
3k

∑
8, 9

[����∫ g5

g8

dg cos(:g)0(g))))8 9 (g, k)
����2

+
����∫ g5

g8

dg sin(:g)0(g))))8 9 (g, k)
����2] . (5.67)

Since d
3k = :3d(ln:)dΩ: , where Ω: is the solid angle in Fourier space, it will be numeri-

cally convenient to consider instead the energy density per logarithmic :-interval [123](
ddgw

d ln:

)
g>g5

=
(: (g5 )
04(g) , (5.68)

with

(: (g5 ) =
4c�:3

+

∫
dΩ:

∑
8, 9

[����∫ g5

g8

dg cos(:g)0(g))))8 9 (g, k)
����2

+
����∫ g5

g8

dg sin(:g)0(g))))8 9 (g, k)
����2] . (5.69)

This quantity is independent of the subsequent cosmological evolution and is thus suited

to be computed in an N-body simulation. Afterwards, (: (g5 ) can be used to obtain the
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fractional contribution of the gravitational wave spectrum per logarithmic :-interval to

the critical density [123],

Ωgw(:) =
1

d2

ddgw

d ln:
. (5.70)

This yields the gravitational wave spectrum at the �nal time of the simulations. However,

we are interested in the spectrum at the present time which requires taking into account

the subsequent cosmological evolution.

5.5.2 Spectrum at the Present Time

In order to compute the gravitational wave spectrum at the present time, the comoving

wave numbers : need to be converted to physical frequencies and the numerically

obtained spectrum has to be redshifted. Denoting the scale factor at the end of the

N-body simulations as 0 5 , we thus need to �nd an expression for 0 5 /00 which depends

on the evolution of the equation of state parameter. Eventually, the in�aton decays and

thermal equilibrium is established at temperature)reh. At this time the Hubble parameter

is (cf. Eq. (1.54))

� 2

reh
=
dreh

3"2

Pl

=
6∗c2) 4

reh

90"2

Pl

. (5.71)

Since 6∗03) 3 = const at thermal equilibrium, the expansion factor from )reh to )0 =

2.7 K = 2.3267 × 10−4 eV is [120]

0reh

00
=

(
60

6∗

)
1/3

)0

)reh
=
6
1/3
0

6
1/12
∗

(
c2

90

)
1/4

)0

("Pl�reh)1/2
, (5.72)

where Eq. (5.71) was used to replace )reh. In the time interval 0 5 < 0 < 0reh the Universe

could be in principle either matter- or radiation-dominated. The Hubble parameter

evolves as � ∼ 0−U with U = 2 for radiation- and U = 3/2 for matter-domination such

that at thermalisation �reh = � 5 (0 5 /0reh)U . Taking this into account, the expansion

factor from 0 5 until 00 can be expressed as

0 5

00
=
0 5

0reh

0reh

00
=

(
6
1/3
0

6
1/12
∗

) (
c2

90

)
1/4

)0

("Pl� 5 )1/2

(
0 5

0reh

)
1−U/2

. (5.73)

Therefore, if the matter-dominated epoch continues after the end of the N-body simula-

tions an additional contribution (0 5 /0reh)1/4 has to be taken into account when comput-

ing the expected gravitational wave spectrum at the present time. Using Eq. (5.73), the

wave numbers today are :0 = : 5 0 5 /00 and the corresponding physical frequencies are
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5 = :0/(2c). The spectrum of the gravitational wave energy density at the present time

is thus

Ωgw(C0, :) =
1

d2,0
(: (g5 )

(
0 5

00

)
4

. (5.74)

with 0 5 /00 given by Eq. (5.73).

5.5.3 N-body Simulations

We use the N-body solver of AxioNyx to evolve the in�aton �eld and to compute the

quantity (: (g5 ) de�ned in Eq. (5.69) numerically. Aiming to evolve the simulation from

N = 16 until N = 25 4-folds after the end of in�ation, we choose a length unit of

;D = �−1
end

exp(25) = 2.25× 10−18m and left both the mass unit<D = 10
−10

g and the value

of the gravitational constant � = 10
−10 ;3D/(<DC

2

D ) unchanged. The corresponding time

unit is then CD = 1.3 × 10−20 s so that the Hubble parameter 25 4-folds after in�ation is

�25 = 6.49 C−1D in this unit system and the mean density is d25 = 5.02 × 1010<D/;3D . We

take a comoving box size of ! = 1200 ;D with 512
3

particles to ensure that the peak of the

initial power spectrum in Fig. 5.1 is still resolved while the turnover to higher : is not

sampled anymore to avoid the formation of spurious halos.

The crucial part is the calculation of the stress-energy tensor )8 9 and the extraction

of its transverse traceless part in Fourier space. After the end of in�ation, the in�aton

oscillates at the bottom of its potential and the pressure vanishes on average, thus it is

justi�ed to approximate )8 9 as a perfect �uid with vanishing pressure [128],

)8 9 = dv8v 9 . (5.75)

Here, d is the energy density in the rest-frame of the �uid and v the velocity rel-

ative to the rest-frame. The matter density �eld and the velocity �elds can be di-

rectly obtained from the particle information in AxioNyx which enables us to compute

)8 9 at each time step. Each component of the stress-energy tensor is transformed to

Fourier space and applying the projection operator O8 9;< (k) yields )))8 9 in the next step.

