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Abstract
We apply the strategy to study of diffeomorphisms via block diffeomorphisms to the
world of positive scalar curvature (psc) metrics. For each closed psc manifold M ,
we construct the cubical set R̃+

• (M) of all psc block metrics, which only encodes
concordance information of psc metrics within its homotopy type. We show that
R̃+

• (M) is a cubical Kan set, give a geometric description for the group structure
of the combinatorial homotopy groups, and construct a comparison map from the
cubical model R+

• (M) of the space of psc metrics on M to R̃+
• (M). Next, we build

a concordance-themed model for real K-theory based on the notion of invertible
block Dirac operators and use it to factor the index difference through R̃+

• (M). In
the final part of this thesis, we construct the psc Hatcher spectral sequence, which
is a non-index-theoretic tool to get information about the difference of R+

• (M) and
R̃+

• (M).
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Chapter 1

Introduction

The overall goal of this thesis is to systematically study the space of positive scalar
curvature (psc) metrics on closed manifolds from a concordance view point.

Background

The scalar curvature scal(g) of a Riemannian metric g is a geometric quantity of the
Riemannian manifold (M, g) that measures how far this Riemannian metric deviates
from being flat. Among the commonly considered curvatures (sectional, Ricci, and
scalar) in Riemannian geometry, scalar curvature is the weakest one. It is a scalar-
valued function scal(g) : M → R that measures on small scales how fast the volume
of a geodesic ball grows compared to a ball in euclidean space. More precisely, the
scalar curvature at p ∈ M appears in the Taylor series expansion [Gra73, Theorem
3.1]

vol(Bε(p) ⊆Md)

vol
(
Bε(0) ⊆ Rd

) = 1− scal(g)(p)

6(d+ 2)
ε2 +O(ε4).

In particular, if the scalar curvature is positive, then the volume grows slower on
those scales where the second order term dominates the higher order terms.

For surfaces, i.e., dim M = 2, the scalar curvature is twice the Gauss curvature,
so assuming positivity is a strict condition. Indeed, the Gauss-Bonnet theorem∫

M

scal(g)d volg = 4πχ(M) = 4π
(
2− 2genus(M)

)
together with the classification theorem for closed surfaces imply that only the sphere
S2 and the real projective plane RP 2 can carry a positive scalar curvature metric,
which they do!

In higher dimensions, the curvature notions differ, and it is a bit surprising that
there are obstructions against the existence of positive scalar curvature metrics at all.
Lichnerowicz [Lic63] observed that on spin manifolds, i.e., orientable Riemannian
manifolds with vanishing second Stiefel-Whitney class, the (Clifford-linear) Dirac
operator /Dg is closely related to the scalar curvature of its underlying Riemannian
metric:

/D
2
g = ∇∗∇+

scal(g)

4
.

1
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This formula implies that if the scalar curvature is positive, then the Dirac op-
erator is invertible. On closed manifolds, the Dirac operator is an (unbounded)
Fredholm operator and its kernel generates a class in real K-theory. By Hitchin’s
extension of the Atiyah-Singer index theorem, this class is a purely topological quant-
ity of the d-dimensional manifold M , the so called α-invariant or topological index
α(M) ∈ KO−d(pt). In particular, this class is independent of the metric that was
used to define the Dirac operator and one infers that the non-vanishing of α(M) is
an obstruction against positive scalar curvature.

On the constructive side, the surgery result of Gromov-Lawson [GL80] is an im-
portant tool to produce examples of manifolds that carry a positive scalar curvature
metric. It says, in its simplest form, that if M2 is obtained from M1 by a surgery of
codimension ≥ 3 and if M1 carries a psc metric, then M2 also carries a psc metric.
The surgery result implies that a spin manifold of dimension ≥ 5 carries a psc metric
if and only if its singular bordism class [M, f ] ∈ ΩSpin(Bπ1(M)) has a representat-
ive that carries a psc metric. Here, f : M → Bπ1(M) is a continuous map to the
classifying space of the fundamental group of M that induces the identity between
the fundamental groups.

Stephan Stolz used in [Sto92] the surgery result to prove that, for simply con-
nected spin manifolds of dimension ≥ 5, the vanishing of the α-invariant is not
only necessary, but also sufficient by showing that all elements in the kernel of the
α-invariant

α : ΩSpin
∗ (pt)→ KO−∗(pt)

are represented by psc-manifolds. For other fundamental groups, the analogous
question whether the (higher) α-invariant, which we are not going to define here,
is also a sufficient condition for existence became known as the Gromov-Lawson-
Rosenberg conjecture and was proven to be false in general by the counterexample
of Thomas Schick [Sch98].

The stable Gromov-Lawson-Rosenberg conjecture claims that if the higher α-
invariant vanishes, then M × BottN carries a positive scalar curvature metric for
all sufficiently large N ∈ N, see [Ros06, p.19 ff] for details. Here, Bott is an eight-
dimensional, simply-connected, closed manifold with α(Bott) = 1 ∈ KO−8(pt) ∼= Z,
in particular it cannot carry a positive scalar curvature metric. This manifold is
referred to as Bott-manifold and can be chosen to be Ricci-flat. The stable Gromov-
Lawson-Rosenberg conjecture, formulated in the 90s, is a consequence of the Novikov
conjecture and is state of the art for the exisitence question.

Although not completely solved, the question whether M carries a psc metric
or not is reasonably well understood: it is governed by the stable Gromov-Lawson-
Rosenberg conjecture. Thus, the focus has turned toward the question:

How many essentially different psc metrics can a manifold carry if it carries at
least one psc metric?

More precisely, on a closed manifoldM , we consider the set Riem+(M) of all Rieman-
nian metrics on M with positive scalar curvature. This is a subset of sections on
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M with values in bilinear forms on tangent spaces, so we equip it with the smooth
Whitney topology - the usual topology on the space of sections. We are interested
in the homotopy type of Riem+(M).

If dimM = 2, 3, then the space Riem+(M) is either empty or contractible, see
[RS01, Theorem 3.4] and [BK19, Theorem 1.1]. If dimM ≥ 4 and M is spin, the
situation changes dramatically. Using a secondary version of the α-invariant, the
so called index difference, many non-trivial elements in the homotopy groups of
Riem+(M) were discovered, see for example [Hit74], [Car88], [HSS14], [BERW17],
and [Fre21]. A priori, there are two versions of the index difference, one is due to
Hitchin [Hit74], the other one is due to Gromov-Lawson [GL83]. Let us now describe
these in turn.

Recall that Fredd,0(H), the space of Cld,0-linear Fredholm operators on a sep-
arable Hilbert space with a Cld,0-module structure, is a classifying space for real
K-theory. This means that there is a natural isomorphism

[X; Fredd,0(H)] ∼= KO−d(X)

for all finite CW-complexes X. Here, Cld,0 denotes the real Clifford algebra, the
universal algebra generated by e1, . . . , ed under the relations eiej + ejei = −2δij.

Fix a base point g0 ∈ Riem+(M). For each psc metric g ∈ Riem+(M), convex
combination gives a path of Riemannian metrics gt (possibly without positive scalar
curvature). This path gives rise to a path of Dirac operators /Dgt that is invertible
near the end points. Its bounded transform is a path of Fredholm operators with
invertible ends1. The space of invertible operators is contractible by Kuiper’s the-
orem, see [Ebe17, Lemma 2.8] for the Clifford-linear version, so we can close this
path to a loop. This procedure yields a continuous map

inddifH(–, g0) : Riem+(M)→ ΩFredd,0(H).

The Gromov-Lawson version is constructed differently. For a psc metric g ∈
Riem+(M), we consider the metric G on M × R that is given by

G =


g0 + dt2, on M × R≥−1,
1−t
2
g0 +

(1+t)
2
g + dt2, on M × [−1, 1],

g + dt2, on M × R≥1.

Its Dirac operator is still an unbounded Fredholm operator, so its bounded transform
is an element in Fredd+1,0(H). This gives a continous map

inddifGL(–, g0) : Riem+(M)→ Fredd+1,0(H).

The main result of [Ebe17] shows that the two versions essentially agree, that means,
composed with the weak homotopy equivalence Fredd+1,0(H) → ΩFredd,0(H), the
Gromov-Lawson version of the index difference map is homotopic to the Hitchin
version.

1We ignore for this moment that the Hilbert space itself depend on the metric, too.
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The important feature of the Gromov-Lawson version is its invariance under
concordance and not just isotopy. Let us recall these concepts. An isotopy between
two psc metrics is nothing but a smooth path between them, so the term isotopy is
just a synonym for smooth homotopy. A concordance between two psc metrics on the
other hand is a psc metric G on M× [−1, 1] that agrees near the end points M×{j}
with the metrics gj +dt2. We call two psc metrics isotopic/concordant if there is an
isotopy/concordance between them. Being isotopic implies being concordant. It is
an open conjecture whether the converse is also true.

Conjecture (Concordance-Implies-Isotopy). If g0, g1 ∈ Riem+(M) are concordant,
then they are also isotopic.

There are counterexamples to this conjecture in dimension 4, see [Rub01], but
this conjecture might still be true in higher dimension.

We observe a huge discrepancy: Although we are interested in the homotopy
type of the space Riem+(M) (its isotopy type), our invariants at hand are invariant
under concordance. Thus, it makes sense to have a systematic look at Riem+(M)
from a concordance perspective. However, results in this direction are rather scarce.
Stolz [Sto98] considered the set of concordance classes of Riem+(M) and showed that
it only depends on the first Stiefel-Whitney class w1(M) and the group extension

1 // Z2
// π̂ // π1(M) // 1

that is classified by the second Stiefel-Whitney class w2(M), see [Sto98] for details.
Motivated by this discrepancy and the results of Stolz, we systematically study

the space of psc metrics from a concordance view point in this thesis. Our ansatz
is inspired from the study of diffeomorphism groups of high-dimensional manifolds
started in the late 60’s of the last century, which we are going to recall.

The theory of block diffeomorphisms as blue print

The key idea to study the space of diffeomorphism groups on a compact manifold M
is to “approximate” the diffeomorphism group Diff(M) by the larger group of block
diffeomorphisms D̃iff(M). This group of block diffeomorphism cannot be written
down in a closed form but needs to be constructed with tools from combinatorial
topology, like simplicial or cubical sets. We use cubical sets here because we will also
use them in the main body of this thesis. The group D̃iff(M) is thus the geometric
realisation of the cubical group whose n-cubes are given by diffeomorphisms on
M × [−1, 1]n that map each face M × {xi = ε}, where ε = ±1, to itself. It contains
Diff(M), or rather its combinatorial counterpart, as the cubical subgroup whose n-
cubes are diffeorphisms φ onM×[−1, 1]n that make the following diagram commute:

M × [−1, 1]n φ //

pr2 ''

M × [−1, 1]n

pr2ww
[−1, 1]n.
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The advantage of D̃iff(M) over Diff(M) is that it can be better handled with
tools from algebraic topology like homotopy theory or surgery theory. To explain
this, we first need to introduce the topological monoid of homotopy automorphisms
hAut(M), which consists of all continuous self-maps that are homotopy equival-
ences. There is also a block version h̃Aut(M) that arises out of hAut(M) in the
same way as D̃iff(M) arises out of Diff(M); but by [Dol63, Theorem 6.1] the ca-
nonical inclusion hAut(M) → h̃Aut(M) is a homotopy equivalence. The inclusion
D̃iff(M)→ h̃Aut(M) ≃ hAut(M) gives rise to a homotopy fibration

hAut(M)/D̃iff(M) // BD̃iff(M) // BhAut(M).

The classifying space BhAut(M) is a purely homotopy-theoretic object and can be
approached with tools from algebraic topology, like obstruction theory [Rut97]. The
fibre hAut(M)/D̃iff(M) has a close connection to surgery theory as it is weakly
homotopy equivalent to the fibre in Quinn’s surgery fibration

hAut(M)/D̃iff(M) ≃ // S(M) //Maps(M,G/O) // L(Z[π1M ]),

see [BM12, Section 3] for a clear and concise discussion on the Surgery fibration
and the weak equivalence statement. The long exact sequence of homotopy groups
of this fibration yields that πk(hAut(M)/D̃iff(M)) appear in the long exact surgery
sequence

Lk+d+1(Z[π1M ]) // S∂(M ×Dk) // N∂(M ×Dk) // Lk+d(Z[π1M ])

πk
(
hAut(M)/D̃iff(M)

)
.

∼=

OO

We refer to [LM20] for details on the surgery sequence.
The L-groups L∗(Z[π1(M)]) have a completely algebraic description, while the

normal bordism groups N∂(M ×Dk) can be studied via (stable) homotopy theory.
The upshot is that, despite its differential-topological origin of D̃iff(M), one can
extract a lot information out of D̃iff(M) using only algebraic and homotopy-theoretic
tools, which reduces the difficulty of the problem in practice.

To get information about the difference between Diff(M), the object of interest,
and D̃iff(M), the object that is easier to study, one uses the fibration

D̃iff(M)/Diff(M) // BDiff(M) // Diff(M).

In [Hat78], Hatcher examines the fibre D̃iff(M)/Diff(M) with the help of the group
of pseudo isotopies

C(M) ..= {φ ∈ Diff(M × [0, 1]) : φ = id near M × {0} ∪ ∂M × [0, 1]}.

More precisely, he constructs a first quadrant spectral sequence that starts with
E1
p,q = πq(C(M × [0, 1]p)) and converges to πp+q+1(D̃iff(M)/Diff(M)).
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If q ≪ dimM , then one can actually compute the differentials d1p,q in the Hatcher
spectral sequence and relate the results to Waldhausen’s algebraic K-theory. Farell
and Hsiang [FH78] used these tools to compute the rational homotopy groups
πk(BDiff(Sn))⊗Q for k ≪ n. For completeness, the precise results is the following:

πk(BDiff(Sn))⊗Q =


Q, if k ≡ 0 mod 4, n even,
Q⊕Q, if k ≡ 0 mod 4, n odd,
0, otherwise

in the range 0 < k < n/6− 7.

Statement of the results

The overall aim of this thesis is to develop the theoretical foundations to carry over
the strategy of the study of diffeomorphism groups described in the last section to
the world of psc metrics. We will introduce the space R̃+(M) of psc block metrics,
which should be thought of as an analog of D̃iff(M) in the psc realm.

As before, the space R̃+(M) cannot be written down in a closed form but needs
to be constructed. Our construction tool is cubical set theory because we believe
that cubes are better suited to study curvature related questions than simplices due
to the canonical identification In × Im = In+m. In fact, we will mostly work in
the category of cubical sets, instead of the category of topological spaces. This is
unproblematic because, in this thesis, we are only interested in homotopy-theoretic
questions and the two categories have the same homotopy category.

To keep this thesis self-contained, we recall the foundations of cubical set theory
we are going to use. We first give a general introduction to cubical set theory and
survey the existing literature before we discuss examples and variations of general
concepts that are specifically adapted to this thesis.

We then model the approximation space R̃+(M) by the cubical set R̃+
• (M) whose

n-cubes can be thought of as psc metrics on M × [−1, 1]n that agree near each face
M × {xi = ε} with the product metric g↿M×{xi=ε} ⊕ dx2i , where ε = ±1.

Usually, cubical set theory only works well for so called Kan-sets, which should
be thought of as cubical sets with “enough cubes”. The first main result of this thesis
can be considered as a door-opener to the combinatorial world:

Theorem A. If M is a closed psc manifold, then R̃+
• (M) is a Kan set.

