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Memory Capacity of Flow Network Morphology

Abstract

Adaptive flow networks are ubiquitous in our world. From animal blood vasculature to

plant water vasculature and organisms shaped as flow networks, Physarum polycephalum,

flow networks are abundant in biology with their main function being the transport of

resources and information throughout an organism. They continuously remodel their

network morphology to optimise their function. These adaptive flow networks have shown

to retain memory of flow within the network morphology.

In my thesis I aim to uncover the physical principles behind memory formation and

retention in flow networks adapting to minimise energy dissipation while maintaining

a conserved material. The work presented here shows that such an adaptive network

can retain memory of an external stimulus within its network morphology, and that this

memory can be read out even after a long time of evolution without the stimulus. First, I

delve into the physical principles of memory formation in such adaptive networks. Using

theoretical and numerical methods I show memory is conserved in adaptive networks

because of the irreversible decay of network links. I show both analytically and numerically

that links weaker than a particular threshold decay irreversibly and do not grow back. An

adaptive network retains the memory of the location of an applied stimulus in the location

and orientation of these decaying links within the network morphology. Furthermore, that

the possibility of memory formation in adaptive network relies on the constrain of material

conservation.

In the second part of the thesis, I focus on how the memory of a stimulus direction depends

on experimental protocol parameters. In this part, I explored the possibility of storing

memories of multiple stimuli in adaptive flow networks. I show that an adaptive network

evolved with some stimuli can form memory of a newly applied stimulus. The memory

read-out signal of a stimulus decays with the age the network has before the stimulus

was applied. As the number of decaying links retaining the memory saturates over the

evolution time of an adaptive flow network, the capacity to form new memories also

saturates. Using theoretical and numerical methods, I show that the memory of an older

stimulus cannot be overwritten by applying more new stimuli. Moreover, the memory of

a stimulus in such an adaptive network increases with the time during which the stimulus

is applied. I quantify the number of stimuli that can be memorised by such networks

as a function of different experimental parameters to obtain the optimal parameters for

storing a maximum number of memories in adaptive flow networks.

With this thesis, I uncover the physical principles behind the emergence of memory in

flow networks and establish the dependence of the memory capacity on parameters which

can be verified experimentally.
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Author’s contribution

This thesis contains two scientific articles, both of them included here without modifica-

tions.

The article in Chapter 3 entitled Memory formation in adaptive networks is published

in the Physical Review Letters authored by Komal Bhattacharyya, David Zwicker and

Karen Alim. KB, DZ and KA designed the study. KB performed the research. KB, DZ

and KA wrote the manuscript.
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journal, entitled Memory capacity of adaptive flow networks and authored by Komal

Bhattacharyya, David Zwicker and Karen Alim. KB, DZ and KA designed the research.
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Chapter 1

Motivation

“Memory is a gift of nature, the ability of living organisms to retain and to utilize ac-

quired information. The term is closely related to learning, in that memory in biological

systems always entails learning (the acquisition of information) and in that learning im-

plies retention (memory) of such information.” Endel Tulving (1)

Memory is the ability to encode, store and retrieve information. It is the basis of in-

telligent behaviors among living organisms. Memory allows an organism to acquire in-

formation about the environment or about itself and use this information later, which is

crucial for solving complex tasks. A term closely related to memory is learning. Through

learning an organism develops a certain reaction to a specific stimulation, and memory is

essential to retain this learned behavior (1).

Memory is typically associated with organisms with a central nervous system. Never-

theless, even simple unicellular, multi-nucleated organism like Physarum polycephalum

show behaviours which are considered intelligent (2, 3). These so called intelligent be-

haviours involve acquiring an extensive knowledge of the environment and the ability to

use this knowledge to adapt to a more efficient behaviour. An important connection be-

tween acquiring and utilising information about the environment is the ability to keep

memory of the knowledge acquired in the past to be able to use it in the future. During

a phase of its life-cycle P. polycephalum is a giant cell shaped like a network with tubes

made off cell wall (4). The organism generates a flow of cytoplasm through these tubes

by contracting the cell walls periodically (5). The shape of the organism evolves over time

which involves reshaping of the network morphology. In my thesis I focus on memory of

external influences retained in the network morphology from a theoretical and numerical

perspective.
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The physical understanding of memory in adaptive flow networks can give insights to-

wards the mechanism and underlying physical principle of the quasi-intelligence observed

in P. polycephalum. To better understand this physical principle of emergent memory

formation in such a simple organism like P. polycephalum without any central nervous

system, I used inspiration from the existing concepts of memory in systems outside of

the living world. The idea of memory and learning is not unique to describe behaviours

of living organisms. In computer science and physics the concepts of memory and learn-

ing of computational models and physical systems are utilised to either develop complex

algorithms or to design materials with unique properties.

2



Chapter 2

Introduction

In this chapter, I introduce the existing concepts of memory and learning starting from

animals with central nervous system to artificial neural networks, physical systems and

materials. Additionally I present the observations of the unique intelligent behaviour of

the organism P. polycephalum. As P. polycephalum is a biological flow network, under-

standing the physical principles behind the adaptation of biological flow networks has

been crucial for my thesis. In this chapter, I also discuss biological flow networks and the

adaptations models of biological flow networks, which I use in my thesis to understand

memory capacity of flow network morphology.

2.1 Memory in the nervous system

In this section, I introduce the concepts of memory in cognitive neuroscience, along with

the simple mathematical models describing associative memory formation, which is nec-

essary to understand the fundamental principles of memory formation.

Memory is the foundation of consciousness and intelligence. Remembering past events

and experiences helps us make sense of our lives and shapes who we are. Memory in-

volves complex information processing abilities which increases the chances of survival

of an organism. Organisms with memory use their capacity to store information about

themselves and their environment (6), to act more efficiently in the future (7). Although,

there is no easy answer to the question “what is memory?”, the cognitive neuro-scientists

agree with the fundamental composition of memory; encoding, storage, and retrieval (1)

of information.

The confusion regarding the definition of memory is understandable, given that mem-

3
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ory comes in multiple forms. It is broadly categorised based on the timescale over which

the memory is retained, as in sensory, short-term or long-term memory (8). Information

about the world perceived by our senses are initially stored as sensory memory. Short-

term memories are the sensory information processed over a short time where long-term

memories are these sensory information stored for a long time thereafter. Long-term

memory is categorised into either ‘implicit memory’ or ‘explicit memory’. ‘Implicit mem-

ory’ corresponds to unconscious memory, for instance, skills like riding a bicycle, etc. as

opposed to, ‘explicit memory’ which is conscious memory like a memory of an event. In

this thesis, I focus on the simplest types of memory, and among these categories, implicit

memories are the simplest form of memory. Associative and non-associative memory are

two different types of implicit memory. Non-associative memory is considered one of the

most basic forms of memory. Habituation is an example of non-associative memory for-

mation, during which an organism stops reacting to a stimulus after being presented with

that stimulus repeatedly. In contrast, associative memory is an implicit memory of two

unique information stored as a memory in association with each other. It is the ability to

learn and remember the relationship between two different things (9).

2.1.1 Memory formation in the nervous system

The nervous system, with the brain at its centre acting as memory storage, is comprised

mainly of nerve cells, or ‘neurons’. These are connected by synapses, through which

chemical or electrical signals are transmitted from one neuron to another. The network

of interconnected neurons is referred to as a neural circuit or neural network (6). The

mechanism to form and store memory in the central nervous system is hypothesised to be

the update of the strength of connections between neurons depending on their activity,

which is called activity dependent ‘synaptic plasticity’ (10–15).

Models of memory formation

Inspired by the observation of memory formation through synaptic plasticity, the simplest

model of associative memory formation was introduced by Donald Hebb in 1950 and is

referred to as the ‘Hebbian learning’ model (10). According to the principle of activity-

dependent synaptic plasticity, during Hebbian learning, if neuron A transmits an electrical

signal to neuron B through a synapse and is repeatedly successful in activating B, then

4
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gradually A will become more effective in activating B. Consequently, the association of

neuron A and B will be stored as a memory in the synapse between them (16).

Using the principles of Hebbian learning, a mathematical model introduced by Hopfield

in 1982 was able to reproduce the basic features of associative learning (17). In the ‘Hop-

field model’, a neural network is modeled as a network of identical nodes denoted by i,

where each node corresponds to a neuron, and weight of the each link (ij) connecting

two nodes (i and j) refers to the strength of the synapse. Hopfield modeled the state of

each neuron (Si) as either +1 or -1 depending on if the neurons are active or inactive,

respectively. To store a memory that is determined by a set of activity states of all the

neurons (Smem = {Smem
1 , Smem

2 , ...}), the weights of all the links in the network are evolved

following a Hebbian learning rule. Meaning,

Link weightij = Smem
i × Smem

j . (2.1)

The activity of each neuron depends on the activity of the neurons connected to it and

the strength of the synapses. After training (which typically refers to the process through

which an user forces an organism or system to learn), starting from an initial set of neuron

states, the network can find the memorised state. In the Hopfield model, the Hebbian

learning rule introduces memory as an energy minimum. Within the energy landscape

of this system, when the initial set of neuron states is close to this energy minimum the

neuron states roll into this energy minimum and retrieve the memory. This behavior

closely resembles the feature of associative memory, where the memory is also retrieved

by initiating from a state close to the memory. Even though the principles of this model

is very simple the model could reproduce the rich properties of learning and memory.

This model of neural network has been used to solve an array of problems, especially

optimisation problems like the travelling salesman problem (18).

The Hopfield model has also been used to describe the travelling salesman problem com-

putation by P. polycephalum (19), which has shown the ability to select one of the top

20% of the best paths in the travelling salesman problem in comparison to Hopfield net-

works’ 0.001%.

Although originally these models were developed to describe memory formation in bi-

ological neural networks, the simplicity of the Hebbian learning model and the Hopfield

model has allowed them to be extended to physical systems as an inspiration to design

physical learning machines (20, 21).

5
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2.2 Artificial Intelligence

Memory and learning are properties which are not only studied by biologists and neuro-

scientists to explain the origin of behaviour and intelligence, computer scientists have also

taken an interest in memory and learning for developing artificial intelligence for solving

complex tasks taking inspiration from biology. Machine learning algorithms were mainly

developed as a form of artificial intelligence with the intention to analyse complex data.

As the complexity of data continued to increase with technological advances, new compu-

tational models of learning were required to analyse it. In the last decade, artificial neural

networks (ANNs) have found their place as one of the most powerful and frequently used

techniques in the machine learning community. ANNs are modelled to primarily resemble

the visual cortex (22–26) which can recognise and solve patterns (27). ANNs are nonlinear

models inspired by biological neural networks. They are being used to solve real world

problems, from tasks like speech or visual object recognition and detection, to increasing

the pace of drug discovery (28, 29).

The neural networks are trained by a central processing unit (CPU), while continuously

storing and retrieving memory from a separate unit. This electronic architecture, although

very successful, requires a lot of computational power. The separation of the memory unit

and the processing unit increases both the time of computation and the energy consump-

tion. The learning process used in ANN is fundamentally different from biological neural

networks where the synapses change locally following local rules and no separate pro-

cessing unit is needed. To address this limitation of artificial neural networks, the idea

of ‘neuromorphic’ computing was introduced. Neuromorphic computing aims to build

efficient hardware taking inspiration from biology, specifically the brain to solve complex

computational problems (30). In this interdisciplinary field of material and computer

science, materials with very special functions are used with bio-inspired algorithms. The

researchers typically use solid state, electronic or optical elements to construct networks

mimicking neural networks. In a recent approach, Wright and co-authors introduced a

‘deep physical network’ (31), where instead of creating a neural network-like architecture

with physical materials, the scientists updated the physical parameters of physical mate-

rials with physical stimuli. These new advances toward learning and computation with

physical materials indicate that it is time to look beyond neural networks for computation

ability and learning.

6
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2.3 Learning and memory without neurons

Although learning is usually associated with neural networks, scientists have started to

look for properties of physical systems that can be exploited to build efficient learning

machines. They started investigating the question of whether systems can retain mem-

ory or learn without neural network. In recent years, studies have shown that physical

systems do in fact have the ability to learn to perform specific tasks.

2.3.1 Learning of physical systems

Although in my thesis I focus on memory in flow network, learning is a concept closely

related to memory. Through learning, an organism develops a specific reaction to a stim-

ulus, at the same time memory allows the system to retain this reaction even after a very

long time. Understanding how a physical system learns can help us infer which properties

of a flow network is essential for learning or encoding of memory.

Without any neural network, physics-driven learning has been demonstrated in a vari-

ety of physical systems. These physical systems have been shown to develop specific

functional properties by autonomously adapting their parameters following some physics-

driven rules (32). In the context of physical systems, ‘learning’ means developing a desired

physical response to an external stimulus. In the framework of learning, a system is usu-

ally changed in small steps to adopt the desired behaviour.

A physical learning system is defined by the possession of the following ingredients:

(a) a physical system with some elements that change following a learning rule;

(b) the system responds to external stimuli, initially the response may or may not be the

desired response;

(c) a learning rule that depends on the responses to the stimuli (32).

The quality of learning is determined by a cost function that quantifies if the system

learned the desired behaviour or not. In general, the learning cost function is minimised

using the learning rule and the training stimuli, either by self-adaptation of the system

without any supervision or with input from the supervisor based on the difference between

the desired response is the obtained response.

Learning in physical systems is used to design materials with a series of interesting proper-

7
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ties. Typically the properties of the micro-structures of these systems are adapted during

learning. Disordered elastic media like spring networks or creased sheets are the most ex-

plored systems in the scope of learning. Here, the properties of the links of the networks

are adapted (33–38) to obtain specific behaviour like auxetive properties (when a material

displays thinning in a direction as a response to compression in the perpendicular direc-

tion) (39, 40) in material, and allosteric functions (where application of a stimulus to one

site of the system induces a specific response to a physically distant site (41), typically

observed in proteins) in mechanical (35, 42) or flow networks (42–44). Moreover, various

folded shapes were trained into origami or kirigami sheets starting from two dimensional

flat sheets by adapting the bending stiffness of creases in the sheets (45–47). Additionally

learning in molecular system, mostly controlled by adapting the interactions among differ-

ent molecular building block, leads to computation and neural network like information

processing (48), self-assembly of complex and dynamic structures (20), targeted phase

separation (49) and active matter (50).

Physical learning rules

Based on the learning rules, physical learning can be broadly classified into two categories

depending on how much input from the user is needed for the training; physical supervised

learning (51, 52) and physical unsupervised learning (20, 21, 39). In the simplest version

of supervised learning of a physical system, the system gets positive or negative feedback

from a supervisor, depending on the response to the stimulus being the desired response

or not (52), or the elements of the material are adjusted to minimise the global learning

cost function (42).

Flow networks are also capable of learning, but with involvement from the supervisor,

using ‘contrastive learning’ rules. Contrastive learning is a more involved type of super-

vised learning, which requires greater supervision. An example of this type of learning,

‘coupled learning’ was developed by Stern and co-authors, in which a flow network learned

a response to a specific stimulus (51). Within this supervised learning framework, they

show that the properties of the edge of the networks (e.g. conductances of tubes in flow

networks and stiffness or equilibrium lengths of springs in mechanical networks), adapt

according to the difference between a free state and a nudged state. In the free state,

only the external stimulus is imposed on the input nodes, while the other nodes are free

to change in order to minimise energy, see Fig. 2.1(b)(i). In contrast, in the nudged state

8



Memory Capacity of Flow Network Morphology

Free State Nudged State
Impose Inputs Impose Inputs

Measure 
Outputs

Impose 
Outputs

(a)

(b)

(c)

(i) (ii)

(iii)
100 mm

Figure 2.1: Examples of supervised (a and b) and unsupervised learning (c) implemented
in electrical and mechanical network. (a) A physics-driven learning machine with two re-
sistor networks, where one of the resistor network is at the free and the other is at the
nudged state. Each breadboard (inset) of the electrical circuits with 16 edges corresponds
to an edge from both resistor networks. The network structure is shown in blue. Reprinted
from (53). (b) Schematic showing the learning procedure. (i) In the free state the super-
visor imposes the stimulus on the input nodes (red nodes). (ii) In the nudged state the
supervisor imposes the stimulus on input nodes and the desired response on the output
nodes (blue nodes) (iii) Both the networks are updated by changing the properties of the
edges after calculating the difference of responses at different nodes between the free and
nudged state, schematic inspired from (53). (c) An example of Unsupervised learning
by directed aging: A sheet with holes distributed in a square lattice pattern. Initially,
when the sheet is compressed along one of the major axes, it shows negative strain in the
other major axis. After the sheet is aged under compression with four holes (shown in
red) fixed, it now shows a scalloped pattern when compressed in the vertical direction.
Reprinted from (39).

the desired response is also imposed on output nodes by the supervisor, along with the

stimulus on input nodes, see Fig. 2.1(b)(ii). The nudged state is thus closer to the desired

state, because the desired response and the stimulus is both imposed to it. Reducing

the difference between the free state and a state nudged towards the desired state drives

the physical networks to the desired state, see Fig. 2.1(b)(iii). The coupled learning was

demonstrated in laboratory (53) by using two identical resistor networks (see Fig. 2.1(a));

imposing specific voltages as stimulus and desired responses on input nodes and output

9
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nodes respectively; and adapting the resistances of the networks. However, one pitfall of

this learning rule is the requirement of two identical networks, one representing the free

state and the other representing the nudged state, adapting simultaneously, see Fig. 2.1(b).

Physical flow networks can not be at the nudged state and free state simultaneously to

be able to use this learning rule. To address this, a new supervised learning rule was

developed implementing a back propagation of error (54), without the need to store the

free state. This is inspired by P. polycephalum in assuming propagation of information

through chemical signalling in flow networks (55). Conventionally the physical learning

rules are either inspired from nature or takes advantage of the natural physical property

of the system. For instance, Stern and co-authors use the physical minimisation of elas-

tic energy or energy dissipation of mechanical or flow networks, respectively (51). The

supervised learning rule is also inspired by the local rules of adaptation in flow networks

observed in nature, where the tubes adapt by reacting to local flow properties (56, 57).

Such involvement from the user (or supervisor) is not necessarily needed for learning,

for example, during unsupervised learning, the physical system adapts itself to exter-

nal stimuli typically following a Hebbian-like process (10). Examples include molecular

self-assembly (20), Hebbian growth of elastic network (21) and directed aging in elastic

networks (39). The inevitable process of aging has also been exploited as an unsupervised

learning rule. One example of this type of learning is directed aging (36, 37, 39). In

physical systems aging describes the reduction of energy of the system over time, while

directed aging refers to the aging of the system directed towards a specific state. This is

obtained by letting the system evolve (or age) while fixed in a certain state. For instance,

in the case of elastic networks, every link changes either its elastic constant (36, 39) or its

rest length (36, 37) according to the stress on the bond to minimise the elastic energy of

the network. Moreover, this learning rule was demonstrated experimentally (39) in sheet

of EVA (ethylene vinyl acetate) foam by evolving the foam under shear. The material

developed two different Poisson’s ratios along two different axis. Additionally, other in-

teresting responses of two dimensional mechanical networks to compression was obtained

by implementing directed aging to the system as shown in Fig. 2.1(c).

Applications of physical learning

One main application of learning in physical systems is the design of meta-materials.

Meta-materials are artificial materials with exotic optical and mechanical properties (58–

10
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62). Unsupervised learning rules have been demonstrated experimentally in hydrogels

using polymerases and DNA nanotubes for designing meta-materials (63, 64). Meta-

materials with self-learning properties can set the stage for designing smart meta-materials (65).

The theoretical perspectives of physical learning are crucial to understanding how natural

systems evolve the ability to learn (32). The brain is not unique in its ability to learn.

Even muscles have been known to learn and make decisions, as seen in ciliates (66), fruit

flies (67), and bee hives (68). Also the understanding of learning can be utilised for

performing complex tasks like classification (21, 51, 53, 54) or regression (53) of data,

by mechanical (21, 51), flow (51, 54), and resistor networks (53), after transforming the

data into physical stimuli and responses. These are the tasks machine learning is most

frequently used for.

Physical learning machines have the potential to be more efficient than computer-designed

machines in performing tasks, since these physical systems can adapt their parameters au-

tonomously as a response to changing external influences (32), especially when the inputs

and outputs are physical parameters like flow, current, force, voltage, etc. The physical

learning systems without the need for a processor or memory storage can also be highly

robust to damages (53). Physical learning can lead to a new generation of computer

design using the computation capabilities of the material itself. Research in the fields of

physical computing (69) and molecular computing (48, 70) are starting to explore these

possibilities.

Learning in physical systems can open door to an array of opportunities, and memory

is closely related to learning. Though learning in a physical system develops a target

response to a stimulus (71, 72), memory is equally essential to retain the learned behav-

ior (32). Thus, the knowledge about the properties of a physical system or a material

that can lead to memorise the learned behaviour is essential for the scientists to be able

to exploit the memory retention abilities of matter to train them.

2.3.2 Memory in matter

In my thesis, I look at the physical principle behind memory formation in flow networks.

Thus, the physical principles that typically allow memory formation in material along

with the methods that is used for such memories to be read out can provide a lot of

11
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insight necessary for my thesis.

Many disordered, out of thermal equilibrium systems typically allow for memory to be

formed. These systems usually have a vast energy landscape with a lot of local min-

ima (73). Similar to Hopfield model, in such systems memories are retrieved by finding

recognisable local minima. They can retain memory, by not easily reaching the global

minima erasing all information about the past and the initial condition. There are many

different ways in which materials in the physical world can encode memory by retaining

an imprint of their previous history that can be retrieved or read out from the systems

in the future by following specific protocols (73). Different types of information are also

written into materials using various training protocols.

Memory of a driving direction

One example of the simplest memory effect is when a material remembers the most re-

cent driving direction. For example, in digital magnetic storage, where an external field

forces the individual magnetic regions into one of the two polarities to represent either 1

or 0. These binary markings are stored as information in the magnetic discs. Another

example of this memory effect can be demonstrated in a suspension of neutrally buoyant

hard spheres confined inside a cell within two concentric cylinders. If a shear stress is

applied to this system by rotating the outer cylinder, a torque is expected in the inner

cylinder (74), see Fig. 2.2(a). When the media is sheared in a particular direction for a

period of time, the torque in the same direction increases over time for a transient period

before it reaches a stable value. If the direction of the applied shear is reversed, the torque

direction reverses as well, showing the same transition before reaching a steady value. If

instead the shear is applied in the same direction after a pause, the transient response is

not seen, and the torque reaches a stable maximum value immediately, see Fig. 2.2(b).

This missing transition state can be interpreted as the memory read-out of the last shear

direction. Similar properties are observed in dry granular media as well (76).

Memory of driving amplitude

The memory of shear direction is encoded in the suspension by application of the training

input only once, but the memory effect of an input parameter can also be written in

12
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Figure 2.2: Examples of memory effect in sheared suspensions. (a) and (b) An example
of memory of shear direction retained in suspensions of neutrally buoyant particles in a
viscous liquid. (a) Schematic of an experimental setting, where the suspension is confined
within the gap between two concentric cylinders that can be rotated with respect to one
another. (b) The memory effect observed in such suspensions. (i) The shear rate induced
by the rotations of the outer cylinder over time with pauses between each rotation. (ii) a
schematic curve of the torque applied by the suspension on the stationary inner cylinder
over time; The transient change of torque is not observed when the shear is applied in the
same direction after a pause . Reprinted from (74). (c) and (d) An example of memory of
the shear amplitude retained in colloidal gel. (c) A schematic of the experimental setting,
where an oscillatory strain is applied to a colloidal gel. The square plates along x-y axis
represent the planes of the gel that were imaged in Ref. (75), schematic inspired from (75).
(d) The response of the gel measured for varying values of strain before and after training,
for two different cases when the colloid is sheared in the x direction and when it is sheared
in the y direction. The vertical dotted line represents the training strain amplitude. The
response of the gel measured by the mean image difference is very different in case of
trained than the untrained case. The mean image difference is negligible when shear
strain is below the training strain, and shows increase when strain is above the training
strain. Reprinted from (75).

some systems by applying the input periodically. As an example, when many identical

voltage pulses for the same duration are afflicted to charge density wave conductors, the

current response becomes phase locked at the end of each pulse, so the information about
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the training history can be read out from the reaction of the system (77–79). Similar

behaviour is observed in disordered media (80–83). If these systems are sheared with

a particular shear strain of amplitude γ0 over many cycles ( Fig. 2.2(c)), the particles

rearrange to reach a steady state, as the shear makes the particles settle into a configura-

tion with a local minimum of energy, and no new rearrangement occurs as a response to

shear any more (82). This phenomenon was observed during crystallization of granular

media (84), ordering of colloids (85), particle diffusion in viscous suspensions (80, 81) etc.

However, reduced rearrangement of particles is observed specifically when the applied

shear strain is below γ0, shear strain with larger amplitude can bring the particles out of

the steady state (75, 82, 83). When applying a range of shear strains to the trained sys-

tem, researchers observe a drastic change in the behavior of particle rearrangement when

the shear strain amplitude is same as the training shear strain, see Fig. 2.2(d). Here, the

mean image difference of a trained gel is almost negligible when the shear strain amplitude

γ is below the training strain γ0 (shown by the dotted vertical line), and starts increasing

for higher training strain. This change of behavior for a particular shear strain can be

read out as a memory. Corte and co-authors have observed a transition from reversible

to irreversible dynamics of particles in a viscous suspension during shearing of such a

system (81), even though the particle dynamics in such low Reynolds number suspensions

are supposed to be reversible, meaning after each cycle of shear the particles are supposed

to come back to their original position. When pairs of particles pass each other, their

interaction with each other instead changes their trajectory irreversibly. In more recent

works, Schwen and co-authors report that, non-Brownian suspensions stops reacting shear

strain, because during training the suspensions by cyclically shearing them, the particles

in the suspension rearrange by moving very slightly and reach a stable organisation with

a higher contact number (75).

Multiple memory formation

While writing one memory in a disordered system is interesting, the possibility of writ-

ing memories of multiple stimuli has generated much interest among researchers, as it

brings up a lot of interesting questions about non-equilibrium physics (73, 82). Using

this cyclic driving approach, memories of multiple strain amplitude can be imprinted into

disordered systems (e.g. colloidal get) by varying the driving amplitude from one cycle to

another (82, 83). This is called ‘multiple transient memories’. For example, if a system

has been trained by shearing cyclically, using two different amplitudes of strain γ1 and
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(a) (b)

γ1γ2

Figure 2.3: Examples of multiple transient memories is disordered systems. (a) Fractions
of particles colliding as a response to applied shear strain is measured to read out mem-
ory of oscillatory strain amplitudes, in simulations of sheared suspensions. Each curve is
labeled with the number of training cycles. The curves show kinks at the training ampli-
tudes. After just 100 cycles the memory of both amplitude γ1 = 2.0 and γ2 = 3.0 can be
read out from the curve. After 30,000 cycles a steady state is reached where only memory
of γ2 can be read out. The grey curve represents the observation with noise after 1000
cycles, and both amplitudes can be read out from the curve, from (73). (b) Memory of
multiple training strain being readout from simulations of jammed solid. The system was
trained by applying alternating strain of amplitudes γ1 = 0.06 and γ2 = 0.04, for 30 repe-
titions. The state of the system, after application of one cycle of strain is compared with
the state after training, by measuring a mean-squared displacement (MSD) of particles
for varying strain amplitudes γread. The system shows sharp changes in behaviour when
γread is γ2 and γ1, which can be read out as the memory of γ2 and γ1. The system returns
to the exact state after training when the readout strain is γ2. Reprinted from (73).