This requires the speci�cation along which direction in Fourier space the projection

is performed. Similar to Ref. [123], we consider the six di�erent diagonal directions

1/
√
2[(1, 1, 0), (1, 0, 1), (0, 1, 1), (−1, 1, 0), (−1, 0, 1), (0,−1, 1)]. Subsequently, the two time

integrals in Eq. (5.69) are summed up in each time step and (: is calculated along each

considered direction. Assuming that thermalisation is reached immediately after the

end of the N-body simulations at N = 25 we eventually use Eq. (5.74) to compute the

gravitational wave spectrum Ωgw,0 at the present time. This is found to be independent

of the di�erent k-directions in agreement with the spectrum obtained from preheating
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Figure 5.14 | Numerically obtained SGWB N = 25 4-folds after the end of in�ation extrapolated

to present time with Eq. (5.74). We assumed instantaneous thermalisation at N = 25 which

corresponds to a reheating temperature of)reh = 1.6×107 GeV (cf. Eq. (5.1)). The sensitivity curves

on the energy density of gravitational waves for the experiments LISA [220], BBO [223], advanced

LIGO [226, 227], `Ares [415] and ET [416] are shown for comparison. The data of the experimental

limits were taken from Ref. [417] (see also https://github.com/pcampeti/SGWBProbe).

simulations in Ref. [123]. The numerically obtained SGWB is shown in Fig. 5.14 together

with the parameter space which is predicted to be visible by a range of experiments.

Evidently, the signal is not within reach of these observations. A detailed analysis and

discussion of the spectrum can be found in Ref. [414]. Note that we computed the SGWB

for a speci�c choice of input parameters and under the assumption that instantaneous

reheating occurs at the end of our simulations which corresponds to a reheating temper-

ature of )rh = 1.6 × 107 GeV. For reheating temperatures as low as )rh ∼ MeV the era of

gravitational structure formation will continue for several 4-folds. This leads to a strongly

increased gravitational wave signal that is additionally shifted to smaller frequencies. It

might thus be possible to reach the experimental sensitivity curves shown in Fig. 5.14.

Furthermore, the �rst nonlinear in�aton structures will start to collapse at considerably

earlier times if, for example, the amplitude of the initial power spectrum is increased.

Similarly, this results in an enhanced SGWB.

Apart from the dependence of the computed spectrum on the initial power spectrum

and the reheating temperature, it should be noted that the spatial extent and the duration

of the N-body simulations are highly limited. Larger N can only be reached for larger
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box sizes at the cost of not being able to resolve the structures on scales of the peak of

the initial power spectrum when the particle number is not increased accordingly. To be

independent of numerical limitations, it is therefore desirable to �nd a semi-analytical

description of the SGWB in order to extrapolate it to later times and to lower frequencies.

This was achieved in Ref. [414] where it was discovered that the numerically obtained

SGWB is well described by semi-analytical estimates that are based on the collapse and

the subsequent tidal evolution of in�aton halos.

Additional contributions on the SGWB that our simulations cannot take into account

are the formation of in�aton stars. Since they reach considerably larger overdensities than

their host halos, one can also expect that mergers of in�aton stars leave a characteristic

imprint on the SGWB. Another source of gravitational waves originates from the potential

collapse of in�aton halos or in�aton stars into PBHs which would be an interesting area

for future studies.
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Conclusions

The work presented in this thesis focused on gravitational structure formation with

nonrelativistic scalar �elds in two di�erent cosmological scenarios. We considered the

gravitational collapse of primordial axion density perturbations into axion miniclusters,

their subsequent evolution, and the gravitational fragmentation of the in�aton �eld during

an extended matter-dominated epoch following in�ation. There exists a strong analogy

between the nonlinear dynamics of the very early Universe and structure formation with

axion-like dark matter. This makes it possible to adopt the same numerical methods to

explore the rich phenomenology of gravitationally-bound structures in both scenarios

employing large simulations.

Our simulation results provide the �rst insights into the statistics and structure of both

axion miniclusters and gravitationally-collapsed in�aton halos in the post-in�ationary

Universe. Furthermore, our high-resolution simulations show for the �rst time the

formation of in�aton stars in the very early Universe. While the distribution of axion

miniclusters within the Milky Way is highly relevant for axion detection experiments,

the nonlinear in�aton structures decay into other forms of matter and radiation during

reheating. Thus, they do not leave a direct imprint on the Universe after thermalisation.

However, the gravitational collapse of the in�aton �eld in the post-in�ationary era

enables the production of primordial black holes and additionally generates a stochastic

gravitational wave background that might be observable in the future.

To strengthen the understanding of axion structure formation and to extract ob-

servational signatures from the post-in�ationary Universe, future investigations will

rely heavily on numerical simulations. Nevertheless, more advanced models need to be

developed to determine, for example, the distribution of axion miniclusters within the

Milky Way at the present time and the impact of gravitationally-bound in�aton structures

on the dynamics of reheating. The simulation results presented in this thesis provide an
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important starting point for gaining further insight into both considered scenarios. In

the following, the main �ndings of the performed simulations are summarised and we

address a few interesting steps for prospective studies.

6.1 Summary of Results

Based on N-body simulations with the greatest level of spatial resolution and the largest

physical box size to date, numerical results on the gravitational collapse of axion density

perturbations into axion miniclusters were discussed in Section 4.3. Starting from realistic

initial conditions that take into account the production of axion dark matter from the decay

of topological defects, the N-body solver Gadget-3 was used to gravitationally evolve the

axion �eld from an initial redshift of I = 10
6

to I = 99. At the �nal redshift, perturbations

on the length scale of the size ! = 0.846 pc of the simulation box have become nonlinear

and the simulations were terminated. Con�rming theoretical expectations, the �rst axion

miniclusters form already in the radiation-dominated epoch with masses up to 10
−11"�.