An important consequence of this result is that the homotopy groups of R̃+(M)
have a purely combinatorial description. For example, the set of path components
π0(R̃+(M)) is precisely the set of concordance classes of Riem+(M) and the funda-
mental group π1(R̃+(M), g0) is the set of concordance classes of self-concordances
classes of g0. We know from Stolz’ results in [Sto98] that π0(R̃+

• (M)) only depends
on the fundamental group of M if M is spin, and we expect a similar result for the
higher homotopy groups πn(R̃+

• (M)).
Cubical set theory also provides an abstract group structure on the combinatorial

versions of the homotopy groups. However, this group structure is implicit and, in
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practice, not really useful for calculations. We therefore present a more geometric
and explicit description. In the case of the fundamental group, the geometric product
of two self-concordances G1, G2 of g0 on M × [−1, 1] can be thought as the union
G1 ∪G2 on M × [−1, 3], which we re-identify with M × [−1, 1].

Of course, we would like to relate the original space Riem+(M) to R̃+(M). A
cubical model for Riem+(M) is the cubical set R+

• (M) whose n-cubes are smooth
maps [−1, 1]n → Riem+(M) that near each hyperface {xi = ε} are independent of
xi . The cubical map R+

• (M)→ R̃+
• (M) that assigns to each map of psc metrics its

adjoint metric(
g : [−1, 1]n → Riem+(M)

)
7→ g(–) + dx21 + · · ·+ dx2n ∈ Riem+(M × [−1, 1]n)

is not well defined because the adjoint metric can have non-positive scalar curvature.
However, if we restrict this map to a homotopy equivalent cubical subset of R+

• (M)
whose cubes are sufficiently slowly parametrised, then the adjoint metric has positive
scalar curvature as well so that we end up with a well defined map on a weakly
equivalent subset susp• : R+

• (M) 99K R̃+
• (M).

The next task is of course to find out whether the index difference (or rather
its cubical model) factors through R̃+

• (M). If this is true, then R̃+
• (M) would have

many non-trivial homotopy groups whenever dimM ≥ 6 because the index difference
induces non-trivial homomorphisms

πn(inddif(–, g0)) : πk(Riem+(Md), g0)→ KO−(d+k+1)(pt)

whenever its target group is non-trivial; see [BERW17].
The starting point is the observation made in [Ebe17] that the space of invertible

pseudo Dirac operators ΨDir×(M) on a closed, spin, psc manifold M of dimension
d is a classifying space for KO−d. We prefer this model over Fredd,0(H), because,
in this picture, the index difference is the continuous map Riem+(M)→ ΨDir×(M)
that assigns to a psc metric g its Dirac operator /Dg. As for the space of psc metrics,
a cubical model for ΨDir×(M) is given by the cubical set whose n-cubes are smooth
maps [−1, 1]n → ΨDir×(M) that near each hyperface {xi = ε} are independent of xi
and the continuous map g 7→ /Dg induces a cubical map between the cubical models
so that we end up with two cubical maps

R+
• (M)

/D• //

susp•
��

ΨDir×• (M)

R̃+
• (M)

that we would like to complete with a cubical map R̃+
• (M) → ΨDir×• (M) to a

homotopy commutative diagram.
If such a map exists, then it must have a complicated description because an

element in R̃+
n (M) is a metric on M × [−1, 1]n while an element in ΨDir×n (M)

is a map [−1, 1]n → ΨDir×(M). To overcome this problem, we apply the same



8 CHAPTER 1. INTRODUCTION

procedure we used to construct the cubical set R̃+
• (M) out of the space Riem+(M) to

the space ΨDir×(M). This yields the cubical set Ψ̃Dir
×
• (M) of invertible block Dirac

operators, whose n-cubes can be thought of as pseudo Dirac operators onM×[−1, 1]n
that decompose near the boundary in the same manner as Dirac operators of block
metrics would do.

In complete analogy to the map susp• : R+
• (M) 99K R̃+

• (M) there is a cubical
map susp• : ΨDir×• (M) 99K Ψ̃Dir

×
• (M), well-defined only on a homotopy equivalent

subset of ΨDir×• (M), that assigns to a map of operators [−1, 1]n → ΨDir×(M) its
“adjoint operator” on M × [−1, 1]n.

We can now formulate the next main theorem of this thesis.

Theorem B. The map susp• : ΨDir×• (M) 99K Ψ̃Dir
×
• (M) is a weak homotopy equi-

valence.

The important consquence of this theorem is that Ψ̃Dir
×
• (M) is another model for

the classifying space of real K-theory that is big enough to host the Dirac operator
of a general psc block metric. We therefore get a cubical map /D• : R̃+

• (M) →
Ψ̃Dir

×
• (M) that assigns to a psc block metric its Dirac operator.

Theorem C. The diagram

R+
• (M)

/D• //

susp•
��

ΨDir×• (M)

susp•
��

R̃+
• (M)

/D•

// Ψ̃Dir
×
• (M)

commutes up to homotopy.

Due to the nature of the construction, we interpret /D• : R+
• (M) → ΨDir×• (M)

as the cubical model of the Hitchin index difference and /D• : R̃+
• (M)→ Ψ̃Dir

×
• (M)

as cubical model for the Gromov-Lawson index difference.
An immediate consequence of Theorem C is the main result of [Ebe17] that

the Hitchin and the Gromov-Lawson version of the index difference agree. How-
ever, Theorem C shows even more, because the index difference factors through
πn(R̃+

• (M)), which we believe to depend only on the fundamental group of the spin
manifold M . The image of the index difference in the real K-theory therefore only
depends on the fundamental group.

Of course, as in the case of the diffeomorphism groups, we would like to know
how much Riem+(M) and R̃+(M) or, equivalently, their cubical models, R+

• (M)

and R̃+
• (M), differ from each other. The concordance-implies-isotopy conjecture

translates to the statement that susp• : R+
• (M) 99K R̃+

• (M) induces an injection
(and hence a bijection) on the set of path components. More daringly, we could
conjecture:
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Conjecture (Strong Concordance-Implies-Isotopy). The cubical map

susp• : R+
• (M) 99K R̃+

• (M)

is a weak homotopy equivalence.

Although the concordance-implies-isotopy conjecture is true if dimM ≤ 3 (be-
cause Riem+(M) is contractible), the stronger version is false. We will present
counterexamples in Chapter 5. In fact, we show even more:

Theorem D. If M is a psc manifold of dimension 2 or 3, then the suspension map
susp• : R+

• (M) 99K R̃+
• (M) is not a weak homotopy equivalence.

To get information about the difference between R+
• (M) and R̃+

• (M), in par-
ticular for high-dimensional manifolds, for which we have no counterexamples, we
mimick the approach from the study of diffeomorphism groups and consider the
homotopy fibre hofib• of the comparision map susp• : R+

• (M) 99K R̃+
• (M). Inspired

by the result of Hatcher [Hat78], we construct a psc-analog of the Hatcher spectral
sequence, that approximates the homotopy groups of the homotopy fibre by the ho-
motopy groups of the space of psc pseudo isotopies Cpsc(M×Ip). This set consists of
all psc block metrics on M× [−1, 1]p+1 that agree near each hyperface M×{xi = ε},
where ε = ±1, with the product metric g0⊕⟨·, ·⟩Rp of the base point g0 ∈ Riem+(M)
and the euclidean metric, except near the last front face M × {xp+1 = 1}.

Theorem E. There is a first quadrant spectral sequence Er
p,q starting with the ho-

motopy groups E1
pq = πq

(
Cpsc(M × Ip)

)
and converging to πp+q(hofib•) if p+ q ≥ 2.

Outline of this thesis

A short outline of this thesis is the following one (for a more detailed description,
see the introduction of each individual chapter). Chapter 2 discusses the required
material on cubical set theory. Section 2.1 summarises the required general theory
and surveys the existing literature, while Section 2.2 presents suitable modifications
of the general theory and examples needed for this thesis. Chapter 3 focuses on the
construction of R̃+

• (M), its Kan property, i.e. Theorem A, and the geometric addi-
tion. Chapter 4 is the operator-theoretic analog of Chapter 3. There we construct
Ψ̃Dir

×
• (M), show that it is a Kan set, and that it is a model for real K-theory. In

particular, Theorem B is the main result of Section 4.9. In Chapter 5, we prove that
the index difference factors through R̃+

• (M), i.e. Theorem C. As an application, we
have a more in-depth discussion of how this thesis and the cubical set R̃+

• (M) relate
to previous works in the field of positive scalar curvature metrics. In particular, we
provide with the proof of Theorem D counterexamples to the strong concordance-
implies-isotopy conjecture. Finally, in Chapter 6, we construct the psc Hatcher
spectral sequence, which proves Theorem E. To keep this thesis self-contained, we
give a thorough discussion of Sobolev spaces and pseudo differential operators in the
Appendix. At the end of this thesis we present a list of symbols that are used in
more than one section.
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Chapter 2

Cubical Set Theory

Cubical set theory is the foundational tool from combinatorial topology we use to
construct the main objects of this thesis, the concordance set R̃+

• (M) in Chapter 3
and the operator concordance set Ψ̃Dir

×
• (M) in Chapter 4. These “approximation

spaces” of Riem+(M) and KO−(dimM+1) cannot be written in a closed form but need
to be constructed; and cubical sets are the tool of our choice. Although simplicial
sets are more popular, cubical sets fit our geometric setup better and this is the
reason why we work with them.

We will lay out in Section 2.1 the foundation of cubical sets needed in this thesis.
The main result is Theorem 2.1.32. Roughly speaking, it says that the category of
topological spaces and the category of cubical set carry the same information that
are preserved under homotopy. In other words, if one is interested in homotopy-
theoretical questions, then one can work, in theory, equally well in both categories1.

In Section 2.2, we will present conceptual examples that will be applied later in
this thesis.

2.1 Foundations of Cubical Sets

The presentation of this section mostly follows the articles of Rosa Antolini [Ant00]
and John Jardine [Jar02], [Jar06]. Different authors use different conventions for
cubical sets. The cubical sets we will use in this thesis have no connections. We
made the effort to collect everything we need, because the literature on cubical sets
is quite scattered and, in contrast to simplicial sets, there is no standard reference.
Although the original article of Kan [Kan55] contains most of the results presented
here, most theorems are not proven. We do not claim any originality for this section;
our contribution is merely to bring everything in consistent notation, and present
proof-sketches when needed or hint at analogous statements in simplicial set theory
from which the proof can be modified straightforwardly.

Throughout this section, we use the convention I = [−1, 1] and Z2 = {±1}.

1In practice, which category is more convenient depends on the question. In this thesis, it will
be more convenient to work in the category of cubical sets.

11
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Definition 2.1.1. The box category □ is the category whose objects are In for all
n ∈ N0 and whose morphisms are generated by the following ones:

• The morphism δεi : I
n−1 ↪→ In includes ε in the i-th position of the tuple. Here,

(i, ε) ranges over {1, . . . , n} × Z2.

• The morphism pi : I
n → In−1 projects the i-th component away. Here, i ranges

over {1, . . . , n} if n > 1. If n = 1, then p1 : I1 → I0 = {0} is the zero map.

The geometric idea is that δεi identifies In−1 with the face {xi = ε} of In and that
pi projects the n-dimensional cube to the (n−1)-dimensional cube along the xi-axis.
All δεi are the restrictions of affine maps δεi : Rn−1 → Rn and all pi are restrictions
of linear maps. We will also denote restriction of these maps to other subsets by δεi
and pi. More generally, we will denote the insertion of s ∈ R into the i-th position
by δsi .

Combinatorial calculations imply the next lemma.

Lemma 2.1.2. The maps δεi and pi satisfy the co-cubical identities

δωj δ
ε
i = δεi δ

ω
j−1, if i < j,

pjpi = pipj+1, if i ≤ j,

pjδ
ε
i =


δεi pj−1, if i < j,

id, if i = j,

δεi−1pj, if i > j.

An important consequence of these identities is the following characterisation of
morphisms in the box category.

Lemma 2.1.3. For every morphism φ ∈ Hom□(I
n, Im) exists an r ∈ N0, natural

numbers n ≥ j1 ≥ · · · ≥ jn−r, and pairs (i1, εi1), . . . , (im−r, εm−r) with i1 ≤ i2 · · · ≤
im−r such that

φ = δ
εim−r

im−r
◦ · · · ◦ δεi1i1 ◦ pj1 ◦ · · · ◦ pjn−r .

Definition 2.1.4. A cubical set X• is a contravariant functor X : □ → Set. A
cubical map f• : X• → Y• is a natural transformation between the contravariant
functors X• and Y•.

Unpacked, Definition 2.1.4 reads as follows.

Definition 2.1.5. A cubical set X• is a sequence of sets (Xn)n∈N0 together with
connecting maps ∂εi ..= X(δεi ) : Xn → Xn−1 for all (i, ε) ∈ {1, . . . , n} × Z2 with
n ≥ 1, and σi ..= X(pi) : Xn → Xn+1 for all i ∈ {1, . . . , n + 1} with n ≥ 0 that
satisfies the cubical identities

∂εi ∂
ω
j = ∂ωj−1∂

ε
i , if i < j,

σiσj = σj+1σi, if i ≤ j,

∂εi σj =


σj−1∂

ε
i , if i < j,

id, if i = j,

σj∂
ε
i−1, if i > j.
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A cubical map f• : X• → Y• is a sequence of maps fn : Xn → Yn for all n ∈ N0 that
commute with all connecting maps.

We refer to an element of Xn as an n-cube of X• and sometimes call Xn the set
of all n-cubes (of X•). All cubical sets together with cubical maps form a category,
which we denote by cSet.

Example 2.1.6. Let X be a topological space. The singular set S•(X) is the cubical
set consisting of

Sn(X) ..= {s : In → X continuous }

and whose connecting maps are

∂εi s = s ◦ δεi and σis = s ◦ pi.

In other words, the connecting maps are given by pre-composing a singular cube
with a morphism of the box category.

A continuous map f : X → Y induces a map of cubical sets by post-composing
it to singular cubes. In this way, the singular set is a functor S• : Top→ cSet.

Example 2.1.7. Let X• be a cubical set and (An)n∈N0 a sequence of subsets of
(Xn)n∈N0 to which the connecting maps restrict. These restrictions turn the se-
quence of subsets into a cubical set A• such that the level-wise inclusion is a cubical
map. We call A• a cubical subset of X•. For example, if Y ⊆ X is a topological
subspace, then S•(Y ) is a cubical subset of S•(X).

Let f• : X• → Y• be a cubical map and let A• ⊆ X• and B• ⊆ Y• be cubical
subsets. The preimage f−1

• (B•) and the image f•(A•) are cubical subsets of X• and
Y•, respectively. Furthermore, intersections of cubical subsets are cubical subsets
and unions of cubical subsets are cubical subsets.

In this thesis, we use cubical sets as a blueprint to construct topological spaces
by gluing cubes together. This interpretation begs the question how to model the
standard cubes in this manner.

Example 2.1.8. The (cubical) n-cube □[n]• is the cubical set given by the functor
that sends an object Im to Hom□(I

m, In) and a morphism φ : Ik → Im to its pre-
composition φ∗ : Hom□(I

m, In) → Hom□(I
k, In). We will often just write ∗ for

□[0]•. A morphism ψ : In → Ir in □ induces a cubical map ψ∗ : □[n]• → □[r]• by
post-composition. In this way, □[–]• : □→ cSet is a covariant functor.

The cubical cubes can be considered as the building blocks of cubical sets. The
next lemma, which is an immediate application of the Yoneda lemma, makes this
statement more precise.