γ2 at each successive cycle, the displacements of particles in the trained system show a

unique characteristic as a reaction to an applied shear. Particle rearrangement as a re-

sponse to shear strain changes drastically when the shear amplitude crosses γ1 and γ2,

which can be read out as the memory of these two amplitudes, see Fig. 2.3(a). And yet

the memory of both amplitudes can only be retained only if the system has not been

driven for too long such that the self-organisation is completed. If the self-organisation is

complete then only the memory of the larger amplitude γ2 can be stored in the system.

Interestingly the memory of both the amplitudes can be stabilised by adding noise to the

suspension systems (83). The memories of multiple cyclic driving amplitude were shown

to be retained in jammed solids as well, which can be read out by measuring the mean

square displacements of the particles (86), see Fig. 2.3(b).

Other examples of a material remembering its past include the famous occurrence of
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“shape memory”, where phase transformations are lead by stimuli changes (87). One tra-

ditional example is that, when submerging a wire of a specific metal alloy (eg. titanium-

nickel alloy) into warm water, it spontaneously reorganises into a different shape, that

was programmed into the material in the past (73). Processes like self-assembly, in which

smaller building blocks come together and aggregate into a larger object, also show the

characteristics of associative memory (73). Here, the memory of the larger object is stored

in the interaction among the building blocks, retrieved by using a trigger to start the self-

assembly (20).

All these observations suggest that memory is typically retained in disordered systems

due to some irreversible dynamics of the micro-structure. Memory in a lot of these sys-

tems are traditionally read out by observing the reaction of the systems to external probe

stimuli.

2.4 Intelligence without neural networks

The observation of memory and learning in a wide range of physical system prompts us to

think about memory and learning in living organisms from a different perspective. As we

see memory and learning are not unique to neural networks, memory and learning in bio-

logical organisms might also not be unique to organisms with neural networks. Although

most of the studies focus on learning abilities of organisms with neurons, researchers have

reported even bacteria (88, 89), leukocyte cells (90), or social amoeba Dictyostelium (91)

showing information processing abilities using their metabolic circuits in navigation of

chemotactic gradients. As an example, bacteria respond faster to signals that they have

encountered before, which is recognized as learning (92).

2.4.1 Intelligence of P. polycephalum

The multi-nucleated unicellular organism Physarum polycephalum also shows sophisti-

cated information processing and problem-solving abilities without any central nervous

system (2, 3). The Physarum polycephalum belongs to the class of slime moulds called

Myxogastria within the Mycetozoa phylum, as part of the kingdom of protists (93).

P. polycephalum has several developmental stages with various morphologies. One of
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them is the plasmodial stage, during which it is a large amoeba-like cell embedded on

a two dimensional surface. The cell body is made up of a network of soft cylindrical

tubes with gel-like walls, and the protoplasm flows through the network (4). The flow

of protoplasm is generated by active periodic contraction of the acto-myosin lined cell

walls, ‘peristalsis’ (5). Most of the observation of complex computation ability is when

the organism is in the flow network shape.

Although the organism is simple in its build, it has a strong awareness of the environ-

ment. Its ability to forage for food and run from threats is extraordinary despite the

simple morphology of the organism. It has the ability of chemotaxis (94–96) , photo-

taxis (97), thermotaxis (98) and hydrotaxis (99).

The ability to comprehend the environment is advantageous for its the survival. This

allows P. polycephalum to easily find the best possible way to find food or shelter from

unfavorable stimuli. P. polycephalum uses these abilities for a lot of more complicated

computation and problem solving, which brought it into the spotlight for being intelli-

gent without a nervous system. One of the most famous experiments by Nakagaki and

co-authors in 2000 showed that P. polycephalum can find the shortest path through a

maze (2). Since then many experiments have shown P. polycephalum solving an ar-

ray of different problems: the travelling salesman problem (19), the two-armed bandit

problem (100), the Steiner problem (101), U-shaped trap from robotics (102), towers of

Hanoi (103), finding optimal diet (104, 105), finding minimum risk path (106) etc. An-

other famous problem-solving ability of P. polycephalum was illustrated by the organism’s

ability to connect food sources optimally. In an experiment, P. polycephalum shaped its

network morphology to resemble the man-made Tokyo railway network (3), when the

food sources were spatially spread to represent the major rail stations around Tokyo, see

Fig. 2.4.

Computational models based on P. polycephalum

As we’ve seen, P. polycephalum is not only interesting for biologists, since its complex

computation abilities have drawn the attention of scientists from fields like physics, math-

ematics, and computer science. P. polycephalum has acted as an inspiration for designing

various complex computation models (107). Historically, computer scientists have been

looking at nature to design optimisation algorithms. Initially, biomimetic optimisation
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Figure 2.4: Network formation and adaptation in Physarum polycephalum, in the exper-
iments conducted in Ref. (3). Here, A plasmodium is placed in an experimental arena
shaped like a map of the region around Tokyo (3). The arena is bounded by the white
border resembling the Pacific coastline. (A) At t = 0, a small plasmodium of P. poly-
cephalum was placed at the location resembling Tokyo in the experimental arena, with
additional food sources placed at locations resembling each of the major cities in the
region (white dots). (B) to (E) The plasmodium grew out from the initial food source
and spread across all of the food sources, forming a meshed network. (F) After 26 hour,
the P. polycephalum retracted redundant tubes and developed into a network of tubes
interconnecting the food sources. The horizontal width of each panel is 17 cm. Reprinted
from (3).

algorithms were predominantly based on trail-laying ants (108–110), although ant colony

optimisation algorithms are not very efficient for dynamic environments (111). Recently,

biomimetic computation like artificial immune systems (112, 113) and P. polycephalum-

based computation (107) have fascinated researchers with the complex emergent prop-

erties despite the simplicity of the systems. Several modelling techniques like cellular

automata, where physical space is considered as a lattice, with the properties of the

18



Memory Capacity of Flow Network Morphology

lattice sites evolving following different rules (114), agent-based systems, where the pro-

toplasmic flow is modeled as the motion of particles that sense and react to a chemical

substance (115, 116), and differential equations (3, 117) have been used to achieve the

self-organised computation of problems (118).

These numerical models of P. polycephalum typically focuses on different physiological

properties of the organism. For example, the cell migration because of the actin cy-

toskeleton polymerisation and de-polymerisation (114, 119, 120), the organism’s ability

to migrate following the gradient of nutrients (116), or the feedback mechanism of the

protoplasmic flow onto the thickness of tubes in the network (3, 117). All these models

have been used for network and route planning, finding efficient networks in expanding

domain (107) and solving complex problems like traveling salesman problems (121) or

community detection (122).

Although these models could reproduce some of the classical problem solving abilities

of P. polycephalum, this research does not describe its ability to retain memory.

2.4.2 Memory in biological flow networks

Information storage and retrieval capabilities are crucial for a system with complex com-

putational abilities, so recent studies have started exploring memory and learning in

P. polycephalum. One of the examples of learning in P. polycephalum showed that the or-

ganism can anticipate a negative stimulus when the stimulus is applied periodically (123).

It has also been proposed that P. polycephalum leave an external memory as slime or a

chemical extract from the cell body during locomotion (102), which may act as a repellent

to the organism. In some experiments, P. polycephalum even shows habituation (124),

a non-associative memory, defined as the declined reaction of an organism to a stimu-

lus. Non-associative memory is one of the basic types of memory (125), seen in both

neuronal and aneuronal organisms. It was previously hypothesised that the signaling cas-

cade triggered as a reaction to a specific stimulant leaves epigenetic markings in P. poly-

cephalum (124), which is considered as the most fundamental type of memory (126). In

recent studies, the uptake of a repellent chemical has been identified as the mechanism of

habituation of the organism to the repellent chemical (127).

On the other hand, researchers have argued that habituation as a memory encoding
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(a)

(b) (c)

Figure 2.5: Example of memory formation in P. polycephalum network. (a) Series of
bright-field images of a foraging P. polycephalum show imprinting of a nutrient stimulus
location in the network morphology. The nutrient stimulus is applied at minute 0 at a
location shown by the red arrow. The network reorganises and changes its migration
direction from left-to-right to towards the nutrient location after 45 minutes of the stim-
ulus application. The P. polycephalum reaches the nutrient after 90 minutes. After 310
minutes the organism consumes the food and continues foraging. The nutrient location
gets imprinted in the network morphology in shape of the thick tubes formed around
the nutrient location that persists in the network even after the network has consumed
the nutrient. (b) Series of bright field images showing network morphology change after
application of a localised nutrient, applied at minute 0 at the location shown with the red
arrow. Hierarchy of the tube diameters in the network adapt as a reaction the nutrient
stimulus. (c) Relative tube growth over the 45 minutes after the stimulus application.
Relative tube growth is positive for the region of the network close the stimulus location
(shown by the red dot) and the relative tube growth is negative far from the stimulus lo-
cation, that shows the process of imprinting the stimulus location in network morphology
by changing the hierarchy of tube radii. Reprinted from (128).

mechanism does not explain the complex behaviour of the organism (128). Instead mem-

ory of a stimulus like a food source was demonstrated to be encoded in the flow network

morphology (128). Kramar and Alim argue that the tube walls of the network react to the

stimulus by changing their elastic modulus (128). Through the feedback of the flow, the

tube diameters, and the elastic property of the tube walls, the tube diameters self-organise

and a hierarchy within tube diameters in the network emerges, see Fig. 2.5(b) and (c).

Several other works have also found that the morphology of the organism controlled by
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the thickness of tubes of the network is essential for foraging and migration (3, 57). With

the tube diameter adaptation as a reaction to food stimulus, the plasmodial network re-

tains an imprint of a food source location in the network morphology, long after the food

is consumed, see Fig. 2.5(a).

Memory retained in the morphology essentially means an irreversible imprint of an exter-

nal influence left in the network morphology. The observation of an irreversible imprint

of flow in the flow network morphology is not unique to P. polycephalum’s networks. The

same phenomenon has been observed in animal brain micro-vasculature, which is shown

to retain memory of an ischemic stroke. During an ischemic stroke, a blockage in a cere-

bral artery caused by a blood clot disrupts the blood supply to a particular region of the

brain (129), see Fig. 2.6(a)-(b). It has been observed that, even after the removal of the

blood clot through medical procedures (recanalisation) to reintroduce blood flow in the

affected region, the blood flow does not go back to normal (130–132), see Fig. 2.6(c)-(e).

This is referred to as the ‘no-reflow phenomenon’, resulting in poor clinical outcomes after

treatments (133). Ames and co-authors showed that, in the mammalian brain, even 15

minutes of ischemic stroke causes this ‘no-reflow phenomenon’, due of irreversible constric-

tion of microvessels (130). Additionally, Yemisci and co-authors have shown that almost

half of the capillaries in the affected region remained constricted for at least 6 hours, after

the reopening of the middle cerebral artery following 2 hours of ischemic stroke (134).

Several reasons have been suggested as the possible cause behind this plasticity includ-

ing the narrowing blood vessel (134, 135), or the stroke impairing the dilation ability of

the vessels (136). Vessels of the brain micro-vasculature shrink irreversibly during the

stroke and can not grow back, keeping an irreversible imprint of the flow in the network

morphology. The observations of imprints of flow retained in the network morphology

in case of P. polycephalum and vasculature both allude to a general principle of memory

formation in flow networks.

2.5 Adaptive flow networks

Flow networks are a crucial part of life, as they are essential for transporting resources and

information throughout living organisms. Flow networks are a vital part of the human

body, not just as the cardiovascular system but also as a part of various organs like the

nephron in the kidney, the bronchioles of the lungs, the lymph system, and the brain pas-

sages for cerebrospinal fluid (137–139). The flow network morphology is crucial for good

health, as their malfunction can lead to a multitude of diseases (140–142). Furthermore,
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Figure 2.6: An example of an imprint of a blood clot in the cerebral vasculature. (a)-(c)
Schematic diagram of a coronal section of the brain showing the effect of stroke in brain
vasculature. (a) The normal and healthy state of the brain vasculature, (b) during an
ischemic stroke the cerebral artery is occluded by a blood clot, the pink region is the region
affected by the blood clot, which looses perfusion from blood flow, (c)and the perfusion
remains incomplete after removing the blood clot, schematic inspired from (129). (d) and
(e) Images of slices of brain before and after an ischemic stroke. The dark color shows
the presence of blood in the vasculature. (d) The control case shows complete filing of
vasculature after brain is perfused with red-cell suspension. (e) The case after 15 min. of
bloodless ischemia shows reduced perfusion when the brain is perfused with red blood cell
suspension; blood is present in the thicker arterioles, but not in the thin capillaries. This
inability to perfuse brain with suspension of red blood cells after 15 min. of bloodless
ischemia is demonstrated by this observation. Reprinted from (130).

these flow networks are not unique to animals but are present in most multicellular living

organisms starting from fungi (143) to plants (144, 145).

Flow networks have technological applications in designing biomimetic microfluidic de-

vices (146–148) or foams (149). Taking inspiration from living flow networks, design of
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biomimetic self-healing materials (150), multifunctional materials (151), responsive hydro-

gels (152) or efficient transport network (153) have been explored by scientists. They are

used for engineering smart materials and the hydraulic wiring behind soft robotics (154)

which has a multitude of advantages over hard robots. Besides, porous media can be ap-

proximated as a tubular fluid flow network (155), thus, the understanding of dynamics of

flow network is useful for understanding the mechanism and thus improving the efficiency

of porous media-based systems like fuel cells (156) or filtering devices (157).

The flow networks observed in biological systems are all tubular networks with fluid

flowing through them. The materials comprising these cylindrical tubes may vary from

one particular type of flow network to the other. For example, the walls of the blood

vasculature network in animals are made out of epithelial cells (158), whereas the walls

of the network are made out of acto-myosin cortex (159) in P. polycephalum and out of

chitin (160) in fungi. The underlying physics behind the structure and the flow remain

however the same. The fluid flow through networks can be described as Poiseuille flow in

microvasculature (161, 162), fungi network (163) and P. polycephalum (164). Kirchoff’s

law of conserved fluid volume through the network is also valid for biological flow networks.

Importantly, these flow networks are not static, but active and dynamic. P. polycephalum

polycephalum and fungal mycelium are organisms that grow as self-organised networks (165).

P. polycephalum (5, 166, 167) and Mycelia fungi (168) remodel their network structure to

explore territories in search for food, while maintaining a robust internal transport sys-

tem (3). But even the animal blood vessel networks are not static, although genetic code

sets the initial blood vessel positions (169). They constantly remodel and re-organise (162)

by actively expanding or constricting the tubes of the network in response to the fluid

flow through them (137). The remodeling of the vascular network is an essential part

of development, and crucial for the survival of organisms (162, 170, 171). The fluid-

filled ductal network of the mammalian pancreas also changes its network properties over

time (172). The reorganisation of the networks is led by adaptation of the tube diameter

and is a common mechanism across all living organisms with flow networks (165, 173, 174).

Long-term remodeling of transport systems especially in the early developmental stages of

organisms has been of particular interest to scientists. Although they have mainly focused

on studying the complex signaling cascades involving growth factors in vascular systems

of mammals (175) or in plants (176), they also found the adaptation of network mor-

phology is correlated with mechanical stress induced from the flow, in a variety of model

organisms from chicken embryos (177, 178) and zebrafish (179) to plant leaves (180) and

slime molds (181).
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2.5.1 Flow network morphology adaptation models

In this thesis, I use physical models describing the adaptation of flow network morphology

to understand memory in flow networks. In this section, I present the adaptation models

mainly used for describing P. polycephalum network and blood vasculature.

P. polycephalum network constantly adapts its network structure in response to exter-

nal stimuli (2, 3, 104, 106). During migration, the network spontaneously reorganises

its morphology by creating new tubes in the migrating front and pruning tubes to relo-

cate its mass (182, 183). Even without stimuli the network structure continuously changes

morphology (166). Several models exist to describe the morphology adaptation of P. poly-

cephalum. One of the most frequently used models is the current reinforcement model,

based on dilation of tubes with large flows, reinforcing veins with large currents to carry

more flow. The Tero-Kobiyashi formulation (117, 184) models the adaptation of the tubes

of the network as a function (f) of the volumetric flow rate through them (3, 106, 117),

from the experimental observation that tube diameter increases because of a persistent

flow through them (185), and open-ended tubes and longer tubes connecting two food

sources prune over time (186). The volumetric flow rate through a hollow, straight, cylin-

drical tube is approximated following the equation,

Volumetric flow rate =
π × radius4

8× viscosity× length
pressure difference, (2.2)

assuming the tubes are thin or long, resulting in laminar flow. Eq. 2.2 is referred to as

the ‘Poiseuille law’ and flow approximated by the equation is typically called ‘Poiseuille

flow’ (187). This relationship between volumetric flow rate and pressure difference is

analogous to the relationship between current and voltage difference across a resistor

stated by Ohm’s law. So one can assign a conductance (the inverse of resistance) value

to the tube. The conductance of flow through a tube is then,

Conductance =
π × radius4

8× viscosity× length
. (2.3)
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The Tero-Nakagaki formulation adapts the conductance of the tubes of the network fol-

lowing,

d

dt
(Conductance) = f(|Volumetric flow rate|)− α× Conductance. (2.4)

The first term on right hand side refers to the increase of conductances due to flow and

the second term describes the decay of conductances without any flow, where α represents

the decay rate. Alternatively, Marbach and co-authors show that instead of the volumet-

ric flow rate the tubes of P. polycephalum network adapt to the shear stress on the wall

with a time delay (57) similar to blood vessel adaptation (161), which is described in the

following section.

The blood vasculature of animals and humans is very efficient in transporting blood un-

der the constant change of the metabolic need of the tissue (188). The blood vasculature

maintains the constant supply of blood flow by dilating or shrinking vessels, regulating

blood pressure, etc on a short time scale. Due to long-term changes in metabolic demands,

long-term adaptation of the vasculature morphology is also observed (189). Changes in

the vessel internal diameters (190–192), remodeling of the vessel walls (193) and genera-

tion and regeneration of microvessels (194) are part of the chronic adaptation processes,

which are crucial for physical growth and the adaptation of individuals to the environ-

ment. Several studies on the adaptation dynamics of these networks focus on how the

tube radii adapt as a reaction to flow (161, 195).

It was suggested by Murray in 1926 that blood vasculature is optimised to minimise

energy dissipation with a constraint of a maintenance cost (196). Meaning including the

cost of material the following function,

E =
∑

all tube

volumetric flow rate2

conductance
+ c0

∑

all tube

conductance1/2, (2.5)

has to be minimised. Here the first term in the right hand side refers to the energy

dissipation and the second term refers to the cost from material conservation. Eq. 2.5 is

minimised when,

dE
d conductance

= −volumetric flow rate2

conductance2
+

c0
2
conductance−1/2 = 0,

volumetric flow rate =
c0
2
conductance3/4,

volumetric flow rate ∝ radius3.

(2.6)
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Following the Kirchoff’s law that enforces the total flow rate through vessels connected

through a branching point to be 0, Murray derived a rule for the tubes’ radii around a

branching point in the vessel network. This rule, now established as Murray’s law, states

that the cube of the radius of parent vessel (r1) is equal to the sum of the cube of radii

of daughter vessels(r2,r3),

r31 = r32 + r33. (2.7)

Murray’s law has been observed across living flow networks starting from animals (197),

plants (198) and slime molds (174). Murray’s law demonstrated that, in the optimal

state, the volumetric flow rate through any vessel is proportional to the cube of radii

of vessels, because in the optimal state the pressure difference along a tube is inversely

proportional to radius. Murray hypothesised that a vasculature network optimise the

network structure by adapting the vessels to maintain an optimal shear stress throughout

the network, because in the optimal state, the shear stress of flow on the wall is conserved

throughout the network, as for Poiseuille’s flow, the shear stress on the wall is,

Wall shear =
4× viscosity× volumetric flow rate

π × radius3
. (2.8)

Moreover, it has been observed experimentally in the blood circulation system that the

blood vessels can sense the wall shear stress by endothelial cells (158, 199–201) such that

a relatively constant wall shear stress is maintained. Following these observations, models

of blood vessel adaptation were developed with the assumption that the tube radii change

is related to the difference between the actual and desired shear stress (188, 202, 203) :

d

dt
Radius(t) = Growth rate× (shear(t)− sheardesired)× Radius(t), (2.9)

where the desired shear stress is in fact the shear stress in the optimal state following

Murray’s law. Although the shear stress-based models are quite established (161, 188,

191, 202), some of the works have also pointed out that tube diameter adaptation as a

response to shear stress is not enough to obtain stable network structures (202).

Typically the active remodeling of networks drives the flow network to increase the effi-

ciency of the networks (5, 166, 203). As the purpose of a fluid flow network is different

across organisms and organs, the flow networks obtain morphologies that are optimised

for different functionalities (204). The large vessels of the vascular system are optimised

for transport by minimising dissipation (205–207), as the main purpose of these vessels

is to transport flow to the whole organism. In contrast, the function of microvessels is
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different, as they are optimised to have maximal perfusion of resources to the tissues.

This microvessel adaptation has been modeled to achieve uniform flow through the ves-

sels (204) or to achieve uniform nutrient supply (208). On the other hand, the transport

time is minimised in networks with a single source and sink like the networks in the islets

of Langerhans in the pancreas (209), which is a production organ with the main purpose

of distributing produced resources within minimal time. P. polycephalum has also been

observed to coordinate its behavior by optimising transport through the network (5). For

instance, the organism changes its network morphology by pruning tubes to maximise

effective dispersion of particles (166).

Flow network adaptation to minimise energy dissipation

In this thesis, following the hypothesis from Murray, I use a model of flow network that

adapts to minimise energy dissipation. The fluid flow network is conventionally modeled as

a network of hollow cylindrical tubes with Poiseuille flow through them (57, 117, 188, 205–

207). A fluid flow network with Poiseuille flow can be compared to a resistor network.

Typically network has fixed nodes, and each of them is denoted by an index i. The

pressure (or voltage) on each of these nodes is then defined by pi. The volumetric flow

rate (or current) through a link connecting the node i and j is defined by Qij. Qij follows

Eq. 2.2

Qij = Cij(pi − pj). (2.10)

Similar to the electrical resistor network, the energy dissipation to be minimised for a

flow network is formulated as (210),

Energy dissipation =
∑

ij

Q2
ij

Cij

. (2.11)

The available material of the networks to be maintain as a constant is written as,

Kγ =
∑

ij

Cγ
ij. (2.12)

The parameter γ determines how the conductances of the links depend on the material

to create the links, which also determines how easy or difficult constructing a new link

or moving material from one link to another is during the adaptation of the network.

This formulation of the available material was introduced to generalise networks with
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Tree-like network Hiearchial network with loops Network with loops

γ = 0.5 Fluctuation + γ = 0.5 γ = 2.0
(a) (b) (c)

Figure 2.7: Example networks obtained from using the adaption of network to minimise
energy dissipation with constraint of available material Eq. 2.12. (a) Tree like network
obtained from using this adaptation, when γ < 1, as example here γ = 0.5. (b) Hierar-
chical network with loops (shown by the green arrows) generated with γ = 0.5 and with
fluctuating inflow at every source nodes. (c) Networks with loops obtained when γ > 1, as
example γ = 2, all the links in the network was retained and no hierarchy was established
in the network morphology. In all the cases the sink is at the bottom left corner of the
networks.

different material constraints (211), such as electrical networks, flow networks with hollow

cylindrical tubes, or flow networks where each tube is a porous tube. As an example in

the case of a electrical resistor network,

Cij =
Cross sectional area

Material electrical resistivity× length
. (2.13)

Assuming a constant length of each tube, the total material of the resistor network is

given by,

Material ∝
∑

ij

C1
ij. (2.14)

In comparison, for flow networks with cylindrical tubes, the total material is given by

Material ∝
∑

ij

C
1/2
ij . (2.15)

This general formulation of constraint of material conservation can also capture the dif-

ference between networks that conserve the total volume versus networks that conserve

the total surface (211).
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The boundary conditions at each node i denoted qi, are modeled as sources or sinks

of inflow or outflow respectively (205). Kirchoff’s law is assumed to hold at each node,∑
iQij = qi and To maintain the conserved volume of fluid through the network, the total

inflow is assumed to be exactly equal to the total outflow. When one node is considered

as a sink, and every other node as a source, the optimal network obtained following Mur-

ray’s law by minimising the energy dissipation with this material constraint will have a

tree-like structure for γ < 1 (Fig. 2.7(a)) and a network structure with many loops for

γ > 1 (Fig. 2.7(c)) (205). Indeed, the optimal network when minimising a concave upward

function (γ > 1) results in a network with many loops where minimising a convex upward

function (γ < 1) gives rise to a tree-like structure (212).

In contrast to the work from Bohn and co-authors, where all the inflows are modeled

as constant values (205), Corson, and Katifori and co-authors have separately modeled

the inflows as fluctuating during the adaptation (206, 207). For γ < 1 the networks grow

into a hierarchical structure with loops which is common among the vasculature networks

(see Fig. 2.7(b)) (206, 207). The existence of loops makes the networks more robust

against damage and fluctuation, providing the opportunity to reroute flow through alter-

nate paths. It is usual for network topology to determine the flow rerouting aftermath of

a damage (213, 214), as an example, in two dimensional networks high conductance links

act like shielding (214) to block the displacement of flow. Researchers have investigated

this tradeoff between efficiency, cost, and resilience of the flow networks more closely by

introducing an additional cost function (215), which is a function of the average resilience

of the flow network quantified by how much perfusion will be lost in the whole network

because of the removal of a tube. Hierarchical structure with loops finds a good balance

between efficiency and robustness, because the hierarchy of the network increases the

transport efficiency (205), where loops make the network more robust (206, 207).

The energy dissipation landscape of a network with conserved material is a non-linear and

non-convex energy landscape with many local minima (205), where finding any minimum

is non-trivial. Researchers have suggested a gradient descent method to iteratively adjust

the conductances to minimise energy dissipation (216) or adaptation of conductances using

a differential equation to achieve the optimal shear stress (shear stress when energy dissi-

pation is minimal) (203) as methods to find local energy minima. An advanced version of

such a model embedded in three dimensional space was used to represent the intertwined

network of bile canaliculi and sinusoids in the liver (217). Another much more computa-

tionally effective relaxation method was suggested for the energy minimisation (205), by
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introducing a Lagrange multiplier λ with the constraint of material conservation,

E =
∑

ij

Q2
ij

Cij

− λ
∑

ij

Cγ
ij. (2.16)

One can analytically calculate the optimal conductances, by minimising this function w.r.t

each of the conductance, independently of each other. At the optimal state,

dE
dCij

= 0 (2.17)

Considering constant material, K, the relationship of the optimal conductances and the

flows through the network,

C⋆
ij = K (Q2

ij)
1/(γ+1)

(∑
ij(Q

2
ij)

γ/γ+1
)1/γ

, (2.18)

can be obtained. At every iteration, all the conductances of the network adapt simulta-

neously to the individual optimal conductance,

Cij(t+ 1) = C⋆
ij. (2.19)

This adaptation of conductances is similar to gradient descent in following the local energy

landscape. Thus, adapting the conductance to C⋆
ij does not minimise the global energy of

the network in one iteration, instead, the network reaches a steady state which is a local

energy minimum (206).

