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Chapter 1

Introduction

How is charge transported in solids? What role do the vibrations of the atoms play? Why
are some materials insulating and others conducting? These are just some of the questions
that have fascinated solid-state physicists for more than a century, and already in the year
1900, Drude published his seminal work on transport in metals [1, 2].

The Drude model describes the metal as a composition of positively charged heavy ions
and negatively charged light electrons (a thorough discussion can be found in Ref. [3]).
In the model, the valence electrons move around and scatter on the immobile ions, and
their motion can be described by kinetic gas theory. Even though the model captures
some phenomena, like the classical Hall effect, it makes some important assumptions.
For example, it does not directly account for electron-electron interactions or electron-ion
interactions between collisions, and it does not incorporate quantum mechanics and band
structures [3]. The latter two are essential for a qualitative description of metals.

Even when one moves away from the Drude model and treats the electrons quan-
tum mechanically, the question still remains: how to account for the effect the electrons
have on the ions in the crystal and vice versa? An electron will interact with the ions
and bring them out of their equilibrium position, which leads to vibrations [this is illus-
trated in Fig. 1.1(a)]. However, any Hamiltonian containing all possible interactions is
too complicated to solve, and further approximations are needed. One approach is the
Born-Oppenheimer approximation [4,5] (also known as the adiabatic approximation), and
it is based on the assumption that the electrons move with velocities much greater than
those of the ions. The electronic problem can then be solved for a given nuclei configura-
tion. One can also describe the lattice in terms of classical harmonic oscillators, which, for
example, recovers the correct high-temperature heat capacity (Dulong–Petit law). How-
ever, one needs a proper quantum-mechanical treatment of the nuclei to get the correct
low-temperature behavior [3].

In a quantum mechanical theory, the (now quantized) lattice vibrations can be described
by phonons, and the electron-phonon interaction is responsible for a range of interesting
physical phenomena such as the polaron [6] and charge-density-wave (CDW) [7] formation,
conventional (Bardeen–Cooper–Schrieffer (BCS)-type) superconductivity [8], and changes
in material properties like resistivity [6, 9] and the optical absorption spectra [10].
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(a) (b)

Figure 1.1: (a) Illustration of an electron (red) in a (two dimensional) lattice. The electron
interacts with the ions in its vicinity, bringing them out of their equilibrium position. (b)
Illustration of the one-dimensional Holstein model. The electron propagates in a crystal
and interacts with diatomic molecules. The electron can tunnel from one molecule to
another with a tunneling amplitude t0 and it couples locally to the displacement of the
molecules with an interaction strength γ. The molecular vibrations are modeled by quan-
tum harmonic oscillators with frequency ω0.

The goal of this thesis is to better understand the interplay between the electrons and
the lattice vibrations from the perspective of minimal theoretical models that contain CDW
and polaron formation. I will do that using numerical algorithms which treat the systems
fully quantum mechanically, and in particular, I will focus on the effects of temperature.

One of the aforementioned consequences of electron-phonon interaction is the formation
of a quasi-particle called a polaron. In nature, polarons appear in many forms, and a
comprehensive review can be found in Ref. [6]. Some types of polarons are large polarons
(delocalized over many lattice sites) [11], small polarons (localized on one or a few lattice
sites) [12], bipolarons (emerging when the attraction induced by the lattice potential is
stronger than the Coulomb repulsion) [13, 14], Jahn-Teller polarons (when the electron
energy level degeneracy is broken by lattice distortions) [15, 16], and magnetic polarons
(emerging from the interaction between electrons and localized spins) [17, 18], all with
different features.

This makes understanding polarons essential for describing the different properties of
many materials like TiO2 [11, 19, 20], halide perovskites [21, 22], manganites [23–31], and
organic semiconductors [32, 33]. For example, the low-temperature dependence of the
resistivity differs in systems with large and small polarons. As explained in Ref. [6], a large
polaron has properties similar to a free charge carrier but with an effective mass. When
the temperature is increased, the polaron will scatter more often with other phonons and
the resistivity will increase. Materials with small polarons display the opposite behavior.
There, the charge carriers need to be thermally activated, and the resistivity decreases
when the temperature is increased.

Electron-phonon physics does not only impact the resistivity in some materials but
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can also influence properties such as thermal and optical conductivity and charge carrier
relaxation. Since this plays an important role in many technological applications, there is a
profound interest in better understanding the exact role of polarons, see e.g., Refs. [21,22,
34, 35]. There are also many studies on the importance of the quasi-particle in the widely
investigated TiO2 [11,19,20,36], and on its influence on properties of manganites, such as
charge ordering, colossal magnetoresistance, and on the absorption spectrum [9,23–31]. In
the context of engineering quantum materials with desirable properties [37], Zhang et al.
recently demonstrated that one can have high-temperature superconductivity in a simple
bipolaron model [38].

In this work, the other electron-phonon-induced phenomenon I focus on is the formation
of CDW states [7]. These states are insulating and can emerge from a Peierls transition,
meaning that a band gap opens as a consequence of the electron-phonon interaction. By
now, they have been the subject of comprehensive studies, for example on the photon-
induced melting of CDW states [39, 40] and collective excitations [41,42].

From a theoretical perspective, simple models with electron-phonon interaction have
been able to describe many of the emerging physical phenomena, and two prominent exam-
ples are the Holstein [43,44] and the Fröhlich [45,46] Hamiltonians. Whereas the Fröhlich
model approximates the crystal as a continuum and has long-range electron-phonon inter-
actions, the Holstein model contains local interactions in a discrete lattice and will be the
focus of this work.

The Holstein model, sketched in Fig. 1.1(b), aims to describe electrons propagating
in a lattice with a hopping amplitude t0 and interacting with diatomic molecules. The
electron density couples locally to the displacement of the molecules with an interaction
strength γ, and the induced molecular vibrations (the phonons) are modeled by quantum
harmonic oscillators with a frequency ω0. The model displays many of the features induced
by electron-phonon interaction, such as small-polaron physics [44], and a transition from a
metallic to a CDW phase at half filling (seen, e.g., Refs. [47,48] for phase diagrams). For this
reason, the model has already been extensively studied. For example, the polaron problem
(one electron in a lattice) has been studied in Refs. [10,49–70], and the model with different
electron densities in Refs. [47,48,71–77]. The model has also been a testing ground for new
numerical methods for electron-phonon systems, see, e.g., Refs. [68, 69, 78]. The Holstein
model also serves as a basis for more complex models. For example, by allowing for electron-
electron interaction, the Holstein model becomes the widely studied Holstein-Hubbard
model [79–90]. Recent work has also pointed out that if one includes phonon hopping in
the Holstein model (giving the phonons a finite bandwidth), interesting physics emerges,
such as changes in spectral functions, effective mass, and CDW formation [67,91–93].

The progress in the theoretical modeling of electron-phonon systems has been accom-
panied and motivated by advances in experimental techniques. They have allowed for clear
connections between theoretical work and experimental results. Most notably in the con-
text of this thesis is the progress in angle-resolved photoemission spectroscopy (ARPES),
see Refs. [94–96], optical spectroscopy, and methods to measure thermal properties [97–99].

ARPES experiments enable the study of ultrafast dynamics in materials. This can be
used, for example, to access electron energies and momenta by shining a narrow light beam
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Figure 1.2: Simplified sketch of an ARPES experiment. The electron has absorbed a
photon with frequency ω and is excited out of the lattice with momentum k.

with frequency ω on the sample. By varying the beam frequency, one can detect when the
photons have sufficient energy to excite an electron with momentum k out of the lattice. I
have illustrated the idea in Fig. 1.2. ARPES has allowed for the detection of the polaron
spectral function, see, e.g., Refs. [100,101], and the detection of CDWs, see, e.g., Ref. [102].
In optical spectroscopy experiments, on the other hand, one can, for example, detect how
much light is reflected by the material. This can be used to determine the polaron optical
conductivity [25, 28, 31], the polaron reduced mass [103, 104], and to study the formation
of CDW gaps [105].

This fusion of experiment and theory would not be possible without the develop-
ment of powerful numerical techniques. Prominent examples are density functional the-
ory (DFT) [106,107], density-matrix renormalization group methods (DMRG) [108–111],
dynamic mean field theory (DMFT) [112], quantum Monte Carlo algorithms [113–116],
Lanczos methods [117–119], and trajectory-based methods like multiconfigurational Ehren-
fest (MCE) [120, 121], multitrajectory Ehernfest (MTE) [122, 123] and surface hop-
ping [124–126].

In general, for a complete understanding of theoretical models, one needs several nu-
merical and analytical methods with complementary strengths and weaknesses. DMRG-
based methods, for example, are well-established tools for one-dimensional systems (ex-
tensions to higher dimensions are also an active research field [127–131]). Even though
DMRG was originally developed to find ground states, it has now been extended to time-
evolution [132–137] and finite-temperature calculations [138–144]. These methods are nu-
merically exact, and the error made is well controlled and understood [111,145]. They work
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for strongly correlated systems (where it can be difficult to approximate the exchange-
correlation energy in DFT methods [146]) and away from regimes that are suitable for
perturbation theory. The methods are also very flexible, meaning that a variety of sys-
tems and initial states can be studied with only minor modifications to existing codes.
However, there are some drawbacks to DMRG algorithms. For example, quantum states
are often represented by matrix-product states (see Ref. [111] and Ch. 3 for details). In
this way, many of the states relevant for practical applications (such as ground states and
product states [111]) can be truncated efficiently with negligible error. However, when
doing non-trivial time evolution (for example after a quench [147, 148]), the error (or the
computational cost) increase. This means that one can not do time evolution to arbitrary
long times, and for this purpose, one has to use Lanczos or exact methods (which again
are very restricted in possible system sizes).

For higher dimensions, DMRG-based methods can also have limitations due to the
enhanced difficulty of representing the state efficiently (a discussion of why can be found
in Ch. 3). In this situation, one is better off with QMC methods in systems that are
not plagued by the sign problem or problems without analytic continuation [149, 150].
Alternatively, one can use DMFT, however, this method might have challenges in one and
two dimensions. There, the key approximations, namely the absence of vertex corrections
in current-current correlation functions (needed for transport studies) and the locality of
the self energy, might not be valid [52, 58, 112]. One example can be found in Ref. [58],
where the authors compare optical conductivity data for the one-dimensional Holstein
polaron calculated with DMFT and exact diagonalization and found a thermally activated
resonance not present in the DMFT data. The authors attributed this to the fact that the
local DMFT treatment could not capture the required transitions between polaron states
with different spatial structures.

In this thesis, the aim is to study electron-phonon systems, described by the Hol-
stein model, in one-dimensional chains. I will study CDW melting and compute finite-
temperature correlation functions for polarons, bipolarons, and at finite filling. The goal
is to use and develop algorithms that can be applied to these problems and are flexible
enough to handle modifications in the corresponding Hamiltonians. Such modifications
include introducing a finite phonon bandwidth and electron-electron interactions, and in
the future, they might be used to study electron-phonon-spin systems and include different
local electron-phonon interaction terms. Another goal is to provide reliable data for many
physical relevant quantities as a benchmark for other methods. For these reasons, I mainly
use DMRG based methods in this thesis.

As previously stated, DMRG algorithms can efficiently treat one-dimensional systems.
However, they can have difficulties dealing with systems with large local Hilbert spaces.
This is particularly important for models like the Holstein model. To simulate that model
with DMRG, one must introduce a local cutoff in the number of harmonic oscillator states
M , and depending on the model parameters, M might have to be very large to capture
the correct physics, see, e.g., Refs. [56, 76, 78]. For example, for the polaron in the strong
coupling limit, the phonon number expectation value in the ground state is ≈ (γ/ω0)2

(where γ is the coupling parameter and ω0 is the phonon frequency). To treat the Holstein
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model efficiently, I use a technique called local basis optimization (LBO) [151]. The idea of
LBO is to find a basis by diagonalizing reduced density matrices in which the state can be
truncated with negligible error. There are other promising approaches [152–155], but LBO
has proven itself as an effective method for time evolution [63, 76, 156] and ground-state
calculations [76,157].

In this thesis, I will present results from a series of publications. In the first pub-
lication [158], we combine LBO with purification [138] (a DMRG scheme to do finite
temperature calculations) and use this method to calculate different spectral functions
for the Holstein polaron model. Purification is a well-established tool [141, 159–163] for
finite-temperature matrix-product-state calculations where the infinite-temperature den-
sity matrix is imaginary-time evolved to the required temperature. We first demonstrate
that even though the infinite-temperature density matrix is ill-defined for the Holstein
model (since M must be ∞), this is still an effective method to treat electron-phonon sys-
tems accurately at low temperatures. We further show that this method is sped up at low
temperatures when combined with LBO, which allows us to efficiently calculate the polaron
spectral function, the electron emission function, and the phonon spectral function.

For the polaron spectral function, we test our method by comparing it to data in
the literature calculated with the Lanczos method [65]. This verifies that our approach
works and that we can calculate larger systems and include more phonons. We detect
the known polaron features in the intermediate electron-phonon coupling regime, such as
peaks separated by the phonon frequency and that spectral weight appears below the quasi-
particle peak when the temperature is increased [65]. For the electron emission function,
we report the emergence of a new thermally activated polaron band and demonstrate the
shift in electron density to larger quasi-momenta states at higher temperatures. For the
phonon spectral function, we recover the flat free-phonon line and the polaron band seen
in Ref. [57] for the ground state but observe a thermally activated phonon line and polaron
band at negative frequencies.

In the second publication, Ref. [164], the goal is to extract the optical conductivity for
the Holstein polaron and bipolaron by computing the Fourier transformation of real-time
current-current correlation functions. In Ref. [156], it was already explained how LBO can
be used for time-evolving matrix-product states with the time-evolution block decimation
(TEBD) algorithm [132]. However, recent results indicate that the time-dependent varia-
tional principle (TDVP) algorithms [135, 136] often perform better and allow for a longer
time evolution [137]. For this reason, we combine LBO with TDVP. Using a parallel imple-
mentation [165, 166] and a serial single-site implementation (without LBO) of the TDVP
algorithm, we are now able to calculate the correlation functions for times long enough for
a good resolution in frequency space. We do this for different parameters, at finite temper-
atures, and with a finite phonon bandwidth. For weak and intermediate electron-phonon
coupling, we compare our ground-state results to data obtained with the Lanczos method
and find quantitative agreement. Whereas the ground-state spectral function and optical
conductivity was studied in Ref. [67], we study the effects of a finite phonon bandwidth at
finite temperatures for the polaron and bipolaron in different parameter regimes.

Our finite-temperature results show that for weak and intermediate electron-phonon
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coupling strengths, the prominent one-phonon emission peak is moved to lower frequen-
cies when the temperature is increased. For the intermediate electron-phonon coupling
strength, the peak structure induced by a downward phonon dispersion relation remains at
the accessible temperatures. Furthermore, we demonstrate that in the strong electron-
phonon coupling regime, the results can be well understood by analyzing the Born-
Oppenheimer Hamiltonian. We recover the known result of an asymmetric Gaussian
function [10, 58, 167] for both the polaron and bipolaron but see how the center of the
spectra gets shifted to higher or lower frequencies. The shift depends on the shape of the
phonon dispersion relation, consistent with the change in energy differences between the
Born-Oppenheimer surfaces.

I will then demonstrate that the analysis based on the Born-Oppenheimer surfaces
holds, even for bipolarons (two electrons with different spins in a Holsten lattice) with
electron-electron repulsion (weak enough to still have a bound bipolaron). In the DMRG
data, one can clearly see a thermally activated resonance at frequency ≈ 2t0, and that the
spectra is shifted to lower frequencies when the electron-electron repulsion is increased.

In the last part of the chapter, I use the same numerical methods to calculate optical
conductivities and energy transport coefficients at finite frequencies at filling n = 1/3
and n ≈ 1/2. For strong electron-phonon coupling in the adiabatic regime, I find that
the optical conductivity for n = 1/3 resembles the conductivity for a single electron in a
Holstein lattice, indicating that the spectra is dominated by polaron physics. Additionally,
I find that the same features appear in the energy transport coefficient. For an intermediate
electron-phonon coupling strength and phonon frequency, the optical conductivity has a
broader spectra for n = 1/3 than the single polaron. Additionally, the energy transport
coefficient exhibits a plateau at frequencies where the optical conductivity has decayed to
zero. These features also remain when the filling is increased to n ≈ 1/2.

After that, the focus will shift to CDW dynamics in the Holstein model and the Holstein
model coupled to tight-binding leads (a Holstein heterostructure). The latter is known
as the Anderson-Holstein model [168–170] for a single Holstein site. In our publication,
Ref. [171], we interpolate a voltage linearly through the Holstein model and heterostructure
(with nine Holstein sites), and analyze how the CDWs break down (similar studies have
been done on the breakdown of Mott insulating states coupled to tight-binding leads [172,
173]). We find that the order parameters remain unchanged when the inter-site voltage
difference is much smaller than the polaron binding energy. However, as the two become
comparable in magnitude, the electrons start tunneling out of the phonon-induced potential
and the order parameter decays. For the Holstein heterostructure in the metallic parameter
regime, we compute the current-voltage diagram (done for the Anderson-Holstein model
in Ref. [174]) and show how the current flowing through the system decreases when the
electron-phonon coupling is increased.

In the last part of this thesis, I will present a study, Ref. [175], where we investigate
typical solid-state physics questions such as how do electrons spread in a lattice [66, 176],
how does a CDW melt [75–77, 177, 178], and how is energy transferred between electronic
and phononic degrees of freedom [62, 63, 76]. The emphasis, however, is on determining
whether a full quantum treatment of the phonons is required or if numerically cheaper
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trajectory-based methods, where the phonons propagate according to classical equations
of motion, can be used. We compare numerically exact results to calculations done with
the trajectory-based methods multitrajectory Ehrenfest (MTE) [122, 123], surface hop-
ping [124–126], and multiconfigurational Ehrenfest (MCE) [120,121]. First, we study how
a localized electron (bare and dressed with phonons) spreads in a lattice, similar to the
studies done in, e.g., Refs. [66,179,180]. Here, we find that all methods capture the initial
spread of the electron density well, but at later times deviate from the numerically exact
results (computed with DMRG with LBO). We also look at the phonon number expecta-
tion value and find that all the methods capture the time dependence qualitatively, except
for MTE, which predicts much smaller values.

We then compare the MTE algorithm to DMRG with LBO for dressed and bare CDW
initial states. Whereas the dynamics of these states were addressed with DMRG in Ref. [76],
we focus on understanding if and how well MTE works. We find that in the adiabatic
parameter regime, the electron kinetic energy and order parameter are computed very
accurately with MTE for the dressed CDW. For the bare CDW, the order parameter is
still captured accurately, but the kinetic energy shows significant deviations. In both cases,
the phonon number deviates from the DMRG values. In the anti-adiabatic regime (which
is expected to be difficult for MTE), all the observables differ from the DMRG results.

This thesis is structured as follows: In Ch. 2, I introduce the Holstein model. Chapter 3
reviews the key ideas of the numerical methods I use. I particularly focus on how to
incorporate LBO into matrix-product-state algorithms. In Ch. 4, I show the results for
the Holstein-polaron spectral functions computed with DMRG and LBO. The formalism
is then extended to TDVP, finite filling, and the bipolaron in Ch. 5. There, results for
the energy transport coefficient and optical conductivity are presented. CDW melting in
the Holstein model and Holstein heterostructures is studied in Ch. 6, and in Ch. 7, our
analysis of the trajectory-based approaches are presented. Finally, I conclude in Ch. 8.



Chapter 2

The Holstein model

Holstein introduced a model in Ref. [43] to describe electrons moving around in a molecular
crystal and interacting with diatomic molecules. Known as the Holstein model, it is an
economical model, but captures a lot of the fundamental physics that emerges due to
electron-phonon interaction. In the Holstein model, the molecules can only oscillate with
one frequency and are modeled by local harmonic oscillators. This makes the model well
suited to capture phenomena that occur due to the interaction between electrons and
optical (so-called Einstein) phonons, such as polaron formation [44] and phonon-induced
phase transitions [47, 48, 181, 182]. The Hamiltonian of an L site one dimensional lattice
with open boundary conditions has the following form

Ĥ = −t0
L−1∑

j=1,s=↑,↓

(
ĉ†
j,sĉj+1,s + ĉ†

j+1,sĉj,s
)

+ ω0

L∑
j=1

b̂†
j b̂j + γ

L∑
j=1

n̂jX̂j . (2.1)

In Eq. (2.1), h̄ = 1, t0 is the hopping amplitude of the electrons, ω0 is the phonon frequency,
and γ determines the electron-phonon interaction strength. The operators ĉ†

j,s (ĉj,s) are
the electron creation (annihilation) operators which create (annihilate) an electron at site
j with spin s ∈ {↑, ↓}. The phonon operators b̂†

j (b̂j) correspondingly create (annihilate)
a phonon on site j. The last term in the Hamiltonian is the coupling between the local
electron occupation number, n̂j = n̂j,↓ + n̂j,↑ = ĉ†

j,↓ĉj,↓ + ĉ†
j,↑ĉj,↑ , and the local oscillator

displacement, X̂j = b̂†
j + b̂j . A common basis choice for the Hamitonian in Eq. (2.1) is the

number-occupation basis |n1⟩el |m1⟩ph |n2⟩el |m2⟩ph . . . |nL⟩el |mL⟩ph, where nj (mj) is the
electron (phonon) number on site j. The model is sketched in Fig. 2.1.

One can generate a finite phonon bandwidth by introducing a phonon hopping term

Ĥph-hopping = tph

L−1∑
j=1

(
b̂†
j b̂j+1 + b̂†

j+1b̂j
)
. (2.2)

tph is the phonon hopping amplitude and one should chose |tph| ≪ ω0 to model realistic
optical phonons. In this work, I will only look at the effect of a finite phonon bandwidth
when discussing transport coefficients in Ch. 5.
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ω0
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γ

FIG. 1.Figure 2.1: Sketch of the Holstein model. The fermion (blue circle) can tunnel between
sites with a tunneling amplitude t0. On each site, there is a local harmonic oscillator with
frequency ω0, and the fermion couples to the oscillator with a coupling strength γ. The
red circles illustrate the occupied harmonic oscillator states.

By including electron-electron interaction of the form

Ĥel-el = U
L∑
j=1

n̂j,↓n̂j,↑ , (2.3)

the Holstein model turns into the Holstein-Hubbard model. This is an interesting exten-
sion of the Holstein model with an additional layer of complexity due to the competition
between electron-electron and electron-phonon interactions, and its phase transition has
been extensively studied, e.g., in Refs. [79–82]. For only two electrons with different spins,
the introduction of electron-electron repulsion allows for the formation of both bound and
unbound bipolarons, see e.g., Refs. [83–90]. In Ch. 5, I will demonstrate how the opti-
cal conductivity of these bipolarons can be understood based on the Born-Oppenheimer
surfaces, which I will introduce in Sec 2.3.

2.1 Holstein polarons
By only allowing for one or two electrons in the Holstein model, one can study polaron
physics [44]. The polarons have a variety of physical properties depending on the model
parameters, and a phase diagram can be found in Ref. [59]. To guide the discussion, I will
introduce the adiabatic parameter

α = ω0/t0 , (2.4)
which characterizes the adiabatic (α ≪ 1), fast electron motion compared to the lattice
vibrations, and the anti-adiabatic (α ≫ 1) regime. Furthermore, I define

λ = γ2

2t0ω0
. (2.5)
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λ is the ratio of the ground-state energies in the polaron (taking t0 → 0 gives EGS,pol =
−EP = −γ2/ω0) and the free electron limit (EGS,free el = −2t0). The parameter character-
izes the transition from a small polaron with λ ≫ 1 to a large polaron with λ ≪ 1. In the
limit of t0 → 0, the Holstein Hamiltonian can be diagonalized with a Lang-Firsov trans-
formation [183], ˆ̃H = eŜĤe−Ŝ, with Ŝ = γ

ω0

∑
j n̂j(b̂†

j − b̂j). By transforming the phonon
operators, one gets

ˆ̃b†
j = b̂†

j − γ

ω0
, ˆ̃bj = b̂j − γ

ω0
. (2.6)

Now, the Hamiltonian can be written as a sum of one-site terms ˆ̃H = ∑
j
ˆ̃hj, with

ˆ̃hj = eŜĥje
−Ŝ = ω0

ˆ̃b†
j
ˆ̃bj + γ(b̃†

j + b̃j) = ω0(b̂†
j − γ

ω0
)(b̂j − γ

ω0
) + γ(b†

j + bj − 2 γ
ω0

)

= ω0b̂
†
j b̂j − γ2

ω0
= ω0b̂

†
j b̂j − EP ,

(2.7)

and EP = γ2

ω0
. The ground state, with respect to a certain site j, can be written as

⟨GSj|ĥj|GSj⟩ = ⟨GSj|e−ŜeŜĥje
−ŜeŜ|GSj⟩ = ⟨GSj|e−Ŝ ˆ̃hjeŜ|GSj⟩. From Eq. (2.7), one

sees that eŜ |GSj⟩ = |0⟩ph ĉ
†
j |0⟩el. This is the coherent state,

|GS⟩j = e−Ŝ |0⟩ph ĉ
†
j |0⟩el = e

− γ
ω0

(b̂†
j−b̂j) |0⟩ph ĉ

†
j |0⟩el = e

− γ
ω0
b̂†
je

γ
ω0
b̂je

γ2

2ω2
0

[b̂†
j ,b̂j ] |0⟩ph ĉ

†
j |0⟩el

= e
− γ2

2ω2
0 e

− γ
ω0
b̂†
j |0⟩ph ĉ

†
j |0⟩el ,

(2.8)

with energy −EP . If one now does perturbation theory in t0 with the term

Ĥkin = −t0
L−1∑

j=1,s=↑,↓

(
ĉ†
j,sĉj+1,s + ĉ†

j+1,sĉj,s
)

(2.9)

to first order, one gets a contribution between the degenerate ground state with the elec-

tron of neighboring sites j+1 ⟨GS| Ĥkin |GS⟩j = t0e
− γ2

ω2
0 = t̃0. t̃0 is now referred to as the

renormalized hopping amplitude. In this thesis, I will refer to the Holstein polaron as the
Holstein model with one electron in the lattice, and a bipolaron as the Holstein model with
two electrons with different spins.

2.2 Half filling
At half filling, the one dimensional Holstein model exhibits a phase transition from a
Tomonaga-Luttinger liquid (TLL) to a charge density wave (CDW), and the phase diagram
has been calculated using (Quantum) Monte Carlo and DMRG methods [47,48,181,182].
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The CDW formation can be understood in several parameter limits, and the following
results are derived in Ref. [181]. In the adiabatic limit, α → 0 , one is left with a staggered
potential induced by the displaced harmonic oscillators and this leads to gap opening.
Interestingly, there is, however, no CDW gap emerging in the limit α → ∞, where the
phonons react instantaneously to the electronic motion. For spinless electrons, which we
will consider later, one recovers the free electron model. Another interesting limit is the
strong electron-phonon coupling limit. There, the spinless Holstein model can be mapped
to spinless fermions with repulsive interaction (or an antiferromagnetic XXZ-Hamiltonian)
using second-order perturbation theory. Since the CDW states emerges due to phonon-
induced dimerization, the transition is also referred to as a Peierls transition.

In Ch. 6 and Ch. 7, the focus will be on CDWs in the spinless Holstein model and the
spinless Holstein model coupled to two tight-binding leads. To determine if the system is
in a CDW state, following, e.g., Ref. [76], I introduce an order parameter in the electron
sector

On = 1
Nel

L∑
i=1

(−1)i−1 ⟨n̂i⟩ , (2.10)

where Nel is the number of electrons. In the phonon sector, I use

OX = −1
Nel

L∑
i=1

(−1)i−1 ⟨X̂i⟩ . (2.11)

The −1 in Eq. (2.11) is only to ensure a positive value for OX in the CDW phase with our
convention of the sign of γ. In Ch. 6, I will use odd L and Nel = (L + 1)/2. In this case,
both On and OX go to zero when L → ∞ in the TLL phase. On the other hand, in the
strong coupling limit, OX → 2 γ

ω0
and On → 1 for L → ∞. There will also be a discussion

of CDWs in Ch. 7, but with a slightly different convention than what I introduced here.
That convention will be explained in the publication in Ch. 7.

2.3 The Born-Oppenheimer Hamiltonian
In some situations, it is convenient to rewrite the Holstein Hamiltonian in terms of the
nuclei momentum and position operators p̂i and x̂i. The Hamiltonian then becomes

Ĥ = Ĥekin +
L∑
i=1

(
γ

√
2mω0n̂ix̂i + mω2

0
2 x̂2

i + p̂2
i

2m − mω0

2
)
, (2.12)

and a derivation can be found in Appendix C.2. The Hamiltonian in Eq. (2.12) can
now be divided into two terms: the nuclear kinetic energy T̂ nuc = ∑L

i=1
p̂2
i

2m and the Born-
Oppenheimer Hamiltonian ĤBO(R̂) [4,5]. ĤBO(R̂) depends on the nuclear configuration R̂,
and for a fixed R, ⟨R| ĤBO(R̂) |R⟩ = ĤBO(R) is an electronic operator. This is particularly
useful in the adiabatic regime (slow phonons), where the change in phonon coordinates
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(T̂ nuc) often can be neglected. In many cases, the eigenstates of the Born-Oppenheimer
Hamiltonian serve as a convenient electronic basis [5], with

ĤBO(R)ϕa(R) = EBO
a ϕa(R) . (2.13)

For the Holstein dimer (L = 2), one can gain more insight into the model by defining the
relative coordinate q̂ = 1√

2(x̂1 − x̂2) and the center of mass coordinate Q̂ = 1√
2(x̂1 + x̂2). By

letting q̂ → q, neglecting the Q terms, which are just independent oscillators, and defining
q̄ = q

√
1

mω0
, one obtains

ĤBO = Ĥkin + γ[q̄(n̂1 − n̂2)] + 1
2 q̄

2ω0 . (2.14)

Written as a matrix, one has

ĤBO =
(
q̄2

2 ω0 + γq̄ −t0
−t0 q̄2

2 ω0 − γq̄

)
, (2.15)

with the energies are EBO
± = 1

2

(
q̄2ω0 ± 2

√
(γq̄)2 + t20

)
. This formalism can be extended to

the Holstein-Hubbard bipolaron, but one has a 4 × 4 matrix

ĤBO =


q̄2

2 ω0 + 2γq̄ + U −t0 −t0 0
−t0 q̄2

2 ω0 0 −t0
−t0 0 q̄2

2 ω0 −t0
0 −t0 −t0 q̄2

2 ω0 − 2γq̄ + U

 , (2.16)

which now can be diagoanlized numerically. Note that we have chosen the electron basis
|↑↓, 0⟩ , |↑, ↓⟩ , |↓, ↑⟩ , |0, ↑↓⟩. In Ch. 5, I will demonstrate that many of the properties of
the small polaron and bipolaron transport coefficients can be understood in terms of the
Born-Oppenheimer Hamiltonians.

2.4 Spectral functions
One of the main goals of modern numerical methods is to be able to efficiently calculate
Green’s functions and transport coefficients. The importance of these quantities has made
them standard textbook material, e.g., in Refs. [167,184,185]. One key result of this work
is the calculation of these quantities for different polaron systems with the matrix-product
state-based methods (see Ch. 3).

I will first define the greater and lesser Greens function for spinless fermions in equilib-
rium as

G>
T (t, k) = −i ⟨ĉk(t)ĉ†

k(0)⟩T , G
<
T (t, k) = i ⟨ĉ†

k(0)ĉk(t)⟩T , (2.17)

where ⟨Â⟩T = Tr[ 1
Z
e−βĤÂ] is the thermal expectation value at temperature T = 1/β,

Z is the partition function and Tr[. . .] is the trace. ĉk(t) is the fermionic annihilation
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operator defined in quasi-momentum space in the Heisenberg picture. In Eq. (2.17), one
can, for example, interpret G<(ω, k) as the probability amplitude of inserting an electron
with quasi-momentum k and removing an electron with quasi-momentum k at a later time
t.

One can now do the Fourier transformation into frequency space and write G>(ω, k)
[similar for G<(ω, k)] in the Lehmann representation

G>
T (ω, k) = −i

Z

∫ ∞

−∞
dte−ωit∑

n,m

e−Enβ ⟨n|ck(t)|m⟩ ⟨m|c†
k|n⟩

= −2π i
Z

∑
n,m

e−Enβ ⟨n|ck|m⟩ ⟨m|c†
k|n⟩ δ(ω − En + Em) .

(2.18)

The steps are textbook material, see e.g. Refs. [184], and can be found in Appendix A. As
an example, I will consider a non-interacting tight-binding chain [just the electron kinetic
energy from Eq. (2.1)], and focus on the vacuum state (|0⟩) contribution. One then gets

G>
T,0(k, ω) = −2πi

∑
m

⟨0|ck|m⟩ ⟨m|c†
k|0⟩ δ(ω − ϵm) , (2.19)

where the ϵm are the eigenenergies ϵm = −2t0 cos(km), and km is them-th quasi-momentum.
I then define the (later polaron) spectral function to be

A(k, ω) = − 1
2π Im{G>

T,0(k, ω)} . (2.20)

For the free electron, A(k, ω) just recovers the fermion cosine shaped band. Note that I
introduced the sub-index T, 0 to indicate that the trace is calculated in the zero-electron
sector at temperature T . When calculating Eq. (2.18) for the Holstein polaron, |n⟩ =
|n⃗⟩ph |0⟩e, where |n⃗⟩ph = |n1⟩ph |n2⟩ph . . . |nL⟩ph is the phonon configuration on all sites, and
En the corresponding energy. |m⟩ and Em become the eigenstates and energies for the
polaron problem. For T → 0, there are no phonons in the system and we just recover the
polaron band with an incoherent part.

I further define the electron emission function, where an electron is removed from the
polaron system, as

A+(k, ω) = 1
2π Im{G<

T,1(k, ω)} . (2.21)

Lastly, I define the phonon spectral function

B(k, ω) = −1
2π Im{D>

T,1(k, ω)} , (2.22)

where D>
T,1(k, ω) is

D>
T,1(k, t) = −i ⟨X̂k(t)X̂k(0)⟩T . (2.23)

The spectral functions can be solved analytically for the single-site problem, and the results
will be presented in Ch. 4. A thorough derivation of the single site emission function and
the phonon spectral function is given in Appendix B.1. The single-site polaron spectral
function was derived in Ref. [65].
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2.5 Transport coefficients
A powerful tool to get insights into microscopic systems is linear response theory, see, e.g.,
the textbooks [184,185]. This formalism allows us to account for a perturbative field F (t)
to linear order by evaluating expectation values with the unperturbed Hamiltonian. In the
following, I will introduce the transport coefficients calculated in this work. This discussion
follows Ref. [176], which reviews recent progress on transport in one-dimensional lattice
models at finite temperatures. To calculate transport coefficients, I consider a conserved
quantity Q̂ = ∑

j q̂j, with [Ĥ, Q̂] = 0. For later reference, I will give the energy, Q̂ = Ĥ, the
label Q = E and the charge, Q̂ = ∑

i n̂i, the label Q = C. I now consider a perturbative
field FQ(ω) which couples to a polarization ÂQ = ∑

j jq̂j. The conductivity LQ,Q is defined
as the Fourier space proportionality between an extensive current and the perturbing field
FQ(ω) via

⟨JQ⟩ (ω) = LQ,Q(ω)FQ(ω) . (2.24)

The conductivity can be split up into a real an imaginary part

LQ,Q(ω) = L′
Q,Q(ω) + iL′′

Q,Q(ω) , (2.25)

which are related through the Kramers-Kronig relation [186]. Through the Kubo for-
mula [187], one gets

L′
Q,Q(ω) = 1 − e−βω

ω

∫ ∞

0
dt lim

L→∞

Re{eiωt
〈
JQ(t)JQ(0)

〉
T
}

L
. (2.26)

In the derivation, one uses the fact that the derivative of the polarization with respect to
time, ȦQ, is related to the current operator through the continuity equation. Locally, this
becomes q̇j = jQi+1 − jQi , with the local currents jQi and JQ = ∑

j j
Q
i . The integral over the

transport coefficients can be related to ÂQ via the f -sum rule:

∫ ∞

0
dωL′

Q,Q(ω) = π

2i
⟨[ÂQ, ĴQ]⟩T

L
, (2.27)

which can often serve as consistency and accuracy check for numerical calculations. In
practice, I will introduce

CQ
T (ω) =

∫ ∞

−∞
eiωtf(t)CQ

T (t)dt =
∫ ∞

−∞
eiωtf(t) ⟨JQ(t)JQ(0)⟩T dt , (2.28)

with a window function f(t) which will be e−η|t| (Lorenzian) or e−ηt2 (Gaussian). For the
Holstein model, the charge-current operator is

ĴC = it0
L−1∑
i=1

(ĉ†
j ĉj+1 − ĉ†

j+1ĉj) , (2.29)
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and the energy-current operator, without a phonon hopping term [see Eq. (2.2)], becomes

ĴE = i
(
t20

L−1∑
j=2

(ĉ†
j−1ĉj+1 − ĉ†

j+1ĉj−1) − t0γ
L∑
j=2

(ĉ†
j−1ĉj − ĉ†

j ĉj−1)(b̂j + b̂†
j)
)
. (2.30)

Finally, the real part of the optical conductivity for a finite system becomes:

σ′(ω) = 1 − e−ω/T

2ωL CC
T (ω) . (2.31)

For not having σ′(ω) → 0 for L → ∞ for the polaron and bipolaron, I will omit the factor
1/L in those cases. The derivation of an energy transport coefficient is more subtle since
the inverse temperature gradient is not a microscopic potential. However, on can find a
similar expression as in Eq. (2.26), see Refs. [176, 185, 188, 189]. In this work, I define in
the energy transport coefficient in a system at finite filling to be

κ′(ω) = 1 − e−ω/T

2TωL CE
T (ω) . (2.32)

Note that in general, the thermal conductivity can be calculated from a heat current [3,167]
ĴTh = ĴE − µĴC , which introduces an extra term to the energy transport coefficient
proportional to ⟨ĴC(t)ĴE(0)⟩.

In this work, the Holstein polaron and bipolaron optical conductivity, the optical con-
ductivity and energy transport coefficient for the Holstein model at finite filling, and the
Holstein-Hubbard bipolaron optical conductivity will be analyzed in Ch. 5.



Chapter 3

Numerical methods

Great insights into quantum systems, such as their ground states and optical absorption
spectra, can be gained from analytic calculations, see e.g., Refs. [10, 49, 183, 190, 191].
However, it is also desirable to investigate systems in parameter regimes where no analytical
approaches are available. To do that, one has to do numerical simulations.

One approach is to treat the quantum systems exactly by diagonalizing their Hamil-
tonians. This has has helped our understanding of many systems, e.g., regarding their
transport and thermalization properties [56, 72, 192, 193]. However, one problem with ex-
act diagonalization is that the Hilbert space dimension often scales exponentially with the
system size, and one is thus limited to small systems. This can be countered by utilizing all
symmetries of the Hamiltonian, see, e.g., Ref. [194], but still, the exact simulations will at
one point become unfeasible on any classical hardware. For example, to treat the Holstein
model exactly (see Ch. 2), one first has to invoke an artificial cutoff of the harmonic
oscillator states, which I will denote with M. Then, for the polaron problem, one must
diagonalize the Hamiltonian of dimension L(M + 1)L. If one either increases M or L or
includes more electrons, the Hilbert space dimension will soon become unmanageable. For
example, in Ref. [64], we did a full diagonalization study of the Holstein polaron model
and were limited to L = 8 sites and maximum M = 3 phonons per site, and in Ref. [195]
we used L = 16 sites but with hard-core bosons. In Ref. [56], Schubert et al. were able to
calculate the optical conductivity for L = 6 sites with a total of 45 phonons, and Zhang
et al. studied different electon configurations in the Holstein model with L = 6 sites using
local basis optimization in Ref. [72]. To counter the problems of exact diagonalization,
several numerical methods have been developed. They include density-matrix renormal-
ization group methods (DMRG) [108–111], Lanczos methods [117–119, 196, 197], dynamic
mean field theory [112], quantum Monte Carlo methods [113, 116], and trajectory-based
methods like multiconfigurational Ehrenfest (MCE) [120, 121], mulitrajectory Ehernfest
(MTE) [122,123,198], and surface hopping [124–126].

In the first part of this chapter, I will introduce matrix-product states and briefly explain
how they can be used to do ground-state search, time-evolution, and finite temperature
calculations. My emphasis will be on explaining how the time-evolution algorithms can
be accelerated for electron-phonon systems by incorporating local basis transformations.
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I will then explain the key ideas of the trajectory-based methods MTE, surface hopping,
and MCE before I discuss some other promising new methods in the field.

3.1 Matrix-product states
In this section, I will do a brief review of matrix-product states. For a more detailed dis-
cussion, I refer to several good reviews, e.g., Refs. [111,129]. This section follows Ref. [111].

The density-matrix renormalization group (DMRG) papers by Steven White [108,109]
and the connections drawn to matrix-product state (MPS) [199], gave theorists a new tool
to study one-dimensional quantum systems. Though the original work was intended to
find ground states, the formalism has now found its way into a broad range of applications
such as time-evolution, see, e.g., Refs. [132–137], and finite-temperature calculations, see,
e.g., Refs. [138–144]. There are even promising extensions to higher dimensions [127–131],
but in this work, I will focus on one-dimensional systems.

One can get great insights with a simple example into why the MPS representation of
a state can be useful. Namely, how can one approximate a matrix? Assume there is a
matrix M of rank l, and you want to approximate this matrix optimally by another matrix
M ′ with respect to the Frobenius norm (∥M∥2

F = ∑
i,j |Mi,j| 2). The only restriction is that

M ′ is truncated, meaning that it has rank l′ < l. To do this, one must carry out a singular
value decomposition, M = USV †, where S is a diagonal matrix with the si singular values
as its elements. I will always order the singular values such that s1 ≥ s2 ≥ . . . ≥ sl ≥ 0.
Furthermore, V †V = 1 and U †U = 1. Now, M ′ is obtained by only keeping the l′ < l
largest singular values of S (I will denote that diagonal matrix as S ′), and by computing
M ′ = US ′V †.

By a similar line of thought, one can look at a pure state |ψ⟩ partitioned into subsystems
A and B on site n,

|ψ⟩ =
∑
σ⃗i,σ⃗j

ψσ⃗iσ⃗j |σ⃗i⟩A |σ⃗j⟩B . (3.1)

I use the notation |σ⃗⟩A = |σ1, σ2, . . . , σn⟩, where |σi⟩ is the state on site i, and |σ⃗⟩B =
|σn+1, σn+2 . . . , σL⟩. For example, for a spin chain |σi⟩ ∈ { |↑⟩ , |↓⟩}. By carrying out such
a SVD on ψσ⃗iσ⃗j := ψ = USV †, the wave function takes the form

|ψ⟩ =
l∑

a=1
sa |a⟩A |a⟩B , (3.2)

where I used that |a⟩A = ∑
σ⃗i Uaσ⃗i |σ⃗i⟩A, |a⟩B = ∑

σ⃗j V
†
aσ⃗j

|σ⃗j⟩B, and sa are the singular
values of the matrix ψ. Note that Eq. (3.2) is a Schmidt decomposition of |ψ⟩. For a
density matrix ρ̂ = |ψ⟩⟨ψ|, one can obtain the reduced density matrix ρ̂A by tracing out
subsystem B from ρ̂, ρ̂A = TrB[ |ψ⟩⟨ψ|]. In a similar fashion, one can obtain ρ̂B. By doing
this on the reduced density matrix belonging to the state in Eq. (3.2), one gets

ρ̂A =
l∑

a=1
s2
a|a⟩A A⟨a| , (3.3)
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and the von Neuman entropy is

SA,B(|ψ⟩) = −Tr[ρ̂A log ρ̂A] = −Tr[ρ̂B log ρ̂B] = −
l∑

a=1
s2
a log s2

a . (3.4)

The important observation is that the wave function can be approximated by the state
|ψ′⟩ with respect to the 2-norm, by only keeping the l′ largest singular values of |ψ⟩ with
l′ < l. The truncated state reads

|ψ′⟩ =
l′∑
a=1

sa |a⟩A |a⟩B . (3.5)

Note that if one wants |ψ′⟩ to be normalized, the singular values must be renormalized.
One can now see that the faster the values sa decay, the better is the approximation for a
small l′. It turns out that there are many interesting situations where only a small l′ (not
exponential in the system size) is needed to capture the correct physics. This is rooted in
the so-called area law of entanglement entropy [111,200,201]. The area law states that for a
Hamiltonian with short-range interactions and an excitation gap, the entanglement of the
ground state does not scale with the volume LD̃ (D̃ is the spatial dimension), but rather
with the surface LD̃−1. This means that SA,B ∼ const for a one-dimensional system (if L is
larger than the correlation length associated with the smallest gap). For gapless systems,
one has SA,B ∼ const + const · logL [202, 203], which still leads to great computational
advantages. This is the core of why DMRG is so powerful in one dimension.

A cornerstone of modern DMRG-based algorithms is the matrix-product-state repre-
sentation of quantum states. A general state

|ψ⟩ =
∑

σ1,σ2,...,σL

ψσ1σ2...σL |σ1, σ2, . . . , σL⟩ , (3.6)

this can be written as a matrix-product state by a series of SVDs so that [111]

|ψ⟩ =
∑

a1,a2,...,aL

∑
σ1,σ2,...,σL

Aσ1
a1A

σ2
a1a2 . . . A

σL
aL

|σ1, σ2, . . . , σL⟩

=
∑

σ1,σ2,...,σL

Aσ1Aσ2 . . . AσL |σ1, σ2, . . . , σL⟩ .
(3.7)

In the second line, the summation over the so-called bond indices ai is implied. I will do
that for a clearer notation unless the bond indices are specifically needed. Furthermore,
the Aσj matrices are left-normalized, ∑σj A

σj †Aσj = 1. The representation of the state in
Eq. (3.6) as Eq. (3.7) is exact if no truncation is performed, and the truncation of |ψ⟩ is
done on the dimension of the bond indices. I will denote the maximum bond dimension of
the matrix-product state with D.

In many situations, it can be convenient to use tensor diagrams to describe different
algorithms. In this convention, a circle with three lines is the tensor Aσiai−1ai

. This is shown
in Fig. 3.1(a). The line pointing upwards is the physical index, and the lines pointing to
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(a) (b) (c)

Figure 3.1: (a) Tensor Aσjaj−1aj . (b) Tensor W σjσ
′
j

aj−1aj . (c) Contracting over the bond index
aj gives Mσjσj+1

aj−1aj+1 = ∑
aj M̃

σj
aj−1ajB

σj+1
ajaj+1

the left and to the right correspond to the bond indices. I sometimes use upper indices for
readability. Figure 3.1(b) shows the building blocks of matrix-product operators W σiσ

′
i

ai−1ai ,
which I will introduce later. In the pictorial representation, lines connecting two tensors
are summed over. This is demonstrated in Fig. 3.1(c). A thorough description of this
convention can be found in, e.g., Refs. [111,129].

Matrix-product states possess gauge freedom, meaning that the tensors are not uniquely
defined. This allows the states to be expressed in many forms. In this work, I will use
different matrix-product state representations. One is the so-called site canonical form

|ψ⟩ =
∑

σ1,σ2,...,σL

Aσ1 . . . Aσj−1M̃σjBσj+1 . . . BσL |σ1, σ2, . . . , σL⟩ , (3.8)

where the A matrices are left normalized, ∑σj A
σj †Aσj = 1, and the B matrices are right

normalized, ∑σj B
σjBσj † = 1. A diagrammatic representation of Eq. (3.8) can be seen in

Fig. 3.2(a). ⟨ψ| becomes

⟨ψ| =
∑

σ1,σ2,...,σL

⟨σ1, σ2, . . . , σL|BσL† . . . Bσj+1† . . . M̃σj†Aσj−1† . . . Aσ1† , (3.9)

and is shown in Fig. 3.2(b). I will further use a two-site canonical form

|ψ⟩ =
∑

σ1,σ2,...,σL

Aσ1 . . . Aσj−1Mσjσj+1Bσj+2 . . . BσL |σ1, σ2, . . . , σL⟩ , (3.10)

where Mσjσj+1 = M̃σjBσj+1 , and the bond canonical form

|ψ⟩ =
∑

σ1,σ2,...,σL

Aσ1 . . . Aσj−1ΛBσj . . . BσL |σ1, σ2, . . . , σL⟩ . (3.11)

In the parallel time-dependent variational principle algorithm [166] used in Ch. 5, I will
also need the inverse canonical form introduced in Ref. [165]

|ψ⟩ =
∑

σ1,σ2,...,σL

ψσ1V 1ψσ2V 2 . . . V L−1ψσL |σ1, σ2, . . . , σL⟩ , (3.12)
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(a) (b)

Figure 3.2: (a) |ψ⟩ as a matrix-product state in the site-canonical form from Eq. (3.8),
depicted with tensor diagrams. (b) ⟨ψ| as a matrix-product state.

which is related to the canonical form [132,204]

|ψ⟩ =
∑

σ1,σ2,...,σL

Γσ1Λ̃1Γσ2Λ̃2 . . . Λ̃L−1ΓσL |σ1, σ2, . . . , σL⟩ , (3.13)

via inserting V jΛ̃j = 1 and defining ψσj = Λ̃j−1Γσj Λ̃j.
A similar representation can be found for operators. The operator

Ô =
∑

σ′
1,σ

′
2,...,σ

′
L,

σ1,σ2,...,σL

Oσ′
1σ

′
2...σ

′
L

σ1σ2...σL
|σ1, σ2, . . . , σL⟩⟨σ′

1, σ
′
2, . . . , σ

′
L| , (3.14)

becomes a matrix-product operator (MPO) [111]

Ô =
∑

σ′
1,σ

′
2,...,σ

′
L,

σ1,σ2,...,σL

W σ1σ′
1W σ2σ′

2 . . .W σLσ
′
L |σ1, σ2, . . . , σL⟩⟨σ′

1, σ
′
2, . . . , σ

′
L| . (3.15)

In Fig. 3.1(b), I show W σjσ
′
j , and Fig. 3.3 depicts a complete MPO drawn with tensor

diagrams.
Several operations become simple in the matrix-product state representation and can be

nicely illustrated with tensor diagrams. For example, computing the norm of the matrix-
product state |ψ⟩ in the site-canonical form becomes

⟨ψ|ψ⟩ =
∑

σ1,σ2,...,σL

BσL† . . . Bσj+1† . . . M̃σj†Aσj−1† . . . Aσ1†Aσ1 . . . Aσj−1Mσjσj+1Bσj+2 . . . BσL

=
∑
σj

Tr[M̃σj†M̃σj ] ,

(3.16)

where I used the properties of the left and right normalized matrices. This process is
illustrated with diagrams in Figs. 3.4(a) and (b). Figure 3.4(c) demonstrates how to
compute the expectation value ⟨ψ|Ô|ψ⟩. For a local operator only acting on a single site,
the picture simplifies even more using the left and right normalization and is shown in
Fig. 3.4(d). I refer to Ref. [111] for a detailed description of how to do these calculations
efficiently in practice. I also note that all matrix-product-state calculations presented here
are done with the ITensor Software Library [205].
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Figure 3.3: Matrix-product operator from Eq. (3.15), illustrated with tensor diagrams.

3.1.1 Single-site DMRG
Even though this work primarily focuses on time-evolution algorithms, I will briefly sketch
the key ideas of the ground state single-site DMRG algorithm since this motivates some
of the objects I will need later. The idea is to extremizie the equation ⟨ψ|Ĥ|ψ⟩ − λ ⟨ψ|ψ⟩,
where λ is a Lagrange multiplier [111]. To do this, one starts in the site-canonical repre-
sentation from Eq. (3.8) and iterates through the system by changing the position of the
tensor M̃σi . At each site i, one computes

∂

∂M̃σi †
[ ⟨ψ|Ĥ|ψ⟩ − λ ⟨ψ|ψ⟩] = 0 . (3.17)

This is illustrated in Fig. 3.5. One is then left with solving the eigenvalue equation∑
σ′
i,a

′
i−1,a

′
i

H
eff σiσ

′
i

ai−1aia′
i−1a

′
i
M̃

σ′
i

a′
i−1a

′
i

= λM̃σi
ai−1ai

, (3.18)

where Heff σiσ
′
i

ai−1aia′
i−1a

′
i

is called the effective Hamiltonian and is illustrated in Fig. 3.6(a). Since
one is trying to find the ground state, Eq. (3.18) can be solved using a Krylov solver. Once
the new tensor M̃σi

ai−1ai
is found, one moves the center of the site-canonical matrix-product

state to the right (if one currently is sweeping from left to right). Now, one minimizes with
respect to the tensor on the new site. To obtain the ground state, one sweeps back and
forth until convergence. For more details on how to implement the algorithm efficiently
and a discussion of its problems, as well as of the two-site version, I refer to Ref. [111].

For of the time-dependent variational principle algorithm, I also need the bond-
canonical version of Heff σiσ

′
i

ai−1aia′
i−1a

′
i
, which I will refer to as Klml′m′ . A tensor diagram of

Klml′m′ can be seen in Fig. 3.6(b).

3.1.2 Finite-temperature calculations
Matrix-product states can only represent pure states. Still, their representative power can
be utilized for finite temperature calculations with minimally entangled typical thermal
states (METTS) [140, 142] or purification [138, 139, 141, 143, 162]. In Ref. [144], Binder
and Barthel compared the METTS and purification algorithms for different models and
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(a) (b)

(d)(c)

Figure 3.4: (a) Calculating ⟨ψ|ψ⟩ depicted with tensor diagrams. (b) Calculating ⟨ψ|ψ⟩
and utilizing left and right normalization of the MPS. (c) Calculating the expectation
value ⟨ψ|Ô|ψ⟩ depicted with tensor diagrams. (d) Utilizing left and right normalization to
calculate the expectation value of ⟨ψ|Ô|ψ⟩ if Ô only acts on one site.

found purification to be more accurate for all but very low temperatures at the same
computational cost, which is the reason why I use that method in this work.

In this section, I will outline the idea of purification and, again, I will follow Ref. [111].
Whereas the density matrix of a mixed state can not be represented by a pure state in
the physical Hilbert space HP , it can be represented by a pure state |ψ⟩ in HP and an
auxiliary Hilbert space HA, so that |ψ⟩ ∈ HP ⊗ HA. The scheme is drawn in Fig. 3.7. To
obtain the mixed-state density matrix, one must first write |ψ⟩ as Schmidt decomposition,
see Eq. (3.2), over HP and HA:

|ψ⟩ =
l∑

a=1
sa |a⟩P |a⟩A . (3.19)

Then, one can obtain the density matrix by tracing out the auxiliary degrees of freedom

ρ̂P =
l∑

a=1
s2
a|a⟩P P ⟨a| = TrA[ |ψ⟩⟨ψ|] . (3.20)

With this ansatz, one can now calculate the thermal density operator ρ̂β at a temperature
T = 1/β. Assuming one knows how to write ρ̂0 in terms of purified state, so that ρ̂0 =



3.1 Matrix-product states 24

=

Figure 3.5: Illustration of the single-site DMRG equation after having taken the derivative
with respect to M̃σi†, see Eq. (3.17). The tensor that will be optimized is marked with red.

TrA[ |ψ0⟩⟨ψ0|]. One then computes

ρ̂β = Z(β)−1e−βĤ = Z(0)
Z(β)e

−βĤ/2ρ̂0e
−βĤ/2 = Z(0)

Z(β)TrA[e−βĤ/2 |ψ0⟩⟨ψ0| e−βĤ/2] , (3.21)

where I used that the identity 1̂ = ρ̂0Z(0) and Z(β) = TrP [e−βĤ ]. This means that if one
has ρ̂0, one can get the thermal density matrix by imaginary-time evolution:

|ψβ⟩ = e−βĤ/2 |ψ0⟩ . (3.22)

The expectation value of an operator Ô in a thermal ensemble at temperature T = 1/β,
⟨Ô⟩T , can be computed as

⟨Ô⟩T = ⟨ψβ|Ô|ψβ⟩
⟨ψβ|ψβ⟩

, (3.23)

where I used that Z(β)/Z(0) = ⟨ψβ|ψβ⟩. Now, the remaining task is to find ρ̂0. This
can, in many cases, be done analytically or by a ground state search with respect to an
appropriate Hamiltonian [162,206].

For the Holstein and Holstein-Hubbard models introduced in Ch. 2, I will first illustrate
how to compute ρ̂0 in the phonon sector, denoted as ρ̂ph,0. If one truncates the local
phonon Hilbert space at M and has L sites in the physical system, the phonon Hilbert
space dimension is (M + 1)L. For ρ̂ph,0, one has

ρ̂ph,0 = 1
(M + 1)L =

( 1
M + 1

)⊗L
. (3.24)

ρ̂ph,0 can in fact be written as a product state with maximally entangled physical and
auxiliary sites |ψ0,ph⟩ = |ψ1

ph⟩ |ψ2
ph⟩ . . . |ψLph⟩, with

|ψiph⟩ =
M∑

nph=0

1√
M + 1

|nph⟩P |nph⟩A . (3.25)
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(a)

(b)

Figure 3.6: (a) Diagram representation of the the effective Hamiltonian H
eff σiσ

′
i

ai−1aia′
i−1a

′
i
. (b)

Diagram representation of the bond-canonical effective Hamiltonian Klml′m′ .

For each site i, one obtains

1
M + 1 1̂ = 1

M + 1

M∑
nph=0

|nph⟩P P ⟨nph|

= TrA

( M∑
nph=0

1√
M + 1

|nph⟩P |nph⟩A
)(

M∑
nph=0

1√
M + 1 P ⟨nph| A⟨nph|

) .
(3.26)

If one wants to conserve the number of fermions in the system, generating |ψ0,el⟩ is a little
more complicated. Following Ref. [162], one writes

|ψ0,el⟩ ∝ 1
Nel!

(
L∑
i=1

ĉ†
i,P ⊗ ĉ†

i,A

)Nel
|0el⟩P |0el⟩A . (3.27)

The state used to generate the infinite temperature density matrix for the total system is
then given by |ψ0⟩ = |ψ0,el⟩ ⊗ |ψ0,ph⟩.
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Figure 3.7: Illustration of purification. One makes a copy of |ψ⟩, which lives auxiliary
Hilbert space HA. The site in HA is then maximally entangled with the corresponding site
in the physical Hilbert space HP . Finally, the states are merged together to one MPS. The
thick black lines illustrate the maximally entangled bonds.

3.1.3 Time-evolution with matrix-product states
An important aspect of matrix-product states and DMRG algorithms is that they can effi-
ciently be extended to do time-evolution of quantum states [132–137]. There are many sit-
uations where this is important, such as in quantum quench setups, e.g., in Refs. [147,148],
when studying relaxation mechanisms in electron-phonon lattice models [62, 76], or when
computing time-dependent correlation functions at equilibrium of the form ⟨Â(t)B̂(0)⟩T
(see Ch. 2). For the latter, one has to do an imaginary-time evolution to obtain the thermal
state, see Sec. 3.1.2, followed by a real-time evolution.

The importance of time-dependent problems has led to the development of many effi-
cient time-evolution algorithms, see Ref. [137] for a review. They include the time-evolving
block decimation TEBD and time-dependent DMRG (tDMRG) algorithms [132–134], the
W I,II method [207], and time-dependent variational principle (TDVP) algorithms [135,
136].

Even with the variety of algorithms available, one remaining problem is that many
matrix-product state-based methods (not only those for time evolution) have an unfavor-
able scaling with the local Hilbert space dimension. For many systems, such as Fermi-
Hubbard and spin-1/2 models, this can be neglected. However, it can become problematic
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for the electron-phonon models studied in this work (I truncate the number of local har-
monic oscillator states to M , and M must often be large to capture the correct physics).

To tackle this problem, different schemes have been developed. They include pseudosite
(PS) DMRG [152], local basis optimization (LBO) [151], and projected purification (PP)
[153]. The idea of PS-DMRG is to substitute the large local Hilbert spaces with hard-
core boson pseudosites which incorporate the binary representation of the phonon states.
The LBO method finds a so-called "optimal basis" based on the reduced density matrix,
in which the state can be efficiently truncated. This is the method used in this work
and will be discussed in more detail in Sec. 3.1.4. The PP algorithm uses the fact that
incorporating symmetries can speed up matrix-product state calculations, and one enforces
U(1) symmetry in the phonon sector by introducing a bath. The two last ideas were
successfully combined with time-evolution algorithms [154,156].

In Ref. [78], Stolpp et al. benchmarked the aforementioned algorithms for the Holstein-
model ground-state problem. They found that with their implementations, all methods
could characterize the different phases of the model. However, PS-DMRG has the problem
that it introduces long-range interactions, which leads to a larger bond dimension. For
PP-DMRG, the authors found that it requires a larger bond dimension but with the com-
putational benefit of having a U(1) symmetry. In their calculations, the LBO algorithm
needed the smallest bond dimension for a certain accuracy. Their results do not neces-
sarily translate to time evolution algorithms, and a separate benchmark would have to be
conducted.

In the following sections, I briefly review the time-evolution algorithms tDMRG and
TDVP and focus on how they can be combined with LBO. First, however, I will discuss
the main difficulty of time-evolving a matrix-product states and introduce some practical
tricks for calculating correlation functions.

The main issue with time-evolving matrix-product states is that while the state |ψ(0)⟩
can be expressed with a small bond dimension D, this is not always true for the time-
evolved state |ψ(t)⟩ [145]. In fact, for a quench and a fixed D, the error made in the state
representation will grow exponentially [208]. Even for local perturbations, the error will
eventually dominate. One way to counter this is to fix the truncation error and allow D
to grow. However, this will eventually lead to the simulations being too costly and restrict
the accessible times.

When conducting the real-time evolution to compute ⟨Â(t)B̂(0)⟩T , it has been shown
that time-evolving the auxiliary space backwards in time can lead to a significantly smaller
bond dimension for a fixed truncation [159–161, 209]. Though this is not an optimal
procedure [210], it can easily be incorporated into existing time-evolution methods. I will
denote ÛA(t) = eiĤ

At as the time-evolution operator acting on the state in the auxiliary
space and ÛP (t) = e−iĤP t as the time-evolution operator acting on the state in the physical
space. Following Ref. [161] and using the fact that |ψβ⟩ is an eigenstate [163] of ĤP − ĤA,
I write

⟨Â(t)B̂(0)⟩T = ⟨Â(t/2)B̂(−t/2)⟩T = ⟨ÂÛA(t/2)UP (t/2)UA(t/2)UP (t/2)B̂⟩T
= ⟨ϕL|ϕR⟩ ,

(3.28)
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where |ϕR⟩ = UA(t/2)UP (t/2)B̂e−βĤ/2 |ψ0⟩ and ⟨ϕL| = ⟨ψ0| e−βĤ/2ÂÛA(t/2)UP (t/2). The
argument why this leads to computational improvements is presented by Kennes and Kar-
rasch in Ref. [163]. The first advantage is that one only has to time evolve two states up to
t/2. The second advantage is that the time-evolution of |ϕR⟩ (for example) previously was
plagued by entanglement building up between the physical and auxiliary Hilbert space.
This happens even if B̂ = 1. Now, one would just evolve an eigenstate without increasing
the entanglement. Even for B̂ ̸= 1, one only has entanglement buildup in the spatial
support of eiĤtB̂e−iĤt [160,209].

3.1.4 Time-dependent DMRG with local basis optimization
The first algorithm I will introduce is called time-dependent DMRG (tDMRG) [111, 133].
This algorithm is mathematically equivalent to the TEBD algorithm and is based on a
Trotter-Suzuki decomposition [211] of the time-evolution operator. For a Hamiltonian
containing at maximum next nearest-neighbor interactions, one can write Ĥ = ∑

j ĥj,j+1.
Now, the interaction between the sites j and j + 1 is contained in the operator ĥj,j+1.
The next step is to split Ĥ up into even and odd terms: Ĥeven = ∑

j:even ĥj,j+1 and Ĥodd =∑
j:odd ĥj,j+1. Note that the individual terms in Ĥodd (even) commute. Using the second order

Trotter-Suzuki decomposition [211], one can express the time-evolution operator Û(dt) as

Û(dt) = e−idtĤodd/2e−idtĤevene−idtĤodd/2 + O(dt3), (3.29)

where the error per time step is of order O(dt3). Now, one takes advantage of the fact that
the individual exponents factorize and writes

Û even(dt) =
∏
i:even

e−idtĥi,i+1 =
∏
i:even

Ûi,i+1 . (3.30)

Ûi,i+1 has the components Uσiσi+1σ′
iσ

′
i+1

, and is drawn in Fig. 3.8(a). In the algorithm, one
iterates through the matrix-product state by bringing it into a two-site canonical form,
see Eq. (3.10), applying the corresponding time-evolution gate, doing a SVD, and going to
the next site. Note that an optimal procedure would be to first apply all gates and then
truncate variationally [111], but this would require storing larger matrix-product states.
An illustration of how one can apply Û(dt) is shown with tensor diagrams in Fig. 3.8(b),
and more details can be found in Ref. [137]. When doing the SVDs, the number of singular
values I discard is set by ϵbond, so that∑

discarded η

s2
η/(

∑
all η

s2
η) < ϵbond . (3.31)

The cost of the SVD is of order O(D3d3), where d is the local Hilbert space and D the
bond dimension of the matrix-product state. This part of the algorithm, in particular,
benefits from the local basis optimization (LBO) [151].

LBO is based on the idea that by diagonalizing the reduced density matrix, one can find
a basis in which the state can be accurately represented with a smaller physical dimension.
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(b)(a)

Figure 3.8: (a) Local time-evolution gate Ûi,i+1 acting on site i and i + 1 as a tensor
diagram. (b) Application of the complete time-evolution operator on a matrix-product
state.

This can be motivated by the strong-coupling regime for the Holstein polaron, see Ch. 2,
where one can either write the ground state effectively in terms of one coherent state or
as a superposition of many bare phonon modes. So far, LBO has been combined with
different numerical methods [72] and proven useful in a variety of matrix-product state
based applications such as ground-state search [76, 157], real-time evolution [63, 76, 156],
and for finite-temperature calculations (see Ch. 4 and Ch. 5).