Lemma 2.1.9. The evaluation at In is a natural bijection

evIn : HomcSet(□[n]•, X•)→ Xn

for every cubical set X•.
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Example 2.1.10. A base point x0 of a cubical setX0 is a cubical map x0 : □[0]• → X•.
Using Lemma 2.1.9, we may identify the cubical map with its image x0 ∈ X0. The
image of the map is the cubical subset {x0}• given by {x0}n = {σn−1 . . . σ1x0}.

For the sake of readability, we will denote σn−1 . . . σ0x0 again by x0 if x0 serves
as a base point.

Example 2.1.11. For (i, ε) ∈ {1, . . . , n} × Z2, the cubical n-horn ⊓n(i,ε) is the cubical
subset of □[n]• given by

⊓n(i,ε) ..=
⋃{

δωj (□[n− 1]•) : (j, ω) ∈ {1, . . . , n} × Z2 \ {(i, ε)}
}
.

It is the combinatorial model of the boundary of In with the open face δεi (In−1)◦

removed. In view of Lemma 2.1.9, every cubical map f• : ⊓n(i,ε) → X• uniquely
determines a set of elements

{x(j,ω) ∈ Xn−1 : ∂ωj x(k,η) = ∂ηk−1x(j,ω) for j < k, (j, ω), (k, η) ̸= (i, ε)},

where (j, ω) ranges over {1, . . . , n}×Z2 \{(i, ε)}. Conversely, each collection of this
type uniquely determines a cubical map f• : ⊓n(i,ε) → X•.

Example 2.1.12. The cubical sphere ∂□[n]• is the cubical set given by

∂□[n]• ..=
⋃{

δωj (□[n− 1]•) : (j, ω) ∈ {1, . . . , n} × Z2

}
.

It is a combinatorial model for the boundary ∂In = Sn−1. In view of Lemma 2.1.9,
every cubical map f• : ∂□[n]• → X• uniquely determines a set of elements

{x(j,ω) ∈ Xn−1 : ∂ωj x(k,η) = ∂ηk−1x(j,ω) for j < k},

where (j, ω) ranges over {1, . . . , n} × Z2. Conversely, each collection of this type
uniquely determines a cubical map f• : ∂□[n]• → X•.

If we think of a cubical set as a blueprint to construct a topological space, then
we eventually want to construct this topological space from it. This is what the
geometric realisation functor does.

Definition 2.1.13. Let X• be a cubical set. Equip each set Xn with the discrete
topology. Its geometric realisation is the topological space obtained by endowing
the set

|X•| =

(⊔
n=0

In ×Xn

)/
∼

with the quotient topology. Here, ∼ is the equivalence relation that is generated
by (φ(v), x) ∼ (v,X(φ)(x)) for all v ∈ Im, x ∈ Xn, and φ ∈ Hom□(I

m, In).
The geometric realisation of a cubical map f• : X• → Y• is the continuous map

|f•| : |X•| → |Y•| that is induced by the sequence of continuous maps id× fn : In ×
Xn → In × Yn.

The proof of the following lemma can be found in [Jar06, p.89].
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Lemma 2.1.14. The geometric realisation is a functor |–| : cSet→ Top. It is the
left adjoint to the singular set functor

|–| : cSet ⇄ Top :S•.

Example 2.1.15. As expected, we have |□[n]•| = In and ∂|⊓n(i,ε) | = In \ δεi (In−1)◦.
However, only few continuous maps In → Im are geometric realisations of cubical
maps □[n]• → □[m]•, namely, the morphisms of the box category.

Let us now discuss products of cubical sets. The (categorical) product of two
cubical set X• and Y• is the cubical set (X × Y )• whose set of n-cubes is given by

(X × Y )n = Xn × Yn

and whose connecting maps are applied component-wise. In contrast to simplicial
sets, the categorical product does not commute with the geometric realisation. In-
deed, Jardine shows in [Jar02] that |□[1]• ×□[1]•| ≃ S1 instead of I1 × I1. This is
the reason why Kan introduced in [Kan55] a different product that fits the geometric
expectations.

Definition 2.1.16. Let X• and Y• be cubical sets. Define the reduced product
(X ⊗ Y )• to be the cubical set whose set of n-cubes is the set of equivalence classes

(X ⊗ Y )• =
n⋃
k=0

Xk × Yn−k
/
∼,

of the equivalence relation generated by (σk+1x, y) ∼ (x, σ1y) for all x ∈ Xk, y ∈
Yn−k, and 0 ≤ k ≤ n. The connecting maps are given by

∂εi (x, y) =

{
(∂εi x, y), if i ≤ k,

(x, ∂εi−ky), if i > k,
and σi(x, y) =

{
(σix, y), if i ≤ k,

(x, σi−ky), if i > k.

Example 2.1.17. As expected, the cubical sets (□[m] ⊗ □[n])• and □[m + n]• are
isomorphic. An isomorphism is given by the unique cubical map that sends the
element idIm+n ∈ □[m+n]• to the equivalence class of (idIm , idIn). Its inverse is the
cubical map induced by

□[m]k ×□[n]l → □[m+ n]k+l,

(φ, ψ) 7→ (φ ◦ pk+1 ◦ · · · ◦ pk+l, ψ ◦ p◦k1 ).

To check that both maps are indeed inverse to each other, it is enough to check
that they send idIm+n and (idIm , idIn) to each other, as all other elements in those
cubical sets can be obtained either from idIm+n or (idIm , idIn) using a composition
of connecting maps.

Lemma 2.1.18. For all cubical sets X•, Y•, the geometric realisation |(X ⊗ Y )•| is
homeomorphic to |X•| × |Y•| if the latter is equipped with the CW-topology.
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Proof. For the proof we refer to Jardine [Jar06, p.92], who introduced⊗ in a different
but equivalent manner.

We can use the reduced product to model homotopies combinatorially.

Definition 2.1.19. Let f•, g• : X• → Y• be two cubical maps and let A• ⊆ X• be a
cubical subset. A homotopy between f• and g• that is stationary on A• is a cubical
map H• : (□[1] ⊗X)• → Y• such that the following diagram commutes:

(□[0] ⊗X)•

δ10
��
δ−1
0
��

X•
f• //
g•

// Y•

(□[1] ⊗X)• H•

66

(□[1] ⊗ A)•

incl

OO

p0∗ // (□[0] ⊗ A)• A•.

H•|A•

OO

The maps f• and g• are called homotopic relative to A•, if there is a homotopy
between them that is stationary on A•.

The diagram in the previous definitons are, in fact, two diagrams in one. The
upper triangle describes a homotopy between two given cubical maps, the lower
square describes what it means to be stationary.

In light of Lemma 2.1.9, we may say that two elements x−1, x1 ∈ Xn are homo-
topic if and only if their representing maps fxi : □[n]• → X• agree on ∂□[n]• and
are homotopic relative to ∂□[n]•.

For concrete calculations, the following equivalent description in terms of ele-
ments turns out to be more convenient.

Definition 2.1.20. Two elements x−1, x1 ∈ Xn are homotopic if ∂εi x−1 = ∂εi x1 for
all (i, ε) ∈ {1, . . . , n} × Z2 and if there is an h ∈ Xn+1 that satisfies

∂±1
1 h = x±1 and ∂εi h = σ1∂

ε
i−1x±1.

We call such elements h a homotopy between x−1 and x1.

Being homotopic is not an equivalence relation on HomcSet(X•, Y•) in general.
However, it is an equivalence relation if the target satisfy an extension condition
that was introduced by Kan in [Kan55].

Definition 2.1.21. A cubical set K• is a Kan set or satisfies the Kan extension
property if every commutative outer square has a dotted filler

⊓n(i,ε)

��

// K•

��
□[n]• //

::

∗.
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More generally, a cubical map p• : E• → B• is a Kan fibration if every commut-
ative outer square has a dotted filler

⊓n(i,ε)

��

// E•

p•

��
□[n]• //

::

B•.

A cubical setX• is combinatorially contractible if every commutative outer square
has a dotted filler

∂□[n]•

��

// X•

��
□[n]• //

99

∗.

The name ’combinatorially contractible’ is motivated by Proposition 2.1.33. In
light of the Yoneda lemma (see also Example 2.1.11 and Example 2.1.8) we can give
an element-wise description of Kan sets and Kan fibrations.

Lemma 2.1.22. A cubical set K• is a Kan set if and only if, for all n ∈ N and for
each collection{

x(j,ω) ∈ Kn−1 : ∂ωj x(k,η) = ∂ηk−1x(j,ω) for j < k; (j, ω), (k, η) ̸= (i, ε)
}
,

there is an element x ∈ Kn such that ∂ωj x = x(j,ω). Here, (j, ω) ranges over
{1, . . . , n} × Z2 \ {(i, ε)}.

More generally, a map p• : E• → B• is a Kan fibration if and only if, for each
collection{

e(j,ω) ∈ En−1 : ∂ωj e(k,η) = ∂ηk−1e(j,ω) for j < k; (j, ω), (k, η) ̸= (i, ε)
}

and each b ∈ Bn with pn−1(e(j,ω)) = ∂ωj b, there is an e ∈ En that satisfies ∂ωj e = e(j,ω)
and pn(e) = b. Again, (j, ω) ranges over {1, . . . , n} × Z2 \ {(i, ε)}.

A cubical set X• is combinatorially contractible if and only if, for all n ∈ N and
each collection {

x(j,ω) ∈ Xn−1 : ∂ωj x(k,η) = ∂ηk−1x(j,ω) for j < k
}
,

there is an element x ∈ Xn such that ∂ωj x = x(j,ω). Here, (j, ω) ranges over
{1, . . . , n} × Z2.

There are further formal consequences that can be proven analogously to their
simplicial counterparts.

Lemma 2.1.23. Let p• : E• → B• be a Kan fibration and let b0 be a base point of
B•.

(i) If the base B• is a Kan set, then the total set E• is a Kan set.
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(ii) The fibre F• ..= p−1
• ({b0}) is a Kan set.

Proof. To prove the first claim, we consider the commutative diagram

⊓n(i,ε)
//

��

E•
p•

yy

��

⊓n(i,ε) //

��

B•

��

□[n]•

//

// b0

□[n]•

<<

// b0.

The dashed arrow exists because B• is Kan. Since p• is a Kan fibration, we can lift
the dashed arrow, which gives the dotted arrow.

The proof of the second claim is captured in the diagram

⊓n(i,ε) //

��

F•
� � //

��

E•

p•

��
□[n]• //

== 66

b0
� � // B•.

The dashed arrow exists because p• is a Kan fibration. By construction, it takes
values in the fibre, so the dotted arrow exists.

Example 2.1.24. The singular set S•(X) of a topological space X is a Kan set.
Indeed, each singular cubical n-horn f• : ⊓n(i,ε) → S•(X) yields a continuous map
f : |⊓n(i,ε)| → X. Clearly, |⊓n(i,ε)| = ∂In \ (δεi (In−1))◦ is a deformation retract of In. If
r : In → |⊓n(i,ε)| is a retract, then f ◦ r ∈ Sn(X) is an extension of the given singular
n-horn f•.

With a similar argument, one can show that S•(p) : S•(E) → S•(B) is a Kan
fibration if p : E → B is a Serre fibration.

Lemma 2.1.25. For all Kan sets K• and all cubical sets X•, being homotopic is an
equivalence relations on HomcSet(X•, K•).

Proof. The proof is analogous to the proof for the simplicial counterpart sketched
in [Cur71, Lemma 1.15ff].

We define the n-th homotopy group of a cubical set to be the n-th homotopy
group of its geometric realisation. However, if the cubical set is a Kan set, then
there is a purely combinatorial description of the homotopy groups. The following
notation is taken from [Ant00].
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Definition 2.1.26. Let k0 be a base point of the Kan set K•. Recall the convention
that we abbreviate σn−1 . . . σ0k0 ∈ Kn to k0. For n ≥ 1, define the set of n-fold loops
as

Ωn
k0
K• ..=

{
k ∈ Kn : ∂εi k = k0 ∈ Kn−1 for all (i, ε) ∈ {1, . . . , n} × Z2

}
.

There is also a version for pairs of Kan sets, see [Ant00].

Definition 2.1.27. For every cubical set X•, define π0(X•) to be the set of all
(combinatorial) path components

π0(X•) ..= X0/ ∼homotopy .

If K• is a Kan set with base point k0, then define the higher (combinatorial) homo-
topy groups πn(K•, k0) via

πn(K•, k0) ..= Ωn
k0
(K•)/ ∼homotopy,

where ∼homotopy denotes the element-wise homotopy relation from Definition .

We can use the Kan condition to put a purely combinatorial group structure
on πn(K•) for all n > 0. For two given elements [a], [b] ∈ πn(K•, k0), we pick
representatives a, b ∈ Ωn

k0
K•, respectively. These two elements form an ⊓n+1

(1,1)-horn
with k(1,−1) = a, k(2,1) = b, and k(j,ω) = k0 for all other (j, ω) ∈ {1, . . . , n+1}×Z2 \
(1, 1). By the Kan extension property, this cubical horn has a filler x ∈ Kn+1, and
the cubical identities imply that ∂11x ∈ Ωn

k0
K•. We define [a] + [b] ..= [∂11x].

Lemma 2.1.28. [Kan55, Theorem 7] This operation is independent of all choices
and turns πn(K•, k0) into a group for all n ≥ 1.

There are also relative homotopy groups and connecting maps ∂n : πn(K•, L•)→
πn−1(L•) that fit into a long exact sequence, see [Ant00] for details. Furthermore,
different choices of base points within the same path component yield isomorphic
groups, see [Kan55, Theorem 8] (the isomorphisms are not canonical, though).

Adapting the straightforward (but cumbersome) proof of [Cur71, Theorem 2.8]
to the cubical setup, we get the following fibration result.

Lemma 2.1.29. Let E• → B• be a Kan fibration, let b0 be a base point of the Kan
set B•, and let F• = p−1

• (b0) be the fibre. Then, for all n ≥ 1, there are maps of
pointed sets ∂n : πn(E•) → πn−1(F•) that are group homomorphisms if n ≥ 2, and
that give rise to a long exact sequence of homotopy groups

· · · // πn(F•) // πn(E•) // πn(B•) // πn−1(F•) // · · · .

Lastly, we would like to know that cubical sets carry the same homotopy inform-
ation within them as topological spaces.
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Theorem 2.1.30. [Ant00, Theorem 2.9] Let K• be a Kan set. The unit of the
adjunction in Lemma 2.1.14,

ψ• : K• → S•(|K•|) given by k 7→
(
x 7→ [x, k]

)
,

induces isomorphisms on all homotopy groups.

Although it is easy to prove that the homotopy groups πn(S•(X)) and πn(X)
are isomorphic, the theorem itself is quite deep. For example, it implies that every
cubical map □[n]• → S•(|K•|) that is constant on the boundary is homotopic relative
to its boundary to a cubical map □[n]• → K•. In [Ant00], the theorem is not proven.
Instead, the source refers to the book of May [May92] by analogy. We will also not
prove this theorem in detail, but guide through the existent literature that can be
used as a blue-print to prove this theorem following the strategy of Milnor [Mil57].

Proof. We first show that K• and S•(|K•|) have the same homology groups. The
proof of [Mil57, Lemma 5] carries over without change if we use homology groups
for cubical sets whose definition is along the lines in [DFN90].