After matter-radiation equality, this early distribution of miniclusters merges into larger

axion minicluster halos reaching masses of 10
−9"�. At I = 99 the fraction of axions

bound in miniclusters is roughly 75% and their mass distribution is described by a nearly

scale-invariant mass function with an overall slope of U ' −0.7. It is expected from Press-

Schechter theory that the minicluster halo mass function scales as "−0.5 for high masses.

However, the statistics of the high-mass minicluster halos in the simulation volume is

not su�cient to verify this prediction. We observed that large axion minicluster halos

have a rich substructure and that the mass distribution of these sub-miniclusters follows

a scaling relation similar to the slope of minicluster halo mass function. Furthermore,

an analysis of the radial density pro�les of the most massive axion minicluster halos

revealed that they are NFW-like. The scale radius of the lower-mass ones could not be

properly resolved but their density pro�les largely agree with the slope d ∼ A−3 of an

NFW pro�le at large A .

To study the dynamics of the non-resonant in�aton �eld in the post-in�ationary

matter-dominated era considering only gravitational interactions among the in�aton �eld,

the cosmology code Nyx was adapted to perform N-body simulations of the gravitational

fragmentation of the in�aton �eld (see Section 5.3). With a �nal physical box size of

only ∼ 10
−18

m, they are presumably the largest simulations of the smallest part of the

Universe that have ever been carried out. Evolving the in�aton �eld from 14 to 20 4-folds

after the end of in�ation, we observed its collapse into gravitationally-bound in�aton

halos. Forming roughly 10
−24

s after the end of in�ation, they have typical masses of only
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a few grams and radii of the order of 10
−20

m. We found that their mass distribution can

be well approximated with Press-Schechter methods. This allows for the extrapolation

of the in�aton halo mass function to even later times in the post-in�ationary epoch.

Furthermore, the in�aton density �eld reaches overdensities close to 10
5

and the radial

density pro�les of su�ciently resolved in�aton halos are NFW-like, as expected from

standard cold dark matter N-body simulations.

As is known from axion-like or fuzzy dark matter, the wavelike behaviour of a

nonrelativistic scalar �eld on scales comparable to the de Broglie wavelength leads to

the occurrence of interference patterns along �laments and in collapsed halos. Another

prominent and fascinating feature is the formation of a solitonic core, often also denoted

as boson star, in the centre of a collapsing halo. The parallels between structure formation

with axion-like dark matter and with the nonrelativistic in�aton in the matter-dominated

epoch succeeding in�ation thus suggest the existence of in�aton stars in the very early

Universe. To con�rm this, we made use of a hybrid approach that has been used before in

the context of fuzzy dark matter simulations. This method combines an N-body scheme

on large scales with a �nite di�erence solver on small scales to properly resolve the

wavelike interior structure of in�aton halos. Using the code AxioNyx enabled us to

extend the previous N-body simulations to much smaller length scales and we indeed

found that in�aton stars form in the centre of in�aton halos (see Section 5.4). Based on the

previously obtained in�aton halo mass function in Section 5.3.1 and the Press-Schechter

formalism we computed the mass distribution of in�aton stars and evolved the in�aton

star mass function to later times. Already 29 4-folds after in�ation, the �rst in�aton stars

cross the mass limit beyond which they are expected to become gravitationally unstable.

This suggests that the gravitational collapse of in�aton stars may lead to a population of

primordial black holes prior to thermalisation.

In addition to this, the gravitational fragmentation of the in�aton �eld leads to

the production of gravitational waves and the generation of a stochastic gravitational

wave background. So far, this gravitational wave spectrum has only been estimated

analytically. Adapting the N-body solver of AxioNyx to include the computation of

the gravitational wave spectrum, we obtained �rst preliminary numerical results in

Section 5.5. The generated spectrum was extrapolated to the present time and reaches

an amplitude of Ωgw,0 ∼ 10
−22

. It is located at frequencies of O(kHz) and is not within

reach of the sensitivity curves of existing and proposed experiments if reheating takes

place 25 4-folds after the end of in�ation. However, the gravitational wave signal will be

increased and shifted to smaller frequencies for lower reheating temperatures and might

reach the parameter space that is accessible to detectors. Note that we computed the

gravitational wave background for a speci�c in�ationary model. The initial spectrum of
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density perturbations in other models may di�er signi�cantly from the one assumed in

Section 5.5. As a consequence, nonlinear structures might form at earlier times in certain

scenarios leading potentially to an enhanced gravitational wave signal.

6.2 Outlook

Several possibilities for future studies arise from the results of this thesis. As mentioned

in Section 4.3.4, the N-body simulations of axion minicluster formation were limited by

spatial resolution and need to be complemented by follow-up simulations to explore

the morphology of lower-mass minicluster halos. This should also include an extensive

analysis of the minicluster halo density pro�les as a function of redshift to verify that they

converge towards an NFW shape for decreasing redshift. Additionally, it is of particular

interest to understand the evolution of early collapsed miniclusters. They exhibit high

concentrations and a large number of them should survive merging processes and persist

as substructures in large axion minicluster halos.

Revealing the history of individual miniclusters requires the construction of merger

trees as already done with a peak-patch code in Refs. [240–242]. Based on the N-body

simulations from Section 4.3 it was shown that the survival probability is larger for

miniclusters with higher concentration [241, 242]. Being able to accurately resolve those

miniclusters is highly relevant for a precise estimation of their capability to produce

observable microlensing events [241, 242]. In a �rst step, N-body simulations with higher

spatial resolution might be su�cient to provide new insights but ultimately, only hybrid

simulations as in Section 5.4 will be able to unveil the detailed structure of miniclusters

relevant for microlensing. In particular, this will include the possible formation of

axion stars in the centre of small-scale miniclusters which crucially a�ects the expected

microlensing signal. Fortunately, AxioNyx already contains all the necessary ingredients

to conduct these types of challenging simulations.