To explain how to incorporate LBO into the tDMRG algorithm, I will first consider
a state in the optimal basis, which I will denote with σ̃i on site i. Then, I write the
components of the time evolution gate acting on site i and i+ 1 as Uσiσi+1σ̃iσ̃i+1 . Here, two
of the indices are now in the optimal basis. If the state is in the two-site canonical form
from Eq. (3.10), I can compute

Φσ′
iσ

′
i+1ajaj+2 =

∑
σ̃i,σ̃i+1

Uσ′
iσ

′
i+1σ̃iσ̃i+1M

σ̃iσ̃i+1
ajaj+2

. (3.32)

Now, I generate the local density matrix

ρσ′
iσi

=
∑

σi+1,aj+2,aj

Φσ′
iσi+1ajaj+2Φ†

aj+2ajσi+1σi
. (3.33)

The next step is to diagonalize ρ = R†WR, where W is a diagonal matrix with entries wα,
and R is the transformation matrix which takes an index on site i from the physical to the
new optimal basis. The truncation is done based on the magnitude of the eigenvalues wα.
The same procedure is done for site i+ 1. I now make the transformation

Φσ̃iσ̃i+1ajaj+2 =
∑

σi,σi+1

Φσiσi+1ajaj+2Rσiσ̃iRσi+1σ̃i+1 , (3.34)

before the following SVD. The scheme is illustrated in Fig. 3.9. When diagonalizing ρ from
Eq. (3.33), I will disregard the states belonging to the smallest eigenvalues wα based on a
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(a) (b)

(c)

Figure 3.9: (a) Pictorial representation of a two site tensor in the occupation basis. The
number of local states is dictated by the phonon cut-offM . (b) Applying the transformation
matrices R obtained from the local reduced density matrix. R transforms the local site
from the occupation basis σi to the optimal basis σ̃i. (c) Pictorial representation of a two
site tensor in the optimal basis.

cut-off ϵLBO so that ∑
discarded η

wη/(
∑
all η

wη) < ϵLBO . (3.35)

I will denote the truncated optimal basis dimension with dLBO. The SVD now has the cost
of order O(D3d3

LBO), and the transformation is only beneficial if dLBO ≪ d. If this is not
the case, the algorithm actually becomes more expensive since the cost of building ρ in
Eq. (3.33) is of order O(D2d3), the cost of diagonalizing it is of order O(d3), and the cost
of transformation itself is of order O(D2dLBOd

2). However, dLBO ≪ d can often be realized
since the eigenvalues wα often decay exponentially. This is for example demonstrated in
Ref. [62] and Ch. 6 for different setups. In Chapter 6, I also present a situation where the
LBO basis can not be significantly truncated.
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3.1.5 Time-dependent variational principle with local basis op-
timization

I will now discuss a different set of time-evolution methods, namely time-dependent vari-
ational principle (TDVP) algorithms [135, 136]. In recent years, these algorithms have
been used extensively with and without improvements, see e.g., Refs. [66,166,212–215]. In
Reference [137], the efficiency and accuracy of several matrix-product state time-evolution
algorithms were compared, and the results were in large part favorable for the two-site
TDVP algorithm.

In Ch. 5, I will present results we obtained with single-site TDVP (1TDVP), two-site
TDVP with LBO (2TDVP-LBO), and parallel two-site TDVP with LBO (p2TDVP-LBO).
For self-consistency, I will briefly introduce the basic ideas of 1TDVP since these ideas also
provide the basis of the other algorithms, but I will then focus on how I incorporate LBO
into 2TDVP. In this section, I will follow Ref. [137].

TDVP considers a manifold of matrix-product states set by their bond dimension.
When applying a matrix-product operator, this normally takes us out of that manifold,
but the idea in TDVP is to now project the matrix-product state back onto the manifold’s
tangent space T|ψ⟩. This is done by defining the projection operator P̂T|ψ⟩ , so that the
effective Schrödinger equation becomes

∂

∂t
|ψ⟩ = −iP̂T|ψ⟩Ĥ |ψ⟩ . (3.36)

The tangent space projector takes the form

P̂T|ψ⟩ =
L∑
i=1

P̂
L,|ψ⟩
j−1 ⊗ 1 ⊗ P̂

R,|ψ⟩
j+1 −

L−1∑
i=1

P̂
L,|ψ⟩
j ⊗ P̂

R,|ψ⟩
j+1 , (3.37)

where

P̂
L,|ψ⟩
j =

∑
σ′

1,...,σ
′
j

σ1,...,σj

Aσ1 . . . AσjAσ
′
j† . . . Aσ

′
1† |σ1, σ2, . . . , σj⟩⟨σ′

1, σ
′
2, . . . , σ

′
j| ⊗ 1̂Rj+1 , (3.38)

and

P̂
R,|ψ⟩
j = 1̂Lj−1 ⊗

∑
σ′
j ,...,σ

′
L

σj ,...,σL,

Bσ′
L† . . . Bσ′

j†Bσj . . . BσL |σj, . . . , σL⟩⟨σ′
L, . . . , σ

′
j| . (3.39)

The next step is to approximate the solution of Eq. (3.36). This can be done by sequentially
solving the forward in time [first term to the right-hand side in Eq. (3.36)] and backward
in time [second term on the right-hand side of Eq. (3.36)] differential equations. In the
end, one is left with solving the local equations

∂

∂t
Mσi

ai−1ai
(t) = −i

∑
σ′
i,a

′
i−1,a

′
i

H
effσiσ

′
i

ai−1aia′
i−1a

′
i
M

σ′
i

a′
i−1a

′
i
(t) , (3.40)
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where Heffσiσ
′
i

ai−1aia′
i−1

is drawn in Fig 3.6(a), and

∂

∂t
Λlm(t) = +i

∑
l′,m′

Klml′m′Λl′m′(t) , (3.41)

where Klml′m′ is drawn in Fig 3.6(b). In general, these equations are solved with a Krylov
solver. As is the case for the DMRG algorithm introduced in Sec. 3.1.1, one solves these
equations for all sites and bonds sequentially by sweeping through the system. One can
reduce the error by sweeping through the matrix-product state from left to right and back
again, each with a halved time step. The advantage of 1TDVP is that the norm and energy
are conserved. However, the projection might induce an error if the bond dimension of the
initial state is too small [137].

Alternatively, one can use the two-site version 2TDVP. In this algorithm, one evolves
a two-site tensor forward in time. The tensor is then split up, and a one-site tensor is
evolved backward in time. The equations one has to solve are

∂

∂t
Mσiσi+1

ai−1ai+1
(t) = −i

∑
σ′
i,σ

′
i+1,

a′
i−1,a

′
i+1

H
effσiσi+1σ′

iσ
′
i+1

ai−1ai+1a′
i−1a

′
i+1
M

σ′
iσ

′
i+1

a′
i−1a

′
i+1

(t) , (3.42)

where Heffσiσi+1σ′
iσ

′
i+1

ai−1ai+1a′
i−1a

′
i+1

is the two-site version of Fig 3.6(a), and (if sweeping from left to
right),

∂

∂t
M̃σi+1

aiai+1
(t) = +i

∑
σ′
i+1,

a′
i,a

′
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H
effσi+1σ′

i+1
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ia
′
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M̃

σ′
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a′
ia

′
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(t) . (3.43)

Equation (3.42) (and the other TDVP equations) are solved by

Mσiσi+1
ai−1ai+1

(t+ dt

2 ) =
∑

σ′
i,σ

′
i+1,

a′
i−1,a

′
i+1

e
−i dt2 tH

effσiσi+1σ
′
i
σ′
i+1

ai−1ai+1a′
i−1a

′
i+1M

σ′
iσ

′
i+1

a′
i−1a

′
i+1

(t) , (3.44)

which is followed by an SVD of Mσiσi+1
ai−1ai+1

(t+ dt
2 ).

The advantage of 2TDVP is that the bond dimension can be increased and that it can
time-evolve a Hamiltonian with nearest-neighbor interaction without a projection error.
The disadvantage is that the algorithm no longer conserves the norm and energy due to
the truncation. For finite temperature calculations, the initial state has a low bond dimen-
sion and the Hamiltonian has next-nearest neighbor interactions (due to the purification
introduced in Sec. 3.1.2). How I control convergence will be discussed in more detail when
I present the corresponding results.

There are two situations in the 2TDVP algorithm where one can think of applying LBO.
The first is before the SVD of Mσiσi+1

ai−1ai+1
(t+ dt

2 ). The procedure is similar to what I discussed
for tDMRG and is simple and (in many cases) efficient. Note that due to the similarity
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between the TDVP and ground-state DMRG algorithms, this can also be included in the
latter. The second situation is when solving Eq. (3.44), since contracting the effective
Hamiltonian with the two-site tensor is a costly procedure. Normally, as previously stated,
the equation is solved with a Krylov method. In the work presented in Ch. 5, however, we
propose using a fourth-order Runge-Kutta, which we combined with LBO (RK4-LBO). In
the following discussion, I will denote all "left" indices with α = (σi, ai−1) and all "right"
indices with β = (σi+1, ai+1). The RK4 algorithm is then

Mαβ(t+ dt

2 ) = Mαβ(t) + −idt
6

1
2(k1

αβ + 2k2
αβ + 2k3

αβ + k4
αβ) . (3.45)

To incorporate LBO, one first obtains the optimal basis σ̃i and σ̃i+1 from Mαβ(t), as I
explained in Sec 3.1.4. One then transforms Mαβ(t) → Mα̃β̃(t). Now, α̃ = (σ̃i, ai−1) and
β̃ = (σ̃i+1, ai+1). One then computes

k1
αβ =

∑
α̃′,β̃′

Heff

αβα̃′β̃′Mα̃′β̃′(t) . (3.46)

Next, one obtains the optimal basis of (M(t) + −idt
2

1
2k

1)α′β′ , and computes

k2
αβ =

∑
α̃′,β̃′

Heff

αβα̃′β̃′(M(t) + −idt
2

1
2k

1)α̃′β̃′ , (3.47)

and so on. Note that, as with all LBO applications, this procedure does not guarantee
a speedup, but better performance is observed in many practical applications. This will
also be demonstrated in Ch. 5. There, the algorithm is more thoroughly discussed and
benchmarked, and I will also illustrate and discuss why this algorithm scales favorably
compared to using LBO with a Krylov solver.

In Fig. 3.10(a), I compare the current-current correlation functions for the Holstein
model at finite temperature computed with tDMRG-LBO and p2TDVP-LBO. There, one
sees that the data matches but that the p2TDVP-LBO algorithm reaches longer times. This
can be understood by comparing the maximum bond dimension of the matrix-product
states [inset in Fig. 3.10(a)]. In that figure, one can observe that the p2TDVP algo-
rithm uses a smaller bond dimension for a fixed truncation ϵbond = 10−9, which allows
a longer time evolution (consistent with other benchmarks [137]). The importance of
this is demonstrated in Fig. 3.10(b), where I show the optical conductivity obtained by
Fourier-transforming the two data sets. The p2TDVP algorithm gives a significantly better
resolution. In Ch. 5, I will also demonstrate that the required local optimal basis dimen-
sions are roughly the same for the two methods. There, a physical interpretation of the
data is also presented. I also want to note that increasing the frequency resolution is an
active research field, either by extrapolating from real-time data [141,216,217] or analytic
continuation of the Green’s function [218].
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Figure 3.10: Comparing p2TDVP-LBO to tDMRG-LBO. (a) Comparing the current-
current correlation function for the Holstein polaron model at temperature T/ω0 = 0.1,
γ/ω0 =

√
2, t0/ω0 = 1.0, and M = 20. For both methods I use ϵbond = ϵLBO = 10−9. Inset

of (a): Maximum bond dimension D of the matrix-product states as a function of time.
(b) Real part of the optical conductivity obtained from the data in (a), see Ch. 2 and Ch. 5
for details.

3.2 Trajectory-based approaches
As explained so far, there have been different algorithms trying to efficiently treat the
large phonon Hilbert spaces in electron-phonon models. In this section, I will briefly
introduce some other approaches, but note that a more in-depth-discussion is contained in
the publication in Ch. 7. The methods are called trajectory-based methods, and the idea
is to describe the phonons with trajectories following Hamiltonian equations of motion and
the electrons quantum mechanically. This leads an immense numerical simplifications, and
the validity of the ansatz will also be explored in Ch. 7. I will first introduce the Wigner
(or Weyl) transformation [219–223] to map the operator Â to a function of the phase space
coordinates A(R,P ). Here, I will consider a one-dimensional system, but the procedure
can be extended to higher dimensions. For a system composed of electronic and vibrational
degrees of freedom, one writes the wave function in terms of nuclei coordinates |R⟩ and a
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nuclei-coordinate dependent electron basis |ϕl(R)⟩,

|ψ⟩ =
∫
dR

∑
l

|R, ϕl(R)⟩ψl(R) . (3.48)

The next step, is to do a Wigner transformation on the nuclear coordinates only, see
Refs. [224,225], so that

Ak,l,W (R,P ) =
∫
dZeiPZ

[〈
R − Z

2 , ϕk(R − Z

2 )
∣∣∣∣ Â ∣∣∣∣R + Z

2 , ϕl(R + Z

2 )
〉]

. (3.49)

This is also known as a partial Wigner transformation. Now, by partially Wigner trans-
forming the density matrix ρ̂, the calculation of expectation values turns in to a computa-
tion in phase space

⟨Â⟩ =
∑
k,l

∫
dR

∫
dPAk,l,W (R,P )ρk,l,W (R,P )

2π . (3.50)

Note that I will define Wk,l(R,P ) := ρk,l,W (R,P )
2π , but that this is not a probability dis-

tribution in phase space, since it can have negative values. Written out, the partially
transformed density matrix becomes

Wk,l(R,P ) =
∫
dZ

eiPZ

2π ψk(R − Z

2 )ψ∗
l (R + Z

2 ) . (3.51)

The first set out algorithms I will introduced is called independent trajectory methods,
and they try to approximate Ŵ (R,P, t) from Eq. (3.51) with a set of Nt independent classi-
cal nuclear trajectories (which I index with α) attached to the electronic density matrix ρ̂αel.
With each of these trajectories, one associates a coordinate Rα(t) and a momentum Pα(t)
and assigns them a point in phase space (Rα(t), Pα(t)). The next step is to approximate

Ŵ (R,P, t) ≈ 1
Nt

Nt∑
α=1

wαδ(R −Rα(t))δ(P − Pα(t))ρ̂αel(t) , (3.52)

where wα is a weighting factor and ραel(t) is the electron density matrix. The expectation
values can now be calculated with Eq. (3.50). For one trajectory, Nt = 1 and w1 = 1, one
gets

⟨Â⟩ =
∑
k,l

∫
dR

∫
dPAk,l,W (R,P )δ(R −R1(t))δ(P − P 1(t))ρ1

k,l,el(t)

=
∑
k,l

Ak,l,W (R1(t), P 1(t))ρ1
k,l,el(t) .

(3.53)

As a simple example, I will consider the observable R̂ =
∫
dR |R⟩R ⟨R| at time t = 0.
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Inserting this into Eq. (3.53) gives
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R1δk,lρ
1
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(3.54)

The time evolution is now calculated by propagating each trajectory independently. The
nuclei propagate according to classical mechanics

∂Rα

∂t
= ∂Hnuc,α

∂Pα
,
∂Pα

∂t
= −∂Hnuc,α

∂Rα
, (3.55)

where Hnuc,α the classical Hamiltonian of the nuclei. The electronic density matrix is
evolved with respect to the nuclear positions. This is also where the approaches presented
here differ. The question is how to compute Hnuc,α?

In this work, I will present results obtained with two independent trajectory meth-
ods: Multitrajectory Ehrenfest (MTE) [122,123,198] and fewest-switching surface hopping
(FSSH) [124–126].

The MTE algorithm uses a mean field approximation for the nuclei Hamiltonian, Hnuc,α,
which is used to propagate the nuclear coordinates. First, one splits the nuclear Hamil-
tonian into a kinetic term and "the rest". One then calculates the trace of the electron
density matrix ραel and the Born-Oppenheimer Hamiltonian (see Ch 2), so that

Hnuc,α = T nuc,α(Pα) + Tr[ĤBO(Rα)ρ̂αel] . (3.56)

Note that ĤBO(Rα) is an electronic operator. One now uses ĤBO
(
Rα(t)

)
to propagate

ρ̂αel(t) via
dρ̂αel
dt

= −i[ĤBO
(
Rα(t)

)
, ρ̂αel(t)] . (3.57)

In Ch. 7, we will see that MTE can have difficulties if the electron wave function has con-
tributions on two Born-Oppenheimer surfaces after crossing through a region with strong-
adiabatic coupling. Far away from this region, the contributions should evolve indepen-
dently again, but the nuclear coordinates will depend on both contributions [126,226,227]
due to the trace with the electron density matrix.
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The other algorithm, FSSH [124–126], tries to avoid the problems of MTE. Instead of
a mean-field approach, FSSH considers the force from a single surface only, but allows for
stochastic hopping between the surfaces. For the following discussion, I write the electron-
wave function in the Born-Oppenheimer basis, see Ch. 2, as

|ψαel(t)⟩ =
∑
a

ψαel,a(t) |ϕBO
a (Rα(t))⟩ . (3.58)

The probability of the electron to be on one Born-Oppenheimer surface Eα
a (Rα) =

⟨ϕBO
a |ĤBO(Rα)|ϕBO

a ⟩ is given by |ψαel,a(t)|
2. Instead of a mean-field approach, the nu-

clei Hamiltonian Hnuc,α now contains the forces from the currently active energy surface
Eλα(Rα) and becomes

Hnuc,α = T nuc,α(Pα) + Eλα(Rα) , (3.59)

where λα indicates the activate surface. The algorithm aims to reproduce the populations
|ψαel,a(t)|

2 on the different trajectories and the changing probabilities with the fewest num-
ber hops between surfaces possible. There are also many improvements to FSSH, which
will be addressed in Ch. 7.

The final algorithm I will discuss is the multiconfigurational Ehrenfest (MCE)
method [120, 121]. MCE does quantum simulations using an incomplete basis (configu-
rations) for the phonons, and can in principle become exact. The key is to identify a small
but relevant part of the Hilbert space where the calculations are greatly simplified. MCE
comes in two versions, MCEv1 [120]and MCEv2 [121], and both rely on sampling coherent
states in the phononic subsystem, from which the wave functions are constructed. This
work only contains results obtained with MCEv1. For the configuration α, one writes the
product state of coherent oscillators as

|z⃗α⟩ = e

L∑
j=1

(zαj b̂
†
j−z̄

α
j b̂j−Im{zαj }Re{zαj })

|0⟩ph , (3.60)

with b̂j |z⃗α⟩ = zαj |z⃗α⟩. The ansatz for the total wave function is

|ψ⟩ =
Nc∑
α=1

|ψα⟩ =
Nc∑
α=1

|ϕα⟩ ⊗ |z⃗α⟩ =
Nc∑
α=1

L∑
i=1

aαi (t)ĉ†
i |0⟩el ⊗ |z⃗α⟩ , (3.61)

where I used that |ϕα⟩ = ∑L
i=1 a

α
i (t)ĉ†

i |0⟩el, and Nc is the number of configurations. The
key to a good and efficient MCE algorithm is too cleverly choose {zα}α=1...Nc . The elec-
tron coefficients aαi are time-evolved using the Dirac-Frenkel time-dependent variational
principle with the Lagrangian L = ⟨ψ|i ∂

∂t
− Ĥ|ψ⟩, such that ∂L

∂aα∗
i

= d
dt

∂L
∂ȧα∗
i

. For the nu-
clei coordinates, the time-evolution is done with the Ehrenfest equations of motion with
Hnuc,α = ⟨ψα|Hnuc,α|ψα⟩ / ⟨ψα|ψα⟩, leading to

iżαi = ∂Hnuc,α

∂żα∗
i

= ω0z
α
i − γ

|aαi | 2∑
j |aαj | 2 (3.62)
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for the Holstein model. Note that all algorithms, their sampling procedure, and convergence
are discussed in greater detail in Ch. 7.

The MCE calculations presented in this work were done by Stefan Gräber in [228] and
the FSSH calculations by Michael ten Brink in Ref. [229]. Both contributed to the MTE
results.

3.3 Other methods
In this last section, I want to briefly mention some of the many new developments in nu-
merical methods that aim to efficiently treat electron-phonon systems. As is often the case,
a rich set of methods with different strengths and weaknesses is needed for a comprehensive
understanding of such models.

The newly developed projected purification (PP) method [153] mentioned in Sec. 3.1.3,
for example, shows encouraging results for time-evolution [154, 155] and the ground-state
search [78] with matrix-product states (MPSs). Some of the method’s advantages is it’s
flexibility and that it can easily be implemented into existing MPS codes that already take
advantage of U(1) symmetries. Still, the pros (U(1) symmetry) and cons (next nearest
neighbor interaction) of introducing the phonon bath in time-evolution algorithms still
need to be thoroughly investigated, and a benchmark with LBO would be desirable. For
finite temperature calculations and for a finite phonon bandwidth, the effects of PP have
yet to be explored. It is plausible that LBO and PP will complement each other in the
future.

Quantum Monte Carlo (QMC) methods are another tool that has been used to success-
fully study the Holstein model. For example, Hohenadler studied the time-dependent spin
and charge correlation functions of the Holstein model (with spins) using a continuous-time
QMC [116] method in Ref. [230]. He considered a quench from a Peierls insulating state to
a non-interacting Hamiltonian (setting γ = 0) and obtained exact results for the correlation
functions. Furthermore, Hohenadler and Batrouni used a version of the continuous-time
QMC algorithm to investigate the phase diagram of the half-filled Holstein model on a
square lattice in Ref. [231]. There, the authors examined the presence of charge density
wave and superconducting order at temperatures T/t0 ≥ 0.1. A further example is given
in Ref. [232], where the authors calculated the specific heat, compressibility, and electron
and phonon spectral functions for the one-dimensional Holstein model at half-filling using
another QMC method [233]. Despite their success, QMC methods can have some draw-
backs. Algorithms relying on integrating out the phononic degrees of freedom, for example,
will have difficulties including phonon interaction terms [234]. Additionally, they can suffer
from the sign problem [149].

The electron spectral functions of the Holstein polaron model have also recently been
calculated with momentum space hierarchical equations of motion (HEOM) by Janković
et al. in Ref. [70], and in Ref. [68], Mitrić et al. calculated the spectral function in one
dimension with dynamic mean field theory (DMFT). In the latter, they demonstrated that
DMFT can give very accurate results in one dimension for the spectral functions for most
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parameters. These findings are very encouraging, though the paper shows that the method
gives inaccurate results for large quasi-momenta in the polaron crossover regime (which is a
regime where DMRG works very well). Note that the authors in Ref. [68] benchmark some
data with results presented in this work. The HEOM method can also compute accurate
electron spectral functions, but as stated in Ref. [70], it will be more difficult to compute
quantities like the phonon spectral function.

Another approach to compute the polaron spectral function was newly published by
Robinson et al. in Refs. [69, 235], namely using cumulant expansion (CE) methods. The
method approximates the Green’s functions in real time by evaluating the exponential of
the sum of the cumulants. The perturbative CE method presented in Ref. [69] works very
well at small but struggles at large quasi-momenta. The results for large quasi-momenta
were significantly improved by a self-consistent CE in Ref. [235], and there the authors
could also include dispersive phonons. However, self-consistent CE can also introduce
some nonphysical features at small quasi-momenta such as negative spectral weight (not
present for perturbative CE).

For dynamical quantities, one can also use the Lanczos method [119, 196, 197]. The
method with a variational Hilbert space [236, 237] was used to benchmark many of the
DMRG results presented in this work. Recently, the Lanczos method has been used to cal-
culate finite-temperature spectral functions for the Holstein polaron [65], Holstein polaron
ground-state spectral functions and optical conductivity with dispersive phonons [67], and
the spectral functions of a polaron coupled to hard-core bosons [238]. In the first two cases,
the authors also used a variational Hilbert space.

The Lanczos method with a variational Hilbert space is an efficient and reliable method
to calculate spectral functions and transport coefficients directly in frequency space. The
method’s drawback is that it allows for fewer phonons and smaller system sizes than matrix-
product-state based methods. In Ref. [67], for example, Bonča et al. used 28 phonons on
the center site but fewer on the sites further away. Furthermore, the variational Hilbert
space method cannot be utilized at finite filling, and thus the possible system sizes will be
limited. All the Lanczos results in this thesis were computed by Prof. Janez Bonča.

A very different approach is to move away from a complete quantum-mechanical treat-
ment of the phonons. In Sec. 3.2, I introduced a set of trajectory-based methods, which
can severely simplify the computational cost for electron-phonon systems. This has al-
ready been utilized in combination with different numerical techniques. For example in
Ref. [177], Weber and Freericks used time dependent Monte Carlo and Green’s function
methods to analyze electron-phonon systems with static phonons. In Ref. [178], Petrović
et al. extended the formalism to phonons following Ehrenfest equations of motion which
allowed them to study the long-time evolution of a charge density wave brought out of
equilibrium. The method show promising results, but will struggle at very low tempera-
tures, away from adiabatic parameter regime, and it might have problems incorporating
electron-electron interaction.

In Ref. [239], Picano et al. studied the equilibrium properties of the Holstein-Anderson
model (see Ch. 6) with a semi-classical approach that incorporates electron fluctuations
into the phonon dynamics, leading to stochastic phonon equations. Their motivation was
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to propose this scheme to solve the DMFT electron-phonon impurity problem. The authors
compared the phonon distribution calculated with various techniques, including an (up to
error bars) exact QMC method. For small values of the phonon frequency, they found
their method to give good results for all but very low temperatures. However, they could
still report good agreement for the electron Green’s function at all temperatures, signaling
that it only depends qualitatively on the phonon distribution. As expected, their method
also shows strong deviations for large phonon frequencies.



Chapter 4

Thermodynamics and
finite-temperature spectral functions

In this chapter, I will start presenting the results for the Holstein model introduced in Ch. 2.
Such theoretical models can be related to experimental results through the computation of
quantities like spectral functions and transport coefficients. In Ch. 3, I introduced different
numerical techniques which one can use to, in principle, do these computations. Here, I
will present publication where we have utilized these tools to calculate several different
spectral functions for the Holstein polaron.

Experimental techniques like angle-resolved photoemission spectroscopy (ARPES) and
time-resolved ARPES (see, e.g., Refs. [94–96] for reviews) have helped our understanding
of quantum materials, see e.g., Refs. [100,101,240–243]. These experiments give us access
to the quasi-momentum resolved single-particle spectral function, which provides us with
information about the materials’ internal structures. Recently, for example, Kang et al.
used ARPES to measure the spectral functions of a surface-doped layered semiconductor
MoS2 [100]. They observed a renormalized band and sub-bands separated by the phonon
frequency, which are distinct features of the Holstein polaron. Furthermore, by using
ARPES on molybdenum blue bronze, which is a quasi-one-dimensional material with a
charge-density-wave low-temperature state, the authors in Ref. [101] were able to identify
Holstein-polaron formation with decreasing temperature.

Sine detailed knowledge of the polaron spectral functions is required to interpret such
experimental results, the Holstein polaron spectral functions have been studied in a series of
works, e.g., in Refs. [72, 74, 244–253]. However, due to the difficulty of finite-temperature
calculations, the temperature dependence of the polaron spectral function was only re-
cently analyzed by Bonča et al. in Ref. [65] with the finite-temperature Lanczos method
(FTLM) [119]. That work was then followed up by an analysis of the hard-core bosons
version [238].

On the contrary, the phonon spectral function for the Holstein polaron has gained less
attention [55, 57, 60]. In Ref. [57], it was studied by Loos et al. in the ground state with
a cluster approach and analytic calculations, and they identified distinct features such as
the flat phonon band and a renormalized polaron band.
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With these results in mind, it would be desirable to have an efficient numerical method
that can be used to reliably compute time-dependent correlation functions for electron-
phonon systems at finite temperatures and that can, in principle, be extended to finite
densities. The method must also be effective in intermediate parameter regimes, which
is the most difficult regime as it can not be treated with perturbation theory. In this
chapter, I present a publication where we take steps in that direction by combining the
purification scheme introduced in Ch. 3 and the time-dependent density-matrix renormal-
ization group (tDMRG) with local basis optimization (LBO) (also see Ch. 3). We use this
to conduct both the imaginary and real-time evolution needed to compute different time-
dependent Green’s functions at finite temperatures for the polaron (one electron) problem.
By Fourier transforming the results, we then extract the polaron spectral function, the
electron emission function, and the phonon spectral function.

As I explained in Ch. 3, purification requires an imaginary time evolution from a T = ∞
state. For the Holstein model, this state naturally depends on the local harmonic oscillator
cutoff M . It is also unclear if LBO can give a computational advantage at all since all states
are equally important at high temperatures. We first demonstrate that if M is chosen large
enough, this method allows us to enter a low-temperature regime where we can describe
the physics correctly. We further show that LBO becomes computationally beneficial in
this regime.

For the polaron spectral function, we verify that our results are consistent with the
FTLM method from Bonča et al. in Ref. [65]. Additionally, we demonstrate that we can
access the full quasi-momentum dependence and do calculations for system sizes up to
L = 101 with M = 20. For the electron emission function, we show how the momentum
occupation changes with temperature and report the emergence of a polaron band when
T is increased. For the phonon spectral function, we recover the polaron band and the
free phonon line. Additionally, a previously thermally suppressed polaron band and free
phonon line appear at negative frequencies.

The work presented here introduces an efficient scheme to treat electron-phonon systems
at finite temperatures and calculate their spectral functions. As we will see in Ch. 5,
the formalism can also be combined with other time-evolution methods and extended to
other quantities, such as current-current correlation functions. There, we will also study
bipolaron physics and systems at finite filling. Alternatively, one could focus on polaron
physics in more complicated models, see, e.g., Ref. [254] for a review on the theory of
manganites. However, each application must be tested individually to see which quantities
are numerically accessible.
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We investigate the thermodynamics and finite-temperature spectral functions of the Holstein polaron using a
density-matrix renormalization group method. Our method combines purification and local basis optimization
(LBO) as an efficient treatment of phonon modes. LBO is a scheme which relies on finding the optimal local
basis by diagonalizing the local reduced density matrix. By transforming the state into this basis, one can truncate
the local Hilbert space with a negligible loss of accuracy for a wide range of parameters. In this work, we
focus on the crossover regime between large and small polarons of the Holstein model. Here, no analytical
solution exists and we show that the thermal expectation values at low temperatures are independent of the
phonon Hilbert space truncation provided the basis is chosen large enough. We then demonstrate that we can
extract the electron spectral function and establish consistency with results from a finite-temperature Lanczos
method. We additionally calculate the electron emission spectrum and the phonon spectral function and show
that all the computations are significantly simplified by the local basis optimization. We observe that the electron
emission spectrum shifts spectral weight to both lower frequencies and larger momenta as the temperature is
increased. The phonon spectral function experiences a large broadening and the polaron peak at large momenta
gets significantly flattened and merges almost completely into the free-phonon peak.

DOI: 10.1103/PhysRevB.102.165155

I. INTRODUCTION

Developments in experimental methods with ultrafast dy-
namics (see, e.g., Refs. [1–5] and Refs. [6,7] for a review)
have reinforced the interest in the theoretical modeling of
electron-phonon interactions. Despite the complexity of real
materials, qualitative insights can be gained from model sys-
tems such as the Holstein model [8–37], Hubbard-Holstein
model [38–47], hard-core boson-phonon models [48,49], the
t-J model augmented with phonons [50,51], and spin-boson
models [52–55]. It is believed that many experimental results
can be interpreted by studying such toy Hamiltonians that
contain important key features. A paradigmatic example is
the Holstein-polaron model [8] which consists of one elec-
tron interacting with local bosons. Since the electron-boson
interaction is the only means of thermalization in the system
(see, e.g., Ref. [56]), the model allows us to study this partic-
ular relaxation channel, which plays an important role in real
materials, in a controlled way.

The Holstein polaron at zero temperature has been the
subject of intense research [13,18,27,57–61]. Recent devel-
opments in the field of thermalization in isolated quantum
systems and quench dynamics have fueled the demand for
additional research on the model at a finite temperature
[56,62–71]. In particular, the momentum dependence of the
spectral function and the self-energy have recently been com-
puted using a finite-temperature Lanczos method by Bonča
et al. in Ref. [72], followed by a comparison between spectral
properties of the Holstein polaron and an electron coupled to
hard-core bosons [73].

In this paper, we introduce an alternative numerical ap-
proach. We demonstrate that a density-matrix renormalization
group (DMRG) method [74–76] can efficiently reproduce
the spectral function. We also compute the electron emission
spectrum, which can be accessed in angle-resolved photoe-
mission spectroscopy (ARPES) experiments [77–82] and the
phonon spectral function. The method further allows us to
compute thermodynamic observables for very large system
sizes compared to other wave-function based methods.

We combine finite-temperature DMRG with purification
[83–86], time-dependent DMRG (tDMRG) [76,87–90], and
local basis optimization (LBO) [91] to obtain an efficient
scheme to both generate the finite-temperature matrix-product
state (MPS) and to compute different Green’s functions. LBO,
originally introduced by Zhang et al. in Ref. [91], has al-
ready been used for the real-time evolution [35,37,92,93]
and ground-state algorithms [37,52,94–100]. The DMRG
method with purification requires an infinite-temperature state
as its starting point which is artificial and strongly depen-
dent on the truncation of the phonon Hilbert space. Our
results, however, become independent of that truncation in the
polaron-crossover regime at low temperatures, which is phys-
ically most relevant. This allows for the efficient computation
of static and dynamic properties of the Holstein model at finite
temperatures.

In particular, using finite-temperature states we compute
the electron addition spectral function. This quantity has al-
ready been analyzed thoroughly at finite temperatures by
Bonča et al. in Ref. [72] for a system with periodic boundary

2469-9950/2020/102(16)/165155(17) 165155-1 ©2020 American Physical Society
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conditions. We show that we can resolve the same peaks as the
finite-temperature Lanczos method and observe an excellent
quantitative agreement. We additionally compute the electron
emission spectrum and the phonon spectral function. The
electron emission spectrum was computed in Ref. [62] for a
two-site and two-electron system. Here, we focus on one elec-
tron and go up to twenty one sites. We further show that the
LBO scheme proposed in Ref. [92] becomes computationally
beneficial at low temperatures and significantly simplifies the
computations of these spectral functions.

This paper is structured as follows. In Sec. II, we intro-
duce the Holstein-polaron model, the observables, and the
spectral functions. We proceed in Sec. III with a description
of the methods used. We introduce DMRG with purifica-
tion in Sec. III A, the time-evolution algorithm in Sec. III B,
and the finite-temperature Lanczos method in Sec. III C. In
Sec. III D and Sec. III E, we show the spectral functions for
the single-site Holstein model. We present the results for the
thermodynamic expectation values in Sec. IV and the results
for the spectral functions in Sec. V. In Sec. VI, we summarize
the paper and provide an outlook.

II. MODEL

A. The Holstein polaron

To study finite-temperature polaron properties we consider
the single-electron Holstein model [8]. The Hamiltonian is
defined as

Ĥ = Ĥkin + Ĥph + Ĥe-ph . (1)

The model has L sites and we use open boundary conditions,
unless stated otherwise. We set h̄ = 1 throughout this paper.
The first term, the kinetic energy of the electron, then becomes

Ĥkin = −t0

L−1∑
j=1

(ĉ†
j ĉ j+1 + ĉ†

j+1ĉ j ) , (2)

with ĉ†
j (ĉ j ) being the electron creation (annihilation) operator

on site j and t0 the hopping amplitude. The second term is the
phonon energy

Ĥph = ω0

L∑
j=1

b̂†
j b̂ j , (3)

where b̂†
j (b̂ j ) is the creation (annihilation) operator of an opti-

cal phonon on site j with the constant frequency ω0. The last
term is the electron-phonon coupling

Ĥe-ph = γ

L∑
j=1

n̂ j (b̂
†
j + b̂ j ) , (4)

with n̂ j = ĉ†
j ĉ j . We furthermore define the dimensionless cou-

pling parameter

λ = γ 2

2t0ω0
, (5)

which characterizes the crossover from a large (λ < 1) to
a small (λ > 1) polaron. In this work, we focus on the in-
termediate regime and set λ = 1. For a discussion of other
parameter regimes, see Appendix A.

B. Thermodynamics

We first want to study the thermodynamics of the model.
The thermal expectation value of an observable Ô in the
canonical ensemble at temperature T is defined as

〈Ô〉T = Tr[ρ̂(T )Ô] , (6)

where ρ̂(T ) is the thermal density matrix at temperature T . In
the canonical ensemble,

ρ̂(T ) = 1

Z
e−βĤ , (7)

where we have set kB = 1 such that β = 1/T and Z is the
partition function. We will focus on four observables: the total
energy E (T ) = 〈Ĥ〉T , the kinetic energy Ekin(T ) = 〈Ĥkin〉T ,
the coupling energy Ee-ph(T ) = 〈Ĥe-ph〉T , and the phonon en-
ergy Eph(T ) = 〈Ĥph〉T .

C. Spectral functions

We are also interested in dynamical quantities by investi-
gating Green’s functions of operators acting on sites m and n.
We define the greater Green’s function

G>
T,0(m, n, t ) = −i〈ĉm(t )ĉ†

n(0)〉T,0 , (8)

where the subindices T, 0 indicate that the thermal expectation
value is calculated in the zero-electron sector. Since we use
open boundary conditions, we construct the Fourier transform
into quasimomentum space (see, e.g., Refs. [101,102]) as

ĉk =
√

2

L + 1

L∑
j=1

sin(k j)ĉ j , (9)

where k = πmk/(L + 1) and 1 � mk � L. The greater
Green’s function in k and ω space then becomes

G>
T,0(k, ω) = −i

∫ ∞

−∞
dteiωt−|t |ηGT,0(k, t ) , (10)

where η = 0+ is an artificial broadening. From the greater
Green’s function, we extract the electron spectral function

A(k, ω) = − 1

2π
Im[G>

T,0(k, ω)] . (11)

Since we are in the zero-electron sector, Eq. (11) contains all
the information about the spectrum.

Here, we extend previous studies [62,72] of the finite-
temperature Holstein polaron by also computing the lesser
Green’s function in the one-electron sector

G<
T,1(m, n, t ) = i〈ĉ†

m(0)ĉn(t )〉T,1 , (12)

which we use to obtain the electron emission spectrum

A+(k, ω) = − 1

2π
Im[−G<

T,1(k, ω)] . (13)

We are further interested in the greater Green’s function in the
phonon sector

D>
T,1(m, n, t ) = −i〈X̂m(t )X̂n(0)〉T,1 , (14)
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where X̂n = b̂n + b̂†
n is the phonon displacement. We use

Eq. (14) to calculate the phonon spectral function

B(k, ω) = − 1

2π
Im[D>

T,1(k, ω)] . (15)

III. METHODS

In this section, we first describe our main numerical
method, DMRG using purification and local basis optimiza-
tion. We next briefly review the finite-temperature Lanczos
method used in Ref. [72]. In order to guide the discussion of
the numerical results, we compute the three spectral functions
in the single-site limit.

A. Density-matrix renormalization group with purification

While the density-matrix renormalization group and
matrix-product states were originally developed to find
ground states [74–76], they have proven to be extremely use-
ful tools for calculating spectral functions [103–108], carrying
out the time evolution [76,87–90], and finite-temperature
calculations [83–85,109–116] as well. There are several
ways to utilize matrix-product states at finite temperatures.
These include, among others, minimally entangled typical
thermal state algorithms [117–119], purification algorithms
[84–86,120], or a mixture of both [121,122].

In this paper, we use the purification method [83] which
doubles the system by adding an auxiliary space to the phys-
ical Hilbert space HP → HP ⊗ HA. One can write down a
state in this doubled Hilbert space |ψ〉 ∈ HP ⊗ HA. If one
now traces out the auxiliary space, one can simulate a mixed
state in the physical Hilbert space with the density matrix

ρ̂P = TrA[|ψ〉 〈ψ |] . (16)

Since we are working with a fixed number of electrons, we
will use the notation where |ψn

β〉 represents a state at temper-
ature T with n electrons in the physical system. For example,
the state |ψ1

β=0〉 ∈ HP ⊗ HA can be expressed analytically.
This state can then be used to simulate the density matrix from
Eq. (7) for one electron at β = 0. The density matrix for β �= 0
is generated by the evolution in imaginary time of |ψn

β=0〉 as

|ψn
β〉 = e−Ĥβ/2 |ψn

β=0〉. The thermal expectation value of an
observable Ô can then be calculated as

〈Ô〉T,n =
〈
ψn

β

∣∣Ô∣∣ψn
β

〉
〈
ψn

β

∣∣ψn
β

〉 . (17)

Since we use thermal states with both one and zero elec-
trons we briefly illustrate how to generate both of them at β =
0. Since the Holstein model contains infinitely many local
phonon degrees of freedom, we first introduce a local cutoff
M which represents the maximal number of phonons on each
site. We furthermore define a local basis state |σi〉 = |ne

i , nph
i 〉

with electron occupation ne
i ∈ {0, 1} and phonon occupation

nph
i ∈ {0, . . . M}. This determines the local dimension d =

2(M + 1). We further write |	σ 〉 = |σ1, σ2, . . . , σL〉. The zero-
electron state |ψ0

β=0〉 becomes

∣∣ψ0
β=0

〉 =
∑
	σ P,	σ A

A
σ P

1 ,σ A
1

1 A
σ P

2 ,σ A
2

2 . . . Aσ P
L ,σ A

L
L |	σ P, 	σ A〉 , (18)

where each Aσ P
i ,σ A

i
i = δne,A

i ,0δne,P
i ,0δnph,P

i ,nph,A
i

is the local ten-
sor corresponding to maximum entanglement between the
physical site σ P

i and the auxiliary site σ A
i . To generate the one-

electron state |ψ1
β=0〉, we proceed in a similar fashion as in

Ref. [123]. We first write down the maximum entangled one-

electron tensor Ã
σ P

j ,σ A
j

j = δne,A
j ,1δne,P

j ,1δnph,A
j ,nph,P

j
. We then define

our wave function as the superposition of terms which all have

the one-electron tensor Ã
σ P

j ,σ A
j

j at a different site j. On the

sites i �= j, we just place the zero-electron tensors Aσ P
i ,σ A

i
i from

Eq. (18). The total wave function becomes

∣∣ψ1
β=0

〉 =
L∑

j=1

∑
	σ P,	σ A

A
σ1,σ

′
1

1 . . . Ã
σ j ,σ

′
j

j . . . AσL,σ ′
L

L |	σ P, 	σ A〉 . (19)

After constructing |ψn
β=0〉, one then generates the desired |ψn

β〉
by imaginary-time evolution.

B. Time evolution with local basis optimization

Since we are interested in thermodynamics and spectral
functions at finite temperatures, we need to carry out both
imaginary and real-time evolution. This subsection explains
the procedure and its application to electron-phonon systems.
To calculate the time evolution we use tDMRG [87,88] com-
bined with local basis optimization (LBO) [91]. The idea of
the local basis optimization is to find a numerically efficient
representation of the phonon Hilbert space, thus reducing the
computational cost. This has already been combined with
exact diagonalization to study zero-temperature dynamical
properties of the Holstein model, e.g., by Zhang et al. in
Ref. [14], and with matrix-product states to calculate the real-
time evolution of pure states, e.g., by Brockt et al. [92] for
the polaron problem, by Stolpp et al. [37] for a charge density
wave, as well as in Refs. [35,93]. In this paper, we demonstrate
that the local basis optimization is computationally beneficial
for computing thermodynamics and real-time evolution at fi-
nite temperature for the Holstein polaron.

For the tDMRG method, we first write our Hamiltonian as
a sum of terms ĥl which act on the two neighboring sites l
and l + 1. For a time step dt (−idτ for imaginary-time evo-
lution) one can then carry out a second-order Trotter-Suzuki
decomposition into even and odd terms

e−idtĤ = e−idtĤeven/2e−idtĤodd e−idtĤeven/2 + O(dt3) . (20)

One can further write each exponential as the product of local
elements e−idtĤeven/2 = ∏

l:even e−idt ĥl /2. Since each physical
site is connected to an auxiliary site, one must first apply a
fermionic swap gate [118,124] to swap site σ P

l and σ A
l . One

then acts with the time evolution gate e−idt ĥl /2 followed by
another gate which swaps σ P

l and σ A
l back.

To illustrate how the local basis optimization works, we
assume that our MPS is already in an optimal local basis |σ̃ P〉
and that the local transformation matrices Rσ̃ P

i

σ P
i

transform the

physical index from the bare into the optimal basis. We then
first transform two of the legs from our time-evolution gate
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U
σ ′P

i ,σ ′P
i+1

σ P
i ,σ P

i+1
to

U
σ ′P

i ,σ ′P
i+1

σ̃ P
i ,σ̃ P

i+1
= Rσ P

i

σ̃ P
i
R

σ P
i+1

σ̃ P
i+1

U
σ ′P

i ,σ ′P
i+1

σ P
i ,σ P

i+1
. (21)

We then apply this gate to the two-site tensor M σ̃ P
i ,σ̃ P

i+1 =
Aσ̃ P

i Aσ̃ P
i+1 and get

φσ ′P
i ,σ ′P

i+1 = U
σ ′P

i ,σ ′P
i+1

σ̃ P
i ,σ̃ P

i+1
M σ̃ P

i ,σ̃ P
i+1 . (22)

We then generate the local reduced density matrix

ρ
σ ′P

i

σ P
i

= φ
†
σ P

i ,σ P
i+1

φσ ′P
i ,σ P

i+1 , (23)

which we diagonalize such that

ρ
σ ′P

i

σ P
i

= Rσ̃ P
i

σ P
i
Dσ̃ ′P

i

σ̃ P
i

R†σ ′P
i

σ̃ ′P
i

. (24)

The matrix Rσ̃ P
i

σ P
i

is now the updated transformation matrix

which rotates the site i into the adapted optimal basis. The
transformation matrices can then be applied to φσ ′

i ,σ
′
i+1 from

Eq. (22) before the following singular value decomposition.
If the optimal basis has dimension dLBO and the MPS has
a bond dimension χ , the cost of the SVD has then changed
from O(d3χ3) to O(d3

LBOχ3) [92]. The transformation is
only beneficial if we can truncate the optimal basis such
that dLBO � d , since the transformation itself has a cost of
O(d3χ2) for building the reduced-density matrix, O(d3) for
the diagonalization thereof, and O(d2dLBOχ2) for the basis
transformation [92]. To control the truncation, we discard the
smallest eigenvalues wα such that the truncation error is be-
low a threshold:

∑
α∈discarded wα/(

∑
all α wα ) < ρLBO. When

carrying out a regular singular-value decomposition in the
tDMRG algorithm, we discard all singular values such that∑

α∈discarded s2
α/(

∑
all α s2

α ) < ρbond.
To calculate a general correlation function CT,n(ω, k), such

as the Green’s functions in Eqs. (8), (12), and (14), we first
obtain the desired state |ψn

β〉 through imaginary-time evolu-
tion. In that process, we apply the LBO only to the physical
sites such that only these are in their optimal basis. Before
we start the real-time evolution, we first iterate through the
MPS and obtain the optimal basis for both the physical and
the auxiliary sites by creating the matrix Mσ P

i ,σ A
i and getting

the transformation matrices Rσ̃ P
i

σ P
i

and Rσ̃ A
i

σ A
i

. We then follow

Ref. [85] and compute the desired correlation functions

CT,n(m, l, t ) = 〈
ψn

β

∣∣Âm(t/2)B̂l (−t/2)
∣∣ψn

β

〉
, (25)

where Â, B̂ are general operators and

Âm(t ) = Û P†(t/2)Û A†(t/2)ÂmÛ P(t/2)U A(t/2) . (26)

In Eq. (26), Û P(t/2) = e−iĤPt/2 acts on the part of the state in
the physical Hilbert space and Û A(t/2) = eiĤAt/2 correspond-
ingly time evolves the part of the state in the auxiliary space in
the opposite direction. This is done to keep the entanglement
entropy low during the real-time evolution [111–115]. Even
though this procedure is not optimal [116], it provides a nat-
ural extension of the local basis optimization to the auxiliary
sites and allows us to keep them in an optimal basis during the
time evolution. We then obtain CT,n(k, ω) from CT,n(m, l, t )
by Fourier transformations in space and time.

We further use linear prediction [85,125,126] to access
larger times. Since we do the real-time evolution on states
|φn

β〉 = Âl |ψn
β〉, which are not normalized, e.g., 〈φn

β |φn
β〉 �=

1, we do not renormalize the state after applying the time-
evolution gate. We observe that the norm of |φn

β〉 is still of
O(1), so that we can apply the same truncation criteria as if we
worked with normalized states. For all imaginary-time evo-
lutions, we use dτω0 = 0.1 and for the real-time evolution,
we use dtω0 = 0.01. The real-time evolution is done up to a
maximum time tmaxω0. The accessible tmaxω0 depends on the
observable and model parameters and is determined by the
computational resources available. All DMRG calculations
are carried out using Ref. [127].

C. Finite-temperature Lanczos method

We now proceed by introducing alternative methods used
as benchmarks. The thermodynamic quantities will be com-
pared to exact diagonalization (ED) and the spectral function
from Eq. (11) will be compared to the finite-temperature
Lanczos method [128,129] (FTLM).

The finite-temperature Lanczos method data used here is
obtained from Ref. [72]. The electron spectral function is
expressed as

A(k, ω) = Z−1
R∑

r=1

M∑
j=1

N∑
n=1

e−βε0
n 〈 r0

∣∣φ0
n

〉 〈
φ0

n

∣∣ĉk|ψ j〉

× 〈ψ j |ĉ†
k |r0〉δ(ω − ε j + ε0

n

)
, (27)

where Z is the partition function, |r0〉 are random states in the
zero-electron basis, |φ0

n〉 are the zero-electron eigenstates, and
|ψ j〉 are the Lanczos vectors from the one-electron subspace
with the corresponding energy ε j . The variational Hilbert
space [13,18] is used together with twisted boundary condi-
tions [130–132] to limit finite-size effects.

D. Single-site spectral function and emission spectrum

In order to gain a better understanding of the emission
spectrum at low temperatures, we derive an analytical expres-
sion for the single-site system. This is done for the spectral
function in Ref. [133] and a detailed derivation is presented in
Ref. [72]. This section is a simple extension of that work but
is included for self consistency and to guide the discussion.
The single-site Hamiltonian is

Ĥs = γ n̂(b̂† + b̂) + ω0b̂†b̂. (28)

The solution for the case of a single electron is given by the
well-known coherent states

|0s〉 = e−g̃2/2
∞∑

m=0

(−g̃)m

√
m!

|m〉 , (29)

where g̃ = γ /ω0 and |m〉 are bare phonon modes. The ground
state |0〉s has the energy E0,s = −ω0g̃2. The excited states |m〉s
have an energy Em,s = −ω0g̃2 + mω0 and are given by

|ms〉 = (b† + g̃)m

√
m!

|0s〉 . (30)
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FIG. 1. (a) Single-site spectral function As(ω) from Eq. (31).
(b) Single-site emission spectrum A+

s (ω) from Eq. (32). (c) Single-
site phonon spectral function B+

s (ω) from Eq. (36). We set γ /ω0 =√
2 and use a Lorentzian for the delta function with half width at half

maximum (HWHM) η = 0.05.

The single-site spectral function As(ω), derived in Ref. [72],
is

As(ω) = 1

Z

∞∑
n,m=0

e−βω0n|〈ms|n〉|2δ(ω + En − Em,s), (31)

where |n〉 are the bare phonon modes and En the correspond-
ing energies. We show As(ω) in Fig. 1(a) for λ = 1.

The electron emission spectrum is

A+
s (ω) = 1

Z

∞∑
n,m=0

e−βEm,s |〈n|ms〉|2δ(ω + En − Em,s). (32)

The overlap between the coherent state and the normal mode
is given by

〈n|ms〉 = e−g̃2/2
min{m,n}∑

l=0

(−1)n−l g̃n+m−2l

√
m!n!

l!(m − l )!(n − l )!
.

(33)
If we send T/ω0 → 0, only the m = 0 term contributes in
Eq. (32). This gives

〈n|0s〉 = e−g̃2/2(−1)ng̃n

√
n!

n!
. (34)

The emission spectrum then takes the form

A+
s (ω) =

∞∑
n=0

e−g̃2
g̃2n 1

n!
δ(ω + nω0 + ω0g̃2), (35)

which has a polaron peak for n = 0 at ωpol/ω0 = −ω0g̃2. The
spectrum further has peaks at negative ω, which are separated
by ω0. It is also clear that at larger temperatures, peaks at ω >

−ω0g̃2 will appear.
In Fig 1(b), we show the single-site emission spectrum

A+
s (ω). There, the peaks at ω < ω0g̃ are visible. One can also

observe the peaks at ω > ω0g̃ appearing for larger tempera-
tures.

E. Single-site phonon spectral function

The single-site phonon spectral function is

Bs(ω) = 1

Z

∞∑
n,m=0

e−βEm,s |〈ns|b̂ + b̂†|ms〉|2

× δ(ω + Em,s − En,s). (36)

We use that

b̂ |0s〉 = −g̃ |0s〉 , (37)

and

b̂ |ms〉 = √
m |(m − 1)s〉 − g̃ |ms〉 , (38)

to obtain

〈ns|b̂ + b̂†|ms〉 = √
n 〈(n − 1)s |ms〉 + √

m 〈ns |(m − 1)s〉
− 2g̃ 〈ns |ms〉 . (39)

At T/ω0 = 0, the spectral function becomes

Bs(ω) = 4g̃2δ(ω) + δ(ω − ω0). (40)

Bs(ω) is shown for different T/ω0 in Fig. 1(c). We observe
two peaks separated by ω0 at the lowest temperatures as
predicted in Eq. (40). This is the polaron peak and the free-
phonon peak. When the temperature is increased, a smaller
free-phonon peak starts to appear at −ω0.

IV. DMRG RESULTS FOR THERMODYNAMICS

In this section, we show the results for the thermody-
namic quantities introduced in Sec. II B. Thermodynamics
for electron-phonon models has already been studied with
Monte Carlo methods, see, e.g., Refs. [134–137] for results
for two-dimensional lattices. As explained in Sec. III A, the
DMRG purification method starts at T = ∞. Finite temper-
atures are then obtained by imaginary-time evolution. For
the Holstein-polaron model with a local phonon cutoff M,
we have 〈Ĥ〉T =∞/(ω0L) = M/2, such that depending on the
phonon number truncation, the imaginary-time evolution will
start at a different energy. Additionally, starting points with
a finite M are artificial since they do not represent the true
T = ∞ limit of the system. For this reason, we first want to
investigate whether there is a range of temperatures where we
can produce states with expectation values that are indepen-
dent of M for the polaron in the crossover regime λ = 1. Since
the results become M dependent and unphysical for large
T/ω0, we choose to focus on 0.1 � T/ω0 � 0.4. Secondly,
we want to investigate how the optimal local basis is affected
by the imaginary-time evolution.

We first verify that the purification method reproduces
values calculated with ED. In Fig. 2, we compare the results
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FIG. 2. Expectation values for different observables for γ /ω0 =√
2, t0/ω0 = 1, L = 5 and M = 3, 4, 5. The solid lines are obtained

with ED and the symbols with DMRG. We show (a) the total energy,
(b) the electron kinetic energy, (c) the phonon energy, and (d) the
coupling energy. Many points overlap almost completely, and there-
fore, not all lines and points are visible. For clarity, we only show
every fourth point of the DMRG data.

to ED for L = 5 and different M. We show the four observ-
ables defined in Sec. II B as a function of temperature T/ω0.
One sees that the finite-temperature DMRG method (symbols)
reproduces the ED (solid lines) for the corresponding M.
The clear dependence of the observables on M suggests that
the local Hilbert space is not chosen large enough to yield the
correct low-temperature physics for these parameters. Most
importantly, the DMRG method reproduces the ED results for
the accessible system sizes.

We proceed by comparing the expectation values for dif-
ferent system sizes L. The results are shown in Fig. 3. Notice
that the ground-state energy is intensive in the single-electron
problem. Therefore, E/(ω0L) should approach zero in the
thermodynamic limit. This can be observed in Fig. 3(a). The
figure also serves as a consistency check by showing that the
imaginary-time evolution approaches the ground-state energy
calculated with ground-state DMRG [74–76] (solid lines).
Both the total energy E and the phonon energy Eph are ex-
tensive at finite temperature, and therefore, we divide both of
these expectation values by the system size L to get a quantity
that only depends on temperature for sufficiently large L. The
observables Ekin and Ee-ph [Figs. 3(b) and 3(d)] are automati-
cally intensive since there is only one electron in the system.
Figure 3 therefore illustrates that the purification method gives
access to thermodynamic quantities in systems with very large
local Hilbert spaces.

We next demonstrate that the DMRG method can ac-
cess values of M large enough to obtain cutoff-independent
results in the low-temperature regime. In Fig. 4, we show
the same observables as in Fig. 2 with L = 21 and M =
20, 30 calculated with DMRG. We find that even though the
two initial states start at two completely different energies
〈Ĥ〉T =∞/(ω0L), they still converge to the same expectation
value up to an accuracy of O(10−5) below T/ω0 � 0.5. We

FIG. 3. Expectation values for different observables for γ /ω0 =√
2, t0/ω0 = 1, M = 20 and different L. We show (a) the total en-

ergy, (b) the electron kinetic energy, (c) the phonon energy, and
(d) the coupling energy. The solid lines show the ground-state values
calculated with ground-state DMRG. They sometimes overlap, and
therefore, some lines are not always visible. For clarity, we only show
every fourth data point.

thus conclude that we correctly reproduce results for the real
phonon limit M → ∞ below a certain temperature if M is
chosen large enough. Therefore, the method gives access to
thermodynamics at temperatures for system sizes and phonon
numbers unavailable to ED and regular Lanczos methods. For
the rest of this paper, we choose M = 20.

To demonstrate that the imaginary-time evolution results
are converged in the low-temperature limit, we vary ρbond and

FIG. 4. Expectation values for different observables for γ /ω0 =√
2, t0/ω0 = 1, L = 21 and M = 20, 30. We show (a) the total en-

ergy, (b) the electron kinetic energy, (c) the phonon energy, and
(d) the coupling energy. The solid lines show the ground-state values
calculated with ground-state DMRG for M = 20. The points lie on
top of each other such that the M = 20 data is not always clearly
visible. For clarity, we only show every fourth point of the data.
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FIG. 5. Electron kinetic energy from Eq. (2) for different ρbond

(a) and ρLBO (c). We show results for γ /ω0 = √
2, t0/ω0 = 1, L = 21

and M = 20. In (a), we set ρLBO = 10−9 and in (c), we set ρbond =
10−9. (b) The maximum local optimal dimension max(dLBO) of the
system for the same parameters as (a). (d) max(dLBO) for the same
parameters as in (a), but with ρbond = 10−9, M = 20 and M = 30.
The black solid lines in (b) and (d) show T/ω0 = 1.0. For clarity, we
only show every fourth point of the data in (a) and (c).

ρLBO. As explained in Sec. III, the truncation of the bond
dimension is controlled by ρbond whereas ρLBO controls the
truncation of the optimal local basis of the MPS. In Figs. 5(a)
and 5(c), we illustrate how Ekin is affected by changes in ρbond

and ρLBO. The change is significant if one of the discarded
weights is chosen too large. If ρbond is too large, the expecta-
tion values lie above the converged value. In the other case, for
ρLBO too large, we start to get fluctuating expectation values.
We do this test for all terms in the Hamiltonian in Eq. (1)
and find that they are all converged for ρbond = 10−7 and
ρLBO = 10−5 to an accuracy of O(10−3). However, exactly
how they behave for a too small cutoff is observable- and
system-size dependent. Since the expectation values already
have converged for both ρbond and ρLBO = 10−7 [red triangles
in Figs. 5(a) and 5(c)], the 10−9 markers (blue circles) are
barely visible.

In Figs. 5(b) and 5(d), we analyze the maximum dimension
max(dLBO) of the optimal basis of the physical Hilbert space.
One clearly sees that this becomes equal to the local bare basis
dimension 2(M + 1) for large T/ω0. This is expected since
all the phonon modes become equally probable at T/ω0 = ∞.
However, max(dLBO) starts to decrease rapidly below a certain
temperature and the rotation into the optimal basis becomes
computationally beneficial for a given truncation error. This
means that the eigenvalues of the reduced-density matrix first
do not decay at all until a certain temperature is reached.
After that, they start decreasing rapidly as a function of T/ω0.
Figure 5(d) shows that this trend becomes more pronounced
for larger M. Furthermore, it illustrates that as M is increased,
the rotation into the optimal basis becomes beneficial at higher
T/ω0.

The accurate evaluation of thermal expectation values
also serves as an important test for the spectral function

FIG. 6. Imaginary part of G>
T,0(m, n, t ) in Eq. (8). We set n =

m = 11, γ /ω0 = √
2, t0/ω0 = 1 and L = 21. (a) T/ω0 = 0.1 and

fixed ρLBO = 10−8 for different ρbond. (b) T/ω0 = 0.4 and fixed
ρLBO = 10−8 for different ρbond. (c) T/ω0 = 0.1 and fixed ρbond =
10−8 for different ρLBO. For the symbols, we only show every 50th
point for clarity. The insets show the absolute error err [see Eq. (41)],
defined as the difference between the data with the smallest trunca-
tion error 10−9 and either 10−8 (red) or 10−7 (blue).

calculations in Sec. V. In Appendix C, we show that the first
temperature-dependent moments can be calculated by either
integrating the spectral function or by computing thermal
expectation values. We verify the accuracy of the spectral
function by comparing both methods. For the rest of this
work, we set ρLBO = ρbond = 10−9 during the imaginary-time
evolution.

V. SPECTRAL FUNCTIONS

A. Real-time evolution

We now proceed by calculating dynamical properties of
our model. We first check that the real-time evolution con-
verges with respect to ρbond and ρLBO. This is illustrated in
Fig. 6. There, we show the imaginary part of G>

T,0(m, n, t )
from Eq. (8) with m = n = 11. From Figs. 6(a) and 6(b), it
becomes apparent that as ρbond is decreased, the results are
indiscernible on the scale of the figure. A similar behavior is
also seen with respect to ρLBO [see Fig. 6(c)]. In the insets of
Fig. 6, we show the absolute error

err = |Im[G>
T,0(m, n, t)]ρi − Im[G>

T,0(m, n, t)]ρj |, (41)

with i �= j and ρi being set by ρbond or ρLBO. For the data
shown in the inset, we fix ρi = 10−9 and subtract the remain-
ing two datasets. We can also report a large increase in the
bond dimension as the temperature is increased (for details,
see Appendix A). This is the reason why the time evolution
for certain values of ρbond in Fig. 6(b) is stopped earlier. The
reachable time for the smallest truncation also determines
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FIG. 7. Electron spectral function A(k, ω) from Eq. (11) for
γ /ω0 = √

2, t0/ω0 = 1, L = 21, M = 20, η = 0.05 and tmaxω0 =
18.0. We show T/ω0 = 0.1 in (a) and (b) and T/ω0 = 0.4 in (c) and
(d). For the DMRG data (red line), we show kmin = π/(L + 1) and
kmax = πL/(L + 1). For the FTLM data (blue dashed line), L = 12
and we show kmin = 0 in (a) and (c) and kmax = π in (b) and (d). The
insets show I (k, ω) defined in Eq. (42).

tmax, such that the convergence is tested for the whole time
interval used for the Fourier transformation. The limitation in
accessible times also constrains the energy resolution of the
spectral function.

As explained in Sec. III, we additionally apply linear pre-
diction. The spectral functions tend to oscillate around zero
away from the peaks as a result of the finite time interval.
By applying linear prediction, the oscillation amplitude goes
from order 10−1 to 10−5 without changing the peak position
or height in the spectrum. However, the exact decrease of
the amplitude is spectral-function and temperature dependent.
Due to the oscillations, we always show the absolute values of
the spectral functions in the normalized log-scaled plots. The
real-time evolution for all the following spectral functions is
done with ρbond = ρLBO = 10−8.

To test the accuracy of the method, we also derive the first
temperature-dependent moment of the spectral functions and
compare the thermal expectation values to our numerical data.
The results in Appendix C show good agreement. We further
want to emphasize that in the zero-electron sector, it is trivial
to obtain the finite-temperature initial state for the real-time
evolution since it only contains noninteracting local harmonic
oscillators. For this reason, we compare results using both the
trivially obtained thermal states and those obtained with the
imaginary-time evolution algorithm to verify its correctness.

B. Electron spectral function and comparison to the FTLM

In Fig. 7, we show the electron spectral function A(k, ω)
and compare it to results obtained with FTLM. We show the
results for T/ω0 = 0.1 in Figs. 7(a) and 7(b) and T/ω0 = 0.4

FIG. 8. Electron spectral function A(k, ω) from Eq. (11) for
γ /ω0 = √

2, t0/ω0 = 1, M = 20, η = 0.05 and tmaxω0 = 18.0. We
show T/ω0 = 0.1 in (a) and (b) and T/ω0 = 0.4 in (c) and (d).
For L = 21, we show kmin = π/(L + 1) and kmax = πL/(L + 1). The
L = 101 data (blue dashed lines) is calculated with the simplified
Fourier transform (see the text for details) and kmin = 0 and kmax =
π . The insets show I (k, ω) defined in Eq. (42).

in Figs. 7(c) and 7(d). Our method can resolve the same peak
positions as the FTLM. One can identify the polaron peak at
ωpol/ω0 ≈ −3.0 and the peaks corresponding to the polaron
with additional phonons separated by nω0 in the incoherent
part of the spectrum. We also observe a significant decrease
of the quasiparticle weight for kmin compared to kmax. This
has already been reported in Ref. [72] and is consistent with
other ground-state approaches [16,19,138–140].

In the inset, we show

I (k, ω) =
∫ ω

−∞
dω′A(k, ω′). (42)

There are only small differences between the FTLM and the
DMRG data. The amplitude of the polaron peak exhibits small
temperature-dependent differences between the two methods.
For larger values of k, we also observe some different weight
distribution in the incoherent part of the spectrum. The re-
sults for I (k, ω) still almost completely overlap. We want to
emphasize that we show results for two different k values
for the methods due to the difference in boundary conditions.
For the DMRG method, we choose kmin = π/(L + 1), kmax =
πL/(L + 1) and for the FTLM method, we select kmin =
0, kmax = π . We conclude that despite these differences, the
DMRG and FTLM method show a very good quantitative
agreement.

Alternatively to computing the complete correlation func-
tion, one can calculate G>

T,0(m, n, t ) for a fixed n = L/2 and
m � n. This gives access to much larger system sizes, as
illustrated in Fig. 8. There, we calculate the spectral function
for L = 101. We first fix n = 51 and set G>

T,0(n + m, n, t ) =
G>

T,0(n − m, n, t ). We then compute the Fourier transform
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FIG. 9. Electron spectral function A(k, ω) obtained with
DMRG. We set γ /ω0 = √

2, t0/ω0 = 1, L = 21, M = 20, η = 0.05
and tmaxω0 = 18.0. (a) T/ω0 = 0.1 and (b) T/ω0 = 0.4.

into k space as G>
T,0(k, t ) = 1

L

∑L
m=1 ei(m−n)kG>

T,0(m, n, t ).
Here, we use periodic boundary-condition quasimomenta
with k = 2πm/L and − L

2 � m � L
2 . This is often done (e.g.,

in Refs. [86,141]) and the method works well here since
the noninteracting harmonic oscillators are homogeneously
distributed in the initial state and there is no electron in
the system. In Fig. 8, we show comparison between data
produced with periodic-boundary condition momenta (L =
101) with results for open-boundary momenta (L = 21).
Only small changes in the largest peaks [see Figs. 8(a)
and 8(c)] can be seen even though the L = 101 data use
kmin = 0, kmax = π while the L = 21 data use kmin = π/(L +
1), kmax = πL/(L + 1). This is, however, not the case for
the other spectral functions studied in this work since the
one-electron state has an inhomogeneous electron distribu-
tion. The previously described approach does, therefore, not
fulfill the sum rules in those cases. Moreover, we mention that
the calculations with the periodic boundary-condition Fourier
transformation is more sensible to the choice of parameters
for the linear prediction for our data. For a more quantitative
discussion of the error of the methods, see Appendix B.

In Fig. 9, we show A(k, ω) as a function of ω for all k.
Here, the spectral weight at ω < ωpol [see Fig. 7(a)] becomes
visible at larger T/ω0. This has been reported in Ref. [72]
and corresponds to the electron absorbing a thermal phonon.
One can also see that the polaron band structure is shifted
downwards and renormalized compared to the free-fermion
case which would have its ground-state energy at ω/ω0 = −2
and a bandwidth of 4t0. In all cases, we confirm that the sum
rule

∫ ∞
−∞ dωA(k, ω) = 1 is fulfilled up to 10−5.