The next step is to prove that K• and S•(|K•|) have isomorphic fundamental
groups. Following [Mil57], first observe that each cubical Kan set K• has a minimal
subcomplex M•, which is, by definition, a cubical subset that satisfies the Kan
extension property, that is a (combinatorial) strong deformation retract of K•, and
in that every element x ∈ Mn is the unique representative of its homotopy class2

for all n ∈ N. The existence proof can be carried out, for example, along the line
of [Cur71, Prop 1.23]. By minimality, M• consists of only one vertex per path
component, so the geometric realisation |M•| is a CW complex with a single zero
cell per path component. The fundamental group of such a CW complexes has one
generator per edge and one relation per attaching map. But the combinatorial group
structure of π1(M•) is a just a reformulation of these relations, so the unit induces
an isomorphism π1(M•) → π1(S•(|M•|)) = π1(|M•|) because it sends each element
of the combinatorial fundamental group to an edge.

Since the unit ψ• is natural with respect to cubical maps and since the inclusion
M• ↪→ K• is a homotopy equivalence, the unit for K• induces an isomorphism on
the fundamental group because of the commutative diagram

π1(K•)
π1(ψ•) // π1(S•(|K•|))

π1(M•)

π1(incl•) ∼=

OO

∼=
π1(ψ•)

// π1(S•(|M•|)).

π1(S•(|incl•|))∼=

OO

We prove that the unit induces an isomorphism on higher homotopy groups by
applying a relative Hurewicz theorem in the category of cubical sets to the pair of
universal coverings (S•(|K̃•|), K̃•) to show that all relative homotopy groups vanish.
Note that the homology of this pair of cubical sets vanish by an argument analogous

2homotopy class in the sense of Definition 2.1.27
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to the one that simplicial and singular homology of a simplicial set3 agree, see
[Hat02, Chapter 2.1].

The relative Hurewicz theorem for cubical sets can be proven as follows. First,
one establishes a cubical version of the homotopy addition theorem as in [Cur71,
Theorem 2.4] and uses it to prove an absolute Hurewicz theorem for cubical sets as
in [Cur71, Theorem 3.12]. Then the relative Hurewicz theorem can be derived by
modifying the proof of the relative Hurewicz theorem in [SZ94].

The main theorem of this chapter is the cubical extension theorem, which was
proven in [Ant00]. The key ingredient of its proof is Theorem 2.1.30.

Theorem 2.1.31 (Cubical Approximation Theorem). [Ant00, Theorem 2.11]
Let (X•, A•) be a pair of cubical sets and let K• be a Kan set. For every continuous
map g : |X•| → |K•| whose restriction to |A•| is the geometric realisation of a cubical
map f• : A• → K•, there is a cubical map F• : X• → K• such that F•|A• = f• and
|F•| is homotopic to g relative to |A•|.

A formal consequence of this (relative) homotopy extension theorem is that the
(naive) homotopy categories of cubical sets and CW complexes are isomorphic. In-
formally speaking, this means that if we are only interested in homotopy-theoretic
question, then it does not matter in which category we work.

Theorem 2.1.32.

1. For all CW complexes X, the co-unit of the adjunction between topological
spaces and cubical sets

ϕ : |S•X| → X, given by [t, σ] 7→ σ(t),

is a homotopy equivalence.

2. If K• is a Kan set and X• is an arbitrary cubical set, then the geometric
realisation induces a bijection between the homotopy classes of maps

|–| : [X•;K•]→ [|X•|; |K•|].

3. The singular set functor induces a bijection between the homotopy classes of
maps

S• : [X, Y ]→ [S•(X), S•(Y )]

for all CW complexes.

Proof. To prove the first claim, observe that, by definition, the co-unit ϕ is a weak
homotopy equivalence if and only if S•(ϕ) : S•(|S•X|)→ S•X induces an isomorph-
ism on all (combinatorial) homotopy groups. From the decomoposition

S•X
ψ• //

id

44S•(|S•X|)
S•ϕ // S•X,

3Hatcher speaks of ∆-sets or semisimplicial complexes. However, these are nothing but the
geometric realisation of a simplicial set.
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we deduce that S•(ϕ) induces an isomorphism on all (combinatorial) homotopy
groups because ψ• and the identity do it. By Whitehead’s theorem, ϕ is an homotopy
equivalence.

The second claim follows immediately from the Cubical Approximation Theorem:
To prove surjectivity, we apply it to a given continuous map g : |X•| → |Y•|. To prove
injectivity, we apply the Cubical Approximation Theorem to a homotopy H relating
|f•| and |g•| so that we deform H relative to |X•|×∂I = |(X⊗∂□[1])•| to a cubical
homotopy |H•|.

The third claim follows from the first claim by adjunction

[X, Y ]
S• //

–◦ϕ

33
[S•X,S•Y ] Ad

∼=
// [|S•X|, Y ].

As ϕ is a homotopy equivalence, it induces a bijection between the homotopy classes
and so does S•.

As an application, we show that the geometric realisation of a combinatorially
contractible cubical set is contractible.

Proposition 2.1.33. Let X• be combinatorially contractible. Then X• is Kan and
its geometric realisation is contractible.

Proof. For a given a cubical n-horn

⊓n(i,ε)

��

f // X•

��
□[n]• // ∗,

the cubical map f can be extended to ∂□[n]• as follows: The cubical subset ⊓n(i,ε) ∩
δεi (□[n− 1]•) can be identified with ∂□[n − 1]•. Since X• is combinatorially con-
tractible, the restriction of f to ⊓n(i,ε) ∩ δεi (□[n− 1]•) can be extended to a map
f(i,ε) : δ

ε
i (□[n− 1]•)→ X•. Using again that X• is combinatorially contractible, we

get the extension

⊓n(i,ε)
� � //

��

∂□[n]•
f∪f(i,ε) //

��

X•

��
□[n]• □[n]• //

99

∗,

which shows that X• is Kan.
To show that X• is contractible, we show that all homotopy groups are trivial.

This is clear for π0 because the definition of combinatrial contractibility for n = 1
precisely states that every two points can be joined by a path. For the higher
homotopy groups, let x ∈ Ωn

x0
(X•) be given. It can be represented by a map

fx : □[n]• → X• that restricts on ∂□[n]• to the constant map with value k0. If
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we identify □[n]• with δ−1
1 (□[n]•) ⊆ ∂□[n+ 1]•, then we can extend fx by the con-

stant map with value x0 to the cubical set ∂□[n + 1]•. As X• is combinatorially
contractible, the extension has a filler h : □[n + 1]• → X•. Under the identification
□[n + 1]• ∼= (□[1] ⊗□[n])•, the filler corresponds to a homotopy between the con-
stant map x0 and f . Thus, x represents the zero element and πn(X, x0) is therefore
trivial.

Theorem 2.1.30 and the remark below it implies that |X•| is a CW complex with
vanishing homotopy groups, so it is contractible by Whitehead’s theorem.

Theorem 2.1.32 can actually be improved. Cisinski proved in [Cis02], see also
Jardine [Jar06], that the category of cubical sets carries a model structure. The weak
equivalences are cubical maps whose geometric realisations induce isomorphisms on
all (topological) homotopy groups. The fibrations are given by Kan fibrations. The
cofibrations are just cubical maps that are level-wise injective. The geometric realisa-
tion and the singular set functor form a Quillen equivalence between cSet, equipped
with the just mentioned model structure, and the category Top of topological space
endowed with the Quillen model structure.4

2.2 Examples of Cubical Sets
In this subsection we discuss some conceptual examples that we will need later in
this thesis. We begin with the construction of a different model for the singular set
of topological spaces.

2.2.1 Block Versions of the Singular Set

Definition 2.2.1. Let X be a topological space. A continuous map f : Rn → X is
a block map if there is a ρ > 0 such that, for all 1 ≤ i ≤ n, the map f satisfies

f(x1, . . . , xi, . . . , xn) = f(x1, . . . , sgn(xi)ρ, . . . , xn)

if |xi| ≥ ρ.

We think of block maps as singular cubes with unknown side length 2ρ.

Definition 2.2.2. For a topological space X, let Sbl• (X) be the cubical set whose
set of n-cubes is given by

Sbln (X) ..= {f : Rn → X : f block map}

and whose connecting maps are given by

∂εi f = lim
R→∞

f ◦ δRεi and σif = f ◦ pi.

There is a canonical inclusion ι• : S•(X) ↪→ Sbl• (X) given by elongation.
4Oversimplifying: The Quillen model structure favours the CW approximation of a topological

space over the space itself.
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Lemma 2.2.3. The cubical set Sbl• (X) is a Kan set and the canonical inclusion ι•
is a weak homotopy equivalence.

Proof. It is straightforward to verify that the inclusion is a cubical map.
For a given singular cubical n-horn f• : ⊓n(i,ε) → S•(X) that is represented by

the finite collection of block maps {f(j,ω)}(j,ω) ̸=(i,ε), we find a uniform ρ such that
each f(j,ω) is the elongation of its restriction to ρIn−1. The compatibility ∂ωj f(k,η) =
∂ηk−1f(j,ω) implies that we can unify these maps to a continuous map f : ρ|⊓n(i,ε)| → X.
Pick a retract r : ρIn → ρ|⊓n(i,ε)|. The constant extension of f ◦ r in normal direction
to each hypersurface {εxi = ρ} yields a filler for the given cubical n-horn. Thus,
Sbl• (X) is a Kan set.

We will use the combinatorial homotopy groups to show that the inclusion ι• is
a weak homotopy equivalence. Clearly, the inclusion induces a surjective map on
the set of path components for S0(X) = Sbl0 (X) = X. It is injective because for
each block path y ∈ Sbl1 (X) joining x−1 and x1 there is a ρ > 0 such that y is the
elongation of y|ρI . Then y(ρ·) : I → X is an element in S1(X) that joins x−1 with
x1.

For the higher degree case, the proof is similar. We first prove surjectivity. Every
element in πn(X•, x0) is represented by a block map f : Rn → X that maps each
point outside some ρIn to x0. Abbreviate the image of f |ρIn(ρ · –) : In → X under
ιn to f̂ . A joining homotopy h ∈ Sbln+1(X) can be constructed as follows. Pick a
smooth function χ : R → R that is identically 1 on {t ≤ −1} and identically ρ on
{t ≥ 1}. Then h(t, x) ..= f(χ(t)x) is a block map that satisfies ∂−1

1 h = f , ∂11(h) = f̂ ,
and ∂εjh = x0 if j > 1.

We prove injectivity by applying the previous argument to homotopies. Let h ∈
Sbln+1(X) be a homotopy that relates the extended singular cubes ιn(f1) and ιn(f−1).
There is a ρ > 0 such that h is the elongation of h|ρIn . Thus, h(ρ · –) : In+1 → X
is a homotopy between ιn(f1)|ρIn(ρ · –) and ιn(f−1)|ρIn(ρ · –). But ι(f)ρIn(ρ · –)
is homotopic to f relative ∂In for all continuous maps f ∈ Sn(X). An example
homotopy is provided by ι(f)|ρtIn(ρt · –), where ρt = tρ + (1 − t) · 1. Thus, f1 and
f−1 already represent the same element in πn(S•(X)) and injectivity is proven.

If the reference space X is a smooth object, which means in our context that
X is a finite dimensional smooth manifold or an open subset of an affine Fréchet
space5, then we can also speak about smooth block maps. A map Rn → X into
a Fréchet space X is smooth if all partial derivatives of it exists. We denote the
cubical subset of Sbl• (X) consisting of all smooth block maps by S∞

• (X).

Lemma 2.2.4. The cubical set S∞
• (X) is Kan and the inclusion S∞

• (X) ↪→ Sbl• (X)
is a weak homotopy equivalence.

The proof of this lemma requires to generalise Whitney’s Approximation The-
orem to Fréchet space valued functions. We follow the formulation of [Lee13, The-
orem 6.21 and Theorem 6.26].

5All affine Fréchet spaces we encounter are closed affine subspaces of an ambient Fréchet space,
so the ready may safely only think of those.
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Proposition 2.2.5 (Whitney’s Approximation Theorem). Let M be a smooth man-
ifold with corners, X be an open subset of an affine Fréchet space with Fréchet metric
d, and f : M → X a continuous map. Then the following two assertions hold true:

1. For each continuous function δ : M → R>0, there is a smooth map g : M → X
satisfying d(f, g) < δ. If f was already smooth near a closed subset A ⊂ M ,
then g can be chosen such that f |A = g|A.

2. The function f is homotopic to a smooth function g. If f is already smooth
near A, then g can be chosen to be equal to f on A and the homotopy can be
chosen to be stationary on A.

Proof. The proof of Theorem 6.21 in [Lee13] carries over without too much effort.
However, we need to be more careful because we have to deal with an unbounded
number of different semi-norms, which is why we present the argument in full detail.

Recall that countably many semi-norms of a Fréchet space give rise to a metric
d via the following construction:

d(x, y) ..=
∑
k=1

1

2k
· ||x− y||k
1 + ||x− y||k

.

It follows that for all n ∈ N there is a Nn ∈ N such that if

||x− y||k <
1

2(n+ 1)
for all k ≤ Nn =⇒ d(x, y) <

1

2n
.

Note that d(x, y) < 1 and that we may assume without restriction that δ < 1,
because we may replace δ with δ · (1 + δ)−1 otherwise. For all n ∈ N, we set
Mn ..= δ−1([1/(n+ 1), 1/n)) so that M is a disjoint union of all Mn’s.

Let V be an open neighbourhood of A on which f is already smooth and set
Vn ..= {x ∈ V : 1/n > δ(x) > 1/(2n)}. For a given x ∈M \A, we find a small open
neighbourhood Ux in M \ A such that all y ∈ Ux satisfy

1

n
δ(y) >

1

2n
and ||f(y)− f(x)||k <

1

2(n+ 1)
for all k ≤ Nn.

Pick a locally finite, countable subcover {Ui}i∈N of {Ux : x ∈ M \ A} and extend
it with {Vn}n∈N to a locally finite, countable cover of M . Rename Vi into U−(i−1) so
that the open cover is {Ui}i∈Z.

Pick a partition of unity (φi)i∈Z that is subordinated to that cover and define

g(y) ..=
∑
i>0

φi(y)f(xi) +
∑
i≤0

φi(y)f(y).

Of course, we have f |A = g|A by construction.
If y ∈M \ A, then we observe that

d (g(y), f(y)) = d

(∑
i>0

φi(y)f(xi),
∑
i>0

φi(y)f(y)

)
.
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By assumption, φi(y) ̸= 0 for only finitely many i ∈ N. Let ī be the minimal number
with that property. This implies that 1/̄i > δ(y) > 1/(2̄i). Thus, it suffices to show
that ∣∣∣∣∣

∣∣∣∣∣∑
i>0

φi(y)f(xi)−
∑
i>0

φi(y)f(y)

∣∣∣∣∣
∣∣∣∣∣
k

<
1

2(̄i+ 1)

for all k ≤ Nī. But this follows straightforwardly from∣∣∣∣∣
∣∣∣∣∣∑
i>0

φi(y)f(xi)−
∑
i>0

φi(y)f(y)

∣∣∣∣∣
∣∣∣∣∣
k

=

∣∣∣∣∣
∣∣∣∣∣∑
i>0

φi(y)(f(xi)− f(y))

∣∣∣∣∣
∣∣∣∣∣
k

=
∑
i>0

φi(y)||f(xi)− f(y)||k

<
∑
i>0

φi(y)
1

2(i+ 1)

<
∑
i>0

φi(y)
1

2(̄i+ 1)
=

1

2(̄i+ 1)

This now implies

d(g(y), f(y)) = d

(∑
i>0

φi(y)f(xi),
∑
i>0

φi(y)f(y)

)
<

1

2̄i
< δ(y).

The second statement follows immediately from the first. Since X is an open
subset of an affine Fréchet space there is a positive function δ : M → R such that all
functions f̃ with values in this affine Fréchet space with d(f̃ , f) < δ still take values
in X. If g is a function as in the first statement, then a homotopy between f and g
is given by convex combination:

H : M × [0, 1]→ X, (m, t) 7→ (1− t)f(m) + tg(m).