Currently, e�orts are underway to generate axion initial conditions similar to the

ones in Section 4.2 but with the help of adaptive mesh re�nement. This should permit the

creation of much larger box sizes for subsequent N-body simulations of axion structure

formation. Hence, they could be evolved to redshifts smaller than I = 99 which will

clarify the scaling relation of the minicluster halo mass function at high masses (see

Section 4.3.2). Beyond that, running simulations to later times would reduce uncertainties

in the estimation of the present-day axion dark matter distribution within the Milky Way.

It must be noted that tidal interactions of axion miniclusters with stars have eventually

to be taken into account for a more precise prediction.
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Further follow-up work is also on hand in the context of structure formation in the

matter-dominated era following in�ation. For a start, a deeper understanding of the

stochastic gravitational wave background computed in Section 5.5 needs to be acquired.

It is necessary to identify the dominant processes that are responsible for the evolution

and the overall shape of the spectrum. This could be used to extrapolate the gravitational

wave spectrum to later times. Furthermore, the in�ationary model parameters such as

the in�aton mass and the energy scale at the end of in�ation should be varied to explore

the possible gravitational wave frequency range in di�erent scenarios.

Exploring the possibility of primordial black hole formation in the post-in�ationary

epoch is another exciting avenue for future research. Instead of running N-body sim-

ulations, a convenient approach is to adopt the computationally e�cient peak-patch

method (see Section 2.4.4) to build merger trees of in�aton halos. Similarly to their central

in�aton stars, the in�aton halos can become gravitationally unstable, potentially leading

to the production of primordial black holes (see Section 5.4.2). The merger trees can be

used to keep track of gravitationally unstable in�aton halos to estimate the population of

primordial black holes. Another related but presumably highly demanding task would be

to initialise simulations capable of including relativistic e�ects with a solitonic core close

to the gravitational instability to see whether it will indeed collapse into a black hole or

disperse.

So far we have assumed that in�aton self-interactions can be neglected and that there

is thus no preheating instability driving the formation of oscillons. Such a resonant phase

would result in a strongly inhomogeneous in�aton �eld with large overdensities. It would

be interesting to study their subsequent gravitational collapse using numerical simulations

similar to those of Section 5.3 and Section 5.4 and to compute the associated gravitational

wave background in this scenario. Compared to the results in Section 5.5, one can expect

a gravitational wave spectrum with a signi�cantly increased amplitude. Independently,

combined simulations of preheating and a subsequent epoch of gravitational structure

formation will presumably reveal new intriguing phenomena that can occur in the

very early Universe prior to thermalisation. Evidently, exciting and promising future

opportunities for studies are ahead of us.
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AppendixA

Aspects of Cosmological

Perturbation Theory

In this appendix, important concepts of cosmological perturbation theory such as the

SVT-decomposition and gauge transformations are summarised. They are used in the

derivation of the Einstein equations for scalar perturbations in the conformal Newtonian

gauge. This chapter thus provides useful background for Sections 2.1 and 2.2, and for

Appendix B.

A.1 SVT-Decomposition

Perturbations in the metric and in the stress-energy tensor are related to each other via

the Einstein equations which leads to highly complicated equations of motion. Exploiting

the rotational symmetry of the �at FLRW background metric it is possible to decompose

the perturbations into scalar, vector and tensor components. Then, these contributions

are not coupled by the Einstein equations anymore which allows us to treat the equations

of motion for scalar, vector and tensor components separately from each other.

The SVT-decomposition can be done both in Fourier and in real space. Here, we

summarise the results from Ref. [211] for the decomposition of a vector �eld and a tensor

�eld in real space. In principle, any vector �eld B can be divided into a part with vanishing

curl and another one with vanishing divergence, i.e.

B = B( + B+ , with ∇ × B( = 0 and ∇ · B+ = 0 . (A.1)

Thus, B( can be expressed as a gradient of a scalar �eld � and therefore

�8 = −m8� + �+8 , with X8 9 m 9�
+
8 = 0 . (A.2)
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In a similar manner, a symmetric traceless tensor �eld �8 9 can be decomposed into scalar,

vector and tensor parts

�8 9 = �
(
8 9 + �+8 9 + �)8 9 , (A.3)

where

�(8 9 = (m8m 9 −
1

3

X8 9∇2)� , (A.4)

�+8 9 = −
1

2

(
m 9�8 + m8� 9

)
, with X8 9 m 9�8 = ∇ · E = 0 . (A.5)

Thus, �(8 9 is symmetric and traceless while �+
8 9

is symmetric, traceless and divergenceless.

Furthermore, the tensor �)8 9 is transverse and traceless, i.e.

X8:m:�
)
8 9 = 0 , and X8 9�

)
8 9 = 0 . (A.6)

Since only scalar perturbations are responsible for structure formation in the Universe,

Eqs. (A.2) and (A.4) are used several times in this thesis to consider only the scalar

contribution of any vector or tensor perturbation. An analysis of the decomposition in

Fourier space provides further insight. For example, it allows the decomposition theorem

to be proven that scalar, vector and tensor perturbations evolve independently from each

other in an FLRW universe [211].