C. Electron emission spectrum

We next discuss A+(k, ω), defined in Eq. (13). Computa-
tionally, this function is the easiest to obtain with our method
since the most demanding part of the calculation, namely the
real-time evolution, is done without an electron in the phys-
ical system. In Fig. 10, we show A+(k, ω) for two different
temperatures. At low T/ω0, Fig. 10(b) unveils the presence
of several peaks that are separated by ω0. The peaks can be
understood by inspecting the single-site emission spectrum at
low temperatures from Eq. (35). There, one clearly sees a peak
at −γ 2/ω0. Furthermore, there are several peaks at negative

FIG. 10. (a) Momentum distribution nk calculated with γ /ω0 =√
2, t0/ω0 = 1, M = 20, tmaxω0 = 18.0, η = 0.05 for different sys-

tem sizes at different temperatures. The symbols show nk extracted
from the Fourier transformed data [see Eq. (43)] and the solid lines
were obtained by calculating the expectation value 〈n̂k〉T at T/ω0 =
0.1. (b) and (c) show the electron emission spectrum A+(k, ω) de-
fined in Eq. (13) for the same parameters as in (a) for T/ω0 = 0.1,
T/ω0 = 0.4, and k = π/(L + 1). We show L = 11 (red solid line)
and L = 21 (black dashed line).

ω separated with ω0. In Fig. 10(b), we have one main peak
at the ground-state energy ωpol/ω0 ≈ −3. This peak is also
robust against an increase in temperature [see Fig. 10(c)]. The
peaks at lower ω, however, acquire more structure at elevated
T/ω0. We also observe a peak at ωpol/ω0 + 1 which is com-
pletely suppressed at T/ω0 = 0.1. In Fig. 11, the complete
function A+(k, ω) is plotted as a function of k and ω. At

FIG. 11. Electron emission spectrum A+(k, ω) defined in
Eq. (13) obtained with DMRG. The parameters are γ /ω0 =√

2, t0/ω0 = 1, L = 21, M = 20, η = 0.05 and tmaxω0 = 18.0 for
(a) T/ω0 = 0.1 and (b) T/ω0 = 0.4. The solid lines show ω/ω0 =
−3 and ω/ω0 = −2. The dashed lines show ω/ω0 = −3 + 4e−g̃2

and
ω/ω0 = −2 + 4e−g̃2

.

165155-9



JANSEN, BONČA, AND HEIDRICH-MEISNER PHYSICAL REVIEW B 102, 165155 (2020)

T/ω0 = 0.4 [Fig. 11(b)], we see two clear polaron bands start-
ing at ω/ω0 = −3 and ω/ω0 = −2. Both have a bandwidth
of D ≈ e−g̃2

4 ≈ 0.54, which is illustrated by the black dashed
and solid lines. The peaks at lower frequencies also seem to
shift towards higher frequencies and additional peaks appear
to emerge at approximately D away from the already existing
ones at ω/ω0 < −3.

In Fig. 10(a), we show the electron momentum distribution
calculated for different system sizes. This quantity can be
calculated directly as the thermal expectation value 〈nk〉T or
extracted from the lesser Green’s function

nk =
∫ ∞

−∞
dωA+(k, ω) . (43)

As a consistency check, we show both. Figure 10(a) illustrates
that some finite-size effects exist for small L, but as L is
increased, nkL converges. Note that with increasing L, the
number of k points also increases, however,

∑
k nk = 1. This

is, of course, different for the spectral function discussed in
Sec. V B, where ∫ ∞

−∞
dωA(k, ω) = 1 (44)

for all k and L. We thus conclude that already at the low
temperatures studied here, nk starts to flatten out and the dif-
ference in amplitude between the polaron peak and the other
peaks decrease.

D. Phonon spectral function

We now move on to the phonon spectral function. Its
ground-state properties have already been studied thoroughly
(see, e.g., Refs. [27,60]). In Ref. [60], Loos et al. used analytic
and numerical methods to study this spectral function in a
variety of parameter regimes. They found that the dominating
features of the phonon spectral function are a free-phonon
line and a renormalized band dispersion with an additional
structure appearing for intermediate electron-phonon cou-
pling. Vidmar et al. [27] studied the low-energy spectrum
and identified several bound and antibound states in different
parameter regimes.

Here, we are interested in this function at finite tempera-
ture and in Fig. 12, we display B(k, ω) for T/ω0 = 0.1 and
0.4 for different k. At T/ω0 = 0.1, which is close to the
ground state, we clearly recognize two distinct peaks, one
at ω/ω0 = 1 and another one that gets shifted with k. The
peak at ω/ω0 = 1 originates from the free phonon, whereas
the other peak originates from the phonon being coupled
to the electron. When temperature is increased, the phonon
spectral function changes dramatically. For k = Lπ/(L + 1),
the peaks get significantly broader and the polaron and the
free-phonon peaks are almost completely merged. We also see
structure appearing at ω/ω0 < 0 which is suppressed at low
temperatures, exactly as is the case for the single-site phonon
spectral function in Sec. III E.

In Fig. 13, we show the complete B(k, ω). Here, the po-
laron band structure with a width of D ≈ 4e−g̃2

is visible.
It also becomes clear that whereas we only observe the ap-
pearance of a free-phonon peak at negative frequencies in the
single-site case, here, there is a complete reflected polaron

FIG. 12. Phonon spectral function B(k, ω) from Eq. (15) ob-
tained with DMRG. The parameters are γ /ω0 = √

2, t0/ω0 = 1, L =
21, M = 20, η = 0.05 and tmaxω0 = 15.8. (a) and (b) show T/ω0 =
0.1 with k = π/(L + 1) and k = Lπ/(L + 1). (c) and (d) show the
same k values for T/ω0 = 0.4.

band appearing for T/ω0 = 0.4 at ω/ω0 < 0 [see Fig. 13(b)].
This is similar to what we find for the emission spectrum in
Fig. 11.

VI. SUMMARY

We have generalized the DMRG method combined with
purification and local basis optimization to efficiently com-
pute static as well as dynamic properties of the Holstein
polaron in the intermediate coupling regime at finite tem-
peratures. We first showed that the method enabled us
to generate thermal states at a finite temperature by per-
forming imaginary-time evolution. We then computed the
electron spectral function and showed that our results quanti-
tatively agree with those obtained using the finite-temperature

FIG. 13. Phonon spectral function B(k, ω) from Eq. (15) ob-
tained with DMRG. The parameters are γ /ω0 = √

2, t0/ω0 = 1, L =
21, M = 20, η = 0.05 and tmaxω0 = 15.8. (a) shows T/ω0 = 0.1 and
(b) shows T/ω0 = 0.4. The solid lines show ω/ω0 = 0 and the
dashed lines show ω/ω0 = ±4e−g̃2

.
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Lanczos method of Ref. [72]. We also analyzed the electron
emission spectrum and found that the difference between the
amplitude of the polaron peak and the other peaks decreased
and that nk flattened out with increasing temperature. In ad-
dition, we observed an additional band appearing at larger ω.
Regarding the phonon spectral function, our work unveils that
with increasing temperature, the spectrum broadens at larger
momentum accompanied by the emergence of a mirrored im-
age at ω < 0.

We propose a number of future applications of the method
introduced in this work. A natural extension would be to
compare the results presented in this work to similar calcu-
lations done with minimally entangled typical thermal state
algorithms [117–119,142–144]. Another direction would be
to combine the local basis optimization with other time-
evolution methods [145–149]. A further possible area of
application is to calculate thermal expectation values com-
bined with quench dynamics [35,37,54,92,93,150–153] to
test the predictions of the eigenstate thermalization hypothe-
sis [56,64–66,68,70,71,154]. The proposed method can also
be generalized to investigate heterojunctions containing vi-
brational degrees of freedom [137,155–160] and to study
the evolution of polaron states in manganites [161–164].
Further challenging continuations could involve the numer-
ical study of time-dependent spectral functions (see, e.g.,
Refs. [81,141]) relevant to time-dependent ARPES experi-
ments [78,79,165,166] or to compute the optical conductivity
at finite temperatures (see, e.g., Refs. [29,167,168]).
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APPENDIX A: BOND AND LBO DIMENSION IN
REAL-TIME EVOLUTION

In Fig. 14, we show the maximum bond dimension
[Fig. 14(a) and Fig. 14(b)] and maximum local optimal ba-
sis dimension [Fig. 14(c)] as a function of time. The bond
dimension is clearly dependent on the temperature and on
the specific Greens’s function. It increases a lot faster for
the G>

T,0(t, m, n) (red) and D>
T,1(t, m, n) (blue). For these

Greens’s functions, the real-time evolution is done with an
electron in the physical system which causes the large increase
in the bond dimension. One also sees that as temperature
is increased, the computations become much more costly.
This is especially true for the phonon Green’s function
D>

T,1(t, m, n). The drop at tω0 = 0 comes from the fact that the
imaginary-time evolution is carried out with ρLBO = ρbond =
10−9, whereas the real-time evolution is done with ρLBO =
ρbond = 10−8. This leads to some states getting truncated away

FIG. 14. (a) Maximum bond dimensions used in the MPS
representations of D>

T,1(m, n, t ) (blue), G>
T,0(m, n, t ) (red), and

G<
T,1(m, n, t ) (green) [see Eqs. (14), (8), (12)] at T/ω0 = 0.1. The

parameters are γ /ω0 = √
2, t0/ω0 = 1, L = 21, M = 20 and fixed

m = n = 11. (b) Same as in (a) but at T/ω0 = 0.4. (c) Maximum lo-
cal optimal basis dimension for T/ω0 = 0.1 (symbols) and T/ω0 =
0.4 (solid lines). We only show every 100th point for the symbols in
(c) for clarity.

right at the beginning. This is not the case for the red curve that
shows G>

T,0(m, n, t ). There, the insertion of the electron into
the system directly leads to a much larger bond dimension.
We also observe that the maximum dimension of the local
optimal basis remains approximately constant during the real-
time evolution for the Green’s functions in the one-electron
sector. The dimension clearly increases for larger temperature
[T/ω0 = 0.1 (symbols) and T/ω0 = 0.4 (solid lines)] but it
is, in both cases, clearly beneficial. This does, of course, not
imply that the modes in the optimal basis remain the same.
When the Green’s function is calculated in the zero-electron
sector, inserting the electron clearly leads to an increase in
max(dLBO).

We want to explore the performance of our method away
from the intermediate coupling regime. The strength and pur-
pose of our DMRG method is to access the crossover regime,
whereas perturbation theory [169] can be used to address the
small hopping limit. This is illustrated in Fig. 15, where we
show the results for different choices of γ and ω0.

Figure 15(a) shows the electron spectral function [see
Eq. (11)] for t0/ω0 = 0.2 and γ /ω0 = √

2. This is close to
the atomic limit and is in good agreement with the single-site
spectral function presented in Fig. 1. In Fig. 15(c), the same
quantity is shown for γ /ω0 = 1 and t0/ω0 = 1.

The limiting factors for the performance are displayed in
Figs. 15(b) and 15(d). Figure 15(b) shows the maximum bond
dimension of the matrix-product state for different parameters
as a function of time. For both a large coupling and small
frequencies, the bond dimension grows more rapidly than
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FIG. 15. (a) Electron spectral function [see Eq. (11)], for
γ /ω0 = √

2, t0/ω0 = 0.2, L = 21, M = 20, η = 0.05, T/ω0 = 0.4,

k = π/(L + 1) and tmaxω0 = 18.0. (c) Same as (a) but with
γ /ω0 = 1, t0/ω0 = 1. (b) Maximum bond dimension of G>

T,0(m, n, t )
for different parameters at T/ω0 = 0.4. (d) Maximum local
dimension of G>

T,0(m, n, t ) for different parameters at T/ω0 = 0.4.
In (b) and (d), we only show every 100th point for clarity.

for the parameters used in the main text. This makes the
real-time evolution significantly more difficult. Furthermore,
Fig. 15(d) shows the maximum LBO dimension. This quantity
also increases more rapidly in both previously mentioned
cases, rendering the use of LBO more costly. A sufficient
number of bare phonons M is clearly not included in those
simulations. To make accurate computations in these param-
eter regimes, the convergence with increased M would have
to be monitored. This can be done adaptively in DMRG-LBO
simulations as was demonstrated by Brockt in Ref. [170].

FIG. 16. Difference between DMRG data at different system
sizes defined in Eq. (B1). The parameters are the same as in Fig. 8.

Intuitively, one would think that LBO works better in the
strong-coupling limit, since in the Lang-Firsov limit, one
should be able to describe the system with only two local
states at T/ω0 = 0. As expected, this is the case for t0/ω0 =
0.2. In Fig. 15(d), we see that we need ∼O(10) states at later
times in this regime. Further, the single-site polaron ground
state has a phonon occupation Nph = γ 2/ω2

0. This would, for
example, give Nph = 16 for the λ = 8 curve in Fig. 15(d), such
that the optimal basis for the distribution is out of reach for the
M = 20 bare-phonon truncation used here.

For the data shown here, we start the time evolution in the
trivially obtained zero-electron state. In the process of gen-
erating the one-electron state with imaginary time evolution,
the particle might jump to the ancilla sites at low temperatures
in extreme parameter regimes. This can be overcome with
standard solutions, see Refs. [120,123]. One possibility is to
generate matrix-product states with particle-number conser-
vation in the physical and ancilla system separately.

APPENDIX B: ERROR OF THE ELECTRON
SPECTRAL FUNCTION

In Fig. 16, we show the difference between the integrated
[see Eq. (42)] DMRG data with L = 21 and L = 101

errDMRG = |I (k, ω)L=21 − I (k, ω)L=101|
max {I (k, ω)L=21} . (B1)

The data is obtained with different Fourier transformations,
see Sec. V B for details.

FIG. 17. Temperature dependent moments. The symbols are cal-
culated by numerically integrating the moments as in Eq. (C1) and
the solid lines correspond to the thermal expectation values thereof.
For all data, we use a Gaussian regularization and η = 0.05/(6π ).
(a) Second moment of the electron spectral function for the same
parameters as in Fig. 9. (b) First moment of the electron emission
spectrum for the same parameters as in Fig. 11. (c) Second moment
of the phonon spectral function for the same parameters as in Fig. 13.
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APPENDIX C: MOMENTS

To validate that the method captures the correct finite-
temperature behavior we compute the first temperature-
dependent moment for each spectral function. The moments
are defined for the corresponding spectral function [here only
shown for A(k, ω)] as

Mm,A(k) =
∫ ∞

−∞
ωmA(k, ω)dω . (C1)

For A(k, ω), the first two moments (see Refs. [72,139,171])
become

M1,A(k) = ε(k), (C2)

M2,A = ε2(k) + γ 2(2nph + 1), (C3)

where nph = 1/(exp(ω0/T ) − 1), ε(k) = −2t0 cos(k) with
the quasimomenta for open-boundary conditions used in this
paper. For A+(k, ω), the first moment is already temperature
dependent

M1,A+ (k) = 2

L + 1

∑
i, j

sin(ki) sin(k j)

× 〈ĉ†
j ĉi(ε(k) + γ X̂i )〉T , (C4)

and for B(k, ω) we obtain

M1,B(k) = ω0, (C5)

M2,B(k) = ω0
2

L + 1

∑
i, j

sin(ik) sin( jk)

× 〈ω0(X̂iX̂ j ) + 2γ n̂iX̂ j〉T . (C6)

The results for the temperature-dependent moments are shown
in Fig. 17. We see that they can be calculated quite accurately
with our method. The mean differences for both temperatures
are of the order O(10−5) for all the first moments and O(10−2)
for the second moments. In contrast to the rest of the paper,
we here use a Gaussian regularization for the spectral func-
tion. The moments show a dependence on the regularization
parameter η. One must find a compromise between allowing
for unphysical oscillations in the spectral function and the
accuracy of the moments. We choose η = 0.05/(6π ). For the
second moments, we further limit the integration to ωmin ≈
−10ω0 < ω < ωmax ≈ 10ω0. We found that the results for the
Gaussian regularization are much more robust against changes
in ωmin and ωmax than the Lorentzian regularization.
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[132] J. Bonča and P. Prelovšek, Thermodynamics of the planar
Hubbard model, Phys. Rev. B 67, 085103 (2003).

[133] S. Ciuchi, F. de Pasquale, S. Fratini, and D. Feinberg, Dynam-
ical mean-field theory of the small polaron, Phys. Rev. B 56,
4494 (1997).

[134] R. T. Scalettar, N. E. Bickers, and D. J. Scalapino, Competition
of pairing and Peierls–charge-density-wave correlations in a
two-dimensional electron-phonon model, Phys. Rev. B 40, 197
(1989).

[135] G. Levine and W. P. Su, Finite-cluster study of superconduc-
tivity in the two-dimensional molecular-crystal model, Phys.
Rev. B 43, 10413 (1991).

[136] M. Weber and M. Hohenadler, Two-dimensional Holstein-
Hubbard model: Critical temperature, Ising universality, and
bipolaron liquid, Phys. Rev. B 98, 085405 (2018).

165155-16



FINITE-TEMPERATURE DENSITY-MATRIX … PHYSICAL REVIEW B 102, 165155 (2020)

[137] Y. Wang, M. Claassen, C. D. Pemmaraju, C. Jia, B. Moritz, and
T. P. Devereaux, Theoretical understanding of photon spectro-
scopies in correlated materials in and out of equilibrium, Nat.
Rev. Mater. 3, 312 (2018).

[138] B. Lau, M. Berciu, and G. A. Sawatzky, Single-polaron prop-
erties of the one-dimensional breathing-mode Hamiltonian,
Phys. Rev. B 76, 174305 (2007).

[139] G. L. Goodvin, M. Berciu, and G. A. Sawatzky, Green’s
function of the Holstein polaron, Phys. Rev. B 74, 245104
(2006).

[140] M. Berciu and G. L. Goodvin, Systematic improvement of the
momentum average approximation for the Green’s function of
a Holstein polaron, Phys. Rev. B 76, 165109 (2007).

[141] S. Paeckel, B. Fauseweh, A. Osterkorn, T. Köhler, D. Manske,
and S. R. Manmana, Detecting superconductivity out of equi-
librium, Phys. Rev. B 101, 180507 (2020).

[142] M. Binder and T. Barthel, Minimally entangled typical thermal
states versus matrix product purifications for the simulation of
equilibrium states and time evolution, Phys. Rev. B 92, 125119
(2015).

[143] S. Goto and I. Danshita, Quasiexact Kondo Dynamics of
Fermionic Alkaline-Earth-Like Atoms at Finite Temperatures,
Phys. Rev. Lett. 123, 143002 (2019).

[144] S. Agasti, Simulation of matrix product states for dissipation
and thermalization dynamics of open quantum systems, J.
Phys. Commun. 4, 015002 (2020).

[145] J. Haegeman, J. I. Cirac, T. J. Osborne, I. Pižorn, H.
Verschelde, and F. Verstraete, Time-Dependent Variational
Principle for Quantum Lattices, Phys. Rev. Lett. 107, 070601
(2011).

[146] J. Haegeman, C. Lubich, I. Oseledets, B. Vandereycken, and
F. Verstraete, Unifying time evolution and optimization with
matrix product states, Phys. Rev. B 94, 165116 (2016).

[147] M. Yang and S. R. White, Time-dependent variational princi-
ple with ancillary Krylov subspace, Phys. Rev. B 102, 094315
(2020).

[148] B. Kloss, D. R. Reichman, and R. Tempelaar, Multiset Ma-
trix Product State Calculations Reveal Mobile Franck-Condon
Excitations under Strong Holstein-type Coupling, Phys. Rev.
Lett. 123, 126601 (2019).

[149] P. Secular, N. Gourianov, M. Lubasch, S. Dolgov, S. R. Clark,
and D. Jaksch, Parallel time-dependent variational principle
algorithm for matrix product states, Phys. Rev. B 101, 235123
(2020).

[150] Y. Murakami, P. Werner, N. Tsuji, and H. Aoki, Interaction
quench in the Holstein model: Thermalization crossover from
electron- to phonon-dominated relaxation, Phys. Rev. B 91,
045128 (2015).

[151] N. Das and N. Singh, Hot-electron relaxation in metals within
the Götze-Wölfle memory function formalism, Int. J. Mod.
Phys. B 30, 1650071 (2016).

[152] S. Ono, Thermalization in simple metals: Role of electron-
phonon and phonon-phonon scattering, Phys. Rev. B 97,
054310 (2018).

[153] J. R. Mannouch, W. Barford, and S. Al-Assam, Ultra-fast re-
laxation, decoherence, and localization of photoexcited states
in π -conjugated polymers, J. Chem. Phys. 148, 034901
(2018).

[154] J. Kogoj, L. Vidmar, M. Mierzejewski, S. A. Trugman, and
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Chapter 5

Optical conductivity and energy
transport coefficients

In the last chapter, I presented results that demonstrate how local basis optimization (LBO)
together with time-dependent density-matrix renormalization group (tDMRG) methods
can be used to calculate thermodynamics and spectral functions for the Holstein polaron
model. In this chapter, I will show that by combining LBO and purification with time-
dependent variational principle (TDVP) algorithms, the range of applications can be ex-
tended to more complicated systems and observables.

Here, I will study time-dependent charge and energy current-current correlation func-
tions. These quantities contain an additional layer of numerical complexity compared to
the Green’s functions studied in Ch. 4, since the charge current couples neighboring sites,
and the energy current couples next-nearest neighboring sites and phononic to electronic
degrees of freedom.

Section 5.1 contains a publication where we extract the real part of the optical con-
ductivity at finite temperatures from charge current-current correlation functions for the
Holstein polaron and bipolaron when the phonons have a finite bandwidth. Furthermore,
we analyze the spectrum in the strong-coupling electron-phonon interaction regime using
the Born-Oppenheimer surfaces introduced in Ch. 2. In Sec. 5.3, I will demonstrate that
this formalism can also be used to interpret the spectrum of bound bipolarons when ac-
counting for electron-electron interaction (Holstein-Hubbard model). Finally, in Sec. 5.4,
I will present results for the optical conductivity and energy transport coefficients at finite
frequencies for the Holstein model at filling n = 1/3 and n ≈ 1/2.

5.1 Finite-temperature optical conductivity
So far, the discussion has been on the spectral functions, but alternatively, one can also
study the optical absorption spectra of materials. This can also provide a lot of informa-
tion about their underlying microscopic structure. In the context of polarons, it allows
distinguishing between small and large polarons and identifying the reduced mass of the
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quasi-particle [6,103,104]. It has also contributed significantly to our understanding of the
role small polarons have in manganites and how they are effected by changes in tempera-
ture, see, e.g., Refs. [24,25,28,31,255]. One example is given in Ref. [31]. There, Mildner et
al. could detect an absorption spectra characteristic to small polarons in the near infrared
region. By using quasi-classical small polaron theory to analyze their results, the authors
were able to demonstrate both the power and the limitations of the approach.

There has also been much theoretical work on the optical conductivity of po-
larons [10,49,51,56,58,67,72,256–258]. These studies have utilized a variety of numerical
methods [50, 51, 56, 58, 72, 256, 257] and analytical tools [10, 49, 58]. Nonetheless, research
into the temperature dependence of the spectrum for Holstein polarons has been restricted
to analytical calculations in certain limits, exact diagonalization, or dynamic mean field
theory [10,49,56,58].

In the results presented here, we extend the previous studies on optical conductivity in
the following way: We utilize the matrix-product state purification scheme introduced in
Ch. 3 to calculate the optical conductivity of the Holstein polaron and bipolaron at different
temperatures in different parameter regimes. Inspired by recent work which has pointed
out the interesting effects a finite phonon bandwidth can have on the properties of the
Holstein model [67,91,92,235], we also include a phonon hopping term in the Hamiltonian,
see Ch. 2.

To achieve this, we combine TDVP [135, 136] with LBO [151] for the imaginary time-
evolution and use a parallel TDVP-LBO algorithm for the real-time evolution. The parallel
implementation is based on Refs. [165, 166]. We also derive a formula for the optical
conductivity in the strong coupling regime based on the Born-Oppenheimer Hamiltonian
in Ch. 2 (the full derivation is given in Appendix C.2). This formula works for both
polarons and bipolarons and takes the effects of the finite phonon bandwidth into account.

For the polaron, we find that a finite phonon bandwidth either makes the different
phonon emission peaks in the optical conductivity merge or become more easily distin-
guishable. The effect, already reported in Ref. [67], depends on whether the phonons have
an upwards (cosine with a maximum at large quasi-momenta) or a downwards (cosine with
a maximum at small quasi-momenta) dispersion relation. When temperature is increased,
the spectral width of the one-phonon emission peak gets enhanced and shifted to smaller
frequencies. This effect can be seen for all phonon-emission peaks for intermediate electron-
phonon coupling. For intermediate electron-phonon coupling for the bipolaron, we observe
that the optical conductivity changes significantly compared to the polaron spectrum and
report a thermally activated resonance at a frequency below the phonon frequency ω0. In
the strong coupling regime, we find that a finite phonon bandwidth shifts the center of
the spectrum to higher or lower frequencies, depending on the sign of the phonon hopping
amplitude. This holds for both the polaron and bipolaron.

In Sec. 5.3, we extend the analysis based on the Born-Oppenheimer surfaces to include
electron-electron interation, and in Sec. 5.4, we study both optical conductivity and the
energy transport coefficient at finite filling. Other interesting continuations of our work
could focus on the experimental distinction between Holstein type and Peierls type bipo-
larons. The latter was recently addressed as a possible mechanism for high-temperature
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super conductivity [38]. Further applications of the methods presented here could be to
compute out-of equilibrium quantities [259–262].
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A comprehensive picture of polaron and bipolaron physics is essential to understand the optical absorption
spectrum in many materials with electron-phonon interactions. In particular, the finite-temperature properties
are of interest since they play an important role in many experiments. Here, we combine the parallel two-site
time-dependent variational principle algorithm (p2TDVP) with local basis optimization (LBO) and purification
to calculate time-dependent current-current correlation functions. From this information, we extract the optical
conductivity for the Holstein polaron and bipolaron with dispersive phonons at finite temperatures. For the
polaron in the weak and intermediate electron-phonon coupling regimes, we analyze the influence of phonon
dispersion relations on the spectra. For strong electron-phonon coupling, the known result of an asymmetric
Gaussian is reproduced for a flat phonon band. For a finite phonon bandwidth, the center of the Gaussian is either
shifted to larger or smaller frequencies, depending on the sign of the phonon hopping. We illustrate that this can
be well understood by considering the Born-Oppenheimer surfaces. Similar behavior is seen for the bipolaron
for strong coupling. For the bipolaron with weak and intermediate coupling strengths and a flat phonon band, we
obtain two very different spectra. The latter also has a temperature-dependent resonance at a frequency below
the phonon frequency.

DOI: 10.1103/PhysRevB.106.155129

I. INTRODUCTION

The interaction of an electron with lattice vibrations leads
to the formation of a quasiparticle called a polaron, see, e.g.,
Ref. [1] for a review. Such a quasiparticle formation is of
both theoretical and experimental interest since it is respon-
sible for many material properties, e.g., in manganites [2–5],
lead halide, and hybrid perovskites [6–9]. Since one way to
experimentally study polaron physics is optical absorption
spectroscopy, key insights into such materials can result from
a better understanding of the optical excitation spectrum of
these quasiparticles. These optical excitations allow for, e.g.,
the detection of small polarons, see, e.g., Refs. [10–12]. In
several cases, theory and experiments were successfully com-
bined to extract information about polarons in manganites,
see, e.g., Refs. [10,12–14].

Experiments are inevitably conducted at finite temper-
atures. This calls for a comprehensive understanding of
the temperature dependence of the polaron optical conduc-
tivity. For example, in Ref. [15], absorption spectra were
used to investigate films of doped manganites by decreasing
temperature, with a transition from a paramagnetic into a fer-
romagnetic phase. This led to the detection of a transition from
small to large polarons. Furthermore, recent theoretical work
has pointed out the importance of bipolaron formation for
high-temperature superconductivity [16] and the experiments
conducted in Ref. [17] emphasize the role of bipolarons in the
pseudogap formation in the quasi-one-dimensional material
(TaSe4)2I.

An prototype microscopic model, capturing the interaction
between electrons and optical phonons, is the Holstein model
[18]. This model consists of electrons which can move around
and interact with local harmonic oscillators. Despite its appar-
ent simplicity, the Holstein model captures essential elements
of both single polaron and bipolaron physics. Further, it also
exhibits a transition from a charge-density wave (CDW) to a
Tomanga-Luttinger liquid (TLL) at half filling in one dimen-
sion (see, e.g., Refs. [19,20] for phase diagrams). Due to their
importance, the Holstein-polaron model [21–36], the Holstein
model at finite filling [19,20,37–43], the Holstein-Hubbard
model [44–54], and other similar systems [55–58] have been
subject to intense and ongoing theoretical research.

Recent work has pointed out the effects of phonon hop-
ping on CDW formation [59], thermalization properties of
a polaron interacting with hard-core bosons [60], the po-
laron effective mass, the ground-state optical conductivity,
and spectral functions [36,61,62]. In this work, we compute
the real part of the optical conductivity for the Holstein
polaron and bipolaron with dispersive optical phonons at
different temperatures. We study weak, intermediate, and
strong electron-phonon coupling strengths and work in the
intermediate phonon frequency and electron-hopping regime.
The combination of different interaction strengths together
with a phonon dispersion for the polaron and bipolaron at
finite temperatures extends and complements previous studies
of the optical conductivity in the Holstein model, e.g., in
Refs. [36,38,63–68].

2469-9950/2022/106(15)/155129(21) 155129-1 ©2022 American Physical Society
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The goal of this work is to characterize how the main
features of small and large polarons in a Holstein-type system
appear in the optical conductivity. By varying temperature
and the phonon bandwidth, we extend the understanding of
the basic mechanisms in such theoretical Hamiltonians, which
incorporate essential physics induced by electron-phonon in-
teraction. This constitutes an essential step in detecting such
features, or lack thereof, in experimental data. Some of our
key findings are that a finite phonon bandwidth shifts the cen-
ter of the optical conductivity to higher or lower frequencies,
depending on its shape. This holds for both the polaron and
the bound bipolaron. Furthermore, the effect remains even
when the temperature is increased enough to significantly
alter the spectrum. For small electron-phonon coupling, the
polaron-bipolaron spectrum remains similar up to a scaling
factor. As the electron-phonon coupling is increased, key dis-
tinctions appear, such as a two-phonon emission maximum
and a temperature-dependent resonance for the bipolaron, and
a stable maximum at the one phonon emission peak for the
polaron and only a weak temperature dependence on the spec-
trum (for the temperatures looked at here).

Computing finite-temperature transport properties of quan-
tum systems can be a challenging task, see Ref. [69] for
a review of one-dimensional systems. To compute the op-
tical conductivity, we use a density-matrix renormalization
group (DMRG) based method. DMRG [70–72] with matrix-
product states (MPS) has already been extensively used to
study one-dimensional systems, see, e.g., Refs. [73–81]. One
drawback of DMRG is the unfavorable scaling for systems
with a large local Hilbert space, as is the case for the Holstein
model. For this reason, several schemes to treat these systems
more efficiently have been suggested [82–85]. In Ref. [35],
we successfully combined the finite-temperature method of
purification [73] with tDMRG [74] and local basis optimiza-
tion (LBO) [82] to compute several spectral functions of the
Holstein-polaron model.

Here, we propose a scheme to combine LBO with the two-
site time-dependent variational principle algorithm (TDVP)
[86–88]. This method is used to conduct the imaginary-time
evolution needed to obtain thermal states for weak, intermedi-
ate, and strong electron-phonon coupling in the nonadiabatic
regime of the Holstein model (the phonon frequency ω0 is
close to the electron tunneling amplitude t0, t0 ≈ ω0). We then
use parallel two-site TDVP [88] with LBO (p2TDVP-LBO) to
compute the real-time evolution of the current-current correla-
tion function in the ground state for all parameters and at low
temperatures in the weak and intermediate coupling regimes.
For the temperature T/ω0 = 1 and a strong electron-phonon
coupling, p2TDVP becomes computationally too demand-
ing and therefore we use the single-site TDVP algorithm
(without LBO) instead. We demonstrate that this combination
of methods provides access to the real part of the optical
conductivity σ ′(ω). We further add phonon hopping with a
hopping amplitude tph. This gives rise to the finite phonon
bandwidth shown in Fig. 1. We impose 0 � |tph|/ω0 � 1 to
model optical phonons. We also compute the real part of the
optical conductivity for the bipolaron for weak and interme-
diate coupling strengths and tph = 0. Lastly, we analyze the
effect of different phonon dispersion relation and a strong
electron-phonon coupling on σ ′(ω) for the bipolaron.

FIG. 1. Phonon dispersion relation ω(k) for optical phonons with
phonon hopping, see Eq. (3). The hopping parameter is tph and the
phonons have a finite bandwidth for tph �= 0.

We first test our algorithm by comparing the real part of the
optical conductivity with that obtained for the ground state
with the Lanczos method [89,90] in the weak and interme-
diate electron-phonon coupling regime. We find a very good
agreement. Further, we derive a formula for the real part of
the optical conductivity for the Holstein model with a finite
phonon bandwidth based on the Born-Oppenheimer Hamil-
tonian and the Born-Huang ansatz [91,92]. This formula is
consistent with our numerical data for a strong electron-
phonon coupling for both the polaron and the bipolaron. In
particular, we observe that in this regime, the optical spectrum
is similar to that of an asymmetric Gaussian and a downwards
phonon dispersion relation (a cosine with a maximum at small
momenta, see Fig. 1) shifts the Gaussian to higher frequencies
and an upwards phonon dispersion relation (a cosine with
a maximum at large momenta, see Fig. 1) shifts it to lower
frequencies. Additionally, the upwards phonon dispersion re-
lation leads to less spectral weight at low frequencies for the
temperatures studied in this work. These properties hold true
for both the polaron and bipolaron.

In the weak and intermediate coupling regime and for the
polaron, we see, as previously reported in Ref. [36], that an
upwards dispersion relation leads to a continuous spectrum,
and a downwards dispersion relation leads to a sequence of
distinct peaks for the ground-state optical conductivity. For
a weak electron-phonon coupling strength, the maximum of
the spectrum shifts to lower frequencies as the temperature is
increased and the different peaks merge. In the intermediate
coupling regime, we also observe a significant increase of
spectral weight for low frequencies, but the peaks remain well
separated for the temperatures investigated here. For the bipo-
laron, we compare the weak and intermediate coupling for
dispersionless phonons. We only detect very small changes in
the spectrum for a weak electron-phonon coupling compared
to twice the single-polaron curve. At intermediate coupling
strengths, however, the spectrum differs significantly and an
additional large resonance peak is resolved below ω0.

This work is structured as follows. In Sec. II, we introduce
the Holstein model with dispersive phonons and the optical
conductivity, and in Sec. III, we derive a formula for the
optical conductivity based on the Born-Oppenheimer Hamil-
tonian. Section IV introduces the p2TDVP-LBO algorithm. In
Sec. V, we compare our Holstein-polaron ground-state results
to those obtained with the Lanczos method and analytical
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calculations. Section VI treats the polaron optical conduc-
tivity, and Sec. VII covers the bipolaron, both at finite
temperature. Lastly, we conclude in Sec. VIII.

II. MODEL

A. The Holstein polaron and bipolaron

We consider the Holstein model [18] with one (polaron)
and two (bipolaron) electrons. The Hamiltonian is defined as

Ĥ = Ĥkin + Ĥph + Ĥe-ph. (1)

The model has L sites and we use open boundary conditions.
We set h̄ = 1 throughout this paper. The first term, the kinetic
energy of the electrons, is

Ĥkin = −t0

L−1∑
j=1,s=↑,↓

(ĉ†
j,sĉ j+1,s + ĉ†

j+1,sĉ j,s), (2)

with ĉ†
j,s (ĉ j,s) being the electron creation (annihilation) oper-

ator on site j with spin s and the hopping amplitude t0. The
second term is the phonon energy, consisting of the harmonic
oscillator energy and phonon kinetic energy:

Ĥph = ω0

L∑
j=1

b̂†
j b̂ j + tph

L−1∑
j=1

(b̂†
j b̂ j+1 + b̂†

j+1b̂ j ), (3)

where b̂†
j (b̂ j ) creates (annihilates) an optical phonon on site

j with frequency ω0. The phonons have a hopping amplitude
tph. In this work, we always use t0/ω0 = 1. The Hamiltonian
in Eq. (3) can be diagonalized by going into quasimomentum
basis by using the Fourier transformation for open boundary
conditions

b̂k =
√

2

L + 1

L∑
j=1

sin(k j)b̂ j, (4)

where k = πmk/(L + 1) and with 1 � mk � L. Then,

Ĥph =
πL/(L+1)∑

k=π/(L+1)

ω(k)b̂†
kb̂k, (5)

with ω(k) = ω0 + 2tph cos(k). ω(k) is the dispersion relation
for the optical phonons with a finite bandwidth for tph �= 0. In
this work, we aim to model optical phonons with zero or small
bandwidth and choose |tph| � ω0. For tph < 0(> 0), we refer
to the phonons as having an upward (downward) dispersion
relation. In Fig. 1, we illustrate the phonon dispersion relation
for the values of tph/ω0 used here.

The final term of the Hamiltonian in Eq. (1) is the electron-
phonon coupling

Ĥe-ph = γ

L∑
j=1

n̂ j
(
b̂†

j + b̂ j

)
, (6)

with n̂ j = ĉ†
j,↑ĉ j,↑ + ĉ†

j,↓ĉ j,↓, and the coupling parameter γ .
Note that since we do not include electron-electron repul-
sion in this work, we always deal with a bound bipolaron.
Furthermore, we truncate the local phonon-Hilbert space to
a finite maximum phonon number M. To characterize the

transition between a small and a large polaron, we introduce
the dimensionless parameter

λ = N
γ 2

2t0ω0
, (7)

where N = 1 for the polaron and N = 2 for the bipolaron.
In order to obtain the real part of the optical conductivity,

we first define the current-current correlation function as

CT (t ) = 〈Ĵ (t )Ĵ (0)〉T , (8)

where 〈. . .〉T is the expectation value calculated in the canon-
ical ensemble at temperature T . The current operator Ĵ is
defined as

Ĵ = it0

L−1∑
i=1,s=↑,↓

(ĉ†
j,sĉ j+1,s − ĉ†

j+1,sĉ j,s). (9)

For calculations in the ground state |GS〉, we write
limT →0 CT (t ) = limT →0〈Ĵ (t )Ĵ (0)〉T = 〈GS|Ĵ (t )Ĵ (0)|GS〉 =
CGS (t ). We further define its Fourier transformation as

CT (ω) =
∫ ∞

−∞
eiωt f (t )CT (t )dt, (10)

where f (t ) is a damping function ensuring a decay which
we either choose to be e−η|t | or e−ηt2

, leading to a Lorenzian
or Gaussian broadening in frequency space, respectively. In
general, we obtain a higher accuracy of the moments of the
correlation functions, see Appendix B, when using Gaus-
sian broadening. Still, we will show data using Lorenzian
broadening in Sec. V since this is used by the benchmark
data. Furthermore, presenting results with different broaden-
ing functions demonstrates the small differences.

Our goal is to calculate the optical conductivity which can
be split into real and imaginary part

σ (ω) = σ ′(ω) + iσ ′′(ω). (11)

The imaginary part is related to the real part through the
Kramers-Kronig relation [93]. The real part of σ (ω) can be
extracted from the current-current correlation function via

σ ′(ω) = 1 − e−ω/T

2ω
CT (ω). (12)

For the ground state, we have

σ ′
T →0(ω) = 1

2ω
CGS (ω). (13)

III. OPTICAL CONDUCTIVITY BASED ON THE
BORN-OPPENHEIMER HAMILTONIAN

An analytical formula for the optical conductivity for the
Holstein polaron has been obtained in several different con-
texts and for different limiting cases, see, e.g., Refs. [66,94–
96]. The theoretical results have been shown to fit both nu-
merical, see, e.g., in Refs. [65,66], and experimental data,
see, e.g., Refs. [10,12–14]. In this section, we obtain an ex-
pression for the real part of the optical conductivity based
on the Born-Oppenheimer (BO) Hamiltonian and the Born-
Huang formalism [91,92], which captures the influence of
the finite phonon bandwidth for both the polaron and bipo-
laron. For more details, see Appendix C and Refs. [96–98].
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FIG. 2. Born-Oppenheimer surfaces for the polaron and bipo-
laron in the Holstein dimer. (a) The two polaron Born-Oppenheimer
surfaces with different phonon dispersion tph/ω0. We use γ /ω0 =
3 and t0/ω0 = 1. (b) The four Born-Oppenheimer surfaces for
the Holstein-dimer bipolaron with γ /ω0 = 2, tph/ω0 = 0, and
t0/ω0 = 1.

We first rewrite Eq. (1) in terms of the phonon position and
momentum operators, using that b̂i = √mω0

2 (x̂i + i
mω0

p̂i ) and

b̂†
i = √mω0

2 (x̂i − i
mω0

p̂i ). The total Hamiltonian has the form

Ĥ = Ĥkin +
L∑

i=1

(
γ

√
mω0

2
n̂i(2x̂i )

+ mω2
0

2

(
x̂2

i + 1

m2ω2
0

p̂2
i − 1

mω0

))

+ tphmω0

L−1∑
i=1

(
x̂ix̂i+1 + 1

m2ω2
0

p̂i p̂i+1

)
. (14)

We will now consider the Holstein dimer, i.e., L = 2,
and go to the relative and center-of-mass coordinates with
q̂ = 1√

2
(x̂1 − x̂2) and Q̂ = 1√

2
(x̂1 + x̂2). Using the fact that the

center-of-mass coordinates Q̂ are independent of the rest of
the system for constant electron density, going in the adiabatic
limit of slow phonons (sending all momenta to zero) and send-
ing q̂ → q, we can write the Born-Oppenheimer Hamiltonian
as

ĤBO = Ĥkin + γ [q̄(n1 − n2)] + 1
2 q̄2(ω0 − tph). (15)

Here, we have defined q̄ = q
√

1
mω0

. ĤBO is now a 2 × 2 and

a 4 × 4 matrix for the polaron and bipolaron, respectively,
see, e.g., Refs. [99,100]. These Hamiltonians can be diagonal-
ized and one obtains two or four Born-Oppenheimer surfaces,
where two are degenerate in the latter case. We label the
surfaces EBO

1 and EBO
2 for the polaron and EBO

1 , EBO
2,1 = EBO

2,2 ,
and EBO

3 for the bipolaron. The polaron and bipolaron surfaces
are shown in Figs. 2(a) and 2(b) for some of the parameters
used later in this work. The lowest surface has two minima
which differ by a sign. We refer to these as q̄min,±. The current
operator from Eq. (9) can connect the states in the lowest and
first excited surface while leaving the phonon configuration

FIG. 3. Illustration of the Franck-Condon excitation, which is the
process leading to Eq. (16). The electron is localized on one site in a
potential due to the coupling to the phonons (illustrated by the shaded
Gauss shape in the harmonic oscillator). Shining light with frequency
ω = 2Ep will lead to the electron escaping the potential generated
by the phonons and moving to the next site. During this process,
the phonon configuration remains unchanged. This corresponds to a
diagonal transition from the lower to the upper Born-Oppenheimer
surface in Fig. 2(a).

invariant. This process, also known as a Franck-Condon ex-
citation, is illustrated in Fig. 3 and corresponds to a vertical
transition into the next surface at a fixed q̄. When |q̄min,±| is
large, this can be approximated as a transition between two
harmonic oscillator potentials separated by a distance d and
with an energy shift �E . This leads to

σSC (ω) = N
1 − e−ω/T

ω
t2
0

√
4π

d2 coth
(

ω̃0
2T

)
ω̃2

0

× e−
(
�E + d2 ω̃0

2 −ω

)2/(
d2ω̃2

0 coth
(

ω̃0
2T

))
. (16)

Here, we set ω̃0 = ω0 − tph. For the Holstein polaron, d =
2q̄min and �E = 0. For the Holstein bipolaron, we have d =
q̄min and �E = EBO

1 (q̄min), as illustrated in Fig. 2. Note that
Eq. (16) is an asymmetric Gaussian around �E + d2ω̃0 which
is the energy difference between the lowest and the first ex-
cited Born-Oppenheimer surface. For the polaron, everything

can be solved analytically and one gets q̄min,± = ±
√

γ 4−ω̃2
0t2

0

ω̃0γ
.

For the bipolaron, we obtain the Born-Oppenheimer surfaces
numerically. In the case of the polaron, with T → 0, γ  t0
and tph = 0, we have q̄min,± = ± γ

ω0
and

σSC (ω) = t2
0

ω

√
π

γ 2

ω0
ω0

e−
(

2 γ 2

ω0
−ω

)2/(
4 γ 2

ω0
ω0

)

= t2
0

ω

√
π

EPω0
e−(2EP−ω)2/(4EPω0 ), (17)

which is the well-known result of an asymmetric Gaussian
around twice the polaron binding energy EP = γ 2/ω0.

IV. METHODS

There have already been many applications utilizing the
matrix-product state formalism for finite temperature calcu-
lations, see, e.g., Refs. [73,77–80,101,102]. In this work, we
use purification [73,77,78,80,103]. In this scheme, one simu-
lates the thermal density matrix of the system by introducing
ancillary sites, thus doubling it. The density matrix at the
desired temperature T can then be obtained by starting with
the infinite-temperature state, imaginary time evolving it to
the inverse temperature 1/(2T ) and then tracing out the an-
cillary sites. In other words, one obtains the thermal state
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FIG. 4. Matrix-product state in the inverse canonical form.

living in the physical and ancillary Hilbert spaces, HP and HA,
respectively, i.e., | ψT 〉 ∈ HP ⊗ HA. The thermal expectation
value of an observable Ô acting on a state in HP is given
by 〈Ô〉T = 〈ψT |Ô|ψT 〉. The state |ψ∞〉 can often be obtained
either analytically or by finding the ground state of a suitable
Hamiltonian [104], and | ψT 〉 can be calculated by conducting
imaginary time evolution on |ψ∞〉. Note that even though the
infinite-temperature state is artificial for our implementation
of the Holstein model due to the finite phonon truncation M,
this method still captures the correct low-temperature physics,
see Ref. [35]. There, a detailed description of how to obtain
| ψ∞〉 for the Holstein polaron model is also given.

To obtain the time-dependent correlation functions from
Eq. (8), one needs to carry out a real-time evolution after the
imaginary-time evolution. The real-time evolution is, how-
ever, not carried out on | ψT 〉, but rather on the state | φT 〉,
which is obtained by acting on the thermal states | ψT 〉 with
the current operator Ĵ , | φT 〉 = Ĵ | ψT 〉. The real-time evolu-
tion of | φT 〉 is the computationally most costly part of our
procedure.

There are several ways to time evolve matrix-product
states, see Ref. [81] for a review, including the time-evolution
block decimation (TEBD) algorithm, see Ref. [76], which
also has a parallel implementation [105], and the time-
dependent variational principle (TDVP) algorithm, see, e.g.,
Refs. [86,87,106–109]. In this work, we use the single-site
TDVP, the two-site TDVP, and the parallel two-site TDVP
(p2TDVP) algorithms introduced in Ref. [88]. We tailor the
latter two specifically for electron-phonon systems with local
basis optimization (LBO) [82]. Since the single-site and two-
site TDVP are standard in the literature [81,86,87], we will,
in Sec. IV A, only review the key ideas of parallelization of
the two-site TDVP, and focus on how we incorporate LBO
into the algorithm. We emphasize that the main idea of the
parallelization of TDVP is based on the parallel ground-state
DMRG (pDMRG) method introduced by Stoudenmire and
White in Ref. [110] and that both the pDMRG and the pTDVP
algorithms are described comprehensively in Refs. [110] and
[88], respectively.

A. Parallel two-site time-dependent variational principle

For both pDMRG and p2TDVP, the first step is to bring the
matrix-product state into the inverse canonical-gauge form

|ψ〉 =
∑

�σ
ψσ1V1ψσ2V2 . . .VL−1ψσL |�σ 〉 . (18)

Here, for a clearer notation, we will not write the bond
indices unless they are specifically needed, and |�σ 〉 =
|σ1, σ2, . . . , σL〉, with σl being the physical state on site
l . The state is depicted in Fig. 4. For the Holstein po-
laron model, | σl〉 consists of the local electron and phonon
state | σl〉 = | ne, nph〉, with ne = {0, 1} and nph = {0, . . . , M}.

FIG. 5. Sweeping scheme of the pTDVP and pDMRG algo-
rithms. One process starts sweeping either to the left or to the right as
indicated by the arrows. At each contact point, the local tensors are
shared and one process performs the sweeping step at the boundary.
The resulting local tensor is then transported to its corresponding
process and the sweeping is then continued in the opposite direction.
In this example, the program would run on 4 processes.

Equation (18) can easily be obtained from the state in the
canonical gauge [76,111]

|ψ〉 =
∑

�σ
�σ1�1�σ2�2 . . . �L−1�σL |�σ 〉 , (19)

by inserting Vj� j = 1 and defining ψσ j = � j−1�σ j � j . The
key ingredient of pDMRG is to partition the wave function
from Eq. (18) onto several processes which each do their
DMRG sweep and only communicate when the respective
processes reach their corresponding boundaries. To make this
as efficient as possible, one lets two processes start sweeping
in different directions and communicate upon return. The
scheme is sketched in Fig. 5.

The serial TDVP algorithm can be formulated similarly
as DMRG, but by solving local time-dependent equations.
For each update, here illustrated for the left-to-right sweep,
one proceeds by first computing θαβ = ψσiViψσi+1 , where the
index α (β ) contains the local degree of freedom σi (σi+1)
and the left (right) bond ml (mr ), i.e., α = (σi, ml ) and β =
(σi+1, mr ). The tensor θαβ is updated by solving the equation

θ̇αβ (t ) =
∑
α′,β ′

−i
dt

2
H eff

αβα′β ′θα′β ′ (t ), (20)

where H eff
αβα′β ′ is the effective two-site Hamiltonian, cal-

culated by contracting the rest of the matrix-product state
with the matrix-product operator Hamiltonian, see e.g.,
Refs. [72,81,88] for details. Equation (20) has the solution

θαβ

(
t + dt

2

)
=

∑
α′,β ′

e−i dt
2 H eff

αβα′β′ θα′β ′ (t ). (21)

Consecutively, a singular value decomposition (SVD) is
performed on the updated θαβ = Aml σi�iBσi+1mr and Vi�i is
inserted. We then write ψσi = Aml σi�i and ψσi+1 = �iBσi+1mr .
For the discussion of the local basis optimization in the al-
gorithm, we refer to solving Eq. (20) as step one and the
following SVD as step two. Lastly, the effective one-site
Hamiltonian H eff

γ γ ′ for site j + 1 is computed and ψγ is evolved
backwards in time by solving

ψγ (t ) =
∑
γ ′

e+i dt
2 H eff

γ γ ′ ψγ ′

(
t + dt

2

)
, (22)

where we wrote all indices of ψσi+1 as γ for brevity. The
same process is then repeated for sites i + 1 and i + 2. Similar
to pDMRG, one can partition the system for p2TDVP. We
illustrate this in Fig. 5. This is done under the assumption
that the inverse canonical form is approximately preserved
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for small dt . Thereafter, one assigns each partition to an
individual process together with the corresponding effective
Hamiltonian. For the truncation in the SVDs, we discard all
singular values such that

∑
discarded η

s2
η/

(∑
all η

s2
η

)
< εbond. (23)

B. Local basis optimization

We now discuss how we incorporate the local basis
optimization in the 2TDVP algorithm. This procedure is in-
dependent of whether the 2TDVP is run serially or in parallel.
The idea of LBO [82] is to find a so-called optimal basis in
which the state can be represented efficiently and truncated
with a negligible error. LBO has already been used in many
applications, see, e.g., Refs. [31,35,38,41,43,112,113]. To ob-
tain the transformation matrices into an optimal basis, one first
computes the reduced density matrix from, in our algorithm,
the two-site tensor

ρσiσ
′
i
= (θθ†)σiσ

′
i
, (24)

where all remaining indices have been contracted. ρσiσ
′
i

is then
diagonalized

ρ = R†W R. (25)

The matrix R transforms the site from the physical basis σi

to the optimal basis σ̃i and W is a diagonal matrix with the
values wα . The truncation of the optimal basis from the local
dimension d into the dimension dLBO is done based on the
magnitude of the eigenvalues wα , which, in many cases, decay
exponentially, see, e.g., Refs. [30,43]. When diagonalizing the
reduced density matrices in Eq. (24) to obtain the optimal
basis, the smallest eigenvalues wα are discarded such that the
truncation error is below a threshold:

∑
discarded η

wη/

(∑
all η

wη

)
< εLBO. (26)

There are two costly operations where a transformation of
the physical index to an optimal basis can be beneficial. The
most costly operation of the algorithm is the contraction of
the effective Hamiltonian H eff

αβα′β ′ with the local tensor θα′β ′

needed to solve Eq. (20) in step one. This has a cost of order
O(d3m2D2 + d2mD3), where m is the bond dimension of the
Hamiltonian and D the bond dimension of the state. We solve
Eq. (20) with a fourth-order Runge-Kutta algorithm (RK4),
see, e.g., Ref. [114] for an application of RK in the context of
DMRG.

The RK4 algorithm consists of approximating θαβ (t + dt
2 )

as

θαβ

(
t + dt

2

)

= θαβ (t ) + −idt

2

1

6

(
k1
αβ + 2k2

αβ + 2k3
αβ + k4

αβ

)
, (27)

where for each k j , we must contract the effective Hamiltonian
with a two-site tensor. To incorporate LBO into the algorithm
(RK4-LBO), we first obtain the transformation matrices into

the local optimal basis states σ̃i and σ̃i+1 from θαβ as pre-
viously explained. We then transform the two sites of the
effective Hamiltonian and θαβ into this new basis, H eff

αβα̃β̃
and

θα̃β̃ , where α̃ = (σ̃i, ml ). Then, we compute

k1
αβ =

∑
α̃′β̃ ′

H eff
αβα̃′β̃ ′θα̃′β̃ ′ (t ). (28)

We proceed by calculating

k2
αβ =

∑
α̃′β̃ ′

H eff
αβα̃′β̃ ′

(
θ (t ) + −idt

2

1

2
k1

)
α̃′β̃ ′

, (29)

but now α̃ and β̃ are the optimal basis states extracted from
the tensor (θ (t ) + −idt

2
1
2 k1)αβ . A similar procedure is used to

obtain k3 and k4. One first adds the needed tensors and then
obtains the new optimal basis states before contracting with
the environment. Note that it is not ensured that one gains
a computational benefit from the algorithm. As mentioned
earlier, one must first create the reduced density matrices at
a cost of order O(D2d3), diagonalize them at a cost of order
O(d3), apply the transformation matrices at a cost of order
O(D2d2dLBO), and add the tensors at a cost of order O(D2d2)
to get a cost for the contraction of order O(d2dLBOm2D2 +
d2mD3). In practice, however, we find this scheme to lead
to a computational speed-up in many situations, compared to
only implementing step two. This is also due to the additional
benefit of the optimal basis on the many subleading tensor
contractions.

A common approach to solve Eq. (20) is to use a Krylov
method. While the RK4 algorithm is nonunitary, we also com-
pare some of our data to that obtained using a Krylov solver
without LBO and the tDMRG-LBO time-evolution algorithm
used in Ref. [35]. The error appears to be negligible in the
cases studied here. A comparison and discussion of the dif-
ferent algorithms are contained in Appendix A. Alternatively,
one could also apply the local basis transformation when using
a Krylov solver, thus needing to find the optimal basis for
each Krylov vector. In our tests, this seems to require more
optimal basis states than the RK4 scheme. This is addressed
in Appendix A as well.

To implement the LBO before the SVD in step two, all one
needs to do is to get the local basis of θαβ (t + dt

2 ), then trans-
form the tensor into θα̃β̃ (t + dt

2 ), and carry out the singular
value decomposition before transforming the tensor back to
the bare basis. This step has the cost O(d3 + D2d3), but the
cost of the SVD becomes of the order O(D3d3

LBO).
In our experience, only implementing step two alone is suf-

ficient to gain a significant computational speed up. This can
easily be incorporated into ground-state DMRG algorithms
as well. A discussion of the number of local states needed is
presented in Appendix A.

For the imaginary-time evolution used to obtain all the
thermal states in this work, we only implement step two and
use a Krylov solver for the local differential equations in
Eq. (20). Our reason is that the imaginary-time evolution is
less costly, and RK4 is unstable in our calculations for all
but very small imaginary time steps dτ . This computation
is also run serially. To ensure that the low bond dimension
of the initial states does not lead to a significant projection
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error, we compared the states to those obtained using tDMRG
for the polaron. For both the polaron and bipolaron, we also
compared the states where we imaginary-time evolved using
a higher bond dimension through the sub-space expansion
introduced in Ref. [108]. If | ψA〉 and | ψB〉 are states ob-
tained with different imaginary time-evolution schemes, we
had |1 − 〈ψA|ψB〉| of the order of O(10−6) in all cases.

For the real-time evolution, we implement both steps one
and two and refer to the algorithm as p2TDVP-LBO. Note
that when carrying out the real-time evolution, we simultane-
ously time-evolve the part of the state in the ancillary space
back in time to get a slower increase in the bond dimension
[115–119]. While not an optimal procedure, see Ref. [120],
this can easily be incorporated into the algorithm. We carry
out the real-time evolution until tmaxω0 and add 4 tmaxω0 zeros
to the signal for better resolution (zero padding) before the
Fourier transformation. Alternatively, one can use linear pre-
diction, see, e.g., Refs. [78,121,122], for a higher frequency
resolution. We confirmed that both methods give consistent
results for our data. Recently, another method for reaching
longer times has been proposed [123].

For the real-time evolution, we use a time step dt/ω0 =
0.01 and for the imaginary-time evolution dτ/ω0 = 0.1.
When real-time evolving at high temperatures (here T/ω0 =
1) and in the large-coupling regime, we take advantage of the
fact that the thermal states have a relatively large bond dimen-
sion (which increases further when we act with Ĵ on the state)
and use a serial single-site TDVP algorithm. This is done
since the bond dimension becomes unfeasible for our compu-
tational resources otherwise. Furthermore, this approach does
not require the implementation of LBO for our applications,
since the algorithm scales better with the local Hilbert space
dimension. In this case, εbond,J indicates the cutoff at which
we truncate after applying the current operator to the thermal
state. Here, convergence is monitored by changing εbond,J ,
even though the time-evolution scheme itself has a constant
bond dimension. To make sure that small bond dimensions on
some bonds do not lead to errors, we also compared the results
to those obtained with a larger bond dimension by enforcing a
minimum bond dimension when applying Ĵ .

To further verify our results, we carefully compare the
moments of the time-dependent correlation functions to their
finite-temperature expectation values, see Appendix B for de-
tails. To test our algorithm, we also compare our ground-state
optical conductivity to data obtained with the Lanczos method
for weak and intermediate electron-phonon coupling. Further-
more, we check that our finite-temperature polaron data in
the weak and intermediate electron-phonon coupling regime is
consistent with those obtained with a different time-evolution
method whenever possible, namely the tDMRG-LBO method
used in Ref. [35]. Additionally, we monitor the f -sum rule
in the large electron-phonon coupling regime. This is also
contained in Appendix B. All calculations are done with the
ITENSOR software library [124].

We now demonstrate how we control the convergence of
the p2TDVP-LBO time evolution with respect to εbond and
εLBO. This is illustrated in Fig. 6 for the real-time current-
current correlation function for γ /ω0 = √

2 and tph/ω0 =
−0.1. Figure 6(a) shows Re[CT (t )] for a fixed εLBO and
different εbond. The data illustrate that when εbond is chosen

FIG. 6. (a) Real part of the current-current correlation function
from Eq. (8) for L = 20, M = 20, γ /ω0 = √

2, and tph/ω0 = −0.1,
computed in the ground state (T/ω0 = 0). We use a fixed εLBO =
10−9 and different εbond. (b) Same as in (a) but with a fixed εbond =
10−9 and different εLBO. The calculation is done with p2TDVP-LBO
and is distributed onto four processes.

sufficiently small, the correlation functions become indepen-
dent thereof and the curves are converged for our purposes. In
Fig. 6(b), we show a similar plot but for a fixed εbond. As can
be seen, both εbond and εLBO must be chosen carefully. We note
that during this work, we have observed that, in some cases,
one can obtain similar optical conductivities with the same
key features even when the correlations functions still depend
noticeably on cutoffs. One could control convergence by only
monitoring the quality of the optical conductivity. We work
with the stricter criteria of monitoring both the correlation
functions and the optical conductivity as elaborated on above.
Note that in some cases, small deviations could not be avoided
with our computational resources.

V. GROUND-STATE RESULTS

In this section, we present the results for the real part of
the optical conductivity obtained with p2TDVP-LBO for the
ground state of the Holstein polaron. The ground state itself
is obtained with ground-state DMRG. Our results are com-
pared to calculations with the Lanczos method for weak and
intermediate electron-phonon coupling. For strong coupling,
we compare to Eq. (16).

A. Ground-state results in the weak- and
intermediate-coupling regimes

We first look at the optical conductivity in the ground state
for different electron-phonon coupling strengths and different
phonon dispersion relations. The effects of the dispersion
on the optical conductivity were thoroughly investigated in
Ref. [36], however, we also describe the behavior here for
self-consistency and to guide the discussion of the results at
finite temperature.

We verify the correctness of our results by comparing
them to the optical conductivity obtained with the Lanczos
method. This method uses a constructed variational Hilbert
space and allows for 28 phonons at the initial site of the
electron, but fewer and fewer at the sites further away, see
Ref. [36] for details. The Lanczos method has the advantage
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FIG. 7. (a) Real part of the optical conductivity for the Holstein
polaron in the ground state for λ = 1/2, M = 20, εBond = εLBO =
10−9, and with tph/ω0 = −0.1. (b) Same as in (a) but with and
tph/ω0 = 0.0. (c) Same as in (a) but with tph/ω0 = 0.1. We show
L = 60, 40, 20, and the time evolution is done up to tmaxω0 = 16. We
further use a Lorenzian broadening with η = 0.1. The black dashed
line is the reference data computed with the Lanczos method. The
DMRG simulations, obtained with p2TDVP-LBO, are distributed
onto 12, 8, and 4 processes for L = 60, 40, and 20, respectively.

of computing the optical conductivity directly in frequency
space and can easily extract the Drude weight. However, it
has more difficulties in including many phonons and larger
systems than the DMRG method. Lastly, the DMRG has an
(in principle) straightforward extension to finite densities. In a
setup where the Lanczos method cannot utilize the variational
Hilbert space approach, the treatable system sizes will also be
limited.

In Fig. 7, we show the real part of the optical conductivity
in the Holstein-polaron model in the weak-coupling regime,
λ = 1/2, for different values of the phonon hopping amplitude
tph, calculated with the Lanczos method and p2TDVP-LBO
for L = 20, 40, and 60. The first important result is that
the p2TDVP-LBO method reproduces the incoherent part of
σ ′(ω) from the Lanczos method very accurately. Additionally,
we see that we can access system sizes large enough to obtain
results approximately independent thereof.

Figure 7(b) shows the real part of the optical conductivity
at finite ω and a flat phonon band. The incoherent part is
dominated by two peaks starting at approximately ω/ω0 = 1
and 2. The appearance of a peak at ω/ω0 = 1 is consistent
with weak-coupling perturbation theory, see, e.g., Ref. [66],
and stems from the one-phonon emission process. The width

of the peaks is also given by the possible changes in electron
quasimomenta kel. This is because the emitted phonon can
have any quasimomentum due to the flat dispersion relation
and the transition energies are thus dominated by the change
in electron energy. Here, the biggest difference between the
Lanczos and the p2TDVP-LBO data are visible. The Lanczos
data exhibit a peak structure occurring due to the possible
electron quasimomenta kel, which we cannot resolve with
p2TDVP-LBO due to the finite resolution coming from the
limited times available and the large number of kel.

When a small upward dispersion relation, tph/ω0 = −0.1,
is introduced, see Fig. 7(a), the distinction between the differ-
ent phonon emission peaks disappears and the weight of the
incoherent spectra gets slightly shifted to lower frequencies.
The latter can be explained by the fact that the emitted phonon
has an additional energy contribution of ∼2tph due to the finite
phonon bandwidth. As a result, the peak shifts to ∼ω0 + 2tph.
The transfer to higher quasimomentum states still remains
rather unaffected since |t0/tph|  1. Similar behavior of the
second phonon peak leads to the monotonic decay of the
incoherent spectra after the first maximum.

For tph/ω0 = 0.1 in Fig. 7(c), we see the opposite effect.
The one- and two-phonon emission peaks become more easily
separable and their maxima get shifted to larger frequencies.
This is consistent with the fact that every transition energy
introduces the term 2tph cos(k). For small k, the energy differ-
ences correspond to larger frequencies whereas the opposite
happens for larger k with 2tph cos(k) > 0. In total, this leads
to a shift of the peaks to higher frequencies and a suppression
of their width.

We now turn to the intermediate coupling regime with
λ = 1. The ground-state results are presented in Fig. 8. We
show tph/ω0 = −0.1 in Fig. 8(a), tph/ω0 = 0 in Fig. 8(b),
and tph/ω0 = 0.1 in Fig. 8(c). Again, essentially the same
incoherent structure is produced by both the Lanczos and
p2TDVP-LBO method with small differences in some peak
heights. In this regime, a small but finite phonon bandwidth
has a significant impact on the optical conductivity. In gen-
eral, the spectra broaden, signaling that the two and three
phonon-emission processes play a more important role when
the coupling is increased. Note that due to the small values for
the dispersion, we do not observe the multi-phonon structure
at ω < ω0 for tph > 0, as reported in Ref. [36]. Still, the
same physical effects as in the weak-coupling case can be
observed, although significantly enhanced. For example, the
one- and two-phonon peak for tph/ω0 = 0.1 in Fig. 8(c) are
almost completely distinguishable. In conclusion, we see that
the p2TDVP-LBO method can reproduce all the features from
the Lanczos method very well in the incoherent part of the
spectrum for both λ = 1 and λ = 1/2. Note that we observe
some oscillations for low frequencies which we attribute to
artifacts of the Fourier transformation. This was verified by
comparing the DMRG data to only the regular part of the
Lanczos data.