(The proof of the first statement can be easily adapted to show that

d(H(m, s), f(m)) < δ(m),

so that H indeed takes values in X). If f and g agree on A, then H is stationary
on A.

Proof of Lemma 2.2.4. It is straightforward to verify that the inclusion is a cubical
map.

For a given a singular cubical n-horn f• : ⊓n(i,ε) → S•(X) that is represented by
the finite collection of block maps {f(j,ω)}(j,ω)̸=(i,ε), we find a ρ such that each f(j,ω) is
the elongation of its restriction to ρIn−1. Let Cubρn,i,ε ..= {x ∈ Rn : εxi ≥ −ρ, xj ∈
ρIn if j ̸= i} be the infinite cuboid that is open towards ε∞ in the i-th coordinate.
The compatibility ∂ωj f(k,η) = ∂ηk−1f(j,ω) implies that we can unify these maps to
a continuous map f :

(
Cubρn,i,ε

)c → X. Pick an open subset U ⊂
(
Cubρn,i,ε

)c that



2.2. EXAMPLES OF CUBICAL SETS 27

contains
(
CubRi,ϵ

)c for some R > ρ and that is diffeomorphic to Rn relative
(
CubRi,ϵ

)c.
If we denote the diffeomorphism by ϕ, then f ◦ ϕ−1 : Rn → X yields a filler for the
given cubical n-horn.

We will use the combinatorial homotopy groups to show that the inclusion is a
weak equivalence.

For surjectivity, we use Proposition 2.2.5 to find a smooth block map that is
sufficiently C0-close to any chosen representative of a given element of πn(X). A
homotopy between the given representative and its approximation can be given by
convex combination.

For injectivity, we apply the previous argument to homotopies.

The following criterion is useful for constructing cubical subsets of singular sets.
Recall that pj : Rn → Rn−1 are the linear maps that project the j-th component
away.

Definition 2.2.6. LetX be a smooth manifold or an open subset of an affine Fréchet
space. For 0 ≤ k ≤ ∞, let fn : Ck(Rn, X)→ C0(Rn,R) be a sequence of maps. This
sequence is called stable if fn(ψ ◦ pj) = fn−1(ψ) ◦ pj for all 1 ≤ j ≤ n This sequence
is called local if, for any open U ⊂ Rn, the equation fn(ψ|U) = fn(ψ)|U holds.

We formulate the next Lemma only in the smooth case for definiteness. Of
course, it also holds for any other degree of differentialbility.

Lemma 2.2.7. Let X be an open subset of an affine Fréchet space. Let U be an
open subset of R and (fn)n∈N be a local and stable sequence of maps C∞(Rn, X) →
C0(Rn,R). Then the preimage f−1

n (C0(Rn, U)) ∩ S∞
n (X) forms a cubical subset of

S∞
• (X).

Proof. Let φ : Rn → X be a block map such that fn(φ) : Rn → U . We need to show
that the images of fn−1(∂

ε
iφ) and fn+1(σiφ) also lie in U . From stability we get

fn+1(σiφ)(y) = fn+1(φ ◦ pi)(y) = fn(φ)(pi(y)) ∈ U

for all y ∈ Rn+1. Since φ is a block map, there is a sufficiently large R > 0 such
that φ|{εxi>R} = ∂εiφ ◦ pi|{εxi>R}. Because fn is local and stable, we have

fn−1(∂
ε
iφ)(y) = fn−1(∂

ε
iφ)(piδ

2Rε
i y)

stab
= fn((∂

ε
iφ) ◦ pi)(δ2Rεi y)

= fn(φ|{εxi>R})(δ
2Rε
i y)

loc.
= fn(φ)(δ

2Rε
i (y)) ∈ U

for all y ∈ Rn−1.

2.2.2 The Topological Space of Block Maps

When we construct the psc Hatcher spectral sequence, we need to consider the set of
block maps as a topological space (with a topology distinct from the discrete one).
The main result in this subsection is that the inclusion of the space of smooth block
loops into the loop space (modeled by continuous block maps) is a weak homotopy
equivalence. In this subsection, X denotes either a smooth manifold or an open
subset of an affine Fréchet space.
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Definition 2.2.8. For each R > 0 set

RΩ
qX ..= {f : RIq → X : f = x0 near ∂RIq}

and
RΩ

q,∞X ..= {f : RIq → X : f smooth, f = x0 near ∂RIq}

endowed with the smooth Whitney topology.

For all R < S, we have embeddings RΩ
p,(∞)X ↪→ SΩ

p,(∞)X given by elongation.
We use these spaces to define a block version of (smooth) loop spaces.

Definition 2.2.9. Let

ΩqX ..= {f : Rq → X : f block map, f = x0 near ∞}

and
Ωq,∞X ..= {f : Rq → X : f smooth block map, f = x0 near ∞}

be equipped with the colimit topology induced by the embeddings RΩ
p,(∞)X ↪→

SΩ
p,(∞)X.

We wish to show that the canonical inclusion Ωq,∞X ↪→ ΩqX is a weak homotopy
equivalence. The proof is based on the following strengthening of the exponential
law.

Lemma 2.2.10. Let X be an open subset of an affine Fréchet space or a finite
dimensional manifold and let M , N be smooth, compact manifolds, possibly with
faces. Then the adjoint map

C∞(M, C∞(N,X))→ C∞(M ×N ;X)

is a diffeomorphism between the smooth spaces.

Proof. We first consider the case, where X is an open subset of an affine Fréchet
space for this is the case of interest. We may assume that X is an Fréchet space
because smoothness is a local property and preserved by translation with a fixed ele-
ment. Every Fréchet space is convenient in the sense of Kriegl-Michor [KM97, The-
orem 2.14(7)]. It thus becomes a Frölicher space whose smooth curves are precisely
those that are infinitely often differentiable [KM97, Section 23.1]. If M is a compact
manifold, then [KM97, Lemma 42.5] yields that the set-theoretic identity between
the set of smooth maps with a priory different smooth structures

C∞(M,X)
id−→ C∞Frö(M,X)

is an isomorphism in the category of Frölicher spaces. Furthermore, the set-theoretic
identity

C∞(M,X)
id−→ C∞Fréchet(M,X),



2.2. EXAMPLES OF CUBICAL SETS 29

where the right-hand side carries the smooth weak topology, is an isomorphism of
locally convex vector space by the remark above Lemma 42.5 in [KM97]. The claim
follows now from [KM97, Theorem 23.2], which states that the exponential map

C∞Frö(Y1 × Y2, Z) ∼= C∞Frö(Y1, C∞Frö(Y2, Z))

is an isomorphism of Frölicher spaces for all Frölicher spaces X, Y, and Z. Thus, we
have

C∞Fréchet(M, C∞Fréchet(N,X)) ∼= C∞Fréchet(M ×N,X).

For completeness, if X is a finite dimensional smooth manifold, then the cor-
responding statement of Lemma 2.2.10 still holds, provided C∞(N,X) is given an
appropriate smooth structure. We refer to [KM97, §42] for more details, in particular
[KM97, Theorem 42.14].

Lemma 2.2.11. If X is a finite-dimensional smooth manifold or an open subset
of an affine Fréchet space, then the canonical inclusion Ωq,∞X ↪→ ΩqX is a weak
homotopy equivalence.

For the proof, we face the following nuisance of the category of topoligcal spaces:
It is in general not true that a continuous map f : K → colimi∈IXi from a compact
space into a colimit factors through an element Xi of the diagram. However, it is
true in most cases of interest by the following result of [DI04, Lemma A3].

Lemma 2.2.12. Let (φij : Xi → Xj) be a sequential diagram of inclusions that are
relatively T1, i.e., for all U ⊆ Xi open and all y ∈ Xj \ φij(U) there is an open
V ⊆ Xj such that φ−1

ij (V ) ⊆ U and y /∈ V .
Then, for each continuous map f : K → colim−−−→Xi from a compact domain K,

there is an Xi such that f factors through it.

The lemma can be applied in our setup because of the following elementary
observation.

Lemma 2.2.13. Let X1 ↪→ X2 ↪→ X3 ↪→ · · · be a sequence of embeddings of T1-
spaces. Then each embedding is relative T1.

Proof. Fix a composition φij : Xi ↪→ Xj. It is again an embedding. Let U ⊆ Xi be
open and y ∈ Xj \φij(U) be given. The set Ṽ ..= Xj \ {y} is open as Xj is T1. Since
φij is an embedding, we can find an open subset Ũ ⊆ Xj such that φ−1

ij (Ũ) = U .
Thus, V ..= Ũ ∩ Ṽ is still open, satisfies y /∈ V , and

φ−1
ij (V ) = φ−1

ij (Ũ) ∩ φ−1
ij (Ṽ ) = U ∩ φ−1

ij (Ṽ ) ⊆ U.

Proof of Lemma 2.2.11. It suffices to check that each continuous map φ : M →
ΩqX, where M is a compact, finite-dimensional manifold, can be deformed into a
map with values in Ωq,∞X relative to each closed subset on which φ already takes
values in Ωq,∞X.

Since ΩqX is a sequential colimit of embeddings between Hausdorff spaces, there
is an R > 0 such that φ factors through RΩ

qX by Lemma 2.2.13 and 2.2.12. Under



30 CHAPTER 2. CUBICAL SET THEORY

the exponential law, it corresponds to a continuous map Ad(φ) : M × RIn → X
that is constant near the (topological) boundary ∂RIn. Approximation theory, see
Proposition 2.2.5, yields a homotopy H : M × RIn × [0, 1] → X between Ad(φ)
and a smooth map ψ : M × RIn → X that is still constant near the (topological)
boundary. If ψ is smooth on A, then H can be chosen to be stationary there. Now,
Ad−1(H) is a homotopy between φ and Ad−1(ψ) by Lemma 2.2.10. It is relative to
the given closed subspace on which φ already takes values in Ωq,∞X by the choice
of H.

2.2.3 Morphism Set and Path Sets

For two cubical sets X• and Y•, we will construct a cubical set Hom•(X, Y ) that
has HomcSet(X•, Y•) as 0-cubes. Define Hom•(X, Y ) to the cubical set with

Homn(X, Y ) ..= HomcSet((□[n] ⊗X)•, Y•)

and whose connecting maps are given by

∂εi ..= – ◦ (δεi ∗ ⊗ id) and σi ..= – ◦ (pi∗ ⊗ id).

It is the right adjoint functor to the reduced product

HomcSet((X ⊗ Z)•, Y•)
1:1

⇄ HomcSet(X•,Hom•(Z, Y )),

see [Jar06, p.96], which is different compared to simplicial sets, where the Hom• is
the right adjoint to the (categorical) product.

Our primary interest lies in the cubical path set

P•X ..= Hom•(□[1], X).

It comes with two cubical maps

evε ..= – ◦ δε1∗ : P•X = Hom•(□[1], X)→ Hom•(□[0], X) ∼= X•.

The latter identification comes from the Yoneda Lemma. These two cubical maps
have a section

s ..= – ◦ p1∗ : X• ∼= Hom•(□[0], X)→ P•X,

which can be thought of as mapping an element to the constant path with that
element as its single value.

Lemma 2.2.14. If X• is a Kan set, then

(ev1, ev−1) : P•X → (X ×X)•

is a Kan fibration.
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Proof. Let a commutative diagram

⊓n(i,ε)
y //

� _

��

P•X

��
□[n]•

(f,g)
// (X ×X)•

be given. Via the adjunction between ⊗ and Hom•, the map y corresponds to a
cubical map Ad(y) : (⊓n(i,ε) ⊗□[1])• → X•. We use the decomposition

⊓n+1
(i,ε) = ⊓

n
(i,ε) ⊗□[1]• ∪□[n]• ⊗ δ11(□[0]•) ∪□[n]• ⊗ δ−1

1 (□[0]•)

to extend Ad(y) to ⊓n+1
(i,ε) as follows:

Ad(y) ∪ f ∪ g : ⊓n+1
(i,ε) → X•.

As X• is Kan, this map extends to a filler F : □[n+1]• → X•. It is not hard to verify
that under the isomorphism □[n + 1]• ∼= (□[n] ⊗ □[1])• and the adjunction with
Hom• the filler F yields a filler Ad−1(F ) : □[n]• → P•X for the initial diagram.

As for topological spaces, we will use the cubical path set to turn every cubical
map between Kan sets into a Kan fibration by replacing its domain with a homotopy
equivalent cubical set.

For each cubical map f• : X• → K• between Kan sets, we define the mapping
path space P•(f) as the following pullback

P•(f) //

��

P•K

(ev1,ev−1)

��
X• ×K• f•×id

// K• ×K•.

The universal property of pullbacks implies that P•(f) → X• × K• is a Kan
fibration. Composing it with the projection to X• and K• yields the maps p• and
q•, respectively. It is easy to see that the projection from a product of Kan sets to
one of its factors is a Kan fibration and that fibrations are closed under compositions.
Thus, the maps p• and q• are also Kan fibrations. The map p• has a section s• : X• →
P•(f), which is induced by (id, f•, s ◦ f•) : X• → X• ×K• × P•K.

In view of the Yoneda Lemma 2.1.9, we have the identification of cubical sets

P•X ∼= X•+1,

where the connecting maps of the latter cubical sets agree with the one of X• with
index shifted by 1, for example, X•+1∂

ε
i = X•∂

ε
i+1. Under this identification and

Hom•(□[0], X) ∼= X•, the fibration evε corresponds to ∂ε1. Thus, the mapping path
space can be identified with

Pn(f) ∼= {(x, k) ∈ Xn ×Kn+1 : fn(x) = ∂11(k)}.
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Lemma 2.2.15. The map s• ◦ p• : P•(f)→ P•(f) is homotopic to the identity.

Proof. Let F• = p−1
• ({x0}) be the fibre of p•. It is explicitly given by

Fn ..= {(x0, k) ∈ Xn ×Kn+1 : ∂11k = fn(x0)},

so it agrees with the pointed path space Pf(x0)K•. The latter is combinatorially
contractible by an argument similar to the proof Lemma 2.2.14 that (ev1, ev−1) is a
Kan fibration. The long exact sequence for Kan fibrations between Kan sets implies
that p• must be a weak homotopy equivalence. It follows from Whitehead’s Theorem
that |p•| : |P•(f)| → |X•| is a homotopy equivalence. The cubical approximation
theorem implies that p• must be a homotopy equivalence, too. This, together with
the equation p• ◦ s• = id, implies that s• is the homotopy inverse of p•.

Definition 2.2.16. Let f• : X• → K• be a cubical map between Kan sets. The
homotopy fibre of f• at the point k0 ∈ K0 is the Kan set

hofib•(f•; k0) ..= q−1
• ({k0}) = {(x, k) ∈ Xn ×Kn+1 : ∂11k = fn(x), ∂

−1
1 k = k0}.

Remark 2.2.17. In contrast to simplicial sets, it is unknown to the author, whether
the geometric realisation of a Kan fibration F•

ι−→ E•
p−→ B• is a Serre fibration.

However, Lemma 2.1.29 and Theorem 2.1.32 imply that it is a homotopy fibration,
which means that the composition |p| ◦ |ι| is homotopic to a constant map constb0
and, for some null-homotopy h, the induced fibre comparison map

|F•| → hofib(|p•|) given by f 7→
(
h(b0, –), f, b0

)
is a weak homotopy equivalence. In particular, the canonical map

|hofib•(f•; k0)| → hofib(|f•|; |k0|)

is a weak homotopy equivalence. Informally speaking, the cubical homotopy fibre
models the correct thing!