A.2 Gauge Transformations

A gauge transformation is a coordinate transformation between di�erent coordinate

systems G , G̃ that leaves the perturbed spacetime X6`a very small. In general, a gauge

transformation can be written as [53]

G ` → G̃ ` = G ` + b` (G) , (A.7)

where b` (G) = (b0, b8) are small functions of space and time. As mentioned in Section 2.1,

cosmological perturbations are generally coordinate-dependent. Thus, transformation

rules are required when changing the coordinate system from G to G̃ . In the following,

we collect the transformation rules for scalar, vector and tensor perturbations.

A scalar quantity B (G) does not change under a coordinate transformation, i.e. B̃ (G̃) =
B (G). Thus, one can write

B̃ (G̃) = B (G) = B (G̃ − b) = B (G̃) − m`B (G̃)b` (G̃) . (A.8)
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Using that a generic scalar perturbation can be de�ned as XB (G̃) = B (G̃) − sB (G̃) and

XB̃ (G̃) = B̃ (G̃) −sB (G̃), and keeping only terms up to linear order in b` , one �nds that scalar

perturbations transform as [53]

XB̃ (G̃) = XB (G̃) − m`sB (G̃)b` (G̃) . (A.9)

A vector E` transforms as [211]

Ẽ` (G̃) =
mGU

mG̃ `
EU (G) with

mGU

mG̃ `
= XU` − mUb` (G̃) , (A.10)

and one obtains

Ẽ` (G̃) =
mGU

mG̃ `
EU (G̃ − b) = E` (G̃) − mVE` (G̃)bV (G̃) − EU (G̃)m`bU (G̃) . (A.11)

Since XE` (G̃) = E` (G̃) − sE` (G̃) and XẼ` (G̃) = Ẽ` (G̃) − sE` (G̃), one �nds the transformation

rule for vector perturbations,

XẼ` (G̃) = XE` (G̃) − mVsE` (G̃)bV (G̃) − sEU (G̃)m`bU (G̃) , (A.12)

when only terms linear in XE` and b` are considered. In a similar manner, one can derive

the transformation behaviour for tensor perturbations. Using that the tensors C`a and C
`
a

transform as

C̃`a (G̃) =
mGU

mG̃ `
mGV

mG̃a
C`a (G̃) and C̃

`
a (G̃) =

mG̃ `

mGU
mGV

mG̃a
C
`
a (G̃) , (A.13)

respectively, the gauge transformation laws for the tensor perturbations are [53]

XC̃`a (G̃) = XC`a (G̃) − mVsC`a (G̃)bV (G̃) − sC
`V
(G̃)mabV (G̃) − sCUa m`b

U (G̃) , (A.14)

XC̃
`
a (G̃) = XC

`
a (G̃) − mVsC

`
a (G̃)bV (G̃) − sC

`

V
(G̃)mabV (G̃) + sCUa mUb

` (G̃) . (A.15)

A.2.1 Gauge Transformations of Metric Perturbations

We can now directly apply the transformation rule in Eq. (A.14) to the metric tensor

6`a = s6`a + X6`a . Using that the background metric s6`a = 0
2[`a , where [`a denotes the

Minkowski metric, only depends on time the spatial derivatives in the second term of

Eq. (A.14) vanish and one obtains [212]

X6̃`a = X6`a − 02
(
2H[`ab0 + [`VmabV + [Uam`bU

)
. (A.16)

Writing the perturbed part of the metric as (cf. Eq. (2.3))

[X6`a ] = 02
[
−2� −�8
−�8 −2�X8 9 + 2�8 9

]
,
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and considering the components of X6̃`a individually, one can derive the transformation

rules for the metric perturbations �, � , �8 and �8 9 . Exploiting the invariance of the

spacetime interval, dB2 = 6`adG
`
dGa = 6̃`adG̃

`
dG̃a , one �nds that [212]

X6̃00 = −202�̃ = X600 = −202
(
� − b0 ′ −Hb0

)
, (A.17)

and therefore

�̃ = � − b0 ′ −Hb0 . (A.18)

Similarly, studying X608 yields [212]

�̃8 = �8 + b8 ′ − m8b0 , (A.19)

and X68 9 gives that

�̃ = � + 1

3

m:b
: + Hb0 , (A.20)

�̃8 9 = �8 9 −
1

2

(
m 9b

8 + m8b 9
)
+ 1

3

X8 9 m:b
: . (A.21)

Scalar Perturbations

Considering now only scalar perturbations, we are interested in how the scalar perturba-

tions �, �, � and � that appear in the metric given by Eq. (2.4) behave under an arbitrary

gauge transformation b` = (b0, b8). Decomposing b8 in analogy to the shift vector �8 in

Eq. (A.2) into a scalar part and a vector part, i.e.

b8 = −X8 9 m 9b + b8+ , (A.22)

and keeping only the scalar contribution b , the gauge transformation from Eq. (A.7) reads

g̃ = g + b0 , (A.23)

G̃8 = G8 − X8 9 m 9b . (A.24)

Applying this to the gauge transformation rules of �, �, � and � in Eqs. (A.18) to (A.21),

we directly obtain [212]

�̃ = � − b0 ′ −Hb0 , (A.25)

�̃ = � + b′ + b0 , (A.26)

�̃ = � − 1

3

∇2b + Hb0 , (A.27)

�̃ = � + b . (A.28)
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A.2.2 Gauge Transformations of Ma�er Perturbations

Similar to metric perturbations, matter perturbations are also gauge-dependent. Applying

the transformation rule in Eq. (A.15) to the perturbed stress-energy tensor in Eqs. (2.11),

(2.13) and (2.14), one �nds that [212]

Xd̃ = Xd − sd′b0 , (A.29)

X?̃ = X? − s?′b0 , (A.30)