B. Ground state in the strong-coupling regime

We now turn to the ground-state optical conductivity in the
strong-coupling regime with γ /ω0 = 3. As can be seen from
Eq. (16) and by analyzing the Born-Oppenheimer surfaces
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FIG. 8. (a) Real part of the optical conductivity for the Holstein
polaron in the ground state for λ = 1, M = 20, εBond = εLBO = 10−9,
and with tph/ω0 = −0.1. (b) Same as in (a) but with and tph/ω0 =
0.0. (c) Same as in (a) but with tph/ω0 = 0.1. We show L = 60, 40,
20, and the time evolution is done up to tmaxω0 = 15. We further
use a Lorenzian broadening with η = 0.08. The black dashed line is
the reference data computed with the Lanczos method. The DMRG
simulations, calculated using p2TDVP-LBO, are distributed onto 12,
8 and 4 processes for L = 60, 40, and 20, respectively.

in Fig. 2, the expectation is a shifted Gaussian around twice
the polaron binding energy EP for a flat phonon dispersion
relation. With a finite phonon bandwidth, one expects the
Gaussian to be shifted to either larger or smaller frequen-
cies depending on the sign of tph. This central peak can be
understood in terms of the Franck-Condon transition in the
extreme adiabatic limit. There, the motion of the electron is
so fast compared to that of the phonons that the electron is
excited without changing the phonon configuration with an
energy difference of 2EP. This process is sketched in Fig. 3.
In Fig. 9, the results of the p2TDVP-LBO ground-state cal-
culation for different phonon dispersion is plotted. We show
the expression from Eq. (16) and the p2TDVP-LBO data
for tph/ω0 = −0.1 in Fig. 9(a), tph/ω0 = 0 in Fig. 9(b), and
tph/ω0 = 0.1 in Fig. 9(c). Our numerical results are very well
approximated by the analytic formula. Comparing Figs. 9(a)–
9(c), it becomes clear that even a small but finite phonon
bandwidth significantly alters the position of the maximum of
the spectrum. A downwards phonon dispersion relation shifts
the absorption spectrum to higher frequencies and an upwards
phonon dispersion relation shifts it to lower frequencies. This
is expected from inspecting the Born-Oppenheimer surfaces
in Sec III. The vertical gray dashed lines in Fig. 9 indicate

FIG. 9. (a) Real part of the optical conductivity for the Holstein
polaron in the ground state for λ = 4.5. We further set M = 35,
εBond = εLBO = 10−7, L = 20, and tph/ω0 = −0.1. (b) Same as in
(a) but with tph/ω0 = 0. (c) Same as in (a) but with tph/ω0 = 0.1.
The blue solid line is the DMRG data and the dashed solid line is the
analytical formula from Eq. (16). The vertical gray dashed lines show
the respective energy differences between the Born-Oppenheimer
surfaces at q̄min,−. The time-evolution is done up to tmaxω0 = 11
and we use a Lorenzian broadening with η = 0.1. The simulation
is distributed onto four processes for the DMRG calculations using
p2TDVP-LBO.

the energy differences between the two Born-Oppenheimer
surfaces at the minimum of the lowest surface.

We conclude that our method also works well for a large
electron-phonon coupling in the ground state, but we note that
many local modes are needed in the local basis optimization.
For example, the calculations in Figs. 7–9, required roughly
10, 15, and 30 local optimal basis states in both steps one and
two of the algorithm. We also emphasize that, despite being
calculated far from the adiabatic limit (t0/ω0 = 1), our results
agree well with the analytic predictions. Note that in Fig. 9,
there is still a resilient M dependence in the amplitude of some
peaks, most notably so in Fig. 9(b). This is further discussed
in Appendix B.

VI. FINITE-TEMPERATURE RESULTS

A. Finite-temperature results in the weak and intermediate
coupling regimes

We proceed by investigating how the real part of the optical
conductivity changes when going from zero to finite temper-
atures. Figure 10 shows σ ′(ω) for the Holstein polaron for
λ = 1/2 at different temperatures and with different values of
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FIG. 10. (a) Real part of the optical conductivity at finite temper-
atures for λ = 1/2 and with tph/ω0 = −0.1. (b) Same as in (a) but
with tph/ω0 = 0. (c) Same as in (a) but with tph/ω0 = 0.1. We further
set M = 20, L = 20, and εBond = εLBO = 10−9. The time evolution
is done up to tmaxω0 = 15 and we use a Gaussian broadening with
η = 0.1/(4π ). The simulations are carried out with p2TDVP-LBO
and distributed onto four processes for the ground-state calculations
and onto eight processes at finite temperature.

the phonon hopping amplitude tph. One can observe a similar
influence of the finite temperature for the upwards dispersion
relation [tph/ω0 = −0.1 in Fig. 10(a)], a flat dispersion re-
lation [tph/ω0 = 0 in Fig. 10(b)], and downwards dispersion
relation [tph/ω0 = 0.1 in Fig. 10(c)]. Namely, there is a clear
increase in spectral weight at low frequencies. This is consis-
tent with other calculations in the weak-coupling regime [66]
(although there in the adiabatic regime). This is due to the
contribution of states previously thermally suppressed with a
smaller energy difference than ω0. We further see an increase
in the one-phonon emission-peak amplitude. This is due to
the enhanced population of higher quasimomentum states
at a higher temperature, which now all contribute through
one-phonon emission processes. The maximum one-phonon
peak also shifts to lower frequencies, and the effect seems
more apparent for tph/ω0 = 0.1 than for tph/ω0 = −0.1. We
attribute this to the fact that the sign of the curvature in the
polaron and phonon bands differ in the first case and is the
same in the latter.

In the intermediate regime, λ = 1 in Fig. 11, there is a
different influence of the finite temperature on the spectrum.
Whereas higher T/ω0 almost washes out the separate peak
structure for tph/ω0 = 0, 0.1, and λ = 1/2, the peaks re-
main fairly well separated for all temperatures studied here
when λ = 1. This is valid for tph/ω0 = 0 and tph/ω0 = 0.1

FIG. 11. (a) Real part of the optical conductivity at finite tem-
peratures for λ = 1 and with tph/ω0 = −0.1. (b) Same as in (a) but
with tph/ω0 = 0. (c) Same as in (a) but with tph/ω0 = 0.1. We fur-
ther set M = 20, L = 20, and εBond = εLBO = 10−9 for T/ω0 = 0
and εBond = 5 × 10−9, εLBO = 10−9 for T/ω0 = 0.1, 0.2. The time
evolution is done up to tmaxω0 = 13 and we use a Gaussian broad-
ening with η = 0.1/(4π ). The simulations are carried out with
p2TDVP-LBO and distributed onto four processes for the ground-
state calculations and onto eight processes at finite temperature.

in Figs. 11(b) and 11(c), respectively. Furthermore, when
tph/ω0 = −0.1, the spectrum remains largely unaffected by
temperature other than enhanced weight at lower frequencies.
By decreasing η, we can observe small temperature dependent
resonances at low frequencies for λ = 1/2, 1, and tph/ω0 = 0,
0.1 [this can still be seen in Fig. 11(c)], but from our available
data, we cannot conclusively determine if they are physical or
an artifact of the Fourier transformation. In this case, a higher
frequency resolution would be necessary.

B. Finite-temperature results in the strong-coupling regime

We now analyze how the optical conductivity changes with
temperature in the strong-coupling regime, i.e., λ = 4.5. The
results can be seen in Figs. 12(a)–12(c) for the phonon dis-
persion tph/ω0 = −0.1, 0, and 0.1, respectively. The analytic
formula for the optical conductivity, see Eq. (16), remains
a good approximation in all cases in Fig. 12, even as the
temperature is increased to T/ω0 = 1. Still, our data have less
spectral weight at low frequencies. The reason is not obvious,
but some deviations are to be expected since we are far away
from the adiabatic limit. Further, we observe that the phonon
dispersion relation affects the finite-temperature behavior. The
upwards dispersion relation, see Fig. 12(a), leads to a larger
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FIG. 12. (a) Real part of the optical conductivity at different tem-
peratures for λ = 4.5 and with tph/ω0 = −0.1. (b) Same as in (a) but
with tph/ω0 = 0. (c) Same as in (a) but with tph/ω0 = 0.1. We further
set M = 35, L = 20, and εBond = εLBO = 10−7 for the ground-state
calculations. For the real-time evolution for T/ω0 = 1.0, we use
single-site TDVP with εbond,J = 10−8 for tph/ω0 = −0.1, 0.1 and
εbond,J = 10−9 for tph/ω0 = 0 (see Sec. IV for details). The time evo-
lution is done up to tmaxω0 = 11 and we use a Gaussian broadening
with η = 0.5/(4π ). The black dashed and dotted lines are the ana-
lytical formula from Eq. (16). The ground-state DMRG results are
distributed onto 4 processes and are calculated with p2TDVP-LBO.

contribution at low frequencies than the downward disper-
sion relation in Fig. 12(c). Looking at the ω → 0 values, it
appears that the thermally activated hopping plays a lesser
role when there is a downwards than an upwards phonon
dispersion relation. This is consistent with the depth of the
lower Born-Oppenheimer surfaces increasing, as can be seen
in Fig. 2. Furthermore, since the low quasimomenta phonons
have higher energy for the downwards dispersion relation,
the nondiagonal transition with a small change in electron
quasimomenta is suppressed compared to the upwards disper-
sion relation case. Note that the resonance at ω = 2t0 seen in
Ref. [65] for a small ω0/t0 can be qualitatively reproduced
by our method (not shown here). We further mention that
small finite-size effects can be seen in some of the oscillation
amplitudes in the data shown in Fig. 12. This is illustrated in
Appendix B.

VII. BIPOLARON RESULTS

We now proceed to study the real part of the optical con-
ductivity of the Holstein bipolaron at finite temperature. In
Fig. 13, we plot σ ′(ω) for weak and intermediate electron-

FIG. 13. (a) Optical conductivity for the Holstein bipolaron for
λ = 1/2, L = 20, M = 20 and tph/ω0 = 0. The black dotted line
is the polaron curve with λ = 1/2, T = 0.1, εbond = εLBO = 10−9

and scaled with a factor of two. (b) Same as (a) but with λ = 1.
We use εbond = 5 × 10−9, εLBO = 10−9 for the ground-state data and
εbond = 5 × 10−9, εLBO = 10−8 for the finite-temperature data. The
symbols show the data points without zero padding. We time evolve
to tmaxω0 = 8.5 and use a Gaussian broadening with η = 0.2/(4π ).
The black dotted line in (b) is the polaron curve with λ = 1, T = 0.1,
εbond = 5 × 10−9, εLBO = 10−9 and scaled with a factor of two. The
simulations are done with p2TDVP-LBO and are distributed onto
four processes for the ground-state calculations and onto (ten) eight
processes for the (bi)polaron finite-temperature calculations.

phonon coupling, λ = 1/2, 1, with tph/ω0 = 0. We observe
substantial differences in the spectrum between both the two
different electron-phonon coupling parameters, as well as
between the polaron and bipolaron for λ = 1. For λ = 1/2,
see Fig. 13(a), the bipolaron spectrum is almost identical
to the single-polaron spectrum weighted by a factor of two.
When λ = 1, we obtain quite a different picture. Whereas
the ω/ω0 = 1, 2 peaks have a similar amplitude for the po-
laron when tph/ω0 = 0, see Fig. 11(b), the bipolaron has a
clear maximum around ω/ω0 = 2. This indicates that the
two-phonon emission process plays a much more dominant
role than for the polaron. As T/ω0 is increased, a resonance
appears that can be distinguished from the rest of the spectrum
[indicated by the arrow in Fig. 13(b)]. We believe that this
stems from the enhanced importance of the one phonon emis-
sion peak, which shifts to lower frequencies, similar to what
can be seen in Fig. 13(a). When the temperature is increased,
the two electrons act more like separate polarons, and the
one-phonon emission process becomes more important (for
very high temperatures, the bipolaron will dissolve).

We want to emphasize that we focus on the single-
bipolaron limit to properly understand the behavior in a
dilute system. This is also motivated by the recent results
on bipolaron high-temperature superconductivity reported in
Ref. [16]. Going to a finite bipolaron density will add scat-
tering, whose effects are beyond the scope of our study. We
also observe that when we increase the density to two spinless
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FIG. 14. (a) Optical conductivity for the Holstein bipolaron with
λ = 4 and tph/ω0 = −0.1. (b) Same as in (a) but with tph/ω0 =
0. (c) Same as in (a) but with tph/ω0 = 0.1. We further set M =
35, L = 20, and εBond = εLBO = 10−7 for the ground-state calcu-
lations. For the time evolution for T/ω0 = 1.0, we use single-site
TDVP with εbond,J = 10−7 for tph/ω0 = −0.1, 0.1 and εbond,J = 10−8

for tph/ω0 = 0 (see Sec. IV for details). The time-evolution is done
up to tmaxω0 = 11 and we use a Gaussian broadening with η =
0.2/(4π ). The dashed and dotted black lines are the analytical for-
mula from Eq. (16). The ground-state simulations are done with
p2TDVP-LBO and distributed onto four processes.

electrons, the spectrum does practically not change compared
to the single electron case (except for a rescaling with a
factor of two). This indicates that the change in the spectrum
in Fig. 13(b) can be attributed to the formation of a bound
bipolaron and not to the change in density. In Fig. 13(b), we
also show the data points without zero padding to illustrate
that the resonance is not an artifact of the Fourier transforma-
tion. While not shown here, we additionally confirmed that
the ground-state data in Fig. 13 and data obtained with the
Lanczos method agree, as we illustrate for the polaron in
Sec. V.

In Fig. 14, we display the real part of the optical con-
ductivity in the strong-coupling regime (λ = 4). The first
key observation is that the analytical formula in Eq. (16) is
qualitatively consistent with the DMRG data. An asymmetric
Gaussian with a dispersion-dependent maximum (around 4EP

for tph/ω0 = 0) is seen in both cases. For T/ω0 = 1, the
maximum is shifted to smaller frequencies and substantial
spectral weight can be observed at small ω. This is similar
to what occurred for the polaron, see Fig. 12, although a clear
dispersion dependence on the low-frequency weight can not

be identified for the parameters chosen here. Still, we con-
clude that Eq. (16) also describes the real part of the optical
conductivity for the bound bipolaron quantitatively well. We
note that we can still detect small finite-size effects in some of
the oscillation amplitudes in Fig. 14. This is further discussed
in Appendix B.

VIII. CONCLUSION

In this work, we tackled the challenging task of accurately
computing finite-temperature transport properties in polaron
systems. We used single-site TDVP and two-site serial and
parallel TDVP combined with local basis optimizations to
calculate the real part of the optical conductivity for the Hol-
stein polaron and bipolaron models with dispersive phonons
at finite temperatures. We first explained how we incorpo-
rate LBO into two-site TDVP and reviewed the key ideas of
the parallel implementation. The implementation of p2TDVP
gives us the possibility to distribute the system onto different
processes, thus allowing for an efficient time evolution while
taking advantage of modern computer architectures. This,
combined with LBO, allows us to compute time-dependent
correlation functions for electron-phonon (bi)polaron systems
with a variety of electron-phonon interaction strengths.

We first verified that the results obtained with p2TDVP are
consistent with those calculated with the Lanczos method for
the ground state of the Holstein polaron. We observed that
even a small but finite phonon bandwidth has a significant
impact on the optical conductivity for weak and intermediate
electron-phonon coupling, consistent with previously reported
results [36]. Most importantly, our method can accurately re-
produce the Lanczos method data. For strong electron-phonon
coupling, the known result of an asymmetric Gaussian is re-
produced for tph/ω0 = 0. However, a finite bandwidth shifts
the center of the Gaussian to higher or lower frequencies
depending on the sign of the phonon hopping amplitude tph.
This can be understood by inspecting the Born-Oppenheimer
surfaces of the Holstein dimer as we saw in Sec. III.

Going to finite temperatures significantly alters the optical
conductivity. For weak electron-phonon coupling, an increase
of spectral weight around ω/ω0 = 1 appears. Furthermore, the
previously clearly distinguishable peaks almost completely
merge at tph/ω0 = 0.1.

For intermediate electron-phonon coupling, the separated
peaks remain distinguishable for tph/ω0 = 0, 0.1, whereas the
finite temperatures analyzed here do not alter the spectrum
much for tph/ω0 = −0.1. In the large coupling case, our data
verify the validity for Eq. (16) in the nonadiabatic regime.
For T/ω0 = 1, the maximum of the Gaussian-shaped curve,
compared to the T/ω0 = 0 case, shifts to smaller frequencies,
and significant spectral weight is seen at lower frequencies.
This is more prominent for an upwards than for a downwards
phonon dispersion relation.

Lastly, we presented results for the bound bipolaron. There,
we compared weak and intermediate electron-phonon cou-
pling data for dispersionless phonons. While the real part of
the optical conductivity for the first parameter set resembles
that of the single polaron, a quite different behavior is seen
when λ = 1. There, the maximum of the spectrum is shifted to
ω/ω0 = 2, signaling the importance of two-phonon emission
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processes. These parameters also give rise to a large dis-
tinguishable peak at small frequencies. Our strong-coupling
bipolaron data reproduce the analytic predictions drawn from
the analysis of the Born-Oppenheimer surfaces very well.
We reported a dispersion-dependent shift of the maximum of
the spectrum and a significant decrease in the amplitude for
T/ω0 = 1, in comparison to the zero-T results. Furthermore,
there is enhanced spectral weight for low frequencies.

These results characterize how the main features of small
and large polarons in a Holstein-type system change under
phonon dispersion and at finite temperatures. Understanding
the basic mechanisms in such theoretical Hamiltonians con-
stitutes an essential step in detecting such features, or lack
thereof, in experimental data.

There are many interesting extensions to this work. For
one, our numerical method can suffer from low-frequency
resolution due to the limitations in reachable times. This could
lead to small distinct features of the optical conductivity not
being detected. Furthermore, despite the benefits of using
LBO, there will always be a limit set by phonon truncation.
For this reason, one goal of this work is to provide reliable
data in the regimes where DMRG is the most powerful (in-
termediate electron-phonon interaction) which is out of reach
of perturbative methods, see, e.g., Ref. [125]. These can then
be used to reliably benchmark results obtained with other
methods, see, e.g., Refs. [126–135], which might have their
strong suit in complementary parameter regimes.

Additionally, including electron-electron interactions in
the Born-Oppenheimer formalism can lead to new in-
sights into the transition from bound to unbound bipolarons
[44–48,51,53,54]. As this can involve additional numerical
complexity, it can also serve as an interesting future applica-
tion for the methods presented here.

Furthermore, one could try to compare the computations
with other finite-temperature matrix-product state methods
such as minimally entangled typical thermal state algorithms
(METTS), see, e.g., Refs. [79,101,102].

Lastly, an interesting application for our method would
be to calculate properties for more complicated Hamiltoni-
ans, such as those inspired by manganite physics, see, e.g.,
Ref. [136] for a theoretical review.
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APPENDIX A: BOND AND LOCAL BASIS DIMENSIONS

We here discuss the numerical details of the p2TDVP-LBO
algorithm. In Fig. 15, we compare how the computation of the
current-current correlation functions scales compared to the

FIG. 15. (a) Maximum bond dimension of the matrix-product
state at finite temperature after applying the current operator dur-
ing the real-time evolution. We use with γ /ω0 = √

2, tph/ω0 =
0.1, M = 20, L = 20, and εBond = εLBO = 10−9. The time-evolution
methods are tDMRG-LBO and p2TDVP-LBO, see Appendix A for
details. (b) Maximum local optimal basis dimension after the SVD
in the time evolution algorithms (step two for p2TDVP-LBO and see
Ref. [35] for details for the tDMRG-LBO algorithm). (c) Real part of
the current-current correlation function. (d) Norm of the initial state.
(b)–(d) have the same parameters as (a).

tDMRG-LBO algorithm applied in Ref. [35]. Note that we use
tDMRG-LBO to obtain the thermal state with imaginary-time
evolution and to do the real-time evolution shown in Fig. 15.
The agreement between the two methods seen in Fig. 15(c)
serves as a check for our p2TDVP-LBO algorithm. As ex-
plained in Sec. IV, the real-time evolution is carried out on
the state |φT 〉 = Ĵ |ψT 〉. In Fig. 15(a), we show the maximum
bond dimension of |φT 〉 as a function of time with εBond =
εLBO = 10−9 for both time-evolution methods. The need for
a smaller bond dimension for p2TDVP is apparent, consistent
with previous benchmarks of MPS time-evolution algorithms
[81]. Figure 15(b) displays the maximum LBO dimension
used in the SVD after applying the time-evolution gate in the
tDMRG-LBO algorithm and step two of the p2TDVP-LBO
algorithm (see Sec. IV for details). In both cases, using LBO
is beneficial for the parameters chosen here. In Fig. 15(d),
we plot the norm of the state |φT 〉. Note that

√〈φT | φT 〉 �= 1
since we already applied Ĵ . The initial norm deviates between
the two methods since the initial states are obtained using the
different time-evolution schemes. Neither norm changes sig-
nificantly during the reachable times. The reason why the time
evolution is carried out until different times is the difference
in computational cost. Note that this analysis does not account
for the advantage of being able to distribute the computations
onto several processes in the p2TDVP-LBO algorithm.

We now demonstrate that the calculations of the correla-
tion function at finite temperatures can be homogeneously
distributed onto several processes. In Fig. 16, we show that
the bond dimension is roughly equal on all the bonds at
different times for the bulk of the system. There, we plot
the bond dimension between the different sites at the times
tω0 = 8, 12, and 13 for the Holstein polaron. The param-
eters are given in the caption of Fig. 16. Furthermore,
the grey dashed lines show where the partitioning of the
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FIG. 16. Bond dimension between different sites at different
times for the matrix-product state |φT 〉 for the Holstein polaron
during time-evolution with p2TDVP-LBO. The calculations are done
at the temperature T/ω0 = 0.2 and with the parameters λ = 1,
tph/ω0 = 0.1, M = 20, L = 20, εbond = 5 × 10−9, and εLBO = 10−9.
The dashed vertical lines show the partitioning of the system onto
eight processes.

system is done. Therefore, a need for dynamically adapting
the boundaries as suggested for pDMRG in Ref. [137] does
not seem necessary for our applications.

Lastly, in our discussion of the numerical details of
p2TDVP-LBO, we illustrate the difference between using a
regular Krylov solver, a Krylov solver with LBO (Krylov-
LBO), and RK4 with LBO (RK4-LBO) in step one of the
algorithm (see Sec. IV for details). In our test case, we apply
the three versions of the algorithm to the real-time evolution of
the bipolaron ground state after applying the current operator
|φ0〉 = Ĵ |ψ0〉. Note that the results, as in all LBO calculations,
will be system and set-up dependent and a benchmark should
be carried out in each case separately when feasible.

Figure 17(a) shows the average CPU time for each time
step with the three methods. One first observes that the
exponential increase in the bond dimension dominates the
computation time in all cases. Still, using Krylov-LBO seems
to be faster than using the regular Krylov solver. The RK4-
LBO algorithm is significantly faster for the times reached
here. We believe that this can be understood as follows: The
Krylov vectors for a general state |ψ〉, are |ψ〉0 = |ψ〉, |ψ〉1 =
Ĥ |ψ〉0, |ψ〉2 = Ĥ |ψ〉1 = Ĥ2 |ψ〉0, and so on. The LBO basis
is found before Ĥ is applied. Through the polynomial ap-
plication of Ĥ , we expect a larger phonon Hilbert space to
be explored, which requires a larger number of LBO states.
However, for the RK4 algorithm, |k1〉 = Ĥ |ψ〉, but | k2〉 =
Ĥ (|ψ〉 + αdt | k1〉) = (Ĥ |ψ〉 + αdtĤ2 |ψ〉) etc, where α is
a number. Now, the term including Ĥ2 is scaled with dt .
We thus believe that for small dt , the optimal basis changes
less drastically than for the Krylov vector |ψ〉2. This seems
plausible when inspecting the LBO dimensions needed in the
calculations.

In Fig. 17(b), we show the maximum LBO dimension
needed in the different algorithms. The red dotted line are
the maximum LBO dimension used in the Krylov-LBO steps
whereas the light red dotted line is the average. The maximum
LBO dimension in the Krylov algorithm quickly reaches the
maximum, which we already attributed to the fact that one
must apply the effective Hamiltonian several times. The av-
erage remains somewhat lower. The required LBO dimension

FIG. 17. Different local basis optimization schemes for two-site
TDVP when calculating the real-time evolution of the bipolaron
ground state after applying the current operator. The parameters
are L = 13, M = 25, γ /ω0 = 1, tph/ω0 = 0.0, and εbond = εLBO =
10−9. (a) Average CPU time for the different implementations in step
one of the two-site TDVP algorithm, see Sec. IV for details. Black
solid line: regular Krylov solver. Red dotted line: Krylov-LBO. Blue
dashed line: RK4-LBO. (b) Maximum optimal basis dimension in the
two-site TDVP with the Krylov-LBO (red dotted line) and with the
RK4-LBO (blue dashed line) solver. The light lines are calculated by
averaging the LBO dimension in all the Krylov vectors or all the k j

in the RK4 algorithm, and then taking the maximum of all the sites.
(c) Absolute value of the overlap χ − 1 of the wave function with
a LBO solver and with the regular Krylov solver. Red dotted line:
Krylov-LBO. Blue dashed line: RK4-LBO. All simulations use two
cores.

is significantly smaller in RK4-LBO (the average and max-
imum almost perfectly overlap), making the algorithm more
efficient.

We also observe that the difference between RK4-LBO and
Krylov-LBO is negligible for the time scales studied here.
Figure 17(c) shows the absolute value of 1 − χ , where χ is
the overlap between either the state using Krylov-LBO (red
dotted line) or RK4-LBO (blue dashed line) with the state
which uses a Krylov method without LBO. The difference is
small for all times in our test case. We further want to point
out that the RK4 solver, in general, is not as stable as the
Krylov solver. For example, it did not converge well for the
imaginary-time evolution in our calculations (which is why
we use the regular Krylov solver in that case). For that reason,
we also compared our results computed with the RK4-LBO
solver to those obtained with a Krylov solver without LBO.

APPENDIX B: COMPARING THE MOMENTS

We now want to estimate the accuracy of the Fourier trans-
form of the time-evolved current-current correlation function,
see Eq. (8), which we use to extract σ ′(ω). To do that, we
compare the moments of the correlation function calculated
in two ways: by calculating a thermal expectation value of
the initial state and integrating the correlation function over
ω. Computing the moments to assess the accuracy of the
calculations for the Holstein polaron has already been used
for the spectral functions, see, e.g., Refs. [33,35,138,139]. We
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define the kth moment to be

M̃k =
∫ ∞

−∞
dω(ω)kC(ω)T . (B1)

The zeroth moment is then

M̃0 =
∫ ∞

−∞
dωC(ω)T = π〈Ĵ2〉T . (B2)

The first moment becomes

M̃1 =
∫ ∞

−∞
dωωC(ω)T = π〈[Ĵ, Ĥ ]Ĵ〉T , (B3)

where [Ĵ, Ĥ ] = [Ĵ, Ĥkin] + [Ĵ, Ĥe-ph] with

[Ĵ, Ĥkin] = − it2
0

∑
s

(2ĉ†
1,sĉ1,s − 2ĉ†

L,sĉL,s) (B4)

and

[Ĵ, Ĥe−ph] = γ t0i

(
L∑

j=2,s

(ĉ†
j−1,sĉ j,s + ĉ†

j ĉ j−1,s)(b̂†
j + b̂ j )

−
L−1∑
j=1,s

(ĉ†
j,sĉ j+1,s + ĉ†

j+1,sĉ j,s)(b̂†
j + b̂ j )

)
. (B5)

Lastly, the second moment becomes

M̃2 =
∫ ∞

−∞
dωω2C(ω)T = π〈[[Ĵ, Ĥ ], Ĥ ]Ĵ〉T , (B6)

with

[[Ĵ, Ĥ ], Ĥ ] = it3
0 2

( ∑
s=↑,↓

(
ĉ†

1,sĉ2,s − ĉ†
2,sĉ1,s

+ ĉ†
L−1,sĉ

†
L,s − ĉ†

L,sĉL−1,s

))

+ γ t0ω0i

(
L∑

j=2,s=↑,↓

(
ĉ†

j−1,sĉ j,sb̂ j + ĉ†
j,sĉ j−1,sb̂ j

− ĉ†
j−1,sĉ j,sb̂

†
j − ĉ†

j,sĉ j−1,sb̂
†
j

)

+
L−1∑

j=1,s=↑,↓

(
− ĉ†

j,sĉ j+1,sb̂ j − ĉ†
j+1,sĉ j,sb̂ j

+ĉ†
j,sĉ j+1,sb̂

†
j + ĉ†

j+1,sĉ j,sb̂
†
j

))

+it0γ tph

(
L−1∑

j=2,s=↑,↓

(
ĉ†

j−1,sĉ j b̂ j+1+ĉ†
j,sĉ j−1,sb̂ j+1

− ĉ†
j−1,sĉ j,sb̂

†
j+1 − ĉ†

j,sĉ j−1,sb̂
†
j+1

))

− it0γ tph

(
L−1∑

j=2,s=↑,↓

(
ĉ†

j,sĉ j+1,sb̂ j + ĉ†
j+1,sĉ j,sb̂ j

− ĉ†
j,sĉ j+1,sb̂

†
j − ĉ†

j+1,sĉ j,sb̂
†
j

))

− it0γ
2

(
L−1∑

j=1,s=↑,↓

(
ĉ†

j+1,sĉ j,s(X̂ j )
2

− ĉ†
j+1,sĉ j,sX̂ j X̂ j+1

+ ĉ†
j,sĉ j+1,sX̂ j X̂ j+1 − ĉ†

j,sĉ j+1,s(X̂ j )
2
))

+ it0γ
2

(
L∑

j=2,s=↑,↓

(
ĉ†

j−1,sĉ j,s(X̂ j )
2 − ĉ†

j−1,,sĉ j,sX̂ j X̂ j−1

+ ĉ†
j,sĉ j−1,sX̂ j X̂ j−1 − ĉ†

j,sĉ j−1,s(X̂ j )
2
))

− γ t2
0 i

(
L−2∑

j=1,s=↑,↓

(
ĉ†

j+2,sĉ j,s − ĉ†
j,sĉ j+2,s

)
X̂ j

+
L−2∑

j=1,s=↑,↓

(
ĉ†

j,sĉ j+2,s − ĉ†
j+2,sĉ j,s

)
X̂ j+1

)

− γ t2
0 i

(
L−1∑
j=2

(
ĉ†

j−1,sĉ j+1,s − ĉ†
j+1,sĉ j−1,s

)
Xj

+
L−1∑

j=2,s=↑,↓

(
ĉ†

j+1,sĉ j−1,s − ĉ†
j−1,sĉ j+1,s

)
X̂ j+1

)
,

(B7)

with X̂i = b̂†
i + b̂i. Figure 18 shows M̃1, M̃2, and M̃3 for the

same data as plotted in Fig. 11. We display both the integrated
correlation functions (integrated for ω/ω0 ∈ [−15, 15]) and
the thermal expectation values. The relative difference is at
maximum of the order of O(10−3). For the data shown in
Fig. 10, the relative difference is also at maximum of the order
of O(10−3). The moments without zero padding are in some
cases just as good as for the data with zero padding. For the
DMRG data in Fig. 12, we integrated for ω/ω0 ∈ [−80, 80]
and obtain a relative difference at maximum of the order
O(10−3). For the bipolaron data in Fig. 13, the difference in
the moments are at most of the order O(10−3) when integrated
for ω/ω0 ∈ [−15, 15]. In Fig. 14, the relative difference is of
order O(10−3) when we integrate for ω/ω0 ∈ [−50, 50].

To quantify the influence of the phonon cutoff M for large
coupling and large temperatures (T/ω0 = 1), we compare
several quantities in Fig. 19. Figure 19(a) shows the relative
difference in the f -sum rule between the initial state and the
integrated real part of the optical conductivity:

d (f-sum) =
∣∣ ∫ ∞

0 dωσ ′(ω) − −π〈Ekin〉T
2

∣∣∣∣−π〈Ekin〉T
2

∣∣ . (B8)

Note that all terms in Eq. (B8) are evaluated with the same
phonon truncation M and that we integrate for ω/ω0 ∈ [0, 80].
We observe that the result improves as M is increased. The
empty symbols show the same data but without zero padding.
As can be seen, the sparse number of integration points pro-
duces inaccurate results. We also mention that the type of
methods used has difficulties correctly capturing the low-
frequency physics due to the limitations in reachable times.
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FIG. 18. Moments of the correlation function for the same pa-
rameters as in Fig. 11. (a) Zeroth moment, (b) first moment,
(c) second moment. The circles are calculated by integrating the
Fourier transformed data obtained with time evolution and the plus
signs from evaluating the commutators at finite temperatures. For
details, see Appendix B.

This can also lead to inaccurate results for the f -sums rule,
in particular for systems with a significant Drude weight. In
Fig. 19(b), we illustrate how the moments behave when M
is varied. There, we show the relative difference between the
integral over the correlation function (integrated for ω/ω0 ∈
[−80, 80]) and the thermal expectation value (i.e., right-hand
side of Eq. (B2) for M̃0) denoted as 〈 ˆ̃Mk〉T :

d (M̃k ) =
∣∣ ∫ ∞

−∞ dω(ω)kC(ω)T − 〈 ˆ̃Mk〉T

∣∣
|〈 ˆ̃Mk〉T |

. (B9)

We first see that all moments have similar accuracy. Still,
while not shown here, the moments do seem to converge
individually when M is increased. We wish to emphasize that
the moments are very accurate with and without zero padding
and thus must be used with caution as convergence criteria.

One sees the influence of the different M on the optical
conductivity in Fig. 19(c). Even for the largest M used here,
small differences in some of the peak amplitudes can be
observed. Still, the spectrum is quantitatively well captured.
We also want to note that the real part of the optical conduc-
tivity in Fig. 19(c) has an η dependence as well. This can
be understood by inspecting the current-current correlation
function (not shown here). There are still some M dependent
oscillations at longer times which get suppressed when η is
large. This is not the case for tph/ω0 �= 0, where the correlation
functions have no notable oscillations for large times t/ω0.
Similar behavior is seen for the ground-state calculations in

FIG. 19. (a) Relative difference in the f -sum rule, see Ap-
pendix B for details. (b) Relative difference in the moments, also
see Appendix B. (c) Real part of the optical conductivity. All data
are at T/ω0 = 1 and with different phonon cutoff M. The rest of the
parameters are the same as in Fig. 12. The open circles in (a) show
the data when no zero padding is used.

Fig. 9. In some cases, we also observe some L dependence in
the amplitudes of the optical conductivities. This is illustrated
in Fig. 20.

We further want to remark that the use of zero padding is
not strictly necessary when using single-site TDVP as is done
for T/ω0 = 1. This is because the computational cost does not
increase with time. However, we do this to justifiably compare
it to the ground-state data, for which we use p2TDVP-LBO,
and which has an increased computational cost with time. We
can conclude that for our data, the convergence of the integral
and the expectation values is a necessary but not a sufficient
criterion to ensure proper convergence of the optical conduc-
tivity for parameters of the initial state. The convergence of
the moments relative to each other seems to work better.

Furthermore, the moments and the kinetic energy are used
to ensure that the initial thermal state is converged with re-
spect to ρLBO, ρbond, M, and the imaginary-time step. The
largest relative difference is of order O(10−3) and is found for
some quantities for the large coupling polaron and bipolaron
at T/ω0 = 1. We also computed the relative overlap between
states with different ρLBO, ρbond and imaginary time steps
and found a maximum difference from one of the order of
O(10−5) for strong coupling and T/ω0 = 1.0 and O(10−6)
for the rest of our finite T/ω0 data.

APPENDIX C: BORN-OPPENHEIMER SURFACES

In order to derive an analytic expression for the real part of
the optical conductivity for strong electron-phonon coupling,
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FIG. 20. (a) Ground-state optical conductivity for the polaron
from Fig. 12(b) for two different system sizes. All other parameters
are the same as in Fig. 12(b). (b) Ground-state optical conductivity
for the bipolaron from Fig. 14(c) for the same system sizes as in (a).
All other parameters are the same as in Fig. 14(c).

we first obtain the Born-Oppenheimer Hamiltonian [91,92]
from Eq. (15). For a fixed q̄ this becomes a 2 × 2 matrix, in
the polaron case, which can be diagonalized

H BO =
( q̄2

2 ω̃0 + γ q̄ −t0
−t0

q̄2

2 ω̃0 − γ q̄

)
, (C1)

where ω̃0 = ω0 − tph. The Hamiltonian has the energies

E BO
± = 1

2 (q̄2ω̃0 ± 2
√

(γ q̄)2 + t2
0 ). These energies give the

Born-Oppenheimer surfaces. Their extrema with respect to
q̄ can be found by setting their derivatives to zero and

one obtains q̄ = 0, and q̄min,± = ±
√

γ 4−ω̃2
0t2

0

ω̃0γ
. The Born-

Oppenheimer surfaces can be seen in Fig. 2(a) for different
phonon dispersion relations. The minima of the lower surface
decrease as the phonon hopping goes from tph/ω0 = −0.1
to +0.1. We obtain � BO = E BO

+ (qmin,±) − E BO
− (qmin,±) =

2

√
γ 4−ω̃2

0t2
0

ω̃2
0

+ t2
0 . For the bipolaron, we have a 4 × 4 matrix

HBO =

⎛
⎜⎜⎜⎜⎜⎝

q̄2

2 ω̃0 + 2γ q̄ −t0 −t0 0

−t0
q̄2

2 ω̃0 0 −t0

−t0 0 q̄2

2 ω̃0 −t0

0 −t0 −t0
q̄2

2 ω̃0 − 2γ q̄

⎞
⎟⎟⎟⎟⎟⎠,

(C2)

using the convention |↑↓, 0〉 , |↑,↓〉 , |↓,↑〉 , |0,↑↓〉 for the
electron occupation basis. Here, the surfaces are obtained by
solving for the eigenvalues numerically.

To obtain Eq. (16), one uses the fact that the current op-
erator connects the lowest and the first excited surfaces for a
fixed q̄. To calculate the current-current correlation function,
one must then compute [140]

〈eiĤgt e−iĤet 〉T = 〈e−ŜeŜeiĤgt e−ŜeŜe−iĤet e−ŜeŜ〉T

= 〈eiĤet eŜe−iĤet e−Ŝ〉T = 〈eŜ(t )e−Ŝ〉T , (C3)

where Ĥg is the harmonic oscillator Hamiltonian with fre-
quencies ω̃0 = ω0 − tph and ladder operators â and â†. Ĥe

is the harmonic oscillator Hamiltonian shifted with the dis-
tance d and e−Ŝ is the Lang-Firsov transformation operator,

see Ref. [125], with Ŝ = d
√

1
2 (â − â†). Evaluating Eq. (C3),

see, e.g., Ref. [96], rescaling with a factor of two for L > 2,
and expanding eiω̃0t = 1 + iω̃0t − 1

2 ω̃2
0t2 + O(ω̃3

0 ) before the
Fourier transformation leads to Eq. (16).
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[22] O. S. Barišić, Variational study of the Holstein polaron, Phys.
Rev. B 65, 144301 (2002).
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5.3 Optical conductivity for bipolarons with repulsive
electron-electron interaction

In this section, I demonstrate how the bipolaron Born-Oppenheimer surfaces can be uti-
lized to interpret the optical conductivity, even when electron-electron interaction is in-
cluded. The four Born-Oppenheimer surfaces are obtained by diagonalizing the matrix in
Eq. (2.16).

In Fig. 5.1(a), I show the Born-Oppenheimer surfaces for the bipolaron with different
interaction strengths U/t0. For U/t0 = 0, one can detect two possible transitions. One at
the energy difference between the lowest and the two degenerate first excited surfaces, and
one thermally activated transition at q̄ ≈ 0 with an energy difference ω ≈ 2t0. The latter
transition has already been observed for the polaron in Ref. [56]. One can understand
this process for the bipolaron by looking at the matrix from Eq. (2.16) with |q̄| = 0 and
U/t0 = 0. One obtains a matrix that can be diagonalized:

ĤBO,|q̄|=0,U=0


0 −t0 −t0 0

−t0 0 0 −t0
−t0 0 0 −t0
0 −t0 −t0 0

 , (5.1)

which has the eigenvalues E0 = −2t0, E1 = 0,E2 = 0 and E3 = 2t0. In this case, the
current operator can only connect the lowest surface state to the first excited state, and
not to the eigenstate belonging to the E3. The eigenvector belonging to eigenvalue E0 is

|ϕ1⟩ = 1
2


1
1
1
1

 . (5.2)

When applying the current operator, one gets

Ĵ |ϕ1⟩ = it0


1
0
0

−1

 . (5.3)

This illustrates that the thermally activated process corresponds to taking two delocal-
ized electrons and binding them together in an antisymmetric wave function for a fixed
phonon configuration. In contrast, for the polaron, this process corresponds to going from
a symmetric to an antisymmetric wave function with a delocalized electron [56].

Figure 5.1(a) depicts the Born-Oppenheimer surfaces for various U/t0. When U/t0 is
increased, several observations can be made. Most notably is that the lowest surface is
shifted upwards. For large |q̄|, the first excited surfaces remain approximately constant,
indicating that the center of the optical conductivity will shift to smaller frequencies.
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Figure 5.1: (a) Born-Oppenheimer surfaces for the Holstein-Hubbard bipolaron with
different electron-electron interaction strengths U/t0 and with γ/t0 = 1 and ω0/t0 = 0.4.
(b) Same as (a) but with U/t0 = 10 and γ/t0 =

√
1.6.

Furthermore, the degeneracy of the first excited states is lifted for small q̄. We also see that
the energy difference between the minimum and maximum in the lowest surface decreases,
which leads to larger values for the optical conductivity at small frequencies. The upwards
shift of the lowest surface also indicates that the thermally activated peaks can occur at
lower temperatures.

In Fig. 5.1(b), I show the Born-Oppenheimer surfaces for strong repulsion U/t0 = 10
and γ/t0 =

√
1.6. Now, the lowest surface has a minimum at q̄ = 0 and one can expect two

separate polarons. In this case, the polaron Born-Oppenheimer surfaces should be used to
describe the physics.

Before I present the numerical results, I want to give some technical details for the
calculations. In this section, ϵbond,J is the truncation used when the current operator is
applied to the matrix-product state before the real-time evolution, which is with single-site
TDVP. The exact definition of ϵbond,J can be found in Appendix D. For the imaginary time-
evolution, I used 2TDVP-LBO with ϵbond = ϵLBO = 10−9 for the polaron and ϵbond = ϵLBO =
10−8 for the bipolaron data. I further use dτt0 = 0.1. All the real-time calculations are
done with dtt0 = 0.01 and I add 4ttott0 zeros to the signal before the Fourier transformation.
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Figure 5.2: Real part of the optical conductivity for γ/t0 = 1, ω0/t0 = 0.4 and different
U/t0. The simulations are done with ϵbond,J = 10−7, M = 40, η = 0.05/(4π), and ttott0 =
10.

Figure 5.2 shows the optical conductivity for γ/t0 = 1, ω0/t0 = 0.4 but with different
U/t0 and at different temperatures. One can see that the Born-Oppenheimer picture fits
well by first looking at the non-interacting case (U/t0 = 0, red curve) for T/t0 = 0.1 in
Fig. 5.2(a), T/t0 = 0.4 in Fig. 5.2(b), and T/t0 = 1.0 in Fig. 5.2(c). Initially, there is a
Gaussian-like curve which broadens when the temperature is increased. For T/t0 = 1.0
in Fig. 5.2(c), the resonance stemming from the thermally activated ω ≈ 2t0 transition
becomes visible.

When interaction is turned on, the center of the optical conductivity curve is shifted
to lower frequencies [Fig. 5.2(a)], exactly as predicted by studying the Born-Oppenheimer
surfaces in Fig. 5.1(a). Figure 5.2(b) shows that at T/t0 = 0.4, the thermally activated
resonance is already visible for the larger values of U/t0. This is also consistent with
the potential well being shallower. Also, all curves demonstrate the thermally activated
resonance at T/t0 = 1.0, but it is much more prominent for large U/t0. However, a
clear trend for the exact position of the resonance with U/t0 can not be determined from
the data. The low-frequency values are also much larger for large U/t0 for T/t0 = 0.4
and T/t0 = 1.0, consistent with the lowering of the q̄ = 0 potential barrier in the Born-
Oppenheimer picture.

In Fig. 5.3(a), I show two typical current-current correlation functions for the bipolaron
at different temperatures and with γ/t0 =

√
1.6, ω0/t0 = 0.4, and U/t0 = 10. As can be

seen by comparing them to the corresponding optical conductivities in Fig. 5.3(b), the key
features can be determined by the short-time decay of the correlation functions.

Finally, I demonstrate that the system consists of two separated polarons for sufficiently
large U/t0. In Fig. 5.3(b), I plot the optical conductivity for the bipolaron and polaron
(the latter is scaled by a factor of two). The optical conductivities match quantitatively
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Figure 5.3: (a) Real part of the current-current correlation functions for the bipolaron
with γ/t0 =

√
1.6, ω0/t0 = 0.4, and U/t0 = 10. The blue solid line is for T/t0 = 0.1 and

the red dashed line is for T/t0 = 0.5. (b) The optical conductivity for the polaron and
bipolaron for the same parameters as (a). The polaron curve is scaled by a factor of two.
The simulations are done using ϵbond,J = 10−7, M = 35, η = 0.05/(4π), and ttott0 = 10.

well with minor differences at large frequencies, and in total, the physics are described by
the single polaron Born-Oppenheimer surfaces from Eq. (2.15).
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5.4 Energy transport coefficients
After having presented results for the optical conductivity for the Holstein polaron and
bipolaron, I will now shift the focus to the energy transport coefficients at finite filling n.
Energy transport is closely related to thermal conductivity, and having an efficient way
to calculate the first quantity is a crucial step on the way to being able to compute the
thermal conductivity in the Holstein model.

Understanding thermal and energy transport in models where phonons play a significant
role is important for several reasons. For example, there are a series of low-dimensional
cuprate-compound-materials that show interesting thermal properties, see, e.g., Refs. [263–
266]. These materials are well described by Heisenberg spin chains, but to determine
whether their large thermal conductivity can be traced back to the integrability of the
Heisenberg model, we need a thorough understanding of the phononic contributions [267–
270]. Furthermore, the development of novel experimental techniques to measure thermal
conductivity [97–99] has enhanced the need for good theoretical models to account for
general phononic effects. This is needed in both material engineering and to understand
the relevant heating processes in molecular devices, see, e.g., Refs. [271–274].

The goal of this section is to present the first numerically exact matrix-product-state-
based study of the finite-frequency energy-transport coefficients and thermal conductivity
at finite temperatures for a Holstein system at a finite density and fixed particle number.
Whereas the thermal conductivity zero-frequency contribution for the Holstein model was
studied with a self-consistent perturbation theory in a zigzag carbon tube in Ref. [275],
this work will help us to better understand which processes contribute to the spectrum,
and what role the phonons and polaron formation play in a broad range of parameters.

Here, I use the methods from Sec. 5.1 and Ch. 3 to calculate the energy transport
coefficient and optical conductivity for the Holstein model at n = 1/3 and n ≈ 1/2 filling.
Even though this extension is strightforward in principle, it comes with several practical
complications. As I explained in Ch. 3, the generation of the T = ∞ states gets more
involved due to the conservation of the particle number. The real-time evolution is also
more complex since the energy current couples to the nearest and next-nearest neighboring
sites and both phononic and electronic degrees of freedom [see Eq. (2.30)]. This leads to
more highly entangled initial states, which again makes the time-evolution with matrix
product states more difficult.

Before I present the results, I want to give some technical details. For the data in this
section, the imaginary-time evolution is done with 2TDVP-LBO (with ϵbond = ϵLBO,J =
10−9 and imaginary time-step dτt0 = 0.1) and the real-time evolution with single-site
TDVP. Since the bond dimension of the matrix-product state does not increase with single-
site TDVP, it is important that it is sufficiently large in the initial state. I define ϵbond,J to
be the truncation of the matrix-product state when I apply the matrix-product operator
Ĵ before the real-time evolution. In Appendix D, I demonstrate how the convergence of
the data is controlled. All the real-time calculations are done with dtt0 = 0.01 and I add
4ttott0 zeros to the signal before the Fourier transformation.

In Fig. 5.4, I show the optical conductivity and the energy transport coefficient com-
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Figure 5.4: (a) Optical conductivity for the Holstein model at n = 1/3 filling for L = 9,
γ/t0 =

√
1.6, ω0/t0 = 0.4, and M = 40 and different temperatures. I use ϵbond,J = 10−8,

ttott0 = 14, η = 0.1/(4π), and Gaussian broadening. The black lines correspond to the
polaron data from Fig. 5.3 rescaled by the filing n. (b) Energy transport coefficient for
the same parameters as (a). The gray lines are the optical conductivity data rescaled by
(2γ/ω)2.

puted with Eqs. (2.31) and (2.32), respectively, in the strong coupling and adiabatic regime
(γ/t0 =

√
1.6 and ω0/t0 = 0.4). Figure 5.4(a) shows the optical conductivity at T/t0 = 0.1

and T/t0 = 0.5. One can see that many of the features from the polaron (Fig. 5.3) carry
over to the n = 1/3 filling. In particular the asymmetric Gaussian shape and the thermally
activated resonance at ω ∼ 2t0. The black lines in Fig. 5.4 correspond to the rescaled po-
laron data from Fig. 5.3 and further demonstrate that the optical conductivity spectra are
dominated by polaron physics, although the spectrum is impacted by going to finite filling.

In Fig. 5.4(b), I show the energy transport coefficient and the optical conductivity data
(gray lines) rescaled by the factor (2γ/ω)2 (this factor is chosen arbitrary to compare the
data on the same scale). One sees that the main features from σ′(ω) carry over to κ′(ω) with
a shift in amplitude and minor shifts in frequencies. This can be understood by inspecting
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Figure 5.5: (a) Optical conductivity for the Holstein model at n = 1/3 filling for L = 15,
γ/t0 = 1, ω0/t0 = 1, M = 20, and different temperatures. I use ϵbond,J = 10−9, ttott0 = 12,
η = 0.05/(4π), and Gaussian broadening. The black line is polaron data from 5.1 at
T/t0 = 0.1 rescaled by the fillng n. (b) Energy transport coefficient for the same parameters
as (a). The gray lines are the optical conductivity data rescaled with (2γ/ω)2.

the energy-current operator in Eq. (2.30) and taking the Holstein dimer limit (L = 2). In
this case, ĴE = −it0γ(c†

1ĉ2 − c†
2ĉ1)(b̂2 + b̂†

2) = −γĴX̂2, and in a regime where the Born-
Oppenheimer approximation is valid, this should lead to a rescaled optical conductivity if
the eigenstates are close to eigenstates of X̂2. In Appendix D, I demonstrate that there
are only minor system size effects in the data.

I will now show results for σ′(ω) and κ′(ω) for L = 15, γ/t0 = 1 and ω0/t0 = 1. As can
be seen in Fig. 5.5(a), the optical conductivity data at finite filling deviate from the rescaled
polaron data (black dashed line). The spectrum is broader, but the one- and two-phonon
emission peaks are still visible. The energy transport coefficients in Fig. 5.5(b) now differ
from the optical conductivity (grey lines rescaled with a factor (2γ/ω)2). Most significantly,
a plateau is emerging for high frequencies where the optical conductivity has decayed to
zero. I also address the finite size dependencies for these parameters in Appendix D.

To better understand the energy-transport-coefficient spectra, I define a reduced energy
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current that only consists of the term proportional to t0γ:

ĴER = −it0γ
( L∑
j=2

(ĉ†
j−1ĉj − ĉ†

j ĉj−1)(b̂j + b̂†
j)
)
. (5.4)

The energy transport coefficients calculated with ĴE and ĴER are shown in Fig. 5.6 for the
same parameters as in Fig. 5.4 [Fig. 5.6(a)] and the same as in Fig. 5.5 [Fig. 5.6(b)]. In
Fig. 5.6(a), one can see that almost the complete energy transport coefficient is determined
by the term ∼ t0γ, with only minor deviations in the amplitudes. In Fig. 5.6(b) on
the other hand, the low frequency behavior is dominated by the next nearest-neighbor
current ∼ t20 and or cross terms. For these parameters, the ĴER conductivity has a plateau
spanning over a large frequency range. For high frequencies, the conductivities almost
completely overlap, signaling that the high-frequency behavior is dominated by the current-
phonon displacement terms in Eq. (5.4). The data also verify that the decay in the optical
conductivity in Fig. 5.5 can be attributed to the decay of the operator matrix elements.

In Appendix D, I also show results for a small but finite phonon bandwidth, which
significantly complicates the energy-current operator [195] and thereby the numerical sim-
ulations. There, I demonstrate that this changes the optical conductivity but that the
differences between optical conductivity and energy transport coefficients are similar to
what is seen in the data in this chapter.

Now, I will present results for filling n = (L − 1)/(2L) which goes to n = 1/2 for
L → ∞. In Fig. 5.7(a), the optical conductivity is plotted for n = (L − 1)/(2L), L = 15,
γ/t0 = 1, ω0/t0 = 1, and M = 20, which is in the metallic regime for the Holstein model.
The spectra share most of its features with the n = 1/3 spectra shown in Fig. 5.5. The
energy transport coefficient for n ≈ 1/2 is shown in Fig. 5.7(b). Much of the analysis from
the n = 1/3 data carries over to n ≈ 1/2, such as that of the plateau stretching over a wide
range of frequencies. However, the data seems to indicate that that using ĴER reproduces
the spectra much better at low frequencies (at T/t0 = 0.2) than was seen for n = 1/3 in
Fig. 5.6(b). Note that data for n ≈ 1/2 in the charge-density-wave parameter regime is
shown in Appendix D.

Whereas this section focused on the finite-frequency part of the energy transport co-
efficient and thermal conductivity, it would also be interesting to do an extensive study
of the direct-current conductivities (the zero-frequency contribution of the conductivities
without the Drude weight). While this might be possible in some parameter regimes, it
is generally difficult with the methods used here due to the limitations of the real-time
evolution. For this, other methods are better suited, such as, e.g., the one used by Bischoff
and Jeckelmann in Ref. [276]. Additionally, motivated by the aforementioned spin-lattice
experiments, either considering a Heisenberg chain coupled to phonons or adding a Heisen-
berg chain to the Holstein model, see, e.g., Refs. [269,270,277], could provide new insights
into the competition between phononic and spin degrees of freedom.
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Figure 5.6: (a) Energy transport coefficient computed with ĴE and ĴER for the same pa-
rameters as in Fig. 5.4 for T/t0 = 0.5. (b) Same as (a) but with the parameters from
Fig. 5.5 at T/t0 = 0.2.
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Figure 5.7: (a) Optical conductivity for L = 15, γ/t0 = 1, ω0/t0 = 1, M = 20, and filling
n = (L − 1)/(2L). (b) Energy transport coefficient calculated with ĴE [same color labels
as in (a)] and ĴER [black lines and the linestyle indicates the corresponding temperature as
in (a)] for the same parameters as in (a). All simulations are done with ϵbond,J = 10−8,
ttott0 = 12, and η = 0.05/(4π).



Chapter 6

Transport and charge density wave
breakdown in heterostructures

So far, the focus of this thesis has been on the influence of electron-phonon coupling and
temperature on dynamical quantities such as spectral functions and transport coefficients
for polarons, bipolarons, and systems at finite filling. In this chapter, the topic will change
to charge density waves (CDWs) and heterostructures.

Electron-phonon interaction can not only lead to polaron formation [6] but also to the
emergence of charge ordered and CDW states [6, 7]. Since this occurs in materials with
technological applications, such as photovoltaics [278], it has sparked a great interest in
these states and their melting. For example, Chávez-Cervantes et al. studied the melting
of a CDW in quasi-one dimensional indium wires in Ref. [279], Polli et al. looked at the
insulator to metal transition in a charge-ordered system in Ref. [280], and Jooss et al.
studied the polaron solid to liquid transition in Ref. [29].

Materials with polarons are also promising candidates for efficient energy harvesting,
which has led to investigations of the specific role of the phonons in relaxations processes
and the life time of excitations. For example, Kressdorf et al. demonstrated a reduction of
energy loss and long-lived hot polarons (above the band gap) in a charge-ordered system in
Ref. [35], and the current-voltage characteristics in heterojunctions where polaron physics
plays an important role was investigated in, e.g., Refs. [281, 282]. Motivated by these
experiments, the question emerges: to what degree can we study non-equilibrium physics
in heterostructure models with CDW and polaron formation?

How to investigate these systems theoretically can actually be motivated by transport
in molecular junctions, which has led to a lot of research on understanding the role of the
molecular vibrations, see Refs. [272, 283] for reviews. One simple microscopic model used
to simulate such junctions is a one-site Holstein model coupled to metallic leads. This
is known as the spinless Anderson-Holstein model and it is well-studied using a variety
of methods, e.g., in Refs. [168–170, 174, 284–286]. In this chapter, I ask whether a nine-
site Holstein model coupled to metallic leads can be used to study transport properties of
heterostructures with electron-phonon interactions.

One of the methods that has been used to study such nanostructures is the density-
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matrix renormalization group (DMRG) [287–294], which I introduced in Ch. 3. The idea
in some of these studies is to couple the structure to very large leads. Then, one applies
a voltage and time evolves until a quasi-steady state current emerges. By doing this for
different voltages, one can then extract current-voltage diagrams.

By sandwiching an insulating model between the leads, these approaches can also been
used to study the breakdown of insulating states. For example, the melting of Mott
insulating states was studied by, e.g., Heidrich-Meisner et al. in Ref. [172] and Kirini
and Ueda in Ref. [173]. How an insulating state (not coupled to leads) breaks due to
electric fields has also been widely investigated, for example, for Mott insulating states in
Refs. [295–298] and for CDWs in electron-phonon systems in Refs. [75–77,177,178]. In the
context of electron-phonon models coupled to metallic leads, the focus has either been on
the scattering of a wave packet on a Holstein structure as done by Brockt and Jeckelmann
in Ref. [63], or on computing the linear conductance as done by Bischoff and Jeckelmann in
Ref. [299]. Recently, in Ref. [300], Zhang et al. also conducted a theoretical investigation
of an electron-phonon model coupled to metallic leads motivated by the perspectives of
quantum simulators [301].

Here, I will present a publication where we address the effects of an applied voltage
on electron-phonon systems. In the first part, we consider a Holstein model in the ground
state in the CDW parameter regime and apply a voltage that changes linearly through the
system. By using tDMRG with local basis optimization (LBO), see Ch. 3, we show that
local voltage differences of the order of the polaron binding energy are necessary for the
CDW order parameters to decay. The decay is qualitatively similar to that of a polaron in
the Holstein dimer with a chemical potential on one site, indicating that it is dominated
by polaron physics on short time scales.

We then couple the Holstein model with nine sites to two metallic leads so that the
total system size is L = 236. We first establish that the Holstein-structure ground state
goes from a metallic to a CDW state by tuning the electron-phonon coupling and the
local gate voltage. We start our analysis in the metallic regime, and compute a current-
voltage diagram for small bias voltages. We find that the currents through the structure
significantly decrease when the electron-phonon coupling is increased. Additionally, we can
extract the Luttinger parameter from the data. By analyzing the local phonon modes, we
see that the structure is not significantly impacted by going from the ground state to a
state where a quasi-steady current flows. For all calculations in this parameter regime, we
find that incorporating LBO significantly speeds up the calculations.

After that, we investigate the structure in the CDW parameter regime. Similar to
the regular Holstein model, we find that large local voltage differences are needed for the
electrons to start tunneling to their neighboring sites. When we inspect the local modes
in the Holstein structure, an interesting picture emerges. For small voltage differences,
the Poisson distribution is mostly unaffected (except at the boundary). For large bias
voltages, however, the first optimal basis state remains well described by the coherent
state as the electron tunnels out. On the previously empty sites, a variety of phonon
modes get occupied, and no clear polaronic formation can be reported on the time scales
accessible to us. This is also a regime which is difficult for LBO based methods.
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Our results in this chapter demonstrate the ability of DMRG with LBO to give us new
insights into systems with electron-phonon coupling out of equilibrium. The formalism can
also be extended to include finite phonon bandwidths, see, e.g., Ref. [67, 92], or electron-
electron interaction, though this might impact the accessible time scales. Whereas LBO
is very useful in the metallic regime, it has problems in the CDW regime due to the vast
amount of modes needed to capture the electronic tunneling into new sites. The setups
studied here could be interesting tasks for trajectory-based methods, see Refs. [122, 123,
178, 239] or Ch. 3, or other phonon tailored matrix-product-state algorithms [153]. One
could both benchmark the current-voltage diagrams and try to study the CDWs for longer
times.
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Understanding the influence of vibrational degrees of freedom on transport through a heterostructure poses
considerable theoretical and numerical challenges. In this work, we use the density-matrix renormalization group
method together with local basis optimization to study the half-filled Holstein model in the presence of a linear
potential, either isolated or coupled to tight-binding leads. In both cases, we observe a decay of charge density
wave states at a sufficiently strong potential strength. Local basis optimization selects the most important linear
combinations of local oscillator states to span the local phonon space. These states are referred to as optimal
modes. We show that many of these local optimal modes are needed to capture the dynamics of the decay,
that the most significant optimal mode on the initially occupied sites remains well described by a coherent
state typical for small polarons, and that those on the initially empty sites deviate from the coherent-state form.
Additionally, we compute the current through the structure in the metallic regime as a function of voltage. For
small voltages, we reproduce results for the Luttinger parameters. As the voltage is increased, the effect of larger
electron-phonon coupling strengths becomes prominent. Further, the most significant optimal mode remains
almost unchanged when going from the ground state to the current-carrying state in the metallic regime.
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I. INTRODUCTION

There is an increased technological and scientific impor-
tance of devices that are so small that quantum effects play an
important role, see, e.g., Refs. [1–4]. Thus, a detailed under-
standing of charge transport and the nonequilibrium properties
of such quantum structures is desirable. In particular, the
formation of electron-phonon bound states, polarons, can give
rise to the emergence of new electronic phases with electric
transport characteristics different from metals or band semi-
conductors [5].

For example, at sufficient doping, charge density waves
(CDWs) or charge-ordered (CO) states can evolve. Under
strong electric fields, such states can break down, as, e.g., in
CDW wires [6] or in CO manganites [7]. In situ transport
experiments with CO manganites in an electron microscope
revealed a complex transient behavior with movement of en-
tire CO domains and subsequent melting into a metallic state
[8]. Polaron transport, binding, and dissociation in electric
fields also have an impact on the performance of polymer
solar cells [9]. Notably, CO can enhance the lifetime of
polaron excitations in junctions and thus enable hot-polaron-
type solar cells [10]. Understanding these experiments makes
a comprehensive study of polaron transport and melting of
CDW/CO states highly desirable. An improved and fully
quantum-mechanical modeling of vibrational degrees of free-
dom [11–15] can help interpret the behavior of molecules, see,
e.g., Refs. [16–18], and charge transport and thermalization in
heterostructures, see, e.g., Refs. [10,19,20].

In general, CDW and CO states can hardly be distinguished
in their ground states, since they have the same order parame-

ter. However, the mechanism of forming the two ordered states
is very different, i.e., a Peierls-type lattice instability (CDW)
[21] versus crystallization of localized charge carriers (CO)
[22,23]. The difference is visible by the different phase tran-
sitions and nonequilibrium behavior: on the one hand, CDWs
display metallic behavior above their transition temperature.
Below this temperature, collective phenomena [24–27], such
as sliding, lead to nonlinear behavior in the current-voltage
relation if a sufficiently strong electric field is applied. In CO
systems, on the other hand, charge transport above the transi-
tion temperature is due to the hopping of localized polarons
[8,28]. The CDW states will be the main focus of this work
and one of our goals is to better understand the CDW behavior
under an applied voltage.

From a theoretical point of view, one possible setup con-
sists of a one-dimensional quantum structure sandwiched
between two metals (see Fig. 1). Then, the transport properties
of this structure can be investigated by applying a voltage
difference to the two conducting leads. Whereas the simplest
case is to model a quantum dot with a certain energy level,
many interesting and complicated extensions exist [12,29,30].

One important example is to allow for local vibrational de-
grees of freedom on the quantum dot (see, e.g., Refs. [11,13–
15,31–34]). If these are modeled by a harmonic oscilla-
tor, one gets the single-level spinless Anderson-Holstein
model (SAHM), which has been studied extensively in, e.g.,
Refs. [35–42]. One of the main goals of this work is to go
beyond the SAHM and study a Holstein model, extending
over several sites and coupled to leads.

Our main motivation is to get a better understanding of the
effect of phonons on charge transport. The one-dimensional
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b

γ

−V/2

+V/2

FIG. 1. Two leads connected to a Holstein-model structure. The
leads have hopping amplitude t1. In the structure, the electrons couple
to the phonons with a coupling strength γ and have a hopping
amplitude t0. The phonons have the frequency ω0 and there is a local
gate voltage εb. The electrons can tunnel between the leads and the
structure with an tunneling amplitude thyb. At time t = 0, a voltage
V is applied, with a linear interpolation through the structure.

Holstein model has a complex ground-state phase diagram
(see, e.g., Refs. [43,44]) and, at half-filling, undergoes a tran-
sition from a Tomanga-Luttinger liquid (TLL) to a CDW
depending on the parameters. We address two main questions:
How does the CDW phase behave when subjected to a linear
potential and how do the different phases behave when the
Holstein model is coupled to leads and a bias voltage is
switched on?

The immense complexity of these types of nonequilibrium
problems has driven the development of analytical and nu-
merical methods such as the density-matrix renormalization
group (DMRG) (see, e.g., Refs. [29,45–56]), the numerical-
renormalization group (NRG) (see, e.g., Refs. [57–60]),
real-time renormalization group (RTRG) [61], functional-
renormalization group (FRG) [38–40,42,62,63], and quantum
Monte Carlo (QMC) (as done in, e.g., Refs. [64–66]). In this
work, we utilize DMRG for both ground-state search and time
evolution [67–73]. A comparison between several of these
methods for the single-impurity Anderson model is contained
in Ref. [30].

Here, we are particularly interested in modeling the in-
fluence of phonons, requiring large local Hilbert spaces to
capture the relevant physics in different parameter regimes.
Although this can, in principle, be problematic for DMRG-
based methods, techniques have been developed to treat these
cases more efficiently (see also Refs. [74,75]). One approach,
introduced in Ref. [76], consists of mapping the bosonic de-
grees of freedom onto pseudosites in the lattice, thus replacing
the large local Hilbert space with long-range interactions.
Another method consists of finding a basis where the local
Hilbert space can be truncated significantly with negligible
error [77], called the local basis optimization (LBO). Re-
cently, in Ref. [78], Köhler et al. suggested introducing bath
sites, thus treating a doubled system but with a restored

U(1) symmetry. The methodology was further applied to
time-evolution calculations in Ref. [79]. These methods were
benchmarked against each other for the ground-state search in
Ref. [80]. For the problems at hand, we use LBO, which has
already been successfully applied to a wide range of problems,
e.g., in Refs. [81–87].

We first investigate the regular Holstein model (not coupled
to leads) in the CDW phase, and focus on the breakdown of
the charge order. When we apply a linear potential, the CDW
order parameters defined in the electron and phonon sector
decay rapidly if the intersite potential difference is of similar
magnitude as the polaron binding energy. We further illustrate
that the picture is similar to that in the Holstein dimer for
short times. Related studies have been done of the breakdown
of a Mott insulator coupled to two leads in Ref. [50], of
a Mott insulator due to an electric field in Refs. [88–91],
and of the Falicov-Kimball model, e.g., in Refs. [92–94].
Our work complements previous studies on the Holstein
model where the CDW breakdown has been investigated by
quenching parameters (e.g., in Ref. [86]) and applying a light
pulse (e.g., in Ref. [95]). Additionally, there have been stud-
ies of single and bipolarons in a linear potential (see, e.g.,
Refs. [96,97]), and recently, on the heating of a CDW [98]
and a CDW with pulsed electric fields [99] and classical
phonons.