Chapter 3

Cubical Versions of Positive Scalar
Curvature

We will apply the theory of cubical sets developed in Chapter 2 to positive scalar
curvature. Cubical set theory allows us to construct the central object of this
thesis, the concordance set R̃+

• (M) of positive scalar curvature metrics, which can-
not be written in a closed form. This cubical set comes with a comparison map
susp• : R+

• (M) 99K R̃+
• (M) defined on a weakly equivalent cubical subset ofR+

• (M),
the cubical set analog of the space of psc metrics Riem+(M). Although we already
describe the mapping rule of susp• in this section, the construction of its domain,
the weakly equivalent subset, and the proof that susp• takes values in R̃+

• (M) will
be carried out in Chapter 5 after we have developed the index theoretical counter-
part (because the index theoretical counter also influences the choices made in the
construction of the weakly equivalent subset).

The main part of this chapter is devoted to show that the concordance set satisfy
the Kan extension property. This is an important property, as it allows us to apply
the tools from cubical set theory to the concordance set. For example, the Kan
property gives us a combinatorial description of the homotopy groups of R̃+

• (M),
which is an inevitable tool for the construction of the psc Hatcher spectral sequence
in Chapter 6.

In Section 3.1 we introduce the concept of block metrics on M ×Rn and present
some of their elementary properties. We describe the cubical analog R+

• (M) of
Riem+(M) and construct the concordance set R̃+

• (M) as the cubical set of all block
metrics with positive scalar curvature. Section 3.2 serves as a preparatory section
and is quite technical. There, we will construct, for each block metric, a certain
folation of hyperplanes in Rn that bend well adapted to the chosen block metric.
This foliation will then be used in Section 3.3 to modify a block metric with positive
scalar curvature so that the resulting block metric still has positive scalar curvature.
This modification is the key ingredient to prove the Kan property, what we will do
at the end of Section 3.3. We finish this chapter by giving a different and geometric
motivated description of the groups structures on πn(R̃+

• (M)) in Section 3.4.
In the entire section, let M be a smooth closed, manifold of dimension d.

33
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3.1 Foundations
We first translate the space of positive scalar curvature metrics into the combinator-
ial world by considering the cubical set of block maps into the space of Riemannian
metrics Riem(M) and the space of psc metrics Riem+(M) instead of the spaces
themselves.

Definition 3.1.1. Let R•(M) denote the cubical set whose n-cubes consists of
smooth block maps g : Rn → Riem(M). The connecting maps are given by

∂εi g = lim
R→∞

g ◦ δRεi and σig = g ◦ pi.

Let R+
• (M) denote the cubical subset consisting of all smooth block maps with

values in Riem+(M).

These cubical sets are indeed the correct models because by Lemma 2.2.3 and
2.2.4 and Theorem 2.1.32(1) give the following zig-zag of weak equivalences

|R(+)
• (M)| ≃ //

∣∣Sbl• (Riem(+)(M)
)∣∣ ∣∣S•

(
Riem(+)(M)

)∣∣≃oo ≃ // Riem(+)(M),

where the first map is the inclusion of smooth block maps into continuous block
maps, the second map is the inclusion of singular cubes into continuous block maps
described before Lemma 2.2.3, and the last map is the co-unit of the adjunction
between |–| and S•(–) described in Theorem 2.1.30.

Now, we are going to construct the combinatorial reference space. First we have
to make some organisational definitions. For a visualisation, we refer to figure 3.1.

Definition 3.1.2. Set n ..= {1, . . . , n}. We define for ε : dom ε ⊆ n→ Z2, the sets

Uρ(ε) ..=M × {x ∈ Rn : ε(i)xi > ρ for i ∈ dom ε},
Rn(ε) ..= Map(n \ dom ε,R) ∼= {x ∈ Rn : ε(i)xi = ρ},

Rε
ρ ..= {x ∈ R|dom ε| : ε(ij)xj > ρ; j 7→ ij strictly monotone}.

Note that the isomorphism is canonical once ρ is fixed. Using permutation of
coordinates we can identify Uρ(ε) with M ×Rn(ε)×Rε

ρ. To be precise, all of these
identification are of the form idM ×A, where A ∈ GLn(R) is a permutation matrix.

For each ε, and all ρ we set δρε : Rn−|dom ε| → Rn that includes ρε(i) into the
i-th position of the tuple for all i ∈ dom ε. The image is the affine hyperplane
{x ∈ Rn : ε(i)xi = ρ}.

Definition 3.1.3. A Riemannian metric g on M × Rn is a block metric if there is
a ρ > 0 such that g restricts on all Uρ(ε) to the following product metric

g|Uρ(ε) = δρε∗g ⊕ ⟨·, ·⟩ =: g↿M×Rn(ε) ⊕ ⟨·, ·⟩.

We say that g decomposes outside of M × ρIn.

In fact, we can weaken this definition.
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Uρ(2, 1)

Uρ(1,−1)

Uρ(1, 2;−1, 1)
x2 = ρ

x1 = −ρ

Figure 3.1: An example for case ε = 1 7→ −1, denoted by (1,−1), for the case ε =
2 7→ 1, denoted by (2, 1), and the union of these two maps, denoted by (1, 2; 1,−1),

Lemma 3.1.4. Let g be a Riemannian metric on M ×Rn. If there is a ρ > 0 such
that

g|{εxi>ρ} = δρεi
∗g ⊕ dx2i = g↿{xi=ε} ⊕ dx2i

for all (i, ε) ∈ {1, . . . , n} × Z2, then g is a block metric.

Informally, we think of a block metric as a metric on M × ρIn that is a product
metric near each hyperface {xi = ρε}.

Since M ×Rn is an open manifolds, we have to make sure that block metrics are
not covered by Gromov’s h-principle. From this perspective, the next proposition
tells us that block metrics are indeed interesting.

Proposition 3.1.5. Every block metric g on M × Rn has the following properties:

1. The metric g is complete.

2. If scal(g) > 0, then there is a constant c > 0 such that scal(g) ≥ c.

Proof. For the first statement, we will prove that M × Rn is complete with respect
to the path-length metric induced by g. Consider a Cauchy sequence {(mj, pj)} of
points in M × Rn. Assume that g decomposes outside the cube M × ρIn. Then,
either infinitely many points lie in one of the sets M × Qε

k, where Qε
k

..= {x ∈
Rn | ε · xk ≥ 1.2ρ}, or infinitely many points lie in the cube M × 2ρIn. In the latter
case, there exists a limit due to compactness. In the first case, we use that g is a
product metric of a block metric on M × δ2ρεk (Rn−1) and the euclidean metric on R.
Since a product metric of two complete metrics is again complete, we conclude the
existence of a limit point. Thus, the given block metric is complete.

For the second statement, we make an induction over the dimension. For a block
metric on M × R0 = M the statement is clear because M is compact. Now let g
be a block metric on M × Rn such that it decomposes outside of M × ρIn and has
positive scalar curvature. Due to compactness, scal(g) ≥ c̃ on M × 2ρIn for some
c̃ > 0. By the induction hypothesis, the same is true for scal(g) on {εxj > ρ}. If c
the minimum of the infima of scal(g) over all these domains, then c is positive and
satisfies scal(g) ≥ c.
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Definition 3.1.6. Let R̃•(M) be the cubical set whose set of n-cubes is given by

R̃n(M) ..= {g ∈ Riem(M × Rn) : g block metric }

and whose connecting maps are

∂εi g = lim
R→∞

δRεi
∗
g and σig = p∗jg + dx2i .

The concordance set R̃+
• (M) is the sequence of subset of R̃•(M) whose n-cubes have

positive scalar curvature.

Lemma 3.1.7. The connecting maps of R̃•(M) are well defined and satisfy the
cubical identities. The connecting maps restrict to R̃+

• (M), so R̃+
• (M) is a cubical

subset of R̃•(M).

Proof. If g is a block metric that decomposes outside of M × ρIn, then so do all of
its faces ∂εi g. Thus,

∂εi ∂
ω
j g =

(
δρωj δ

ρε
i

)∗
g =

(
δρωi δ

ρε
j−1

)∗
g = ∂ωj−1∂

ε
i g

for all i < j. The identity

δRεi
∗
dxj = dxj ◦DδRεi =


dxj−1, if i < j

0, if i = j,

dxj, if i > j

implies

∂εi σjg = lim
R→∞

δRεi
∗ (
p∗jg + dx2j

)
= lim

R→∞
δRεi

∗
p∗jg + δRεi

∗
dx2j

=


limR→∞ p∗j−1δ

Rε
i

∗
g + dx2j−1, if i < j,

g, if i = j,

limR→∞ pjδ
Rε
i−1

∗
g + dx2j if i > j.

=


σj−1∂

ε
i g, if i < j,

g, if i = j,

σj∂
ε
i−1g, if i > j.

Lastly, the equation

p∗idxj = dxj ◦ pi =

{
dxj+1, if i ≤ j,

dxj, if i > j,

gives, for i ≤ j, the equation

σiσjg = p∗i (p
∗
jg + dx2j) + dx2i

= p∗i p
∗
jg + p∗idx

2
j + dx2i

= p∗j+1(p
∗
i g + dx2i ) + dx2j+1

= σj+1σig,
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so the first claim is proven.
The connecting maps send positive scalar curvature metrics to positive scalar

curvature metrics because scalar curvature is additive under taking products, see
Lemma C.1.1 below. In more detail,

scal(σig) = scal(p∗i g + dx2i ) = scal(g ⊕ ⟨·, ·⟩) = scal(g) > 0,

and, since g|{εxi>ρ} is the product metric of ∂εi g and the euclidean metric, we have

scal(∂εi g) = scal(p∗i∂
ε
i g + dx2i )|{εxi>ρ} = scal(g)|{εxi>ρ} > 0,

which implies the second claim.

We would like to know whether R̃•(M) and R̃+
• (M) are Kan sets. For R̃•(M)

even more is true.

Proposition 3.1.8. The cubical set R̃•(M) is combinatorially contractible.

The proposition follows immediately from the following two elementary lemmas.

Lemma 3.1.9. Let U, V be an open cover of a not necessarily compact manifold N .
Assume there is a submanifold H such that U ∩ V is diffeomorphic to H × (−1, 1).
If gU and gV are Riemannian metrics on U and V , respectively, then there is a
Riemannian metric g on N such that

g|U\V = gU |U\V and g|V \U = gV |V \U .

Proof. Pick a smooth function χ : (−1, 1) → [0, 1] that is identically zero near −1
and identically 1 near 1. Let ϕ : U ∩ V → H × (−1, 1) be a diffeomorphism. Define
on U ∩ V the Riemannian metric

g|U∩V ..= (χ ◦ pr2 ◦ ϕ) · gU + (1− χ ◦ pr2 ◦ ϕ) · gV

It can be extended via gU and gV to the rest of M and the result g is the desired
metric.

Lemma 3.1.10. For (j, ω) and (k, η) ∈ {1, . . . , n} × Z2, pick two block metrics
g(j,ω) and g(k,η) on M × Rn that decompose outside of M × ρIn. Assume that j ≤ k
and that ∂ωj g(k,η) = ∂ηk−1g(j,ω). Then, the metric σjg(j,ω) and σkg(k,η) agree on the set
{ωxj > ρ, ηxk > ρ}.

Proof. Abbreviate {ωxj > ρ, ηxk > ρ} to U . If j = k there is nothing to prove for
either U is empty or (j, ω) = (k, η). For j < k, the calculation

σjg(j,ω)|U = σk∂
η
kσjg(j,ω)|U

= σjσk−1∂
η
k−1g(j,ω)|U

= σjσk−1∂
ω
j g(k,η)|U

= σj∂
ω
j σkg(k,η)|U = σkg(k,η)|U

shows the claim. Here, we used the block form of g(j,ω) in the first line, cubical
identities in the second line, and the assumed compatibility in the third line.
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Proof of Proposition 3.1.8. Let ∂□[n]• → R̃•(M) be given by the family of block
metrics

{g(j,ω) ∈ R̃n−1(M) : ∂ωj g(k,η) = ∂ηk−1g(j,ω) for j < k},

where (j, ω), (k, η) ∈ {1, . . . , n} × Z2. Since we are given only finitely many block
metrics, we can pick a sufficient large ρ > 0 such that all g(j,ω) decompose outside
of M × ρIn−1. The compatibility assumption yields that the metrics σjg(j,ω)|{ωxj>ρ}
agree on the intersection of their domain by Lemma 3.1.10. Thus, these metrics
form a Riemannian metric g on M × Rn \ ρIn. Pick some Riemannian metric g0
on M × (ρ + 2)In and apply Lemma 3.1.9. The result gfill is obviously a block
metric because it agrees with g outside a compact subset and therefore satisfies
∂ωj gfill = g(j,ω). Thus, it is a desired filler for the initially given cubical sphere, so
R̃•(M) is combinatorially contractible.

To prove that R̃+
• (M) is a Kan set is more complicated. In the next section, we

will do some preparations and finish off the proof in Section 3.3.
We close this section by introducing the comparison map between R•(M) and

R̃•(M).

Definition 3.1.11. For each smooth block map g ∈ Rn(M), we define suspn(g) as
the adjoint metric on M × Rn. More precisely, we set

suspn(g)(m,x) = g(x)m + dx21 + · · ·+ dx2n

and call it the suspension of g.

Lemma 3.1.12. The suspension of every g ∈ Rn(M) is a block metric and all
suspension maps assemble to a cubical map susp• : R•(M)→ R̃•(M).

Proof. Since g is a block map, there is a ρ > 0 such g|{±xi>ρ} does not depend on xi
anymore. Thus, on {εxi > ρ}, the suspension suspn(g) is the product of δρεi suspn(g)
and dx2i . Lemma 3.1.4. implies that suspng is a block metric.

The second statement follows from the calculations

∂εi suspn(g)(m,x) = lim
R→∞

δRεi
∗ (
g(–)(–) + dx21 + · · ·+ dx2n

)
(m,x)

= lim
R→∞

g(δRεi (x))m + δRεi
∗
dx21 + · · ·+ δRεi

∗
dx2n

= lim
R→∞

(∂εi g)m(x) + dx21 + · · ·+ dx2n−1

= suspn−1(∂
ε
i g)(m,x)

and

σisuspn(g)(m,x) = p∗i
(
g(–)(–) + dx21 + · · ·+ dx2n

)
(m,x)

+ dx2i

= g(pi(x))m + p∗idx
2
1 + · · ·+ p∗idx

2
n + dx2i

= suspn+1(σig)(m,x).
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Unfortunately, it is not true that the suspension restricts to a cubical map
susp• : R+

• (M) → R̃+
• (M). If the parameter of the block map g ’runs too fast’,

the scalar curvature of suspn(g) might be non-positive at some points. This can be

already seen in the following example: The euclidean metric on 2Dn \
◦
Dn expressed

in polar coordinates is the suspension of the curve [1, 2] → Riem+(Sn−1) that is
given by r 7→ r2 · gSn−1 , where gSn−1 is the standard round metric.

Later we will construct a weakly equivalent Kan subset A• of R+
• (M) so that

susp•|A• takes values in R̃+
• (M). But we would like this cubical subset A• to be

adapted to the index theory we will develop Chapter 4. Therefore, we postpone the
construction of A• to Chapter 5.
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3.2 Construction of Special Submanifolds

The main result of this section, Theorem 3.2.2, is an embedding result. It allows
us to find, for each given block metric, a family of neatly embedded hyperplanes in
the sense that the planes bend only in those direction in which the block metric is
euclidean. More precisely, the unit normal vector field of these hyperplanes always
lies in a subspace on which the given block metric restricts to the euclidean metric.