Ẽ8 = E8 + b8 ′ , (A.31)

Σ̃8 9 = s? Π̃8 9 = s? Π8 9 = Σ8 9 . (A.32)

Note that the anisotropic stress is gauge-invariant. Considering only the scalar com-

ponent, we have E8 = −m8E (see Eq. (A.2)) and b8 = −X8 9 m 9b (see Eq. (A.22)). Thus, we

immediately see that the scalar perturbations transform as

Ẽ = E + b′ , (A.33)

Π̃ = Π . (A.34)

A.3 Particular Gauges

In principle, one is free to use any gauge since the physical quantities are gauge-invariant

anyway. Each gauge has certain bene�ts, so a wise gauge choice in a suited situation

can simplify the computations enormously. In the following, we introduce the conformal

Newtonian gauge, the comoving gauge and the spatially �at gauge as they are used in

Chapters 2 and 5. Further details can be found for example in Refs. [52, 211, 212].

Conformal Newtonian Gauge

The conformal Newtonian or longitudinal gauge is de�ned by setting the scalar metric

perturbations in Eq. (2.4) to zero, i.e. �# = �# = 0. As can be seen from the gauge

transformations rules in Eqs. (A.25) to (A.28), this requires that b = −� and b0 = −� + �′.
Choosing this gauge, the scalar metric perturbations in Eq. (2.4) are given by the gauge-

invariant Bardeen potentials (see Eq. (2.8)). This allows the derivation of gauge-invariant

equations in the Newtonian gauge. Using Eqs. (A.29), (A.30), (A.33) and (A.34), the

scalar perturbations that appear in the stress-energy tensor then read in the Newtonian
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gauge [52]

Xd# = Xd + sd (� − �′) , (A.35)

X?# = X? + s? (� − �′) , (A.36)

E# = E − � , (A.37)

Π# = Π . (A.38)

Comoving Gauge

The comoving gauge is de�ned by setting the scalar perturbations E� = �� = 0. From

their gauge transformation behaviour given by Eq. (A.33) and Eq. (A.26), respectively, it

becomes obvious that the corresponding gauge conditions are b′ = −E and b0 = E − �.

Using them, one �nds that the curvature perturbation (cf. Eq. (2.5)), which transforms

according to Eq. (2.6), is in this gauge given by [212]

k�R = kR + H (E − �) . (A.39)

This de�nes the comoving curvature perturbation R ≡ k�R which can be expressed in

terms of the Bardeen potentials in Eq. (2.7) and is therefore a gauge-invariant quantity. It

is of particular interest when discussing in�ationary perturbations in Section 2.2. If the

universe is �lled by a scalar �eld i = si + Xi (e.g. during in�ation), then it is possible to

express b0 and thus R in terms of a scalar �eld perturbation Xi , as shown in Appendix B.4.

The comoving curvature perturbation then is [212]

R = kR + H
Xi

si′
. (A.40)

Spatially Flat Gauge

The spatially �at gauge is de�ned by setting the curvature perturbationkR = 0. According

to the transformation rule in Eq. (2.6), this means that b0 = −H−1kR . Importantly, the

comoving curvature perturbation in Eq. (A.40) is then directly related to the perturbation

of the scalar �eld,

R = H Xi
si′
. (A.41)

This is especially useful for in�ationary perturbations since then all scalar perturbations

can be described by Xi .
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A.4 Perturbed Einstein Tensor in Newtonian Gauge

In this section, the perturbed connection coe�cients from Eqs. (2.19) to (2.24) are used

to compute the scalar perturbations of the Einstein tensor X�
`
a in Newtonian gauge to

linear order. Perturbing the Ricci tensor '`a = s'`a +X'`a , it can be written as (cf. Eq. (1.2))

'`a = s'`a + mUXΓUa` − maXΓUU` + sΓU
UV
XΓ

V
a` + sΓ

V
a` XΓ

U
UV
− sΓU

aV
XΓ

V
U` − sΓ

V
U` XΓ

U
aV
.

Since '
`
a = 6`U'Ua = (s6`U + X6`U ) (s'Ua + X'Ua ) = s'

`
a + X6`U s'Ua + s6`UX'Ua an explicit

calculation with 6`a given by Eq. (2.8) yields [213]

'0
0
= 0−2

(
3H ′ − 3Ψ′′ − ∇2Φ − 3H(Φ′ + Ψ′) − 6H ′Φ

)
, (A.42)

'8
0
= 20−2m8 (Ψ′ + HΦ) , (A.43)

'8 9 = 0
−2 (
H ′ + 2H 2 − Ψ′′ + ∇2Ψ −H(Φ′ + 5Ψ′) − (2H ′ + 4H 2)Φ

)
X89

+ 0−2m8m 9 (Ψ − Φ) . (A.44)

Hence, the perturbed Ricci curvature scalar to linear order is [213]

' = '0
0
+ '88

= 0−2
(
−6Ψ′′ + 2∇2(2Ψ − Φ) − 6H(Φ′ + 3Ψ′) − 12(H ′ + H 2)

)
+ 60−2(H ′ + H 2)

+ 60−2(H ′ + H 2) . (A.45)

Using Eqs. (A.42) to (A.45), one �nally obtains the components of the Einstein tensor (cf.