We then couple the Holstein model to leads. Using time-
dependent DMRG with LBO, we compute the current-voltage
diagram of the structure in the metallic phase and demon-
strate that using LBO leads to a significant computational
speed up. Note that the linear conductance of the model
in the metallic phase has been computed in a similar setup
in Ref. [100]. There, the authors used a Kubo-formalism-
based DMRG approach [101,102]. They also computed the
Luttinger parameters [103–105] for the model and obtained
quantitative agreement with Ref. [106], which computed the
parameters from the structure factor. We reproduce their re-
sults by analyzing the steady-state current at low voltages.
Further, we illustrate that the first optimal-basis state remains
approximately constant in the current-carrying state as a func-
tion of time.

In the CDW phase, large voltages are required for a clear
decay of the order parameter to be seen at the time scales
reached with our method. Further, the properties of the most
significant optimal-basis state change in the initially empty
site but remain well described by a coherent state in the
initially occupied sites.

The main results of this paper can be summarized as
follows: In the charge density wave regime of the Holstein
model, we simulate the CDW breakdown at large voltages. We
explicitly demonstrate the decay of order parameters in both
the phonon and electron sector. This is done for the Holstein
model, as well as the Holstein model coupled to leads.
Further, we show that the local phonon states of the initially
empty sites in the CDW deviate from the coherent state,
usually used to describe the small polaron. In the metallic
regime, we compute the current-voltage diagram and observe
a significant dependence on the electron-phonon coupling
at small voltages. We additionally illustrate that the local
phonon distribution remains largely unaffected by the voltage
in the current-carrying state compared to the ground state and
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we reproduce literature values [102,106] for the Luttinger
parameter.

This paper is organized as follows: In Sec. II, we introduce
the model. In Sec. III, we briefly review DMRG with LBO and
how it can be applied to the systems studied here. In Sec. IV,
we discuss CDW order in the ground state of the Holstein
model with and without a coupling to the leads. Section V
looks at the usual Holstein model and Sec. VI at the Holstein
model coupled to the leads. We summarize and give a brief
outlook in Sec. VII.

II. MODEL

When investigating how vibrating degrees of freedom
affect the transport properties of a structure attached to two
leads we can write down a three-term model:

Ĥ = Ĥleads + Ĥhyb + Ĥs. (1)

We use open-boundary conditions and set h̄ = 1 throughout
this paper. If the structure starts at site L0 and is of length Ls,
the Hamiltonian of the leads becomes

Ĥleads = −tl

L0−2∑
j=1

(ĉ†
j ĉ j+1 + ĉ†

j+1ĉ j )

− tl

L−1∑
j=L0+Ls

(ĉ†
j ĉ j+1 + ĉ†

j+1ĉ j ), (2)

where ĉ(†)
j is the electron annihilation (creation) operator on

the jth site, L is the total length of the system, and tl the
hopping amplitude in the leads. The hybridization term is

Ĥhyb = −thyb(ĉ†
L0−1ĉL0

+ H.c.)

− thyb(ĉ†
L0+Ls−1ĉL0+Ls

+ H.c.), (3)

and thyb is the hopping amplitude between the structure and
the leads. To model vibrational degrees of freedom in the
structure, we choose the Holstein model [107], which contains
a coupling between electrons and local optical phonons. The
structure’s Hamiltonian then takes the form:

Ĥs = −t0

L0+Ls−2∑
j=L0

(ĉ†
j ĉ j+1 + H.c.)

+
L0+Ls−1∑

j=L0

(ω0b̂†
j b̂ j + γ n̂ j (b̂

†
j + b̂ j ) + εbn̂ j ), (4)

with b̂(†)
j being the phonon annihilation (creation) operator on

site j and n̂ j = ĉ†
j ĉ j . Further, we have the gate voltage εb, the

harmonic-oscillator frequency ω0 and the coupling strength
between the electrons and the phonons γ . For Ls = 1, the
model turns into the well-studied spinless Anderson-Holstein
model. The complete model is illustrated in Fig. 1. We also
define

ε̃ = εb − γ 2

ω0
, (5)

and in this work, we set ε̃ = 0 so that εb corresponds to the
polaron binding energy in the single-site limit of the model.
In this regime, we can detect a clear distinction between the

metallic and CDW phase in the ground state for the parame-
ters investigated here. When we refer to the regular Holstein
model, we mean the Hamiltonian in Eq. (4) without leads.

When studying the Holstein structure coupled to leads,
we always start with the ground state of the Hamiltonian in
Eq. (1), and at time tω0 > 0, we apply a voltage by adding
the term

ĤV = −V θ (t )

2

L0−1∑
j=1

n̂ j + V θ (t )

2

L∑
j=L0+Ls

n̂ j

+
L0+Ls−1∑

j=L0

θ (t )(i − Lx )�V n̂ j (6)

to the Hamiltonian. Here, �V = V/(Ls + 1) and Lx = L0 −
1 + (Ls + 1)/2. For the regular Holstein model, we only apply
the linear potential [i.e., the last term in Eq. (6)].

We further define the hybridization parameter

� = 2(thyb)2. (7)

We are interested in the expectation values of several ob-
servables. We calculate the expectation value of the current
through the structure defined as

ĵ = i

2
thyb(ĉ†

L0−1ĉL0
− H.c. + ĉ†

L0+Ls−1ĉL0+Ls
− H.c.), (8)

where we take the average of the incoming and outgoing
currents. Additionally, we compute an order parameter in the
electron sector

On = 1

Ne

L0+Ls−1∑
i=L0

(−1)i−L0〈n̂i〉, (9)

and in the phonon sector

OX = −1

Ne

L0+Ls−1∑
i=L0

(−1)i−L0〈X̂i〉, (10)

where X̂i = b̂†
i + b̂i and Ne = (Ls + 1)/2 for odd Ls. In

Eq. (10), we include an additional minus sign to ensure that
OX > 0 in the ground state for γ > 0. These parameters char-
acterize the transition from a TLL to a CDW phase.

III. METHODS

In this section, we briefly explain the main numerical
method used in this work, namely the time-dependent density-
matrix renormalization group using LBO. DMRG-based
methods [67,71,72] have proven to be an extremely valu-
able tool to study one-dimensional systems and have already
been applied extensively to a wide range of problems (see
Refs. [71–73] for reviews). This work uses time-dependent
DMRG [68–70] with local basis optimization [77]. LBO has
been combined with both exact-diagonalization methods [81]
and matrix-product state methods [83–87] and has enabled
the study of electron-phonon systems in previously inaccessi-
ble regimes for other wave-function-based methods, e.g., for
finite-temperature spectral functions of the Holstein polaron
[87], quench dynamics of charge-density waves with a com-
pletely quantum mechanical treatment of the phonons [86],
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and the scattering of an electronic wave packet on a structure
with electron-phonon interaction [85]. Other Hilbert-space-
based methods used in the field are exact diagonalization,
see, e.g., in Refs. [81,108,109], diagonalization in a limited
functional space, e.g., in Refs. [96,110,111], and the Lanczos
method, e.g., in Refs. [112–114].

Here, for the Holstein model coupled to leads, we use
matrix-product states consisting of both sites with only
fermionic (indicated by σ ) and sites with both fermionic
and bosonic degrees of freedom (indicated by η). We write
|�σ 〉left = |σ1, . . . , σL0−1〉, |�σ 〉right = |σL0+Ls , . . . , σL〉, and
|�η〉R = |ηL0 , . . . , ηL0+Ls−1〉. We truncate the phonon Hilbert
space by allowing maximum M phonons on each site. The
total matrix-product state can be written as:

|ψ〉 =
∑

|�σ 〉left,|�σ 〉right,|�η〉
Aσ1 . . . AσL0−1 AηL0 . . .

. . . AηL0+Ls−1 AσL0+Ls . . . AσL

|�σ 〉left |�η〉 |�σ 〉right . (11)

For the time evolution, the Hamiltonian is first written as
a sum of terms ĥl acting on the two neighboring sites l and
l + 1. For a time step dt , we carry out a second-order Trotter-
Suzuki decomposition into even and odd terms

e−idtĤ = e−idtĤeven/2e−idtĤodd e−idtĤeven/2 + O(dt3). (12)

The gates can now be applied directly to the matrix-product
state.

To treat the large number of local degrees of freedom effi-
ciently we apply a transformation into a local optimal basis.
This is done by obtaining the local reduced density matrix ρ

at each time step after applying the time-evolution gate to a
site with bosonic degrees of freedom. As described in detail
in Refs. [83,85–87], this is used to obtain the transformation
matrices into the new, called the optimal local basis by diago-
nalizing ρ such that

ρ = U †WU . (13)

In Eq. (13), W is a diagonal matrix containing the eigenvalues
wα and U is the transformation matrix with the eigenvectors
|φα〉 such that

ρ |φα〉 = wα |φα〉 . (14)

The matrices U transform between the phonon bare mode
basis and the optimal basis on a given site. Note that they are
therefore site dependent and are stored as part of the MPS
as objects connecting the local degrees of freedom to the
optimal phonon modes that enter into the A matrices of
the MPS. The number of optimal states one needs to keep
while allowing for a certain error is set by the eigenvalues wα .
In the single-site limit of the Holstein model, it is well known
that the system can be described by only two optimal states,
the coherent and the empty state. In this case, the optimal basis
has an obvious physical meaning. Since the system conserves
the number of electrons we can split up the reduced density
matrices into block matrices in the one-electron sector ρ1

and the zero-electron sector ρ0 with the sum of the traces
Tr[ρ1] + Tr[ρ0] = 1. We further denote the corresponding
eigenvalues and eigenvectors with an additional index so that,

FIG. 2. (a) Order parameter in the electron sector for the ground
states of the Holstein model (open symbols) and the Holstein model
coupled to leads (filled symbols) for different γ /ω0. L refers to
the system size of the Holstein model and Ls to the length of
the structure, which is coupled to the leads. In both cases, we set
t0/ω0 = 1, ε̃ = 0, M = 35 for γ /ω0 � 2, and M = 50 for γ /ω0 > 2.
For the Holstein model coupled to leads, we further use a total L =
236, tl/ω0 = 2, and �/ω0 = 1. The dashed line indicates γ /ω0 =
2
√

2, which is predominately used later in this work. (b) Order
parameter in the phonon sector for the same parameters as in (a).
Note that we do not show the data point for Ls = 5, and γ /ω0 = 2.5,
since it is not converged conclusively with respect to the criteria in
the main text.

e.g., ρ1 |φ1
α〉 = w1

α |φ1
α〉. The weights w1

α in our system are
analysed in the Appendix. One important result of this work
is that the local basis optimization works very well for the cal-
culations done in the metallic phase (only ∼3 local states are
needed in one particle number sector, compared to M + 1 (in
this case M = 30) in the bare phonon-number basis). There,
only relatively small voltages are needed to obtain a steady-
state current and a current-voltage diagram. In contrast, in all
cases where the CDW is found to break down, large voltages
and many local states are required.

In the time-dependent DMRG method with LBO we first
apply the time-evolution gate, then obtain the transformation
matrices and transform into the optimal basis before the sub-
sequent singular value decomposition. A thorough discussion
of the method can be found in Ref. [83].

When diagonalizing the reduced density matrix to obtain
the optimal basis, the smallest eigenvalues wα are dis-
carded such that the truncation error is below a threshold:∑
discarded α

wα/(
∑
all α

wα ) < εLBO. For the truncation done in the

time-evolution scheme, we discard all singular values such
that

∑
discarded α

s2
α/(

∑
all α

s2
α ) < εbond. All calculations were done

using Ref. [115] and with dtω0 = 0.025.

IV. CDW ORDER IN THE GROUND AND INITIAL STATE

We first look at the ground-state properties of the two
setups. In Fig. 2, we show OX and On for the ground state
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FIG. 3. Order parameters for the Holstein model with L =
9, γ /ω0 = 2

√
2, ε̃ = 0, t0/ω0 = 1, M = 50, and different voltages

V/ω0 (�V is the potential difference between consecutive sites in
the structure). For the calculations, we use εLBO = 10−7 and εbond =
10−7. (a) Order parameter in the fermion sector, see Eq. (9). (b) Order
parameter in the bosonic sector, see Eq. (10). The dashed lines are the
exact data for the Holstein dimer.

obtained with DMRG for both the Holstein model and the
Holstein model coupled to leads. The relative variance of the
ground-state energy, σ 2

E = (〈H2〉 − 〈H〉2)/〈H〉2, is converged
up to the order � 10−6(10−12) for the regular Holstein model
(Holstein model coupled to leads). We further verify that the
obtained state is robust with respect to different initial states.
The data are shown for both the structure coupled to leads and
the regular Holstein model for different γ /ω0 with M = 35
local phonon states for γ /ω0 � 2 and M = 50 for γ /ω0 > 2.
One can observe a clear distinction between the charge density
wave phase and the metallic phase. For small γ /ω0, the order
parameters decrease as the system size is increased. Note that
in the metallic case, the values for the Holstein model coupled
to leads are smaller than for the Holstein chain itself at the
same length since for the structure, the total system size is
even while the number of sites in the structure is odd. As
γ /ω0 is increased, both On and OX · γ /ω0 approach a constant
for all systems, indicating the charge density wave phase.
We further confirm that the results remain consistent as the
maximum local phonon occupation number M is increased.

V. HOLSTEIN MODEL WITH A LINEAR POTENTIAL

In this section, we focus on the Holstein model without
coupling to any leads [i.e., just Eq. (4)]. To investigate the
dynamics of the CDW, we initially compute the ground state
of the Holstein model and at time tω0 = 0 we apply the linear
potential. We focus on the strong-coupling regime, γ /ω0 =
2
√

2, t0/ω0 = 1, where the ground state is known to be a
charge density wave [43,44] (see Fig. 2). In Fig. 3, we show
the order parameters for different voltages. Since a single
polaron has a binding energy of εb = γ 2/ω0, one expects that
local voltage differences of �V/ω0 ∼ γ 2/ω2

0 are needed for

FIG. 4. Slopes of the linear fit to the initial decay of the order
parameters (see main text for details) in the Holstein model. We use
L = 9, γ /ω0 = 2

√
2, ε̃ = 0, t0/ω0 = 1, M = 50, and different volt-

ages V/ω0. For the calculations, we use εLBO = 10−7, εbond = 10−7.
The error bars indicate the standard deviation of the errors with maxi-
mum values of the order of 10−2 and thereby can not be seen for most
points on the scale of the figure. Note that the L = 9 data are rescaled
with the factor 5/4 to make the number of electrons participating in
the CDW breakdown commensurate with the Holstein dimer.

the order parameter to decay on the time scales reachable
here. This is confirmed for both the order parameter in the
electron [Fig. 3(a)] and phonon sector [Fig. 3(b)]. There, we
observe almost no decay for V/ω0 = 20, which corresponds
to �V/ω0 = 2 � γ 2/ω2

0 = 8. However, for both V/ω0 = 80
(�V/ω0 = 8) and V/ω0 = 100 (�V/ω0 = 10), the order pa-
rameters decay substantially. Since one could expect that only
the voltage difference between two neighboring sites should
dominate the order-parameter decay, we also show the data
for the same voltage differences in the Holstein dimer. The
dynamics are indeed similar, indicating that the dimer picture
gives a reasonable qualitative description for the short-time
dynamics.

To quantify how the change of the order parameter is
affected by the electron-phonon coupling strength, we fit On

and OX in the interval tω0 ∈ [0, 6] with the function f (t ) =
at + b. In Fig. 4, we show the resulting values of a as a
function of εb = γ 2/ω0 for different voltages for the Holstein
model and the dimer. The figure indicates that the decrease of
the order parameters strongly depends on the polaron binding
energies and the intersite voltage �V . In all cases, the decay
gets suppressed when the binding energy gets large. Further,
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the figure illustrates that the functional dependence of the a’s
are similar for both the Holstein model and the dimer. To
conclude, our results suggest that a breakdown of the CDW
can already be seen for �V ≈ εb, but gets more prominent for
�V 
 εb. For �V � εb, the CDW is stable.

VI. HOLSTEIN STRUCTURE COUPLED TO LEADS

In this section, we move on to study the Holstein structure
coupled to leads with Ls = 9. In the first part, we focus on
coupling strengths, which lie in the TLL regime before we go
to the charge density wave regime.

A. Metallic phase

1. Currents

We first compute the current-voltage curve for the model
with coupling strengths γ /ω0 in the TLL regime. To do
this, we apply the commonly used technique, see, e.g.,
Refs. [29,47,50], of averaging the expectation values of
〈 ĵ(t )〉 in a time interval where a quasi-steady-state current is
reached. We call this quantity 〈 ĵ(t )〉av. We choose the interval
tω0 ∈ [20, 30]. Typical data for the time dependence of the
current 〈 ĵ(t )〉 is shown in the Appendix. For our data, the
standard deviation is defined as

σSTD(〈 ĵ〉) =
√ ∑

tiω0∈[20,30]

1

N
|〈 ĵ(ti )〉 − 〈 ĵ(t )〉av|2, (15)

where ti is a point in time depending on the time step, N is
the number of terms in the sum

∑
tiω0∈[20,30], and we have

σSTD(〈 ĵ〉)/〈 ĵ(t )〉av of order � 10−3.
The current-voltage diagram is plotted in Fig. 5(a). The

data show that in the low-voltage regime, the currents decrease
as γ /ω0 is increased. Similar behavior is observed in the
SAHM in Ref. [40]. This is even more clearly illustrated in
Fig. 5(b), where 〈 ĵ(t )〉av/V is plotted. As γ /ω0 is increased, a
steady-state current can not be estimated for large V/ω0 from
our data. For this reason, we show fewer points in those cases.

In the SAHM, the equilibrium spectral function of the dot
at the particle-hole symmetric point displays a main peak at
zero frequency accompanied by additional peaks separated by
ω0 [36]. When the electron-phonon coupling is increased, the
width of the main peak starts decreasing as spectral weight is
shifted to larger frequencies. Since the current contains the in-
tegral over the spectral function (for the voltages studied here,
one would expect the spectral function to remain approxi-
mately unaffected), the current will decrease at small voltages.
Although the spectral function of the Holstein structure ex-
tending over several sites is likely more complicated (see,
e.g., Refs. [81,116,117] for spectral functions of half-filled
Holstein chains), it is plausible that this picture still holds.
This is further supported by the fact that for the noninteracting
model and at small voltages, increasing t0/thyb leads to a
decrease in the current. Decreasing t0/thyb, however, increases
the current. This is because at a fixed small voltage, a larger
portion of states of the structure participates in transport as
the band width decreases. Note that if both t0 and thyb are
decreased but their ratio is kept constant, the current also
decreases. For the Holstein structure, one expects that both the

FIG. 5. (a) Average current 〈 ĵ〉av, see text for details, for
the structure with Ls = 9, L = 236, �/ω0 = 1, tl/ω0 = 2, εbond =
10−8, εLBO = 10−7, ε̃ = 0, and different γ /ω0 in the metallic phase.
We further show exact results for γ /ω0 = 0 (black solid line). The
inset in (a) shows 〈 ĵ〉av at fixed V/ω0 = 0.6 as a function of γ /ω0.
(b) Same data as in (a) but divided by V . The inset in (b) shows the
Luttinger-liquid parameter, see main text for details, together with
values obtained with different methods. The plus signs are calculated
from our data, the green triangles are from Ref. [106], and the blue
squares from Ref. [100].

tunneling in and out of the structure as well as the band width
is reduced when electron-phonon interactions are turned on.
Since we clearly see a decrease in the current, we assume that
the dominating effect of the electron-phonon coupling is on
the tunneling from the structure into the leads in the parameter
regimes studied here.

In the inset of Fig. 5(b), we show the Luttinger-liquid
parameter computed from our data together with those ob-
tained by studying the structure factor in Ref. [106] and from
the Kubo formalism in Ref. [100]. The Luttinger parame-
ter K renormalizes the conductance G in a Luttinger liquid
[103–105],

G = KG0, (16)

where G0 is the conductance of free fermions in a tight-
binding chain. We calculate K as the ratio of 〈 ĵ〉av at finite
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FIG. 6. (a) Order parameter in the electron sector, see Eq. (9),
of the Holstein structure with Ls = 9, L = 236, tl/ω0 = 2, γ /ω0 =
1, �/ω0 = 1, ε̃ = 0, and V/ω0 = 0.6. For the calculations, we use
εLBO = 10−7, εbond = 10−8. (b) Selected local densities in the struc-
ture, see main text for details. (c) Current from Eq. (8) together with
selected local currents in the structure, see main text for details. The
black dashed lines are the average over local densities (b) and local
currents (c).

γ and at γ = 0 with V/ω0 = 0.2

K = 〈 ĵ〉av

〈 ĵ〉av,γ /ω0=0

∣∣∣∣
V/ω0=0.2

. (17)

Note that we changed the averaging interval to tω0 ∈
[25, 32.5]([30, 32.5]) for γ /ω0 = 1.4(1.5) due to the longer
relaxation time. We see that this method qualitatively repro-
duces K from our time-dependent calculations.

We now take a closer look at the current-carrying state
at V/ω0 = 0.6 and γ /ω0 = 1. Figure 6(a) shows the order
parameter, which oscillates around 0.1. Further, the local elec-
tron densities nL0+i = 〈n̂L0+i〉 on selected sites are plotted in
Fig. 6(b). As expected, their average increases for i going
from small to large due to the inhomogeneous bias voltage.
Still, their mean value is 1/Ls

∑Ls−1
i=0 〈n̂L0+i〉 ≈ 0.5, as illus-

trated by the black dashed line. Selected local currents jL0+i =
i〈ĉ†

L0+iĉL0+i+1 − H.c.〉 and the total current, see Eq. (8), can
be seen in Fig. 6(c). There, the steady-state current and the
mean of the local currents (black dashed line) overlap after
some initial dynamics, consistent with having a constant flow
of current through the structure. The local currents all oscillate
around the mean value. Both the local currents and densities
are also representative for those not shown in this paper.

2. Reduced density matrices in the metallic phase

Lastly, we look at the diagonal elements of the reduced
density matrix in the one-electron sector ρ1 and the most
significant eigenvector ρ1 |φ1

1〉 = w1
1 |φ1

1〉 at site L0 + i, where
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FIG. 7. (a) Diagonal elements of the reduced density matrix
in the Holstein structure with Ls = 9, L = 236, tl/ω0 = 2, γ /ω0 =
1, �/ω0 = 1, ε̃ = 0, M = 30 at different sites and different times
with V/ω0 = 0.6. Further, εLBO = 10−7 and εbond = 10−8 are used
for the calculations. (b) Absolute value squared of the components of
the most significant optimal-basis state. All data are from the block
matrix with an electron and the times are tω0 = 0 in (a) and (b), and
tω0 = 20 in (c) and (d).

w1
1 is the largest eigenvalue. The diagonal elements of ρ were

already studied for the SAHM in different parameter regimes
in Ref. [37] and the optimal-basis states in the Holstein model
in, e.g., Ref. [111]. Both are shown for selected sites for
V/ω0 = 0.6 and γ /ω0 = 1 at different times in Fig. 7. We
see that both the diagonal elements of the reduced density
matrix and the component of the optimal basis are strongly
peaked at the zero phonon mode and decay rapidly for larger
modes. We also observe that the distributions remain ap-
proximately the same during the time evolution (here, we
only show the data for tω0 = 0, 20) with some oscillations
for the different sites, stemming from the oscillating local
densities. Physically, this means that the electrons are being
transported through the structure without significantly im-
pacting the phonon distributions. Indeed, our results indicate
that the current-carrying state can be well described by a
few local modes that do not display much change compared
to the ground state. The most significant eigenvalues of the
reduced density matrix can be seen in the Appendix and decay
exponentially. This illustrates the computational benefit of
using LBO.

B. Charge density wave phase

1. Charge density wave breakdown

We now go into the strong electron-phonon coupling
(CDW) regime where the order parameters, see Eqs. (9)
and (10), remain nonzero as Ls is increased. Since the po-
laron binding energy is γ 2/ω0, we expect that voltages with
�V ∼ γ 2/ω0 are needed to break up the CDW as we saw
in Sec. V. Here, we also choose γ /ω0 = 2

√
2 and study the

breakdown of the CDW at large V/ω0. In Fig. 8, we show the
order parameters for �V/ω0 = 2, 8, 10. We observe a similar
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FIG. 8. Order parameters for the Holstein structure with Ls =
9, L = 236, tl/ω0 = 2, γ /ω0 = 2

√
2, �/ω0 = 1, ε̃ = 0, and voltage

gradients with different �V/ω0. For the calculations we use εLBO =
10−7 and εbond = 10−7. (a) Order parameter in the fermion sector, see
Eq. (9). (b) Order parameter in the phonon sector, see Eq. (10). The
dashed lines show the exact data for the Holstein dimer.

behavior as for the regular Holstein model, namely that they
decrease as the applied voltage is increased. Further, we see
that the initial dynamics are quantitatively similar to those of
the dimer. However, as was the case in Sec. V, their decay is
qualitatively different, in particular for larger times. Whereas
the dimer data go far below zero, our data indicate that for the
structure, both order parameters decay to zero with a stronger
damping. While not shown here, when fitting the decay of
the order parameters with a linear function for the initial
dynamics, as done in Sec. V, we see a similar behavior as
for the Holstein model. The difference is that no rescaling is
needed since all electrons can contribute to the decay. Further,
the data points for the structure tend to lie above the dimer
points due to boundary effects, which we elaborate on in the
next paragraph.

The local electron and phonon occupations are shown as
functions of the sites in the structure and of time in Fig. 9.
The figure confirms the results from the order parameters
by illustrating how the electron densities remain constant for
�V/ω0 = 2 [Fig. 9(d)] and start to spread out for �V/ω0 =
8, 10 [Figs. 9(e) and 9(f)]. Further, the change in electron
densities is accompanied by a change and a shift of the
maximum phonon occupation to the previously empty sites.
Indeed, once the electrons can tunnel to an empty site, the
excess energy first goes into generating a large number of
new phonons. Additionally, the coupling to the leads allow
the electron farthest to the left to tunnel out of the structure.
This boundary effect also leads to a small decay of the order
parameter for �V/ω0 = 2 as well. We also observe that there
are no local currents present for �V/ω0 = 2, but that they
become finite for large �V/ω0.

FIG. 9. Local densities for the Holstein structure with Ls =
9, L = 236, tl/ω0 = 2, γ /ω0 = 2

√
2, �/ω0 = 1, ε̃ = 0, M = 50,

and different local voltage differences �V/ω0. We use εLBO = 10−7

and εbond = 10−7 for the calculations. (a)–(c) Local phonon number
for �V/ω0 = 2, 8, 10. (d)–(f) Local electron occupation for the
same values of �V .

2. Reduced density matrices in the charge density wave phase

We continue by looking at the diagonal elements of the
reduced density matrix and the first optimal-basis state and
contrast them to what we observed for the current-carrying
state in Sec. VI A. In Fig. 10, we show the data for different
voltages at different times. The first thing that stands out are
the initial distributions at tω0 = 0 in Figs. 10(a) and 10(b).
On the sites occupied by electrons, namely sites i = 4, 7,
both the diagonal elements of the density matrix and the
most significant optimal-basis state are well described by
the Poisson distribution, indicating a coherent local phonon
state, as expected in the large-coupling limit. To illustrate this,
we also plot

PPoisson(m) = |λ|2m

m!
e−|λ|2 , (18)

where λ = γ /ω0. The empty sites have almost no weight
except for at the m = 0 mode. As the system evolves in time
with a small bias voltage we make several interesting observa-
tions. As illustrated in Figs. 10(c) and 10(d), at tω0 = 20, the
system remains well described by coherent states. Both the
most significant optimal-basis state and the diagonal elements
of the density matrix keep their Poisson form. Whereas |φ1

1,m|2
remains perfectly described by the Poisson distribution on the
occupied sites, the amplitude of the ρ1

m,m at i = 0 decreases
due to the boundary effect previously described. We further
note some change in |φ1

1,m|2 for i = 4.
More dramatic changes can be seen for the large bias

voltage �V/ω0 = 10 in Figs. 10(e) and 10(f). At tω0 = 6,
the amplitude of the diagonal elements of ρ1 have decreased
significantly compared to the original distribution at sites
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FIG. 10. (a) Diagonal elements of the reduced density matrix
in the Holstein structure with Ls = 9, L = 236, tl/ω0 = 2, γ /ω0 =
2
√

2, �/ω0 = 1, ε̃ = 0, M = 50. (b) Components of the most sig-
nificant local optimal-basis state. (c) Same as in (a) but at tω0 = 20
and �V/ω0 = 2. (d) Same as in (a) but at tω0 = 6 and �V/ω0 = 10.
(d) Same as in (b) but at tω0 = 20 and �V/ω0 = 2. (f) Same as
in (b) but at tω0 = 6 and �V/ω0 = 10. We use εLBO = 10−7 and
εbond = 10−7 for the calculations. The black dashed line corresponds
to the Poisson distribution from Eq. (18).

i = 0, 4. This is a consequence of the electron density getting
distributed to other sites, leading to an increase of the weights
in the zero-electron density matrix ρ0, which is not shown
here. Also, |φ1

1,m|2 remains well described by the coherent
state on all initially occupied sites, but with some oscilla-
tions between modes. However, the previously empty sites
gain a large amplitude spreading out across several modes
as can be seen for i = 7. This is due to the electron den-
sity increasing and phonons being generated with the excess
energy. Further, the |φ1

1,m|2 seems to resemble a shifted co-
herent state with additional oscillations at the times reachable
here. Figures 10(e) and 10(f) also illustrate that the system
is notoriously more complex to simulate due to the large
number of bare modes needed to capture the dynamics on
the initially unoccupied sites. We further looked at the second
most significant optimal-basis state in the one-electron sector,
but there, no physical interpretation could be extracted. In the
Appendix, we additionally illustrate that a large number of
optimal modes are needed to keep the error small and thus
LBO loses some of its advantage.

VII. CONCLUSION

In this paper, we used time-dependent DMRG with local
basis optimization to investigate both the Holstein model in
the CDW phase and the Holstein model sandwiched between
conducting leads in the CDW and TLL phase under an applied
bias voltage. For the regular Holstein model, we first saw that
when a strong enough bias voltage is applied, the order param-
eters in both the electron and phonon sector clearly decay. We
further demonstrated a clear dependence between the applied
voltage and the initial decay rate of the order parameters and

that the dynamics resemble those in the Holstein dimer for
short times but later deviate.

We then proceeded to look at the Holstein model coupled
to conducting leads. After establishing that a clear separation
between the TLL and CDW phase can be seen at different
coupling strengths we first focused on the system in the TLL
phase. Studying the steady-state currents for small voltages,
we were able to compute current-voltage curves, showing that
charge transport at small voltages is reduced when the phonon
coupling is increased. Similar behavior has been reported
for the SAHM model by Ref. [40]. Our data also reproduce
the Luttinger-liquid parameters from Refs. [100,106]. We
additionally looked at the diagonal elements and the most
significant optimal-basis state in the one-electron sector for
the current-carrying state. Our data indicate that the local
phonon distribution is not significantly impacted by the ap-
plied voltage in the steady-state current. Further, the same is
seen for the most significant optimal mode.

We then continued our study of the Holstein model coupled
to leads by working with an electron-phonon coupling in
the CDW regime. We could report similar behavior as for
the regular Holstein model, namely that large voltages are
needed for the CDW to break down. At small voltages, the
CDW remains unchanged except for boundary effects. This
is also seen in the properties of the reduced density matrices.
Initially, the occupied sites were well described by the Poisson
distribution. This remained true during the time evolution for
small bias voltages, except for the aforementioned boundary
effects. However, for strong voltages, the amplitudes of the
reduced density matrix in the one-electron sector, ρ1, started
to decrease as expected since the electron densities spread
out. Further, a wide range of bare modes displayed large
weights in the previously unoccupied sites as a consequence
of the phonons being generated with the excess energy. In
this case, the most significant optimal-basis states remain well
described by the coherent distribution for all times reached
here in the initially occupied sites. In contrast, the previously
empty sites obtained a distribution centered around the larger
bare phonon modes.

There are many possible continuations building on the
results of this work. After having established that local basis
optimization can simplify the calculations significantly in the
metallic phase, one could make the structure more complex by
either adding phonon dispersion (see, e.g., Refs. [118,119])
or trying to capture more aspects of manganites (see, e.g.,
Refs. [19,120] and Ref. [121] for a theory review) by adding
electron interaction or interaction with local spins. Also, an-
alyzing how energy is transferred into the different degrees
of freedom, complementary to Ref. [98], would be of great
interest. Further, applying a thermal gradient to the system
would allow for the study of thermal transport through such
quantum structures, see, e.g., Refs. [39–41,122–124]. Lastly,
being able to compute a current-voltage diagram for the CDW
phase, its dynamics, and its properties at finite temperature
would be of great interest, e.g., in the context of recent exper-
iments [8,25,27]. In particular, it would be desirable to see if
one can reach a state where the electron densities are equally
distributed through the system and to better understand the
time scales of any collective behavior. Since the reachable
times of our CDW calculations are greatly limited by the
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large number of optimal-basis states required, this might be a
task for other phonon-specialized matrix-product-state-based
time-evolution techniques [79]. Here, also insights into differ-
ent behaviors of CDW and CO states are of interest.
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APPENDIX: NUMERICAL DETAILS

Here, we illustrate several numerical details of our calcula-
tions. As explained in Sec. III, we control the truncation of the
bond dimension with the parameter εbond and the truncation
of the local basis optimization with εLBO. Figure 11 shows
the expectation value of the current for fixed εbond and dif-
ferent εLBO in Fig. 11(a) and fixed εbond and different εLBO in
Fig. 11(b). Clearly, the current is converged for the parameters
used in this work, which also was verified for the other data
shown. Additionally, we observe that using a very large εbond

unequivocally leads to the false expectation values for 〈 ĵ(t )〉.
In contrast, very large εLBO can be used. Further, even a too
large εLBO seems to approximately reproduce the steady-state
current for the parameters shown here, and therefore, more
care must be taken when determining if εLBO is sufficiently
converged. To compute the current-voltage diagram we aver-
age 〈 ĵ(t )〉 in the interval tω0 ∈ [20, 30], which is illustrated
by the black dashed lines in Fig. 11(b).

To demonstrate that sufficiently large local phonon Hilbert
spaces are included in the calculations we show the order

FIG. 11. Current 〈 ĵ(t )〉 from Eq. (8) for the Holstein struc-
ture with Ls = 9, L = 236,V/ω0 = 0.6, tl/ω0 = 2, �/ω0 = 1, ε̃ =
0, M = 30, and γ /ω0 = 1. (a) Fixed εLBO = 10−7 and different εbond.
(b) Fixed εbond = 10−8 and different values of εLBO.

FIG. 12. Order parameters for the Holstein structure with Ls =
9, L = 236, tl/ω0 = 2, γ /ω0 = √

2, �/ω0 = 1, ε̃= 0,�V/ω0 = 10,
and different M. For the calculations, we use εLBO = εbond = 10−7.
(a) Order parameter in the fermion sector, see Eq. (9).
(b) Order parameter in the bosonic sector, see Eq. (10).
The inset shows the eigenvalues of the reduced density matrix
in the one-electron sector at time tω0 = 6 on a log scale.

parameter computed with different local phonon-number trun-
cations M in Fig. 12. For the parameters shown here, M = 50
is more than sufficient to capture the relevant physics of the
order-parameter decay. Further, we see that the M = 30 data
start to deviate on the scale of the figure. Also, inspecting the

FIG. 13. Eigenvalues of the reduced density matrices at differ-
ent sites i for the Holstein structure with Ls = 9, L = 236, tl/ω0 =
2, �/ω0 = 1, ε̃ = 0, and different γ /ω0 and M and at different
times. (a) tω0 = 0, M = 30 and γ /ω0 = 1. (b) tω0 = 0, M = 50 and
γ /ω0 = 2

√
2. (c) Same as (a) but at tω0 = 20 and V/ω0 = 0.6.

(d) Same as (b) but at tω0 = 6 and V/ω0 = 100 (�V/ω0 = 10).
We use εLBO = 10−7 in all plots and εbond = 10−8[10−7] in (a) and
(c) [(b) and (d)]. We only show w1

α > εLBO.
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optimal weights in the inset of Fig. 12 reveals that M = 30 and
M = 50 differ with respect to the larger optimal-basis state
weights w1

α in the one-electron sector.
In Fig. 13, we show the eigenvalues w1

α of the reduced
density matrix ρ1 for different sites i on a logarithmic scale. In
the TLL regime, displayed in Figs. 13(a) and 13(c), it becomes
clear that LBO can be a powerful tool to further study the
current-carrying state. For all times calculated here, only a few
optimal modes are needed to accurately represent it. The situ-
ation for the CDW breakdown is quite different. Figures 13(b)
and 13(d) show the weights in this regime. Despite being

able to represent the state accurately with only a few modes
at tω0 = 0, almost the complete set of modes is needed for
tω0 = 6. This could in theory make the optimal-basis calcu-
lations even more costly than just the regular time-evolution
method. However, that is not observed for our calculations
with M = 50. This regime is still clearly a candidate for
other schemes to efficiently treat phonons, such as the one of
Ref. [78]. In total, the limiting factor for our calculations in the
metallic regime is the local bond dimension and obtaining a
steady state. For the CDW regime, the amount of local modes
needed becomes an issue before the bond dimension matters.
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Chapter 7

Comparing trajectory-based to exact
methods

So far in this thesis, I have shown results obtained with matrix-product-state algorithms
tailored for electron-phonon problems with local basis optimization. These algorithms
utilize the low entanglement in the system to approximate the quantum state. Furthermore,
the approach treats the phonons quantum mechanically but truncates the phonon Hilbert
space based on eigenvalues of the reduced density matrices.

As I have demonstrated, these algorithms can be used to study a series of problems
inspired by solid-state physics, such as computing spectral functions and transport coef-
ficients, and studying charge-density-wave (CDW) melting and transport in heterostruc-
tures. However, solid-state physics is not the only field where systems with electron-boson
interaction play an important role. In chemical physics, for example, studying molecular
dynamics in regimes where the Born-Oppenheimer approximation does not suffice [302]
has led to the development of a series of algorithms based on different approximations.
These algorithms include multitrajectory Ehrenfest (MTE) [122, 123], surface hopping al-
gorithms [124–126], and multiconfigurational Ehrenfest (MCE) [120, 121], which were in-
troduced in Ch. 3.

This raises the interesting question, to what degree can one incorporate computationally
cheaper but approximative algorithms from the chemical physics community into canonical
solid-state problems such as those studied here? Some setups have already been addressed.
For example, Chen et al. studied polaron dynamics with MCE in Ref. [180]. Another
example is Ref. [303], where Li et al. obtained different relaxation times for the polaron
formation when comparing Ehrenfest and quantum algorithms. In Ref. [178], Petrović et al.
used Monte Carlo with classical phonons to investigate the time-resolved photoemission for
a CDW in the Holstein model, which allowed them to study times long enough to capture
relaxation at finite temperatures after an excitation.

Here, the goal is to better understand the validity of these methods for two typical
condensed matter questions: how does the electron density spread in a lattice [62,66], and
what are the effects leading to CDW melting [76, 178]. In the presented results, we start
with different initial states and systems, and study the time-evolution of both electronic
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and phononic observables (some of the initial states are motivated by Stolpp et al. in
Ref. [76]).

We start with the Holstein dimer and trimer. For these systems, exact diagonalization
results are available, which allows us to estimate the accuracy of the different algorithms.
This also gives us insight into why certain algorithms work well or fail based on the Born-
Oppenheimer surfaces (the Born-Oppenheimer Hamiltonian was introduced in Ch. 2 for
the Holstein dimer). We then look at extended systems and study the spread of an electron
in the lattice. The two initial states we study are one with a free electron and one with
an electron dressed with phonons. In both cases, the electron starts in the center of the
lattice. In this situation, we use tDMRG with LBO (tDMRG-LBO), see Ch. 3, to assess the
accuracy of the algorithms. Even though the available time for tDMRG-LBO is limited,
we still get a good indication of which algorithms are best suited for these types of setups.
Finally, we compare tDMRG-LBO and MTE for CDW initial states.

For the bare-electron initial state, we find that for large systems, all methods correctly
capture the reduced mean-squared displacement (RMSD) of the electron density at initial
times, but later, they all deviate from the tDMRG-LBO results. When looking at the
phonon number, we observe that the different versions of the fewest-switches surface hop-
ping algorithm (FSSH) and MCE capture the observable qualitatively well, whereas MTE
displays large deviations. Many of our conclusions also apply to the dressed-electron initial
state, but we report better short time dynamics for FSSH than for MTE for the central
nuclei-coordinate observable.

Finally, for CDW initial states, we find that MTE captures the physics of some ob-
servables very well. In the adiabatic regime, the order parameter is exactly reproduced by
MTE for both the dressed and bare initial states. In the anti-adiabatic regime, however,
the initial plateau of the order parameter is only quantitatively captured for the bare ini-
tial state. For the phonon number, we always observe some deviations, indicating that it
could be problematic to use MTE to study the energy transfer between the phononic and
electronic degrees of freedom.

These results help us assess how reliable the trajectory-based methods are for
condensed-matter problems such as the spread of electron density in a lattice and CDW
melting. A possible next step would be to test how good the approximations are for the
equilibrium correlation functions relevant for the spectral functions and transport coeffi-
cients discussed in Ch. 4 and Ch. 5. This could help us better understand which, if any,
quasi-particle properties remain in the trajectory-based approach (see Ref. [304] for a dis-
cussion of Ehrenfest methods at finite temperature). As explained in Ch. 2, the integral
over the optical conductivity can be related to thermal expectation values via the f -sum
rule. For the Holstein model, this is proportional to the electron kinetic energy. It would
thus also be interesting to analyze how differences between the exact and approximate
kinetic-energy expectation value manifest themselves in the optical conductivity spectra.
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ABSTRACT

We benchmark a set of quantum-chemistry methods, including multitrajectory Ehrenfest, fewest-switches surface-hopping, and
multiconfigurational-Ehrenfest dynamics, against exact quantum-many-body techniques by studying real-time dynamics in the Holstein
model. This is a paradigmatic model in condensed matter theory incorporating a local coupling of electrons to Einstein phonons. For the two-
site and three-site Holstein model, we discuss the exact and quantum-chemistry methods in terms of the Born–Huang formalism, covering
different initial states, which either start on a single Born–Oppenheimer surface, or with the electron localized to a single site. For extended
systems with up to 51 sites, we address both the physics of single Holstein polarons and the dynamics of charge-density waves at finite elec-
tron densities. For these extended systems, we compare the quantum-chemistry methods to exact dynamics obtained from time-dependent
density matrix renormalization group calculations with local basis optimization (DMRG-LBO). We observe that the multitrajectory Ehrenfest
method, in general, only captures the ultrashort time dynamics accurately. In contrast, the surface-hopping method with suitable corrections
provides a much better description of the long-time behavior but struggles with the short-time description of coherences between different
Born–Oppenheimer states. We show that the multiconfigurational Ehrenfest method yields a significant improvement over the multitrajec-
tory Ehrenfest method and can be converged to the exact results in small systems with moderate computational efforts. We further observe
that for extended systems, this convergence is slower with respect to the number of configurations. Our benchmark study demonstrates that
DMRG-LBO is a useful tool for assessing the quality of the quantum-chemistry methods.
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I. INTRODUCTION

In quantum chemistry, the joint dynamics of electronic exci-
tations coupled to nuclear degrees of freedom can lead to complex
non-adiabatic effects, which cannot be described within the
Born–Oppenheimer (BO) approximation.1–3 The correct descrip-
tion of non-adiabatic effects is essential to understand the resulting
intricate processes, such as interference close to and transitions
through avoided crossings and conical intersections,4,5 intraband
relaxation, or energy transfer.6 This coupled dynamics of an
electron–bosonic composite system is often initiated by the exci-
tation with an electromagnetic field, and complexity can further

increase if the quantum nature of the electromagnetic field and its
bosonic excitations are taken into account explicitly.7–12

Bosonic excitations naturally emerge in condensed matter, e.g.,
plasmons,13 phonons,14–16 or magnons.13 Here, such excitations
can couple to electrons and influence the electronic properties.
For example, exciton–phonon coupling17–22 in semiconductors
affects exciton mobilities, the phonon–bottleneck mechanism
reduces energy loss of hot carriers,23–27 and phonon–magnon
scattering28,29 induced by electron–phonon coupling can lead to
ultrafast demagnetization,30 to mention a few examples. Clearly,
there is an increasing interest in the theoretical description of such
multi-component systems involving bosons, also in view of recent
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ultrafast dynamics experiments,31–33 where, for example, light exci-
tations in electron–phonon coupled systems have been claimed
to enhance superconductivity34–40 or where phase transitions to
a charge-density-wave phase41–43 or a metal–insulator structural
phase transition44 can be driven.

Exact solutions to the real-time dynamics of composite
electron–nuclear systems are scarce. Among the few systems for
which numerically exact solutions exist, we mention, e.g., the dis-
sipative spin-boson model,45–57 Tully’s set of problems,58–62 the
Shin–Metiu model of proton-charge transfer,63–68 and its variant
for desorption.69,70 Recently, some exactly solvable models for cav-
ity quantum electrodynamics (QED) have been presented.12 To
describe more complex systems, a quite large palette of quantum-
chemical approximate methods has been devised so far.1 Examples
are Ehrenfest and surface-hopping methods, which are widely used
and computationally favorable algorithms.1,59 They use independent
classical trajectories for the nuclei and restore some quantum effects
by averaging over the trajectories. Their low computational costs
allow for treating rather large molecular systems.

In condensed matter physics, the description of coupled
electron–bosonic systems is naturally done within the formal-
ism of diagrammatic quantum field methods,14,71–73 which has
recently been extended to the description of non-equilibrium
real-time dynamics.74–77 A related method based on the Bogoliubov–
Born–Green–Kirkwood–Yvon hierarchy for the correlation matri-
ces has recently been applied to the bosonic excitation of the cavity
field in cavity QED.78 We also mention parallel efforts with two-
component density-functional theory,79 density-matrix embedding
theory,80 and quantum Monte Carlo methods.81,82 Combinations
of Ehrenfest and surface-hopping dynamics with time-dependent
density functional theory are popular as well.83–85

For condensed matter problems, numerically exact solutions
for the real-time dynamics of electron–phonon coupled systems
based on the matrix–product representation of many-body
states have started to emerge.86–88 Such methods can efficiently
handle large bosonic Hilbert spaces. This effort to develop
efficient methods for (quasi) one-dimensional (1D) coupled
electron–nuclear models based on the density matrix renormal-
ization group (DMRG)89–91 is ongoing.86–88,92–94 Specific methods
are the pseudosite DMRG method,95 DMRG with local basis opti-
mization (DMRG-LBO),96–98 and the projected purified DMRG.93

DMRG methods use an efficient matrix–product state (MPS)
representation of the truncated wave function and DMRG-LBO
adds the determination of an optimal basis for the local degrees
of freedom obtained from diagonalizing local reduced density
matrices. This optimal basis can, in many cases, be truncated with a
negligible error, thereby making many algorithms computationally
more efficient.86,88,96–102

Naturally, one can ask if the approximate methods devised for
quantum chemistry could be applied in condensed matter57,103–105

and vice versa.106 To answer such questions, benchmarks, such as
the ones that have been carried out in the context of cavity QED78 or
the spin-boson model,57,107 are desirable. We also mention a recent
comparative study of several quantum-chemistry methods per-
formed in large chromophores.108 Applications of surface-hopping
algorithms in extended condensed matter systems have started to
appear (see Ref. 109 and references therein). However, there is a
need for systematic studies comparing such independent-trajectory

methods to unbiased numerically exact results in extended con-
densed matter systems. One recent effort along these lines has been
presented in Ref. 110. Therefore, in our work, we study the real-
time dynamics in a paradigmatic condensed matter system, the
Holstein model,111 with methods of quantum chemistry, specifically
the Ehrenfest and fewest-switches surface-hopping algorithms,1,58,59

and the multiconfigurational Ehrenfest (MCE) algorithm112,113 and
we benchmark them against exact diagonalization (ED) for small
systems and DMRG-LBO86,88 for large systems. We note that the
multiconfigurational Ehrenfest method has recently been compared
against the hierarchy equation of motion method114,115 and the
multiple Davydov D2 ansatz116 in a similar model for up to 16
sites.117

The Holstein model111 is one of the prototypical systems to
describe the formation of polarons,118,119 which were originally
thought of as electrons that cause distortions in their surrounding
polar lattice, now broadly understood as electronic quasi-particles.
The key ingredients of the Holstein model are the local interaction
of electrons and Einstein phonons. The model consists of one har-
monic oscillator on every lattice site, which is bi-linearly coupled
to the electronic density on that site. The only coupling between
lattice sites and hence oscillators originates from the electronic hop-
ping between sites, which is often restricted to nearest-neighbor
hopping. Consequently, the oscillators interact only indirectly via
electrons. Despite its simplicity, the Holstein model has been used
to describe polaronic signatures in materials.15 Apart from the
polarons, the Holstein model can also host a Peierls-type lattice
instability,120 the so-called charge-density wave (CDW) phase at
half filling.121–128 By tuning parameters of the 1D Holstein model,
one can predict a transition between the CDW and Luttinger-
liquid metallic phases.125,126 The CDW-to-metallic transition has
recently been observed in experiments.16 The physics of polarons
and the CDW-to-metallic transition described in the Holstein model
generally involve a strong coupling between oscillators and elec-
trons, for whose description non-perturbative theoretical meth-
ods are necessary even in equilibrium (see Ref. 15 and references
therein).

To connect our model to the concepts of quantum chem-
istry, we first consider the two-site Holstein model129–138 [see
Figs. 1(a)–1(c)] as it can be seen as a limit of both the spin-boson
model and the Shin–Metiu model, i.e., the quantum-chemistry mod-
els mentioned above. For the Shin–Metiu problem, one arrives at the
two-site Holstein model by taking its first two Born–Oppenheimer
surfaces into account, leading to a similar Born–Oppenheimer
Hamiltonian as for the Holstein model.3 For the spin-boson model,
the two-site Holstein model is obtained by limiting the number of
bath oscillators to one, leading to the so-called one-mode spin-boson
model.139 Moreover, the two-site Holstein model can also be seen as
the simplest appropriate model system in which two diabatic states,
representing reactants and products, are coupled through a single
harmonic oscillator.140,141 It is thus natural to start with the two-
site Holstein model and discuss the non-adiabatic dynamics from
the perspective of the Born–Huang formalism as it is common in
quantum chemistry.

For the two-site Holstein model, we consider both initial states
that have contributions only on a single Born–Oppenheimer surface
[see Fig. 1(a)] and local initial states [see Figs. 1(b) and 1(c)]. The
former is typically used in quantum chemistry to study the dynamics
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FIG. 1. Examples of initial conditions considered in this work: (a)–(c) the two-site
Holstein model and (d) and (e) the extended Holstein model. For the two-site
Holstein model, we also sketch the initial nuclear wave function densities on the
potential energy (Born–Oppenheimer) surfaces in the Born–Huang formalism. (a)
The adiabatic initial state has contributions only on the upper Born–Oppenheimer
surface, (b) the bare local state represents the addition of an electron on one
of the sites of an empty Holstein dimer, and (c) the dressed local state repre-
sents a quench of the hopping matrix element between the empty site and a local
polaron on the other site. (d) This bare local state represents an electron added
to an empty Holstein lattice and addresses the formation of a polaron. (e) The
dressed local initial state represents a polaron localized to one site, which can be
understood again as a quench of the hopping parameter. We note that conditions
(d) and (e) have been studied in Refs. 77 and 87. The rectangles denote the reduc-
tion to the three-site Holstein model, for which the Born–Huang formalism in terms
of potential energy surfaces is still practically tractable.

of a wave packet near an avoided crossing. Since the wave function
at each nuclear position has contributions only in a single (adiabatic)
Born–Oppenheimer state, we also call this an adiabatic initial
state. The latter two have recently been studied in condensed-
matter-theory studies, for example, for the Holstein model (see
Refs. 77 and 87). The local initial conditions start in a coherent
superposition of different adiabatic states, which poses a chal-
lenge for fewest-switches surface hopping (FSSH).142 We note that
both the adiabatic initial state, which has contributions on a sin-
gle Born–Oppenheimer surface, and the local states are idealized
initial states and a generic initial state realized in an experiment,
e.g., after optical excitation, is probably in between the two initial
conditions. Even though idealized, the nuclear wave functions of all
initial conditions can be exactly represented as well-defined prob-
ability distributions in phase space for the Ehrenfest and surface-
hopping trajectory methods. In this way, we test the inherent
approximations of the dynamics alone and not approximations of
the nuclear initial state. The findings from the two-site Holstein
model will help us to interpret the dynamics in larger Holstein

chains, where the exact Born–Huang formalism is not practically
tractable.

In the Holstein chain, the coupling between bosons and elec-
trons can lead to strong non-adiabatic effects, similar to those in
the two-site Holstein model. Thus, out-of-equilibrium dynamics
in the Holstein model constitute a challenging problem for which
several methods have been developed. A straightforward way to
solve the problem is to use exact diagonalization;97,143–146 how-
ever, one quickly reaches memory limits due to the huge Hilbert
space that needs to be considered. Therefore, one has to resort
to efficient methods that seek to determine the relevant part of
the Hilbert space, such as diagonalization in a limited functional
space,147–149 its recent extension,150 and tailored implementations of
the Lanczos method.151–154 These methods can still describe only
moderately large system sizes. To increase the system sizes even
further, matrix–product–state (e.g., the density matrix renormal-
ization group) methods86–88,101,155,156 adapted to the large phononic
Hilbert space can be used. These methods allow us to study both
single polarons87,101 and charge-density wave states88 in systems
with a finite electronic density. For the polaron problem, alterna-
tive quantum-chemistry methods are the hierarchical equation-of-
motion method114,115,157 or the Davydov D1 or D2 ansatz.116,117,158,159

Recently, the multiconfigurational Ehrenfest method has been
applied to the polaron problem with promising results.117 In this
work, we consider some of these methods and apply them to ini-
tial conditions that probe the relevant physics of the Holstein model,
i.e., polaron physics in chains with up to 51 sites [see Figs. 1(d) and
1(e)] and CDW physics [see Figs. 2(a) and 2(b)] in chains with 13
sites.

We provide a brief account of our main observations. Start-
ing with the two-site system (the Holstein dimer) and the three-site
system (the Holstein trimer), we show that the multitrajectory
Ehrenfest (MTE) method, which is the cheapest method to imple-
ment, has serious drawbacks and, in general, only the ultrashort
time dynamics is correctly described. The surface-hopping method

FIG. 2. Examples of charge-density wave initial conditions considered in this work
for the Holstein chains mimicking ideal CDW orders. (a) The bare CDW represents
the addition of electrons on every second site. (b) The dressed CDW represents
maximally localized polarons placed on every second site. We note that conditions
(a) and (b) have been studied in Ref. 88 using DMRG-LBO.
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improves the description of non-adiabatic effects, such as wave-
packet splitting. Even though the coherences included in the local
initial states are not well suited for the surface-hopping method, the
approach still gives a better qualitative description than the multitra-
jectory Ehrenfest method for later times in most cases. For the mul-
ticonfigurational Ehrenfest method, we demonstrate convergence to
exact dynamics with an increasing number of configurations, con-
firming that the method is, in principle, exact. For instance, it is able
to describe quantum tunneling processes.

For the polaron problem in Holstein chains with up to 51 sites,
the multitrajectory Ehrenfest method is incapable of sufficiently
relaxing excitations back to the lower energy surfaces and cannot
describe the local trapping of the charge carrier. Contrarily, the
surface-hopping method yields a significantly better agreement with
DMRG than MTE, and certain physics in the long-time behavior,
such as local trapping, is captured qualitatively by this method. We
observe a slower convergence for the multiconfigurational Ehrenfest
(MCE) method than for the dimer or trimer. In practical calculations
using MCE, we are able to converge most observables only in the
short-time dynamics, while at later times, some of the observables
deviate from the results of the exact DMRG-LBO method.

Finally, for the charge-density-wave physics for which we con-
sider multi-electron systems, we demonstrate the failure of the
multitrajectory Ehrenfest dynamics to describe energy transfer and
the evolution of the total phonon number after ultrashort dynam-
ics by comparison to the exact DMRG-LBO method. In contrast,
in an adiabatic parameter regime, the charge-density wave order
parameter is reasonably well described by MTE.

The plan of this work is as follows. We introduce the 1D
Holstein model in Sec. II. We review the Born–Huang formalism
in Sec. III. In Sec. IV, we discuss exact numerical methods, the exact
diagonalization in second quantization and the Born–Huang basis,
and the density matrix renormalization group. The independent-
trajectory methods are discussed in Sec. V. In Sec. VI, we follow up
with the multiconfigurational Ehrenfest method. We then present
our results for the two-site model in Sec. VII and for the three-site
Holstein model in Sec. VIII. The polaron physics for Holstein chains
is considered in Sec. IX. Finally, CDW physics is covered in Sec. X.
We conclude and give prospects in Sec. XI.

II. THE HOLSTEIN MODEL
A. The Holstein chain

In this work, we consider the Holstein model111 for the special
case of one dimension. The Hamiltonian in the occupation num-
ber formalism with the phonon creation and annihilation operators
b̂†

i and b̂i for site i and the corresponding spinless electronic
operators ĉ†i and ĉi can be written as

Ĥ =∑
i
[−t0(ĉ†i ĉi+1 + ĉ†i+1ĉi) + h̵ω0(b̂†

i b̂i + 1/2) − γn̂i(b̂†
i + b̂i)],

(1)

with n̂i = ĉ†i ĉi. Here, we can identify the three fundamental model
parameters: the hopping matrix element t0, the phonon frequency
ω0, and the electron–phonon coupling γ.

It is instructive to transform the phonon operators to their
position x̂i and momentum p̂i operators to get real-space repre-
sentations for the solutions to this model. For this purpose, we
insert the definition of the phonon ladder operators used above:
b̂i =√mω0

2h̵ (x̂i + i
mω0

p̂i) (and b̂†
i accordingly), with the nuclear mass

m, to write the Hamiltonian (1) equivalently as

Ĥ =∑
i

⎡⎢⎢⎢⎢⎣−t0(ĉ†i ĉi+1 + ĉ†i+1ĉi) + mω2
0

2
x̂2

i + 1
2m

p̂2
i −
√

2mω0

h̵
γx̂in̂i

⎤⎥⎥⎥⎥⎦.
(2)

Sometimes, in this work, we use a simplified dimensionless
notation, which will always be indicated by a bar over a symbol: X̄.
The dimensionless variables are defined by setting hω0 as the energy
unit: ˆ̄H = Ĥ

h̵ω0
, t̄0 = t0

h̵ω0
, and γ̄ = γ

h̵ω0
, and by using the natural length

scale for the harmonic oscillators: ˆ̄xi = x̂i/√ h̵
mω0

.

B. Holstein dimer and trimer
When visualizing potential energy surfaces later in this work,

but also for the numerically exact calculation of eigenstates of the
system, it is useful to reduce the number of phonon degrees of
freedom for the small Holstein systems.

For this, the phonon coordinates of the dimer Hamiltonian
can be transformed into a relative and a center-of-mass coordinate,
ˆ̄q = (ˆ̄x1 − ˆ̄x2)/√2 and ˆ̄Q = (ˆ̄x1 + ˆ̄x2)/√2, to obtain

ˆ̄HDimer = −t̄0(ĉ†1 ĉ2 + ĉ†2 ĉ1) + ˆ̄Q 2

2
+ ˆ̄p2

Q

2
+ ˆ̄q 2

2
+ ˆ̄p2

q

2− γ̄[ ˆ̄q(n̂1 − n̂2) + ˆ̄Q(n̂1 + n̂2)]. (3)

If we keep the total electron density constant at ⟨n̂1⟩ + ⟨n̂2⟩ = const.,
the equation for the center-of-mass coordinate Q̄ is a simple har-
monic oscillator and independent of the rest of the system. We are
then left with a single phonon coordinate q̄:

ˆ̄Hq̄ = −t̄0(ĉ†1 ĉ2 + ĉ†2 ĉ1) + ˆ̄q 2

2
+ ˆ̄p2

q

2
− γ̄ˆ̄q(n̂1 − n̂2). (4)

The center-of-mass coordinate can be removed for the Holstein
model of any size, but we do this explicitly only for the dimer
and trimer (L = 3). For the trimer, the phonon coordinates can be
transformed into

ˆ̄X = 1√
3
(ˆ̄x1 + ˆ̄x2 + ˆ̄x3),

ˆ̄xs = 2√
6
(ˆ̄x2 − ˆ̄x1 + ˆ̄x3

2
),

ˆ̄xa = 1√
2
(ˆ̄x3 − ˆ̄x1).

(5)

Here, ˆ̄X is a center-of-mass coordinate, which, like in the Holstein
dimer, does not couple to the rest of the system if we have a constant
electron number. ˆ̄xs is a symmetric phonon mode around the central
site and couples to the difference of the electron population on the
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central site and the average population on the edge sites. Finally, ˆ̄xa
is an anti-symmetric phonon mode, which couples to the difference
of the electronic populations on the edge Holstein sites (ˆ̄x1 and ˆ̄x3).

III. THE BORN–HUANG FORMALISM
A. General recapitulation of the Born–Huang
approach

In this section, we provide a short recapitulation of the
Born–Huang approach,160 which can be described as an expan-
sion of the wave function in adiabatic electronic eigenstates. In
this Born–Huang formalism, we can understand the notion of non-
adiabatic effects, which can lead to transitions between different
adiabatic electronic states.

We start by expanding the total state ∣Ψ⟩ of the system in
nuclear and electron basis states, ∣R⟩ and ∣ϕa(R)⟩, where the nuclear
state is defined by its (many-particle) position vector R, and the elec-
tron state, which might depend on the nuclear position, is labeled by
a general (many-particle) index a,

∣Ψ⟩ = ∫ dR ∑
a
∣R,ϕa(R)⟩Ψa(R). (6)

The idea of the Born–Huang approach is to use a special set of
electronic basis states: the eigenstates of the Born–Oppenheimer161

(BO) Hamiltonian Ĥ BO, which is obtained from the total Hamilto-
nian Ĥ by removing the kinetic energy term of the phonons,

Ĥ =∑
k

P̂2
k

2mk
+ Ĥ BO(R̂),

Ĥ BO(R)∣ϕBO
a (R)⟩ = EBO

a (R)∣ϕBO
a (R)⟩.

(7)

Here, P̂k and mk are the nuclear momentum operators and nuclear
masses. Note that in the second line of Eq. (7), the
Born–Oppenheimer Hamiltonian is a purely electronic opera-
tor: Ĥ BO(R) = ⟨R∣Ĥ BO(R̂)∣R⟩. Its electronic eigenstates, called
Born–Oppenheimer states, form a complete basis for every R.

Using the Born–Oppenheimer states ∣ϕBO
a (R)⟩ as electronic

basis, the time-dependent Schrödinger equation for the wave
function Ψa(R) of the full system can be written as

ih̵
∂

∂t
Ψa(R) =∑

b
[∑

k

1
2mk
(1

h̵
i
∇k +A(k)(R))2 + EBO(R)]

a,b

Ψb(R),
(8)

where boldface symbols represent matrices in the basis of
Born–Oppenheimer states, with EBO(R) being the diagonal matrix
containing the Born–Oppenheimer energies, 1 the unit matrix and
A(k)(R) a new contribution called the derivative couplings,

Aa,b,(k)(R) = ⟨ϕBO
a (R)∣ h̵i ∇k∣ϕBO

b (R)⟩. (9)

We note that the derivative couplings are often defined without the
factor h/i. The Schrödinger equation (8) takes the form of a wave
function evolving in a set of potential energy surfaces EBO

a (R), also
called Born–Oppenheimer surfaces, which are coupled via a vector
potential A(k)(R).

The Born–Oppenheimer basis is also called the adiabatic basis.
This is rooted in the adiabatic approximation, or sometimes called
the Born–Oppenheimer approximation, which amounts to neglect-
ing the derivative couplings in Eq. (8).162,163 Within this approxima-
tion, the wave function evolves independently on all potential energy
surfaces EBO

a (R), and the Born–Oppenheimer states ∣ϕBO
a (R)⟩ are

treated like electronic eigenstates of the system. The methods stud-
ied in this work go beyond the adiabatic approximation to account
for the influence of the derivative couplings on the wave function
dynamics. Any effect induced by the derivative couplings is called
a non-adiabatic effect, and they often couple different adiabatic
(Born–Oppenheimer) states.

These non-adiabatic effects become especially important when
two Born–Oppenheimer surfaces EBO

a (R) and EBO
b (R) come close

in energy, as can be seen from a different representation of the
derivative couplings,

Aa,b,(k)(R) = ⟨ϕBO
a (R)∣( h̵

i∇kĤ BO(R))∣ϕBO
b (R)⟩

EBO
a (R) − EBO

b (R) , a ≠ b. (10)

Instead of an adiabatic electronic basis, which diagonalizes the
Born–Oppenheimer Hamiltonian, one could also choose an elec-
tronic basis in which the derivative couplings defined in Eq. (9)
vanish. Such a basis is called a diabatic electronic basis.164–166 The
obvious choice is a phonon-independent basis, in the following
denoted as ∣χa⟩, which will also be used later in one of our imple-
mentations of exact diagonalization and the density matrix renor-
malization group. Note that such a phonon-independent, “trivial
diabatic” basis is, in general, the only strictly diabatic basis.167 In
this work, when we refer to diabatic basis states, we always con-
sider them as phonon-independent or at least with a negligible
R-dependence.

For later reference, the expansion of the state of the sys-
tem in both the adiabatic Born–Oppenheimer and the diabatic
phonon-independent basis is stated explicitly,

∣Ψ⟩ = ∫ dR ∑
a
∣R,ϕBO

a (R)⟩Ψ(a)a (R), (11)

= ∫ dR ∑
a
∣R, χa⟩Ψ(d)a (R). (12)

Here, the superscripts (a) and (d) of the wave function refer to
the adiabatic and diabatic basis, respectively, and the index a refers
to the Born–Oppenheimer and diabatic electronic states in the two
cases. We can understand the Ψa(R) as a multi-component nuclear
wave function.

Different diabatic states are coupled by the off-diagonal ele-
ments of the Born–Oppenheimer Hamiltonian, Va,b = ⟨χa∣Ĥ BO∣χb⟩,
which usually change smoother with respect to variations in the
nuclear coordinates than the derivative couplings in an adiabatic
basis,165,166,168,169 thus, in some cases, leading to a more stable
numerical integration (see also Sec. V E 2). Then again, the peaked
structure of the derivative couplings in the adiabatic basis allows
for the identification of strong non-adiabatic coupling regions in
nuclear configuration space R and other regions where the adiabatic
surfaces are mostly isolated. This insight can be used to motivate
approximations and restrictions to certain adiabatic states, which is
not as easily obtained from a diabatic basis.
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B. Born–Huang approach for the Holstein dimer
The Born–Oppenheimer Hamiltonian of the Holstein dimer

ˆ̄HBO
q̄ [see Eq. (4)] can be diagonalized analytically (see, e.g., Ref. 140)

for which we will assume a system with exactly one electron. In
the basis of the two site-local electronic states ∣χ1⟩ and ∣χ2⟩ (where∣χi⟩ = c†i ∣0⟩), it becomes

ˆ̄H BO(q̄) = ⎛⎜⎜⎜⎝
q̄ 2

2
− γ̄q̄ −t̄0

−t̄0
q̄ 2

2
+ γ̄q̄

⎞⎟⎟⎟⎠, (13)

which we solve for the Born–Oppenheimer eigenenergies

ĒBO± (q̄) = q̄ 2

2
±√q̄ 2γ̄ 2 + t̄2

0 (14)

and the corresponding eigenstates

⎛⎜⎝
ϕBO±,1(q̄)
ϕBO±,2(q̄)

⎞⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

¿ÁÁÁÀ1 + ⎛⎝ q̄ γ̄
t̄ 0
±
√
( q̄ γ̄

t̄ 0
)2 + 1

⎞⎠
2
−1

∓
¿ÁÁÁÀ1 + ⎛⎝ q̄ γ̄

t̄ 0
∓
√
( q̄ γ̄

t̄ 0
)2 + 1

⎞⎠
2
−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (15)

The Born–Oppenheimer surfaces Ē BO(q̄) of the Holstein dimer
are shown in Fig. 3 for γ̄ 2

t̄0
> 1. For γ̄ 2

t̄0
< 1, the lower surface has

only a single minimum at q̄ = 0, a case studied, for example, in

FIG. 3. Born–Oppenheimer surfaces of the Holstein dimer according to Eq. (14)
and the imaginary part of the derivative couplings from Eq. (16) for the parameters
γ̄ = 2 and t̄0 = 1. The splitting of the surfaces is 2t̄0 at q̄ = 0, while at the minimum

of the lower surface (q̄ = ±√γ̄ 2 − t̄2
0/γ̄ 2), the difference in Born–Oppenheimer

energies amounts to 2γ̄ 2 (for γ̄ 2

t̄0
> 1).