It has been shown more recently that without implementing growth of the underlying

tissue, such a simple adaptation rule is not enough for finding a global minimum (56).

Alternatives including global optimisation techniques like Monte Carlo algorithms (205)

for constant inflow and simulated annealing (207) for fluctuating inflow have been sug-

gested for finding the global minimum, although both these methods do not necessarily

assure reaching the global minimum in finite computational time.
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2.6 Scope of this thesis

Biological flow networks typically adapt to optimise a function. Thus, in my thesis I use

the above-mentioned numerical relaxation algorithm used for obtaining transport net-

work (205, 206) as an adaptation rule of a general adaptive network. This adaptation

rule is an implementation of current reinforcement, which increases the conductance of

the network tubes with high flow through the tubes. In contrast with the other adap-

tation models (117, 202), which only focus on the local flow properties, this model also

includes the global flow properties of the network. The link conductances adapt to the

flow through the link relative to the total flow of the network. The food sources are

typically modelled as sources or sinks maintaining the total volume of fluid in the net-

work constant,
∑

Source = 0 (117), in models of P. polycephalum network. Although

the adaptive network modelled with this boundary condition can describe the evolution

of network morphology of P. polycephalum, this particular boundary condition cannot

describe the morphology change as responses to external stimuli. Kramar and Alim show

that as the reaction to the stimulus is triggered by a chemical agent reducing the elasticity

of the cell wall and thus increasing the peristalsis flow through the tubes near the stimulus

location (128). Following the same argument, I model the stimuli as additional inflows for

the network, to understand the effect of a stimulus in a general flow network. Moreover,

I model the center of the network as an sink and construct a disc-shaped network from

an hexagonal lattice with some irregularities added to the node positions.

I use this model of adaptive flow network to understand the physical principle behind

memory capacity in P. polycephalum, moreover a model of an adaptive network show-

ing the emergent capacity to retain memory is useful to design biomimetic algorithms

for solving complex computational problems. And most importantly adaptive flow net-

works are an essential part of our physiology. Understanding the properties and dynam-

ics of adaptive flow networks can help improve medical treatments to treat health issues

caused specifically by the adaptation and remodeling of adaptive networks like the vas-

culature (190, 193, 194).

I use a model of adaptive flow networks which can be easily generalised to represent

other adaptive physical networks (21, 42), and solid materials (36, 39), such as jammed

solids (218) which can also be modeled as networks (219, 220). In the case of biological

fluid flow networks, the links are tubes, whose physical properties can be characterised

by conductance, same for resistor networks. For mechanical or spring force networks the

links are characterised by their elastic modulus.
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My thesis on memory in adaptive networks contribute in the search for a general frame-

work for understanding memory in physical systems, which can be used in the development

of more efficient learning algorithms or in design of smart meta-materials. In the works

presented here I identify the physical principle behind memory formation through the

natural adaptation process of flow networks without any additional supervision, with a

focus on the dynamics of the adaptive network.

In this thesis first I explore memory formation in networks adapting to minimise energy

dissipation with a constraint of available material. In the work presented in chapter 3, it

was observed that such networks can keep memory of a stimulus direction in the network

morphology due to irreversibly decaying tubes. This memory can be read out from the

network after a long evolution of the network with fluctuating inflow by applying stim-

uli from different directions as probe and by quantifying the reaction of the network by

measuring the energy dissipation of these networks. Additionally, in the work presented

in the thesis it was found that the memory formation in the adaptive networks rely on

the constraint of material conservation. As the constraint of available material determine

the optimal network morphology it also determines the tube conductance dynamics in the

network and consequently the ability of the flow network to form and retain memory.

In the second part of my thesis I explored the memory capacity of the adaptive flow

networks. In the work presented in chapter 4 of the thesis, the possibility of retaining

memories of multiple stimuli in the network morphology was explored. Adaptive flow

networks which has already been evolved with some stimuli showed the ability to form

memory of a new stimulus direction. However, the memory read out signal of a newly

applied stimulus was shown to decay with the age of the network before the stimulus

was applied. The number decaying tubes that retain the memory of a stimulus direction

in the network morphology saturates with the age of the network, leading to the satu-

ration of the ability to learn memories of new stimuli. In this thesis, it was observed

analytically and numerically that decaying tubes that retain the memory of a stimulus

can not be revived back, thus an old memory can not be overwritten by the new memories.

Furthermore, In the work shown in chapter 4 of this thesis the memory capacity of the

adaptive flow networks for different parameters of experimental protocols was quantified,

in order to find the optimal parameters to store memories of multiple stimuli in adaptive

flow networks.
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Chapter 3

Memory formation in adaptive

networks

Memory is a term used over a broad range of disciplines, from Biology to information

technology and Physics. Although the concept of memory is very different across fields,

one common definition that describes memory in most contexts is that memory is a pro-

cess through which information about a stimulus written into a system is retained for a

long time, and this information can be read out at a later time.

One of the most simple types of memory in biology is the memory stored in cells or

unicellular organism either by their metabolic activity (221) or as epigenetic markings

(222). But recent works suggest that these mechanisms cannot explain the complex in-

formation processing of P. polycephalum. Instead memory of a stimulus is encoded in

the hierarchy of tubes in P. polycephalum network (128). Similar long term changes in

network morphology as an effect of flow has also been observed in blood microvasculature

after a stroke (130). Even though memory formation in organisms with neural network is

a much more complex and involved process, memory formation in biological or artificial

neural networks can be broken down to the permanent changes in the networks. For

instance, during synaptic plasticity in biological neural networks the synapses between

neurons are adapted as a response to the activities of the neurons, which is considered to

be one of the main memory formation mechanism (15).

Inspired from the simplicity of Hebbian learning (10), the adaptations of the micro-

structure of physical systems are used as mechanisms of learning in such systems (32).

Memory in physical systems like disordered material (eg. colloidal gel, grannular media

etc.) is also formed by the irreversible dynamics of the particles under an external stim-
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ulus like shear (73, 75). Taken together, irreversible imprint of external influence in the

micro-structure of the system is one of the fundamental ways to form memory. In disor-

dered system, the memory of a training shear amplitude is typically read out by applying

a range of shear strain with varying amplitude and measuring the reaction of the trained

system to this shear sweep (75).

With this chapter I present a published work on “Memory formation in adaptive net-

works” along with the supplementary material of this article. In this work, I show that

the networks adapting to minimise energy dissipation while maintaining a conserved ma-

terial, without any additional supervision can retain memory of a stimulus. Information

about a stimulus is defined as a memorised information, when such information encoded

in the network can be read out even after the network is relaxed without any stimulus

and with background noise. We considered the encoding and retrieval essential for recog-

nising the response of the system as memory. I especially show, even after removal of

the stimulus and adapting the network with fluctuation for a long time, the information

about the stimulus can still be read out, suggesting the information read out is not simply

a reaction or a correlation to the input stimulus but indeed a memory of the stimulus.

I read out the memory of a stimulus direction by observing the reaction of the adaptive

networks to a probe stimulus applied from different directions similar to the how memory

is read out in disordered systems (73).

In this work, it is shown that even in adaptive networks the irreversible micro-structure

of the network is responsible for memory formation. I use analytical calculations and nu-

merical simulations to determine the dynamics of the link conductances in this network.

Furthermore, links weaker than a threshold decay irreversibly even in presence of fluc-

tuations. I also show using analytical calculations and simulation of adaptive networks,

that the location and the orientation of these decaying links indeed retain the information

about a stimulus location in the network morphology.

The work presented here shows that, even though fluctuation cannot delete memory, if

the background fluctuation is strong in comparison to the stimulus strength, the network

cannot encode memory of the stimulus direction. Moreover, the constraint of material

conservation which determines the optimal network morphology (205–207) was shown to

change the link dynamics from irreversible to reversible, and therefore destroy the ability

to form memory.
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The continuous adaptation of networks like our vasculature ensures optimal network performance when
challenged with changing loads. Here, we show that adaptation dynamics allow a network to memorize the
position of an applied load within its network morphology. We identify that the irreversible dynamics of
vanishing network links encode memory. Our analytical theory successfully predicts the role of all system
parameters during memory formation, including parameter values which prevent memory formation. We
thus provide analytical insight on the theory of memory formation in disordered systems.

DOI: 10.1103/PhysRevLett.129.028101

Network architecture determines network performance.
Strengthening and weakening links in a network over time
is key for maintaining optimal performance under changing
loads for stability in mechanical networks [1–3] as well as
transport efficiency in traffic [4,5] or vasculature [6–15].
Understanding the physical principles of how an adaptive
network’s past is governing its current state is eminent in a
world where even social and economic networks are
currently facing massive adaptation. For the prototype of
adaptive networks, living flow networks, data evidences
that changes in loads drive the permanent adaptation of
network architecture [16–20]. Do adaptive networks
memorize information about past loads while continuously
striving for their optimal state?
Memory in disordered, passive systems, like granular

media [21–23] or non-Brownian suspensions [24–26] as
well as in neural networks [27,28], is encoded in persistent
configurations of the microstructure of the system [29].
During a training period, irreversible dynamics lead to
specific microstates; the system memorizes the past direc-
tion or amplitude of the training load. Do the active
dynamics of the continuous optimization of adaptive net-
works allow for irreversibility to encode information about
the past?
Adaptive flow networks [9,30–33], as well as adaptive

mechanical [34–43] and resistor networks [44–47], can
evolve individual link conductance to minimize a desired
loss function like power loss [15,30,39,46–50]. This
optimization is constrained by a fixed building cost.
Particularly, the architecture and adaptation of living flow

networks, like plant and animal vasculature, have been
successfully described as optimal adaptive networks
[15,30,46,47]. For animal vasculature, the adaptation
dynamics of individual links [6,30] has even been sub-
stantiated experimentally [8,10]. These living adaptive
networks are facing omnipresent fluctuations in loads
[9,15,47,51–54], which might erase any memories encoded
in the microstructure of a network.
Here, we show that adaptive networks retain information

on the position of an applied load in their architecture.
Despite the presence of fluctuating loads, the applied load’s
position is retrieved upon reapplication. Specifically, we
find that links with vanishing conductivity are responsible
for the irreversibility of optimization dynamics allowing for
memory encoding. We analytically show that irreversibility
is a direct consequence of the adaptation dynamics,
providing deep insight into the physical role of all systems’
parameters on memory. Strikingly, our analytical calcula-
tions predict that the cost function can limit memory
formation, which we confirm in our simulation. Our
Letter thus not only discovers that adaptive networks are
able to store memories of previous loads but provides an
analytical tractable theory of memory formation in disor-
dered systems.
We follow the standard model for adaptive networks

most often used in the context of flow networks [15,30,46–
48,55,56]. The network consist of N nodes that are
connected by links, whose flow rates Qij are linearly
dependent on their conductances Cij for fixed potential
differences. At every time step t, the flow in the network is
driven by loads qiðtÞ applied at each node i, where only one
node has a negative load, q1ðtÞ ¼ −

P
i>1 qiðtÞ, i.e., it acts

as the outlet, while all other nodes have qiðtÞ ≥ 0 [15,47].
Conservation of flow at every node, known as Kirchhoff’s
law, uniquely determines individual flow rates QijðtÞ from
the entire network’s conductances CijðtÞ and the loads qiðtÞ
at every node.
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The adaptation rule first introduced by Murray [6]
minimizes power loss E ¼ P

hiji QijðtÞ2CijðtÞ−1 under
the constraint of fixed building cost

P
hiji CijðtÞγ ¼ Kγ .

Here,K quantifies the overall constraint, and the exponent γ
determines how link conductances contribute to the cost; see
the Supplemental Material [57]. For example, resistor net-
works or porous media typically exhibit γ ¼ 1, while flow
networks with Hagen-Poiseuille flow have γ ¼ 1

2
or γ ¼ 1

4

when the overall tube volume or the surface area is fixed,
respectively. Iterative adaptation of Cij with discrete time
steps δt locally solves the optimization problem [46,57]. To
account for fluctuating loads qiðtÞ, we additionally average
over a period T, implying the update rule [15,47]

Cijðtþ δtÞ ¼ KAðtÞ−1
γhQijðtÞ2i

1
γþ1

T ; ð1Þ

where AðtÞ ¼ P
hijihQijðtÞ2iγ=ðγþ1Þ

T is a normalization fac-
tor. Taken together, thismodel defines how the conductances
adapt for a given time series of loads qiðtÞ [57].
Memory is the storage of information in a noisy

environment [29], so that previously written information
can be retrieved at a later time. To probe for memory in
adaptive networks, we consider a disk-shaped geometry
with its primary outlet i ¼ 1 at the center; see Fig. 1(a). We
model the fluctuating environment by stochastically
switching on and off background loads with equal prob-
ability, which describes open-close switches ubiquitous in
biological flow networks [9,47]. The mean and the standard
deviation of the fluctuations are parametrized by the
average background load qð0Þ on every node. Note that
our results are robust and also hold when we consider a
different noise distribution or a continuous optimization
algorithm; see the Supplemental Material [57].
To test for memory formation, we follow the protocol

used in disordered systems [58,59], where awriting stimulus
is applied and the information about the stimulus is
subsequently retrieved by applying the full possible range
of stimuli. In our case, we apply an additional load qadd at the
boundary of the network at a particular angle θ1 over a
duration ttrain. This stimulus imprints a treelike structure on
the networkmorphology; see Fig. 1(a). However, the system
quickly returns to a seemingly isotropic morphology when
the additional load is removed; see Fig. 1(b). To test whether
this morphology still carries information about the writing
stimulus, we applied after a time period twait a probing
stimulus at various angles θ2 and measured the total power
loss E. Figure 1(c) shows that the power loss is minimal for
precisely the angle at which the writing stimulus was
applied, indicating that this configuration is more optimized
due to memory of the stimulus. In contrast, the power loss is
independent of the angle in an untrained network where the
writing stimulus was never applied. This demonstrates that
adaptive networks can retain memory despite lacking an
obvious visual imprint.

To unveil the mechanism of this memory, we quantify
the memory read-out signal S as the relative change in
power loss,

S ¼ 1 −
hEtrainedðθ2 ¼ θ1Þi
hEuntrainedðθ2 ¼ θ1Þi

: ð2Þ

Strikingly, we find that data for different ttrain and twait
collapse onto a straight line of the form

S ≈Mð1 − e−ttrain=τmemÞ þ Ce−twait=τcor ; ð3Þ
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FIG. 1. Networks with γ ¼ 1
2
undergo memory formation and

retrieval. (a) Network evolved under writing stimulus which is
additional load qadd, equally distributed over outer nodes around
θ1 (blue filled), for training time ttrain. Outlet node depicted in red.
(b) Network adapted without stimulus over waiting time twait.
Memory is subsequently probed by applying probing stimulus at
angle θ2 (empty blue). (c) Power loss E over 200 independent
simulations versus θ2 − θ1 for varying θ2 for trained dataset (red)
and for untrained data set (blue). (d) Memory read-out signal S
collapses when plotted using Eq. (3) for all ttrain shown by the
colorbar. (τmem ¼ 29δt, τcor ¼ 7.5δt). qð0Þ ¼ 1, qadd ¼ 2000qð0Þ,
N ¼ 1945, and T ¼ 30δt.
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see Fig. 1(d). This functional form was motivated by an
individual analysis of the dependencies [57]. The structure
of the two terms suggests that the signal consists of
persistent memory, Mð1 − e−ttrain=τmemÞ, as well as correla-
tions that decay over time, Ce−twait=τcor . Note that the
correlations start at the maximal value C and decay with
a time scale τcor during the waiting period; see the
Supplemental Material [57]. Conversely, memory builds
up during the training period with a timescale τmem,
saturates at the value M, and is retained indefinitely.
To understand how adaptive networks can encode

memory, we next quantify how the links’ conductances
Cij evolve in time. Figure 2(a) shows that after the initial
training period low conductance links tend to shrink, while
high conductance links tend to stay the same. In fact, we
observe that the weakest links eventually reach the minimal
conductance value allowed in the simulation [see Figs. 2(b)
and 2(c); details in the Supplemental Material [57] ] and
can never grow back under the adaptation dynamics given
by Eq. (1), despite the background load fluctuations. We
show in the Appendix that azimuthally oriented links decay
fastest in the vicinity of the stimulus. Consequently, the
orientations of irreversibly shrinking links retain memory
of the spatial stimulus, comparable to memory formation in
disordered systems [29].
Figure 2(a) suggests a simple functional form for the

dynamics of the network: conductances C above a

threshold value Cth fluctuate minimally to maintain fixed
building costs [57], while those below shrink with a power
law behavior:

Cðtþ δtÞ
CðtÞ ≈

8<
:

h
CðtÞ
Cth

i
β

CðtÞ < Cth

1 CðtÞ ≥ Cth:
ð4Þ

Fitting the data shown in Fig. 2(a), we find
hCðtþ δtÞ=CðtÞi ¼ 1� 0.03 for large conductances and
β ¼ 0.31� 0.07 for small conductances in the case without
stimulus (colored dots). Remarkably, we find a very similar
exponent (β ¼ 0.31� 0.07) when a stimulus is present
(gray dots), although the threshold value Cth is clearly
lower. This suggests that the exponent β is constant and
characterizes the adaptation dynamics of the network,
while Cth depends on the stimulus strength. These obser-
vations point to the dynamics of small conductance links as
key for memory formation in adaptive networks. The
irreversible dynamics break ergodicity [57], implying that
not all configurations can be explored in the long time limit
and memory persists.
To show that the links’ dynamics observed in the

numerical simulations are universal, we next consider
the dynamics of the simplest adaptive networks analyti-
cally. For simplicity, we focus here on constraints with
γ ¼ 1

2
, but the general case is discussed in the Supplemental

Material [57]. We start by considering the simplest network
consisting of three nodes in a triangular arrangement; see
Fig. 3(a). For given loads q2 and q3, the optimal network
has a V-shaped morphology [46] with a negligible con-
ductance between nodes 2 and 3. We then perturb the
system around the optimal state by altering the load at
node 2 to q2 þ δq and examine the adaptation of all
conductances under the dynamics given by Eq. (1). We
derive that the high conductance links barely change [57],

(a)

(b) (c)

FIG. 2. (a) Ratio of conductance of two subsequent iterations
versus preceding conductance during adaptation for 3ttrain iter-
ations after training phase of duration ttrain ended. Above thresh-
old conductance Cth (vertical red dashed line) conductances
fluctuate around ½Cðtþ δtÞ=CðtÞ� ¼ 1 (horizontal red dashed
line). Low conductance links follow a power law with exponent
1=3 (red line). Only threshold conductance Cth is stimulus
strength specific; compare gray (qadd ¼ 40000qð0Þ) and color
(qadd ¼ 0). (b) A network adapted for ttrain, iterating for longer,
4ttrain, links with conductance smaller than threshold Cth dis-
appear (c). γ ¼ 1=2, qð0Þ ¼ 1, N ¼ 526, and T ¼ 30δt.

(a)

(b)

FIG. 3. Optimized networks for analytical calculations. (a) Sim-
plest network, with one link (dotted line) of vanishingly small
conductance. Nodes 2 and 3 bear positive load balanced by outlet
node 1 (red dot). (b) General asymmetric network, where all
nodes of the upper layers are connected to node 3. qð0Þ mean
fluctuating load on all the nodes, blue dots denote stimulus of
additional load qadd distributed among those nodes.
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C12ðtþ δtÞ
C12ðtÞ

¼ C13ðtþ δtÞ
C13ðtÞ

¼ 1þO
�
δq
q2

�
: ð5Þ

Conversely, the small conductance changes as

C23ðtþ δtÞ
C23ðtÞ

¼
�
C23ðtÞ
Cth

�1
3

; ð6Þ

where the threshold Cth is proportional to the constraint K
and otherwise only depends on the loads [57]. This
analytical result qualitatively agrees with the numerical
results presented in Fig. 2(a). In particular, we predict an
exponent of 1

3
for the evolution of small conductances.

To show that the analytical result is universal and to
study the parameter dependence of the threshold value Cth,
we next extend the analytical treatment to larger networks;
see the Supplemental Material [57]. Here, we build more
complex trees by adding additional layers. Since the
dynamics of C23 are governed by the load difference
between node 2 and node 3, we first focus on fully
asymmetric trees, where the load difference is maximized
by funneling all additional loads through node 3; see
Fig. 3(b). For simplicity, we consider a scenario described
by an additional load qadd applied at the last layer, while the
fluctuations are represented by their average value qð0Þ at
each node and load perturbation at node 2 of δq. This
implies q2ðtÞ ¼ qð0Þ þ δq and q3ðtÞ ¼ ðN − 2Þqð0Þ þ qadd.
Focusing on the adaptation dynamics of the small con-
ductance C23, we again find the power law with exponent 1

3
,

and the associated threshold value reads as

Cth ≈
K

ð1þ δq
qð0ÞÞ4ðN þ qadd

qð0Þ Þ
4
3

; ð7Þ

assuming q2 ≪ q3; see the Supplemental Material [57].
This expression demonstrates how the additional load qadd

and load perturbation δq compete with the average of the
background load fluctuations quantified by qð0Þ: Larger
perturbations, a stronger stimulus, and a larger system size
N result in a smaller threshold, slowing down the decay of
weak links. Conversely, a larger average background load
increases the threshold, allowing for a fast decay of weak
links. We find very similar results for fully symmetric trees,
suggesting that all treelike networks exhibit this behavior;
see the Supplemental Material [57].
Despite the simplicity of the considered networks, our

analytical results agree with the numerical data shown in
Fig. 2(a). In particular, they confirm that high conductance
links are invariant, while links with a conductance below
the threshold Cth shrink with a 1

3
-power law. Moreover,

Eq. (7) predicts how the model parameters affect the
dynamics of links leading to memory formation in adaptive
networks. The analytical result suggests that links of weak
conductance have universal ensemble dynamics governed

only by the threshold Cth given by Eq. (7). To test this
prediction, we quantified Cth by fitting the dynamics of the
conductances as a function of N for various qð0Þ and qadd.
Figure 4 confirms that the scaling predicted by Eq. (7)
agrees with numerical simulations despite the simulation’s
more complex network morphology; see also the
Supplemental Material [57]. We further confirm that Cth
is independent of background load fluctuation in the
absence of a stimulus qadd (see the Supplemental
Material [57]), and the memory effect is independent of
load fluctuation when qadd=qð0Þ is kept constant [57], as
predicted by Eq. (7).
We have shown that adaptive networks, which minimize

power loss under the constraint of constant building cost,
exhibit memory. However, so far we have focused on the
particular constraint parameter γ ¼ 1

2
, which is known to

result in treelike optimal morphologies [30,46,48,55], or
hierarchical morphologies with loops [15,47,60] ignoring
that other constraints are also possible and often lead to
quite different optimal solutions [15,30,46,47,50,60]. How
does memory formation change if we consider a general
constraint parameter γ? Our detailed calculations (see the
Supplemental Material [57]) reveal that the dynamics of
high conductance links are independent of γ. Conversely,
weak links follow the γ-dependent power law

Cðtþ δtÞ
CðtÞ ∝ CðtÞ1−γ1þγ; ð8Þ

which reveals that weak links shrink faster for smaller γ.
This equation indicates that memory exists for γ < 1 and
the precise value of γ hardly affects the dynamics.
Conversely, Eq. (8) predicts that weak links grow for
γ > 1. Consequently, links never disappear, loops form
[60], and memory formation should be impossible in this
case. In fact, we expect that these systems are ergodic (see
the Supplemental Material [57]), so that transient changes
are erased in the long term.
To test memory formation in these systems, we performed

numerical simulations with γ ¼ 1. Figure 5 reveals that the

N=120
N=480
N=1090
N=1945

FIG. 4. Numerically determined threshold conductance Cth of
disk-shaped networks (inset) follows analytical prediction on
model parameters; compare Eq. (7). γ ¼ 1=2,T ¼ 30δt.
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dynamics of the links hardly dependon their conductancesC,
implying that weak links typically do not vanish. These
qualitatively different dynamics result in loopy networks, in
contrast to the treelike networks that are observed for γ ¼ 1

2

[47]. Numerical simulations also show that the networks do
not retain anymemoryof the direction of the stimulus; see the
inset of Fig. 5 and the Supplemental Material [57]. Taken
together, the analytical results and the numerical simulations
indicate that memory formation relies on vanishing weak
links and is only possible for γ < 1.
We have shown that adaptive networks can retain

memory of a stimulus despite background load fluctua-
tions. Applied loads lead to irreversible change in the
networks’microstructure by eroding weak links that cannot
be revived. Our analytical calculations and numerical
simulations consistently describe a power law for the decay
rate of low conductances, functionally determined by the
networks’ building cost. The irreversibility of the dynamics
arises from the trade-off between building cost constraint
and minimizing power loss. A high local load increases
conductances locally for efficient flow while also eroding
weak, unimportant links due to the constraint of a fixed
building cost, thereby imprinting memory. Yet, if the cost to
build high conductance links is too high (γ ≥ 1) networks
adapt to low hierarchy, loopy architecture, which erases
memories of loads over time. Future work needs to show
whether memory is also erased in adaptive networks on
growing tissue, which achieve the global optimum [61], or
in adaptive networks with the special ability to create new
links [62].
Unraveling how adaptive networks can encode memories

changes our physical understanding of these active sys-
tems. In particular, it provides a conceptional change in
how we may look at and control adaptive networks when
designing smart mechanical materials or treating the
plethora of malfunctions of our very own vasculature.

This work was supported by the Max Planck Society.
This project has received funding from the European

Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation program (Grant
Agreement No. 947630, FlowMem).

Appendix: Spatial signature of memory.—To unveil
the spatial signature of memory, we analyze the location
of the shrinking weak links, which contain the memory,
in detail. Our analytical calculations [57] indicate that
links with a direct path from inlets to the outlet shrink
more easily if they are far away from the stimulus.
Conversely, links perpendicular to such direct paths
decay quickly if they are close to the stimulus. We thus
expect that azimuthally oriented links decay quickly
close to the stimulus in our disk-shaped networks. To
quantify this, we measure the fraction of minimal
conductance links with radial positions between R − Δr
and R, where R is the radius of the network and Δr the
width of the annulus. With stimulus, the network has a
significantly higher fraction of such minimal links where
the stimulus was applied; see Fig. 7(d). To get further
details, we also measure the orientation of minimal link
ij (see Fig. 6) as the angle ϕij ∈ ½0; ðπ=2Þ� between its

orientation vector X̂0
ij and its location vector X⃗l

ij,

ϕij ¼ sin−1
�kX⃗l

ij × X⃗o
ijk

kX⃗l
ijkkX⃗o

ijk

�
: ðA1Þ

Consequently, ϕij ¼ 0 corresponds to radially oriented
links, while ϕij ¼ ðπ=2Þ indicates azimuthally oriented
links.
We quantify the angle averaged over small regions of

space in networks evolved without [Fig. 7(e)] and with a

FIG. 6. Measure of vanishing link orientation for spatial
signature of memory. Example network, highlighting vanishing
links in light blue. Other links’ width is scaled by their
conductance value, and the outlet node is depicted in red. On
network enlargement, a link orientation angle ϕij (dark blue
dotted curve) is indicated as the angle between the orientation

vector X⃗0
ij of link ij and the location vector of the center of the

considered link ij with respect to the outlet in the network (X⃗l
ij).