Eq. (1.1) for its de�nition)

�0

0
= 0−2

(
−3H 2 − 2∇2Ψ + 6HΨ′ + 6H 2Φ

)
, (A.46)

�8
0
= 20−2m8 (Ψ′ + HΦ) , (A.47)

�8 9 = 0
−2 (
−2H ′ −H 2 + 2Ψ′′ + ∇2(Φ − Ψ) + H (2Φ′ + 4Ψ′) + (4H ′ + 2H 2)Φ

)
X89

+ 0−2m8m 9 (Ψ − Φ) . (A.48)
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AppendixB

Scalar Perturbations From Inflation

This appendix provides useful identities and derivations in the context of the scalar

in�aton �eld. Starting with the derivation of some valuable relations used in Section 2.2

and Section 5.1.1, the perturbed Klein-Gordon equation and the perturbed Einstein

equations for the in�aton �eld are obtained. Afterwards, the gauge-invariant comoving

curvature perturbation is expressed in terms of the in�aton perturbation which is made

use of in Section 5.1.1. Finally, we derive the Mukhanov-Sasaki equation that is relevant

for Section 2.2 and Section 5.1.1.

B.1 Useful Identities

In this section, we only consider homogeneous background quantities and collect some

expedient expressions. Often computations are simpli�ed when evolution equations are

considered in conformal time g instead of the physical time C . They are related to each

other via dg = dC/0 and the Friedmann Eqs. (1.6) and (1.7) in conformal time for a �at

universe read

H 2 =

(
0′

0

)
2

=
8c�

3

sd02 , H ′ = −4c�
3

(sd + 3s?)02 . (B.1)

SinceH = 0′/0 = 0� = ¤0, the derivative of the conformal Hubble parameter is

H ′ = 0′′

0
−H 2 . (B.2)

Using the equation of state parameterF = s?/sd , the continuity Eq. (1.8) can be written in

conformal time as

sd′ = −3H(sd + s?) = −3H(1 +F)sd . (B.3)
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Combining the two conformal Friedmann equations, one directly obtains this useful

background relation

H ′ = −1
2

(1 + 3F)H 2 , so F = −1
3

(
1 + 2H

′

H 2

)
. (B.4)

Taking the time derivative ofF = s?/sd and using Eq. (B.3) gives

F ′ =
sd′

sd
(22B −F) = −3H(1 +F) (22B −F) ⇒ F ′

1 +F = 3H(F − 22B ) , (B.5)

where 22B denotes the speed of sound 22B = s?′/sd′. Turning now to the homogeneous

in�aton �eld, its energy density and pressure in conformal time are (cf. Eq. (1.26))

sd =
1

2

si′2

02
++ (si) and s? =

1

2

si′2

02
−+ (si) . (B.6)

Taking their conformal derivatives and applying the conformal Klein-Gordon equation

si′′ + 2H si′ + 02 m+ (si)
msi

= 0 , (B.7)

the speed of sound is

22B = 1 − 2

3

(
si′′

H si′
+ 2

)
= − 1

3H

(
H + 2si′′

si′

)
. (B.8)

This allows us to write the ratio si′′/si′ as

si′′

si′
= −1

2

(3H22B + H) . (B.9)

Furthermore, multiplying the �rst Friedmann equation in Eq. (B.1) with a factor of 2 and

subtracting 4c�si′2, we �nd that

2H 2 − 4c�si′2 = −8c�
6

si′2 + 16c�

3

+ (si)02 . (B.10)

Using the second Friedmann equation in Eq. (B.1) and Eq. (B.2), we thus obtain the relation

0′′

0
− 2H 2 = H ′ −H 2 = −4c�si′2 . (B.11)

B.2 Perturbed Klein-Gordon Equation

The Klein-Gordon equation for the in�aton �eld i with potential + (i) can be written

as [46]

m`m
`i − d+

di
=

1

√−6 m` (
√−6m`i) − d+

di
= 0 . (B.12)
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Using the perturbed FLRW metric in Newtonian gauge (see Eq. (2.8)), the metric determi-

nant

√−6 to linear order in perturbations is

√−6 = 04
(
(1 + 2Φ) (1 − 2Ψ)3

)
1/2

= 04(1 + 2Φ − 6Ψ)1/2 ≈ 04(1 + Φ − 3Ψ) , (B.13)

where in the last expression the Taylor expansion of the square root to linear order was

used. Expanding the potential and its derivative mi+ to �rst-order in the �eld perturbation

Xi = i − si , they read

+ (i) = + (si + Xi) = s+ + (mi s+ )Xi , and mi+ (i) = mi s+ + (mii s+ )Xi , (B.14)

respectively, where + (si) = s+ . Switching now from conformal to cosmological time for

convenience, the metric is 6`a = (−(1 + 2Φ), 02(1 − 2Ψ), 02(1 − 2Ψ), 02(1 − 2Ψ)) or 6`a =

(−1+2Φ, 02(1+2Ψ), 02(1+2Ψ), 02(1+2Ψ)). Then, its determinant is

√−6 = 03(1+Φ−3Ψ)
and the derivatives that appear in Eq. (B.12) are

m0(
√−660amai) = (3�

√−6 + 03( ¤Φ − 3 ¤Ψ)) (−1 + 2Φ) ¤i + √−6(2 ¤Φ ¤i + (2Φ − 1) ¥i) ,
m8 (
√−668amai) = −

√−6(0−2(1 + 2Ψ)∇2i) .

Inserting these two expressions together with Eq. (B.14) into Eq. (B.12) and keeping only

terms to �rst-order in perturbations, we obtain

−3� ¤si − 3�Xi + 6�Φ ¤si + ( ¤Φ + 3 ¤Ψ) ¤si − ¥si − X ¥i + 2Φ ¥si + 0−2∇2Xi = mi s+ + mii s+ .