Refs. 170 and 171. This regime is not studied in this work but is of
interest for future investigations.

In the case of a slowly moving nuclear wave function, we can
expect the system to evolve along these potential energy surfaces as
long as they are sufficiently separated, i.e., for q far away from zero.
The non-adiabatic effects can be quantified by calculating the deriva-
tive couplings Ā via Eq. (9). The diagonal elements vanish, and we
obtain for the off-diagonal elements172,173

Ā+,− = Ā∗−,+ = −i
γ̄

2t̄0

1
1 + (q̄ γ̄/t̄ 0)2 . (16)

They are also depicted in Fig. 3. We see that the coupling is
peaked with a Lorentzian curve around q̄ = 0. The curve becomes
more localized as γ̄/t̄0 becomes large, i.e., a small hopping matrix
element between the sites will lead to highly peaked derivative
couplings around the avoided crossing point.109 The easiest esti-
mate for non-adiabatic transitions between the Born–Oppenheimer
surfaces is the Landau–Zener formula,174,175 which assumes a
predefined classical nuclear path q(t) that evolves with constant
velocity q̇ through the avoided crossing region. Starting on the lower
Born–Oppenheimer surface at q ≈ −∞, the transition probability to
the upper Born–Oppenheimer surface at q ≈∞ is then dominated
by the avoided crossing point and can be approximated as175

PLZ−→+ = exp(−π∣t̄0∣2
˙̄qγ̄
). (17)

The Landau–Zener formula (17) illustrates that we can expect non-
adiabatic effects to become relevant for a small hopping matrix
element, i.e., for large derivative couplings at the crossing region
q ≈ 0.

C. Born–Huang approach for the Holstein trimer
Similar to the dimer, we can write the Born–Oppenheimer

Hamiltonian of the Holstein trimer with one electron in the basis
of the three local electronic states as

ˆ̄HBO
Trimer(x̄s, x̄a) = x̄2

s

2
+ x̄2

a

2
,

+
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

γ̄(x̄a + 1√
3

x̄s) −t̄0 0

−t̄0 −γ̄ 2√
3

x̄s −t̄0

0 −t̄0 γ̄(−x̄a + 1√
3

x̄s)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(18)

where we again discarded the center-of-mass phonon coordinate.
x̄s and x̄a are the symmetric and anti-symmetric phonon mode
defined in Eq. (5).

The Born–Oppenheimer surfaces in the nuclear space spanned
by x̄s and x̄a can be calculated analytically or by numerical diagonal-
ization of the Born–Oppenheimer Hamiltonian. We show contours
of the Born–Oppenheimer surfaces calculated from diagonalization
for γ̄ = t̄0 = 2.5 in Fig. 4. The energy-separation of the different
Born–Oppenheimer surfaces can be seen the best in a surface-plot,
which is illustrated in Fig. 5. Since the surfaces are symmetric with
respect to x̄a, we include only positive values for the anti-symmetric
phonon mode in Fig. 5.
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FIG. 4. Contours of the Born–Oppenheimer surfaces of the Holstein trimer,
obtained from the diagonalization of the Hamiltonian (18) for γ̄ = t̄0 = 2.5 in the
nuclear coordinate space of the symmetric x̄s and anti-symmetric x̄a phonon mode.
We draw the contours for every ΔĒBO

i = 1 for the (a) highest, (b) middle, and (c)
lowest Born–Oppenheimer surface.

The lowest Born–Oppenheimer surface [Fig. 4(c)] has three
local minima, corresponding to the three different Holstein sites.
The lowest (global) minimum is at positive x̄s and at x̄a = 0, i.e.,
here mainly the central site has a large phonon distortion. The other
two minima correspond to large phonon distortions on the left
and right edge sites of the Holstein trimer, respectively. The higher
Born–Oppenheimer surfaces [Figs. 4(a) and 4(b)] each have only
one minimum, which for the highest surface, similar to the dimer
case, is located at the symmetric point x̄s = x̄a = 0.

Using the language of chemical bonds, we can asso-
ciate the three Born–Oppenheimer states with a bonding, non-
bonding, and antibonding state. Note that technically, the middle
Born–Oppenheimer state is only truly non-bonding, with zero elec-
tronic population on the central site, for x̄a = 0 (the red lines in
Fig. 5). At the three minima of the lowest Born–Oppenheimer sur-
face, the bonding state corresponds to the electron mostly localized
to the site with a large nuclear coordinate x̄i, which one might
consider as a small polaron state.

FIG. 5. Born–Oppenheimer surfaces of the Holstein trimer, obtained from diago-
nalization of the Hamiltonian (18) for γ̄ = t̄0 = 2.5 in the nuclear coordinate space
of the symmetric x̄s and anti-symmetric x̄a phonon mode. Since the surfaces are
invariant under the operation x̄a → −x̄a, we show only non-negative values for
the anti-symmetric mode. The lowest surface is drawn in magenta, the middle in
green, and the highest in blue. The Born–Oppenheimer energies along the sym-
metric phonon slice x̄a = 0 are included as red lines. In the x–y plane, a contour
plot of the lowest (magenta) surface is included, corresponding to Fig. 4(c).

In this work, we investigate symmetric initial states, with a
phonon distribution around x̄a = 0. The corresponding slice of the
Born–Oppenheimer surfaces is included as red lines in Fig. 5. Here,
the lowest (bonding) Born–Oppenheimer electronic wave function
has the same sign on all three trimer sites, the middle (non-
bonding) Born–Oppenheimer state has contributions only on the
edge sites and changes sign between them, and the upper (antibond-
ing) Born–Oppenheimer state changes its sign twice between the
sites. The energy of the non-bonding state is near degenerate with
the antibonding state for large positive x̄s, where the antibonding
state has an only little contribution on the central site. At the same
time, for large negative values of the symmetric phonon mode, the
non-bonding state becomes near degenerate with the bonding state.
These near degeneracies are lifted if the anti-symmetric phonon
mode is shifted away from zero.

The qualitative picture of these asymptotically approaching
surfaces stays the same for any parameter choice with t̄0 and γ̄ pos-
itive. In contrast to the Holstein dimer, we thus cannot achieve a
complete separation of the Born–Oppenheimer surfaces by tuning
the parameters of the system.

IV. EXACT DIAGONALIZATION AND DENSITY
MATRIX RENORMALIZATION GROUP METHODS
A. Exact diagonalization in second quantization

In order to obtain exact results, we diagonalize the Hamilto-
nian in its second quantized form Eq. (1). This is briefly reviewed
here since the notation also appears in the description of the DMRG
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FIG. 6. Convergence of exact diagonalization in second quantization with respect
to the used local phonon cutoff M. We show the electron occupation on the central
site for the Holstein trimer with γ̄ = t̄0 = 2.5, starting from the bare local initial state.

algorithm. A thorough review on exact diagonalization and how it
can be improved for larger systems can be found in Ref. 176. To
diagonalize Eq. (1), we first set up a basis for the Hilbert space.
For the dimer, each state in the real-space occupation number basis
takes the form ∣α⟩ = ∣ne

1, nph
1 , ne

2, nph
2 ⟩. We further truncate the local

phonon number to M so that nph
i ∈ {0, 1, . . . , M}. With ne

i ∈ {0, 1}
and the constraint ne

1 + ne
2 = 1, we have a total Hilbert-space dimen-

sion DH = L(M + 1)L, where L = 2 for the dimer. The complete
sparse Hamiltonian can now be easily generated by iterating through
the basis and determining which elements are nonzero ⟨α∣Ĥ∣β⟩ ≠ 0.
The Hamiltonian can then be diagonalized, and the time evolution of
an initial state carried out exactly. In this work, exact diagonalization
in second quantization is used for L = 2 and L = 3.

Since we are working in the real-space phonon occupation-
number basis, it is important to include enough phonons M to
capture the correct physics for a given set of parameters. In Fig. 6,
we illustrate this for the Holstein trimer. One sees that the observ-
able deviates from its correct value if M is chosen too small, as is the
case for M = 16. Once the data have been converged with respect to
M, the expectation value should no longer change upon increasing
M further.

B. Grid-based calculation of eigenstates
in the Born–Oppenheimer basis

Another approach is to solve the eigenproblem of the Hol-
stein dimer directly in the Born–Oppenheimer (adiabatic) electronic
basis via the Schrödinger equation (8). This will lead to the same
eigenenergies as in the exact diagonalization in the second quanti-
zation method but gives easier access to adiabatic observables, for
example, the occupation of the different Born–Oppenheimer elec-
tronic states. Since the Holstein dimer has only one relevant nuclear
coordinate, we can solve the Schrödinger equation (8) directly on a
grid and calculate the lowest m eigenstates ∣Ψn⟩, n = 1, . . . , m of the
system. For sufficiently large m, we can then represent any initial
state in these eigenstates and time evolve the state to arbitrary long
times.

Using the Born–Oppenheimer energies and derivative cou-
plings of Eqs. (14) and (16), we can write the time-independent

version of the Schrödinger equation in the adiabatic electronic basis
(8) as

Ē nΨn±(q̄, t̄) = [−1
2
∇2

q̄ + ā(q̄)2

2
+ ĒBO± (q̄)]Ψn±(q̄, t̄)

∓ [1
2
∂a(q̄)
∂q̄

+ ā(q̄)∇q̄]Ψn∓(q̄, t̄), (19)

where ā(q̄) is the imaginary part of Ā−,+.
There are many ways to solve the differential equations (19).

Here, we use an iterative procedure to obtain the lowest m
eigenstates in a Car–Parrinello inspired scheme.177

In this process, the two-component wave functionsΨn±(q̄) time
evolve with a fictitious kinetic energy on the instantaneous energy
surfaces ⟨ϕBO± (q̄), q̄∣ ˆ̄H∣Ψn⟩, discretized on a grid. For higher energy
states, the wave functions and forces acting on them are orthogo-
nalized to lower states, to ensure relaxation to eigenstates. A friction
term dampens the fictitious kinetic energy until the potential energy
is minimized under the orthogonalization constraints. We use a
Verlet-algorithm for the propagation in this relaxation process.178

We finally end up with the lowest m eigenstates, which can be used
to represent the initial state and its time evolution at any later time.
One needs to ensure that enough eigenstates m are used to accurately
represent the desired initial state, which is the case if the norm of the
projected state is close to 1.

C. Density matrix renormalization group methods
1. Brief review

Exactly diagonalizing Eq. (1) works well in many parameter
regimes for the Holstein dimer and gives direct access to eigen-
states and energies. However, due to the exponential scaling of
the Hilbert-space dimension with the system size [∼ (M + 1)L],
the method quickly reaches its limits when larger systems and a
large local phonon truncation M are needed. Taking all symme-
tries of the model into consideration176 only gives access to slightly
larger systems. One type of method, which has proven extremely
powerful when dealing with one-dimensional systems, is density
matrix renormalization group (DMRG) algorithms. In this work,
we describe the key ideas of DMRG, but there exist many com-
prehensive reviews, e.g., Refs. 90, 91, and 179 specifically for time
evolution.

DMRG, though originally developed for the ground-state
search,89 has proven to be useful for a wide range of other appli-
cations, such as time evolution180–184 and finite-temperature185–190

calculations. Even though DMRG is primarily used in one dimen-
sion, there exist generalizations to two-dimensional systems (see,
e.g., Refs. 191–195).

The key insight in DMRG is that in many situations, the knowl-
edge of the whole Hilbert space is not needed to capture the relevant
physics. Rather, one only needs to focus on states in a small part of it
which can be clearly identified based on the reduced-density matri-
ces of the sub-system obtained by tracing out the remaining physical
degrees of freedom. In the eigenbasis of the reduced-density matrix
of a system partitioned into subsystems A and B, the state ∣ψ⟩ can
be truncated to ∣ψ⟩trunc in a controlled way with a minimal distance∥∣ψ⟩ − ∣ψ⟩trunc∥2. The reason why this approximation works is rooted
in the sufficiently fast decay of reduced density-matrix eigenvalues
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in typical ground states of one-dimensional systems. This, in turn, is
related to the spatial entanglement encoded in many-body ground
states, which under certain conditions obey an area law instead of a
volume law, where the latter is typical in generic excited states.91,196

Such a bi-partitioned state on a one-dimensional lattice can be
written as

∣ψ⟩ = ∑⃗
σi ,σ⃗j

ψσ⃗ i σ⃗ j ∣σ⃗i⟩A∣σ⃗j⟩B, (20)

where ∣σ⃗i⟩A = ∣σ1, σ2, . . . , σw⟩A, ∣σ⃗j⟩B = ∣σw+1, σw+2, . . . , σL⟩B, and σ l
corresponds to the physical state at site l. Now, one can per-
form a singular-value decomposition of ψσ⃗i σ⃗j = ∑

α,β
U σ⃗i
α sαβV†σ⃗j

β . sαβ

are the r non-zero singular values. By rotating the states using∣α⟩A = ∑⃗
σi

U σ⃗i
α ∣σ⃗i⟩A and ∣β⟩B = ∑⃗

σj

V†σ⃗j

β ∣σ⃗j⟩B and using the fact that sαβ

(sα for brevity) is a diagonal matrix, one gets

∣ψ⟩ = r∑
α=1

sα∣α⟩A∣α⟩B. (21)

After ordering the singular values sα > 0 according to their magni-
tude such that s1 ≥ s2 ≥ s3 . . ., ∣ψ⟩ can now be truncated by neglecting
states, depending on their singular value sα. For example, if there are
r singular values and one wants to truncate at the dimension m + 1,
one cuts off all states belonging to sα with m < α ≤ r. The state can
now be written as

∣ψ⟩trunc = m∑
α=1

sα∣α⟩A∣α⟩B. (22)

The s2
α are also the eigenvalues of the reduced density matrix of either

subsystem and ∥∣ψ⟩ − ∣ψ⟩trunc∥2
2 = r∑

γ=m+1
s2
γ. We refer to this trunca-

tion as the standard DMRG truncation, affecting the so-called bond
dimension, as opposed to the truncation of the local Hilbert space
discussed next.

With this in mind, a state ∣ψ⟩ can be represented as a
matrix–product state (MPS) by iterating through the system and
performing a series of singular-value decompositions. It can then be
written in its final form as a so-called mixed canonical MPS,

∣ψ⟩ = ∑
σ⃗,α1 ,...,αL−1

Aσ1
α0α1 . . .Aσi−1

αi−2αi−1 Mσiσi+1
αi−1αi+1 Bσi+2

αi+1αi+2 . . .BσL
αL−1αL ∣σ⃗⟩, (23)

where Aσj , Bσl , Mσiσi+1 are matrices with bond indices αj and
α0 = αL = 1, ∣σ⃗⟩ = ∣σ1, σ2, . . . , σL⟩ are the state vectors, and the σi
are the local degrees of freedom. For the Holstein model, we have∣σ⃗⟩ = ∣ne

1nph
1 , ne

2nph
2 , . . . , ne

Lnph
L ⟩. The A (B) matrices are left (right)

normalized, meaning that ∑
σi

A†σi
Aσi = I (∑

σi

Bσi
B†σi = I), where I is

the identity matrix. This representation is exact if no truncation has
taken place but is also valid for a truncated state. Truncation of
the MPS can be done variationally or through a series of singular-
value decompositions.91 In practice, it is unfeasible to obtain the
MPS from a general state, and therefore, one often starts from one
that can easily be written down in MPS form or is obtained effi-
ciently by a ground-state search. This representation now serves as

the starting point for the time-evolution algorithm with local basis
optimization.

2. Time evolution with local basis optimization
To time evolve the matrix–product state ∣ψ⟩ with a Hamilto-

nian that only acts on neighboring sites, we first write it as a sum
of local energy terms Ĥ = ∑

i
ĥi with ĥi connecting two neighboring

sites. We then carry out a Trotter–Suzuki decomposition to second
order so that our time-evolution operator becomes

e−iΔtĤ /h̵ = e−iΔtĤ even/(2h̵)e−iΔtĤ odd/h̵e−iΔtĤ even/(2h̵) +O(Δt3), (24)

where Ĥeven (odd) = ∑
l:even(odd)ĥl, and Δt is the time step. Since the

even (odd) ĥl commute, we can write each exponential as a prod-
uct of Trotter gates, e.g., e−iΔtĤ even/(2h̵) = ∏

l:even
e−iΔtĥ l/(2h̵). To apply

the time-evolution gate acting on sites i and i + 1, we first bring
the matrix–product state into the mixed canonical form of Eq. (23)
for those sites. We then apply the corresponding time-evolution
operator directly

Φσ′i σ′i+1
αi−1αi+1 = ∑

σi ,σi+1

Uσ′i σ′i+1σiσi+1 Mσiσi+1
αi−1αi+1 , (25)

where Uσ′i σ′i+1σiσi+1 is a Trotter gate. By carrying out a singular-value
decomposition ofΦσ′i σ′i+1

αi−1αi+1 , the updated tensors are obtained and one
can continue with the following sites.

Since the time evolution, and many other DMRG based
algorithms, often scale polynomially with the local Hilbert-space
dimension, they can become expensive when these are too large.
This is also the case in the Holstein model where the local dimen-
sion is 2(M + 1). Therefore, a number of methods have been
introduced for a more efficient treatment of such large local
dimensions.93–96 In this work, we use local basis optimization,96

which has already been combined with different numerical meth-
ods, including matrix–product states, e.g., in Refs. 86, 88, 98–102,
and 156. The idea of the local basis optimization can be intuitively
understood by looking at the Holstein model in the strong-coupling
limit. For a site with a localized electron, the phonon distribution
is that of a coherent state. Thus, the site can be described by two
states, either the zero phonon or a coherent phonon state. This
encourages the search for a basis where the state can be repre-
sented with a negligible error but with significantly fewer modes in
generic parameter regimes. This basis can be found by diagonaliz-
ing the local, single-site reduced-density matrix ρ = U†WU, where
ρσiσ′i = ∑

σi+1 ,αi−1 ,αi+1

Φσiσi+1
αi−1αi+1Φ

†σi+1σ′i
αi−1αi+1 . Here, W is a diagonal matrix with

elements wα. The truncation can be done based on the wα’s, which
are the eigenvalues of ρ. The transformation matrices U trans-
form the site from the physical state ∣σi⟩ to the optimal basis state∣σ̃i⟩ = ∑

σi

U σ̃i σi ∣σi⟩. When combining the local basis optimization with

DMRG, which we refer to as DMRG-LBO, the transformation matri-
ces can be applied to Φσ′i σ′i+1

αi−1αi+1 from Eq. (25) before the subsequent
singular-value decomposition. This singular-value decomposition
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is done before moving to the next set of sites and applying the
next Trotter gate. Due to the extra cost of the transformations,
the procedure is only beneficial if the local basis can be trun-
cated such that the dimension of the optimal basis is significantly
smaller than the one of the physical basis (see Ref. 86 for technical
details).

When diagonalizing the reduced density matrix to obtain the
optimal basis, the smallest eigenvalues wα are discarded such that
the truncation error is below a threshold ϵLBO so that

∑
discarded α

wα/⎛⎝∑all β
wβ
⎞⎠ < ϵLBO. (26)

For the standard DMRG truncation done in the time-evolution
scheme, we discard all singular values with a threshold ϵbond such
that

∑
discarded α

s2
α/⎛⎝∑all β

s2
β
⎞⎠ < ϵbond. (27)

Note that the MPS representation of the state in Eq. (23) can indeed
be exact for a fixed phonon cutoff M. This would, however, require
exponentially large matrices and is unfeasible. By introducing a finite
truncation, the representation is no longer exact but is an approxi-
mation of the state. Since this error can be made arbitrarily small,
in principle, and often also in practical applications, we refer to
DMRG as an exact method and convergence of the calculations must
always be controlled with respect to ϵbond and ϵLBO. How to do this is
demonstrated for one example in Fig. 7(a) for ϵbond and Fig. 7(b) for
ϵLBO. Figure 7(a) shows the electron density for a fixed ϵLBO with
different values for ϵbond. For ϵbond chosen too large (here, when

FIG. 7. Convergence of the DMRG data with ϵbond and ϵLBO. We show the elec-
tron occupation on the central site in the Holstein chain with L = 11, γ̄ = t̄0 = 2.5,
starting from the dressed local initial state. (a) Fixed ϵLBO = 10−8 and different
ϵbond. (b) Fixed ϵbond = 10−10 and different ϵLBO. We further use M = 40 and
Δt = 0.004/ω0.

ϵbond = 10−6), too many states are truncated away and the time-
dependent expectation value of the observable is inaccurately cap-
tured by the MPS. However, if ϵbond is set to be sufficiently small,
the data become independent of the truncation and the approxi-
mated state can be used to correctly calculate the expectation values.
A similar check must be done for ϵLBO. This is illustrated in Fig. 7(b)
with a fixed ϵbond. Now, a poorly chosen ϵLBO leads to an erroneous
representation of the local state and the expectation value of the
observable deviates from its correct form. As is the case for ϵbond,
below a sufficiently small ϵLBO, the expectation values become inde-
pendent thereof and the data are converged up to a certain accuracy.
This convergence must be checked for each observable individually.
We find that, in particular, the reduced mean-squared displacement
(RMSD) and the total phonon number need smaller cutoffs to reach
convergence.

Note that a convergence check with respect to the local phonon
truncation M is also needed. This must be carried out by varying M
as illustrated for exact diagonalization (see Fig. 6) in Sec. IV A. The
DMRG-LBO calculations in this work are done using the ITensor
Software Library.197

V. INDEPENDENT TRAJECTORY METHODS

In this section, we first briefly review the phase-space approach
to quantum mechanics and the ansatz to describe the nuclear
dynamics by a swarm of independent trajectories. We then describe
the two independent-trajectory methods used in this work: mul-
titrajectory Ehrenfest (MTE)59,198,199 and fewest-switches surface
hopping (FSSH).58 For the latter, we also review some possible
improvements to the algorithm, both for its general description
and specific ones for its application to large systems. We conclude
this section with a short discussion of our implementation of both
methods and their internal convergence.

A. Phase space representation of quantum mechanics
The independent-trajectory methods combine a (classical)

phase-space description of the nuclear degrees of freedom with a
quantum mechanical wave-function (WF) formalism of the elec-
tronic subsystem. The partial phase-space description by itself is
not an approximation and can be understood in the framework of
the partial Wigner transform.200–202 The Wigner transform (some-
times called the Weyl transform) maps an operator Ô to a function
of phase-space OW(R, P).203–207 For a composite electron–nuclear
system, one can define the partial Wigner transform acting on the
nuclear degrees of freedom by202,208,209

Oa,b:W(R, P) =∫ dZ[eiP⋅Z/h̵

× ⟨R − Z
2

,ϕa(R − Z
2
)∣Ô∣R + Z

2
,ϕb(R + Z

2
)⟩],

(28)

where the selected electronic basis ∣ϕa(R)⟩ can refer to both diabatic
or adiabatic states and the integral is taken over the whole nuclear
position space Z. Of special importance is the partial Wigner trans-
form of the density matrix of the full system ρ̂ = ∣Ψ⟩⟨Ψ∣, which allows
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us to calculate expectation values of any operator via a phase-space
average

⟨Ô⟩ =∑
a,b
∫ dR∫ dP Oa,b:W(R, P)ρb,a:W(R, P)(2πh̵)n . (29)

The term Wb,a(R, P) := ρb,a:W(R,P)(2πh̵)n looks like a probability distribution
in phase space but can contain negative values. When we speak of
the partially Wigner-transformed density matrix, we always refer to
this object Wb,a(R, P). For a pure state expanded in the same basis
as used in Eq. (28), it can be written as

Wa,b(R, P) = ∫ dZ
eiP⋅Z/h̵
(2πh̵)nΨa(R − Z

2
)Ψ∗b (R + Z

2
). (30)

This form of the partial Wigner transform is basis dependent and
allows us to describe both phonon-independent (diabatic) and adia-
batic states easily, since only the wave function in the respective basis
Ψ(d)a or Ψ(a)a [see Eqs. (11) and (12)] is needed. However, one also
needs to represent the observable in the same basis [see Eq. (28)],
which can be non-trivial in an adiabatic basis.

An alternative definition of the partial Wigner transform
exists,200,201,210 in which the electronic states in Eq. (28) do not
depend on Z and are evaluated at position R. For a phonon-
independent electronic basis, both definitions are equivalent, while
the R-dependence of adiabatic states is treated differently. One can
think of this alternative, the so-called “Wigner-then-adiabatic”211

definition, as if one first performs the partial Wigner transform
in a phonon-independent basis, and afterward represents it in
another, e.g., adiabatic, basis. It is frequently used when relating the
quantum–classical Liouville approach,200 which is an approximate
solution to the time evolution of the Wigner function, to trajectory-
based descriptions of the phase-space evolution, such as MTE and
FSSH.201,210

Adiabatic initial states can be much easier represented in the
variant of Eq. (30), and this definition will be used later when sam-
pling the independent-trajectory methods (see Secs. V B and V F).

B. Independent-trajectory methods
Independent-trajectory methods approximate the partially

Wigner-transformed density matrix (30) by an ensemble aver-
age over a number Ntraj of classical nuclear trajectories (indexed
by r) described in nuclear phase space by Rr(t), Pr(t), each
with an attached electronic density matrix ρ̂r

el, and potentially a
weight-factor wr ,

Ŵ(R, P, t) ≈ 1
Ntraj

Ntraj∑
r

wrδ(R − Rr(t))δ(P − Pr(t)) ⋅ ρ̂r
el(t). (31)

Expectation values of observables can then be calculated via Eq. (29).
The two most common approaches to obtain initial conditions in
the trajectory-simulations are to sample them either from the par-
tial Wigner transform of a given density matrix or from a classical
molecular dynamics simulation, where often the former approach is
preferred.212–216 The implementation of the Wigner sampling used
in this work is described in more detail in Sec. V F.

The nuclear trajectory r is propagated via classical Newto-
nian equations of motion under some method-specific classical
Hamiltonian Hnuc, r , which is independently obtained for each
trajectory,

∂Rr
k

∂t
= ∂Hnuc,r

∂Pr
k

,
∂Pr

k
∂t
= −∂Hnuc,r

∂Rr
k

. (32)

Here, Rr
k and Pr

k are the kth-component of the nuclear position and
momentum of the trajectory r. Without the attached electronic den-
sity matrix and when using a Wigner sampling of the initial nuclear
quantum state, this approach is equivalent to the truncated Wigner
approximation in a phase-space representation.217 The electronic
density matrix is time evolved under the influence of the classical
nuclear positions Rr(t) and momenta Pr(t), and the explicit form is
given in Secs. V C and V D.

As the name implies, different trajectories with their attached
electronic density matrices are not allowed to interact during the
time evolution. This approximation is at the core of these methods
and allows easy, distributed parallel calculations. In this paper, we
will use two well-established independent-trajectory methods with
different underlying approximations and equations of motion: mul-
titrajectory Ehrenfest59,198,199 and fewest-switches surface hopping.58

More details on the initial sampling used in this work, and conver-
gence analysis of both methods is given at the end of this section (see
Sec. V F).

C. Multitrajectory Ehrenfest dynamics
In the first method, the multitrajectory Ehrenfest (MTE)

approach, the coupling of each nuclear trajectory with its attached
electronic density matrix, is described on a mean-field level, called
Ehrenfest dynamics,59,198,199 or sometimes mixed quantum/classical
time-dependent self-consistent-field.218,219 Here, the nuclear trajec-
tory is propagated via the Newtonian equations of motion (32)
according to the mean-field nuclear Hamiltonian

Hnuc,r = Tnuc(Pr) + Tr [Ĥ BO(Rr)ρ̂r
el]e, (33)

where Tr[⋅]e is a trace in the electronic subsystem only and Tnuc(P)
denotes the classical nuclear kinetic energy. The electronic den-
sity matrix is then propagated by the time-dependent electronic
Hamiltonian Ĥ BO(Rr(t)),

d
dt
ρ̂r

el(t) = − i
h̵
[Ĥ BO(Rr(t)), ρ̂r

el(t)]. (34)

Ehrenfest dynamics is independent of the choice of the electronic
basis, as can be seen from Eqs. (33) and (34), where we did not
specify any basis. Ehrenfest dynamics can be derived from the
exact quantum dynamics by first applying a mean-field approxi-
mation, the time-dependent self-consistent field method, and after-
ward a classical approximation for the nuclear coordinates (see
also Refs. 59 and 220 and references therein). Alternatively, one
can start from the (approximate) quantum–classical Liouville equa-
tion and neglect electron–phonon correlations in the total density
matrix.201,221 The time evolution is completely deterministic and the
multitrajectory approach only serves as an accurate sampling of the
initial state.
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It is easier to see the limitations of the mean-field approx-
imation and the ability of Ehrenfest dynamics to describe non-
adiabatic effects if we write the electronic time-evolution in the
(adiabatic) Born–Oppenheimer basis ∣ϕBO

a (R(t))⟩, which in the
independent-trajectory approach is now explicitly time dependent.
For a pure state described by ∣Ψr

el(t)⟩ = ∑aΨ
r,(a)
el,a (t)∣ϕBO

a (Rr(t))⟩,
the Schrödinger equation for the electronic wave function
becomes

ih̵∂tΨr,(a)
el,a (t)=∑

b
(δa,bEBO

b (Rr(t))+∑
k

Ṙr
k(t)Aa,b,(k)(Rr(t)))Ψr,(a)

el,b (t),
(35)

where Ṙk is the time-derivative of the kth component of the
nuclear coordinate and Aa,b,(k) are the derivative couplings defined
in Eq. (9).58

Similar to the Schrödinger equation in the Born–Huang
approach [Eq. (8)], the derivative couplings are responsible for non-
adiabatic transitions between different Born–Oppenheimer surfaces.
However, these transitions are now described by a purely electronic
Schrödinger equation (35), where the nuclear momenta enter only
via the velocity term Ṙk in front of the derivative couplings. Hence,
non-adiabatic transitions between Born–Oppenheimer surfaces are
possible in Ehrenfest dynamics and are again peaked where the
derivative couplings become large.

One problem of the mean-field description in Ehrenfest
dynamics becomes apparent when considering an electron–nuclear
wave packet initially localized to a certain Born–Oppenheimer state,
which then passes through a region with strong non-adiabatic
coupling. Beyond that region, the wave packet will have contri-
butions on more than one surface, and, as shown in the exact
Schrödinger equation (8), these contributions should evolve inde-
pendently from each other when the derivative couplings become
negligible again. This is not reproduced in Ehrenfest dynamics,
where each nuclear trajectory will evolve in one effective potential
built from the electronic contributions in all occupied surfaces, lead-
ing to possibly unphysical paths when the force-contributions of the
involved surfaces differ strongly.58,222,223 For more information on
the implementation of MTE in this work and convergence analysis,
see Sec. V F.

D. Fewest-switches surface hopping
Surface-hopping methods224,225 try to circumvent the mean-

field averaging problem by calculating the forces acting on the nuclei
from a single energy surface Eλr(Rr) in each time step, with the
possibility of stochastic hops between surfaces. While it is not a
mean-field method, it still uses an independent-trajectory approach,
which, combined with the classical path assumption for the nuclei,
leads to the same electronic time-evolution [Eqs. (34) and (35)] as
MTE.58,59

Surface-hopping methods interpret the resulting electronic
populations ∣Ψr

el,a(t)∣2 as the probability of the trajectory r to be
on the electronic surface Er

a(R) = ⟨ϕa∣Ĥ BO(Rr)∣ϕa⟩. Since the forces
on the nuclei are calculated from a single diagonal entry of the
electronic density matrix, they are strongly basis dependent. The

typical choice is the Born–Oppenheimer basis (see, for example, the
discussion in Ref. 59), which leads to the nuclear Hamiltonian

Hnuc,r = Tnuc(Pr) + EBO
λr (Rr), (36)

where Tnuc is the kinetic energy term of the classical nuclear Hamil-
tonian and λr is the currently active Born–Oppenheimer surface of
trajectory r. The hopping algorithm is designed such that the distri-
bution of trajectories on the surfaces approximately reproduces the
electronic populations given by ∣Ψr

el,a(t)∣2. The most common form
for the hopping algorithm is the fewest-switches surface hopping
(FSSH),58 which is also used in this work.

The time derivative of the electronic populations∣Ψr
el,a∣2 = ρr

a,a in the Born–Oppenheimer basis can be expressed
by using Eq. (35) as ρ̇r

a,a = ∑b≠abr
a,b with br

a,b= −2R[ i
h̵(Ψr

el,a)∗Ψr
el,b∑kṘr

k ⋅ Aa,b,(k)(Rr)], where R refers to the
real part. From this expression, FSSH estimates the change of
electronic population from surface a to surface b within a time step
Δt as −br

a,bΔt. The FSSH algorithm, as the name fewest-switches
implies, tries to use the minimum number of hops between surfaces
to satisfy this relation. For that reason, a hop from an active surface
λ to another surface λ′ within a time step Δt is allowed with a

probability equal to pr
λ→λ′ = max{−Δtbr

λ,λ′
ρr
λ,λ

, 0}, i.e., hops are only

allowed in one direction between two surfaces.
In order to conserve the total energy of the system, a sur-

face hop in the fewest-switches algorithm58 is accompanied by a
velocity adjustment of the nuclear degrees of freedom. The veloc-
ity adjustment happens in the direction of the derivative coupling
A⃗λ,λ′ between the surfaces. If the corresponding momentum is not
sufficient to compensate for the energy increment of a hop, the
hop is frustrated and ignored. When dealing with relatively low
nuclear kinetic energies, this can lead to significant deviations in
the distribution of trajectories from the propagated electronic pop-
ulations ∣Ψr

el,a(t)∣2. The occurrence of frustrated hops can render
FSSH inferior to an Ehrenfest approach in some cases.226 Even with-
out frustrated hops one cannot guarantee the internal consistency
between the electronic populations and the trajectory distributions
due to missing decoherence effects,227 which might be remedied by
introducing a decoherence correction (see Sec. V E 1).

It seems that each nuclear trajectory in FSSH has two quantities
describing the electronic state: the electronic amplitudes Ψr

el,
which determine the switching probabilities, and the currently
active surface λr , which determines the nuclear Hamiltonian in
Eq. (36).228 Typically, the active-surface (AS) distributions are
used to calculate populations of the Born–Oppenheimer states,⟨n̂BO

a ⟩ = 1
Ntraj
∑Ntraj

r δa,λr , as they approximately obey detailed

balance.229,230 In contrast, the calculation of electronic proper-
ties in other basis sets requires a proper definition of the full
electronic density matrix ρ̂r

el used in Eq. (31) to approximate
the partially Wigner-transformed density matrix. In partic-
ular, a consistent approach to calculate diabatic populations
na = Tr[n̂a] = Tr[∣χa⟩⟨χa∣] is not easily found in FSSH (see, for
example, the discussions in Refs. 142, 210, and 228). Two simple
possible definitions for the matrix elements of the density matrix in
the Born–Oppenheimer basis are142,210,228,231

ρr,(AS)
el,a,b = δλr(t),aδa,b, (37)
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ρr,(WF)
el,a,b = Ψr

el,aΨ
r,∗
el,b. (38)

The first definition ρ̂(AS)
el corresponds to using only the distri-

bution of active surfaces for the calculation of the electronic density
matrix. With this ansatz, however, only a diagonal density matrix
in the basis of Born–Oppenheimer states can be described for every
nuclear configuration R. Thus, for an initial state that is a coherent
superposition of several Born–Oppenheimer states, such as is the
case for a typical diabatic state, this ansatz cannot capture the cor-
rect initial diabatic populations. The second ansatz ρ̂(WF)

el relies on
the electronic wave function amplitudes. Similar to MTE, electronic
populations in any basis and for any initial state can be described
with this ansatz. On the downside, the electronic amplitudes are not
guaranteed to obey detailed balance and are unreliable for longer
times.142,228–230

Based on an approximate derivation of surface hopping from
the quantum–classical Liouville equation,210 Landry et al. proposed
the use of a mixed diabatic electronic density,228 which corresponds
to using

ρr,(mixed)
el,a,b = ⎧⎪⎪⎨⎪⎪⎩

δλr(t),a, for a = b,

Ψr
el,aΨ

r,∗
el,b, for a ≠ b,

(39)

for the electronic density matrix. Here, the active surface distri-
bution is used for the diagonal elements of the electronic density
matrix, while the off-diagonal elements are constructed from the
electronic amplitudes. This expression combines the strengths of the
long-time detailed balance given for the active-surface distributions
and the short-time coherences of the electronic amplitudes.228

We note that the forces on the nuclei are still calculated from
the active surfaces only, ignoring any coherences between adiabatic
states, i.e., off-diagonal elements of the electronic density matrix in
the adiabatic basis. When the coherences have a significant influence
on the wave function dynamics, this will lead to deviations of the
nuclear motion from the exact dynamics. This is, for example, the
case for the (site-) local initial states studied in this work, which have
non-zero coherences from the beginning. This deficiency is one con-
sequence of the basis-dependence of surface hopping, which works
best only when starting from an adiabatic (Born–Oppenheimer)
initial state.

The mixed electronic density matrix defined by Eq. (39) pro-
vides a consistent way to calculate electronic populations in any
basis. Unless stated otherwise in this work, we will use this definition
for the calculation of diabatic populations. There is, however, one
caveat to using the mixed electronic density matrix: the diabatic pop-
ulations are not guaranteed to be positive.228 We find this to be of
relevance only in large systems starting from a local initial state, at
sites far away from the initially occupied site with very low popu-
lations. Observables that put special focus on these small diabatic
populations, such as the later investigated reduced mean-squared
displacement [see Eq. (49)], cannot be calculated reliably by using
the mixed electronic density matrix of Eq. (39) (see Appendix A).
In these cases, one should consider to resort to the aforementioned
definitions ρ̂(AS)

el [Eq. (37)] or ρ̂(WF)
el [Eq. (38)]. More information

on our implementation of FSSH and convergence analysis is given
in Sec. V F.

E. Improvements to fewest-switches surface hopping
Many improvements for surface-hopping algorithms have been

proposed in the recent years, as portrayed in Refs. 104 and 105. We
consider here only the very common decoherence correction and
two further corrections specifically proposed for large systems (see
also Ref. 109). In the following, the trajectory index r is omitted for
clarity.

1. Decoherence correction
The assumption of independent-trajectories within the surface-

hopping approach does not only discard the phase relation between
different trajectories, but it also leads to overcoherence within the
individual trajectories: the electronic amplitudes are evolved via
Eq. (35) and without interactions with other trajectories. Therefore,
they will keep the phase relation between different surfaces, which
can lead to self-interference effects at later times. Already in the first
proposal of the fewest-switches algorithm,58 Tully mentioned the
possibility of adding coherence damping terms to the time evolution
of the electronic amplitudes. Since then, a large variety of decoher-
ence corrections have been proposed (see, for example, Refs. 104,
109, 142, and 232). We use a force-based decoherence rate, proposed
in Refs. 233 and 234, on the basis of a frozen Gaussian method,235,236

where the electronic amplitudes of all non-active states a ≠ λ decay
exponentially in each time step via Ψ′a = Ψa ⋅ exp(−Δt/τa), with the
decoherence rate

1
τa
=√∑

k
(Fλk − Fa

k)2/(4akh̵2). (40)

Here, Fa
k is the kth component of the force acting on the ath potential

energy surface and ak is the width of the Gaussians used in the frozen
Gaussian ansatz, which can be calculated in the Holstein model via
ak = mω0

h̵ (see also Ref. 109).
Subotnik et al. have proposed an advanced expression for deco-

herence rates of on- and off-diagonal elements of the electronic
density matrix by deriving the surface-hopping approach from
the quantum–classical Liouville equation.210 We will not use their
expression in this work, as it requires the propagation of additional
variables.

Using a decoherence correction, in the following denoted by
FSSH + D, simplifies the ambiguity of the electronic density matrix
in FSSH, mentioned in Sec. V D. Since the electronic amplitudes
are dampened toward the active surface distributions, all definitions
of the density matrix become the same for long times. In order to
recover the correct coherences of local initial states, one should thus
resort to the mixed ρ̂(mixed)

el [Eq. (39)] or the electronic amplitude
(wave function) ρ̂(WF)

el [Eq. (38)] definition.

2. Avoiding derivative couplings
Special care needs to be taken when dealing with large sys-

tems in FSSH (see Ref. 109). Here, different energy surfaces can
come very close or even cross when different adiabatic states are
localized to far separated regions of the system and are only very
weakly coupled. The derivative couplings [see Eq. (10) or, for the
dimer, Eq. (16)] then become very localized and cannot be sampled
reliably unless very small time steps are used.237–240 In the FSSH
algorithm, the derivative couplings are used in three steps: the elec-
tronic propagation according to Eq. (35), the calculation of the
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hopping probabilities, and the direction of the velocity adjustment
after a successful surface hop.

Since the electronic propagation is basis independent [see
Eq. (34)], it can be carried out in a diabatic basis ∣χa⟩ to avoid
the derivative couplings altogether. In each time step, the adia-
batic amplitudes are then calculated via Ψ(a)el,a (t) = ∑b⟨ϕBO

a (R(t))∣χb⟩Ψ(d)el,b (t) [see Eqs. (11) and (12)].237

For calculating numerically stable hopping probabilities, also
close to surface crossings, different schemes have been proposed (see
Ref. 109 and references therein). In this work, we use an alternative
expression for the hopping probability pλ→a = max{g(λ)a , 0} in sys-
tems with L ≥ 3, which relies only on the general unitary adiabatic
time propagator Ψa(t + Δt) = ∑b Pa,b(t, t + Δt)Ψb(t),

g(λ)a = ∣Ψλ(t)∣2 − ∣Ψλ(t + Δt)∣2∣Ψλ(t)∣2
× R[P∗a,λ(t, t + Δt)Ψa(t + Δt)Ψ∗λ (t)]∣Ψλ(t)∣2 −R[P∗λ,λ(t, t + Δt)Ψλ(t + Δt)Ψ∗λ (t)] , (41)

and which was proposed in Ref. 241 as a numerically more stable
variant of a similar expression proposed in Ref. 237.

The hopping probabilities defined by Eq. (41) fulfill the sum
rule ∣Ψλ(t)∣2−∣Ψλ(t+Δt)∣2∣Ψλ(t)∣2 = ∑a≠λg(λ)a in each time step exactly. This is
necessary to obtain a self-consistent description between electronic
amplitudes and active-surface distributions, as in the original FSSH
algorithm.58 Equation (41) can be evaluated without resorting to
derivative couplings once the electronic wave-function propagation
is obtained in the diabatic basis.

We compared our results also to the “crossing-corrected” algo-
rithm proposed in Ref. 242 as an extension of a self-consistent cor-
rection suggested in Ref. 239, which also relies on exactly enforcing
the sum-rule decomposition mentioned earlier. This method relies
on identifying surface intersections, or near intersections, which can
be insufficient for asymptotically approaching Born–Oppenheimer
surfaces, as observed in the Holstein trimer (see Fig. 5). Then again,
the crossing-corrected algorithm alleviates the difficult calculation
of the velocity-adjustment while passing a surface intersection (by
neglecting the velocity-adjustment). We could not observe a signif-
icant difference between using the crossing-corrected scheme and
using Eq. (41) and employed the latter in this work. Hence, in
our implementation, we still rely on the derivative couplings in the
calculation of the velocity-adjustment.

3. Decoherence enhanced spurious charge transfer
Another problem appears when applying the decoherence cor-

rection in large systems: the “decoherence correction enhanced
trivial crossing problem”109,243 or also called “spurious charge
transfer.”231,244 In large systems, different Born–Oppenheimer states
might be localized to completely different parts of the system. A sur-
face hop between these states, although rare, will correspond to an
instantaneous jump in space. This becomes even more severe when
surface crossings are not properly accounted for109 (see Sec. V E 2).
The electronic propagation via Eq. (34) is only indirectly, through
the changing nuclear trajectory, affected by the jump, and subse-
quent hopping events can often still be well described. Hence, in

normal FSSH, the erroneous jumps have only little effect, espe-
cially when calculating diabatic populations from the electronic
amplitudes only [ρ(WF), see Eq. (38)]. The decoherence correction,
however, collapses the electronic amplitudes to the active surface,
resulting in the spurious charge transfer described in Refs. 109, 231,
243, and 244.

We note that this problem is even more severe when analyzing
the real-time evolution of a local initial state in a large system, as
done in this work. An example is the bare local state at the central
site, with all phonon degrees of freedom in their ground state. This
initial state has an almost equal weight on all Born–Oppenheimer
surfaces. Thus, already the initial state has a large mismatch between
local densities calculated according to the active surfaces (where the
initial state is far spread) and the densities calculated according to
the electronic amplitudes (where the local initial state is properly
recovered). The decoherence correction then quickly removes the
correct short-time coherences captured by the electronic amplitudes,
resulting in an unphysical super-fast spreading of the wave function.
This is shown in Appendix A.

Two ways to restrict the decoherence correction to avoid spuri-
ous charge transfer have been suggested: (i) allowing decoherence
only when the currently active surface has a wave-function pop-
ulation above a threshold243 or (ii) restricting the decoherence
correction to a certain “active space” in the diabatic basis.244 When
describing the short-time evolution of local initial states, the first
approach will have nearly no effect, since, as mentioned earlier,
the adiabatic populations of most Born–Oppenheimer states will be
above any reasonable threshold. We are thus left with the active-
space ansatz of Ref. 244, which was already applied to calculating
mobilities in organic semiconductors.231,244

This approach244 introduces an additional step in the time
evolution of every independent trajectory: After propagating the
nuclei and electronic wave functions, but before the decoherence
correction is applied, an “active region” in the diabatic states is
defined, which should contain at least a fraction of R = 0.999 of
the electronic charge density. In our implementation, we con-
struct this region by subsequently adding diabatic basis states with
decreasing electronic population to an active region subset, until
the total electronic population of the subset exceeds the thresh-
old R. Afterward, the decoherence correction is carried out, but
all changes of the diabatic electronic amplitudes outside the active
region are ignored, while the amplitudes inside the active region
are rescaled to conserve the norm. Since R is close to 1, only
diabatic states with a very low electronic population should be
affected. As also pointed out in the original paper,244 this active
region only influences the decoherence correction step, while the
propagation of the electronic wave functions is carried out in
the usual way. This approach is well suited for our local initial
states, where initially only a single diabatic state is occupied. We
found quantitative changes in the time evolution depending on
the exact value of the threshold R used (see Appendix A) and,
in general, a value of R = 0.99 seems to improve the results over
the originally suggested R = 0.999 for the local initial states in the
large systems.

We can go one step further by completely turning off the deco-
herence correction in the short-time regime of a local initial state
when we know that the coherences between Born–Oppenheimer
states are still important. In this work, we take a simple approach
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of delaying the use of a decoherence correction in large systems(L ≥ 11) until a time of π/(2ω0), i.e., a quarter phonon oscillation
period, has passed. The effect of this delayed decoherence is shown
in Appendix A. FSSH with this form of the restricted decoher-
ence, i.e., an active region restriction with R = 0.99 and the delayed
decoherence, will be denoted as FSSH + RD.

From the previous discussion, it is clear that in order to cor-
rectly describe the initial electronic state, all coherences between the
adiabatic states need to be included. In the example of our local
states in large systems, the initial adiabatic states are delocalized
over many sites and only the coherences in the electronic wave
function recover an electron density that is initially localized to a
single site. This is also illustrated in Appendix A. Studies focusing
on extracting mobilities and steady-state properties often discard
these initial coherences or directly start from a relaxed adiabatic
state.231,243 Using this ansatz has the benefit that all definitions of
the electronic density matrix are equivalent in the beginning and
both types of restricted decoherence correction mentioned earlier
can be used. Furthermore, it has been shown that, when using a
crossing-corrected algorithm (see Sec. V E 2) and by including only
a subset of all adiabatic states in the algorithm, system-size indepen-
dent results could be obtained with surface hopping in very large
systems, also without limitations to the decoherence correction.245

Similar to the first restricted decoherence ansatz mentioned earlier,
this approach is not suitable for our bare local initial states, which
have an almost equal population of all adiabatic states. An alternative
extension to ensure inherently system-size independent dynamics,
which also works for our initial states, is a subsystem surface hop-
ping ansatz,246 which combines a surface hopping description for a
dynamical subset of the lattice sites with molecular dynamics on the
other sites. This can even be combined with an additional subsys-
tem described on a purely statistical level.247 In this work, where we
focus on the initial real-time non-adiabatic dynamics, we stay with a
pure surface hopping description, include all coherences for the local
initial states, and use the restricted decoherence approach outlined
earlier.

F. Computational details of the independent
trajectory algorithms and convergence

The calculations presented in this work always start with the
nuclear oscillators on every site in a coherent state and the electron
either in a local or adiabatic state. The partially Wigner-transformed
density matrix [Eq. (30)] has non-zero entries only in one diag-
onal matrix element of the diabatic or adiabatic electron basis,
respectively: W(R, P) :=Wa,a(R, P) ≠ 0, corresponding to a normal
Wigner transform of this component of the nuclear wave function
[Ψ(d)a (R) or Ψ(a)a (R)]. In both independent trajectory methods, we
sample the initial nuclear positions and momenta from that Wigner
transform, which for the coherent states leads to uncorrelated Gaus-
sians in the positions and momenta, centered around their quantum
mechanical averages ⟨x̂i⟩ and ⟨p̂i⟩. In the dimensionless variables,
this can be expressed as

W(x̄, p̄) = 1(π)L

L∏
i=1

exp(−(x̄ i − ⟨ ˆ̄x i⟩)2) exp(−(p̄ i − ⟨ ˆ̄p i⟩)2). (42)

Here, L is the number of sites. In particular, for all states stud-
ied here, we have ⟨ˆ̄pi⟩ = 0, ∀i. For the bare states[see Figs. 1(b),

1(d), and 2(a)], all oscillators are centered around zero ⟨ˆ̄xi⟩ = 0, ∀i,
while the dressed and adiabatic states have ⟨ˆ̄xk⟩ =√2γ̄ for one site
k [polaron states, Figs. 1(a), 1(c), and 1(e)] or every second site
[dressed CDW state, Fig. 2(b)]. Taking W(x̄, p̄) as the probabil-
ity distribution for starting at a certain phase-space point, there
is no need to keep track of any weighting factor in Eq. (31) for
the different trajectories and all are weighted equally for calcu-
lating observables (wr = 1,∀r). All randomly drawn positions and
momenta are moved and scaled to reproduce the correct mean
and variance of the nuclear positions and momenta on each site.
Only after the nuclear sampling, the electronic amplitudes are set to
the predefined initial state Ψinitial

el (R), which, for an adiabatic state,
depends on the nuclear positions R. In FSSH, the active surfaces
are set to the initial adiabatic surface (for adiabatic initial states)
or randomly sampled from the overlaps between the initial state
with all adiabatic states at that nuclear position R (for local initial
states).

After the initialization, in each time step, we first per-
form the integration of the nuclear equation of motion, and
afterward that of the electronic wave function. In MTE [in
a phonon-independent (diabatic) basis], we can integrate the
nuclear positions on each site exactly for a constant electron
density n on that site via x̄(t + Δt) = x̄(t) cos(ω0Δt) + p̄(t)
sin(ω0Δt) +√2γ̄n[1 − cos(ω0Δt)] and correspondingly for
the momenta. Afterward, the vector of all new nuclear
positions x⃗ := x⃗(t + Δt) is used to represent the electronic
time-propagator in Born–Oppenheimer states to obtain∣Ψel(t +Δt)⟩ =∑a∣ϕBO

a (x⃗)⟩ exp(−i/h̵ΔtEBO
a (x⃗))⟨ϕBO

a (x⃗)∣Ψel(t)⟩, i.e.,
the electronic wave function is propagated for fixed nuclear
positions.

In FSSH (in an adiabatic basis), the electron densities deter-
mining the nuclear forces change with the nuclear position x⃗ and
we resort to a velocity-Verlet integration for the nuclear time step.
To avoid using derivative couplings in the electronic integration
(see Sec. V E 2), we propagate the electronic wave function in the
diabatic basis and can use the same electronic propagation as for
MTE. The overlap of Born–Oppenheimer eigenstates at different
time steps (and thus different x⃗) is obtained in the diabatic basis.
In addition, we make sure that the basis transformation between the
diabatic and the Born–Oppenheimer basis, which is obtained by a
numerical diagonalization of the Born–Oppenheimer Hamiltonian,
does not change sign between subsequent time steps.

After the propagation, in FSSH, we allow for the surface hops,
where the hopping probabilities in systems with L ≥ 3 are calcu-
lated according to Eq. (41), with the adiabatic time propagator Pa,b
determined from the electron propagation step. Finally, if used, the
decoherence correction is carried out in FSSH, with the restrictions
mentioned in Sec. V E 3 for large systems (L ≥ 11).

One needs to ensure internal convergence of the independent
trajectory methods, both with the number of used trajectories and
the used time step. However, even then, the calculated observables
will not necessarily converge to the exact values. Since FSSH needs
to sample both the initial state and the random surface hops, we can
expect it to converge slower with the number of used trajectories
than MTE, which only needs to sample the initial state. We can ana-
lyze the quality of the trajectory-ensemble average of the methods by
repeating a simulation Nr times and investigating the standard devi-
ation σO of an observable of interest O across the different runs, also
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called the statistical error in the observable. This is illustrated for two
typical cases in Fig. 8. The obtained data points can be well described
by an inverse square-root dependence of the statistical error on the
number of used trajectories. In general, we found that MTE needs
fewer trajectories to obtain the same absolute statistical error as the
FSSH methods, the factor depending on the system parameters, ini-
tial state, and investigated observables. Typical values obtained from
linear fits of the log–log data are included in Fig. 8. Relative statistical
errors might deviate from this observation, as the different meth-
ods converge the observables to different values. For the comparison
to the ED, DMRG-LBO, and MCE results presented later, we use
20 000 trajectories for MTE and FSSH for all systems, with the excep-
tions of the dressed initial state in large systems L ≥ 11 and for the
data presented in Appendix B, where we could still observe a slight
visible improvement by increasing to 50 000 trajectories.

FIG. 8. Convergence of the absolute statistical error in MTE, FSSH, and FSSH+ D/FSSH + RD with the number of used trajectories Ntraj for γ̄ = t̄0 = 2.5 and
Δt = 0.001/ω0 at t = 20/ω0 for two example systems and example observables.
Dashed lines indicate linear fits of the log–log data with slope −0.5, corresponding
to the expected inverse square-root decay of the statistical error with the number of
used trajectories. The statistical error is calculated as the standard deviation from
Nr = 50 simulation runs for data points with Ntraj ≤ 20 000 and from Nr = 25 runs
for a higher number of used trajectories. (a) Adiabatic initial state in the Holstein
dimer, with the observable being the population on the second dimer site n2. From
the fitted intercepts of the dashed lines, we estimate that FSSH needs ≈1.88 times
more trajectories than MTE for a similar convergence, and FSSH + D ≈1.96 times
more trajectories than MTE. (b) Dressed local initial state in the Holstein chain
with L = 51, where we analyze the total phonon number Nph. The fitted intercepts
indicate that FSSH needs ≈3.5 times more trajectories than MTE for a similar
convergence, and FSSH + D ≈3.6 times more trajectories than MTE. For L = 51,
the restricted version of the decoherence correction is used (see Sec. V E 3). Note
that MTE, FSSH, and FSSH + D/RD converge to different values, especially for
the second case (see Fig. 9).

FIG. 9. Convergence of the total phonon number with the used integration
time step Δt for MTE, FSSH, and FSSH + RD for L = 51, γ̄ = t̄0 = 2.5 with
Ntraj = 100 000 at t = 20/ω0. The lines are guides for the eye.

In addition, a suitable integration time step needs to be used.
One of the more difficult systems to converge with respect to
the time step is shown in Fig. 9, with L = 51, γ̄ = t̄0 = 2.5 and
Ntraj = 100 000. We can still observe variations in the total num-
ber of phonons for time steps smaller than Δt = 0.01/ω0, which are,
however, in the order of magnitude of the statistical error for the
100 000 trajectories used (see Fig. 8). For results for the Holstein
dimer L = 2 and for the many-electron calculations in Sec. X, we use
Δt = 0.01/ω0, while for all one-electron results in systems with L > 2,
we resort to a smaller time step of Δt = 0.001/ω0.

VI. MULTICONFIGURATIONAL EHRENFEST METHOD

In this section, we explain the method called
“Multiconfigurational Ehrenfest” (MCE).112,113 The method is
based on (i) a wave-function ansatz constructed from multiple
configurations and (ii) a Gaussian-state basis for oscillators, which
is guided by Ehrenfest dynamics.

The MCE method is not a fully variational method,
as opposed to, e.g., Gaussian-based Multi-Configuration time-
dependent Hartree (G-MCTDH),1,248–250 variational Multicon-
figurational Gaussian (vMCG),1,251–253 and the Davydov D2
ansatz.116,117,254–256 The non-variational character, on the one hand,
leads to a less complex equation of motion, while on the other hand,
the resulting dynamics conserve energy only approximately.257

MCE, in principle, converges to exact dynamics if the configurations
form a complete, or sufficiently large, basis set.257 A characteristic
feature of MCE, which needs to be kept in mind, is that convergence
has different rates for different observables. Observables linear in
position or momenta converge much faster than observables with
higher powers of position or momenta, e.g., the energy of the oscil-
lators. As we confirm below, the convergence of these more difficult
observables, as well as total energy conservation, can be reached for
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short time intervals or small systems in practical applications. Even
when the total energy still drifts, the average nuclear position and the
electronic densities close to the initially occupied sites are captured
quite well even for later times.

The MCE algorithm comes in two flavors called MCEv1,112

where all electronic coefficients are coupled across the configura-
tions, and MCEv2,113 where each configuration has one additional
global coefficient, and only these coefficients are coupled across
different configurations. The MCEv1 is recommended for model
Hamiltonians,258 such as the Holstein model, to which it was already
applied.117 In this work, only MCEv1 results are included. However,
some of the implementation strategies devised for the MCEv2, e.g.,
the initialization of the total state, are adapted to MCEv1.

A. Ansatz for the total state
The time-dependent basis used in both versions of MCE is con-

structed from coherent states and an electronic wave function.112 For
a single configuration r, the coherent state product of the oscillators
can be written as

∣zr⟩ := exp( L∑
i=1
(zr

i b̂†
i − zr

i
∗b̂i − iR(zr

i )I(zr
i )))∣0⟩ph (43)

and is fully characterized by the set of complex numbers{zr
1, . . . , zr

L} defined as the eigenvalues of the annihilation operators
b̂i∣zr⟩ = zr

i ∣zr⟩. The additional global phase factor R(zr
i )I(zr

i ), with
R and I referring to the real and imaginary part, is introduced to
simplify the phononic overlap matrix. A full configuration r is con-
structed by attaching an electronic state ∣ϕr⟩ to the coherent state
product ∣zr⟩, resulting in the total state ∣ψr⟩ = ∣ϕr⟩⊗ ∣zr⟩ for the rth
configuration.

In MCE, the ansatz can be written as ∣ϕr⟩ = ∑L
i=1ar

i (t)ĉ†i ∣0⟩el.259

We note that, in this paper, we consider only single-particle elec-
tronic states. Representing many-body electronic states is possible;
however, they require the use of a many-body basis instead of the
single-particle basis. Putting all together, the ansatz for the total
state, constructed from Nc configurations ∣ψr⟩, can be written as117

∣Ψ(t)⟩ = Nc∑
r=1
∣ψr⟩ = Nc∑

r=1
( L∑

i=1
ar

i (t)ĉ†i ∣0⟩el)⊗ ∣zr(t)⟩. (44)

The individual configurations in MCEv1 are not normalized⟨ψr ∣ψr⟩ ≠ 1, but one can normalize the full state ∣Ψ⟩.
B. Initialization

Initialization of the configurations in Eq. (44) is important to
accurately represent the initial state ∣Ψinitial⟩ with the state ansatz of
Eq. (44). Choosing a good subset {∣zr⟩}r=1,...,Nc is crucial for the cor-
rectness and efficiency of MCE.258 We have observed that MCEv1 is
somewhat less sensitive to the initial sampling than MCEv2 due to
the coupling between the configurations (see also Ref. 259).

For the initialization, first a set of normalized, but, in
general, nonorthogonal, initial configurations ∣ψr⟩ need to be
found, onto which the initial state can be projected,258 ∣Ψ⟩= ∑Nc

r=1∣ψr⟩∑Nc
s=1(S−1)rs⟨ψs∣Ψinitial⟩ = ∑Nc

r=1∣ψr⟩Ar , with Srs = ⟨ψr ∣ψs⟩.
If the configurations form a complete basis, we have ∣Ψ⟩ = ∣Ψinitial⟩.
The coefficients Ar are then absorbed into the electronic coefficients

ar
i of the configurations to obtain the non-normalized initial config-

urations used in the state ansatz of MCEv1 [Eq. (44)]. The norm of
the resulting state deviates from unity ⟨Ψ∣Ψ⟩ ≠ 1, in general, but the
deviation from 1 can be used as a measure of how well ∣Ψinitial⟩ is
represented. To find the set of initial configurations {∣ψr⟩}r=1,...,Nc ,
both the coherent state products zr and the electronic coefficients
ar

i need to be specified.
We first start with the specification of the coherent state prod-

ucts zr . As mentioned in Sec. V F, the nuclear wave functions of all
initial states studied in this work correspond to a coherent state on
every site. In the coherent phonon basis of MCE, this can easily be
described by coherent phonon states on every site i with zini

i . Accord-
ing to the “compressed coherent state swarms” method proposed
in Ref. 260, we sample the values of the coherent state products{zr

1, . . . , zr
L} from a Gaussian distribution around these initial values,

i.e., for the rth configuration,

P(zr)∝∏
i

exp(−2α∣zr
i − zini

i ∣2). (45)

Here, α describes a compression parameter of the sampling width of
the Gaussian, with α = 1 corresponding to a sampling width equal
to the width of the coherent states itself. As investigated in Ref. 260,
increasing the compression parameter α can improve the sampling
of the initial state and reduce the number of configurations needed
to obtain a norm of the projected initial state close to 1. This can lead
to more accurate dynamics at later times,257 but also the opposite
might be the case.260

We adjust the α-parameter in an iterative scheme, as in Ref. 258,
here done by iteratively multiplying α by a constant factor γ > 1 until
the total norm of the state reaches 1 − ⟨Ψ∣Ψ⟩ < 2e − 5. In addition,
all sampled coherent state products are shifted and scaled to repro-
duce the correct mean and standard deviation of Eq. (45). For small
systems with a large number of configurations, the sampled coher-
ent states can be very dense and cause numerical problems in the
inversion of the overlap matrix. To overcome this problem, the sam-
pled configurations in systems with L ≤ 3 are all moved very slightly
according to a repulsive force, exponentially decaying with the dis-
tance between the coherent states. Afterward, if the overlap matrix
is still ill-conditioned due to the dense configurations, which might
result in erroneous total norms larger than 1, we allow for an expan-
sion of the sampling region by iteratively reducing the compression
parameter α, possibly even below 1. This never occurred for system
sizes L > 3.

In each iteration of the compression scheme, after the zr are
obtained, the electronic coefficients are chosen and normalized
within each configuration r for which several approaches are pos-
sible. One option is to choose the electronic coefficients as they are
given by the initial wave function at the center point of the sam-
pled coherent state. We observed a better convergence when using
a random sampling of the electron state and employed the so-called
“quantum superposition sampling” (QSS).259 In this approach, the
electronic coefficients are chosen randomly, and also initially unoc-
cupied basis states are sampled. We use a slight variation in not
choosing the electronic coefficients completely at random, but
Gauss-distributed around its values at the coherent-state center
point, with subsequent normalization. For the electronic Gaussian
function, we choose a standard deviation of σel = 0.5/√α, which

J. Chem. Phys. 156, 234109 (2022); doi: 10.1063/5.0092063 156, 234109-17

Published under an exclusive license by AIP Publishing



The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

changes iteratively with the compression scheme of the nuclear sam-
pling process. A value of σel = 0 corresponds to the deterministic
electronic coefficients obtained from ∣Ψinitial⟩ at the center point of
the selected phonon coherent state, while a value of σel =∞ corre-
sponds to completely random electronic coefficients. While we do
not perform a systematic study, we find the choice σel = 0.5/√α to
be a reasonable choice for most of our investigated initial states. The
exception is the tunneling process (see Fig. 17), where a value of
σel = 1/√α produces better results, as more basis states on the
initially unoccupied site are helpful in recovering the tunneling
transition.

In general, treating adiabatic initial states and related observ-
ables, such as the occupation of the Born–Oppenheimer states ⟨n̂BO

a ⟩,
is computationally demanding in our implementation of MCE. A
single configuration in the state ansatz used here [Eq. (44)] contains
one diabatic electronic state and a coherent phonon-state, which
has a Gaussian shape in a phonon coordinate representation R.
Thus, Gaussian integrals in the phonon coordinate space are needed
to evaluate projections onto the Born–Oppenheimer states, which
become demanding for large systems and are only done for small
systems L ≤ 3 in this work. Alternatively, one could directly imple-
ment MCE with an adiabatic electronic basis,261 which is, however,
not pursued in this work.

Finally, for large systems, we find it beneficial to use a site-
dependent compression value αi, similar to the pancake sampling.260

In the pancake-sampling, the nuclear initial conditions on sites that
are regarded as less important for the dynamics (e.g., bath sites
in comparison to system sites) are sampled with higher compres-
sion. We use a pancake-like sampling for systems with L > 3, where
the compression parameters αi on each site i are scaled with an
exponential of the distance from the initially occupied (central) site
c, similar to the formula used in Ref. 262, αi = α ⋅ exp (∣i − c∣/τ)2,
with the characteristic decay-scale τ, which is set to 3 in this work.
When using this pancake-like sampling for our large system studies(L > 3), we find that the iterative compression of the coherent state
sampling stopped very close to a value of α = 1, i.e., the total norm of
the state is already accurately described by the pancake compression,
without any additional global compression.