The application of this theorem in the proof of the Kan property are two-fold.
The existence of these hyperplanes provide an open, cylindrical neighbourhood in
which we can deform the block metric in a way such that the result has product
structure on one end of the cylinder. Secondly, the theorem provides a diffeomorph-
ism that we will use to “push” the modified metric on (an open neighbourhood) the
given initial n-horn onto the entire cube.

We start with definitions of certain subsets of Rn that we will need in the proof
of the embedding theorem and throughout the thesis overall.

Definition 3.2.1. We define, for each α : {1, . . . , n} → Z3 = {0,±1} and each
ρ > 0, the open subsets

Vρ(α) ..= {x ∈ Rn : α(i)xi > ρ− 1 if i ∈ suppα, xi ∈ (−ρ, ρ) if α(i) = 0}.

For ρ > 0 and (i, ε) ∈ {1, . . . , n}×Z2, define the infinite half cuboid open towards
(i, ε) as

Cubρn,i,ε ..= {x ∈ Rn : εxi ≥ −ρ, xj ∈ [−ρ, ρ] if j ̸= i}.

The open subsets Vρ(α) should be thought of as an open partition of Rn with
only one relative compact set Vρ(0), see figure 3.2 for a visualisation in which we
chose ρ so large that the difference between ρ and ρ− 1 is not visible.

For each α : {1, . . . , n} → Z3, let α̂ = α|suppα. The tupel α̂ parameterises the
coordinates in those directions Vρ(α) is unbounded and, more importantly for our
purpose, in which coordinate-direction a block metric decomposes. Note also that
Uρ−1(α) is the union of all Vρ(α′) with suppα′ ⊇ suppα.

Theorem 3.2.2 (Embedding Theorem). For all ρ > 5, there is a smooth hypersur-
face H ⊂ Rn \ Cubρ−4

n,1,1 and an embedding Φ: H × [1, 2] → Rn \ Cubρ−4
n,1,1 with the

following properties for all α:

1. (i) The permutation that identifies Vρ−4(α) with (−ρ+4, ρ−4)Null(α)×Rα̂
ρ−5

identifies H ∩ Vρ−4(α) with (−ρ+ 4, ρ− 4)|Null(α)| ×Hα̂ for some hyper-
surface Hα̂ ⊆ Rα̂

ρ−5.

(ii) Under this identification, the embedding Φ corresponds to id× Φα̂.

(iii) Outside a compact set, Φt(x) = x− (t− 1.9)e1.
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2. The hypersurface H separates Rn into two unbounded open subsets. If Uleft
denotes the component that contains Φ(H ×{2}), then there is a diffeomorph-
ism

Ψn : Uleft ∪ Φ(H × [1, 2])→ {x1 ≤ ρ+ 1}

that is the identity on Φ(H × [1.8, 2]) and outside a compact subset of Φ(H ×
[1, 2]).

3. There are smooth maps h : [1, 2] → Riem(H) and f : [1, 2] → R>0 that are
constant outside a compact set K with values ⟨·, ·⟩Rn−1 and 1, respectively,
such that

(Φ∗⟨·, ·⟩)(p,t) = h(t)p + f 2(p, t)dt2.

In fact, on Φ−1(H ∩ Vρ−4(α)), the curve of metrics h decomposes into t 7→
⟨·, ·⟩Rn(α̂) ⊕ hα̂(t) and the map f factors through Rα̂

ρ−5.

Unfortunately, the proof of this theorem is quite technical and the entire section
is devoted to it. The theorem is therefore formulated in a manner so that the reader
can safely take it for granted during his or her first reading. We will not need the
ingredients of its proof later, with the following definition as the only exception.
However, it might be helpful to have a look at the pictures presented here.

Definition 3.2.3. For ρ > 2, let auxρ : R → R be a smooth, convex function that
satisfies

aux−1
ρ ({0}) = R≤ρ−2 and auxρ|R≥ρ

= id− (ρ− 1).

Define the dice function dicen,ρ : Rn → R via

dicen,ρ(x) ..=
n∑
j=1

auxρ(|xj|).

The level set of dicen,ρ of values around 1 look like a cube with smoothed corners,
see Figure 3.3, hence the name. In the following, we will abbreviate dice2,ρ to dice.
Fix 0 < ε < (ρ− 2)/2 and set

dicel ..= dice|{x1<ε}.

Furthermore, we define

diceo(x1, x2) ..= −dice(x1, x2 − (2ρ+ 1)) + 3 on (−ε, ρ+ 1]× [ρ, ρ+ 4],

diceu(x1, x2) ..= −dice(x1, x2 + (2ρ+ 1)) + 3 on (−ε, ρ+ 1]× [−ρ,−(ρ+ 4)]

= diceo(x1,−x2).

Lemma 3.2.4. The functions dicel and diceo agree on (−ε, ε)× [ρ, ρ+1], while dicel

and diceu agree on (−ε, ε)× [−(ρ+ 1),−ρ].
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Vρ−4(0, 1)

Vρ−4(0, 1)

Vρ−4(1, 1)

Vρ−4(1,−1)

Vρ−4(−1, 0)

Vρ−4(−1, 1)

Vρ−4(−1,−1)

Vρ(0, 0) Vρ(1, 0)

Cubρ−4
n,(1,1)

Φ(H × [1, 2])

H = H × {1.9}

x2 = ρ− 4

x2 = −(ρ− 4)

x1 = ρ− 4
x1 = −(ρ− 4)

Uleft

Figure 3.2: The shape of Φ(H×[1, 2]) in Rn, here for n = 2. The set H is canonically
identified with Φ(H × {1.9}).
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dice−1
ρ,2({0})

x2 = ρ− 2

x2 = ρ− 1

x2 = ρ

x1 = ρ

dice−1
ρ,2({diceρ,2(0, ρ− 1)})

dice−1
ρ,2({1})

Figure 3.3: The level sets of a dice function. Recall that diceρ,2(0, ρ) = 1 by con-
struction.

Proof. For (x1, x2) ∈ (−ε, ε)× [ρ, ρ+ 1], we have

diceo(x1, x2) = −dice(x1, x2 − (2ρ+ 1)) + 3 = −auxρ(|x2 − (2ρ+ 1)|) + 3

= − (|x2 − (2ρ+ 1)| − (ρ− 1)) + 3

= − (2ρ+ 1− x2 − (ρ− 1)) + 3

= x2 − (ρ− 1) = dicel(x1, x2),

where we used |x2− (2ρ+1)| ∈ [ρ, ρ+1] to go from the first to the second line. The
second statement follows from the first because dicel(x1, x2) = dicel(x1,−x2) and
diceu(x1, x2) = diceo(x1,−x2).

On [ρ, ρ+ 1]× [ρ+ 3, ρ+ 4], we have

diceo(x1, x2) = − (auxρ(|x1|) + auxρ(|x2 − (2ρ+ 1)|)) + 3

= − (x1 − (ρ− 1)) + 0 + 3

= −(x1 − ρ) + 2

and, similarly, on [ρ, ρ+ 1]× [−(ρ+ 4),−(ρ+ 3)] we have

diceu(x1, x2) = −(x1 − ρ) + 2.

This allows us to merge these functions. For

Q1 ..=
(
[−ε, ρ]× [ρ, ρ+ 1]

)
∪
(
[ρ− 2, ρ+ 1]× [ρ, ρ+ 4]

)
,

Q2 ..=
(
[−ε, ρ]× [−(ρ+ 1),−ρ]

)
∪
(
[ρ− 2, ρ+ 1]× [−(ρ+ 4), ρ]

)
,
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we define

dρ(x) ..=


diceo(x), if x ∈ Q1,

diceu(x), if x ∈ Q2,

dicel, if x ∈ {x1 < ε},
−(pr1 − ρ) + 2, if x ∈ [ρ, ρ+ 1]× [−(ρ+ 3), ρ+ 3]c.

Lemma 3.2.5. The set of regular values for dicen,ρ is R>0. The interval [1, 2] is a
set of regular values for dρ.

Proof. Since auxρ is a smooth and convex function, its derivative is monotonically
increasing. As its null-set is Rρ−2, the derivative aux′ρ must be positive on R>ρ−2.
The first claim now follows from

d dicen,ρ =
n∑
j=1

sgn(xj)aux
′
ρ(|xj|)dxj.

It suffices to prove the second claim for each summand. For

−(pr1 − ρ) + 2: [ρ, ρ+ 1]× [−(ρ+ 3), ρ+ 3]c → R,

there is nothing to prove. The first claim implies that diceo and diceu have only one
singular value, namely 3. Since dicel is the restriction of dice to {x1 < ε}, it only
has one singular value, namely 0. Thus, [1, 2] is indeed a set of regular values for
dρ.

Similar arguments also yield the following lemma.

Lemma 3.2.6. If ∂jdρ(x) ̸= 0, then |xj| > ρ− 2.

Proof. It suffices to prove the statement for each summand. For −(pr1−ρ)+2 there
is nothing to prove as all points in its domain satisfy the claimed inequalities.

All x ∈ dom(diceo) satisfy |x2| > ρ − 2, so we have to check the statement
only for ∂1diceo. Since aux′ρ is monotonically increasing and aux−1

ρ ({0}) = Rρ−2 the
condition

(∂1dice
o)(x) = ∂1aux(|x1|) = sgn(x1)aux

′
ρ(|x1|) ̸= 0

is equivalent to |x1| > ρ− 2.
Since diceu(x1, x2) = diceo(x1,−x2) the statement holds true also for diceu.
For dicel, we deduce from

∂jdice
l(x) = sgn(xj)aux

′
ρ(|xj|) ̸= 0,

that |xj| > ρ− 2.

We would like to generalise this construction to arbitrary dimension in a ’dice-
rotational’ manner. To this end, we need an abstract extension result.

Lemma 3.2.7. For all ρ > 5, there is a function d̃icen−1,ρ : Rn−1 → R≥0 that
satisfies:
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(i) The preimages of R≥ρ−2 under d̃icen−1,ρ and dicen−1,ρ−2 + ρ − 3 agree. Fur-
thermore, the two functions agree on d̃ice

−1

n−1,ρ(R≥ρ−2).

(ii) d d̃icen−1,ρ ̸= 0 on Rn \ {0}.

(iii) The origin is the unique local minimum of d̃icen−1,ρ with value 0.

Proof. Pick a smooth function χ : R → [0, 1] that is monotonically increasing, sat-
isfies χ′ ≤ 1.2, and that has the following preimages: χ−1({0}) = R≤ρ−3 and
χ−1({1}) = R≥ρ−2. Pick further C−1 > (n − 1) · (ρ − 2)2/(ρ − 3) and abbreviate
dicen−1,ρ−2 + (ρ− 3) to φ. Define

d̃icen−1,ρ(x) ..= φ(x) · χ(φ(x)) + C(1− χ(φ(x))) · ||x||2.

The two functions d̃icen−1,ρ and φ agree on φ−1(R≥ρ−2). To prove (i) it is enough
to show that d̃icen−1,ρ < ρ− 2 on the complement φ−1(R<ρ−2) so that the preimage
of R≥ρ−2 under the two functions agree. By the choice of C, we have C||x||2 < ρ− 3
on φ−1(R≤ρ−2) so that the second summand satisfies

C(1− χ(φ(x))) · ||x||2 < ρ− 3.

Since φ ≥ ρ− 3, we conclude d̃icen−1,ρ < φ, whenever χ ◦ φ ̸= 0 and (i) follows.
Clearly, d̃icen−1,ρ ≥ 0 and the origin gets mapped to zero. Thus, (iii) follows

from (ii).
To prove (ii), we calculate

dxd̃icen−1,ρ =
(
χ(φ(x)) + (φ(x)− C||x||2)χ′(φ(x))

)
dxφ

+ 2C(1− χ(φ(x))) ·
n−1∑
j=1

xj · dxj

=
n−1∑
j=1

((
χ(φ(x)) + (φ(x)− C||x||2)χ′(φ(x))

)
aux′ρ−2(|xj|)sgn(xj)

+ 2Cxj(1− χ(φ(x)))
)
dxj.

Since (φ− C||x||2) ≥ 0 on φ−1(R≤ρ−2), in particular on supp (χ′ ◦ φ), the two sum-
mands have the same parity. The second summand Cxj(1 − χ(φ(x)) vanishes only
if xj = 0 or φ(x) ≥ ρ − 2. In the latter case, the first summand does not vanish.
Thus, dxd̃icen−1,ρ only vanishes at the origin.

We use this function to define

dn,ρ(x) ..= dρ(x1, d̃icen−1,ρ(x2, . . . , xn))

as real valued map with domain

dom(dn,ρ) =
{
x ∈ Rn : (x1, d̃icen−1,ρ(x2, . . . , xn)) ∈ d−1

ρ ([1, 2])
}
.
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Observe that d2,ρ = dρ because dice1,ρ−2(x2) + ρ − 3 = |x2| on dice−1
1,ρ−2(R≥ρ−2)

because dρ(x1, x2) = dρ(x1, |x2|) and dρ is independent of x2 on dom dρ ∩ {|x2| <
ρ− 2}.

Lemma 3.2.8. Restricted to d−1
n,ρ([1, 2]), the map dn,ρ satisfies:

(i) If ∂jdn,ρ(x) ̸= 0, then |xj| > ρ− 4.

(ii) Every point in d−1
n,ρ([1, 2]) is a regular point.

Proof. We start to prove the first statement. For j = 1, the assumption

(∂1dn,ρ)(x) = (∂1dρ)(x1, d̃icen−1,ρ(x2, . . . , xn)) ̸= 0,

implies |x1| > ρ− 2 by Lemma 3.2.6.
For j ≥ 2, the assumption

∂jdn,ρ(x) = (∂2dρ)(x1, d̃icen−1,ρ(. . . )) · ∂jd̃icen−1,ρ(x2, . . . , xn) ̸= 0

implies that the first factors do not vanish, which concludes d̃icen−1,ρ(x2, . . . , xn) >

ρ− 2. Since d̃icen−1,ρ = dicen−1,ρ−2 + (ρ− 3) on this domain, we have

∂jd̃icen−1,ρ(x2, . . . , xn) = ∂jdicen−1,ρ−2(x2, . . . , xn)

= sgn(xj)aux
′
ρ−2(|xj|) ̸= 0,

which implies |xj| > ρ− 4.
Assume that x ∈ d−1

n,ρ([1, 2]) were a singular point. We know from Lemma
3.2.5 that (x1, d̃icen−1,ρ(x2, . . . , xn)) is a regular point of dρ. If ∂1d does not van-
ish at this point, then dn,ρ(x) ̸= 0 and x would be a regular point for dn,ρ. Thus,
∂jd̃icen−1,ρ(x) = 0 for all 2 ≤ j ≤ n, which implies that (x2, . . . , xn) is the origin of
Rn−1. From the equation

0 = ∂1dn,ρ(x) = (∂1dρ)(x1, d̃icen−1,ρ(x2, . . . , xn)) = (∂1dρ)(x1, 0)

follows dn,ρ(x) = dρ(x1, 0) /∈ [1, 2], which contradicts our domain assumption.

Lemma 3.2.9. The set d−1
n,ρ([1, 2]) does not intersect the closure of the cuboid

Cubρ−4
n,1,1 = {x ∈ Rn : x1 ≥ −(ρ− 4), xj ∈ [−(ρ− 4), ρ− 4]}.