Subtracting the background Klein-Gordon Eq. (2.42), the perturbation equation of the

scalar �eld to linear order in Newtonian gauge is [52]

X ¥i# + 3�X ¤i# + 2Φmi s+ − 0−2∇2Xi# − ( ¤Φ + 3 ¤Ψ) ¤si + (mii s+ )Xi# = 0 . (B.15)

Switching back to conformal time gives Eq. (2.44).

B.3 Perturbed Einstein Equation

The stress-energy tensor of a scalar �eld (see Eq. (1.25)) to linear order in perturbations

is [52]

)
`
a = 6U`mU simasi + 6U`mU simaXi + 6U`mUXimasi

− 1

2

X
`
a mdsi6dUmU si − X`a mdsi6dUmUXi − X`a+ (si) − X

`
a (mi s+ )Xi . (B.16)
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Subtracting the background tensor and choosing the Newtonian gauge, one obtains the

linear perturbations [212]

X) 0

0
= 0−2Ψsi′2 − 0−2si′

(
Xi#

)′
− (mi s+ )Xi# , (B.17)

X) 8
0
= 0−2si′m8Xi

# , (B.18)

X) 89 =

(
0−2si′

(
Xi#

)′
− 0−2Ψsi′2 − (mi s+ )Xi#

)
X89 . (B.19)

Obviously, X) 89 has only diagonal components which means that X)
`
a has no anisotropic

stress. According to the Einstein Eq. (2.29) this implies that Ψ = Φ. Inserting Eqs. (B.17)

to (B.19) into Eqs. (2.26), (2.30) and (2.31), the perturbed Einstein equations X�
`
a =

8c�X)
`
a for a scalar �eld are [212]

−∇2 + 3HΨ′ + 3H 2Ψ = 4c�

(
Ψsi′2 − si′

(
Xi#

)′
− 02(mi s+ )Xi#

)
, (B.20)

Ψ′ + HΨ = 4c�si′Xi# , (B.21)

Ψ′′ + 3HΨ′ + (H 2 + 2H ′)Ψ = −4c�
(
Ψsi′2 − si′

(
Xi#

)′
+ 02(mi s+ )Xi#

)
. (B.22)

B.4 Comoving Curvature Perturbation

The comoving curvature perturbation has its origin in the comoving gauge (see Ap-

pendix A.3). It is de�ned in terms of the curvature perturbation kR and the gauge

condition b0 = E − � of the comoving gauge [52],

R = kR + Hb0 = kR + H (E − �) . (B.23)

This quantity is of special interest since it is possible to write it in terms of the Bardeen

potentials, thus R is gauge-invariant (see Section 2.2.2). We now express b0 in terms

of the scalar �eld perturbation Xi . The comoving gauge requires a vanishing velocity

perturbation which can be written as (see Eq. (2.13))

m8E =
X) 8

0

sd + s?
. (B.24)

Using the transformation rule for X) 8
0

(cf. Eq. (A.15)),

X)̃ 8
0
= X) 8

0
− (sd + s?)m8b0 . (B.25)

and demanding X)̃ 8
0
= 0 for the velocity perturbation to vanish, it follows that [52]

m8b
0 =

X) 8
0

sd + s?
=
m8Xi

si′
, (B.26)
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where it was made use of Eqs. (B.6) and (B.18) to express sd , s? and X) 8
0

in terms of si and

Xi . Consequently, we have b0 = Xi/si and the comoving curvature perturbation is given

by Eq. (A.40). In the spatially �at gauge wherekR vanishes, it reduces to R = HXi/si′

which is particularly useful for computing the matter power spectrum from in�ation on

subhorizon scales (see Section 5.1.2).

B.5 Derivation of the Mukhanov-Sasaki Equation

In this section, Eq. (2.52) is expressed in terms of the Mukhanov-Sasaki variable @ = ZR
(see Eq. (2.56)). Making use of the �rst Friedmann equation in conformal time (see

Eq. (B.1)), we �nd the following expression for the equation of state parameter,

1 +F =
2si′2

si′2 + 202+ (si) =
si′2

3"2

Pl
H 2

. (B.27)

Thus, the left-hand side of Eq. (2.52) can be written as

3

2

(1 +F)HR′ = si′2

2"2

Pl
H

d

dg

(
@

Z

)
=

si′

2"2

Pl

Z

0

d

dg

(
@

Z

)
= ∇2Ψ . (B.28)

In the next step, we express the second Einstein Eq. (B.21) in terms of @. From Eq. (B.11)

one can see that

2H − 0′′

0H −
si′2

2"2

Pl
H

= 2H − 1

H

(
2H 2 − si′2

2"2

Pl
H

)
− si′2

2"2

Pl
H

= 0 . (B.29)

Since this is a vanishing expression, one can simply multiply it with Ψ and add it to the

left-hand side of Eq. (B.21) which then becomes

Ψ′ + HΨ +
(
2H − 0′′

0H −
si′2

2"2

Pl
H

)
Ψ = Ψ′ + 2HΨ − H

′

H Ψ − si′2

2"2

Pl
H

Ψ (B.30)

=
H
02

d

dg

(
02

H Ψ

)
− si′2

2"2

Pl
H

Ψ . (B.31)

Consequently, Eq. (B.21) reads in terms of @

H
0

d

dg

(
02

H Ψ

)
=
0si′

2"2

Pl

(
Xi + si′

H Ψ

)
=

si′

2"2

Pl

@ . (B.32)

Taking ∇2 on both sides of Eq. (B.32) and replacing ∇2Ψ with the expression in Eq. (B.28),

leads us to the Mukhanov-Sasaki equation [214, 216]

d

dg

[
Z 2

d

dg

(
@

Z

)]
= I∇2@ . (B.33)
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