10-15 10-10 10-5 10010-4

10-2

100

-15.6

-12.3

-8.99

-5.66

-2.33

1

FIG. 5. Memory formation is absent when the cost function
scales with γ ¼ 1. In this case, all links are stable and the power
loss E in trained and untrained network is identical (inset). Same
protocol as in Fig. 1(c).
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stimulus [Fig. 7(f)]. While both plots reveal the sixfold
symmetry of the underlying irregular network, there are
also significant differences: The average orientation hϕi is
slightly higher in the wedge defined by the stimulus,
indicating that azimuthally oriented links are more likely
to decay. Conversely, hϕi is slightly reduced at the
boundary of this region, in agreement with our analytical
calculations [57]. Taken together, our analysis shows that
the decay of azimuthally oriented links in the vicinity of the
stimulus memorizes its location.
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†k.alim@tum.de

[1] H. N. Motlagh, J. O. Wrabl, J. Li, and V. J. Hilser, The
ensemble nature of allostery, Nature (London) 508, 331
(2014).

[2] A. A. S. T. Ribeiro and V. Ortiz, A chemical perspective on
allostery, Chem. Rev. 116, 6488 (2016).

[3] M. D. Daily and J. J. Gray, Local motions in a benchmark of
allosteric proteins, Proteins 67, 385 (2007).

[4] A. Sims and K. Dobinson, The Sydney coordinated adaptive
traffic (SCAT) system philosophy and benefits, IEEE Trans.
Veh. Technol. 29, 130 (1980).

[5] A. Pascale, H. T. Lam, and R. Nair, Characterization of
network traffic processes under adaptive traffic control
systems, Transp. Res. Proc. 9, 205 (2015).

[6] C. D. Murray, The physiological principle of minimum
work: II. Oxygen exchange in capillaries, Proc. Natl. Acad.
Sci. U.S.A. 12, 299 (1926).

[7] C. D. Murray, The physiological principle of minimum
work, J. Gen. Physiol. 14, 445 (1931).

[8] Q. Chen, L. Jiang, C. Li, D. Hu, J.-w. Bu, D. Cai, and J.-l.
Du, Haemodynamics-driven developmental pruning of
brain vasculature in zebrafish, PLoS Biol. 10, e1001374
(2012).

[9] D. Hu, D. Cai, and A. V. Rangan, Blood vessel adaptation
with fluctuations in capillary flow distribution, PLoS One 7,
e45444 (2012).

0

30

60

90

120

150

180

210

240

270

300

330

0

0.1

0.2

0.3

0.4

0

30

60

90

120

150

180

210

240

270

300

330

0

0.1

0.2

0.3

0.4

(a)

(b)

(c)

(d)

(e)

(f)

Outlet

Stimulus

Minimal 
Conductance 
Link

FIG. 7. Minimal conductance links retain spatial imprint of stimulus in the network morphology. (a) Example network evolved
without any stimulus. Light blue links in the network represent links with minimal conductance. (b) Example network evolved with a
stimulus equally distributed over the blue filled nodes. (c),(d) Average fraction of weak links at rim of width Δr of the network as a
function of polar angle (c) for networks without stimuli and (d) for networks evolved with stimulus applied in (b). Data for various Δr,
measured in terms of the average distance, LS, between neighboring nodes, is shown as an average of 100 runs. (e), (f) Average angle
between orientation vector and location vector (with respect to the center of the network) of minimal conductance links evaluated over a
discrete grid (e) for networks without any stimulus and (f) for networks evolved with stimulus applied in (b). Averages are over 80
independent runs. Additional model parameters: qadd ¼ 2000qð0Þ, qð0Þ ¼ 1, N ¼ 1945, t ¼ 25δt, and γ ¼ 0.5.

PHYSICAL REVIEW LETTERS 129, 028101 (2022)

028101-6



[10] W.W. Sugden, R. Meissner, T. Aegerter-Wilmsen, R.
Tsaryk, E. V. Leonard, J. Bussmann, M. J. Hamm, W.
Herzog, Y. Jin, L. Jakobsson, C. Denz, and A. F.
Siekmann, Endoglin controls blood vessel diameter through
endothelial cell shape changes in response to haemody-
namic cues, Nat. Cell Biol. 19, 653 (2017).

[11] K. A. McCulloh, J. S. Sperry, and F. R. Adler, Water trans-
port in plants obeys Murray’s law, Nature (London) 421,
939 (2003).

[12] K. Alim, Fluid flows shaping organism morphology, Phil.
Trans. R. Soc. B 373, 20170112 (2018).

[13] T. Nakagaki, H. Yamada, and Á. Tóth, Maze-solving
by an amoeboid organism, Nature (London) 407, 470

(2000).
[14] T. Nakagaki, Smart behavior of true slime mold in a

labyrinth, Res. Microbiol. 152, 767 (2001).
[15] E. Katifori, G. J. Szöllősi, and M. O. Magnasco, Damage

and Fluctuations Induce Loops in Optimal Transport Net-
works, Phys. Rev. Lett. 104, 048704 (2010).

[16] A. Ames, R. L. Wright, M. Kowada, J. M. Thurston, and G.
Majno, Cerebral ischemia. II. The no-reflow phenomenon,
Am. J. Pathol. 52, 437 (1968), https://www.ncbi.nlm.nih
.gov/pmc/articles/PMC2013326/.

[17] P. Khatri, J. Neff, J. P. Broderick, J. C. Khoury, J.
Carrozzella, and T. Tomsick, Revascularization end points
in stroke interventional trials, Stroke 36, 2400 (2005).

[18] M. Nour, F. Scalzo, and D. S. Liebeskind, Ischemia-reper-
fusion injury in stroke, Interv. Neurol. 1, 185 (2012).

[19] S. Wegener, Improving cerebral blood flow after arterial
recanalization: A novel therapeutic strategy in stroke, Int. J.
Mol. Sci. 18, 2669 (2017).

[20] M. Kramar and K. Alim, Encoding memory in tube diameter
hierarchy of living flow network, Proc. Natl. Acad. Sci.
U.S.A. 118, e2007815118 (2021).

[21] M. Toiya, J. Stambaugh, and W. Losert, Transient and
Oscillatory Granular Shear Flow, Phys. Rev. Lett. 93,
088001 (2004).

[22] N.W. Mueggenburg, Behavior of granular materials under
cyclic shear, Phys. Rev. E 71, 031301 (2005).

[23] J. Ren, J. A. Dijksman, and R. P. Behringer, Reynolds
Pressure and Relaxation in a Sheared Granular System,
Phys. Rev. Lett. 110, 018302 (2013).

[24] F. Gadala-Maria and A. Acrivos, Shear-induced structure in
a concentrated suspension of solid spheres, J. Rheol. 24, 799
(1980).

[25] M. D. Haw, W. C. K. Poon, P. N. Pusey, P. Hebraud, and F.
Lequeux, Colloidal glasses under shear strain, Phys. Rev. E
58, 4673 (1998).

[26] G. Petekidis, A. Moussaïd, and P. N. Pusey, Rearrangements
in hard-sphere glasses under oscillatory shear strain, Phys.
Rev. E 66, 051402 (2002).

[27] J. J. Hopfield, Neural networks and physical systems with
emergent collective computational abilities., Proc. Natl.
Acad. Sci. U.S.A. 79, 2554 (1982).

[28] J. J. Hopfield and D.W. Tank, “Neural” computation of
decisions in optimization problems, Biol. Cybern. 52, 141
(1985).

[29] N. C. Keim, J. D. Paulsen, Z. Zeravcic, S. Sastry, and S. R.
Nagel, Memory formation in matter, Rev. Mod. Phys. 91,
035002 (2019).

[30] D. Hu and D. Cai, Adaptation and Optimization of Bio-
logical Transport Networks, Phys. Rev. Lett. 111, 138701
(2013).

[31] A. Tero, R. Kobayashi, and T. Nakagaki, Physarum solver:
A biologically inspired method of road-network navigation,
Physica A (Amsterdam) 363A, 115 (2006).

[32] J. Gräwer, C. D. Modes, M. O. Magnasco, and E. Katifori,
Structural self-assembly and avalanchelike dynamics in
locally adaptive networks, Phys. Rev. E 92, 012801 (2015).

[33] H. Ronellenfitsch and E. Katifori, Phenotypes of
Vascular Flow Networks, Phys. Rev. Lett. 123, 248101
(2019).

[34] C. P. Goodrich, A. J. Liu, and S. R. Nagel, The Principle of
Independent Bond-Level Response: Tuning by Pruning to
Exploit Disorder for Global Behavior, Phys. Rev. Lett. 114,
225501 (2015).

[35] M.M. Driscoll, B. G.-g. Chen, T. H. Beuman, S. Ulrich,
S. R. Nagel, and V. Vitelli, The role of rigidity in controlling
material failure, Proc. Natl. Acad. Sci. U.S.A. 113, 10813
(2016).

[36] H. Flechsig, Design of elastic networks with evolutionary
optimized long-range communication as mechanical models
of allosteric proteins, Biophys. J. 113, 558 (2017).

[37] J. W. Rocks, N. Pashine, I. Bischofberger, C. P. Goodrich,
A. J. Liu, and S. R. Nagel, Designing allostery-inspired
response in mechanical networks, Proc. Natl. Acad. Sci.
U.S.A. 114, 2520 (2017).

[38] L. Yan, R. Ravasio, C. Brito, and M. Wyart, Architecture
and coevolution of allosteric materials, Proc. Natl. Acad.
Sci. U.S.A. 114, 2526 (2017).

[39] J. W. Rocks, H. Ronellenfitsch, A. J. Liu, S. R. Nagel, and
E. Katifori, Limits of multifunctionality in tunable
networks, Proc. Natl. Acad. Sci. U.S.A. 116, 2506
(2019).

[40] W. G. Ellenbroek, Z. Zeravcic, W. Van Saarloos, and M. Van
Hecke, Non-affine response: Jammed packings vs. spring
networks, Europhys. Lett. 87, 34004 (2009).

[41] D. R. Reid, N. Pashine, J. M. Wozniak, H. M. Jaeger, A. J.
Liu, S. R. Nagel, and J. J. de Pablo, Auxetic metamaterials
from disordered networks, Proc. Natl. Acad. Sci. U.S.A.
115, E1384 (2018).

[42] D. Hexner, A. J. Liu, and S. R. Nagel, Role of local response
in manipulating the elastic properties of disordered solids by
bond removal, Soft Matter 14, 312 (2018).

[43] M. Stern, M. B. Pinson, and A. Murugan, Continual
Learning of Multiple Memories in Mechanical Networks,
Phys. Rev. X 10, 031044 (2020).

[44] M. Durand, J.-F. Sadoc, and D. Weaire, Maximum electrical
conductivity of a network of uniform wires: the Lemlich law
as an upper bound, Proc. R. Soc. A 460, 1269 (2004).

[45] M. Durand and D. Weaire, Optimizing transport in a
homogeneous network, Phys. Rev. E 70, 046125 (2004).

[46] S. Bohn and M. O. Magnasco, Structure, Scaling, and Phase
Transition in the Optimal Transport Network, Phys. Rev.
Lett. 98, 088702 (2007).

[47] F. Corson, Fluctuations and Redundancy in Optimal Trans-
port Networks, Phys. Rev. Lett. 104, 048703 (2010).

[48] M. Durand, Structure of Optimal Transport Networks
Subject to a Global Constraint, Phys. Rev. Lett. 98,
088701 (2007).

PHYSICAL REVIEW LETTERS 129, 028101 (2022)

028101-7



[49] S.-S. Chang andM. Roper, Minimal transport networks with
general boundary conditions, SIAM J. Appl. Math. 78, 1511
(2018).

[50] J. B. Kirkegaard and K. Sneppen, Optimal Transport Flows
for Distributed Production Networks, Phys. Rev. Lett. 124,
208101 (2020).

[51] B. Klitzman, D. N. Damon, R. J. Gorczynski, and B. R.
Duling, Augmented tissue oxygen supply during striated
muscle contraction in the hamster. Relative contributions of
capillary recruitment, functional dilation, and reduced tissue
PO2, Circul. Res. 51, 711 (1982).

[52] J. B. Delashaw and B. R. Duling, A study of the functional
elements regulating capillary perfusion in striated muscle,
Microvasc. Res. 36, 162 (1988).

[53] T. E. Sweeney and I. H. Sarelius, Arteriolar control of capi-
llary cell flow in striated muscle, Circul. Res. 64, 112 (1989).

[54] D. Peak, J. D. West, S. M. Messinger, and K. A. Mott,
Evidence for complex, collective dynamics and emergent,
distributed computation in plants, Proc. Natl. Acad. Sci.
U.S.A. 101, 918 (2004).

[55] J. R. Banavar, F. Colaiori, A. Flammini, A. Maritan, and A.
Rinaldo, Topology of the Fittest Transportation Network,
Phys. Rev. Lett. 84, 4745 (2000).

[56] M. Durand, Architecture of optimal transport networks,
Phys. Rev. E 73, 016116 (2006).

[57] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.129.028101 for clarifi-
cation of adaptation rule, tests of memory formation on
networks adapting with different load fluctuations and
different adaptation rules. It contains clarifications about
obtained fit parameters, for fitting memory signal with
memory protocol parameters and details of analytical
calculations of link dynamics.

[58] N. C. Keim and S. R. Nagel, Generic Transient Memory
Formation in Disordered Systems with Noise, Phys. Rev.
Lett. 107, 010603 (2011).

[59] E. M. Schwen, M. Ramaswamy, C.-M. Cheng, L. Jan,
and I. Cohen, Embedding orthogonal memories in a
colloidal gel through oscillatory shear, Soft Matter 16,
3746 (2020).

[60] F. Kaiser, H. Ronellenfitsch, and D. Witthaut, Discontinu-
ous transition to loop formation in optimal supply networks,
Nat. Commun. 11, 5796 (2020).

[61] H. Ronellenfitsch and E. Katifori, Global Optimization,
Local Adaptation, and the Role of Growth in Distribution
Networks, Phys. Rev. Lett. 117, 138301 (2016).

[62] T. W. Secomb, J. P. Alberding, R. Hsu, M.W. Dewhirst, and
A. R. Pries, Angiogenesis: An adaptive dynamic biological
patterning problem, PLoS Comput. Biol. 9, e1002983
(2013).

PHYSICAL REVIEW LETTERS 129, 028101 (2022)

028101-8



Supplementary Text: Memory Formation in Adaptive Networks

Komal Bhattacharyya, David Zwicker, and Karen Alim

CONTENTS

I. Adaptation rule for optimal networks 1

II. Networks evolved with different forms of fluctuations retain memory of flows 2

III. Networks evolving with a continuous adaptation rule also retains memory of flow direction 3

IV. Memory quantification changes with training and waiting time 4

V. Building cost of the network remains fixed with time 5

VI. Minimal conductance value does not change dynamics 6

VII. Probability of links vanishing depend on their location and orientation 7

VIII. Ergodicity of the system is broken for γ = 0.5 10

IX. Dynamics of weak links for a minimal network 11

X. Load fluctuation does not increase memory formation 14

XI. Numerical and analytical scaling of threshold conductances agrees 15

XII. Analytical calculation and numerical simulation show memory does not persist in networks with γ > 116

References 18

I. ADAPTATION RULE FOR OPTIMAL NETWORKS

In this section we give a detailed derivation of the adaptation rule for an optimal network. The network
is described as a graph of N nodes connected by links ij, where i, j ∈ {1, . . . , N}. The links have length
lij and conductance Cij(t), which vary over time t. The available material to build the network is given by∑
ij(Cij(t)lij)

γ lij [1–4].
As an example, for a network consisting of cylindrical hollow tubes, one can write the conductance Cij of

a link ij in terms of its length lij , its radius rij , and the viscosity µ of the fluid as Cij =
πr4ij
8µlij

, following

Hagen–Poiseuille’s law. If the material constraint is proportional to the volume of the network, the available
material is given by ∝∑<ij>(Cij lij)

1/2lij [3, 5]. If building material is proportional to the surface area of the

tubes then the available material to build these tubular network would be ∝∑<ij>(Cij lij)
1/4lij . Similarly, for

a network where the links are resistors of length lij and cross-sectional area aij , conductance of the links can be
written in terms of length, area and conductivity σ of the material as Cij = σ

aij
lij

. Thus the available material

to build a resistor network is ∝∑<ij>(Cij lij)lij .

To study the flow in the network, we designate one node (i = 1) as the outlet, while all other nodes (i > 1) are
sources with loads qi(t). Kirchhoff’s current law then reads L(t)~p(t) = ~q(t), where ~p(t) represents the potentials
at all nodes, ~q(t) represents the loads at all nodes, and L is the graph Laplacian matrix Lij = δij

∑
n Cin−Cij .

We use this law to find the flow rate Qij(t) = Cij(t)(pi(t)−pj(t)) through link ij at every time step t. Following
[2–4, 6], we evolve the network by adapting its conductances to minimise the power loss of the network,

∑

<ij>

< Qij(t)
2 >T

Cij
, (1)

for the purpose of optimising transport with the constraint of conserved available material,

Kγ =
∑

<ij>

(Cij(t)lij)
γ lij . (2)



2

We satisfy the constraint Eq.(2) using a Lagrange multiplier λ in this optimisation. The final energy function
to be minimised reads

E(t) =
∑

<ij>

< Qij(t)
2 >T

Cij(t)
− λ

∑

<ij>

(Cij(t)lij)
γ lij . (3)

Solving for the Lagrange multiplier, it follow that the conductances Cij(t+ δt) at time step t+ δt adapt to the
optimal conductance C?ij(t) that minimise Eq.(3) at t,

Cij(t+ δt) = C?ij(t) =
〈Qij(t)2〉

1
γ+1

T K
(
∑
<ij>〈Qij(t)2〉

γ
γ+1

T lij)
1
γ lij

. (4)

We then repeat this rule iteratively over many time steps. This iterative rule for adapting the conductances is
found from considering that in every iteration t every link ij independently adapts to minimise the power loss
of the network given the constraint of material conservation such that eventually power loss is minimized in the
whole network.

II. NETWORKS EVOLVED WITH DIFFERENT FORMS OF FLUCTUATIONS RETAIN
MEMORY OF FLOWS

In our work, we obtain optimised networks by evolving the conductances of the network following Eq.(4)
starting from an initial network with random conductances. The load on the sources (i > 1) fluctuate in every
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Figure S1. Memory and dynamics of links for networks independent of load fluctuation specifics. (a),(b) < qi >= 1, <
qiqj >= 1 + 1.52δij and, (c),(d) popen = 0.4, qopeni = 1.(a) Same quantification as used in Fig. 1c for < qi >= 1, <
qiqj >= 1 + 1.52δij shows that power loss of the network is significantly lower when the angle of the applied additional
load (θ2) for load test is the same as the angle of the addition load (θ1) applied during training. (b) Ratio of conductance
in subsequent iterations versus conductance for < qi >= 1, < qiqj >= 1 + 1.52δij showing C(t + 1)/C(t) = αC(t)β for
C(t) < Cth and C(t+ δt)/C(t) ≈ 1 when C(t) > Cth . (c) Memory quantification used previously in (a) and Fig. 1c for
popen = 0.4, qopeni = 1.(d) Plot of C(t + 1)/C(t) vs C(t) for popen = 0.4, qopeni = 1 shows that C(t + δt)/C(t) = αC(t)β

for C(t) < Cth and C(t + δt)/C(t) ≈ 1 when C(t) > Cth. For (a)&(c), N = 1945, qadd = 2000 and for (b)&(d)
N = 1090, qadd = 0, T = 30δt in both cases.
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iteration of the optimisation process. We switch each source on or off randomly with equal probability in every
iteration without correlation. If the source is switched on, the load on the source node amounts to 2q(0).

qi =

{
2q(0), if i-th node is open

0, otherwise
(5)

Thus, the mean background load on every source node is q(0). We use these open-close switch type of load
fluctuation, as particularly flow networks, according to current literature, usually exhibit open-close switches:
The load fluctuations observed in leaf venation networks can be modelled as open-close switches [3, 7]. In
addition the fluctuation influxes in a blood vessel network can also be modelled as open-close switches [8–11].

Alternative uncorrelated open-close fluctuations are those used in Ref. [3], where the loads on the open source
nodes and the probability of the nodes being open is chosen such that, the fluctuations have amplitude σ and
the loads have unit average, < qi >= 1 and < qiqj >= 1 + σ2δij . If we optimise the network using this type
of fluctuating loads, we observe that optimised network can also retain memory of the direction of additional
local load, see Fig. S1(a), using the same memory quantification as in Fig. 1(c). We also observe that links with
conductances smaller than a certain value decrease with time (Fig. S1(b)), in agreement with our observations
in Fig. 2. The dynamics can be summarized by the power laws

C(t+ δt)

C(t)
=

{
20.473C(t)0.295±0.075, C(t) < Cth
1.000± 0.03, C(t) > Cth

(6)

and are thus comparable to the case we discuss in the main text.
Other alternative fluctuations used in the literature include the open-close fluctuation used in Ref. [8], where

the loads qi have a probability popen of being open, and the fluxes read

qi =

{
1, if i-th node is open

0, otherwise
. (7)

Networks optimised with this fluctuation can also retain memory of the addition load position; see Fig. S1(c).

The dynamics of the links also show the same characteristics as in Fig. 2(a). The plot of C(t+δt)
C(t) vs C(t)

(Fig. S1(d)) shows links with conductances below a threshold always decrease and thus store the information
of the load in the network morphology. The associated power laws are

C(t+ δt)

C(t)
=

{
23.391 C(t)0.299±0.084, C(t) < Cth
0.999± 0.034, C(t) > Cth

(8)

III. NETWORKS EVOLVING WITH A CONTINUOUS ADAPTATION RULE ALSO RETAINS
MEMORY OF FLOW DIRECTION

We can also obtain optimal networks by evolving the conductances of the network following a differential
equation following Ref. [5],

d(Cij lij)

dt
=
( < Q2

ij >T

(Cij lij)γ+1
− F 2

)
Cij lij , (9)

where
Qij

(Cij lij)
γ+1
2

is the shear stress of link ij of the network and F is the optimal shear stress found from

minimising Eq.(3) [6],

F 2 =
(
∑
ij < Q2

ij >
γ
γ+1

T lij)
γ+1
γ

Kγ+1
. (10)

If we evolve the network starting from an irregular hexagonal network with random conductances following the
adaptation rule Eq.(9), using the numerical step-size ∆t, we again find memory. We train the network with
an additional load (qadd) in the θ1 direction as in Fig. 1(a),(b) and retrieve the information after the network
relaxes by applying additional loads in different directions (θ2). We then find that the power loss of the network
is significantly different when θ1 = θ2, see Fig. S2
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Figure S2. Network evolving by dynamical equation shows memory effect. Power loss (E) plotted against difference of
training angle and probe angle shows that when the angle of the additional load of the probe is same as the angle of the
additional load applied during training, the power loss is significantly lower, proving the network retains the memory of
training load direction in the network architecture even after being relaxed with fluctuating background loads. N = 1945,
q(0) = 1, qadd = 2000q(0), ttrain = twait = 1000∆t, ∆t = 10−10.

IV. MEMORY QUANTIFICATION CHANGES WITH TRAINING AND WAITING TIME

We measure the memory read-out signal, S = <EUntrained>−<ETrained>
<EUntrained>

, for different training times ttrain and

waiting time twait of the protocol to test memory formation presented in the main text[12]. We observe that S
increases with ttrain and decreases with twait, see Fig. S3(a). Plotting S against twait, we observe that S decays
exponentially with waiting time twait (dots in Fig. S3(b)). We fit S(twait), with exponential decay functions with
offsets,M∞+Ce−twait/τcor (lines in Fig. S3(b)) separately for different values of ttrain (shown by the colorbar).
For our range of ttrain and twait, we observe that the fit parameter M∞ (representing permanent memory
remaining in the network after ∞ waiting time) increases with ttrain, while the fit parameter C (amplitude
of decaying correlation) does not show any particular trend with ttrain in Fig. S3(c). We also observe that
the fit parameter τcor (timescale of the decaying correlation) does not show any particular trend with ttrain
in Fig. S3(d). For simplicity, we assume that the fit parameters τcor (the decay timescales) are the same for
different ttrains. Subsequently, we assume that the decay time scale is a constant < τcor >ttrain= 7.46δt, and
attempt to find a better fit of S with respect to ttrain and twait. We again fit the data shown in Fig. S3(b), but
this time only using two fit parameters in the function S(twait) = M∞ + Cetwait/7.46δt. We observe that the
fit parameter M∞ increases with ttrain. We fit the parameter M∞ with ttrain using an exponential function.
From our definition, signal(S) can not be to be infinite after infinite training time, but expected to be saturating
with time and bounded above, suggesting the next simplest function: M∞ ≈ M(1 − e−ttrain/τmem). Here, M
represents the permanent maximum memory after infinite waiting and training time. We observe that C does
not show any particular trend with ttrain in Fig. S3(e). Fig. S3(e) shows that the offset M∞ as a function of
ttrain can be fitted with an exponential decay function of magnitudeM = 0.17 and time scale τmem = 28.98δt.
The average of the correlation amplitude over ttrain is < C >ttrain = 0.54. This fit indicates

S =M(1− e−ttrain/τmem)+ < C >ttrain e−twait/<τcor>ttrain . (11)

We thus have 0 ≤ S ≤ M+ < C >= 0.71, which agrees with the definition of S implying 0 ≤ S ≤ 1. We use
the fit parameters M, < C >ttrain , τmem, and < τcor >ttrain to show the data collapse in Fig. 1(d).

We also measure the signal S for a bigger range of training times ttrain = [2δt, 40δt] and the same range of
waiting time twait. We fit S(twait) with exponential decay functions with offsets, M∞ + Ce−twait/τcor , for all
ttrain; see Fig. S4(a). We observe an increase of the fit parameterM∞ (memory, left axis) over the whole range
of ttrain, and a decrease of the fit parameter C (correlation amplitude, right axis) with training time ttrain for
small training time (ttrain ≤ 10δt ), while no particular trend for larger ttrain; see Fig. S4(b). We also observe
the timescale of the decaying correlation (τcor) decreases for small training time (ttrain ≤ 10δt ); see Fig. S4(c).
This implies that the memory readout signal will go to 0 for small ttrain. This also implies that the parameters
C and τcor are not independent of ttrain for small training time (ttrain ≤ 10δt ) as shown in Eq.(11). Even
though more research is required to find an actual functional dependency of this fit parameters on the training
time in the memory readout protocol, we observe the memory readout signal remains finite for non-zero training
times.
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Figure S3. The memory readout signal (S) depend on training time(twait) and waiting time(ttrain). (a) For qadd =

2000q(0) the contour plot of S vs. ttrain and twait. (b) We fit S vs. twait withM∞ + Ce−twait/τcor for all different ttrain
shown by the colorbar. (c) The plot of fit parametersM∞(left axis) and C (right axis) from the fit in (b) plotted against
ttrain. (d) The plot of fit parameter τcor plotted against ttrain. (e) Plot of two fit parameters M∞, C against ttrain, if

we fit S with M∞ + Ce−twait/<τcor>. We use < τcor > obtained from the previous fit in (d).
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Figure S4. The signal(S) against waiting twait and training time ttrain shown by the colorbar. (a) We fit S vs. twait
with M∞ + Ce−twait/τcor for all different ttrain s. (b) The plot of M∞ and C from the fit in (a) plotted against ttrain.
(c) The plot of the τcor plotted against ttrain.