C. Time propagation
The equation of motion for the electronic coefficients ar

i can
be obtained from the Dirac–Frenkel time-dependent variational
principle263 (using h = 1 in this subsection) with the Lagrangian
L = ⟨Ψ∣i ∂

∂t − Ĥ∣Ψ⟩. Performing the variations ∂L
∂ar

i
∗ − d

dt
∂L
∂ȧr∗

i
= 0, the

equation of motion for the electronic coefficients as
i reads117

i∑
s

Rrsȧs
i = ∂

∂ȧr∗
i
⟨Ψ∣Ĥ∣Ψ⟩ − i∑

s
Rrsas

i∑
j
(zr∗

j żs
j − żs∗

j zs
j + zs∗

j żs
j

2
),

(46)

with Rrs = ⟨zr ∣zs⟩.
We note that, at this point, we could apply the variational

principle also to the zr
i
∗ coordinates to derive the equation of

motion for zr
i . This would lead to a fully variational method, the

so-called multiple Davydov D2 ansatz.116,117,254–256 Instead, in the
MCE method, a different choice for the equation of motion for

zr
i is used. Concretely, the Ehrenfest forces, ẋr

i = ∂Hnuc,r/∂pr
i and

ṗr
i = −∂Hnuc,r/∂xr

i , from each configuration-averaged Hamiltonian
Hnuc,r = ⟨ψr ∣Ĥ∣ψr⟩/⟨ψr ∣ψr⟩ are used to evolve the coefficients zr

i . For
the Holstein Hamiltonian [Eq. (1)], this can be compactly written as

iżr
i = ∂Hnuc,r

∂żr∗
i
= ω0zr

i − γ ∣ar
i ∣2∑j∣ar

j ∣2´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
nr

i

, (47)

where the second term is the force proportional to the electronic
density nr

i on site i in the configuration r. Inserting the equation of
motion (47) into Eq. (46) and applying this to our Holstein model,
we get a linear coupled system of equations of motion

i∑
s

Rrsȧs
i = − t0∑

s
Rrs(as

n−1 + as
n+1) − γ(zr∗

i ∑
s

Rrsas
i +∑

s
Rrsas

i z
s
i)

+ γ∑
s

⎛⎝Rrs∑
j

zr∗
j ns

j
⎞⎠as

i + iγ∑
s

Rrsas
i∑

j
ns

jI(zs
j), (48)

resulting in a norm-conserving dynamics.257 In this work, the
equations of motion in Eqs. (47) and (48) are integrated with an
adaptive time-step Runge–Kutta–Fehlberg4(5) integrator. The error
tolerance is chosen sufficiently small to conserve the norm up to
1 × 10−6.

D. Convergence properties and benchmark of MCE
Investigating the internal convergence in the MCE algorithm

is important, since the calculated observables should approach the
exact values when the basis at a certain time step becomes sufficiently
large. Previous convergence tests of MCE and benchmarks to other
methods exist, see, e.g., for the spin-boson model in Ref. 112 and for
a donor–acceptor charge transfer system in Ref. 257. A comparative
study in an extended periodic dispersive Holstein chain was carried
out recently in Ref. 117 for up to 16 lattice sites. For the results pre-
sented in our work, we analyze the convergence of MCE for Holstein
chains with up to L = 51 sites with a benchmark obtained from the
numerically exact DMRG-LBO (denoted as DMRG) simulations.

We find that the convergence works well for small systems
and also in large systems for certain observables, such as the aver-
age phonon position and electronic densities close to the initial
position of the electron. However, as mentioned before, a good con-
vergence is difficult to reach for long times in large systems for
other observables,257 e.g., subsystem energies and local quantities
far away from the initially occupied sites. Since the aforementioned
violation of total energy conservation is induced by the incom-
plete basis,257 one can attempt to use the total-energy drift as an
internal convergence criterion. For the convergence analysis, it is
again helpful to repeat each simulation Nr times (see Sec. V F). We
then obtain both the run-averaged observable ⟨O⟩r and its standard
deviation σO.

As a typical scenario obtained for small systems, Fig. 10 shows
the run-averaged number of phonons with its standard deviation
as error bars over the number of used configurations at a time
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FIG. 10. MCE convergence of the phonon number on the initially occupied site
Nph,1 (blue stars) and total energy drift ΔEtot (orange circles) vs the number of
used configurations Nc for the bare local initial state in the Holstein dimer with
γ̄ = 2.5, t̄0 = 2.5. We show the results at time t = 5π/ω0. The observables are
run-averaged over Nr = 50 runs, and the resulting standard deviation is displayed
as error bars.

t = 5π/ω0, starting from the bare local state [see Fig. 1(b)] in the
Holstein dimer with γ̄ = t̄0 = 2.5. This is compared to the run-
averaged total energy drift, with its standard deviation as error bars.

For a large number of configurations Nc, the total phonon
number converges to a constant value and the energy drift tends
to zero, as expected. In addition, the standard deviation across
different runs becomes negligible and the dynamics thus indepen-
dent of the random initial sampling. Interestingly, the behavior
is different for small Nc, where, at first, the energy drift and its
standard deviation increase with the number of configurations.
We can understand this from the fact that, for far-separated con-
figurations in the phonon Hilbert space, their dynamics become
almost independent and similar to the MTE approach introduced
in Sec. V C. Only when the configurations come close to each other,
but are not yet dense enough to form a nearly complete basis, an
energy drift is introduced. We note that we also enforce the cor-
rect mean and variance of the initial phonon sampling, up to the
compression scheme mentioned in Sec. VI B, which influences the
low-Nc regime. The total phonon number and its standard devi-
ation converge only in the large-Nc limit when the energy drift
approaches zero again. This is relevant for large systems, where this
limit is difficult to reach (see Fig. 11): only looking at the energy
drift, without its trend with increasing the number of configura-
tions, could give a wrong impression of the internal convergence
of MCE.

For small systems, L = 2 and L = 3, we could always reach the
large-Nc limit. Here, we identify the energy drift as a useful tool
to assess internal convergence. It grows with the simulation time
t so that an increasing number of configurations Nc is needed to
obtain correct results for later times. In our results for L = 2 and
L = 3, we indicate the time tMCE

0.2h̵ω0
, where the run-averaged energy

drift exceeds 0.2 hω. This is an arbitrary value, useful only for
comparing the convergence between different system and method
parameters.

FIG. 11. MCE convergence of the total phonon number Nph = ⟨∑i b̂
†
i b̂i⟩ (blue

stars) and total energy drift ΔEtot (orange circles) over the number of used config-
urations Nc for the (a) bare and (b) dressed local initial state in the Holstein chain
with L = 51, γ̄ = 2.5, t̄0 = 2.5. The MCE initialization is done with the pancake-like
sampling, which improves convergence. The observables are run-averaged over
Nr = 10 runs, and the resulting standard deviation is included as error bars. The
desired converged results are indicated by dashed lines: zero energy drift and
the total phonon number obtained with DMRG at the selected time. We show the
results at time (a) t = 4.12/ω0 and (b) t = 3.7/ω0, corresponding to the first major
maximum (bare) or minimum (dressed) in the total phonon number obtained with
DMRG (see Figs. 24 and 28).

For larger systems, we could only reach the large-Nc limit for
very short times, while for most of the dynamics, the simulations are
just beyond the energy-drift peak (for the dressed initial states) or
even in the rising energy-drift regime (for the bare initial states). The
MCE convergence of the total phonon number Nph = ⟨∑ib̂

†
i b̂i⟩ and

the total energy drift in the Holstein chain with L = 51, γ̄ = t̄0 = 2.5
is compared to the value obtained with DMRG (see Sec. IV C) in
Fig. 11. We analyze the convergence at the time where the total
phonon number obtained from DMRG reaches the first major max-
imum (bare) or minimum (dressed); see our results in Figs. 24 and
28 for the obtained time evolution.

For both the bare and dressed initial state in Fig. 11, we could
not converge the total phonon number to the DMRG value for the
number of configurations available. For the bare local initial state,
the total energy drift is negative for small Nc, which in our simula-
tions always indicates a poor sampling. For the dressed initial state,
the total energy drift is already in the falling branch and only shows
a small absolute total energy drift ⟨ΔEr

tot(Nc = 5000)⟩ ≈ 0.036 h̵ω0.
While for small systems, such a value is completely sufficient, this is
not the case for the Holstein chain (L≫ 3) with only one localized
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electron: the total initial energy stays constant with the number of
sites (ignoring the zero-point energy of the phonon harmonic oscil-
lators), and thus the average energy per site becomes very small for
large systems. A global quantity like the total phonon number is very
difficult to converge in this case.

We will see later that some observables are still very well recov-
ered in these regimes, for example, local observables around the
initially occupied site. Thus, we consider the MCEv1 method used
in this work as a promising technique, especially for small systems
and some local observables with a larger energy scale, while global
observables and questions of energy transfer between subsystems
seem to be much more difficult to obtain or would require more
extensive computational resources.

VII. RESULTS FOR THE HOLSTEIN DIMER

Before analyzing the Holstein chain, we first review the non-
adiabatic dynamics in the Holstein dimer. As a prototypical system
for an avoided crossing in a confining potential, this and similar
models are already well studied in the literature107 (see also Sec. I).
Here, we concentrate on a few example cases to illustrate the influ-
ence of non-adiabatic effects on electron–nuclear dynamics and the
ability of the trajectory-based methods to capture these effects. We
will use our insights later in our interpretation of our results for
the Holstein trimer and the Holstein chain, as many observations
carry over to these systems. For the Holstein dimer, we compare the
independent-trajectory methods multitrajectory Ehrenfest (MTE)
and fewest-switches surface hopping (FSSH) to exact diagonaliza-
tion (ED) and the multiconfigurational Ehrenfest approach (MCE).
For the ED calculation, we include the results from the grid-based
calculation in the Born–Oppenheimer basis (see Sec. IV B), which
is, in all tested systems, identical to ED in second quantization
(Sec. IV A).

We analyze the three different initial conditions shown in
Figs. 1(a)–1(c). (i) The wave function has contributions only on the
upper Born–Oppenheimer surface, which we call an adiabatic initial
state, and then enters a region of significant derivative coupling,
thus allowing for transitions between the surfaces [Fig. 1(a)]. (ii)
The electron is initially localized to a single dimer site [Figs. 1(b)
and 1(c)]. Here, the initial electron state does not depend on
the nuclear position and populates a single (trivial) diabatic state.
It is in a coherent superposition of both adiabatic states, which
provides a challenge for the surface-hopping approach (see
Sec. V D). One example of a comparative study in a similar system
with initial conditions not restricted to a single adiabatic state is
Ref. 228, where the mixed calculation of diabatic populations in
FSSH was also suggested (see Sec. V D). In both the adiabatic and
local initial states, the nuclear wave function in the respective adia-
batic or diabatic basis [see Eqs. (11) and (12)] has only one non-zero
component Ψa(q) = δa,bΨnuc(q). For this component of the nuclear
wave function, we always choose a coherent state centered around
some q̄0 := ⟨ˆ̄q(t = 0)⟩ and with p̄q,0 = 0.

For the local initial conditions (ii), we analyze two types of
such initial states: First, the bare local initial state, where the system
starts with all phonon sites in the ground state q̄0 = 0, correspond-
ing to a bare charge carrier injected locally into a Holstein chain,
where no electron–phonon coupling or electron spreading could
yet develop [see Fig. 1(b)]. Second, the localized electron can start

with local phonon excitations already developed on the initial site
q̄0 = γ̄, which is called the dressed local initial state [see Fig. 1(c)].
For the Holstein dimer, we consider this state mainly to showcase
the effect of a tunneling transition, but dressed local states will be
analyzed in more detail for the larger systems. The dressed local
state can, for example, be realized by a sudden parameter quench,
where the electronic hopping matrix element is turned on for
times t > 0.

A. Adiabatic initial state: Transition through
the avoided crossing

In the adiabatic initial state, the electron initially occupies
the upper Born–Oppenheimer state, while we choose the phonon
distribution as a coherent state around q̄0 = γ̄. In the spirit of the
language of chemical bonds, this initial configuration corresponds
to an antibonding initial state. As parameters, we choose an inter-
mediate regime with γ̄ = t̄0 = 2.5, which allows for non-adiabatic
transitions between the Born–Oppenheimer surfaces when the wave
packet approaches the avoided crossing point at q̄ = 0.

To get an impression of the time-evolution predicted by the
exact and independent-trajectory methods, we show the probabil-
ity densities on the two Born–Oppenheimer surfaces in nuclear
coordinate space ∣Ψ(a)± (q, t)∣2 [see Eq. (11)] in Fig. 12. For
the independent-trajectory methods MTE and FSSH (here with-
out decoherence correction), they are obtained from ∣Ψ(a)± (q, t)∣2= ∫ dpq⟨ϕBO± (q)∣Ŵ(q, pq, t)∣ϕBO± (q)⟩ using the approximate partially
Wigner-transformed density matrix from Eq. (31). For each method,
the Born–Oppenheimer probability densities are shown for four
different time snapshots.

The first snapshot at t = 0/ω0 illustrates the starting con-
figuration of each method [Figs. 12(a)–12(c)] where the initial
Gaussian shape is roughly recovered by the random sampling of
the 20 000 trajectories of the independent-trajectory methods. At
t = 2.5/ω0 [Figs. 12(d)–12(f)], the initial wave packet has passed
through the avoided crossing for the first time and now shows
contributions on both Born–Oppenheimer surfaces. The FSSH
method reproduces the separation of the upper and lower com-
ponent of the nuclear wave function, while they are centered
around the same q in the MTE method. Thus, MTE already fails
to correctly describe the very first transition through the avoided
crossing. The same holds for the second splitting at t = 4/ω0
[Figs. 12(g)–12(i)]. At this time, the mean nuclear position ⟨q̂⟩
of MTE also starts to deviate significantly from the exact results,
as illustrated in Fig. 13. Finally, at t = 5.2/ω0 [Figs. 12(j)–12(l)],
the remaining upper part of the nuclear wave function interferes
with its recurring lower component. The following interference pat-
tern is not accurately captured by the surface-hopping method,
and observables will start to deviate from the exact results at later
times.

We can investigate the transition probabilities back into the
lower Born–Oppenheimer state by looking at the occupation of
the upper Born–Oppenheimer surface ⟨n̂+⟩(t). This is depicted in
Fig. 13(a), which also includes the results from the fewest-switches
surface hopping with the force-based decoherence rate of Eq. (40)
and the multiconfigurational Ehrenfest method (see Sec. VI). We
can see the first three transitions through the avoided crossing,
where every time a portion of the upper nuclear wave function
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FIG. 12. Snapshots of the Born–Oppenheimer (adiabatic) probability densities ∣Ψ(a)± (q, t)∣2 [see Eq. (11)] for three different methods starting from the adiabatic initial state
in the Holstein dimer with γ̄ = t̄0 = 2.5. In the first row, we show the numerically exact results obtained from exact diagonalization using the approach outlined in Sec. IV B.
This is compared to the two independent-trajectory methods multitrajectory Ehrenfest (MTE) and fewest-switches surface hopping (FSSH), here without the decoherence
correction, in the two rows below. For each method, the Born–Oppenheimer probability densities are depicted for four different time snapshots, (a)–(c) t = 0/ω0, (d)–(f)
t = 2.5/ω0, (g)–(i) t = 4/ω0, and (j)–(l) t = 5.2/ω0. In each snapshot, the density on the upper and lower Born–Oppenheimer surface are represented as a red and
blue line. Both are drawn on top of the respective Born–Oppenheimer energy surfaces with an arbitrary but constant scaling to improve visibility. MTE and FSSH use
20 000 trajectories and Δt = 0.01/ω0, and the ED method 250 eigenstates (see Secs. IV B and V).

passes to the lower surface, while ⟨n̂+⟩(t) stays plateau-like between
the transitions. Already after the first transition, the MTE method
overestimates the occupation of the upper Born–Oppenheimer sur-
face, i.e., it underestimates the relaxation probability. FSSH exhibits
deviations after the first transition as well but is capable of still giv-
ing qualitatively accurate results for the second, third, and fourth
transition. The decoherence correction (FSSH + D) improves the
quantitative descriptions of the first three plateaus but overestimates
the relaxation for longer times more than the conventional FSSH.
It was reported before that decoherence corrections can induce
problems when describing recoherences, where previously separated
parts of the wave function meet again.142 All of the independent-
trajectory methods fall short of correctly describing the long-time
behavior for times t > 10/ω0 when the wave function is spread across
most of the nuclear coordinate space.

In addition, we can look at the electronic densities on the two
dimer sites, corresponding for the one-electron case to the popula-
tions in our diabatic basis, which is displayed for the first site ⟨n̂1⟩
in Fig. 13(b). We observe that in the first few transitions through
the avoided crossing, the electron, for the most part, switches the
occupied site, while for later times, it is mostly delocalized between
both dimer sites. Again, MTE reproduces the exact results to the
least extent. The surface-hopping methods improve on that, with
the decoherence correction again leading to a better quantitative
description for short times. For times t > 8/ω0, both FSSH with
and without decoherence deviate significantly from the exact results.

The time evolution of both the diabatic and adiabatic populations
is very close to the results obtained in Ref. 107 for a similar initial
state.

Finally, we also compare a nuclear observable for which we
choose the average nuclear position ⟨q̂⟩ [see Fig. 13(c)]. This observ-
able is slightly more robust than the electronic occupations, with
even MTE showing larger deviations only for t > 4/ω0. FSSH + D
reproduces the nuclear position to the largest extent.

MCE coincides with the ED results for most of the time evo-
lution and only slight deviations can be seen at the end of the
shown time interval for all observables in Fig. 13. It is thus a signifi-
cant improvement over the MTE method. The energy drift of MCE
reaches 0.2 hω0 at tMCE

0.2 h̵ω0
= 6.37/ω0.

B. Bare local initial state with large electron hopping
The bare local initial states start with the electron localized to

one of the two dimer sites, while the phonons are in a coherent state
around q̄0 = 0. For these small values of q̄, the Born–Oppenheimer
wave functions of the dimer [Eq. (15)] have almost an equal
weight in both Born–Oppenheimer states. Thus, this initial state
has, already from the beginning, coherent contributions in both
Born–Oppenheimer surfaces. To disentangle the effects of the initial
coherent superposition of the state and later non-adiabatic transi-
tions, we choose the parameters γ̄ = 4, t̄0 = 10. In this large electron
hopping parameter regime, non-adiabatic transitions are mostly
excluded; see also the Landau–Zener formula (17).
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FIG. 13. Time evolution of three observables starting from the adiabatic initial state
in the Holstein dimer with γ̄ = 2.5 and t̄0 = 2.5. We show the (a) electronic occu-
pation of the upper Born–Oppenheimer surface ⟨n̂+⟩, (b) electronic occupation of
the first dimer site ⟨n̂1⟩, and (c) average phonon coordinate ⟨q̂⟩ for five different
methods: Exact diagonalization (ED) as a dark blue solid line, multiconfigurational
Ehrenfest (MCE) as a dashed light blue line, fewest-switches surface hopping
without decoherence correction (FSSH) and with decoherence correction (FSSH+ D) as dashed–dotted magenta and orange lines, and multitrajectory Ehrenfest
(MTE) as a dotted green line. MTE, FSSH, and FSSH + D use 20 000 trajectories
and Δt = 0.01/ω0, MCE uses 300 configurations, and ED 250 eigenstates. For
the descriptions of the methods, see Secs. IV B, V, and VI. The energy drift of
MCE reaches 0.2 hω0 at tMCE

0.2 hω0
= 6.37/ω0. The times of the snapshots shown in

Fig. 12 are indicated with vertical gray dashed lines.

The probability densities of the initial state in both the adiabatic
and diabatic basis [see Eqs. (11) and (12)] are shown in Figs. 14(a)
and 14(b), obtained from exact diagonalization. Figure 14 visualizes
the problem of the basis-dependence of the FSSH method: since the
forces on the atoms are calculated only from the adiabatic electron
densities [Fig. 14(a)], ignoring the coherent superposition of the two
states, we cannot expect FSSH to reproduce the atomic movement
exactly, even for short times.

However, in later times, the nuclear wave function compo-
nents on the two Born–Oppenheimer surfaces will evolve nearly
independently from each other, due to the large electron hopping,

FIG. 14. Probability densities obtained from exact diagonalization (see Sec. IV B)
in the Holstein dimer, starting from the bare local initial state with γ̄ = 4, t̄0 = 10.
We show snapshots for the initial state t = 0/ω0 and at time t = 4.04/ω0. We
display the Born–Oppenheimer (adiabatic) probability densities ∣Ψ(a)± (q)∣2 [(a)

and (c)] and local (diabatic) probability densities ∣Ψ(d)
i (q)∣2 [(b) and (d)] [see

Eqs. (11) and (12)]. The probability densities are drawn on top of the diagonal ele-
ments of the Born–Oppenheimer Hamiltonian in the respective electronic bases
EBO± (q) = ⟨ϕBO± (q)∣Ĥ BO(q)∣ϕBO± (q)⟩ and ⟨χi ∣Ĥ BO(q)∣χi⟩ with an arbitrary but
constant scaling to improve visibility.

as can be seen from Fig. 14(c). The antibonding contribu-
tion stays localized around q = 0, while the bonding (lower
Born–Oppenheimer state) contribution separates into both poten-
tial energy minima. The electron in the bonding contribution is
mostly localized on the different Holstein dimer sites, while in the
antibonding contribution, the electron rapidly oscillates between the
sites. The snapshot of the diabatic probability densities in Fig. 14(d)
captures a moment in which the electron in the antibonding
contribution is completely delocalized.

This specific local state poses an additional problem for the
FSSH method: the occurrence of frustrated hops. Since the nuclear
wave function is initialized around q = 0, almost all classical trajec-
tories from the lower surface will never have enough kinetic energy
to perform a hop to the upper surface. Only trajectories starting
on the upper surface can hop to the lower surface and, since they
keep their high kinetic energy, later hop back to the upper sur-
face. This asymmetry leads to incorrect electronic occupations of the
Born–Oppenheimer surfaces, as seen in Fig. 15(a). The decoherence
correction dampens this effect to keep the electronic occupations of
the Born–Oppenheimer surfaces close to 0.5, as ED, MCE, and also
the MTE method obtain.

In addition to the long-time effect of the frustrated hops, the
surface-hopping methods cannot reproduce the short-time evolu-
tion of the average phonon position ⟨q̂⟩ [see the inset Fig. 15(c)]
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FIG. 15. Time evolution of the (a) electronic occupation of the upper
Born–Oppenheimer surface ⟨n̂+⟩ and (b) average phonon coordinate ⟨q̂⟩, starting
from the bare local initial state in the Holstein dimer with γ̄ = 4 and t̄0 = 10, for the
methods MTE, FSSH, FSSH + D, ED, and MCE (see Secs. IV B, V, and VI). The
inset (c) depicts the magnified short-time evolution of the average phonon coordi-
nate. MTE, FSSH, and FSSH + D use 20 000 trajectories and Δt = 0.01/ω0, MCE
uses 60 configurations, and ED 250 eigenstates. The energy drift of MCE does not
reach 0.2 hω0 in the time window shown. The vertical gray line indicates the time
of the snapshot shown in Figs. 14(c) and 14(d).

and fail to describe the initial small-scale oscillations of the aver-
age nuclear position. This deviation is caused by the aforementioned
shortcoming of the adiabatic FSSH method to correctly calculate
nuclear forces for an initial state with coherences between the adi-
abatic states. Intriguingly, the surface-hopping methods reproduce
the average phonon position for longer times much better than MTE
[see Fig. 15(b)]. The failure of the MTE method can be understood
from its difficulties in reproducing the separation of the upper and
lower part of the nuclear wave function visible in Fig. 14, as already
seen for the adiabatic initial state in Sec. VII A.

None of the independent-trajectory methods is able to repro-
duce the small-scale oscillations of ⟨q̂⟩ of the exact results for longer
times. They correspond to the fast oscillation of the anti-bonding
contribution of the nuclear wave function and thus to a fast oscilla-
tion of the electron between the Holstein sites. Thus, the long-term
oscillations of the electron densities on the Holstein sites are also
not reproduced (not shown here). The FSSH + D method loses
this fast oscillation the quickest, while it is able to describe the

average long-term behavior better than MTE and FSSH without
decoherence.

Nonetheless, this initial configuration demonstrates that adi-
abatic surface-hopping methods have significant difficulties in
describing initial states that already start with strong coherences
between different Born–Oppenheimer states, i.e., off-diagonal ele-
ments in the adiabatic representation of the electronic density
matrix. In addition, we see the effect of frustrated hops, which is
the most severe when the nuclear trajectories have little momen-
tum compared to the potential energy splitting in the non-adiabatic
region.

MCE does not reach an energy drift of 0.2 hω0 in the time inter-
val shown and is in excellent agreement with the exact results. Thus,
it appears to be the method of choice.

C. Bare local initial state with small electron hopping
Next, we stay with the bare local initial state, but study a sys-

tem with reduced electron hopping t̄0 = 0.5, also called the resonant
regime (see, e.g., Ref. 139). This is far away from an adiabatic para-
meter regime, and surface transitions around q̄ = 0 are very likely.
We stay in the strong-coupling regime with γ̄ = 2. Starting from the
bare charge-density wave, published results for larger systems88 sug-
gest the formation of plateaus in the electronic occupations for these
parameters. They can occur when most of the nuclear wave packet
evolves away from q̄ = 0 to the local minima of the lower energy
surface q̄ ≈√γ̄ 2 − t̄2

0/γ̄ 2. Therefore, the plateaus correspond to a
transient local electron trapping. However, we can only expect them
to occur for short times before the nuclear wave packet spreads in
the whole nuclear configuration space.

The comparison of ED, MCE, and the independent-trajectory
methods is shown in Fig. 16. We observe that among the
independent-trajectory methods, only MTE reproduces the first
electronic population plateau at roughly the correct height, while the
surface-hopping methods both obtain a too low value. After the first
plateau, all of the independent-trajectory methods start to largely

FIG. 16. Electronic occupation of the first, initially occupied, dimer site ⟨n̂1⟩ for
the bare local initial state in the Holstein dimer with γ̄ = 2 and t̄0 = 0.5. We com-
pare the results of the methods MTE, FSSH, FSSH + D, ED, and MCE (see
Secs. IV B, V, and VI). MTE, FSSH, and FSSH + D use 20 000 trajectories and
Δt = 0.01/ω0, MCE uses 150 configurations, and ED 250 eigenstates. The energy
drift of MCE does not reach 0.2 hω0 in the time window shown.
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deviate from the numerically exact results. In particular, the deco-
herence correction of FSSH has a detrimental effect on the accuracy
of describing the electron density ⟨n̂1⟩: Since the wave function is
relaxed to the adiabatic states, the coherences between these states
are lost even faster than in the other independent-trajectory meth-
ods. The failure of the FSSH methods to describe the short-time
evolution illustrates the difficulties of these methods to deal with
these coherences, especially in such a fast-phonon parameter regime.
We note that this initial state is a difficult scenario and that local ini-
tial states that start away from q̄ = 0 are already easier to describe
with FSSH. Similar to the large electron-hopping case studied before
(Sec. VII B), the energy drift of MCE does not reach 0.2 hω0 in the
time interval shown, and we observe a very good agreement between
MCE and exact diagonalization.

D. Tunneling transition of a dressed local initial state
As a last example for the dimer, we analyze the even more

difficult question of the slow tunneling of an electron between the
two dimer sites for the dressed local initial state. The long-time
results are displayed in Fig. 17, again for γ̄ = 2 and t̄0 = 0.5. We
observe slow tunneling with a period of T ≈ 100π/ω0 between the
two dimer sites. This fits the calculated eigenenergies obtained from
our exact-diagonalization method, which predicts an energy split-
ting of the two lowest eigenstates of ΔE ≈ 0.02hω0. The dressed local
initial state can be described well as a coherent superposition of
these two eigenstates, which are a symmetric and an anti-symmetric
combination of Gaussians localized to the two potential energy min-
ima of the Holstein dimer, with an only very little contribution on
the upper Born–Oppenheimer surface. Unsurprisingly, all of the
independent-trajectory methods stay in the initial potential mini-
mum and do not reproduce the tunneling to the other minimum
at all. The classical nuclear kinetic energy of the bonding part of
the nuclear wave function is too low to overcome the tunneling

FIG. 17. Electronic occupation of the first, initially occupied, dimer site ⟨n̂1⟩ for
the dressed local initial state in the Holstein dimer with γ̄ = 2 and t̄0 = 0.5. We
show the long-time results for the methods MTE, FSSH, FSSH + D, ED, and MCE
(see Secs. IV B, V, and VI). MTE, FSSH, and FSSH + D use 20 000 trajectories
and Δt = 0.01/ω0, MCE uses 200 configurations, and a larger standard-deviation
in the initial quantum superposition sampling of the electronic coefficients of
σel = 1/√α, with the compression parameter α (see Sec. VI B for details).
ED uses 250 eigenstates. The energy drift of MCE reaches 0.2 hω0 at tMCE

0.2 hω0= 123.7/ω0.

barrier. In contrast, the MCE method is able to partially capture
the tunneling effect to the other dimer site. This is only possible
because some configurations move to the other dimer site, which
can be further facilitated in this method by using a larger ini-
tial electronic spread for the quantum superposition sampling (see
Sec. VI B). We note that using the MCEv2 method (see Sec. VI)
with additional initial configurations mirrored from the initially
occupied to the unoccupied site, we could observe a complete recur-
rence of the density ⟨n̂1⟩→ 1 after one tunneling period (results
not shown here). This and other extensions of MCE that include
tunneling, see, for example, Refs. 264 and 265, are not discussed
further in this work. Extensions of the independent-trajectory meth-
ods to include tunneling effects266,267 are beyond the scope of this
work as well, where we will focus on the short-time dynamics
in the following examples. However, one should keep the inher-
ent lack of tunneling effects in the independent-trajectory methods
in mind.

E. Summary for the Holstein dimer
In this section, we compared MTE, MCE, and FSSH to numer-

ically exact results in the Holstein dimer. The presented examples
illustrate some of the typical non-adiabatic effects trajectory-based
methods need to look out for. This includes non-adiabatic tran-
sitions of an excited initial state (Sec. VII A), built-in coherences
between different adiabatic basis states due to the choice of the initial
state (Sec. VII B), and a combination of both, here in a fast-phonon
regime (Sec. VII C). MTE, which is basis-independent, is able to
describe the short-time dynamics in all cases but fails to capture
independent dynamics on different adiabatic surfaces. Thus, as soon
as this becomes relevant in the real-time dynamics, e.g., after the first
surface transition in the adiabatic initial state (Fig. 13), after the ini-
tial build-up of phonons in the bare local initial state (Fig. 15), or
after the end of the first local-trapping plateau in the fast-phonon
regime (Fig. 16), the MTE results deviate significantly from the exact
results.

The FSSH methods, in contrast, are well suited to describe
independent components of the nuclear wave function on different
energy surfaces and can capture non-adiabatic transitions between
surfaces well. They are less accurate, however, when the coherences
between the adiabatic states become important, either because pre-
viously separated portions of the nuclear wave function meet again
(Fig. 12) or because the initial state is already in a highly coher-
ent superposition of different adiabatic states, as for the bare local
electron (Figs. 15 and 16). Intriguingly, the problematic coherences
of the local initial states have a tendency to decay for later times,
most pronounced in an approximately adiabatic parameter regime
(Sec. VII B). Here, the qualities of FSSH, approximately obeying
detailed balance and being able to describe a wave-function splitting,
can lead to a much better long-time agreement with numerically
exact results. The fast-phonon (slow electron) example (Fig. 16)
shows that this is not true for all cases and one should analyze
both system parameters and the initial state to make an assessment
of the accuracy of the FSSH methods. The decoherence correction
improves the average phonon quantities in the long-time regime and
is able to remedy some of the frustrated-hop problem of FSSH for
the very low nuclear kinetic energies studied in this work (Figs. 13
and 15). However, the artificial removal of coherences between the
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adiabatic states can lead to detrimental results when exactly these
coherences are important for describing the initial state (Fig. 16).
Both MTE and the FSSH methods are not able to describe a slow
tunneling transition in the classical energetically forbidden regime
(Fig. 17). Combined with the problem of frustrated hops and, in
general, the quantum nature of phonons, the independent-trajectory
methods seem more promising if the phonons are initially pre-
pared in a thermal state, which is, however, not studied in this
work.

The MCE method produces remarkable results for all initial
states and is in very good agreement with the ED data. In addi-
tion, it is, for the system and method parameters used, in most
cases computationally even cheaper than the independent-trajectory
methods (which, however, are easier to parallelize). In this small sys-
tem, MCE, as an example of a coupled-trajectory method, seems to
be the method of choice. It is even able to capture some of the tun-
neling transition, but special care must be taken in the choice of the
initial basis and a perfect transition is difficult to achieve, at least in
MCEv1 (Fig. 17).

VIII. RESULTS FOR THE HOLSTEIN TRIMER

For the extended systems (L > 2)with one electron, we concen-
trate on the parameters γ̄ = t̄0 = 2.5, which have already been used
for the adiabatic initial state in the Holstein dimer (see Sec. VII A)
and for the calculation of the Born–Oppenheimer surfaces of the
Holstein trimer in Sec. III C. With these parameters, we stay in
the strong-coupling regime and an intermediate electron hopping,
which is neither in the near-adiabatic regime displayed in Sec. VII B
nor in the rather unphysical fast-phonon regime of Sec. VII C.
These parameters put all studied methods to a test, as both non-
adiabatic transitions and high phonon numbers need to be captured
correctly.

For the Holstein trimer, the Born–Oppenheimer surfaces are
still easy to visualize, as illustrated in Figs. 4 and 5, which is useful to
understand the qualitatively different behavior of the independent-
trajectory methods MTE and FSSH, also for the Holstein chain
(Sec. IX). These two methods are again compared to MCE and ED,
where for the exact diagonalization, we now resort to the descrip-
tion in the second quantization from Sec. IV A. The occupation
of the Born–Oppenheimer states ⟨n̂BO

a ⟩, as well as adiabatic initial
states, is not calculated in our implementation of this method. We
nonetheless start with one adiabatic initial condition, as one would
typically study in a quantum-chemistry problem and then turn to
two different local initial states. These local states are typical initial
conditions of one-electron problems studied in recent quantum-
many body investigations, for example, in Refs. 87 and 88 for the
Holstein chain, and will also be investigated for the Holstein chain in
Sec. IX.

A. Adiabatic initial state
We start with an example where the wave function is initially

restricted to one of the three Born–Oppenheimer energy surfaces
of Fig. 5, which we again call an adiabatic initial state. We choose
the middle, “non-bonding,” Born–Oppenheimer surface EBO

1 .
For the phonons, we choose a coherent state around x̄a = 0, x̄s= 2γ̄/√3 ≈ 2.887, corresponding to a phonon cloud present on the

FIG. 18. Time evolution of (a) the electronic population on the central site ⟨n̂2⟩
and (b) the symmetric phonon mode ⟨x̂s⟩, starting from the non-bonding initial
state (⟨n̂BO

1 (t̄ = 0)⟩ = 1) around x̄a = 0, x̄s = 2γ̄/√3 in the Holstein trimer with
γ̄ = 2.5 and t̄0 = 2.5. We show results obtained from the methods MTE, FSSH,
FSSH + D, and MCE (see Secs. V and VI). The independent trajectory methods
use 20 000 trajectories and Δt = 0.001/ω0, and MCE uses 1200 configurations.
The energy drift of MCE reaches 0.2 hω0 at tMCE

0.2 hω0
= 8.66/ω0.

central Holstein site, while the edge phonon modes are in their
ground state. This phonon state is equivalent to the dressed local
state investigated later (Sec. VIII B). We can understand this state as
a dressed local state, where the electron has suddenly been removed
and placed into the non-bonding adiabatic state, with its electron
density concentrated on the edge sites. We depict the electronic den-
sity on the central site and the average symmetric phonon distortion
in Fig. 18.

The figure illustrates that about half of the electronic density
quickly moves to the central site, as the symmetric phonon mode
goes through zero, but oscillates back as the phonon mode continues
to larger negative values. From the shape of the Born–Oppenheimer
surfaces (Fig. 5), we know that the non-bonding and the bonding
electronic state for these negative values of ⟨x̂s⟩ (and with ⟨x̂a⟩ ≈ 0)
are almost equivalent and have only very little electronic contribu-
tion on the central site. After this initial transition, the electronic
population on the central site and the symmetric phonon mode
oscillate synchronously since now most of the electronic population
has relaxed to the ground state.

We conclude that FSSH, especially with the decoherence cor-
rection, is able to describe this time evolution predicted from
MCE very well. In addition, MTE exhibits not too large devia-
tions from the MCE results for short times. However, for longer
times, it is not able to predict the same oscillation frequency of
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the symmetric phonon mode x̂s as obtained from FSSH and MCE.
For this adiabatic initial state, FSSH appears to be a very suit-
able independent-trajectory method, with even higher accuracy for
later times than in the Holstein dimer (Fig. 13). We attribute
this to the larger system size and the beneficial shape of the
Born–Oppenheimer surfaces: The region where the non-bonding
and the bonding surface come close to each other is also the region
where they result in mostly the same forces. This might also lead
to the rather good performance of MTE: even if the surface split-
ting is not perfectly described, the effect on the nuclear dynamics
is only minor for short times. For later times, of course, this is
not true anymore. We note that MCE shows an energy drift (with
tMCE
0.2 h̵ω0

= 8.66/ω0), and data at later times should be interpreted with
some caution.

B. Local initial states
Next, we analyze two local initial states, the bare and dressed

local state [see Figs. 1(d) and 1(e)]. We start with the bare local initial
state where all phonon harmonic oscillators are in the ground state
and the electron is localized to one trimer site. We choose the elec-
tron to be localized initially to the central site: ⟨n̂2(t = 0)⟩ = 1. The
results presented here differ only quantitatively when we choose an
edge site instead.

The ground-state configuration of the phonons corresponds to
a Gaussian distribution on each site centered around x̄i = 0. In the
reduced trimer coordinates defined in Eq. (5), it is centered around
x̄s = x̄a = 0. As described in Sec. III C, the second, non-bonding
Born–Oppenheimer state has no electronic contribution on the cen-
tral site for zero anti-symmetric distortion x̄a = 0 (the red lines in
Fig. 5). Here, the localized electron occupies only the lowest, bond-
ing and highest, anti-bonding Born–Oppenheimer state, in fact, with
an equal weight. Due to the finite width of the Gaussian distri-
bution, the electron will nonetheless have a (smaller) contribution
in the non-bonding Born–Oppenheimer state. Similar to the bare
local state in the dimer (Secs. VII B and VII C), this initial state is
rather distinct from a pure adiabatic state and coherences between
the adiabatic basis states are important.

The occupation of the lowest Born–Oppenheimer state is
depicted in Fig. 19(a). MTE builds up a much smaller occu-
pation of the lowest Born–Oppenheimer state compared to the
surface-hopping methods or MCE. MCE predicts occupations of
the lowest Born–Oppenheimer state between FSSH with and FSSH
without decoherence for intermediate times. Note that the energy
drift of MCE reaches 0.2 hω0 at tMCE

0.2 h̵ω0
= 8.16/ω0 (see Sec. VI D).

FSSH without decoherence shows the largest relaxation to the low-
est Born–Oppenheimer state, similar to the case of large electron
hopping, investigated for the Holstein dimer in Sec. VII B.

For the dynamics of the electronic population on the central
Holstein site, the independent-trajectory methods are again not able
to reproduce the persisting fast oscillations between the sites at late
times [see Fig. 19(b)]; however, the FSSH methods seem to describe
the average occupation slightly better than MTE.

Finally, we observe large deviations in the average symmetric
phonon distortion ⟨x̂s⟩ in Fig. 19(c). MTE deviates strongly from ED
already after t ≈ 2.5/ω0, and also the surface-hopping methods do
not quantitatively reproduce the later time evolution. However, they
recover the qualitative oscillations in the observable until t ≈ 15/ω0.

FIG. 19. Time evolution of three observables starting from the bare local initial
state at the central site in the Holstein trimer with γ̄ = 2.5 and t̄0 = 2.5. We show
(a) the occupation of the lowest Born–Oppenheimer state ⟨n̂BO

0 ⟩, (b) the electronic
population on the central site ⟨n̂2⟩, and (c) the symmetric phonon mode ⟨x̂s⟩, for
the methods MTE, FSSH, FSSH + D, ED, and MCE (see Secs. IV A, V, and VI).
The independent trajectory methods use 20 000 trajectories and Δt = 0.001/ω0,
ED uses 26 local phonon states, and MCE 1000 configurations. The energy drift
of MCE reaches 0.2 hω0 at tMCE

0.2 hω0
= 8.16/ω0.

We also see noticeable deviations between ED and MCE when the
energy drift becomes too large at times t > tMCE

0.2 h̵ω0
.

Next, we consider the dressed local initial state where a coher-
ent phonon state on the initially occupied central site dresses the
electron. This corresponds to a Gaussian distribution around zero
for the edge sites and around x̄2 =√2γ̄ for the central site, or equiv-
alently in the trimer coordinates, x̄a = 0 and x̄s = 2γ̄/√3 ≈ 2.887, as
for the adiabatic state studied before (Sec. VIII A).

The occupation of the initially occupied central Holstein site
is displayed in Fig. 20(a). As always for the local initial states,
the independent-trajectory methods cannot reproduce the small-
scale oscillations of the electronic density for long times. MTE is
also not able to reproduce the average electron density, i.e., too
much electronic weight is shifted to the edge sites. Moreover, the
average symmetric phonon distortion ⟨x̂s⟩ in Fig. 20(b) is not cor-
rectly described in MTE, while the FSSH methods show qualitatively
the correct large-scale oscillations. There are no large deviations
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FIG. 20. Time evolution of (a) the electronic population on the central site ⟨n̂2⟩ and
(b) the symmetric phonon mode ⟨x̂s⟩ starting from the dressed local initial state at
the central site in the Holstein trimer with γ̄ = 2.5 and t̄0 = 2.5, for MTE, FSSH,
FSSH + D, ED, and MCE (see Secs. IV A, V, and VI). The independent trajectory
methods use 20 000 trajectories and Δt = 0.001/ω0, ED uses 21 local phonon
states, and MCE 1000 configurations. The energy drift of MCE reaches 0.2 hω0 at
tMCE
0.2 hω0

= 14.72/ω0.

between ED and MCE, consistent with a small energy drift that
reaches 0.2 hω0 only at tMCE

0.2 h̵ω0
≈ 14.72.

For both local initial states, MTE has problems to even qual-
itatively describe the correct long-time behavior. We attribute this
failure to the inability of MTE to correctly describe a wave-function
splitting (see Fig. 12) because of the mean-field description of the
electron–phonon coupling. Describing the wave-function splitting
correctly is even important for these local initial states, as illus-
trated in the Holstein dimer (see Fig. 14). For the bare local initial
state [Fig. 19(a)], we observe nearly no relaxation toward the lowest
Born–Oppenheimer state in the MTE simulation. The dynamics are
influenced too much by the large initial occupation of the highest
Born–Oppenheimer state, which has its potential energy minimum
at x̄a = x̄s = 0. In the dressed local initial state, too much electronic
weight in the MTE simulation is able to escape the local trapping on
the central site (Fig. 20). While the state has a large initial contribu-
tion in the lowest Born–Oppenheimer state ⟨n̂BO

0 (t = 0)⟩ ≈ 0.922 25,
the remaining weight in the higher states shifts part of the electron
from the potential energy minimum corresponding to the central
site (x̄s = γ̄) to the other two minima (see the Born–Oppenheimer
surfaces, Figs. 4 and 5). In summary, the dynamics in MTE are influ-
enced too much by the higher Born–Oppenheimer states, as also
observed in other comparative studies, e.g., Ref. 268, and the method
has difficulties to describe the formation of stable localized charge
carriers.

From the Holstein dimer, we have seen that FSSH faces chal-
lenges as well, in particular, for local initial states, which resurface
in the Holstein trimer. The low kinetic energy of the phonons
leads to frustrated hops, most pronounced without the decoherence
correction, and thus to an overestimation of the relaxation to the
lower Born–Oppenheimer surfaces [see Fig. 19(a)]. The effect is less
severe here due to the moderate strength of the electron-hopping
parameter and the different structures of the Born–Oppenheimer
surfaces of the trimer (see Fig. 5). Second, FSSH has difficulties
describing the correct short-time behavior of both electron densities
and nuclear oscillations due to the missing coherences between the
Born–Oppenheimer states for the calculation of the nuclear forces.
The decoherence correction worsens this deficiency for the elec-
tron density, as it actively dampens out these coherences. This effect
seems to be much less relevant for the two cases investigated here,
compared to the Holstein dimer. The dressed local initial state is less
affected by both problems, as it is much closer to an adiabatic initial
state.

For the parameters chosen here, and in general for sufficiently
fast electrons, the independent-trajectory methods seem to per-
form better if the wave function has initially contributions only
in a single adiabatic state. Despite the difficulties of the surface-
hopping methods in describing a local initial state, we observe a good
qualitative agreement of the long-time behavior of the investigated
observables, in contrast to the MTE method. The coupled-trajectory
method MCE outperforms both independent-trajectory methods.
As long as the energy drift is sufficiently small, it reveals a very
good agreement with the ED results, at a still very low computational
cost.

IX. RESULTS FOR THE HOLSTEIN CHAIN—ONE
ELECTRON

We now turn to the spatial spreading of a single localized elec-
tron in Holstein chains of lengths L = 11 and 51. All observables and
methods were also compared for L = 101, which, however, provides
no new insight over the L = 51 results and is not shown here. We
stay in the intermediate regime of γ̄ = t̄0 = 2.5, analyzed before for
the Holstein trimer.

In our study, we want to investigate the detailed short-time evo-
lution of a localized charge carrier when the phonon subsystem is
not yet adjusted to the electron (bare initial state) or is only locally
equilibrated (dressed initial state). These two cases correspond pre-
cisely to the “Franck–Condon excitation” and “relaxed excitation”
analyzed in Ref. 87 with a matrix–product state method for t̄0 = 1.
A comparison to the data of Ref. 87 is included in Appendix B. Our
conclusions for the trajectory-based methods studied here also hold
for that parameter set.

The evolution of such localized states has previously been
investigated in a periodic dispersive Holstein model with the vari-
ational Davydov D2 ansatz for 32 sites,256 which also considered
off-diagonal electron–phonon coupling, and with the hierarchical
equations of motion method for ten sites.115 The latter was com-
pared to MCE,117 with a good agreement of both methods for
the system parameters investigated in that study. Furthermore, the
spreading, and relatedly the mobility, of a local initial state in a large
system has been investigated using the surface-hopping methods
(see, e.g., Refs. 231 and 243, and references therein). Typically, in
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these studies, the phonons are initially prepared in a thermal state
and the long-time behavior is analyzed. For an extensive discussion
of such initial states and the classification of transport in strongly
correlated 1D systems from the perspective of condensed matter
theory and quantum many-body methods (see Ref. 269).

In all following sections, we compare the trajectory-based
methods to the numerically exact DMRG-LBO results, which we
will denote simply as DMRG. In FSSH without decoherence, we
use the mixed definition of the electronic density matrix ρ̂(mixed)

el
[see Eq. (39)], while with the restricted decoherence correction, we
use the wave-function definition of the density matrix ρ̂(WF)

el [see
Eq. (38)]. In contrast to the small systems studied before, we reach
convergence of the MCE simulation for most observables only for
very short times (see Sec. VI D). Identifying a useful total energy-
drift convergence criterion, as done for the dimer and trimer case,
is not easily done here, as the relevant energy scales of many of the
studied observables become very small. The MCE simulations in this
section are done with Nc = 5000 configurations. As can be seen from
the convergence study in Fig. 11, this is not enough to consider MCE
as an exact method for all observables studied here, and further con-
vergence for even higher Nc is very slow. Similar to MTE and FSSH,
we will thus judge the accuracy of the MCE results by comparing
them to the DMRG simulation.

A. Bare local initial state
We start with the bare local initial state, with the electron placed

on the central site of the Holstein chain [see Fig. 1(d)]. We show
the time evolution of the electron densities on the different sites in
Fig. 21 for the two system sizes obtained from the methods DMRG,
MCE, MTE, and FSSH without and with restricted decoherence.

The DMRG results are only available for short times for all
system sizes. During that time window, a part of the electron den-
sity first shows a ballistic spreading until t ≈ 2/ω0, while it stays
mostly localized after that. For L = 11 [Fig. 21(a)], the electron den-
sity already reaches the boundaries of the system by that time and is
reflected there, while for L = 51 [Fig. 21(b)], it stays localized in the
center for later times and does not reach the chain boundary in the
simulated time interval.

All other methods reproduce the initial ballistic spreading at
short times, but deviate from DMRG for later times. The electron
densities obtained from MCE agree very well with the DMRG results
for L = 11 [Fig. 21(c)], where almost no quantitative difference is
visible. For L = 51 [Fig. 21(d)], we find a similar excellent agree-
ment for the electron densities on sites close to the initially occupied
central site. In contrast, MCE, at least with the number of config-
urations used here, is not able to contain the electron density in
a localized region for later times in this larger system. Instead, a
small portion of the electron density continues to spread ballistically
through the system and reaches the chain boundaries. This ballis-
tic escape comes along with a weak periodic modulation with the
phonon oscillation period. The situation becomes much worse for
MTE [see Figs. 21(e) and 21(f)], which displays a broad delocaliza-
tion of the electron density for times t > 2/ω0 for both system sizes,
not observed in any of the other methods. Since the nuclear trajec-
tories of MCE follow the Ehrenfest equations of motion, this might
explain the poor convergence of MCE in this setup, as illustrated
in Sec. VI D.

FSSH without [Figs. 21(g) and 21(h)] and with decoherence
[Figs. 21(i) and 21(j)] predict a very similar electronic density for
L = 11 as MCE and DMRG. For L = 51, both FSSH methods
reproduce the localization after the initial ballistic expansion, also
observed in the DMRG results. The width of this localized electron

FIG. 21. Electron densities ⟨n̂i⟩ in the
Holstein chain, starting from the bare
local electron on the central site with
γ̄ = t̄0 = 2.5. We show the results for
L = 11 and 51 lattice sites in the two
rows, obtained from the methods DMRG
[(a) and (b)], MCE [(c) and (d)], MTE
[(e) and (f)], and FSSH without [(g) and
(h)] and with restricted decoherence
[(i) and (j)] in the five columns (see
Secs. IV C, V, and VI). For better
visibility, the maximum color range
is set to ⟨n̂i⟩ = 0.5 for L = 11 and
to ⟨n̂i⟩ = 0.2 for L = 51. In DMRG,
we use ϵLBO = 10−8, ϵbond = 10−8,
Δt = 0.004/ω0, and M = 40. For MCE,
we use 5000 configurations initialized
with the pancake-like sampling, and
for the independent trajectory meth-
ods, we use 20 000 trajectories and
Δt = 0.001/ω0.
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density does, however, not match the DMRG results exactly, as ana-
lyzed later with the reduced mean-squared displacement (Fig. 23).
FSSH without decoherence recovers the dynamics of the electron
density slightly better than with decoherence, which was already
observed in the dimer (see Sec. VII C). The electron density obtained
from FSSH without decoherence has small fluctuations on the
sites far away from the center for L = 51, which are not visible in
Fig. 21(h) because of their very small amplitude. They are caused
by the mixed calculation of the electron density matrix via Eq. (39).
While they seem unproblematic in Fig. 21(h), they prevent an accu-
rate calculation of the reduced mean-squared displacement (see
Appendix A). We note that the close agreement of FSSH with FSSH+ RD in Fig. 21 is only achieved by using this mixed definition for
calculating the electronic density matrix in FSSH without decoher-
ence. The electron density calculated from the wave function spreads
similar as in the MTE simulation (see Appendix A), but the distribu-
tion of active surfaces is very similar to the FSSH + RD simulation,
mostly due to the occurrence of frustrated hops. As pointed out
in Ref. 142, frustrated hops help to approximately recover detailed
balance. For initial states starting from a thermal phonon distri-
bution, frustrated hops might occur less often and FSSH without
restricted decoherence could deviate strongly from the FSSH + RD
results.

The agreement of MCE and the FSSH methods with the DMRG
results appears to be more reliable close to the initially occu-
pied central site in Fig. 21. We analyze this further for the time
evolution of the phonon position on that central site xcentral in
Fig. 22 for L = 51 sites. We do not include the L = 11 results here,
which differ only slightly from the L = 51 results for this observ-
able. In this observable, there is no significant difference between
MCE and DMRG for the times available. Similar to most local ini-
tial states observed in this work, MTE describes the evolution at
very short times the best among the independent-trajectory meth-
ods. For later times, however, the phonon position obtained with
MTE oscillates almost around zero, indicating that the electron

FIG. 22. Phonon position ⟨x̂central⟩ on the central, initially occupied site in the Hol-
stein chain, starting from the bare local electron on the central site with γ̄ = t̄0= 2.5 for L = 51, obtained from the methods MTE, FSSH, FSSH + RD, DMRG,
and MCE (see Secs. IV C, V, and VI). We use the same method parameters as in
Fig. 21.

does not stay sufficiently localized, with most of the electron lost
in the broad spreading observed before [Fig. 21(f)]. In contrast,
FSSH + RD reveals a remarkable agreement with MCE for the
phonon position for later times, albeit not capturing the first max-
imum at the correct height. FSSH without decoherence correction
deviates stronger for later times but still captures the qualitative
oscillations of the MCE calculation much better than MTE. Sim-
ilar to our study in the dimer (Fig. 15), both FSSH methods can
reproduce the long-time dynamics surprisingly well, even if the
initial state includes coherences between different adiabatic states,
thus preventing a completely accurate description of the short-time
dynamics.

A good quantitative description of the spread of the elec-
tron density is given by the reduced mean-squared displacement
(RMSD),

RMSD(t) =
¿ÁÁÀ L∑

i=1
⟨n̂i(t)⟩(ai − xel

0 )2, (49)

where a ⋅ i denotes the position of the ith site in the Holstein chain,
with a the distance between Holstein sites. xel

0 = [∑L
i=1⟨n̂i(t = 0)⟩ai]

is the average initial electron position, i.e., here the center of the
chain. In the following, we set a = 1. The reduced mean-squared
displacement is depicted in Fig. 23. Note that the reduced mean-
squared displacement weights the electronic density on the edge sites
much higher than on the central site (with a factor of 625 for the
L = 51 system). Thus, deviations in the electron density away from

FIG. 23. Reduced mean-squared displacement RMSD in the Holstein chain given
via Eq. (49), starting with the bare local electron on the central site with γ̄ = t̄0= 2.5 for (a) L = 11 and (b) L = 51, obtained from the methods MTE, FSSH+ RD, DMRG, and MCE (see Secs. IV C, V, and VI). For FSSH without deco-
herence, only the results for L = 11 are included (see Appendix A). We use the
same method parameters as in Fig. 21, with the exception of the DMRG cutoffs,
which are decreased to ϵLBO = 10−9, ϵbond = 10−9 for L = 51.
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the initially occupied site are magnified. This also makes the use of
FSSH without decoherence difficult (see Appendix A).

For L = 11 [Fig. 23(a)], the FSSH, MCE, and DMRG meth-
ods show a very good agreement and seem to converge to the same
value. MTE, in contrast, obtains a too high long-time value, consis-
tent with the loss of the local electron on the central site, also visible
in Fig. 21(e). For L = 51 [Fig. 23(b)], we observe that the RMSD
obtained from MTE follows a mostly square-root behavior for later
times, indicating that the spreading of the density is of a diffusive
type. The FSSH + RD data follow the same curve for some time,
while the RMSD stays almost constant and thus localized for later
times. The long-time value is slightly higher than what is obtained
with DMRG for the times available. Note that we sometimes use dif-
ferent cutoffs for the DMRG simulations, since some observables,
e.g., the RMSD, converge slower than others. The MCE data exhibit
a strong increase of the RMSD for times greater than t ≈ 5/ω0 in
this larger system, representative of the ballistic escape of the elec-
tron density at those times. We note that this ballistic behavior is
observed only for a small portion of the electron density, which,
however, becomes the dominant term in the RMSD due to the afore-
mentioned quadratic scaling with the distance from the center of the
chain.

Finally, in Fig. 24, we analyze the total phonon number in the
system, which is proportional to the energy stored in the phonon
subsystem alone (discounting the zero-point oscillator energies).
First, the total phonon number in the system is mostly indepen-
dent of the system size, as expected, since the total initial energy,

FIG. 24. Total phonon number Nph = ⟨∑i b̂
†
i b̂i⟩ in the Holstein chain, starting with

the bare local electron on the central site with γ̄ = t̄0 = 2.5 for (a) L = 11 and (b)
L = 51, obtained from the methods MTE, FSSH, FSSH + RD, DMRG, and MCE
(see Secs. IV C, V, and VI). We use the same method parameters as in Fig. 21.

without the zero-point phonon energy, is the same for all system
sizes. No method is able to reproduce the total phonon number
obtained in the DMRG simulations, not even for the L = 11 sys-
tem. Even MCE has difficulties in computing this quantity, as it
is quadratic in the phonon positions and momenta and is directly
influenced by the energy drift (see Sec. VI D). The most significant
deviation is observed in MTE, where the total phonon number stays
very small. In contrast, the FSSH methods obtain a similar phonon
number as MCE for the first maximum, but then stay at these high
values, corresponding to the long-time localization observed before.
Unfortunately, we cannot unambiguously determine which long-
time behavior is correct, as the DMRG data are not available until
late times, and all other methods deviate from DMRG before that.
From the figure, we observe that FSSH methods are the closest to the
DMRG data and we may, therefore, speculate that the FSSH meth-
ods also approximate the long-time behavior the closest. However,
numerically exact simulations for longer times are needed for further
analysis.

Overall, in the global quantities of the RMSD and the total
phonon number, no consistent picture arises from the trajectory-
based methods. It remains a promising question for future studies
to further investigate the validity of FSSH within the long-time
limit, building on existing research on steady-state properties, such
as mobilities at finite temperatures.231,243 As illustrated in various
examples in the Holstein dimer and trimer (Secs. VII and VIII), the
difficulties of the FSSH method in describing the short-time behav-
ior stem from the local initial state. Here, the bare local initial state
is a near-worst-case scenario, as it has an almost equal electronic
weight in all Born–Oppenheimer states. Since MTE fails in describ-
ing any of the analyzed global quantities, a pure mean-field solution
seems to be of limited use for the parameters studied here. A mix-
ture of MTE with a form of decoherence, e.g., the coherent switching
with the decay-of-mixing method,270 might be a promising compro-
mise. Finally, even a coupled-trajectory method, such as MCE, can
fail in such large systems, where a good sampling of the relevant
Hilbert space is non-trivial. Using an alternative algorithm, which is
not based on MTE-guided trajectories, might be beneficial here (see
Sec. VI). However, for L = 11, MCE still recovers the electron densi-
ties, including the RMSD, very well and the phonon position at the
central site shows excellent agreement with DMRG for both system
sizes. Our assessment of the trajectory-based methods also holds for
the parameter regime t̄0 = 1, shown in Appendix B in a comparison
with the data from Ref. 87.

B. Dressed local initial state
We now turn to the dressed initial state, again with the electron

initially localized to the central site and γ̄ = t̄0 = 2.5 for L = 11 and
L = 51. We start with the evolution of the electron density displayed
in Fig. 25. In contrast to the bare local initial state, we obtain a much
stronger localization in all methods, and therefore, we switch to a
logarithmic scale for L = 51. Most of the observations from the bare
local initial state carry over to the dressed initial state.

For L = 11, the MCE, FSSH, and FSSH + RD results agree well
with the DMRG data for the times available. MTE shows a broad
spreading for late times, which deviates from all other methods start-
ing after the first half phonon period in both system sizes. This is
similar to the dressed initial state in the trimer (Fig. 20), where the
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FIG. 25. Electron densities ⟨n̂i⟩ in the
Holstein chain, starting from the dressed
local electron on the central site with
γ̄ = t̄0 = 2.5. We show the results for
L = 11 and 51 lattice sites in the two
rows, obtained from the methods DMRG
[(a) and (b)], MCE [(c) and (d)], MTE
[(e) and (f)], FSSH [(g) and (h)], and
FSSH + RD [(i) and (j)] (see Secs.
IV C, V, and VI) in the five columns.
In DMRG, we use ϵLBO = 10−8,
ϵbond = 10−8,Δt = 0.004/ω0, and
M = 40. MCE uses 5000 configurations
initialized with the pancake-like sam-
pling and the independent trajectory
methods use 50 000 trajectories and
Δt = 0.001/ω0.

initial localization of the electron was partially lost in the time evo-
lution. For L = 51, MCE reproduces the electron density around the
center well, while it features a small ballistic escape of the electron
density to the chain boundaries, not predicted from the DMRG cal-
culation. The width of the electronic density distribution at longer
times for L = 51 appears to be better recovered with FSSH + RD here
[Fig. 27(h)] than for the bare local initial state studied before. FSSH
without decoherence, however, apparently produces a more local-
ized electron density compared to the DMRG data after the initial
ballistic expansion and features a slow spreading of the electronic
density for later times. Note that, due to the logarithmic scale, very
small electronic contributions (below 0.0005) are cut off. This hides
very small electronic populations developing outside of the local-
ized region in the FSSH method without decoherence (similar to
the bare local initial state), only relevant for observables such as the
RMSD.

Next, we analyze the nuclear position on the central site for
L = 51 in Fig. 26. Again, the MCE results for this observable are very
close to the DMRG simulation for the times available, while MTE
predicts much too low values for the phonon position, similar to
the bare local case. We observe that the FSSH methods follow the
dynamics of DMRG closely and even outperform MTE in the short-
time regime. This is in contrast to the bare local state studied before,
where MTE provides a better description for the first phonon oscil-
lation (see Fig. 22), reflecting that the dressed initial state is easier to
describe for the FSSH methods than the bare initial state. For long
times, MCE, at least for a short duration, appears to come closer to
the MTE simulation. We cannot judge whether this is captured cor-
rectly, since MCE is less reliable for these times, as mentioned in the
convergence analysis from Sec. VI D.

For the global evolution, we again look at the reduced mean-
squared displacement in Fig. 27. For L = 11, we observe a good
agreement of FSSH + RD, MCE, and DMRG, similar to the bare

local case. FSSH without decoherence correction displays slight devi-
ations and MTE predicts much too high values. For L = 51, we can
see a continuous expansion of the RMSD in the MTE data, which
increases slightly faster than a pure diffusion curve (a linear fit of
the log–log curve reveals a slope of ≈0.6 for times t > 1/ω0). FSSH+ RD is the closest to the DMRG results from the trajectory-based
methods and shows only a very small spreading for later times. In
the MCE calculation, we have a second increment of the RMSD for
intermediate times, similar to the bare local case, but then a transi-
tion to a mostly flat value soon after the ballistic part of the density
reaches the boundaries of the system.

FIG. 26. Phonon position ⟨x̂central⟩ on the central, initially occupied site in the
Holstein chain, starting from the dressed local electron on the central site with
γ̄ = t̄0 = 2.5 for L = 51, obtained from the methods MTE, FSSH, FSSH + RD,
DMRG, and MCE (see Secs. IV C, V, and VI). We use the same method
parameters as in Fig. 25.
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FIG. 27. Reduced mean-squared displacement RMSD in the Holstein chain given
via Eq. (49), starting with the dressed local electron on the central site with
γ̄ = t̄0 = 2.5 for (a) L = 11 and (b) L = 51. We show the results obtained from
DMRG, MCE, MTE, and FSSH + RD (see Secs. IV C, V, and VI). For FSSH with-
out decoherence, only the results for L = 11 are included (see Appendix A). We
use the same method parameters as in Fig. 25, with the exception of the DMRG
cutoffs, which are decreased to ϵLBO = 10−9, ϵbond = 10−9 for L = 51.

As the second global quantity, we analyze the total phonon
number in Fig. 28. Here, DMRG, MCE, FSSH, and FSSH + RD
stay close to the initial value, while MTE completely loses the
energy initially stored in the phonon sector, consistent with the
broad spreading of the electronic density observed before. Simi-
lar to the case of the bare local state, the evolution of the total
phonon number is almost independent of the system size. For the
dressed local state studied here, however, MCE, FSSH, and FSSH+ RD are able to recover the short-time dynamics of DMRG much
better.

In summary, for both local initial states, MTE does not form
a stable localized phonon-dressed electron distribution. In the
Born–Huang notation, we interpret this as an insufficient relax-
ation to the lowest Born–Oppenheimer state, as already observed
in the Holstein trimer (see Sec. VIII). This also poses a challenge
for coupled-trajectory methods based on MTE, such as the ana-
lyzed MCEv1, where convergence is very difficult to achieve in some
observables. While the results of the FSSH methods are still more in
a qualitative rather than a quantitative agreement with the DMRG
data, at least for L = 51, we see a strong improvement in the short-
time dynamics of the dressed local state, compared to the bare local
case analyzed before (Sec. IX A). We note that a good description of
FSSH relies on the improvements mentioned in Sec. V E, especially
the decoherence correction, which allows a consistent calculation of
the diabatic electronic populations and the RMSD, and the restric-
tion of exactly that decoherence to avoid an unphysical super-fast
spreading of the wave function (see Appendix A).

FIG. 28. Total phonon number Nph = ⟨∑i b̂
†
i b̂i⟩ in the Holstein chain, starting with

the dressed local electron on the central site with γ̄ = t̄0 = 2.5 for (a) L = 11
and (b) L = 51, obtained from the methods MTE, FSSH, FSSH + RD, DMRG,
and MCE (see Secs. IV C, V, and VI). We use the same method parameters
as in Fig. 25, with the exception of the DMRG cutoffs, which are decreased to
ϵLBO = 10−9, ϵbond = 10−9 for L = 51.

From the results presented here, we conclude that MTE is not
well suited to describe the real-time dynamics of an initially local-
ized electron, neither with nor without a phonon dressed state, at
least for the system parameters studied here. FSSH is, for many
observables, the closest to DMRG and we may thus expect it to
provide a reasonable account of the long-time dynamics. Moreover,
FSSH works better for the dressed than the bare initial state. The
promising coupled-trajectory technique MCE is in excellent agree-
ment with the DMRG results where it can be converged. While the
short-time dynamics are well represented for all cases, the Ehrenfest-
guided dynamics of the underlying basis set seem insufficient to
accurately reproduce the correct long-times values for some observ-
ables. Still, for L = 11, it is the best trajectory-based method for all
studied observables, except for the total phonon number, and for
L = 51, it shows the most accurate agreement with the DMRG results
for the electron density and phonon position on the central site.

The DMRG results give access only to a limited time scale in
which the results clearly do not show a diffusive behavior. This is
different from some previous studies using, for example, surface
hopping for an initial state with the phonons prepared in a ther-
mal state.231,243 The general transport behavior of 1D correlated
models is non-trivial to predict (see Ref. 269). It is possible that
our quenched initial states are still in a pre-thermal regime for the
time-scales investigated, but with the methods and results available
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we cannot yet determine the correct physical long-time behavior
of, e.g., the RMSD. Since, for L = 11, the electron density quickly
reaches the boundaries of the system (see Figs. 21 and 25), our
results differ qualitatively between both studied system sizes. Out of
all studied examples studied in our work, the results for the time-
evolution of local electron states in the Holstein chain (Sec. IX) are
the least satisfactory, and further studies are needed in the future.