V. BUILDING COST OF THE NETWORK REMAINS FIXED WITH TIME

We quantified the total building cost calculated using Eq.(2) of one example network during the adaptation
of the network. We observe that the building cost of the network indeed remains conserved throughout the
adaptation of the network over time.
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Figure S5. The building cost of the network or the total material to create the network
∑
<ij>(Cij lij)

γ lij plotted against

t/δt, qadd = 1000q(0), q(0) = 1,N = 760, γ = 0.5.

VI. MINIMAL CONDUCTANCE VALUE DOES NOT CHANGE DYNAMICS

Our numerical simulations use an explicit minimal value of 2 × 10−16 for the conductances. Fig. S6 shows
that the average dynamics of the conductances does not change if we raise the minimal value to 10−14. Here,
as well as in Fig. 2(a), we only plot the dynamics of links with C(t) > minimal value of conductance.

Figure S6. The ratio of conductances in two subsequent iterations C(t+δt)
C(t)

plotted against the conductances C(t), for

qadd = 0,N = 526, γ = 0.5.
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VII. PROBABILITY OF LINKS VANISHING DEPEND ON THEIR LOCATION AND
ORIENTATION

To detect geometric signatures of memory, we first quantified the distribution of links with minimal conduc-
tances as set in the simulations; see Fig. S7.

In all cases, the distribution appears to be homogeneous, independent of whether we consider a situation
right after training (Fig. S7 (c) and (e)) or after an additional waiting period (Fig. S7 (d) and (f)). Fig. S7(a)
shows an example network right after training the network with an additional load (qadd = 2000q(0)) in the
green nodes for ttrain, whereas Fig. S7(b) shows the network after evolution without any additional load. Even
if we evolve the networks for a longer training time the distribution of minimal conductance links appears to
stay homogeneous as Fig. S7(e, f) are similar to networks trained with a shorter time (Fig. S7(c, d)).

Fig. S7 shows just the distribution of minimal conductance links does not retain information about the

0 10 20 30 40
% of vanishing links

0 10 20 30 40
% of vanishing links

0 10 20 30 40
% of vanishing links

0 10 20 30 40
% of vanishing links

t = ttrain

q add(θ1) on

Writing Memory t = ttrain + twait

q add off

t = ttrain + twait

t = 2ttrain + twait

t = ttrain

t = 2ttrain

(a) (b)

(c) (d)

(e) (f)

0 10 20 30 40
% of vanishing links

Additional load

Outlet

Figure S7. Average fraction of links with minimal conductance over networks after training and relaxation with the
memory quantification protocol for two different training times. (a) Network evolved under additional load (qadd)
applied at green nodes for ttrain. (b) Network (a) evolved without additional load for twait. In both cases the red nodes
are the outlet. (c) Average % of minimal conductance links after ttrain. (d) Average % of minimal conductance links
after ttrain+ twait.(e) Average % of minimal conductance links 2ttrain. (f) Average % of minimal conductance links after

2ttrain + twait. q
add = 2000q(0), q(0) = 1,N = 1945,ttrain = 25δt, twait = 25δt.
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ϕ23

̂X023
⃗Xl23

1

2 3

ϕ13
Outlet

Minimal Conductance link

Figure S8. Schematic showing the angle between the orientation vector of each link and the location vector of the center
of the considered link with respect to the outlet in the network. A simple minimal network triangular network with red
node 1 being the outlet in the network. The angle φ is shown with a dark blue dotted curve. The orientation vectors
and location vector with respect to the center is represented by dark blue arrows. The light blue and the black links
differentiate between the links with different probabilities of decaying.

stimulus location. We thus next investigate which quantification of the minimal conductance links does retain
this information. To understand what parameters determine a link’s possibility of decaying permanently, we
investigate a simple minimal network to analytically derive adaptation dynamics near the initial state (t = 0);
see Fig. S8. We encode the connectivity of the network using the graph Laplacian matrix L, which is defined
as Lij = δij

∑
n Cin − Cij . Kirchhoff’s current law can then be expressed as, L.~p = ~q, where ~p is the vector

representing the potential at every node and ~q is the vector representing the load at every node. Thus, for the
minimal network shown in Fig. S8 (a), we have



q1
q2
q3


 =



C13 + C12 −C12 −C13

−C12 C12 + C23 −C23

−C13 −C23 C13 + C23





p1
p2
p3


 . (12)

Setting p1 = 0 since we consider node 1 as a outlet,

[
C12 + C23 −C23

−C23 C13 + C23

]−1 [
q2
q3

]
=

[
p2
p3

]
. (13)

At the initial state (at t = 0) where all conductances are assumed to be equal, C12 = C13 = C13 = C, which
implies

Q21(0) = (p2 − p1)C12 =
2q2 + q3

3
,

Q31(0) = (p3 − p1)C13 =
2q3 + q2

3
,

Q23(0) = (p2 − p3)C23 =
q2 − q3

3
.

(14)

Applying the iterative rule given in Eq.(4), we find

Cij(δt) =
(Qij(0))4/3K

(
∑
<ij>Qij(t)

2/3)2
,

C12(δt) = (2q2 + q3)4/3K

C13(δt) = (2q3 + q2)4/3K

C23(δt) = (q2 − q3)4/3K .

(15)

Here, K = K
(
∑
<ij>Qij(t)

2/3)2
is constant over the whole the network. K is calculated using Eq.(2). At t = 0, we

can write load at node 2,3 as,

q2(r, θ) = qadd(r, θ) + ∆2,

q3(r, θ + δθ) = qadd(r, θ + δθ) + ∆3.
(16)

Here, ∆2 and ∆3 represent effects from the surrounding and the base fluctuating loads, while qadd(r, θ) represents
the extra load added to a node because of the local additional load. We assume the network to be a fully
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connected mesh with all the conductance having the same value, as the initial condition of our simulation is
also a fully connected mesh with almost same conductance values. In this mesh the local additional load gets
equally distributed through all the links directly connected to the stimulated nodes, and reaches the next layer
of nodes, propagating towards the sink node in the center (r = 0). The nodes which do not fall in between the
stimulus location and the sink remain unaffected by the additional load. We can map the additional loads at
node at (r, θ) with a function qadd(r, θ), where qadd(r, θ) reduces to θ in our simulated network from the stimulus
location at [(R, θ1 + ∆θ),(R, θ1 −∆θ)], R being the radius of our circular shaped networks. As an example, if
nodes 2 and 3 are exactly at the rim of the network where the stimulus is being applied, we have

q2(R, θ1) = qadd + ∆2,

q3(R, θ1 + δθ) = qadd + ∆3 .
(17)

Here, q2 and q3 have the highest values. Eq.(15) implies the links 12 and 13 will have a lower probability of
decaying if an additional load is added in their proximity. Conversely, the same links will have higher probability
of decaying if they are far from the stimulus. From Eq.(16), We assume fluctuation of load over time during
the initial time steps are negligible, which implies q2(δt) ≈ q2(0) and q3(δt) ≈ q3(0). And, q2(t = 0) = q2(r, θ),
q3(t = 0) = q3(r, θ + δθ). If the link 23 is part of the network which is either directly affected by stimulus or
completely unaffected by stimulus,

qadd(r, θ) ≈ qadd(r, θ + δθ). (18)

We can write,

q2(δt) ≈ q2(0) = q3(0) + ∆2 −∆3,

= q3(0) + δq,

q3(δt) ≈ q3(0) .

(19)

Here δq = ∆2−∆3 represents the load difference between node 2 and 3 due to load fluctuations. Using Eq.(19)
in the solution of Eq.(13), we find

Q23(δt) = C23(δt)
C13(δt)q2(δt)− C12(δt)q3(δt)

C13(δt)(C12(δt) + C23(δt)) + C12(δt)C23(δt)
,

=
δq

(
3q3/δq + 1

)4/3
+ 2

+O
( δq

3q3 + δq

)
,

(20)

and together with Eq.(4),

C23(δt+ δt) =
(Q23(δt))4/3K

34/3(
∑
<ij>Qij(δt)

2/3)2
,

C23(δt+ δt) ∝ δq4/3
(

(3q3/δq + 1)4/3 + 2
)4/3 .

(21)

This result shows that link 23 has a higher probability of decaying if it is in a region directly affected (r =
[0, R],θ = [θ1 −∆θ, θ1 + ∆θ]) by the additional loads, where both the loads at the nodes 2 and 3 are very high
with respect to δq according to Eq.(17).
As a contrast to Eq.(18), if the 23 is in the boundary of the regions affected and unaffected by the additional
load,

qadd(r, θ) 6= qadd(r, θ + δθ). (22)

An example of Eq.(22) at t = 0 is,

q2(R, θ1 + ∆θ) = qadd + ∆2,

q3(R, θ1 + ∆θ + δθ) = ∆3 .
(23)

Meaning at t = δt,

C23(δt) ∝ (qadd + δq)4/3. (24)

This implies the link 23 will have very low probability of decaying at the boundary of regions affected and
unaffected by additional load. From this minimal network example we can see that the decay probability of a
certain link depends on its proximity and orientation to the additional load, see Eqs. (15), (16), and (21). For
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example, links 12 and 13, which are oriented to directly connect the inlets to the outlet, are only likely to decay
if they are far from the stimulus. Yet, link 23, which in space is oriented perpendicular to the direct connection,
is more likely to decay when in a region directly affected by the additional load. But the link 23 is very less
likely to decay if the link is in the boundary of the regions affected and unaffected by the additional load.

By definition the measure of orientation of links w.r.t their location, φij ∈ [0, π2 ] (see [12]). For the minimal
network shown in Fig. S8(a), this measure distinguishes link 23 from links 12 and 13, since φ23 = π

2 while
φ12 = φ13 = 0. The fact that the orientations take the extreme values correlates with our finding that these
links exhibit opposite decay probabilities.

VIII. ERGODICITY OF THE SYSTEM IS BROKEN FOR γ = 0.5

We conclude in the main text that adaptive networks retain memory of previous loads in the network mor-
phology and that the weak links are crucial. To see whether this memory can be erased from the network
morphology if the network is evolved for a very long time with fluctuating loads we compare the time and

ensemble distribution of the networks. To this end, we evolve the distribution of power loss (
∑
ij

Q2
ij

Cij
) for

500 independent networks for τ iterations from the same initial condition. We compare the distribution after
every T + δt iterations starting from t = τ (the average time to go through the initial transition states) over
500T (800τ) iterations. If memory could be erased, the probability distribution should approach the ensemble
distribution over a long time. Fig. S9(a) shows that the distribution of power loss over time differs from the
distribution of power loss for the ensemble for γ = 0.5. This suggests that memory cannot be erased from
the network morphology. In contrast, we observe that the power loss distribution over time is identical to the
ensemble distribution for networks without memory, e.g., for γ = 2; see Fig. S9(b). This confirms that memory
cannot be permanently conserved in networks with γ = 2.
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Figure S9. Distribution of power loss shows ergodicity is broken for γ = 0.5 and ergodicity is maintained for γ = 2.0.

Power loss (
∑
<ij>

Q2
ij

Cij
) at t = τ (the average time it takes for the networks to go through the initial transition states)

over 500 independent runs (blue) and after every T + δt iterations starting from t = τ over 15000 iterations(red) for (a)
γ = 0.5 shows that power loss over time is always a subset of the energy distribution over the ensemble. (b) γ = 2.0
shows that energy distribution over ensemble and over time is same.
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IX. DYNAMICS OF WEAK LINKS FOR A MINIMAL NETWORK

To test if the scaling observed in simulations is universal, we calculate the dynamics of a very weak link in a
minimal triangular network; see Fig. S10. We encode the connectivity of the network using the graph Laplacian
matrix L, which is defined as Lij = δij

∑
n Cin−Cij . Kirchhoff’s current law can then be expressed as L.~p = ~q,

where ~p is the vector representing the potential at every node and ~q is the vector representing the load at every
node. Hence,



q1
q2
q3


 =



C13 + C12 −C12 −C13

−C12 C12 + C23 −C23

−C13 −C23 C13 + C23





p1
p2
p3


 . (25)

Since node 1 is the outlet, we set p1 = 0, to obtain

[
C12 + C23 −C23

−C23 C13 + C23

]−1 [
q2
q3

]
=

[
p2
p3

]
(26)

and

p2 − p3 =
C13q2 − C12q3

C13(C12 + C23) + C12C23
. (27)

The flow rate Q23 through link 23 reads

Q23(t) = C23(p2 − p3) = C23
C13q2 − C12q3

C13(C12 + C23) + C12C23
. (28)

The dynamics given by Eq.(4) entail for γ = 0.5

Cij(t+ δt) = Qij(t)
4/3.

K
A(t)2

, (29)

where A(t) =
∑
<i,j>Qij(t)

2/3.
The optimal network with minimal energy in this case is a tree which connects all the inlets to the outlet

directly. If we assume that the general network is already close to this state, all load on nodes 2 and 3 is
distributed on the links 12 and 13, respectively, which implies Q21(t− δt) = q2(t− δt) = q2 and Q31(t− δt) =
q3(t− δt) = q3. Using Eq.(29), we find C12(t) = q2(t− δt)4/3 K

A(t−δt)2 and C13(t) = q3(t− δt)4/3 K
A(t−δt)2 . Hence,

C23(t)
C12(t)

� 1, C23(t)
C12(t)

� 1 since Q23(t− δt)� q2(t− δt), q3(t− δt). If the load at node 2 changes by δq during the

iteration from t− δt to t, then q2(t) = q2(t− δt) + δq = q2 + δq and q3(t) = q3(t− δt) = q3. Using the values of
C13, C12, q2, q3 in Eq.(28), we can write the flow rate through link 23 at t as a function of C23(t),

Q23(t) = C23(t)

(
(q3)4/3(q2 + δq)− (q2)4/3(q3)

)

(
q2q3

)4/3
A(t− δt)2
K . (30)

Combining Eq.(30) and Eq.(29), we can write the conductance C(t+ δt) as a function of C(t),

C23(t+ δt) =
[ 1

Cth

]1/3
C23(t)4/3,

C23(t+ δt)

C23(t)
=
[ 1

Cth

]1/3
C23(t)1/3,

(31)

1

2 3

Outlet

Cij ∼ 0
Cij > Cth

Figure S10. Minimal energy minimised networks used for analytical calculations. A minimal network where the dotted
line is a link with very small (almost 0) conductance. Nodes 2 and 3 are input nodes and node 1 is the outlet.
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where the prefactor reads

[ 1

Cth

]1/3
=

(
(q3)4/3(q2 + δq)− (q2)4/3(q3)

)4/3

(
q2q3

)16/9
A(t− δt)8/3K
K4/3A(t)2

. (32)

and the threshold conductance Cth becomes

Cth =
K(q2q3)16/3

(
(q2)2/3 + (q3)2/3

)8

(
(q2 + δq)2/3 + q

2/3
3

)6

(
q
4/3
3 (q2 + δq)− q4/32 q3

)4 , (33)

since A(t− δt) = (q
2/3
2 + q

2/3
3 ) and A(t) =

(
(q2 + δq)2/3 + q

2/3
3

)
. For the strong link 12 we similarly obtain

Q21(t) = C12

(
(C13 + C23)q2(t) + C23q3(t)

)

C13(C12 + C23) + C12C23
,

= C12(t)
q
4/3
3 (q2 + δq)

(q2q3)4/3
A(t− δt)2
K .

(34)

Combining this with Eq.(29), we find

C12(t+ δt) = C
4/3
12

q
16/9
3 (q2 + δq)4/3

(q2q3))16/9
A(t− δt)8/3
K4/3

K
A(t)2

,

C12(t+ δt)

C12(t)
= (1 +

δq

q2
)4/3

(q
2/3
2 + q

2/3
3 )2

((q2 + δq)2/3 + q
2/3
3 )2

.

(35)

This implies,

C12(t+ δt)

C12(t)
= 1 +O

(δq
q2

)
. (36)

If the perturbation in node 2 is very small with respect to the load at node 2, δqq2 � 1, or when C12(t) is larger

than C23(t), C12(t)
C23(t)

� 1 implying q2
δq � 1, we have

C12(t+ δt)

C12(t)
≈ 1 . (37)

Similarly, using Eq.(26) and Eq.(29) we can show,

C13(t+ δt)

C13(t)
=

(q
2/3
2 + q

2/3
3 )2

((q2 + δq)2/3 + q
2/3
3 )2

,

= 1 +O
(δq
q2

)
,

≈ 1.

(38)

We thus calculated analytically the dynamics of different links in a minimal network in an optimised state when
the load in one of the node is perturbed. Our analytical calculations show that links with low conductances will
decay following a power law with exponent 1

3 , see Eq.(31), and links with high conductances will not change,
see Eq.(37), Eq.(38).

We now extend the calculation to a general network in order to understand how the dynamics of the links
change with changing system size; see Fig. S11. We construct larger networks by adding layers; see Fig. S11.
The nodes in a tree can be connected in multiple ways, but the dynamics of the conductance connecting node 2
and 3 only depend on the potential difference between these nodes. The potential difference is highest when the
nodes of the upper layer are connected asymmetrically with node 2 and 3, as for example in Fig. S11(a). The
potential difference is smallest when the nodes from the above layers are connected evenly with node 2 and 3,
as for example in Fig. S11(b). We next calculate the dynamics of the conductance for these two extreme cases.

For the extreme cases where the upper layers are connected most asymmetrically, see Fig. S11(a)), all the
nodes of the upper layer are connected with node 3. If there is some local additional load qadd in some of the
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Figure S11. Example simple networks used for calculating dynamics of links. (a) An example of a general network with
N input nodes where the upper layers are connected to node 2 and 3 as asymmetrically as possible. All nodes of the
upper layer are connected to node 3. The base load through all the nodes is q(0), the nodes with green dots have an
additional load qadd distributed among them. The red dotted node is the outlet. (b) The upper layers are connected to
node 2 and 3 evenly. Exactly half of the nodes of the upper layer is connected to node 2 and rest with node 3.

nodes, we have q2 = q(0), q3 = (N − 2)q(0) + qadd ≈ Nq(0) + qadd, since the number of nodes in the network
N � 1. Substituting these values in Eq.(33) and Eq.(31) and using q3 � q2, we find

C23(t+ δt)

C23(t)
≈ C23(t)1/3

(1 + δq
q(0)

)4/3
(
N + qadd

q(0)

)4/9

K1/3
. (39)

This expression follows from first considering the simple case of no additional load (qadd = 0),

q2 = q(0), q3 ≈ Nq(0). (40)

Combining Eq.(40), Eq.(33), and Eq.(31), we find

C23(t+ δt)

C3(t)
= C23(t)1/3

(
( q2
q(0)

)2/3 + ( q3
q(0)

)2/3
)8/3

K1/3( q2
q(0)

q3
q(0)

)16/9

(
q3
q(0)

4/3
( q2
q(0)

+ δq
q(0)

)− q2
q(0)

4/3 q3
q(0)

)4/3

(
( q2
q(0)

+ δq
q(0)

)2/3 + q3
q(0)

2/3
)2 ,

= C23(t)1/3

(
( 1
N )2/3 + 1

)8/3

K1/3

(
(N)1/3(1 + δq

q(0)
)− 1

)4/3

(
( 1
N (1 + δq

q(0)
))2/3 + 1

)2 .

(41)

If there is an additional load qadd, it will get added to q3,

q2 = q(0), q3 = Nq(0) + qadd . (42)

Hence,

C23(t+ δt)

C23(t)
= C23(t)1/3

(
( 1

N+ qadd

q(0)

)2/3 + 1
)8/3

K1/3

(
(N + qadd

q(0)
)1/3(1 + δq

q(0)
)− 1

)4/3

(
( 1

N+ qadd

q(0)

(1 + δq
q(0)

))2/3 + 1
)2 . (43)

For large networks, Nq(0) + qadd � q(0), implying

C23(t+ δt)

C23(t)
=
[ 1

Cth

]1/3
C23(t)1/3,

[ 1

Cth

]1/3
≈

(1 + δq
q(0)

)4/3
(
N + qadd

q(0)

)4/9

K1/3
.

(44)
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Cth =
K

(1 + δq
q(0)

)4(N + qadd

q(0)
)4/3

(45)

For the other extreme case, where upper layers are connected with node 2 and 3 in such a way that exactly the
same number of nodes are connected with node 2 and node 3, see Fig: S11(b), we find,

q2 =
N

2
q(0), q3 =

N

2
q(0). (46)

Combining Eq.(48), Eq.(33), and Eq.(31), we have

C23(t+ δt)

C23(t)
= C23(t)1/3

(
(N2 )2/3 + (N2 )2/3

)8/3

K1/3(N2
N
2 )16/9

(
N
2

4/3
(N2 + δq

q(0)
)− N

2

4/3N
2

)4/3

(
(N2 + δq

q(0)
)2/3 + N

2

2/3
)2 ,

= C23(t)1/3
28/3

K1/3

( δq
q(0)

2
N )4/3

(
(1 + δq

q(0)
2
N )2/3 + 1

)2 .

(47)

In presence of additional loads, we can have

q2 =
N

2
q(0) +

qadd

2
, q3 =

N

2
q(0) +

qadd

2
. (48)

C23(t+ δt)

C23(t)
= C23(t)1/3

28/3

K1/3

(
δq
q(0)

2q(0)

Nq(0)+qadd

)4/3

(
(1 + δq

q(0)
2q(0)

Nq(0)+qadd
)2/3 + 1

)2 , (49)

Implying,

Cth =
K
(

(1 + δq
q(0)

2q(0)

Nq(0)+qadd
)2/3 + 1

)6

28
(
δq
q(0)

2q(0)

Nq(0)+qadd

)4 ,

=
K
27

1 + 2 δq
q(0)

2q(0)

Nq(0)+qadd(
δq
q(0)

2q(0)

Nq(0)+qadd

)4 +O
( δq

q(0)
2q(0)

Nq(0) + qadd

)
.

(50)

Even without presence of an additional load, for a large network, we find δq
q(0)

2
N+qadd/q(0)

� 1. This implies

C23(t+ δt)

C23(t)
≈ 0 . (51)

We thus find that for the extreme case where all nodes in the upper layers are connected symmetrically to node
2 and 3, the link 23 approaches minimal conductance conductance faster. In contrast, the dynamics of link 23
is slowest in an asymmetrically connected tree (the opposite extreme); see Eq.(39)

X. LOAD FLUCTUATION DOES NOT INCREASE MEMORY FORMATION

We observe that the memory readout signal reduces if background load fluctuations are increased keeping
additional load constant; see Fig. S12 (a) and (b), in contrast to Fig. S12 (c) and (d) where the signal remains
unaffected with rescaled additional load. To elucidate this, we measure the power loss of trained and untrained
networks for increased fluctuation strength (q(0) = 5, 13). Comparing these distributions shown in Fig. S12 to the
ones shown from Fig. 1(b), we see that signature for the stimulus direction in the power loss distribution changes
significantly in Fig. S12 (a) and (b), where it does not change in Fig. S12 (c) and (d). This suggests that memory
can form in networks with very high load fluctuations given the additional load is scaled to the load fluctuation
qadd = 2000q(0). Our analytical calculation of probability of decay of links shown in Eq.(21)(section. VII) also
suggests this: If the additional load qadd is changed proportional to the load fluctuation δq, the probability of
links decaying will remain unaffected, retaining the spatial signature of the stimulus. Our analytical calculation
in Eq.(39)(section. IX) also suggests the dynamics of the weak links remain unaffected if qadd/q0) is constant.
Taken together load fluctuation can not increase memory.
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q(0) = 5, qadd = 2000 q(0) = 13, q(0) = 2000

Untrained
Trained

Untrained
Trained

(a) (b)

q(0) = 13, qadd = 2000q(0)
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Trained

(c) (d) q(0) = 41, qadd = 2000q(0)

Figure S12. Power loss of networks trained with an additional load in θ1 direction for ttrain = 25δt, and relaxed for
twait = 25δt probed with an additional load from θ2 direction, and (a) for networks adapting with fluctuating load of

standard deviation σq = q(0) = 5. (b) For networks adapting with fluctuating load of standard deviation σq = q(0) = 13,
qadd = 2000. In both cases N = 1945, qadd = 2000. (c) For networks adapting with fluctuating load of standard deviation

σq = q(0) = 13, qadd = 2000q(0). (d) For networks adapting with fluctuating load of standard deviation σq = q(0) = 41,

qadd = 2000q(0). In all cases N = 1945.

XI. NUMERICAL AND ANALYTICAL SCALING OF THRESHOLD CONDUCTANCES AGREES

The analytical calculations presented above predict the dynamics of a weak link in an asymmetric tree, where
the potential difference along that weak link is the highest. Without any applied load, qadd = 0, Eq.(45)

predicts Cth ≈ K(1 + δq
q(0)

)−4N−4/3. In our case, the perturbation δq is related to the standard deviation of the

load fluctuations, which scales with q(0), see section. II. This implies Cth is independent of the magnitude q(0).
Following this argument and Eq.(45), we predict the threshold conductance Cth in general to scale as

Cth ∼
(
N +

qadd

q(0)

)−4/3
. (52)

To test this prediction, we measure the threshold conductance Cth of a simulated optimal network by fitting
C(t+δt)
C(t) with

[
1
Cth

]1/3
C(t)1/3 for weak links. Fig. S13(a) shows that the average value of Cth is indeed indepen-

dent of q(0). Conversely, when a stimulus is present (qadd > 0), we observe in Fig. 4(in [12]) and Fig. S13(b)
that the numerically measured Cth follows the predicted scaling for Cth for weak links with highest potential
difference along them. As the dynamics of these links are the slowest(see section. IX), we can only observe these
links during our measurement, while the other links already reached the minimum conductance value allowed
in the simulations. Taken together, these numerical data support the analytically derived scaling laws.
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Figure S13. (a) Distributions of Cth for different background load q(0) with no additional load (qadd = 0) for networks
in Fig. 2 are not statistically significantly different from each other according to a Kolmogorov–Smirnov test with 5%

significance level. (b) Threshold conductances below which conductances can never grow back plotted against N + qadd

q(0)

for regular square network. The red line is from fitting Cth with a(N + qadd

q(0)
)−4/3. The data is measured by varying both

qadd and q(0) for each system size. Cth is calculated for each parameter set for 40 independent trials. The red lines are

from fitting Cth with a(N + qadd

q(0)
)−4/3 for each system size.

XII. ANALYTICAL CALCULATION AND NUMERICAL SIMULATION SHOW MEMORY DOES
NOT PERSIST IN NETWORKS WITH γ > 1

We next consider general constraints with arbitrary exponents γ, which evolve according to

Cij(t) =
(Qij(t− δt)2)

1
1+γ

A(t− δt) 1
γ

K, (53)

with

A(t− δt) =
∑

<ij>

(Qij(t− δt)2)
γ

1+γ . (54)

For the minimal triangular network shown in Fig. S10, we have loads q2(t− 1) = q2, q3(t− 1) = q3(t) = q3, and
q2(t) = q2 + δq. Repeating the argument from section. IX, we write the flow rate Q23 through the weak link 23
as

Q23(t) = C23(t)

(
q

2
1+γ

3 (q2 + δq)− q
2

1+γ

2 q3

)
A(t− δt) 1

γ

(
q2q3

) 2
1+γK

. (55)

Using Eq.(55) in Eq.(53), we find the dynamics of the links,

C23(t+ δt)

C23(t)
=
[ 1

Cth

] 1−γ
1+γ

C23(t)
1−γ
1+γ , (56)

where

Cth = K
(q2q3)

4
1−γ2

(
(q2 + δq)

2γ
1+γ + q

2γ
1+γ

3

) 1+γ
γ(1−γ)

(
q

2
1+γ

3 (q2 + δq)− q
2

1+γ

2 q3

) 2
1−γ
(
q

2γ
1+γ

2 + q
2γ

1+γ

3

) 2
γ(1−γ)

. (57)

This implies that weak links grow after the transition state for networks with γ > 1. Consequently, there won’t
be any weak links in the network after a long time and memory cannot be conserved when γ > 1.

In contrast, the flow rate through the strong link 12 is

Q12(t) = C12(t)
q

2
1+γ

3 (q2 + δq)A(t− δt) 1
γ

(q2q3)
2

1+γK
. (58)
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Figure S14. Dynamics of link conductances and quantification of memory for γ = 1 (a),(b) and γ = 2 (c),(d). (a) Ratio

of conductance in subsequent iterations versus conductance for γ = 1 showing only C(t+δt)
C(t)

≈ 1. A power law growth of
C(t+δt)
C(t)

vs C(t) with a small exponent for weak links (C < 10−5). (b) Same quantification used in Fig. 1(c) for γ = 1

shows that power loss of the network is not significantly different when the angle of the test additional load (θ2) is same

as the angle of the training additional load (θ1). The network does not show a memory effect. (c) Plot of C(t+δt)
C(t)

vs

C(t) for γ = 2 shows that only strong links (C > 10−5) are in the network and C(t+δt)
C(t)

≈ 1. (d) Memory quantification

used previously in (b) and Fig. 1(c) for γ = 2 shows that the network does not show a memory effect.

We showed in section. IX that we can write the dynamics of the conductance in terms of the loads at the nodes
2 and 3,

C12(t+ δt)

C12(t)
=
(

1 +
δq

q2

) 2
1+γ

(
q

2γ
1+γ

2 + q
2γ

1+γ

3

) 1
γ

(
(q2 + δq)

2γ
1+γ + q

2γ
1+γ

3

) 1
γ

. (59)

If the perturbation of load at node 2 is small, i.e, δqq2 � 1, we find

C12(t+ δt)

C12(t)
≈ 1 , (60)

which implies large conductances remain constant.
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Chapter 4

Memory capacity of adaptive flow

networks

In the previous chapter of the thesis, I presented a published work showing how memory

is formed in adaptive flow networks because of links decaying irreversibly. As a follow up,

using the theoretical understanding of memory formation I delved into the next obvious

question: What the memory capacity of such networks is? The pre-print of this work is

presented in this chapter.

Even with the understanding of memory formation in a system, understanding of multiple

memory formation is non-trivial. However, it is still crucial for explaining and describing

the behaviour of pseudo intelligent organism like P. polycephalum. Memory of past expe-

riences helps any organism get ahead in the game of survival (7). And if the enviornment

is as dynamic as it is for P. polycephalum (223, 224), ability to retain memory of not one

stimulus but multiple stimuli is what is needed for survival.

Typically it is non-trivial to write multiple memories into systems which are known for

their abilities to keep memories. As I discussed in the previous chapter, memory is typ-

ically retained through irreversible changes of the micro-structure, writing memories of

multiple stimuli would involve changing the micro-structure for the requirement of all

those stimuli, this conflict usually blocks systems to have memories of multiple stimuli,

because the new memories either overwrite the old memories, or create false memories as

a overlap of multiple memories (73). This observation is common when encoding multi-

ple memories in Hopfield network. Here memories are usually stored as different energy

minima (17) of the system, and the ‘finite’ memory capacity is a function of the system

size (225). To tackle the issue of overwriting memory or creating false memories in the
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Hopfield network, several modified version of basic Hopfield models were explored, where

either an upper limit on the values of the link strength is imposed (226), or hidden vari-

ables updating on a different timescale are introduced (227).

Learning without neurons in physical systems, by training the systems to develop specific

responses to specific stimuli has recently become an established field. In the scope of

designing systems with multiple stimuli-responses as functions (42), the mechanisms of

training a physical system of multiple functions along with the learning capacity of such

systems has already been explored. In case of networks, learning capacity of functions are

defined by the maximum number of functions the networks can learn either simultane-

ously (42) or continually (21) before failing. Then again, although disordered systems can

easily memorise the amplitude of cyclic shear as shown in the previous chapters, writing

and reading out memories of multiple shear amplitudes is not straight forward, because

after shearing the materials over many cycles, the re-organisation gets completed, referred

to as memory plasticity. Thus only the memory of the larger amplitude can be readout

from the network thereafter, by observing the reorganisation of the system as a reaction

to shear. Multiple memories can only be stabilised by the use of noise (82, 83) to stop

the reorganisation from getting completed.

In this chapter I present a pre-print of our work on “Memory Capacity of adaptive flow

networks” and the supplementary information of the pre-print. Here I use the model

of flow networks adapting to minimise energy dissipation while conserving material, to

understand if writing memories of multiple stimuli is possible in such network. In this

work it is observed that indeed information about a new stimulus can be written into the

network morphology. Additionally, the main factor that determines the memory readout

signal of a new stimulus is the age before the stimulus application, indicating an existence

of a plasticity of memory similar to disordered systems. Similar to the observation of

disordered system, as the network ages, and the number of vanishing links that retain

memory of a stimulus saturate, the possibility of writing new information also decays.

The work presented in this chapter shows, that the memory readout signal can not be

overwritten by writing new stimulus information into the network. I show in supplemen-

tary section of this pre-print manuscript that the hierarchy established while encoding

a stimulus is not erased by changing the stimulus. In the last section of the pre-print

manuscript, the memory capacity of adaptive flow networks is quantified by measuring

the number of stimuli information that can be readout from this network. The mem-

ory capacity of such networks is found to be limited by high age of the network before
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stimulus application and small training time. I also develop an analytical description

of the memory readout signal as a function of the parameters of the training protocol,

and observe that timescales of saturation of memory over age and training time to deter-

mine the memory of any stimulus in adaptive flow networks. These observations help in

determining the optimal parameters for storing memories of multiple stimuli.
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Biological flow networks adapt their network morphology to optimise flow while being exposed to
external stimuli from different spatial locations in their environment. These adaptive flow networks
retain a memory of the stimulus location in the network morphology. Yet, what limits this memory
and how many stimuli can be stored is unknown. Here, we study a numerical model of adaptive
flow networks by applying multiple stimuli subsequently. We find strong memory signals for stimuli
imprinted for a long time into young networks. Consequently, networks can store many stimuli for
intermediate stimulus durations, which balance imprinting and ageing.

I. INTRODUCTION

Biological flow networks, like vasculature, fungal
mycelium, or slime mold, optimise their function by re-
modelling the network morphology in response to inter-
nal and external stimuli [1–5]. In particular, the slime
mold Physarum polycephalum reorganises its network
morphology during foraging and migration [6, 7], or as
responses to environmental influences [2, 8], by adapt-
ing tubes to flow [2]. Although the organism only con-
sist of a single cell, it processes information [2, 9, 10]
and stores memory of external stimuli in the network
morphology [8, 11]. Yet, the information processing ca-
pabilities of Physarum in particular, and adaptive flow
networks more generally, are so far unclear.

The self-organised information processing of Physarum
is reminiscent of other physical learning systems [12]:
Physical networks can be trained to have unusual me-
chanical properties [13, 14] and functionalities [15, 16]
either by modifying microscopic properties by global op-
timisation [17] or as local responses [18]. Such networks
can also learn multiple states [19], which is key for ob-
taining multi-functionality [19–29] and performing com-
plex tasks, like image classification [30–32]. The multi-
ple states can be either imprinted simultaneously [19] or
learned subsequently [30]. In both cases, there is a max-
imal number of states that can be learned, which is the
learning capacity of the system [19, 30].

Although memory is essential for learning [12], the
memory capacity of self-organized flow networks remains
unexplored. We, here, investigate this question theoret-
ically, by analysing memory in a model of adaptive flow
networks, which are subjected to various external stim-
uli, similar to natural flow networks [33, 34]. We identify
that a stimulus is stored more robustly, and can, thus,
be retrieved more easily, when networks are young and
are exposed to a stimulus for a long time. Since these
two criteria are incommensurable for multiple stimuli, a

∗ k.alim@tum.de

trade-off determines the memory capacity of these adap-
tive flow networks.

II. MODEL

We use the standard model for adaptive flow networks
that minimises energy dissipation in order to maximise
transport through the network, for fixed network build-
ing material [35–40]. These flow networks are mod-
elled as a graph of Nnodes nodes connected by links ij,
where i, j ∈ {1, . . . , Nnodes}. The links have length lij
and time-dependent conductances Cij(t). We consider
a network of cylindrical hollow tubes with conductances
Cij = πrij(t)

4/8µlij according to Hagen-Poiseuille’s law,
where µ is the viscosity of the enclosed fluid. In our
case, node i = 1 serves as the sole outlet, while all other
nodes are inlets with fluctuating inflows qi(t), where
qi = 0 or qi = 2q(0) with equal probability. Incompress-
ibility implies q1(t) = −∑

i>1 qi(t). We chose a disk-
shaped network geometry with the outlet in the centre;
see Fig. 1(a). Conservation of flow at every node, as de-
scribed by Kirchhoff’s law, then uniquely determines the
flow Qij(t) in all links, given the entire networks conduc-
tances Cij(t) and the inflows qi(t); see Supplementary In-
formation Section I. The adaptive dynamics follow from
the assumption that networks minimise dissipation [35]

E(t) =
∑

<ij>

Qij(t)
2

Cij(t)
, (1)

while obeying the constraint

K 1
2 =

∑

<ij>

Cij(t)
1
2 l

3
2
ij , (2)

where K 1
2 is proportional to the fixed overall volume of

all links. We follow an iterative relaxation algorithm [37],
where the conductances at the next time step, Cij(t+δt),
adapt to minimise E(t) while obeying Eq. (2), implying

Cij(t+ δt) =
K⟨Qij(t)

2⟩
2
3

T(∑
<ij>⟨Qij(t)2⟩

1
3

T lij

)2

lij

, (3)
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FIG. 1. Stimulus locations are retained in previously stimulated networks. (a) Schematic of adaptive flow networks with a
central outlet (red dot), fluctuating inflows at all other nodes, and additional inflow for stimuli (blue dots). The temporal
sequence shows snapshots of the training protocol, where N stimuli (purple boxes) are applied sequentially by stimulating for a
period ttrainn followed by relaxation period twait

n for each stimulus. Finally, the last stimulus is probed (pink dots) to determine
the signal SN according to Eq. (4). (b) SN as a function of the training time ttrainn = ttrainpre and waiting time twait

n = twait
pre for

most stimuli (n < N) with N = 5. (c) SN as a function of ttrainpre and N for twait
pre = 5δt. (d) SN as a function of twait

pre and N for

ttrainpre = 5δt. (a–d) Model parameters are ttrainN = 10δt, twait
N = 5δt, Nnodes = 1100, qadd = 2000 q(0), q(0) = 1, K = 1600, and

T = 30δt. Data shows mean from 1500 independent simulations.

where we average the flow over a duration T , ⟨Q2
ij⟩T ,

since the inflows at every node fluctuate over time.

To probe for memory, we initiate networks with con-
ductances Cij chosen uniformly from the interval [0, 1],
which are then rescaled, so they obey the constraint given
by Eq. (2). We then stimulate the networks using an
additional inflow qadd at the outer rim at a specific an-
gular location; see Fig. 1(a). We distribute the addi-
tional inflow over a few nodes to avoid artefacts from the
symmetries of the underlying networks. The adaptation
dynamics then imprint the stimulus in a treelike struc-
ture from the nodes of additional inflow to the centred
outlet [11]; see Fig. 1(a). Once the additional inflow is
withdrawn, networks return to seemingly isotropic mor-
phologies. Yet, when probing networks by re-applying an
additional load at exactly the same location, the power
loss of previously stimulated, and thus trained, networks,
Etrained, is distinctively less than if probed at any other
location. In particular, Etrained is less than the power loss
Euntrained for probing untrained networks that evolved

for the same total time, but did not see the stimulus [11].
To quantify this memory, we established the normalised
difference in power loss between trained and untrained
networks as a measure of the memory readout signal S,
[11],

S = 1− ⟨Etrained⟩
⟨Euntrained⟩

, (4)

where brackets indicate ensemble averages over initial
configurations and positions of the additional loads. We
used this quantification to show that freshly initiated net-
works memorise single stimuli in the spatial location and
orientation of the vanishing links [11]. The stimulus can
be read out by probing the network again after the stim-
ulus is withdrawn. Yet, it is unclear how well already
stimulated networks can store stimuli and whether net-
works can store multiple stimuli simulatenously.
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III. RESULTS

A. Pre-stimulated networks can memorise stimuli

We start by asking whether previously evolved net-
works can store a stimulus reliably. We evolve networks
with a stimulation protocol by consecutively applying N
stimuli, distinguished by the angle of the additional in-
flow. We choose the angles randomly from 10 possibili-
ties, {0, π

5 , . . . ,
9π
5 }, and we set the angular range of each

stimulus to π
6 to avoid stimuli overlap. Starting with a

randomly initialised network, we apply one stimulus after
the other. The n-th stimulus is imprinted on the network
by iterating Eq. (3) with the additional load correspond-
ing to the stimulus for a duration ttrainn and then without
load for a duration twait

n . Taken together, the network
evolved to time

tagen =

n∑

m=1

(
ttrainm + twait

m

)
(5)

after the n-th stimulus has been applied.
To test whether a stimulated network can memorise an

additional stimulus, we apply N−1 stimuli with identical
properties and then probe the signal of a final stimulus;
see Fig. 1(a). We thus have ttrainn = ttrainpre and twait

n = twait
pre

for n < N , while the final stimulus can have different
parameters. The signal SN quantifies the dissipation dif-
ference of applying the N -th stimulus, analogously to
Eq. (4). For constant parameters of the pre-stimulation
protocol, we observe that SN increases with ttrainN and de-
cays with twait

N ; see Supplementary Information Section
II. This behaviour closely resembles memory formation
in a freshly initiated network [11], even though we here
use pre-stimulated networks.

We next test the influence of the precise pre-
stimulation protocol by varying the number of applied
stimuli, N , the training time, ttrainpre , and the relaxation

time, twait
pre . Fig. 1(b–d) shows that the signal SN of the

final stimulus decreases when increasing any of these pa-
rameters, so the pre-stimulation protocol affects how well
additional memories can be stored. However, our simu-
lations demonstrated that pre-stimulated adaptive net-
works can store information about additional stimuli.

B. Memory capacity reduces with age

We next investigate how the pre-stimulation protocol
affects the memory of the final stimulus. Since informa-
tion about stimuli locations are stored in the orientation
and location of irreversibly decaying links [11], we first
determine how the micro-structure of the network evolves
with time. Fig. 2(a) shows that the average fraction of
vanishing links saturates exponentially with time, which
suggest that the memory capacity of adaptive flow net-
works decreases with the time tageN−1, given by Eq. (5),
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FIG. 2. Memory signal of final stimulus reduces with net-
work age. (a) Fraction of vanishing links (blue symbols) as a
function of network iterations averaged over 80 independent
runs. Model parameters Nnodes, q

add, q(0), and T are given in
Fig. 1. Red line indicates an exponential fit. (b, c) Signal SN

of final stimulus as a function of age tageN−1 before stimulus was
applied. Panels b and c show data of Fig. 1(b) and Fig. 1(c),
respectively. Blue lines indicate exponential fits.

that the network evolved for before the stimulus is ap-
plied. Re-plotting the memory signal SN of the final
stimulus as a function of tageN−1 leads to a data collapse

for various values of N , ttrainpre , and twait
pre ; see Fig. 2(b, c).

The two panels differ in whether N (panel b) or twait
pre

(panel c) are kept fixed while the other parameters are
varied. In both cases, the data collapse is well-described
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(b) (c) twait
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Probe
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FIG. 3. Signal S1 of first stimulus increases with training time and decreases with network age. (a) Snapshots of network,
which is subjected to the first stimulus for ttrain1 , relaxed for twait

1 , and then N − 1 stimuli are applied with ttrainn = ttrainpost and

twait
n = twait

post (n > 1, dotted box), until the first stimulus is probed. (b) S1 as a function of ttrain1 for N = 5 and ttrainpost = 5δt.

(c) S1 as a function of tagepost = tageN − ttrain1 for various N at ttrain1 = 10δt. (b–c) Blue lines indicate exponential fits. Parameters

are twait
1 = twait

post = 5δt and given in Fig. 1.

by an exponential decay

SN (tageN−1) ≈ S∞
N +AN exp

(
− tageN−1

τpre

)
, (6)

where τpre ≈ 52 δt denotes the time scale, with which
pre-stimulation reduces the memory capacity of the final
stimulus. The maximal memory capacity, S∞

N + AN ≈
0.22 for tageN−1 = 0, is significantly larger than the residual
capacity, S∞

N ≈ 0.03, consistent with the fact that pre-
stimulation of the networks reduces the memory capacity.
The fact that the exponential decay adequately describes
the decreasing capacity suggests that only the total dura-
tion of pre-stimulation is important, while the details of
the protocol are irrelevant. Consequently, younger net-
works allow for a larger memory signal of the final stim-
ulus.

C. Training time dominates signal of first stimulus

To retain multiple memories, adaptive networks need
to store information about all stimuli. We, thus, next

investigate how information about earlier stimuli are re-
tained and particularly focus on the first stimulus. To
investigate the first stimulus in detail, we change the pro-
tocol to control the training parameters of the first stim-
ulus separately from all the other stimuli; see Fig. 3(a).
For simplicity, we use identical parameters for the other
stimuli, ttrainn = ttrainpost and twait

n = twait
post for n = 2, .., N .

The network is probed at the same location as the first
stimulus to obtain the memory signal S1 of the first stim-
ulus. Fig. 3(b) shows that S1 increases with the training
time of the first stimulus, ttrain1 , and approaches zero for
ttrain1 = 0. S1 again shows an exponential saturation,

S1(t
train
1 ) ≈ B1

[
1− exp

(
− ttrain1

τtrain

)]
, (7)

where τtrain is the training time scale and B1 denotes the
maximal signal for ttrain1 → ∞. Similar to our previous
work [11], longer training leads to a stronger signal.
We next investigate how the signal of the first stim-

ulus depends on subsequently applied stimuli. Fig. 3(c)
indicates that S1 decays as the networks evolves further,
similar to our previous study [11]. We find that S1 only
depends on the duration of evolution after the first train-
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FIG. 4. Memory capacity depends on stimulation protocol parameters. (a) Numerically obtained signals Sn for all N = 5
stimuli as functions of training times ttrain and waiting times twait. (b) Analytical prediction of Sn given by Eq. (9) for all
stimuli as functions of ttrain and twait for N = 5. (c) Fraction of stimuli with strong signal (Sn > 0.04) as a function of ttrain

and N for twait = 5δt. (d) Number of stimuli with Sn > 0.04 as a function of ttrain and twait for N = 5. (e) Minimal signal
minn Sn of N = 5 stimuli as a function of ttrain and twait. (a–e) Model parameters are given in Fig. 1.

ing period, tagepost = tageN −ttrain1 , and not the precise details
of the protocol. Moreover, S1 again decays exponentially,

S1(t
age
post) ≈ S∞

1 +A1 exp

(
− tagepost

τpost

)
, (8)

where the coefficients have the same interpretation as
in Eq. (6). Our fits indicate that τpost ≈ τpre, consis-
tent with an intrinsic time scale of memory formation.
Note that the residual memory capacity S∞

1 ≈ 0.1 is
large, implying that subsequent training does not affect
the signal very strongly. This is consistent with the pic-
ture that memory is stored by vanishing links that cannot
be revived; see analytical and numerical observations of
the transitions phase between stimuli in Supplementary
Information Section III and IV. Taken together, we find
that adaptive flow networks can store multiple memories.

D. Trade off between age and training time limits
memory capacity

We found that stimuli are imprinted most strongly
when they are trained for a long time on a young net-
work. These goals of long training times and young net-
works are contradictory for late stimuli, suggesting there
must be a trade-off for best performance of imprinting
multiple stimuli. To understand how many stimuli can
be imprinted in a network, we next consider N non-
overlapping stimuli with identical stimulation parame-
ters, ttrainn = ttrain and twait

n = twait for n = 1, .., N . We
now also probe all stimuli locations to obtain a signal Sn

for each stimulus. Fig. 4(a) shows data for five stimuli
as a function of ttrain and twait. We recover that the sig-
nal S1 of the first stimulus mainly depends on the train-
ing time ttrain and is barely affected by the subsequent
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dynamics. Conversely, the signal of all other stimuli de-
creases with network age, i.e., with increasing ttrain and
twait. In particular, mid-timed stimuli have the weakest
signals, suggesting that they are affected by both pre-
stimuli ageing as well as subsequent degradation.

We next develop an analytical prediction of the signal
of all stimuli, motivated by the successful description of
the signals of the first and last stimulus demonstrated
above. We hypothesise that the signal of the n-th stimu-
lus is a combination of the pre-stimulus ageing, described
by Eq. (6), and the actual training, described by Eq. (7),
while we neglect the small effect of the post-stimulus sig-
nal degradation. We show in Section V of the Supple-
mentary Information that a weighted sum of the two ef-
fects adequately describes the data, which results in the
prediction

Sn ≈ 1

2




1− e

− ttrain

τtrain n = 1

e
−

t
age
n−1
τpre +

(
n
2

)1−n
(
1− e

− ttrain
τtrain

)
n > 1 ,

(9)

where tagen is given by Eq. (5). This equation correctly
captures that Sn decreases with the n− 1 previously ap-
plied stimuli. Fig. 4(b) shows that Eq. (9) also captures
the qualitative features of the dependence on ttrain and
twait. However, the prediction overestimates the signal
of mid-timed stimuli, likely because we neglect the post-
stimuli degradation. We also note that this analytical
description can not reproduce the quantitative features
of the signal observed numerically because the signal is
not just a linear superposition of the training and age
impact; see Supplementary Information Section V. Even
though more research is needed to obtain the exact de-
pendency of the signal on training and age, we choose
to use the simple function to draw insights about the
system. For instance, we observe that the ratio of the
coefficient of training and the coefficient of age reduces
with n, indicating that with every new stimulus appli-
cation the impact of age on memory formation becomes
stronger. The advantage of the prediction is its simplic-
ity. Moreover, the prediction is an ad-hoc description of
the parameter dependence and other choices are possible;
see Supplementary Information Section V. The stimula-
tion protocol is characterised by the three parameters n,
ttrain, and twait, while the almost identical τpre and τtrain
capture the characteristic time scale of network adapta-
tion.

Finally, we investigate how many stimuli an adaptive
network can store. We demand that a stored stimulus
can be read out at a later time, implying that its sig-
nal exceeds a given threshold Sthresh, which captures un-
certainties in the read-out apparatus as well as intrinsic
noise. Fig. 4(c) shows the fraction of stimuli that can
be retrieved (where Sn > Sthresh) as a function of the
total number of stimuli, N , and the training time ttrain.
In this case, large training times are detrimental since
they age the network too much for later stimuli to be
retrieved. Fig. 4(d) shows the number of stimuli that

can be retrieved as a function of the training and waiting
time. The largest number of stimuli is stored for smaller
waiting time, as this reduces the age of the network. To
find the optimal parameters for storing memory indepen-
dent of a read-out apparatus specific threshold Sthresh, we
quantify the minimum signal out of the five stimuli’s sig-
nals for varying training and waiting time, see Fig. 4(e).
We observe that while the optimal waiting time is 0, a
non-zero optimal training time exists for storing memory.
Taken together, our analysis reveals the strong trade-off
between writing stimuli for a sufficient duration and the
resulting inevitable ageing of the network that suppresses
signals of subsequent stimuli.

IV. DISCUSSION

We showed that adaptive flow networks can store mem-
ory of multiple stimuli in the morphology of weak links,
which cannot be revived in our model. Consequently, sig-
natures of earlier stimuli are not destroyed by subsequent
evolution, in contrast to the behaviour of typical mechan-
ical networks [41]. Since older networks contain fewer
strong links, which could shrink to store memory, the
readout signal of each stimulus strongly decreases with
the age of the network before the stimulus was written,
which is similar to the memory plasticity observed in dis-
ordered system [42, 43]. Conversely, the signal strength
increases with its training time, i.e., the duration the
stimulus is presented, similar to memory formation by
directed aging in mechanical networks [14, 16]. Taken
together, we showed that adaptive flow networks reach
maximal capacity at an intermediate training time, which
compromises between imprinting sufficiently and ageing
minimally.
Our work focuses on the simple situation that non-

overlapping stimuli are subsequently applied at the edge
of flow networks of similar morphology. To describe, re-
alistic living flow networks, like Physarum or our vas-
culature, our work will need to be extended in multiple
directions: First, the overall network geometry will have
an impact on how stimuli are stored. Work in mechanical
networks [19, 41] suggests that the internal timescales of
flow networks and their memory capacity will depend on
network size. Second, realistic systems deal with time-
varying and potentially overlapping stimuli of various
strengths. Third, living systems can grow and expand
[44], implying that links can possibly regrow from their
minimal size and new links can be added to the network.
Taken together, it is likely that realistic adaptive flow
networks show a dynamic behaviour, storing information
about stimuli on various time scales.
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I. ADAPTATION RULE FOR OPTIMAL NETWORKS

In this section. we give a detailed derivation of the iteration rule for our model of adaptive networks. A
networks is modelled as a connected set of straight tubes described by a graph with Nnodes nodes enumerated
by i = 1, 2, . . . , Nnodes and tube ij of length lij , which connect node i and j. Assuming Poiseuille flow in
all tubes, conductances Cij are assigned to all tubes. To study the flow in the network, we designate the
first node (i = 1) as the outlet, while all other nodes (i > 1) are inlets with inflow qi(t). Kirchhoff’s current
law then reads L(t)p⃗(t) = q⃗(t), where p⃗(t) = {p1(t), p2(t), . . . , pNnodes

(t)} represents the pressures at all nodes,
q⃗(t) = {q1(t), q2(t), . . . , qNnodes

(t)} represents the inflows at all nodes, and L is the graph Laplacian matrix
with elements Lij = δij

∑
n Cin − Cij , where Cij = 0 if tube ij is not present. We use Kirchoff’s current

law to find the instantaneous flow rate Qij(t) = Cij(t)(pi(t) − pj(t)) through tube ij at every time step t.
Following [1–4], we evolve the network by adapting its conductances to minimise the power loss of the network,∑

<ij>⟨Qij(t)
2⟩TC−1

ij , while obeying the constraint of the total network volume,

K1/2 =
∑

<ij>

(Cij(t)lij)
γ lij , (1)

where we here only consider the case γ = 1
2 . We satisfy the constraint using a Lagrange multiplier λ, so the

function to be minimised reads

E(t) =
∑

<ij>

⟨Qij(t)
2⟩T

Cij(t)
− λ

∑

<ij>

(Cij(t)lij)
γ lij . (2)

Solving for the Lagrange multiplier, it follow that the conductances Cij(t+ δt) at time step t+ δt adapt to the
optimal conductance C⋆

ij(t) that minimise Eq. (2) at t,

Cij(t+ δt) = C⋆
ij(t) =

⟨Qij(t)
2⟩

1
γ+1

T K
(∑

<ij>⟨Qij(t)2⟩
γ

γ+1

T lij

) 1
γ

lij

. (3)

We then repeat this rule iteratively over many time steps. Taken together, this iterative rule for adapting
conductances follows from independently optimising conductances Cij to minimises the power loss of the network
while keeping the total network volume fixed.
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Figure S1. Signal SN of final stimulus depend on its training time ttrainN and waiting time twait
N . (a–c) SN for varying

of ttrainN and twait
N for three different parameter sets. (d–f) The same data SN is plotted against twait

N for different ttrainN

(colors). Lines represent exponential fits. (a–f) Model parameters: twait
pre = 5δt,Nnode = 760,qadd = 2000q(0), q(0) = 1,

T = 30, K = 1600.