X. RESULTS FOR THE HOLSTEIN
CHAIN—CHARGE-DENSITY WAVES

In this section, we compare the MTE method to DMRG data
for the extended Holstein chain close to half filling. This system
is known to have a phase transition from a Tomonaga–Luttinger-
liquid state to a charge-density wave.125,126 The non-equilibrium
breakdown of the charge-density wave has already been the sub-
ject of several studies, e.g., Refs. 88, 102, and 271. To test the MTE
method, we compare the results to DMRG data in setups strongly
motivated by the results of Ref. 88. Our main goal is to find out
whether the MTE method captures the decay of the order para-
meter and the energy transfer from electronic to vibrational degrees
of freedom. The two initial states are similar to those considered in
previous sections. Now, however, both the bare and the dressed

FIG. 29. Observables of the Holstein chain with L = 13, N = 6 electrons, γ̄ = 4,
and t̄0 = 10. We show (a) the average phonon number, (b) the order para-
meter, and (c) the kinetic energy of the electrons. The initial state is the bare
charge-density wave (see Sec. I for details). For the MTE method, we use 4000
trajectories and Δt = 0.01/ω0, and for the DMRG data, we use ϵLBO = 10−8,
ϵbond = 10−8,Δt = 0.001/ω0, and M = 35.

states have electrons on every other site (see Fig. 2). In
Figs. 29(a)–29(c), we show (a) the average phonon number Nph/N,
with N the number of electrons, (b) the CDW order parameter
OCDW, defined as

OCDW = 1
N

L∑
i=1
(−1)i⟨n̂i⟩, (50)

and (c) the electron kinetic energy Ekin, calculated with DMRG and
MTE. The initial state is the bare CDW, and we use γ̄ = 4 and t̄0 = 10.
In Fig. 29(b), we see that the order parameter is well described by
the MTE method. The rapid decay due to the large hopping ampli-
tude and the following oscillations are all correctly captured. In fact,
the DMRG and MTE data are indistinguishable on the scale of the
figure. For the phonon number [Fig. 29(a)] and the kinetic energy
[Fig. 29(c)], we observe a quite different picture. The MTE results
conserve the total energy, but this results from underestimating the
phonon energy and, at the same time, overestimating the kinetic
energy of the electron. In fact, the physically very interesting relax-
ation process of the electrons to lower quasi-momentum states does
not seem to be captured by MTE at all for the parameters chosen
here.

In Figs. 30(a)–30(c), we show the same observables for the
same initial state but for γ̄ = 2 and t̄0 = 0.5. Here, we also observe

FIG. 30. Observables of the Holstein chain with L = 13, N = 6 electrons, γ̄ = 2,
and t̄0 = 0.5. We show (a) the average phonon number, (b) the order para-
meter, and (c) the kinetic energy of the electrons. The initial state is the bare
charge-density wave (see Sec. I for details). For the MTE method, we use 4000
trajectories and Δt = 0.01/ω0, and for the DMRG data, we use ϵLBO = 10−7,
ϵbond = 10−7,Δt = 0.02/ω0, and M = 35.
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significant differences between the MTE and the DMRG data. The
CDW order parameter is not simulated correctly by MTE, even
though the physically interesting plateau is captured. A similar pic-
ture as before emerges for the phonon number even though no clear
trend can be seen for the kinetic energy. Beyond small time scales,
there is a significant deviation between the DMRG and MTE data.
We note that for these parameters, much longer times are reached
in the DMRG simulation.

Finally, we look at the γ̄ = 4 and t̄0 = 10 data but starting
from a dressed CDW. The three observables are displayed in
Figs. 31(a)–31(c). Apparently, MTE captures the correct physical
behavior for these parameters in the time interval where DMRG
results are available. This includes the initial decay followed by a sat-
uration for the CDW order parameter in Fig. 31(b) and the decrease
of both the phonon energy in Fig. 31(a) and the electron kinetic
energy in Fig. 31(c). Note that the relative error is much smaller
in this setup, compared to the bare CDW shown in Fig. 29. Our
data indicate that MTE captures the correct physics quantitatively
for the dressed CDW with a large hopping amplitude but fails to
describe the correct physics of the electron relaxation of the bare
CDW state, seen in the kinetic energy. One reason might be that the
dressed CDW is closer to an adiabatic initial state, which for the large
electron-hopping parameters used in Fig. 31 is easier to describe for
MTE.

FIG. 31. Observables of the Holstein chain with L = 13, N = 6 electrons, γ̄ = 4,
and t̄0 = 10. We show (a) the average phonon number, (b) the order para-
meter, and (c) the kinetic energy of the electrons. The initial state is the dressed
charge-density wave (see Sec. I for details). For the MTE method, we use 4000
trajectories and Δt = 0.01/ω0, and for the DMRG data, we use ϵLBO = 10−7,
ϵbond = 10−7,Δt = 0.001/ω0, and M = 40.

XI. CONCLUSIONS

In this work, we benchmarked several trajectory-based
quantum-chemistry methods, MTE, FSSH, and MCE, against the
numerically exact algorithms ED and DMRG-LBO. Our focus was
on the real-time dynamics in the Holstein model, a prototypical
electron–phonon system often studied in condensed-matter physics.
We analyzed the methods in the framework of the Born–Huang for-
malism to better understand their qualitatively different behavior
and the influence of non-adiabatic effects on their dynamics.

Compared to previous benchmark studies of trajectory-based
methods, see, e.g., Refs. 57, 78, 107, 108, 110, and 117, a special
focus was put on the influence of the initial state and of coherences
on the non-adiabatic dynamics and the trajectory-based methods.
We provide a new systematic comparison to exact DMRG-LBO data
for quenched initial states in the extended Holstein model. While
the MTE simulation always recovered the ultra-short time dynamics
of the exact data, we found, in general, a better long-time descrip-
tion using a surface hopping approach, even for initial states with
significant coherences between many adiabatic states. The coupled-
trajectory method MCE provides excellent results for small systems,
but converging this method can become difficult for large systems.
We presented a detailed convergence analysis of MCE based on
the criterion of energy conservation and by comparing it to the
exact DMRG-LBO results. We will now conclude by discussing each
method in detail.

In contrast to classical-trajectory methods that employ the
Born–Oppenheimer approximation (see Sec. III A), both MTE and
FSSH are, in principle, able to capture some non-adiabatic effects,
such as transitions between adiabatic energy surfaces (see Figs. 12
and 13).

MTE works independently of the initial state and can recover
the ultra-short dynamics for all investigated states. The method
fails, however, in describing independent dynamics on different
adiabatic energy surfaces due to the inherent mean-field approxi-
mation (which is a known result58,199). This is true both, when the
time-evolution leads to an avoided crossing and a wave-function
splitting (see Figs. 12, 13, and 18), as well as when different adia-
batic states are populated from the beginning, as for the local states
studied in this work. Even in an adiabatic parameter regime, where
the contributions on the different surfaces should influence each
other only very little (see Sec. III A), such initial states can lead
to qualitatively wrong long-time dynamics (see, e.g., Fig. 15). Our
interpretation is that the dynamics are often too much influenced
by the high Born–Oppenheimer states, as discussed for the Holstein
trimer (Sec. VIII) and cannot correctly describe the relaxation back
to low-energy surfaces. This is also observed in the extended sys-
tems with one electron, where the bare and dressed local states both
show a broad spreading of the electron density, not seen by the other
methods. Our results confirm the known fact103 that MTE is a ques-
tionable choice for analyzing energy transfer between the electronic
and phononic subsystems, as can be seen from the total phonon
number, which is described poorly (see Figs. 24 and 25, and Sec. X).
Then again, for the charge-density wave states in a half-filled system,
the electronic order parameter is captured reasonably well (Sec. X),
especially in the adiabatic parameter regime. Here, for the dressed
CDW, even the electron kinetic energy is accurately predicted, which
we attribute to the fact that the state is close to an adiabatic state
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in an adiabatic parameter regime. In addition, MTE is the compu-
tationally cheapest of all studied methods in large systems and can
easily be extended to many-electron systems. It is thus a straightfor-
ward first method to implement also in condensed-matter problems.
However, if one wants to accurately study systems with relevant non-
adiabatic effects, either due to the parameter choice or due to initial
states, one should consider using an improved method. It might be
beneficial to use a mixture of MTE and the adiabatic basis of sur-
face hopping, by introducing some form of decoherence in an MTE
approach,270,272 which, however, reintroduces a basis-dependence
and was not studied in this work.

The FSSH method is strongly basis dependent and works best
for adiabatic initial states, as shown in the Holstein dimer and trimer
(see Figs. 13 and 18). There, it can correctly describe wave-function
splitting and independent dynamics on the energy surfaces. One can
question its use for initial states with non-zero off-diagonal elements
of the adiabatic electronic density matrix, so-called “coherences,”
as for the local initial states studied in this work. FSSH cannot
completely capture the correct short-time dynamics for these ini-
tial states, since the method ignores the coherences in its calculation
of the nuclear forces, illustrated in Figs. 14 and 15. It has been
suggested that for such coherent initial states, e.g., created by an
attosecond light-pulse, a mean-field description, such as MTE, might
be a better choice.199 Nonetheless, we observed, in almost all sys-
tems, a better long-time description with FSSH than with MTE.
For not too slow phonons, the initial coherences dampen out fast
enough to recover reasonable long-time dynamics. The decoherence
corrections improve the internal consistency of the different defi-
nitions of the electronic density matrix available and, in general,
seem to reproduce the nuclear trajectories better. It also reduces the
problem of frustrated hops in setups with very low nuclear kinetic
energy around the avoided crossing, as seen in Fig. 15. When using
a restricted decoherence correction and with proper treatment of
the derivative couplings (see Sec. V E), any unphysical spurious
charge transfer in large systems can be avoided. In these large sys-
tems, out of the tested trajectory-based methods, the FSSH + RD
results for the RMSD were the closest to the DMRG results (see
Figs. 23 and 27) and the method reproduced the local trapping of the
electron. Further comparisons to numerically exact methods, in par-
ticular, in the long-time limit and for large systems, are needed in the
future.

Here, we studied the most common form of a surface-hopping
method and included only the corrections necessary to obtain rea-
sonable results for the extended systems (see Sec. V E). The field of
surface-hopping methods is still rapidly evolving, and many varia-
tions and improvements have been suggested in the recent years, for
which we refer to the reviews Refs. 104 and 105. In that regard, our
study serves as a starting point for a possible future comparison of
these methods against the simple FSSH and DMRG-LBO.

The theoretical foundation of FSSH works with general many-
particle states58 and can readily be applied to many-electron systems.
Due to the exponential growth of the electronic Hilbert space, this
is limited in practice. The variant “independent-electron surface
hopping” was suggested273 for systems where the electrons are not
subject to direct electronic correlations, as in the Holstein model.
Here, a single Slater determinant is taken as the ansatz for the many-
particle state, and derivative couplings and hopping probabilities are
expressed in terms of the single-particle orbitals, which drastically

reduces the computational cost. While this was not studied in this
work, it is a natural next step in the analysis of the charge-density
wave states of Sec. X.

The coupled-trajectory method MCE produces very accurate
results whenever it can be converged and is even computationally
cheap for small systems. It can also, at least partially, capture a tun-
neling transition in a classical energetically forbidden regime, which
is not the case for our implementations of MTE and FSSH. Such
a coupled-trajectory method seems to be the quantum-chemistry
method of choice for the small systems studied here. For large
systems, it is more difficult to converge for physically reasonable
parameters and cannot be regarded as an exact method for the
Nc ∼ 5 ⋅ 103 configurations used in this work. The computational
cost scales with the third power of the number of configurations.
While including more configurations is definitely feasible using
longer computation times, the very slow convergence of MCE for
L = 51 analyzed in Fig. 11 suggests that the implementation of
alternative coupled-trajectory methods might also be worth trying.
Nevertheless, even though we could not reach convergence accord-
ing to our criteria, local observables around the initially occupied
sites were still recovered very well (see Figs. 22 and 26). In the future,
it would be interesting to apply MCE also to the charge-density wave
states of Sec. X. Another direction could be the implementation
of MCE in the adiabatic basis (see, e.g., Ref. 261). As alternative
coupled-trajectory methods, one might consider Gaussian-based
Multi-Configuration time-dependent Hartree (G-MCTDH),1,248–250

variational Multiconfigurational Gaussian (vMCG)1,251–253

the Davydov D2 ansatz,116,117,254–256 MCEv2 with trajectory
cloning,264,274 and more adiabatic-surface guided methods, such
as full multiple spawning,275 or ab initio multiple spawning,276 to
name a few examples. Furthermore, multilayer multiconfiguration
time-dependent Hartree55,277 is a promising coupled-trajectory
method for benchmarks.

Out of the tested methods, DMRG-LBO, although costly and
due to entanglement growth limited to short times,91 is the exact
method of choice for the larger 1D systems. By construction, DMRG
is a many-body technique and can therefore include electronic cor-
relations. In contrast to MCE, the DMRG-LBO method used in our
work could be converged in all cases, although the simulation time is
limited. DMRG is, regardless of the specific algorithm, designed for
many-electron systems for which we showed examples in our work.
The recently introduced projected-purification method93 might be
another avenue toward reaching longer times, but time-dependent
simulations of this method have not been systematically explored
yet (see Ref. 106 for an application). Extensions of DMRG or gen-
eralizations of matrix–product states to two-dimensional systems
exist,90,91,191–195 yet are more expensive algorithms and combina-
tions with efficient treatments of phonons have not been attempted
or systematically tested. In the future, it would be interesting to
apply the DMRG-LBO algorithm to systems with time-dependent
external fields, e.g., for optical excitations, or interacting electrons.
Another direction would be to extend the initial conditions to
phonon distributions at finite temperature.101

To conclude, in this work, we provide unbiased data with
numerically exact DMRG-LBO for 1D Holstein chains of large sys-
tem sizes that serve as a new benchmark for approximate quantum-
chemistry or condensed-matter methods. We provide compar-
isons of several trajectory-based quantum-chemistry methods, MTE,
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FSSH, and MCE to the DMRG-LBO data. This allows us to explicitly
quantify their strengths and weaknesses beyond relying on inter-
nal consistency checks. The initial conditions studied in this work
start with many (or all) phonon oscillators in their ground state.
In combination with the intermediate electron–phonon coupling
and electron-hopping parameter choices, this provides a challeng-
ing testbed for all trajectory-based methods and we carefully studied
the influence of the initial conditions. The MCE method can be
converged to exact data for many systems and observables and is
the most promising among the approximate methods tested here.
More efficient implementations or alternative coupled-trajectory
algorithms are needed for larger systems. In the future, comparative
large-system studies with the phonons prepared in a thermal state,
possibly combined with initial conditions created from an explicit
optical excitation, would yield additional insight into the qualities of
the trajectory-based methods.
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APPENDIX A: SURFACE HOPPING FOR LOCAL
INITIAL STATES IN LARGE SYSTEMS

For almost all observables and systems investigated in this
work, the mixed definition of the electronic density matrix for FSSH
according to Eq. (39) produces good results and could recover the
diabatic populations at least approximately even for local initial
states. The exceptions are very large systems with a local initial state,
where small negative and positive electronic populations occur after
some time throughout the whole system. While most of the density
is still well recovered (see Figs. 21 and 25), this poses a problem for
quantities that emphasize the small occupations on the borders of
the chain such as the reduced mean-squared displacement [Eq. (49)].
This is shown in Fig. 32(a) for a very large example system with
L = 101 sites.

The mixed definition partially even leads to negative values in
the square-root for the RMSD and is also otherwise unreliable. One
could resort to the active-surface [AS, Eq. (37)] definition, which
seems to provide better long-time results, but does not reproduce the
correct initial value. In contrast, the wave-function [WF, Eq. (38)]
definition does not capture the localization for longer times. We note
that if one discards the coherences in the initial state, all definitions

FIG. 32. (a) Reduced mean-squared displacement [see Eq. (49)] calculated
with the three different possible definitions of the electronic density matrix (see
Sec. V D) for FSSH without decoherence and compared to the DMRG results for
the bare local initial state with L = 101, γ̄ = t̄0 = 2.5. The dashed line in the mixed
definition indicated negative values in the square-root. (b) The RMSD for FSSH
with a decoherence correction without restriction (FSSH + D) and with four dif-
ferent variations of restricted decoherence (see Sec. V E 3) (FSSH + RD): (i)
R = 0.999 without delay, (ii) R = 0.999 with delay, (iii) R = 0.99 without delay,
and (iv) R = 0.99 with delay. We use the same parameters as in Fig. 21, with
the exception of the DMRG cutoffs, which are decreased to ϵLBO = 10−9 and
ϵbond = 10−9.

of the electronic density matrix give the same result. In Fig. 32(a),
this corresponds to the RMSD of the FSSH (AS) curve at t = 0/ω0.
With the electron density delocalized significantly already from the
beginning, this simplification is not suitable for describing the short-
time non-adiabatic dynamics in quenched large systems and was not
used in this work.

Using a decoherence correction allows us to use the wave-
function definition and still recover the long-time localization, as
described in Sec. V D. However, since the adiabatic states in the
bare local initial state are strongly delocalized, this decoherence cor-
rection leads to the enhanced effect of the spurious charge transfer
mentioned in Sec. V E 3, which results in an unphysical fast spread-
ing of the wave function [see Fig. 32(b)] (FSSH + D). This can
be remedied by using a restricted decoherence correction (FSSH +
RD), as described in Sec. V E 3. We show results for four types of
restrictions: (i) using the active-space threshold value of R = 0.999,
suggested by Ref. 244 without delay and (ii) with delay, and using
a reduced threshold of R = 0.99 (which corresponds to an even
stronger restriction) without (iii) and with delay (iv). In this work,
the restriction (iv) is used for system sizes of L ≥ 11.
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APPENDIX B: REDUCED ELECTRON HOPPING
PARAMETER REGIME, t̄0 = 1

Here, we compare MTE, FSSH + RD, MCE, and DMRG for
t̄0 = 1, which was already studied in Ref. 87 with another
matrix–product state method designed for electron–phonon prob-
lems. We compute the reduced mean-squared displacement [see
Eq. (49)] in a Holstein chain with L = 25 for both γ̄ = 4 and γ̄ = 2.5
for the bare local initial state. This initial state corresponds to the
“Franck–Condon” excitation studied in Ref. 87 for the same para-
meters and we compare our results to their data. The results are
shown in Figs. 33 and 34.

We observe a slightly different time evolution than for the para-
meters investigated in Sec. IX: The DMRG time evolution shows a
step-like increment of the RMSD, similar to the intermediate plateau
formation that we observe in the slow electron regime (see Figs. 16
and 30), and which we attributed to transient local trapping. The
transient trapping resurfaces here with several steps in the RMSD at
multiples of the phonon oscillation period, as already observed in
Ref. 87. For the times available, DMRG and the data of Ref. 87 agree
very well.

In both cases (γ̄ = 4 and γ̄ = 2.5), MCE displays the best short-
time description of all trajectory-based methods. The method is
again difficult to converge and cannot completely capture the for-
mation of the second plateau for the used number of configurations,
and the RMSD is drastically overestimated for later times. MTE can-
not reproduce the formation of plateaus at all, which are only visible
as wiggles in a growing RMSD. FSSH with the restricted decoher-
ence correction (see Sec. V E 3) reproduces the formation of several
plateaus. For short times, the method overestimates the height of the
first RMSD plateau for both values of γ̄, while the RMSD is better
described for later times, especially for γ̄ = 4, but also for γ̄ = 2.5.

FIG. 33. Reduced mean-squared displacement [see Eq. (49)] obtained from the
bare local initial state in the Holstein chain with L = 25, t̄0 = 1, γ̄ = 4, obtained
with MTE, FSSH + RD, MCE, and DMRG (see Secs. IV C, V, and VI). This
is compared to the data presented in Ref. 87. In the DMRG runs, we use
ϵLBO = 10−8, ϵbond = 10−8,Δt = 0.01/ω0, and M = 90. MCE uses 4500 config-
urations initialized with the pancake-like sampling, and the independent trajectory
methods use 50 000 trajectories. In the FSSH + RD runs, the RMSD is calculated
from the wave-function definition of the density matrix [see Eq. (38)].

FIG. 34. Reduced mean-squared displacement [see Eq. (49)] obtained from the
bare local initial state in the Holstein chain with L = 25, t̄0 = 1, γ̄ = 2.5, obtained
with MTE, FSSH + RD, MCE, and DMRG (see Secs. IV C, V, and VI). This is
compared to the data presented in Ref. 87. In our DMRG simulations, we use
ϵLBO = 10−8, ϵbond = 10−8,Δt = 0.01/ω0, and M = 35. MCE uses 4500 configu-
rations initialized with the pancake-like sampling, and the independent trajectory
methods use 50 000 trajectories. In the FSSH + RD runs, the RMSD is calculated
from the wave-function definition of the density matrix [see Eq. (38)].

Thus, all trajectory-based methods show a similar capability
to describe the exact time evolution as already for the parameters
investigated in Sec. IX: MTE cannot capture the local (transient)
trapping of the electron, MCE works the best for short times, but
is very difficult to converge for longer times, when also MTE fails,
and FSSH cannot correctly describe the short-time evolution due to
the build-in coherences of the local initial state but is able to predict
a reasonable long-time behavior of the spreading of the electron.
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Chapter 8

Conclusion

In this thesis, there were two major goals. The first goal was to better understand the
effects of electron-phonon interaction on quantities such as spectral functions, optical con-
ductivity, and energy transport coefficients. The second goal was to study the transport
through heterostructures and breakdown of charge density waves (CDWs). These goals
were achieved using and further developing novel numerical methods and tailoring them
specifically for electron-phonon models.

I started by introducing the Holstein model [43] in Ch. 2, which is a model consisting
of propagating electrons interacting with local harmonic oscillators. It incorporates key
features emerging from electron-phonon interaction, such as polaron and CDW formation,
and can be extended to include a finite phonon bandwidth and electron-electron interaction.
Numerically, the model poses a great challenge due to the large local Hilbert spaces needed
to capture the correct phonon-induced physics. To tackle this, I used methods based on
matrix-product states [111] and local basis optimization (LBO) [151].

In Ch. 3, I reviewed the key ideas of matrix-product-state algorithms, which is to find an
efficient representation of a quantum state based on the reduced density matrices. I then ex-
plained one way the formalism can be used to do finite-temperature calculations efficiently
(purification [138]), and I introduced the time-evolution algorithms tDMRG [132–134] and
TDVP [135, 136]. In particular, I emphasized how these algorithms can be optimized for
electron-phonon systems by using LBO. After that, I sketched some of the key ideas of a
set of trajectory-based algorithms which provide efficient alternatives to a fully quantum-
mechanical treatment of the phonons. Lastly, I discussed some of the new developments
in the field.

I then shifted the focus to applications of the algorithms. In Ch. 4, I first presented a
publication where we demonstrated that even though the infinite-temperature state used
in purification is artificial for the Holstein model, we can still capture the correct low-
temperature physics of the system. Building on this, we combined purification and the
tDMRG algorithm with LBO (tDMRG-LBO) to calculate thermal expectation values.

We then proceeded to compute the polaron spectral function, the electron emission
function, and the phonon spectral function. In general, spectral functions connect theoret-
ical models, like the Holstein polaron, to experimental results, e.g., with ARPES [100,101],
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and being able to calculating them is important for a comprehensive understanding of both
the measurements and the models. The goal of our work was to present an efficient method
to compute these quantities, which can be used to study how they are effected by temper-
ature. Another advantage is that the scheme is general enough to be combined with other
time-evolution algorithms.

After that, I demonstrated that even though the tDMRG-LBO algorithm is sufficient to
calculate spectral functions for the Hostein polaron model, it has difficulties reaching times
long enough for good frequency resolution when the operators become more complicated. In
particular for charge and energy currents, which are needed to extract transport coefficients.
Therefore, I combined the TDVP algorithms (serial and parallel) with LBO, which we used
to calculate the optical conductivity for the Holstein model with dispersive phonons at finite
temperatures. The results were presented in our publication in Ch. 5.

Our work was motivated by the number of optical conductivity measurements in po-
laron systems, see, e.g., Refs. [25, 28, 31]. The goal of our research was to extend the
scheme developed in Ch. 4 to now treat different versions of the Holstein model (with
a finite phonon bandwidth and electron-electron interaction) efficiently. This numerical
method helps us better understand the influence of electron-phonon coupling, bipolaron
formation, phonon bandwidth, and temperature on optical conductivity spectra. We also
demonstrated that the Born-Oppenheimer formalism can be used to interpret the polaron
and bipolaron optical conductivity, even when accounting for electron-electron interaction.
This holds, even when the interaction is strong enough to significantly change the spectra.

To conclude Ch. 5, I presented the first matrix-product-state-based study of the energy
transport coefficient in the Holstein model at finite filling. These computations are a cru-
cial step towards understanding the model’s thermal conductivity. I demonstrated that for
strong electron-phonon coupling and small phonon frequencies, the picture remains qual-
itatively the same for the optical conductivity and the energy transport coefficient. Both
quantities display known small polaron features. For an intermediate coupling strength
and frequency, the energy transport coefficient has a plateau at high frequencies, which re-
mains even when the optical conductivity has decayed to zero. I also want to note that the
results in Ch. 4 and Ch. 5 provide numerically exact benchmark data for other methods.

In Ch. 6, I presented a study of the Holstein model and the Holstein model coupled
to two tight-binding leads (a Holstein heterostructure) in the ground state when a bias
voltage is applied. Here, the aim was to investigate the breakdown of CDWs in both
models in the CDW parameter regime. In the metallic phase, the goal was to compute
a current-voltage diagram of the Holstein heterostructure for different electron-phonon
interaction strengths. This was accomplished using tDMRG-LBO. We observed that the
quasi-steady-state current flowing through the system visibly decrease when the electron-
phonon coupling is increased. For the CDWs, bias voltages of the order of the polaron
binding energy are needed for the electrons to leave the phonon induced potential and the
CDW order parameter to decay. We further showed that the polaron structure of the first
optimal mode remains stable during the initial tunneling process of the electrons.

Lastly, in Ch. 7, we pursued the question of whether a complete quantum-mechanical
treatment of the phonons is necessary to tackle some typical solid-state physics problems.
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We focused on the spread of an electron and on the decay of different CDWs. To do this, we
compared the numerically exact tDMRG-LBO method to the trajectory-based methods:
surface hopping [124–126], multitrajectory Ehrenfest [122, 123] (MTE), and multiconfigu-
rational Ehrenfest [120,121] (MCE). We found that all methods capture the spread of the
electron density at initial times but that they later deviate from the tDMRG-LBO results.
We also saw that MTE fails to accurately compute the time evolution of the phonon en-
ergy. We then compared MTE and tDMRG-LBO in a system with 13 sites at finite filling.
Starting from different CDW initial states, we computed the time evolution of different
electron and phonon observables. There, we found that MTE computes the electron order
parameter very accurately for model parameters in the adiabatic-strong-coupling regime.
For the dressed CDW, the initial dynamics of the kinetic energy are also well captured.
In all cases, the MTE method gets different values for the phonon number, which indi-
cates that it might not be well suited for studying energy transfer between electrons and
phonons.

This thesis paves the way for addressing a series of other scientific questions. For
example, recent results [38, 305] have shown that an electron-phonon model with a bond-
Peierls coupling can lead to bipolaron-induced high-temperature superconductivity in a
two-dimensional lattice. The numerical methods utilized here can be used to detect features
distinguishing a bond-Peierls and a Holstein-type coupling (in a one-dimensional system)
in experimentally accessible quantities like optical conductivity.

In the context of trajectory-based algorithms, it is a natural next step to combine
MTE with large-scale DMRG simulations. This has already been explored with similar
approaches for other methods in, e.g., Refs. [178, 239]. This might allow for longer time
evolutions and one might be able to compute current-voltage diagrams in the CDW phase
in the Holstein heterostructure. One could also try to treat more complicated systems,
such as the Holstein-Kondo lattice model [277].

Furthermore, it would be interesting to compute spectral functions and conductivities
using a trajectory-based approach. By comparing these to exact results, one could investi-
gate which, if any, quasi-particle properties are captured. Since an extension of trajectory-
based methods to finite temperatures already exists [304], one could also benchmark them
to exact methods in setups where a single electron or CDW is coupled to a thermal phonon
bath. Such a study might give new insight into the influence of temperature on the spread
of electron density or CDW melting. Another challenging but exciting extension would be
to compute out-of-equilibrium spectral functions and optical conductivities [260–262,306].
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Derivation of the spectral function

I am interested in what happens when a phononic system is cooled down to a temperature
T , before inserting an electron and then letting the system time evolve. The derivation is
textbook material, see, e.g., Ref. [184]. I start with G>

T (t, k) = −i ⟨ĉk(t)ĉ†
k(0)⟩T :

G>
T (ω, k) = −i

∫ ∞

−∞
dteiωt ⟨eiĤtĉke−iĤtĉ†

k⟩T

= −i
(∫ ∞

0
dteiωt ⟨eiĤtĉke−iHtĉ†

k⟩T +
∫ 0

−∞
dteiωt ⟨eiĤtĉke−iĤtĉ†

k⟩T
)

= −i
∫ ∞

0
dt
(
eiωt ⟨eiĤtĉke−iĤtĉ†

k⟩T + e−iωt ⟨e−iĤtĉke
iĤtĉ†

k⟩T
)
.

(A.1)

If I define GT (ω, k) = ⟨eiHtcke−iHtc†
k⟩T , I get

G>
T (ω, k) = −i

∫ ∞

0
dt
(
eiωtGT (t, k) + e−iωtG∗

T (t, k)
)
. (A.2)

I continue by inserting the identity operator 1 = ∑
n

|n⟩ ⟨n| and get ⟨eiĤtĉke−iĤtĉ†
k⟩ =

1
Z

∑
n,m

eiEnte−iEmte−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩ and after adding a regularization factor η to the

exponent I obtain∫ ∞

0
dteiωt−ηt ⟨eiĤtĉke−iĤtĉ†

k⟩T = 1
Z

∫ ∞

0
dt
∑
n,m

e−βEneit(ω+En−Em+iη) ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

= 1
Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

−i(ω + En − Em + iη) = i

Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

(ω + En − Em + iη) , (A.3)

and for the term with G∗
T (t, k), I get∫ ∞

0
dte−iωt−ηt ⟨e−iĤtĉke

iĤtĉ†
k⟩T = 1

Z

∫ ∞

0
dt
∑
n,m

e−βEne−it(ω+En−Em−iη) ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

= 1
Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

i(ω + En − Em − iη) = −i
Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

(ω + En − Em − iη) . (A.4)
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In total, I have

G>
T (ω, k) = −i

( i
Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

(ω + En − Em + iη) + (−i)
Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

(ω + En − Em − iη)
)

=
( 1
Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

(ω + En − Em + iη) − 1
Z

∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩

(ω + En − Em − iη)
)
. (A.5)

I now use that 1
ω−a+iη − 1

ω−a−iη = −2iη
(ω−a)2+(η)2 = −2πiδ(ω − a) and get

G>
T (k, ω) = −2πi

Z

(∑
n,m

e−βEn ⟨n| ĉk |m⟩ ⟨m| ĉ†
k |n⟩ δ(ω + En − Em)

)
. (A.6)

Finally, I get
A(k, ω) = −1

2π Im{G>
T (k, ω)} . (A.7)
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Single-site spectral functions

B.1 Single-site emission spectrum
I will here derive the single-site emission spectrum for the Holstein model. The formula is

A+
s (ω) =

∑
n,m

e−βEm

Z
| ⟨n|ĉ|m⟩|2δ(ω + En − Em) , (B.1)

where |m⟩ and |n⟩ are general eigenstates. For the derivation, I define g̃ = γ/ω0 and start
with one electron in the system. The eigenstates then become the coherent and excited
states

|m̃⟩ = 1√
m̃!

(b̂† + g̃)m̃ |0̃⟩ , (B.2)

with the eigenenergies ϵm̃ = −ω0g̃
2 + m̃ω0. The ground state is

|0̃⟩ = e−g̃2/2
∞∑
m=0

(−g̃)m√
m!

|m⟩ , (B.3)

where |m⟩ corresponds to the bare phonon states. Inserting this into Eq. (B.1), I get

A+
s (ω) =

∑
n,m̃

e−βϵm̃

Z
| ⟨n|ĉ|m̃⟩|2δ(ω+ω0n−ϵm̃) =

∑
n,m̃

e−β(−ω0g̃2+m̃ω0)

Z
| ⟨n|ĉ|m̃⟩|2δ(ω+ω0n−ϵm̃) ,

(B.4)
where I used that ⟨n| are the bare phonon states. Since in | ⟨n|ck|m̃⟩|2, the electron states
trivially overlap, I only focus on the phonon sector. There, following Ref. [65],

⟨n|m̃⟩ = e−g̃2/2
min (m̃,n)∑

l=0
(−1)n−lg̃n+m̃−2l

√
m̃!n!

l!(m̃− l)!(n− l)! . (B.5)

Taking the limit T → 0, only the sum over n will contribute and I have m̃ = 0 and l = 0.
This gives

⟨n|m̃⟩ = e−g̃2/2(−1)0g̃n+0−0
√

0!n!
0!(0)!(n− 0)! = e−g̃2/2g̃n

√
n!
n! , (B.6)
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which for the emission function gives

lim
T→0

A+
s =

∑
n

e−g̃2
g̃2n 1

n!δ(ω + ω0n+ g̃2ω0) . (B.7)

This is just ω0 spaced peaks. A+
s is shown for different temperatures in Ch. 4.

B.2 Single-site phonon spectral function
The single-site phonon spectral function is defined as

Bs(ω) =
∑
ñ,m̃

e−βϵm̃| ⟨ñ|X̂|m̃⟩|
2
δ(ω − ñω0 + m̃ω0) (B.8)

To evauate Eq. (B.8), I first calculate

⟨ñ|X̂|m̃⟩ = ⟨ñ|b̂† + b̂|m̃⟩ . (B.9)

I first evaluate b̂ acting on the ground state |0̃⟩ from Eq. (B.3) to verify that it is an
eigenstate:

b̂ |0̃⟩ = e−g̃2/2
∞∑
m=0

(−g̃)m√
m!

b̂ |m⟩ = e−g̃2/2
∞∑
m=0

(−g̃)m√
m!

√
m |m− 1⟩

= e−g̃2/2
∞∑
m=0

(−g̃)m√
(m− 1)!

|m− 1⟩ = −g̃e−g̃2/2
∞∑
m=1

(−g̃)m−1√
(m− 1)!

|m− 1⟩ = −g̃ |0̃⟩ (B.10)

Next, I calculate

b̂(b̂† + g̃) = b̂b̂† + g̃b̂ = 1 + b̂†b+ g̃b̂ = 1 + (b̂† + g̃)b̂ , (B.11)

and

b̂(b̂† + g̃)2 = b̂(b̂† + g̃)(b̂† + g̃) =
(
1 + (b̂† + g̃)b̂

)
(b̂† + g̃) = (b̂† + g̃) + (b̂† + g̃)b̂(b̂† + g̃)

= (b̂† + g̃) + (b̂† + g̃)
(
1 + (b̂† + g̃)b̂

)
= 2(b̂† + g̃) + (b̂† + g̃)2b̂ ,

(B.12)

and lastly

b̂(b̂† + g̃)3 = b̂(b̂† + g̃)(b̂† + g̃)(b̂† + g̃)
=
(
2(b̂† + g̃) + (b̂† + g̃)2b̂

)
(b̂† + g̃) = 2(b̂† + g̃)2 + (b̂† + g̃)2b̂(b̂† + g̃)

= 2(b̂† + g̃)2 + (b̂† + g̃)2
(
1 + (b̂† + g̃)b̂

)
= 2(b̂† + g̃)2 + (b̂† + g̃)2 + (b̂† + g̃)3b̂

= 3(b̂† + g̃)2 + (b̂† + g̃)3b̂ ,

(B.13)
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which leads us to the assumption b̂(b̂† + g̃)m = m(b̂† + g̃)m−1 + (b̂† + g̃)mb̂. I prove by
induction that for m → m+ 1,

b̂(b̂† + g̃)m+1 = b̂(b̂† + g̃)m(b̂† + g̃) =
(
m(b̂† + g̃)m−1 + (b̂† + g̃)mb̂

)
(b̂† + g̃)

= m(b̂† + g̃)m + (b̂† + g̃m)b̂(b̂† + g̃) = m(b̂† + g̃)m + (b̂† + g̃)m
(
1 + (b̂† + g̃)b̂

)
= m(b̂† + g̃)m + (b̂† + g̃)m + (b̂† + g̃)m+1b̂ = (m+ 1)(b̂† + g̃)m + (b̂† + g̃)m+1b̂ .

(B.14)

Now, I evaluate

b̂ |m̃⟩ = 1√
m̃!

(
b̂(b̂† + g̃)m̃

)
|0̃⟩ = 1√

m̃!
(m̃(b̂† + g̃)m̃−1 + (b̂† + g̃)m̃b̂) |0̃⟩

=
√
m̃√

(m̃− 1)!
(b̂† + g̃)m̃−1 |0̃⟩ + 1√

m̃!
(b̂† + g̃)m̃(−g̃) |0̃⟩ =

√
m̃ |m̃− 1⟩ − g̃ |m̃⟩ .

(B.15)

This gives
⟨ñ|b̂|m̃⟩ =

√
m̃ ⟨ñ|m̃− 1⟩ − g̃ ⟨ñ|m̃⟩ . (B.16)

This means that

⟨ñ|X̂|m̃⟩ = ⟨ñ|b̂+ b̂†|m̃⟩ = ⟨ñ|b̂†|m̃⟩ + ⟨ñ|b̂|m̃⟩
=

√
ñ ⟨ ˜n− 1|m̃⟩ − g̃ ⟨ñ|m̃⟩ +

√
m̃ ⟨ñ|m̃− 1⟩ − g̃ ⟨ñ|m̃⟩

=
√
ñ ⟨ ˜n− 1|m̃⟩ +

√
m̃ ⟨ñ|m̃− 1⟩ − 2g̃ ⟨ñ|m̃⟩ ,

(B.17)

where I applied b̂† to the left and b̂ to the right. The total expression becomes

Bs(ω) =
∑
ñ,m̃

e−βϵm̃

Z
|
√
ñ ⟨ ˜n− 1|m̃⟩ +

√
m̃ ⟨ñ|m̃− 1⟩ − 2g̃ ⟨ñ|m̃⟩| 2

δ(ω − ñω0 + m̃ω0) .

(B.18)

For the ground state,

lim
T→0

Bs(ω) =
∑
ñ

|
√
ñ ⟨ ˜n− 1|0̃⟩ − 2g̃ ⟨ñ|0̃⟩| 2

δ(ω − ñω0)

= |−2g̃ ⟨0̃|0̃⟩| 2
δ(ω) + |

√
1 ⟨0̃|0̃⟩| 2

δ(ω − ω0)

= |−2g̃ ⟨0̃|0̃⟩| 2
δ(ω) + |

√
1 ⟨0̃|0̃⟩| 2

δ(ω − ω0) ,

(B.19)

which is one peak at ω = 0 and one at ω = ω0. As temperature increases and additional
peak at ω = −ω0 should emerge.



Appendix C

Born-Oppenheimer surfaces and
optical conductivity

C.1 Phonon fluctuations
I will first calculating the variance of the displacement operator for a harmonic oscillator:

⟨x̂2⟩ − ⟨x̂⟩2 = ⟨x̂2⟩ = ⟨(b̂† + b̂)2⟩ = ⟨(b̂† + b̂)(b̂† + b̂)⟩ = ⟨b̂†b̂† + b̂b̂† + b̂†b̂+ b̂b̂⟩
= ⟨b̂†b̂†⟩ + ⟨b̂b̂†⟩ + ⟨b̂†b̂⟩ + ⟨b̂b̂⟩ = ⟨b̂b̂†⟩ + ⟨b̂†b̂⟩ = ⟨1 + n̂⟩ + ⟨n̂⟩

= 1 + ⟨2n̂⟩ = 1 + 2
eβω0 − 1 = eβω0 − 1 + 2

eβω0 − 1 = eβω0 + 1
eβω0 − 1

= eβω0/2

eβω0/2
eβω0/2 + 1
eβω0/2 − 1 = eβω0/2 + e−βω0/2

eβω0/2 − e−βω0/2 = coth(βω0/2)

(C.1)

C.2 Deriving the Born-Oppenheimer Hamiltonian for
the Holstein dimer

To calculate the Born-Oppenheimer Hamiltonian, I first write b̂i =
√

mω0
2 (x̂i + i

mω0
p̂i) and

b̂†
i =

√
mω0

2 (x̂i − i
mω0

p̂i) with h̄ = 1. The phonon kinetic energy is ∑L−1
i=1 tph(b̂†

i b̂i+1 + b̂†
i+1b̂i).
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Rewritten in terms of x̂i and p̂i, each term becomes

tph(b̂†
i b̂i+1 + b̂†

i+1b̂i) = tph
mω0

2
(
(x̂i − i

mω0
p̂i)(x̂i+1 + i

mω0
p̂i+1)

+ (x̂i+1 − i

mω0
p̂i+1)(x̂i + i

mω0
p̂i)
)

= tph
mω0

2 (x̂ix̂i+1 + x̂i+1x̂i + 1
m2ω2

0
p̂ip̂i+1 + 1

m2ω2
0
p̂i+1p̂i − i

mω0
p̂ix̂i+1

+ xi
i

mω0
p̂i+1 + i

mω0
x̂i+1p̂i − i

mω0
p̂i+1x̂i)

= tphmω0(x̂ix̂i+1 + 1
m2ω2

0
p̂ip̂i+1) .

(C.2)

The rest of the local terms in the Hamiltonian become

ω0(b̂†
i b̂i) = ω0

(mω0

2 (x̂i − i

mω0
p̂i)(x̂i + i

mω0
p̂i)
)

= mω0ω0

2 (x̂2
i + 1

m2ω2
0
p̂2
i + x̂i

i

mω0
p̂i − i

mω0
p̂ix̂i)

= mω0ω0

2
(
x̂2
i + 1

m2ω2
0
p̂2
i + i

mω0
(x̂ip̂i − p̂ix̂i)

)
= mω2

0
2 (x̂2

i + 1
m2ω2

0
p̂2
i + i

mω0
[x̂i, p̂i])

= mω0ω0

2 (x̂2
i + 1

m2ω2
0
p̂2
i − 1

mω0
) ,

(C.3)

and

γn̂i(b̂†
i + b̂i) = γn̂i

√
mω0

2 (x̂i + i

mω0
p̂i + x̂i − i

mω0
p̂i) = γ

√
mω0

2 n̂i(2x̂i) , (C.4)

The total Hamiltonian is now

Ĥ = Ĥekin +
L∑
i=1

(
γ

√
mω0

2 n̂i(2x̂i) + mω2
0

2 (x̂2
i + 1

m2ω2
0
p̂2
i − 1

mω0
)
)

+ tphmω0

L−1∑
i=1

(x̂ix̂i+1 + 1
m2ω2

0
p̂ip̂i+1) ,

(C.5)

where Ĥekin is electron kinetic energy operator (see Ch. 2). I now consider the dimer (L =
2), and write q̂ = (x̂1 − x̂2)/

√
2 and Q̂ = (x̂1 + x2)/

√
2 which transforms to x̂1 =

√
2q̂+ x̂2

and Q̂ = (
√

2q̂+ x̂2 + x̂2)/
√

2 → x̂2 = (1/
√

2)(Q̂− q̂) and x̂1 =
√

2q̂+(1/
√

2)Q̂−(1/
√

2)q̂ =
(1/

√
2)(q̂+ Q̂). I further send p̂i → 0 (slow phonons), q̂, Q̂ → q,Q, and ignore the constant
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energy offset. Now,

Ĥ =Ĥekin + γ

√
mω0

2
(
n̂12

1√
2

(Q+ q) + n̂22
1√
2

(Q− q)
)

+ mω0ω0

2
(1

2(q +Q)2 + 1
2(Q− q)2

)
+ tphmω0

1
2(q +Q)(q −Q)

= Ĥekin + γ
√
mω0

(
Q(n̂1 + n̂2) + q(n̂1 − n̂2)

)
+ mω0ω0

2
1
2(2q2 + 2Q2 + 2qQ− 2qQ)

+ tphmω0
1
2(Q2 − q2) .

(C.6)

For a constant electron density n̂1+n̂2, the Q’s just correspond to an independent harmonic
oscillator and can be neglected in the following calculations. I am then left with

Ĥ = Ĥekin + γ

√
mω0

2
(
q(n̂1 − n̂2)

)
+ mω0ω0

2 q2 + tphmω0
1
2q

2

= Hekin + γ

√
mω0

2
(
q(n̂1 − n̂2)

)
+ mω0

2 q2(ω0 − tph) .
(C.7)

I now define q̄ = q
√
mω0 and get

H = Hekin + γ
√
mω0

(
q(n̂1 − n̂2)

)
+ mω0

2 q2(ω0 − tph) →

Ĥ = Ĥekin + γ
(
q̄(n̂1 − n̂2)

)
+ 1

2 q̄
2(ω0 − tph) = Ĥekin + γ

(
q̄(n̂1 − n̂2)

)
+ 1

2 q̄
2ω̃0 ,

(C.8)

where I wrote ω̃0 = ω0 − tph. This is now ĤBO.
Written as a matrix,

ĤBO =
(
q̄2

2 ω̃0 + γq̄ −t0
−t0 q̄2

2 ω̃0 − γq̄

)
, (C.9)

with eigenvalues E± = 1
2

(
q̄2ω̃0 ±2

√
(γq̄)2 + t20

)
. To find the q̄ corresponding to the minima

of E−, take the derivative of E− with respect to q̄. This gives gives dE−
dq

= 1
2

(
2q̄ω̃0 −
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2γ2q̄√
γ2q̄2+t20

)
= q̄ω̃0 − γ2q̄√

γ2q̄2+t20
. Finding extrema, dE−

dq̄
= 0, gives q̄ = 0 and

γ2√
γ2q̄2 + t20

= ω̃0

γ4 = ω̃2
0(γ2q̄2 + t20)

γ4 − ω̃2
0t

2
0 = ω̃2

0(γ2q̄2)
γ4 − ω̃2

0t
2
0

ω̃2
0γ

2 = q̄2

√√√√γ4 − ω̃2
0t

2
0

ω̃2
0γ

2 = q̄

→ ±

√
γ4 − ω̃2

0t
2
0

ω̃0γ
= q̄min .

(C.10)

Evaluating E± at q̄min gives E±(q̄min) = 1
2

(
γ4−ω̃2

0t
2
0

γ2ω̃0
± 2

√
γ2 γ4−ω̃2

0t
2
0

γ2ω̃2
0

+ t20

)
= 1

2

(
γ4−ω̃2

0t
2
0

γ2ω̃0
±

2
√

γ4−ω̃2
0t

2
0

ω̃2
0

+ t20

)
and E+ − E− = 2

√
γ4−ω̃2

0t
2
0

ω̃2
0

+ t20.

C.3 Deriving the optical conductivity
To derive the optical conductivity, I consider two harmonic potentials as a function of q̄,
separated at a distance d. I will consider transitions from the lower surface, noted with
G, to the upper surface, noted with E. More details on the ansatz and derivation can be
found in, e.g., Refs. [167, 307–309], whereas these notes mainly are based on calculations
in Refs. [167,309]. Note that a similar result was already derived in [58] (for a flat phonon
band).

I first write the Hamiltonian Ĥ0 = |G⟩ ĤG ⟨G|+|E⟩ ĤE ⟨E|, where |E⟩ is the excited and
|G⟩ is the lower Born-Oppenheimer state. Each term has a contribution from nuclear and
electronic energy ĤG,E = Eg,e + Ĥg,e. The oscillator Hamiltonians are Ĥe = ω̃0 ˆ̄p2

2 + 1
2 ω̃0 ˆ̄q2

and Hg = ω̃0 ˆ̄p2

2 + 1
2 ω̃0(ˆ̄q − d)2, and Eg,e are the energies on the Born-Oppenheimer surface.

I will also write eiĤ0 = |G⟩−iĤG ⟨G| + |E⟩ e−iĤE ⟨E|, since the electron either can be on
surface one (G) or surface two (E). I now make the approximation that the electron and
phonon coordinates form a product state, |G⟩ = |g,m⟩ and |E⟩ = |e,m⟩. Here, |e⟩ (|g⟩)
corresponds to the electron being on the upper (lower) Born-Oppenheimer surface, and m
to all the configurations of the corresponding oscillator. The correlation function becomes

CC
T (t) =

∑
ñ=E,G

pñ ⟨ñ| eiĤ0tĴe−iĤ0tĴ |ñ⟩

=
∑

ñ=E,G
pñ ⟨ñ| (|G⟩−iĤG ⟨G| + |E⟩ e−iĤE ⟨E|)Ĵ(|G⟩iĤG ⟨G| + |E⟩ eiĤE ⟨E|)Ĵ |ñ⟩ ,

(C.11)
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and pñ is the corresponding thermal probability. To obtain the current operator in terms
of |e⟩ and |g⟩, I use the notation Ĵ = it0(|2⟩ ⟨1| − |1⟩ ⟨2|), where |1⟩ ⟨2| = ĉ†

1ĉ2. I insert
1̂ = |e⟩⟨e| + |g⟩⟨g| and get

Ĵ = it0(|2⟩ ⟨1| − |1⟩ ⟨2|) = it0(|e⟩ ⟨e|2⟩ ⟨1|e⟩ ⟨e| − |e⟩ ⟨e|1⟩ ⟨2|e⟩ ⟨e|
+ |g⟩ ⟨g|2⟩ ⟨1|g⟩ ⟨g| − |g⟩ ⟨g|1⟩ ⟨2|g⟩ ⟨g| + |e⟩ ⟨e|2⟩ ⟨1|g⟩ ⟨g| − |e⟩ ⟨e|1⟩ ⟨2|g⟩ ⟨g|
+ |g⟩ ⟨g|2⟩ ⟨1|e⟩ ⟨e| − |g⟩ ⟨g|1⟩ ⟨2|e⟩ ⟨e|) ,

(C.12)

since the diagonal terms cancel, I am left with

Ĵ = it0(|e⟩ ⟨e|2⟩ ⟨1|g⟩ ⟨g| − |e⟩ ⟨e|1⟩ ⟨2|g⟩ ⟨g| + |g⟩ ⟨g|2⟩ ⟨1|e⟩ ⟨e| − |g⟩ ⟨g|1⟩ ⟨2|e⟩ ⟨e|)
= it0(⟨e|2⟩ ⟨1|g⟩ − ⟨e|1⟩ ⟨2|g⟩) |e⟩ ⟨g| + (⟨g|2⟩ ⟨1|e⟩ − |g⟩ ⟨g|1⟩ ⟨2|) |g⟩ ⟨e|) .

(C.13)

For the polaron, the eigenstates are known analytically and it0(⟨g|2⟩ ⟨1|e⟩ − ⟨g|1⟩ ⟨2|e⟩) =
−it0. The total prefactor the becomes t20. For the bipolaron, I verify numerically that the
total prefactor is 2t20. Now, I make the assumption that the temperatures are so low that
only the lower Born-Oppenheimer surface contributes to the partition function. I then get
Z = e−Egβ∑

n e
−Ĥg,nβ, where Ĥg,n is the harmonic oscillator Hamiltonian (now written in

the occupation basis n for convenience). Inserting the expression for the current Ĵ into
Eq. (C.11), I get

C(t) = t20e
−i(Ee−Eg)t ⟨eiĤgte−iĤet⟩ , (C.14)

where Ee − Eg is the difference in energy for the two harmonic oscillators and I define

F (t) = ⟨eiĤgte−iĤet⟩ = ⟨Û †
g Ûe⟩ . (C.15)

I now use the Lang Firsov transformation, e−Ŝ with Ŝ = d
√

1
2(â − â†) (now shifting q̄ to

q̄ + d), which gives e−iĤet = eŜe−iĤgte−S. I then define d̃ = d
√

1
2 and insert this into Eq.

(C.15):

F (t) = ⟨eiHgte−iHet⟩ = ⟨e−ŜeŜU †
ge

−ŜeŜÛee
−ŜeS⟩ = ⟨eŜÛ †

ge
−ŜeŜÛee

−Ŝ⟩

= ⟨Û †
ee
ŜÛee

−Ŝ⟩ = ⟨eŜ(t)e−Ŝ⟩
(C.16)

I now follow Ref. [167] and write

F (t) = ⟨e−d̃(â†eiω0t−âe−iω0t)ed̃(â†−â)⟩ . (C.17)

I will now write the phonon partition sum as Z and use that e−βEg cancel. I will also use
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that [â†, a] = −1 and eA+B = eAeBe−1/2[A,B] and follow Ref. [167] to get

F (t) = Z−1Tr[e−βĤphe−(d̃(â†eiω̃0t−âe−iω̃0t))ed̃(â†−â)]
= Z−1∑

n

e−βω̃0n ⟨n|e−(d̃(a†eiω̃0t−âe−iω̃0t))ed̃(â†−â)|n⟩

= Z−1∑
n

e−βω̃0n ⟨n|e−d̃â†(eiω̃0t−1)ed̃â(e−iω̃0t−1)ed̃
2(e−iω̃0t−1)|n⟩

= Z−1∑
n

e−βω̃0nLn(|u|2)ed̃2(e−iω̃0t−1)

= Z−1∑
n

e−βω̃0nLn(|u|2)ed̃2(e−iω̃0t−1)

= (1 − z)
∑
n

znLn(|u|2)ed̃2(e−iω̃0t−1)

(C.18)

where z = e−βω̃0 , u = −d̃(e−iω̃0t − 1), Z−1 = (1 − z), ⟨n|eu∗a†
e−ua|n⟩ = Ln(|u|2), and

the Ln are the Laguerre polynomials. In the next step, I use the identity [167] (1 −
z)∑∞

n=0 Ln(|u|2)zn = e|u|2z/(z−1) and that z/(z− 1) = −1/(eβω̃0 − 1), n̄ = 1/(eβω̃0 − 1), and
I get

e|u|2z/(z−1)ed̃
2(e−iω̃0t−1) = e−|u|2n̄e−d̃2(e−iω̃0t−1)

= e|u|2z/(z−1)ed̃
2(e−iω̃0t−1)

= e−d̃2(1−eiω̃0t)(1−e−iω̃0t)n̄ed̃
2(e−iω̃0t−1)

= e−d̃2(2−eiω̃0t−e−iω̃0t)n̄ed̃
2(e−iω̃0t−1)

= e−d̃2(n̄+n̄−n̄eiω̃0t−n̄e−iω̃0t)ed̃
2(e−iω̃0t−1)

= ed̃
2(−n̄−n̄+n̄eiω̃0t+n̄e−iω̃0t)ed̃

2(e−iω̃0t−1)

= ed̃
2((n̄+1)(e−iω̃0t−1)+n̄(eiω̃0t−1))

(C.19)

I now start from the formula for the optical conductivity, see Eq. (2.31), and insert the
correlation functions. I will further tailor eiω0t under the assumption that I have adiabatic
phonons and correlation functions decay to zero while I still have ω0|t| ≪ 1. I then get

σ(ω) = 1 − e−βω

2ω

∫ ∞

−∞
eiωt ⟨J(t)J⟩

= 1 − e−βω

2ω t20

∫ ∞

−∞
eiωtdte−i(Ee−Eg)ted̃

2((n̄+1)(e−iω̃0t−1)+n̄(eiω̃0t−1))

= 1 − e−βω

2ω t20

∫ ∞

−∞
eiωtdte−i(Ee−Eg)ted̃

2((n̄+1)(1−iω̃0t−ω̃2
0t

2/2−1)+n̄(1+iω̃0t−ω̃2
0t

2/2−1))

= 1 − e−βω

2ω t20

∫ ∞

−∞
eiωtdte−i(Ee−Eg)ted̃

2((n̄+1)(−iω̃0t−ω̃2
0t

2/2)+n̄(iω̃0t−ω̃2
0t

2/2))

= 1 − e−βω

2ω t20

∫ ∞

−∞
eiωtdte−i(Ee−Eg)ted̃

2(−(2n̄+1)ω̃2
0t

2/2−iω̃0t)) .

(C.20)
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I now define x̃ = (2n̄+ 1) = coth(βω̃0/2) and ∆E = Ee − Eg, this gives

σ(ω) = 1 − e−βω

2ω t20

∫ ∞

−∞
dte−i(∆E+ω̃0−ω)te−d̃2(x̃ω̃2

0t
2/2) , (C.21)

which I solve by completing the square,
∫
xe−ax2+bx+c =

∫
dxe−a(x−b/(2d))2)eb

2/(4a)ec =√
π/aeb

2/(4a)ec, which gives

σ(ω) = 1 − e−βω

2ω

√
2π

d̃2x̃ω̃2
0
t20e

−(∆E+d̃2ω̃0−ω)2/(2d̃2ω̃2
0 x̃) (C.22)

In now insert d̃ = d
√

1
2 and get

σ(ω) = 1 − e−βω

2ω

√
4π

d2x̃ω̃2
0
t20e

−(∆E+ d2ω̃0
2 −ω)2/(d2ω̃2

0 x̃) . (C.23)

This formula is general and only d and ∆E depends on whether we have a polaron or a
bipolaron. Additionally, I rescale by a factor of 2 for systems (L > 2). This comes from
the observation that when comparing the sum rules (kinetic energy) between 2 sites and
systems with L > 2 (in the relevant parameter regime), a factor of two is missing. In total,
this gives

σ(ω) = 1 − e−βω

ω

√
4π

d2ω̃2
0 coth(βω̃0/2)t

2
0e

−(∆E+ d2ω̃0
2 −ω)2/(d2ω̃2

0 coth(βω̃0/2)) . (C.24)

For the polaron, I insert d = 2q̄min and ∆E = 0, and get

σ(ω) = 1 − e−βω

ω

√
4π

q̄2
min4 coth(βω̃0/2)ω̃2

0
t20e

−(2q̄2
minω̃0−ω)2/(4q̄2

minω̃
2
0 coth(βω̃0/2))

= 1 − e−βω

ω

√
π

q̄2
min coth(βω̃0/2)ω̃2

0
t20e

−(2q̄2
minω̃0−ω)2/(4q̄2

minω̃
2
0 coth(βω̃0/2)) .

(C.25)

As a consistency check, I will first send tph → 0 (ω̃0 → ω0), and get

σ(ω) = 1 − e−βω

ω

√
π

q̄2
min coth(βω0/2)ω2

0
t20e

−(2q̄2
minω0−ω)2/(4q̄2

minω
2
0 coth(βω0/2)) . (C.26)

I now send t0/γ → 0, so that q̄min = γ
ω0

. By defining γ2/ω0 = EP , I am left with

lim
q̄min→ γ

ω0

σ(ω) =1 − e−βω

ω

√√√√ π
γ2

ω2
0
ω2

0 coth(βω0/2)
t20e

−(2 γ
2

ω2
0
ω0−ω)2/(4 γ

2

ω2
0
ω2

0 coth(βω0/2))

= 1 − e−βω

ω

√
π

Epω0 coth(βω0/2)t
2
0e

−(2Ep−ω)2/(4Epω0 coth(βω0/2)) .

(C.27)

Now taking T → 0, I get

lim
T→0,

q̄min→ γ
ω0

σ(ω) = t20
ω

√
π

Epω0
e−(2Ep−ω)2/(4Epω0) . (C.28)



Appendix D

Convergence of the energy transport
coefficients

I here demonstrate how I monitor the convergence for the single-site TDVP algorithm.
There are two parameters to adjust, ϵbond,J , which as defined so that∑

discarded η

s2
η/(

∑
all η

s2
η) < ϵbond,J , (D.1)

and Dmin, which is the minimum bond dimension. Both are set before applying the corre-
sponding matrix-product operator to the thermal state. The reason for fixing Dmin is that
the initial state might be well described by a large bond dimension on a few sites, but that
the small bond dimension on other sites will not suffice for convergence at later times. For
most of the data shown here, a small ϵbond,J was sufficient to converge the data, and fixing
Dmin only made a difference on the bonds close to the edges of the system. For this reason,
setting Dmin ̸= 0 was only needed for very small systems, for example, when comparing to
exact diagonalization data.

In Fig. D.1(a), I show the energy current-current correlation function for different values
of ϵbond,J . I also show data calculated with p2TDVP-LBO, which dynamically updates the
bond dimension on all bonds during the time evolution. One can see that all data are
converged except for when ϵbond,J = 10−3. Figure D.1(b) shows the bond dimension of the
system after applying the matrix-product operator ĴE to the thermal state. The figure
verifies that changing ϵbond,J increases the bond dimension on all sites in the bulk of the
system. Furthermore, an interesting zig-zag pattern appears. This indicates that the bond
dimension is dominated by the legs coupling the physical to the corresponding ancillary
site. The black triangles show data calculated with p2TDVP-LBO at time tt0 = 12. The
bond dimensions seem to be updated more homogeneously in that algorithm, similar to
what was observed in Ch. 5. However, a more systematic study is needed (in particular
at ϵbond,J = ϵbond). This is, however, consistent with the fact that the matrix-product
operator only acts on the physical sites but that both the ancillary and physical states are
time evolved in p2TDVP-LBO.

In Fig. D.2, I show the energy transport coefficients for different system sizes with
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Figure D.1: (a) Real part of the energy current-current correlation function calculated
with single-site TDVP for different ϵbond,J . I also show p2TDVP-LBO data calculated
with ϵbond = 10−7 and ϵLBO = 10−8. The calculations are done at n = 1/3 filling, and with
γ/t0 = 1, ω0/t0 = 1, M = 20, T/t0 = 0.2, and L = 15. (b) Bond dimensions after having
applied the matrix-product operator ĴE to the thermal state for the same parameters as in
(a). The plus signs are calculated with ϵbond,J = 10−3, the circles with ϵbond,J = 10−8 , the
squares with ϵbond,J = 10−9, and the triangles with pTDVP-LBO. For the pTDVP-LBO
data, I plot the bond dimension at time tt0 = 12. Note that there are 2L− 1 bonds since
the thermal state has both physical and ancillary sites (see Ch. 3).

n = 1/3 filling. There are some finite size effects at low frequencies, but they disappear at
high frequencies.

In Fig. D.3, I plot the energy transport coefficients with a finite phonon bandwidth
[see Eq. (2.2)], which make the energy current more complicated [195] and the numerical
simulations more difficult. The energy transport coefficients for γ/t0 = 1, ω0/t0 = 1, and
tph/t0 = 0.1 can be seen in Fig. D.3(a). One sees that the difference in optical conductivity
and the energy transport coefficient is similar to the difference in the data shown in Ch. 5,
but larger oscillations in the amplitude of the plateau are present at high frequencies for
tph/t0 = 0.1 compared to tph/t0 = 0.0 in Fig. D.2(a).

Figure D.3(b) shows the energy transport coefficient for γ/t0 =
√

1.6, ω0/t0 = 0.4,
T/t0 = 0.1, and two different values of tph/t0. The interpretation based on the Born-
Oppenheimer surfaces remains valid. As explained in Ch. 5, tph/t0 > 0 shifts the lower
surface downwards, and thus the asymmetric Gaussian gets shifted to higher frequencies.
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Figure D.2: (a) Energy transport coefficients for γ/t0 = 1, ω0/t0 = 1, M = 20, T/t0 = 0.2,
n = 1/3 filling and different L. I use ϵJ = 10−9, ttott0 = 12, η = 0.05/(4π), and Gaussian
broadening. (b) Energy transport coefficients for γ/t0 =

√
1.6, ω0/t0 = 0.4, T/t0 = 0.5,

M = 40, and different L. I use ϵbond,J = 10−8, ttott0 = 14, η = 0.1/(4π), and Gaussian
broadening. For L = 3 and L = 6, I also use Dmin = 100.

Also in this case, the interpretation based on the Born-Oppenheimer-surfaces seems valid.
In Fig. D.4, the optical conductivity and energy transport coefficient at different tem-

peratures close to half filling is shown. I use L = 9 sites, Ne = 4 electrons, and model
parameters γ/t0 = 3 and ω0/t0 = 1, which are in the charge-density-wave regime. The nu-
merically calculated optical conductivity is plotted in Fig. D.4(a) together with the rescaled
analytic expression from Appendix C. The data is qualitatively described by the polaron
curve. In Fig. D.4(b), I show the energy transport coefficient for the same parameters.
In addition to being dominated by small polaron physics, one sees that the spectrum is
almost completely reproduced using the reduced energy current ĴER from Ch. 5.
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Figure D.3: (a) Energy transport coefficients for γ/t0 = 1, ω0/t0 = 1, M = 20, L = 15,
tph/t0 = 0.1 and different T/t0. I use ϵJ = 10−9, ttott0 = 12, and η = 0.05/(4π) and
Gaussian broadening. The gray dashed lines are the optical conductivity rescaled by the
factor (2γ/ω0)2. (b) Energy transport coefficients for γ/t0 =

√
1.6, ω0/t0 = 0.4, T/t0 = 0.1,

M = 40, tph/t0 = 0.04 and tph/t0 = 0.0. I use ϵbond,J = 10−8 for tph/t0 = 0.0 and
ϵbond,J = 10−7 for tph/t0 = 0.04. I also use ttott0 = 14, η = 0.1/(4π), and Gaussian
broadening.



178

0.00

0.01

σ
′ (
ω

)

(a) T/t0 = 0.1
T/t0 = 0.5
σa · n, T/t0 = 0.5
σa · n, T/t0 = 0.5

0 10 20 30 40
ω/t0

0

1

2

T
κ
′ (
ω

)/
t2 0
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Figure D.4: (a) Optical conductivity for γ/t0 = 3, ω0/t0 = 1, M = 40, L = 9, at filling
n = (L − 1)/(2L), and different T/t0. I use ϵJ = 10−8, ttott0 = 14, η = 0.5/(4π), and
Gaussian broadening. The black lines are the analytical formula for the optical conductivity
derived in Appendix C and rescaled by the filling n. (b) Energy transport coefficient for
the same parameters as in (a). The black lines are the transport coefficient calculated with
ĴER from Ch. 5.
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Research data

Chapter 4:
The data and the git repository is stored in the 10-Year-archive of the Institut für Theoretis-
che Physik, Georg-August-Universität Göttingen (ITP) ("/net/theorie/rocks/jansen32/10-
Years-Archive") as "finiteTJansenBoncaHM.tar.bz2".
The data shown in the publication can be found at https://arxiv.org/abs/2007.11343.
The finite temperature states are stored at the Archivsystems HSM at the GWDG at
"/usr/users/a/jansen32/FTstates_HolspecFunc.bz2".
Chapter 5:
Section 5.1:
The data and the git repository is stored at the 10 Year archive
("/net/theorie/rocks/jansen32/10-Years-Archive") of ITP as "finiteTOPCJansenBonc-
aHM.tar.bz2".
The finite temperature states and data are stored at the Archivsystems HSM at the
GWDG at "/usr/users/a/jansen32/FTOPCstates_and_data.tar.gz".
The data shown in the publication can be found at https://arxiv.org/abs/2206.00985.
The code used to generate the data is be published at https://gitlab.gwdg.de/
jansen32/optical_cond_paper.
Sections 5.3 and 5.4:
The data and the git repository is stored at the 10 Year
archive ("/net/theorie/rocks/jansen32/10-Years-Archive") of the ITP as
"phd_sec53_54_data_repos.tar.gz".
Chapter 6:
The data and the git repository is stored at the 10 Year archive
("/net/theorie/rocks/jansen32/10-Years-Archive") of the ITP as "cdwbreakdownJansen-
JoossHM.tar.gz".
The data shown in the publication can be found at https://arxiv.org/abs/2109.07197.
The initial states are stored at the Archivsystems HSM at the GWDG at
"/usr/users/a/jansen32/cdwbreakdownststates.tar.gz".
Chapter 7:
The data shown in the publication can be found at
https://data.goettingen-research-online.de/dataset.xhtml?persistentId=doi:
10.25625/YDU1XT.
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All codes used to generate the data are stored at the 10 Year archive
("/net/theorie/rocks/jansen32/10-Years-Archive") of the ITP as "codes.tar.gz".
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