II. SIGNAL OF LAST STIMULUS CHANGES WITH ITS TRAINING AND RELAXATION TIME

We observe that the memory signal SN of the last stimulus increases with its training time ttrainN and decreases
with its waiting time twait

N independent of the pre-stimulation protocol, see Fig S1. This behaviour is similar to
the signal of a stimulus written in a freshly initiated untrained network [5]. In particular, SN (twait

N ) can be fitted
with exponential decay functions, which is similar to our observation in the main manuscript of S1 decaying
with the age after the stimulus application, tagepost, following an exponential decay, while S1 increases with the

training time ttrain1 . Since, here the age after stimulus application is tagepost = twait
N . These observations imply a

general dependency of signal Sn on age, post stimulus application tagepost, and training time of that particular

stimulus, ttrainn , for all n.

III. STABLE THICK TUBES DO NOT DECAY IRREVERSIBLY BETWEEN STIMULI

To understand how adaptive networks evolve between stimuli, we here study the dynamics of conductances
by measuring C(t + δt)/C(t) for all the tubes of the network before and after the transition of switching the
additional load from qadd = 1000q(0) to qadd = 0. We map the the dynamics of conductances on the network at
3 different time step, t = ttrans − δt, ttrans, ttrans + δt, where ttrans is the transition time point when the stimulus
is switched off. Fig. S2(a) shows that before the transition, the adaptive network shows a hierarchical network
structure with thick tubes connecting the nodes where the stimulus is applied (blue nodes) to the outlet of
the network (red node). In particular, C(t + δt)/C(t) of the thick tubes are approximately 1, indicating that
they do not evolve further. After switching the stimulus off at the transition time at ttrans, we notice that the
conductances of the thick tubes start decaying, while other tubes grow; see Fig. S2(b). Already one step later, at
ttrans+ δt, the network assumes an isotropic, tree-like structure; see Fig. S2(c). The quantification in Fig. S2(d,
e) indicates that the conductances follow the universal dynamics of adaptive networks [5], where conductances
below a threshold conductance Cth decay, while larger conductances fluctuate over time. The threshold value
reads [5]

Cth =
K

(
1 + δq

q(0)

)4 (
Nnodes +

qadd

q(0)

)4/3
, (4)

where Nnodes denotes the number of nodes in a network, and δq quantifies load fluctuations.
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Figure S2. Dynamics of networks when a stimulus is enabled or disabled. (a–c) Network morphology at three consecutive
time steps during which a stimulus is switched off. Color code indicates relative change of conductances, C(t+ δt)/C(t).
(d, e) C(t+ δt)/C(t) as a function of C(t) for 6 different time point around the transition time t = 21 where the stimulus

is switch off (panel d) or switch on (panel e). Model parameters are Nnodes = 560, T = 30δt, and q(0) = 1.

The conductances show an unique dynamics at the exact time step when the stimulus is switched, at t =
ttrans = 21. As an example, we observe a cluster of tubes with high conductances, either decaying see Fig. S2(d)
or growing see Fig. S2(e). As we know from [5] that all the conductance below the threshold Cth given by
Eq. (4) will decay irreversibly, we plot the C(t+ δt) = Cth line (the blue line in Fig. S2(d) and (e)) to track the
tubes that will decay irreversibly. Here, Cth is obtained from fitting the dynamics of thin tubes to,

C(t+ δt)

C(t)
=

[ 1

Cth

]1/3
C(t)1/3, (5)

for a constant qadd following [5]. In Fig. S2(d), the line corresponds to Cth(q
add = 0)/C(t) vs C(t), and

in Fig. S2(e) the line corresponds to Cth(q
add = 1000)/C(t) vs C(t). Indicating all the data points with

C(t+ δt)/C(t) higher than this line have C(t+ δt) > Cth after the transition. We observe that the data points
belonging to the cluster of high conductance tubes (at t = 21) are above of the line, indicating although these
tubes decay during the transition of switching the stimulus to 0, yet does not decay irreversibly, see Fig. S2(d).
These observations imply that, the tubes with very large conductances do not decay irreversibly due to the

transitions of stimulus strength (qadd), and are retained in the network.

IV. THIN TUBES CANNOT BE RECOVERED BETWEEN STIMULI

We next attempt to understand the dynamics of smaller tubes during the transition between stimuli. For
this, we calculate the tubes’ dynamics in the minimal triangular network shown in Fig. S3(a), which follows the
same adaptation rule as the simulated adaptive networks,

Cij(t+ δt) = Qij(t)
4/3.

K
A(t)2

with A(t) =
∑

<i,j>

Qij(t)
2/3 . (6)
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Figure S3. Minimal asymmetric network during the transition step, where the stimulus of addition is inflow switched
off. (a) Minimal network at t − δt where the inflow at node 2 is q(0) and at node 3 is Nnodesq

(0) + qadd. (b) Minimal

network at time t, where the inflow at node 2 is q(0) + δq and node 3 is Nnodesq
(0).

We focus on the dynamics when qadd = 1000 → 0, but we expect the opposite case of qadd = 0 → 1000 to
exhibit similar behaviour. For the minimal network, we can express Kirchhoff’s current law, Lp⃗ = q⃗, explicitely



q1
q2
q3


 =



C13 + C12 −C12 −C13

−C12 C12 + C23 −C23

−C13 −C23 C13 + C23





p1
p2
p3


 ; (7)

see Section I. Setting p1 = 0 because node 1 is a sink, we have

[
C12 + C23 −C23

−C23 C13 + C23

]−1 [
q2
q3

]
=

[
p2
p3

]
(8)

and thus

1

C13(C12 + C23) + C12C23

[
C13 + C23 C23

C23 C12 + C23

] [
q2
q3

]
=

[
p2
p3

]
. (9)

Solving for p2 and p3, we find

p2 =
1

C13(C12 + C23) + C12C23

(
(C13 + C23)q2 + C23q3

)

p3 =
1

C13(C12 + C23) + C12C23

(
C23q2 + (C12 + C23)q3

)
.

(10)

We assume the network has been adapted with a stimulus of an additional inflow and reached a local energy
minimum at t − δt, implying a tree morphology which connects all inlets directly to the outlet. We can then
assume the inflow on node 2 and 3 is distributed through tubes 12 and 13, respectively. Without loss of
generality, we assume the additional load has been applied to node 3, implying Q21(t − δt) = q2(t − δt) = q2
and Q31(t− δt) = q3(t− δt) = q3 + qadd. Using (6), we can then approximate the conductances of tube 12 and
13 as C12(t) = q2(t− δt)4/3K/A(t− δt)2 and C13(t) = q3(t− δt)4/3K/A(t− δt)2, respectively, where we assumed
C23(t)/C12(t) ≪ 1 and C23(t)/C13(t) ≪ 1 since Q23(t− δt) ≪ Q21(t− δt) and Q23(t− δt) ≪ Q31(t− δt).

During the transition from t− δt to t, the stimulus is switched from a non-zero value to 0, implying the load
at node 3 reduces to q3(t) = q3. The load at node 2 also changes to q2(t) = q2 + δq due to the background
fluctuation of magnitude δq, where we assume this perturbation to be small compared to the load at node 2,
δq/q2 ≪ 1. In general, the minimal network is connected with a bigger network with Nnodes nodes, so the
calculation we present in the following subsections considers the simple case of an asymmetric connection, with
highest inflow difference, as shown in the Fig. S3(a),

q2 = q(0), q3 ≈ Nnodesq
(0) , (11)

which implies tube 12 is thinner than 13, C12(t) < C13(t), in the steady state network.

A. Dynamics of medium thick tubes

The flow rate Q12 through tube 12 reads

Q12(t) = C12(p2 − p1) = C12(t)
[C13(t) + C23(t)]q2(t) + C23(t)q3(t)

C13(t)(C12(t) + C23(t)) + C12(t)C23(t)
(12)
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where we used Eq. (10). Inserting the values of C13(t), C12(t), q2(t), and q3(t) obtained above, we find

Q21(t) = C12(t)
(q3 + qadd)4/3(q2 + δq)
(
q2(q3 + qadd)

)4/3
· A(t− δt)2

K . (13)

Using Eq. (13) in Eq. (6), we can write

C12(t+ δt) = C12(t)
4/3 (q3 + qadd)16/9(q2 + δq)4/3

(
q2(q3 + qadd)

)16/9

A(t− δt)8/3

K4/3

K
A(t)2

(14)

and

C12(t+ δt)

C12(t)
=

(
1 +

δq

q2

)4/3

(
q
2/3
2 + (q3 + qadd)2/3

)2

(
(q2 + δq)2/3 + q

2/3
3

)2 . (15)

Expanding in the small parameter q(0)/qadd results in

C12(t+ δt)

C12(t)
=

(Nnodes +
qadd

q(0)
)4/3

N
4/3
nodes

=

(
1 +

qadd

Nnodesq(0)

)4/3

, (16)

which implies the medium thick tubes 12 will grow when the stimulus is switched off.

B. Dynamics of thin tubes with largest inflow difference

We next calculate the dynamics of the thin tube 23 of the minimal network shown in Fig. S3. The flow
rate Q23 through tube 23 follows from Eq. (10),

Q23(t) = C23(p2 − p3) = C23
C13q2 − C12q3

C13(C12 + C23) + C12C23
. (17)

Inserting the values of C13(t), C12(t), q2(t), q3(t), we find

Q23(t) = C23(t)
(q3 + qadd)4/3(q2 + δq)− (q2)

4/3(q3)(
q2(q3 + qadd)

)4/3
· A(t− δt)2

K . (18)

Using Eq. (6), we write the conductance C23(t+ δt) at time t+ δt as a function of conductance C(t) at time t,

C23(t+ δt)

C23(t)
= SdisableC23(t)

1/3 , (19)

where the prefactor reads

Sdisable =

(
(q3 + qadd)4/3(q2 + δq)− (q2)

4/3(q3)
)4/3

(
q2(q3 + qadd)

)16/9

A(t− δt)8/3K
K4/3A(t)2

. (20)

Since A(t− δt) =
(
q
2/3
2 + (q3 + qadd)2/3

)
and A(t) =

(
(q2 + δq)2/3 + q

2/3
3

)
, the prefactor becomes

Sdisable =

(
(q3 + qadd)4/3(q2 + δq)− (q2)

4/3(q3)
)4/3

(
q2(q3 + qadd)

)16/9

(
q
2/3
2 + (q3 + qadd)2/3

)8/3

K1/3
(
(q2 + δq)2/3 + q

2/3
3

)2 . (21)

Inserting the values of q2 and q3 fromEq. (11), we obtain

Sdisable =

([
1

Nnodes+
qadd

q(0)

]2/3
+ 1

)8/3

K1/3

(
1

Nnodes
(Nnodes +

qadd

q(0)
)4/3(1 + δq

q(0)
)− 1

)4/3

(
( 1
Nnodes

(1 + δq
q(0)

))2/3 + 1
)2 . (22)
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Figure S4. Dynamics of tube conductances during the transition of disabling a stimulus matches analytical approxi-
mations. (a) Average conductance changes ⟨C(t + δt)/C(t)⟩ of medium thick tubes in networks as a function of the
corresponding analytical prediction given by Eq. (16). The solid line is a power-law fit. (b) The pre-factor Sdisable,

obtained from fitting the dynamics of thin tubes to C(t + δt)/C(t) = SC(t)1/3, as a function of the prediction given
by Eq. (23). , including the correction of the power obtained from (a), shows the data follows a straight line with the

corrected prediction. (a–b) For varying q(0) and qadd and fixed model parameters Nnodes = 760, T = 30δt.

Assuming a large network, Nnodesq
(0) + qadd ≫ q(0), we find

Sdisable ≈
(1 + δq

q(0)
)4/3

(
Nnodes +

qadd

q(0)

)16/9

N
4/3
nodesK1/3

=
(1 + δq

q(0)
)4/3

(
Nnodes +

qadd

q(0)

)4/9(
1 + qadd

Nnodesq(0)

)4/3

K1/3
.

(23)

Since tubes with C(t+ δt) < Cth(q
add = 0) will decay irreversibly after the stimulus is disabled, we find

SdisableC(t)4/3 < Cth(q
add = 0) (24)

and thus

C(t) <

(
Cth(q

add = 0)

Sdisable

)3/4

. (25)

Using Cth from Eq. (4) and Sdisable from Eq. (23), we find

(
Cth(q

add = 0)

Sdisable

)3/4

=
( K
(1 + δq

q(0)
)4N

4/3
nodes

K1/3

(1 + δq
q(0)

)4/3
(
Nnodes +

qadd

q(0)

)4/9(
1 + qadd

Nnodesq(0)

)4/3

)3/4

,

=
K

(1 + δq
q(0)

)4(Nnodes +
qadd

q(0)
)4/3

= Cth(q
add) .

(26)

This implies tubes with C(t) > Cth(q
add) will be retained in the network even after disabling the stimulus.

Moreover, tubes that were decaying in the presence of the stimulus will continue decaying even when the
stimulus is disabled. Fig. S4 shows that our analytical prediction is reasonably correct. However, we observe
that the measured value of the dynamics of the medium thick tubes are slightly lower than that of the analytical
prediction, probably because the calculation only considers the most extreme case of highest inflow difference.
Taken together, we show the established hierarchy of tube conductances cannot be erased by switching the
stimulus from a non-zero value to 0 or vice versa.

V. MEMORY SIGNAL FROM LINEAR COMBINATION OF AGE AND TRAINING
COMPONENTS

In the main text, we observed the signal S1 of the first stimulus increases with the training time ttrain,

S1(t
train) ∼ (1− e−ttrain/τtrain) . (27)
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Figure S5. Memory signal Sn depends on training time ttrain and age of the network before training. (a) Analytical
prediction assuming Sn is a product of the impact of age and training. (b) Sn as a function of ttrain for various n. (c) Fit
parameters (coefficient of training and age component) obtained while fitting memory readout signal as a sum of training
and age component, plotted against the probed stimulus. (d) R2 of the fit obtained from fitting the signal as various
combination of training and age with respect to the probed stimulus.

We also observed that the signal SN of the last stimulus decays with the age tageN−1 before the stimulus application,

SN (tageN−1) ∼ e−tageN−1/τpre . (28)

Combining these observations, we hypothesise that the signals Sn of general stimuli between the first and

last stimulus are affected by both effects. Sn should thus be a function of Strain
n = (1 − e−ttrainn /τtrain) and

Sage
n = e−tagen−1/τpre .
We start by asking whether a simple product is an adequate description,

Sn = Sage
n Strain

n = e−tagen−1/τpre(1− e−ttrainn /τtrain) . (29)

Fig. S5(a) and Fig. S5(b) shows that this prediction cannot reproduce the qualitative dependency of the signal
on ttrain and twait. In particular, Eq. (29) suggests a maximal signal for a non-zero training time for any n,
while the numerical data shown in Fig. 4 of the main text shows that the signal is strongest for very small ttrain

and twait, specifically for n > 3.
We next hypothesis that Sn is a linear combination of Sage

n and Strain
n ,

Sn = f train
n Sage

n + fage
n Strain

n , (30)

where we allow different coefficients f train
n and fage

n for each stimulus. We determine these by fitting
Sn/S

age
n (ttrain, twait) to fage

n + f train
n Strain

n /Sage
n (ttrain, twait) for different values of n over a range of ttrain/δt ∈

[1, 40] and twait/δt ∈ [1, 40]. Fig. S5(c) shows that a suitable fit is given by

f train
n = 0.14 + 0.386e−n/1.75

fage
n = 0.0475 + 0.0023en/0.99

(31)

We note in Fig. S5(d) that the R2 error of the fit to compute the coefficients of each component is ≈ 0.4,
indicating that the signal is not just a linear superposition of the components. We use a few different models to
fit the data. As example, we fit the signal to Sn = f train

n Strain
n +fage

n (Sage
n )3 as we do not expect the power of the

age component to change with n. Additionally we fit the signal to some other simple non-linear composition of
age and training component, as example Sn = f train

n (Strain
n )n + fage

n Sage
n and Sn = f train

n (Strain
n )1/n + fage

n Sage
n .
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However, none of these models increase the R2 of the fit significantly. So for simplicity, we choose to approximate
the signal as a linear sum of Strain

n and Sage
n . We observe, if we choose the coefficients of Strain

n and Sage
n

following (31), the signal of a stimulus obtained using this approximation qualitatively agrees with the numerical
observation, see Fig. S6(c).

Now to obtain a generic analytical approximation of the memory read-out signal without including many
different parameters, that also describes the signal as a linear superposition of the age and training impact,
we assume that the coefficient of Sage

n does not change and the coefficient of Strain
n decreases of n. We assume

these coefficients because, Eq. (31) suggests that the coefficient of the training component reduces with n and
the coefficient of age component increase with n. Moreover, the fit parameters show that the change of the
coefficient of age component over n (∼ 0.0023) is much smaller than the change of the coefficient of the training
component over n (∼ 0.36), which agrees with our observation in Fig. 2(b).

Using these observations we now choose the following bounded function which is a sum of Sage
n and Strain

n to
approximate the signal of nth stimulus when n > 1.

Sn = e−tagen−1/τpre + f train
n (1− e−ttrain/τtrain),

=
1

2

(
e−tagen−1/τpre + (

n

2
)−n+1(1− e−ttrain/τtrain)

)
.

(32)

Additionally, from the numerical observation, we approximate for n = 1,

S1 =
1

2
(1− e−ttrain/τtrain). (33)

Although Eq. (32) reproduces, the dependency of signal on training and waiting time qualitatively (see, Fig. 4(b)
and Fig. S6(d)), this does not reproduce the dependency quantitatively. However, we show that the same
qualitative dependency on training and waiting time is robust to small changes of parameters. As example,
when Eq. (32) is plotted assuming τpre = 50δt and τtrain = 62δt, see Fig. S6(d), the qualitative feature does not
change from the observation in Fig. 4(b). Similarly the qualitative dependency does not change, when different
functions f train

n and fage
n are chosen as the coefficients of the training and age impact. As an example, if the

chosen functions are,

f train
n = e−(n−1)/1.5,

fage
n = (1− e−(n−1)/1.5),

(34)

consequently, the signal of the nth stimulus is approximated as,

Sn = (1− e−(n−1)/1.5)e−tagen−1/τpre + e−(n−1)/1.5(1− e−ttrain/τtrain), (35)

the qualitative dependency of approximated signal on ttrain and twait is similar to Fig. 4(b), see Fig. S6(e).
Note that in both approximations Eq. (32) and Eq. (35), the ratio of the coefficients of age and training impact
increases with n, meaning after a certain number of pre-stimuli the impact of age dominates over the impact of
training.

[1] C. D. Murray, “The Physiological Principle of Minimum Work: II. Oxygen Exchange in Capillaries,” Proceedings of
the National Academy of Sciences, vol. 12, no. 5, pp. 299–304, 1926.

[2] F. Corson, “Fluctuations and redundancy in optimal transport networks,” Physical Review Letters, vol. 104, no. 4,
p. 048703, 2010.

[3] E. Katifori, G. J. Szöllosi, and M. O. Magnasco, “Damage and fluctuations induce loops in optimal transport net-
works,” Physical Review Letters, vol. 104, no. 4, p. 048704, 2010.

[4] S. Bohn and M. O. Magnasco, “Structure, Scaling, and Phase Transition in the Optimal Transport Network,” Physical
Review Letters, vol. 98, p. 088702, feb 2007.

[5] K. Bhattacharyya, D. Zwicker, and K. Alim, “Memory Formation in Adaptive Networks,” Physical Review Letters,
vol. 129, p. 028101, jul 2022.
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Figure S6. Analytical approximation of signal w.r.t training and waiting time when nth stimulus is probed (a) Numer-
ically obtained memory read out signal with respect to training and waiting time as shown in Fig. 4(a) (b) Signal Sn

approximated as a product of Sage
n and Strain

n , in Eq. (29), with parameters τpre = 50δt and τtrain = 50δt. (c) Signal
Sn approximated as a linear sum of Sage

n and Strain
n as shown in Eq. (30) using the functional form found from fitting

the data Eq. (31), with parameters τpre = 50δt and τtrain = 50δt. (d) Sn = 1
2

(
e−t

age
n−1/τpre + n

2
−n+1(1 − e−ttrain/τtrain)

)
,

with parameter τpre = 50δt and τtrain = 62δt (e) Sn = (1− e−(n+1)/1.5)e−t
age
n−1/τpre + e−(n−1)/1.5(1− e−ttrain/τtrain) with

parameters τpre = 50δt and τtrain = 50δt.



Chapter 5

Conclusion

Flow networks are abundant in biology starting from our own physiology to simple uni-

cellular organism like P. polycephalum. In the work presented in this thesis we delved

into the physical principles behind the self-organised memory formation and retention in

adaptive flow networks, and memory capacity of such networks, using a simple model to

describe their adaptation.

The article presented in chapter 3 shows that memory is formed in adaptive networks

because of tubes vanishing irreversibly. This effect is due to the adaptation rule that

minimises the energy dissipation of the networks under the constraint of available mate-

rial. Even in the presence of fluctuating background inflow the tubes do not grow back,

because the network prefers rerouting flow through larger tubes instead growing back the

thin tubes. This leads to retention of information about a stimulus direction within the

location and orientation of decaying tubes in the network even after a very long time.

This observation of tubes below a particular threshold decaying irreversibly agrees with

previous observation of an avalanche like dynamics of the network structure in a network

that also adapts following a current reinforcement type adaptation (228). It was shown,

during this avalanche, the conductances below a threshold decayed following an expo-

nential, and over time a clear separation of strong and weak links was established. The

strong links of the network was shown to bear most of the load of the network. Moreover,

I show networks minimising energy dissipation with different material conservation might

not store memory, which indicates that the competition between efficiency of transport

and cost of material is behind the irreversible dynamics of links. I also demonstrate that

the memory can be readout by probing the network from different directions and quan-

tifying the reaction of the network to different probe stimuli. The energy dissipation of

the network was shown to be significantly lower when the probe stimulus was applied at
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the same direction as the training direction. Considering the reduced energy dissipation

as a desired behaviour, this development of a desired behaviour in the network as a re-

sponse to a stimulus can also be recognised as learning. Similar behavior have also been

observed in bacteria which react differently to a stimulus they have already encountered

and has been proposed to be learning (92). Even following another definition of learning

that claims ‘learning’ to be the internal representation of a stimulus (229), the irreversible

morphology established as a response to a stimulus can be identified as learning by the

flow networks.

In chapter 4, I present our work on understanding the possibility of writing memories

of multiple stimuli, and on quantifying memory capacity of adaptive flow networks. The

age of the network was identified as the one of the main limitation of storing multiple

memories in networks, at the same time the memory read out signal of any stimulus de-

pends on the training time. I show that the old memories written into the network is not

overwritten when encountering new stimuli, leading to the plasticity of the network over

time. This is unlike the previous observations of mechanical networks that fail at once,

when they are trained with more than a certain number of stimulus either by simulta-

neous training (35) or by continual training (21). In this work, I quantify the memory

capacity of flow networks as a function of experimental parameters, as example, the time

duration of a stimulus application and the relaxation time between two different stimuli

application. These observation can be used to verify the physical understanding of mem-

ory formation and capacity in a laboratory.

I show in this thesis that pruning of tubes in a network leads to memory formation

in flow network, which indicates studying pruning of tubes as an important step to un-

derstand memory in networks. This observation of unimportant tubes pruning as a vital

component of network adaptation agrees with observations of P. polycephalum (166) and

blood vessels reorganisations (162). In both cases the networks evolve by reducing the

number of tubes. Our analytical calculations can be used to predict the possibility of

a tube being pruned in networks adapting to optimise transport, and can be helpful to

explain observation in experimental networks. Unimportant tubes in flow networks in

general prune due to the limitation of material creating the network. Similarly when

P. polycephalum grows in a certain direction it retracts body mass from other regions, as

a consequence of the body-mass conservation. Computational models of P. polycephalum

based on cellular automata model have also focused on the organism’s ability to retract

mass when growing towards a location with food source (114, 230). These models with

a focus on the physiological property of mass conservation showed the optimisation of
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transport, additionally our work is able to show the emergent memory of the organism

along with optimisation using a very simple model. Pruning or plasticity of links has also

been exploited, in contexts outside of biological flow networks. As an example, tuning a

network by pruning links has been used to obtain interesting physical properties of the

network (231). Similarly, plasticity of links in response to stress is exploited to train

desired physical properties in materials and elastic networks (37).

Although the work presented in this thesis addresses the physical principle behind memory

formation and retention, a lot of questions especially regarding the connection between

physical principle of memory in flow networks and the observed behaviour of P. poly-

cephalum remain unanswered.

Our work shows memory is stored in networks because of the competition between trans-

port efficiency and material cost. We see that, the network becomes more efficient in

transporting flow from the training direction. However, memory conservation in the net-

work hierarchy changes network morphology and as a consequence how the fault tolerance

of the network is affected remains an unsolved question. As an outlook of this thesis, it is

be interesting to compare the fault tolerance that determines the robustness of the net-

work to damage along with energy dissipation when measuring the reaction of a network

to a probe stimulus (3), to address the trade off between efficiency and robustness during

memory formation. Ronellenfitsch and co-authors have used a model of adaptation that

includes a trade off among robustness, cost, and efficiency (215). As a future work it will

be also interesting to observe how memory formation is affected if a cost from robustness

is also included during adaptation.

The work shown in this thesis on memory formation in a network that adapts to minimise

its energy dissipation shows emergence of behavior from self-organisation. This is similar

to the observation of memory encoding through the hierarchy of tubes in P. polycephalum

network (128). We were able to show the information storage and retrieval of a simple

adaptive flow network, however a lot of other complex behaviour controlled by the flow

and morphology also emerges in P. polycephalum (2, 3, 106). It is interesting to incorpo-

rate the theoretical understanding obtained in this thesis to improve the understanding

P. polycephalum behaviour. For example we know that inflow and the inflow fluctua-

tion play important roles in writing a specific memory in adaptive flow networks. In the

thesis I assumed the inflows are boundary conditions controlled externally, even though

that is true for vasculature, in P. polycephalum the inflows are generated by the organ-

ism through acto-myosin contraction of the cell walls (5). The work shown in this thesis

83



Memory Capacity of Flow Network Morphology

shows the feedback of morphology on flow distribution is one crucial element for memory

formation. Flow generated by the network morphology implies the existence of another

feedback of morphology on flow generation, which is another very exciting perspective

to explore in the future. The contraction patterns correlate with the behaviour of the

organism (232). If the contraction patterns determine the boundary conditions of flows

in the network, according to our work they also determine the optimal network structure

and the memory stored in the network. As memory of external stimulus determines the

behaviour of an organism, the contraction patterns could possibly lead to the emergence

of behaviour through writing or erasing memory of external stimulus.

One difficulty in modelling an adaptive network closer to real P. polycephalum is includ-

ing the effect of the external stimuli on the network morphology as boundary conditions.

In my simulations I model the center of the network as a sink and the stimuli as ad-

ditional inflow at some specific nodes at the rim of the network. However, I note that

this particular boundary condition might not be very realistic, because P. polycephalum

typically does not have a fixed sink of outflow, and an external stimulus does not directly

inject flow into the network. Modelling the external influence on P. polycephalum is not

straightforward, because as a reaction to external stimuli it either retract its body mass

(97) or finds a new growth direction (128). Specifically, the growth front as a reaction to

attractive stimulant is created by dilation of tubes locally by a chemical signaling which

increases flow in the location (128) which can either be modelled as sources of inflow or

sinks. Additionally, P. polycephalum typically shows a fan-like structure in its growth

front, where it transfers it body mass, and this region of the body typically does not

have a network structure (182), so using an adaptive network formulation to describe the

growth front can limit us in understanding the organism’s behaviour.

Another limitation of understanding the behaviour of P. polycephalum from our theoret-

ical understandings is experimentally verifying how the memory of a stimulus in P. poly-

cephalum change with parameters of the experiments. For this, one needs to be able to

quantify the memory of a stimuli. Our observation suggests that memory can be quan-

tified as the retrievable information about a stimulus measured from the reaction of the

network to a probe stimulus. However, obtaining reproducible reactions to stimuli as

memory read out from P. polycephalum is not straightforward (128).

P. polycephalum spontaneously changes its morphology (233, 234) and migrates. One

outlook of the project presented in thesis is to incorporate these properties of P. poly-

cephalum with the model. In the work presented in this thesis, I assume the networks
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optimise their energy dissipation, however different morphology of networks develop by op-

timisation of different function like perfusion (208, 235) or uniform flow (204) or transport

(196). Assuming that the spontaneous morphology change is due to changes in functions,

quantifying dynamics of networks that optimise other functions and reading out the ef-

fect of stimulus on such networks can be helpful to explain the memory and behaviour

generated from memory in correlation with network reorganisation in P. polycephalum.

Addition of migration of P. polycephalum following a cellular automata (114) or, agent

based (116) model along with the network adaptation presented in this thesis, similar to

the approach of Schenz and co-authors (236) is an interesting perspective to explore in

future. One might wonder, if migration actually helps (237) the organism find the right

balance between efficiency and robustness when interacting with the environment, which

is in a behavioural sense the right balance between retention of memories and forgetting

old memories to learn new ones. We know that adaptive networks on a growing base has

the ability to find the global minimum and possibly delete memory, we can expect the

same characteristics from moving networks as well (56). Also as I observe the dynam-

ics of the tubes give us a lot of information about the energy cost of the network, which

can be used to study the network properties of P. polycephalum decipher its energetic cost.

Another outlook of the project outside of understanding the evolution of behaviour of

P. polycephalum is to perform complex tasks using the learning properties of the network.

Studies have shown flow networks following some supervised learning algorithms, like cou-

pled learning (51), back propagation (54), or desynchronous learning (238) can learn to

classify images. In all these cases the networks learn specific input - output responses

with additional supervision, where the model of adaptive network I use adapts following

a relaxation algorithm with or without some stimulus. However, they do not obtain a

specific response at some specific target nodes which is typical for designing allostery in-

spired responses through learning. My observation is similar to Pashine and co-authors’

work, where they show directed aging of networks with specific boundary conditions can

be used for these networks to learn unique properties (39). As a future work with our

knowledge of writing multiple memories in the adaptive networks, networks with the abil-

ity to perform more specific tasks like flow allostery (35) or classification (51) can be

designed. Additional supervision on the adaptation though might be needed to design

more advanced physical learning network with the ability to solve more complex problems.

In this thesis I explored the physical principle behind memory formation and memory

capacity in adaptive flow networks, however a thorough understanding of the effect of

noise in memory capacity is an exciting perspective that remains open for exploration.
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Typically memory is stored in disordered non-equilibrium systems, because they have a

vast energy landscape with many local minima. In such non-equilibrium systems noise

can have non-trivial impacts (239). Noise can help the systems to find the ‘target’ energy

minima instead of getting stuck in unwanted minima. The stochastic dynamics of the

natural system is typically exploited for training them desired properties through learn-

ing (32). Noise also helps retaining multiple stable memory, by increasing the robustness

of the stored information (82). In case of adaptive flow network, inflow noise increase the

number of local minima (240), indicating noise can also increase the memory capacity of

the networks. However, I observe that when stimulus strength is not high enough with

respect to background inflow fluctuation, the memory readout signal is also not strong,

meaning in the model of adaptive network I use, noise actually hampers the memory for-

mation. We however require better physical understanding of the system to explain the

effect of noise. I should note for the main part of the thesis the noise we have implemented

is the noise from fluctuating inflow. However, the adaptation of conductances as well as

the reaction to the stimulus can also be modelled as stochastic properties like any natural

system. I observed a plasticity of the system with age. The question if noise can help

erasing previous memory and thus storing new memory still remains unanswered. One

approach would be using a continual adaptation rule to understand how the timescale of

noise and adaptation are involved in the memory formation in such adaptive flow net-

works. Another approach would be to incorporate stochastic growth of links to explore

the timescale of memory decaying.

Given the simplicity of the model, it can be used to describe an array of systems, starting

from flow networks (207), resistor network (206), mechanical network (42) and disor-

dered solid (39). In case of flow and resistor networks the networks minimise their energy

dissipation, where mechanical networks and disordered solids minimise their elastic en-

ergy. The theoretical understanding on the dynamics of the the network microstates as

a function of the energy functional presented in this thesis opens doors on understanding

memory formation in matter. One first step to a even more generalised model would be

using the three dimensional version of the same simple model, as the topological factors

can bring out a lot of interesting aspects of the system (217).

There are several limitations of the simple model adaptation I use especially when com-

paring the observations from the simulation to biological observations. One apparent

limitation of our model is that it is a greedy adaptation model similar to the work by

Pashine and co-authors (39). The network conductances do not adapt continuously dur-

ing the energy minimisation, but as sharp changes. However, one advantage of using this
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adaptation model because the simulations are much less time-consuming than solving a

differential equation of adaptation, and using such a differential equation based model

does not affect my principle observation. I still observe memory effect in a network where

the conductances are modeled to adapt continually as a response to the difference be-

tween shear stress and the optimal shear stress (202). However, the timescales of memory

formation and decay found from the simulations does not match with any real timescales,

because we do not use a differential equation based model of adaptation. Thus, to be able

to compare the timescales of memory formation with the timescales observed in experi-

ments, one needs to either use the continual adaptation model, or translate the timescales

observed in our work to real timescales. Another property of this model is that here it is

assumed that the whole network can react to some global quantities. For networks like

P. polycephalum, having the information about a global quantity is possible given the fast

signal propagation through the organism because of peristalsis (155). However, for other

biological networks like the blood vasculature, learning a global cost without a supervisor

is not possible (203). Thus as a future work it will be interesting to observe the learning

abilities of networks adapting following a local rule and continually (203).

The model I used shows the ability to retain memories of multiple stimuli without forget-

ting any of them. However, it is crucial for biological organisms surviving in a dynamic

environment, to forget older memories, along with maintaining multiple memories (241).

Biological neural networks are known to intrinsically balance between learning of new

memories and retention of older ones (242). The work presented in this thesis shows the

ability to retain multiple dynamic memories. However without the ability to delete the

oldest memories, a memory plasticity with age is induced in the network. This limitation

was tackled in case of Hopfield networks by introducing an upper limit on how much the

link strengths can grow. The work by G. Parishi showed with this small improvement of

the simple Hopfield model, the system obtains a spontaneous forgetting ability and could

retain more new memories (226). Updating the model to include additional supervision

or thresholds might improve the capacity to retain multiple memories while forgetting

older ones, and give a more realistic overview of the timescale of memory retention and

forgetting.

Most studies on learning in physical networks update the networks following learning

rules inspired from biological neural networks (eg. Hebbian learning) (21). I showed

without any additional supervision, networks which are just adapting over time to min-

imise energy dissipation self-organise to form memory. Although no specific learning rule

was enforced, this emergent memory formation mechanism have striking similarity to the
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activity dependent plasticity of neural networks (15). In the work presented in the thesis

the simplicity of Murray’s theory and Hopfield model comes closer. Similar to Hopfield

networks the links of these networks adapt depending on their activity (which is flow in

this case) when the stimulus to be remembered is imposed on the network, at the same

time, the flow of the network depend on the properties of the links. I interpret the reduced

energy dissipation of a trained network when a particular stimulus is applied as an effect

of the evolution of the energy dissipation landscape during memory formation. However,

I do not have enough information about the energy landscape evolution of the adaptive

flow network to draw direct connection to memory formation in Hopfield networks. We

even see the feature similar to associative memory rising from an adaptive network (9),

that is the retrieval of the memory of a stimulus, when being probed from a direction

close to the memorised stimulus direction. This property of the adaptive flow networks

can be used to describe the associative learning of P. polycephalum that has been explored

experimentally (243).

Taken together in my thesis I show that adaptive flow networks representing biological

flow networks like blood vasculature or Physarum polycephalum have the natural ability

to retain memory of multiple external stimuli. This creates a basis for understanding the

evolution of intelligence in simple organisms without neural networks.
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Chapter 6

Appendix

6.1 Memory is conserved in networks where conduc-

tances fluctuate during adaptation

Untrained
Trained

Figure 6.1: Power loss of adaptive networks with respect to the difference of the direction
of the probe stimulus and training stimulus. The data points represent the average power
loss and shaded region represent the standard deviation of the measured power loss. Here
θ2 is the direction of the probe stimulus and θ1 is the direction of the training stimulus.
The blue data points show the power loss for an untrained network, the red data points
show the power loss of a network trained with a stimulus from θ1. Nnodes = 760,qadd =
1000q(0),q(0) = 1, γ = 1/2, ttrain = 25δt, twait = 25δt, T = 30δt

I observe that networks adapting with fluctuating conductances along with fluctuating

background load can still retain memory of a stimulus. In the simulation, in every iteration

I adapted the network conductances following,

Cij(t+ δ) = K (< Q2
ij >T )

1/(γ+1)

(
∑

ij(< Q2
ij >T )γ/(γ+1))1/γ

+ δCij. (6.1)
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This random variable added to conductances during adaptation of the conductances was

modeled as,

δCij ∼ N (0, 0.001Cij). (6.2)

Fig. 6.1 shows that the power loss distribution of the trained network is significantly dif-

ferent than the power loss distribution of the untrained network, when the probe stimulus

is applied at the exact same direction as the training stimulus direction, when θ2 = θ1,

implying that the memory of the training stimulus is retained in the network even after

the network has been evolved without the stimulus with flucutating inflow and fluctuating

conductances.

6.2 Network difference introduced by additional load

I compared the conductance matrix of networks evolved from same initial condition with

or without stimulus to understand the effect of the stimulus on the network morphology.

The elements of the conductance matrix is Cij, and if there is no connection between i

and j, then Cij = 0. I compared the networks by comparing the conductance matrices

C1 and C2 shown in Fig. 6.2(a) and (b) following,

|∆C| =
∑

ij

(|(C1)ij − (C2)ij|). (6.3)

After relaxing the network, I quantify the difference between two networks evolved from

same initial condition one with stimulus and one with out, and as a reference the differ-

ence between two networks both evolved without any stimulus. For γ = 0.5, |∆C| with
stimulus following the protocol shown in Fig. 6.2(a) and |∆C| without stimulus following

the protocol shown in Fig. 6.2(b) have significantly different distribution. This implies, a

stimulus introduces a higher difference between the networks, which can also read out as

a signature of the stimulus. In contrast, for γ = 2.0, |∆C| with or without stimulus shows

similar distribution, indicating the stimulus could not introduce some non-removable im-

print to the conductance matrix. I define a readout signal, S from the comparison of

networks as,

S = |∆C|(with stimulus)− |∆C|(without stimulus). (6.4)

I observe this signal S increases with both training ttrain and waiting time twait. This

implies the signature of stimulus introduced in the network morphology makes the network

increasingly different than an untrained network over the total age of the network defined

by ttrain + twait. I observe that this increasing difference between networks due to a
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t = ttrain t = twait + ttrain

t = twait + ttrain

t = twait + ttrain

t = twait + ttrain

(a) (b)

C1

C2

C1

C2

(i) (ii)

(iii)

(i)

(ii)

Figure 6.2: Schematics showing comparison network morphology with or without stim-
ulus. (a) Network comparison with stimulus. From one initial condition two different
networks are evolved for the comparison. (i) A network evolved with an additional inflow
at the green nodes (shown by the arrows) for ttrain, then the network relaxed for twait

without any stimulus to achieve at (ii) where the conductance matrix is defined by C1.
(iii) Starting from the same initial condition a network evolved without any stimulus for
ttrain + twait to achieve the conductivity matrix C2. (b) Comparison of networks both
evolved without any stimulus. From one initial condition two networks are evolved for
ttrain+ twait (i) to a network with connectivity matrix C1 and (ii) to arrive at the conduc-
tance matrix C2.

stimulus can be introduced to the network even after training the network for ttrain = 1.

|∆C| for qadd = 2000q(0) is shown by the filled points, and for qadd = 0 shown by the

hollow points. I observe that all the data for qadd = 2000q(0) collapse, when ttrain > 0.

Similarly, for qadd = 0 a data collapse is observed.

91



Memory Capacity of Flow Network Morphology
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Figure 6.3: Comparison of networks with or without stimulus. (a) and (b) comparison
of networks |∆C| with stimulus similar to Fig. 6.2(a) and without stimulus similar to
Fig. 6.2(b) for (a) γ = 0.5 and (b) γ = 2. (c) Signal which is calculated as a difference
of |∆C| with and without stimulus, with respect to waiting time twait and training time
ttrain. (d) |∆C| with respect to twait + ttrain for varying waiting and training time (shown
in color bar) for qadd = 2000q(0) (filled dots) and qadd = 0 (hollow dots). Nnodes = 1945,
δt = 1, q(0) = 1, qadd = 2000q(0), T = 30δt.

6.3 Different measure to quantify memory readout

signal shows same dependency on protocol pa-

rameters

I used different methods to calculated the memory readout signal. In the data shown

in the main I compared the average energy of the network when probed from the same

direction as one of the applied stimuli (< Etrained >) with the average energy of a untrained

network probed from random direction (< Euntrained >). But instead of comparing the

average energy one can also measure memory readout signal by comparing the energy

distributions. I define the energy distribution obtained from probing trained networks as

P (E), and energy distribution obtained from probing untrained networks as Q(E). I can
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Figure 6.4: Memory readout signal defined as the JS divergence (a) with respect to age
pre-stimulus tageN−1 , while pre-stimulus waiting time twaitpre is fixed, (b) with respect to age
pre-stimulus tageN−1, while number of stimulus N is fixed, (c) with respect to the training
time of first stimulus ttrain1 , (d) with respect to the age post stimulus application tagepost while
the post stimulus waiting time twaitpost is fixed. The blue lines represent the fit of the data.

Nnode = 1100,qadd = 2000q(0),q(0) = 1,T = 30

compare the energy distributions using KL divergence

DKL(P ||Q) =
∑

E∈X

P (E)ln
P (E)

Q(E)
(6.5)

As this divergence quantification assymetric I use the symmetric divergence computation

JS divergence,

JSD(P ||Q) =
1

2
DKL(P ||M) +

1

2
DKL(Q||M), (6.6)

for measuring memory readout signal. Here,

M =
P +Q

2
. (6.7)
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I observe the qualitative dependency of memory readout signal on age before stimulus

application, see Fig. 6.4(a) and (b), similar to the observation of chapter 4. I also observe

dependency of this readout signal on the first stimulus training time, see Fig. 6.4(c)

qualitatively matches with our observation in Fig. 3(b), and the dependency on age post

stimulus application, see Fig. 6.4(d), is qualitatively similar to chapter 4. Quantitatively,

in our data set, maximum value of JS divergence as memory readout signal is 0.6 compared

to 0.3 of our usual signal definition, and when fitting the data with exponential functions,

I observe the timescale τpre ≈ 33, where τtrain ≈ 42, meaning the timescales obtained using

this different memory readout signal is smaller than observed in chapter 4. I also observe
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Figure 6.5: Memory capacity measured using JS diverence as memory read out signal.
(a) and (b) fraction or number of signals stored with respect to parameters of training
multiple stimuli, the training time of all stimuli (ttrain), the waiting time of all stimuli
(twait) and the number of stimuli (N). Nnode = 1100,qadd = 2000q(0),q(0) = 1,T = 30

that the memory capacity defined by how many different signal is stored, or how many

different stimuli has memory readout signal > 0.04, see Fig. 6.5, shows same features as

already observed for the memory readout signal used in chapter 4. One difference is that

when using the same cutoff to quantify if a signal is stored, on an average more number

of signals appears to be stored when using this different memory readout.
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List of Figures

2.1 Examples of supervised (a and b) and unsupervised learning (c) imple-

mented in electrical and mechanical network. (a) A physics-driven learning

machine with two resistor networks, where one of the resistor network is

at the free and the other is at the nudged state. Each breadboard (in-

set) of the electrical circuits with 16 edges corresponds to an edge from

both resistor networks. The network structure is shown in blue. Reprinted

from (53). (b) Schematic showing the learning procedure. (i) In the free

state the supervisor imposes the stimulus on the input nodes (red nodes).

(ii) In the nudged state the supervisor imposes the stimulus on input nodes

and the desired response on the output nodes (blue nodes) (iii) Both the

networks are updated by changing the properties of the edges after calcu-

lating the difference of responses at different nodes between the free and

nudged state, schematic inspired from (53). (c) An example of Unsuper-

vised learning by directed aging: A sheet with holes distributed in a square

lattice pattern. Initially, when the sheet is compressed along one of the

major axes, it shows negative strain in the other major axis. After the

sheet is aged under compression with four holes (shown in red) fixed, it

now shows a scalloped pattern when compressed in the vertical direction.

Reprinted from (39). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
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2.2 Examples of memory effect in sheared suspensions. (a) and (b) An ex-

ample of memory of shear direction retained in suspensions of neutrally

buoyant particles in a viscous liquid. (a) Schematic of an experimental

setting, where the suspension is confined within the gap between two con-

centric cylinders that can be rotated with respect to one another. (b) The

memory effect observed in such suspensions. (i) The shear rate induced

by the rotations of the outer cylinder over time with pauses between each

rotation. (ii) a schematic curve of the torque applied by the suspension on

the stationary inner cylinder over time; The transient change of torque is

not observed when the shear is applied in the same direction after a pause

. Reprinted from (74). (c) and (d) An example of memory of the shear

amplitude retained in colloidal gel. (c) A schematic of the experimental

setting, where an oscillatory strain is applied to a colloidal gel. The square

plates along x-y axis represent the planes of the gel that were imaged in

Ref. (75), schematic inspired from (75). (d) The response of the gel mea-

sured for varying values of strain before and after training, for two different

cases when the colloid is sheared in the x direction and when it is sheared

in the y direction. The vertical dotted line represents the training strain

amplitude. The response of the gel measured by the mean image difference

is very different in case of trained than the untrained case. The mean image

difference is negligible when shear strain is below the training strain, and

shows increase when strain is above the training strain. Reprinted from (75). 13
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2.3 Examples of multiple transient memories is disordered systems. (a) Frac-

tions of particles colliding as a response to applied shear strain is mea-

sured to read out memory of oscillatory strain amplitudes, in simulations

of sheared suspensions. Each curve is labeled with the number of training

cycles. The curves show kinks at the training amplitudes. After just 100

cycles the memory of both amplitude γ1 = 2.0 and γ2 = 3.0 can be read out

from the curve. After 30,000 cycles a steady state is reached where only

memory of γ2 can be read out. The grey curve represents the observation

with noise after 1000 cycles, and both amplitudes can be read out from

the curve, from (73). (b) Memory of multiple training strain being readout

from simulations of jammed solid. The system was trained by applying al-

ternating strain of amplitudes γ1 = 0.06 and γ2 = 0.04, for 30 repetitions.

The state of the system, after application of one cycle of strain is compared

with the state after training, by measuring a mean-squared displacement

(MSD) of particles for varying strain amplitudes γread. The system shows

sharp changes in behaviour when γread is γ2 and γ1, which can be read out

as the memory of γ2 and γ1. The system returns to the exact state after

training when the readout strain is γ2. Reprinted from (73). . . . . . . . . 15

2.4 Network formation and adaptation in Physarum polycephalum, in the ex-

periments conducted in Ref. (3). Here, A plasmodium is placed in an

experimental arena shaped like a map of the region around Tokyo (3). The

arena is bounded by the white border resembling the Pacific coastline. (A)

At t = 0, a small plasmodium of P. polycephalum was placed at the lo-

cation resembling Tokyo in the experimental arena, with additional food

sources placed at locations resembling each of the major cities in the region

(white dots). (B) to (E) The plasmodium grew out from the initial food

source and spread across all of the food sources, forming a meshed net-

work. (F) After 26 hour, the P. polycephalum retracted redundant tubes

and developed into a network of tubes interconnecting the food sources.

The horizontal width of each panel is 17 cm. Reprinted from (3). . . . . . . 18
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2.5 Example of memory formation in P. polycephalum network. (a) Series of

bright-field images of a foraging P. polycephalum show imprinting of a nu-

trient stimulus location in the network morphology. The nutrient stimulus

is applied at minute 0 at a location shown by the red arrow. The net-

work reorganises and changes its migration direction from left-to-right to

towards the nutrient location after 45 minutes of the stimulus application.

The P. polycephalum reaches the nutrient after 90 minutes. After 310 min-

utes the organism consumes the food and continues foraging. The nutrient

location gets imprinted in the network morphology in shape of the thick

tubes formed around the nutrient location that persists in the network even

after the network has consumed the nutrient. (b) Series of bright field im-

ages showing network morphology change after application of a localised

nutrient, applied at minute 0 at the location shown with the red arrow.

Hierarchy of the tube diameters in the network adapt as a reaction the

nutrient stimulus. (c) Relative tube growth over the 45 minutes after the

stimulus application. Relative tube growth is positive for the region of the

network close the stimulus location (shown by the red dot) and the rel-

ative tube growth is negative far from the stimulus location, that shows

the process of imprinting the stimulus location in network morphology by

changing the hierarchy of tube radii. Reprinted from (128). . . . . . . . . . 20

2.6 An example of an imprint of a blood clot in the cerebral vasculature. (a)-(c)

Schematic diagram of a coronal section of the brain showing the effect of

stroke in brain vasculature. (a) The normal and healthy state of the brain

vasculature, (b) during an ischemic stroke the cerebral artery is occluded by

a blood clot, the pink region is the region affected by the blood clot, which

looses perfusion from blood flow, (c)and the perfusion remains incomplete

after removing the blood clot, schematic inspired from (129). (d) and (e)

Images of slices of brain before and after an ischemic stroke. The dark

color shows the presence of blood in the vasculature. (d) The control case

shows complete filing of vasculature after brain is perfused with red-cell

suspension. (e) The case after 15 min. of bloodless ischemia shows reduced

perfusion when the brain is perfused with red blood cell suspension; blood

is present in the thicker arterioles, but not in the thin capillaries. This

inability to perfuse brain with suspension of red blood cells after 15 min. of

bloodless ischemia is demonstrated by this observation. Reprinted from (130). 22
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2.7 Example networks obtained from using the adaption of network to minimise

energy dissipation with constraint of available material Eq. 2.12. (a) Tree

like network obtained from using this adaptation, when γ < 1, as example

here γ = 0.5. (b) Hierarchical network with loops (shown by the green

arrows) generated with γ = 0.5 and with fluctuating inflow at every source

nodes. (c) Networks with loops obtained when γ > 1, as example γ = 2,

all the links in the network was retained and no hierarchy was established

in the network morphology. In all the cases the sink is at the bottom left

corner of the networks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

6.1 Power loss of adaptive networks with respect to the difference of the di-

rection of the probe stimulus and training stimulus. The data points rep-

resent the average power loss and shaded region represent the standard

deviation of the measured power loss. Here θ2 is the direction of the

probe stimulus and θ1 is the direction of the training stimulus. The blue

data points show the power loss for an untrained network, the red data

points show the power loss of a network trained with a stimulus from θ1.

Nnodes = 760,qadd = 1000q(0),q(0) = 1, γ = 1/2, ttrain = 25δt, twait = 25δt,

T = 30δt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6.2 Schematics showing comparison network morphology with or without stim-

ulus. (a) Network comparison with stimulus. From one initial condition two

different networks are evolved for the comparison. (i) A network evolved

with an additional inflow at the green nodes (shown by the arrows) for ttrain,

then the network relaxed for twait without any stimulus to achieve at (ii)

where the conductance matrix is defined by C1. (iii) Starting from the same

initial condition a network evolved without any stimulus for ttrain + twait

to achieve the conductivity matrix C2. (b) Comparison of networks both

evolved without any stimulus. From one initial condition two networks are

evolved for ttrain + twait (i) to a network with connectivity matrix C1 and

(ii) to arrive at the conductance matrix C2. . . . . . . . . . . . . . . . . . 91
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6.3 Comparison of networks with or without stimulus. (a) and (b) comparison

of networks |∆C| with stimulus similar to Fig. 6.2(a) and without stimulus

similar to Fig. 6.2(b) for (a) γ = 0.5 and (b) γ = 2. (c) Signal which is

calculated as a difference of |∆C| with and without stimulus, with respect

to waiting time twait and training time ttrain. (d) |∆C| with respect to

twait + ttrain for varying waiting and training time (shown in color bar) for

qadd = 2000q(0) (filled dots) and qadd = 0 (hollow dots). Nnodes = 1945,

δt = 1, q(0) = 1, qadd = 2000q(0), T = 30δt. . . . . . . . . . . . . . . . . . . 92

6.4 Memory readout signal defined as the JS divergence (a) with respect to age

pre-stimulus tageN−1 , while pre-stimulus waiting time twaitpre is fixed, (b) with

respect to age pre-stimulus tageN−1, while number of stimulus N is fixed, (c)

with respect to the training time of first stimulus ttrain1 , (d) with respect

to the age post stimulus application tagepost while the post stimulus waiting

time twaitpost is fixed. The blue lines represent the fit of the data. Nnode =

1100,qadd = 2000q(0),q(0) = 1,T = 30 . . . . . . . . . . . . . . . . . . . . . . 93

6.5 Memory capacity measured using JS diverence as memory read out signal.

(a) and (b) fraction or number of signals stored with respect to parameters

of training multiple stimuli, the training time of all stimuli (ttrain), the

waiting time of all stimuli (twait) and the number of stimuli (N). Nnode =

1100,qadd = 2000q(0),q(0) = 1,T = 30 . . . . . . . . . . . . . . . . . . . . . . 94
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