Proof. Each point x ∈ Cubρ−4
n,1,1 satisfies dicen−1,ρ−2(x2, . . . , xn) = 0. Condition (i)

of d̃icen−1,ρ yields d̃icen−1,ρ(x) < ρ − 2. Thus, x is either not in the domain of dn,ρ
or

dn,ρ(x) = dicel(x1, d̃icen−1,ρ(x2, . . . , xn))

= auxρ(|x1|) + auxρ(|d̃icen−1,ρ(x2, . . . , xn)|)
= 0.
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Definition 3.2.10. Let H ..= d−1
n,ρ({1.9}) and let Φ: H × [1, 2]→ d−1

n,ρ([1, 2]) be the
restriction of the (shifted) gradient flow of dn,ρ so that Φ1.9 = idH .

Recall that the (shifted) gradient flow is the unique smooth map

Φ: domΦ ⊂ Rn × R→ Rn

that solves the initial value problem

(∂tΦ)t0(x) =
grad(dn,ρ)

||dn,ρ||2
(Φt0(x)) and Φ1.9(x) = x.

Proof of the Embedding Theorem. Since dn,ρ is non degenerate on d−1
n,ρ([1, 2]) there

is a diffeomorphism

Φ: H × [1, 2]
∼= //

pr2 &&

d−1
n,ρ([1, 2])

dn,ρyy
[1, 2],

see for example [Hir94, p.153ff] for a proof. By Lemma 3.2.9, the image of Φ lies in
Rn \ Cubρ−4

n,1,1. In particular, H is a hypersurface of this open manifold.
We can describe Φ even in more details: Recall from Definition 3.1.2 that Rn(ε) =

Abb(n \ dom ε,R), and that Rε
ρ−5 = {x ∈ R|domε| : ε(ij)xj > ρ− 5}. By permuting

coordinates, we identify Vρ−4(α) with (−(ρ− 4), ρ− 4)|Null(α)|×Rα̂
ρ−5. Lemma 3.2.8

implies that dn,ρ does not depend on the points parametrised by Null(α), so under
this identification, H ∩ Vρ−4(α) corresponds to (−ρ + 4, ρ− 4)|Null(α)| ×Hα̂, where
Hα̂ = dn,ρ↿Rα̂

ρ−5
({1.9}). Furthermore, under this identification, the gradient flow Φ

corresponds to id×Φα̂. Note also that dn,ρ(x) = 2−(x1−ρ) if d̃icen−1,ρ(x2, . . . , xn) >

ρ + 3, so grad(dn,ρ) = −e1 outside the compact subset K ..= d̃ice
−1

n−1,ρ(R≤ρ+3) ∩
d−1
n,ρ([1, 2]). Thus, Φt(x) = x+ (t− 1.9)e1 outside this compact subset. Statement 1.

is therefore proven.
Next we prove statement 3. The gradient of a function is always perpendicular

to its level sets, so
Φ∗⟨·, ·⟩(x,t) = h(t)x + f 2(x, t)dt2,

where h(t) is the induced metric ⟨·, ·⟩↿Φt(H) and f 2 = ||grad(dn,ρ)||−2. On H ∩
Vρ−4(α), we can use the decomposition of the gradient flow to get the finer decom-
position

Φ∗⟨·, ·⟩ = ⟨·, ·⟩↿Rn(α̂) + hα̂ + (f α̂)2dt2,

where hα̂(t) is the induced metric ⟨·, ·⟩↿Φα̂
t (Hα̂) and (f α̂)2 = ||grad(dn,ρ)||−2, which

depends only on those coordinates that are parametrised by suppα. Since Φ is a
translation outside of K, the maps h and f are constant with values ⟨·, ·⟩↿Rn−1 and
1, respectively. Thus, statement 3. is proven.

To prove statement 2., we will study the shape of dn,ρ([1, 2]) and how it lies in
Rn. We will consider the case n = 2 first.
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Since d−1
2,ρ([1, 2]) = d−1

ρ ([1, 2]) it is easy to see that this set separates R2 into two
unbounded regions Ûleft and Ûright, see Figure 3.4. We set

Uleft ..= Ûleft ∪ d−1
2,ρ(R>1.9) and Uright ..= Ûright ∪ d−1

2,ρ(R<1.9)

so that H = d−1
2,ρ({1.9}). Visual reasons imply the existence of a diffeomorphism

Ψ: d−1
ρ ([1, 2])→ Ψ(d−1

ρ ([1, 2])) that is the identity near the d−1
ρ ([1.8, 2]) and outside

a compact set, that is of the form Ψ(x1, x2) = (Ψ(1)(x1), x2) near the line Re1, and
those extension to Uleft via the identity maps Uleft ∪ d−1

n,ρ([1, 2]) to {x1 ≤ ρ+1}, see
Figure 3.5.

For higher dimensions, we extend the diffeomorphism in a ’dice-symmetrical’
manner. Let Ξ: Rn−1 \ {0} × R>0 → Rn−1 \ {0} be the map that sends (x, t)
to Ξt(x), the image of x under the (shifted) gradient flow that lies in the levelset
d̃ice

−1

n−1,ρ({t}). Define

Ψn(x) ..=
(
Ψ(1)(x1, d̃icen−1,ρ(x2, . . . , xn)),

ΞΨ(2)(x1,d̃icen−1,ρ(x2,...,xn))
(x2, . . . , xn)

)
,

where Ψ(j) denotes prj ◦Ψ. Its inverse is given by

Ψ−1
n (y) ..=

(
(Ψ−1)(1)(y1, d̃icen−1,ρ(y2, . . . , yn),

Ξ(Ψ−1)(2)(y1,d̃icen−1,ρ(y2,...,yn))
(y2, . . . , yn)

)
.

The two maps are smooth and inverse to each other. As

ΞΨ(2)(x1,d̃icen−1,ρ(x2,...,xn))
(x2, . . . , xn) = (x2, . . . , xn)

in a neighbourhood of Re1, this assignment extends to a smooth diffeomorphism

Ψn : dom(dn,ρ)→ {x ∈ Rn : (x1, d̃icen−1,ρ(x2, . . . , xn)) ∈ imΨ(dom(dρ))}.

Since Ψ is the identity on d−1
ρ ([1.8, 2]) and outside a compact set, the diffeomorphism

Ψn is the identity on d−1
n,ρ([1.8, 2]) and outside a compact set. We extend it via the

identity ’to the left’ to Uleft ..= {x ∈ Rn : (x1, d̃icen−1,ρ(x2, . . . , xn)) ∈ Uleft}. This
gives a diffeomorphism

Ψn : Uleft ∪ d−1
n,ρ([1, 2])→ {x1 ≤ ρ+ 1}

with the same properties as Ψ = Ψ2. Note that this particularly implies that H is
diffeomorphic to Rn−1.
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x1 = ρ− 1

x1 = ρ

x1 = ρ+ 1

x2 = ρ+ 1

x2 = ρ+ 3

x2 = −(ρ+ 1)

dice−1
ρ,2([1, 2])

Uleft

Uright

Figure 3.4: The separation of R2 by d−1
2,ρ([1, 2]).
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x1 = ρ+ 1x1 = ρ+ 1
x1 = ρ

d−1
ρ ([1, 2])

Uleft

d−1
ρ ({1})

d−1
ρ ({2})

d−1
ρ ({2})

Ψ

pull it straight!

Figure 3.5: The diffeomorphism Ψ “stretches” d−1
ρ ([1, 2]) such that d−1

ρ ({1}) becomes
a straight line and d−1

ρ ({2}) remains unchanged.
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3.3 Kan Property of the Concordance Set
The aim of this section is to prove Theorem A, which can be thought of as a can
opener to the combinatorial world. The precise formulation is the following one:

Theorem 3.3.1. The concordance set R̃+
• (M) is a Kan set for every closed psc

manifold M .

The proof requires the following technical ingredient.

Lemma 3.3.2 (Metric Modification). Let g be a block metric on M × Rn that
decomposes outside of M × ρ/2In for ρ > 20. Assume further that ∂ωj g is a psc
metric for all (j, ω) ̸= (1, 1). Let H and Φ be as in the Embedding Theorem 3.2.2.
and let RΦ ..= R · Φ ◦ (id×R−1) : H × [R, 2R]→M × Rn.

Then, for all R ≥ 1, there is a metric on GR on M×RΦ(H×[1, 2]) that satisfies:

(o) There is an R0 > 0 such that scal(GR) > 0 if R > R0.

(i) The pull back (RΦ)
∗GR and (RΦ)

∗g agree on M ×H × [1.8R, 2R] and on the
complement of a compact subset of M ×H × [R, 2R].

(ii) The pull back (RΦ)
∗GR is a product metric on M × H × [R, 1.2R]. More

precisely,
(RΦ)

∗GR = (RΦ)
∗GR↿M×H×{R} ⊕ dt2.

Proof. Recall the open subsets

Vρ(α) ..= {x ∈ Rn : α(i)xi > ρ− 1 if i ∈ suppα;xi ∈ (−ρ, ρ) otherwise},

for all α : {1, . . . , n} → Z3. Also recall the notation α̂ = α|suppα. We have the
following finite decomposition

Rn \ Cubρn,1,1 =
⋃
{Vρ(α) : α ̸= 0, (1, 0, . . . , 0)}.

Let H and Φ be as in the Embedding Theorem. Then the subset RΦ(H × [1, 2]) is
still in the complement of Cubρn,1,1 for all R ≥ 1. The block metric g decomposes on
M × VRρ(α) into ∂α̂g⊕ ⟨·, ·⟩. Together with Embedding Theorem 3.2.2 this implies

RΦ
∗(g|VRρ(α)) = ((id× (Φα̂ ◦ (id×R−1))))∗R∗(∂α̂g ⊕ ⟨·, ·⟩)

= R∗∂α̂g ⊕R2(id×R−1)∗Φα̂∗⟨·, ·⟩
= R∗∂α̂g ⊕R2hα̂(–, R−1·) + (f α̂)2(–, R−1·)dt2

= R∗∂α̂g ⊕R2
Rh

α̂ + R(f
α̂)2dt2

=: hα̂R + f 2
Rdt

2

These decompositions assemble to the (global) decomposition

(RΦ)
∗g = hR + f 2

Rdt
2.
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Define the auxiliary metric kaux,R ∈ Riem(M ×H × [R, 2R]) via

kaux,R(m,x, t) ..= hR(m,x, 1.1 ·R) + dt2

and pick a smooth function χ : [1, 2]→ [0, 1] that vanishes identically on [1, 1.2] and
that is identically 1 on [1.8, 2]. Set further Rχ(t) = χ(R−1t).

We define kR ∈ Riem(M ×H × [R, 2R]) via

kR ..= (1− Rχ)
(
kaux,R + dt2

)
+ Rχ

(
hR + f 2

Rdt
2
)

and define
GR ..= (RΦ)∗(kR).

In the following, we drop the lower R if R = 1. To prove statement (i), we claim
that metric agrees with RΦ

∗(g) on M × H × [1.8R, 2R] and on the complement of
some compact set so that GR agrees with g on M × RΦ(H × [R, 1.2 · 2]) and away
from a compact subset. The first claim follows immediately from χ ≡ 1 on [1.8, 2].
The second claim follows from the existence of a compact set C such that H \C is an
open submanifold of {x1 = ρ+1} and such that Φ restricts to (x, t) 7→ x−(t−1.9)e1
on H \ C × [1, 2], so that, on H \ C × [R, 2R], the pull back RΦ

∗g decomposes into

(RΦ)
∗g = (RΦ ◦ id×R−1)∗(∂11g ⊕ dx21) = R∗(∂11g) + dt2.

Thus, on H \C× [R, 2R], the curve hR ≡ R∗(∂11g) and the map fR ≡ 1 are constant
so that kR = (RΦ)

∗g there.
To prove (o), we claim that kR (and hence GR) is a psc metric, provided that

R is sufficiently large. Indeed, on VRρ(α) with α /∈ {0, (1, 0, . . . , 0)} the metric kR
decomposes into

kR = R∗∂α̂g ⊕
(
(1− Rχ)(hR(·, 1.1R) + dt2) + Rχ(hR + f 2

Rdt
2)
)
|VRρ(α)×[R,2R]

= R∗∂α̂g ⊕
(
(1− Rχ)(R

2
Rh

α̂(·, 1.1R) + dt2) + Rχ(R
2
Rh

α̂ + (Rf
α̂)2dt2)

)
= R∗∂α̂g ⊕R2

R

(
(1− χ)hα̂(·, 1.1R) + χhα̂

)
+ R

(
(1− χ) + χ(f α̂)2

)
dt2

Since Φt(x) = x− (t− 1.9)e1 outside a compact set C, the metrics k1 and Φ∗g agree
outside of C and hR is a psc metric there. Thus, the metrics kaux,R and hα̂R agree
outside C for all R ≥ 1 and have positive scalar curvature there. Furthermore, for
R = 1, we find positive constants Const(α) such that∣∣scal ((1− χ)(hα̂(·, 1.1) + dt2) + χ(hα̂ + (f α̂)2dt2)

)∣∣ ≤ Const(α)

because the domain where the two metrics disagree is compact.
Corollary C.1.3 implies that

scal
(
R2

R

(
(1− χ)hα̂(·, 1.1) + χhα̂

)
+ R

(
(1− χ) + (f α̂)2

)
dt2
) R→∞−−−→ 0.

Furthermore, scal(R∗∂α̂g) = scal(∂α̂g) ◦ R is bounded from below by a positive
constant that is independent of R, for ∂α̂g is a block metric with positive scalar
curvature. Putting these facts together, we can choose R sufficiently large such that
scal(kR) is positive on (H ∩ Vρ−4(α))× [R, 2R]. Since all H ∩ Vρ−4(α) form a finite
cover of H, we find an R0 > 0 such such that scal(kR) > 0 for all R > R0.

A choice for the desired metric is given by the unique metric GR on M×RΦ(H×
[R, 2R]) that satisfies (RΦ)

∗GR = kR.
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We can now prove the Kan property.

Proof of Theorem 3.3.1. Assume we are given a cubical n-horn ⊓n(i,ε) that is repres-
ented by the following set of block metrics

{g(j,ω) ∈ R̃+
n−1(M) : ∂ωj g(k,η) = ∂ηk−1g(j,ω) for j < k; (j, ω), (k, η) ̸= (i, ε)}.

The problem is symmetric in (i, ε) so we may assume that (i, ε) = (1, 1). We pick a
sufficient large ρ > 20 such that all given block metrics g(j,ω) decompose outside of
M × ρ/2In−1. By assumption, the block metrics g(j,ω) have matching faces, so the
Riemannian metrics σjg(j,ω)|{ωxj>ρ−4} agree on the intersection on their domains, see
Lemma 3.1.9. Thus, the union of all σjg(j,ω)|{ωxj>ρ−4} with (j, ω) ̸= (1, 1) forms a
smooth psc metric g on M × Rn \ Cubρ−4

n,1,1.
By the proof of Proposition 3.1.8, we can find a block metric on M × Rn that

agrees with g on M × Rn \ Cubρ−2
n,1,1 as follows: First, the proof shows that we can

extend g↿{x1=c} to a block metric on {x1 = c} that agrees with g on M×{c}×Rn−1\
(ρ− 2)In−1 for all c > ρ− 4. As g↿{x1=c} does not depend on c, the extension can be
chosen to be independent of c. These extensions assemble to a smooth metric gaux
on M×Rn \(ρ−4)In. Applying the proof of Proposition 3.1.8 one more time, yields
a block metric that agrees with gaux outside of (ρ−2)In, in particular, it agrees with
g on M × Rn \ Cubρ−2

n,1,1. We denote this extension again with g. Of course, we do
not claim that the scalar curvature of this extension of g is positive on the whole
manifold M × Rn.

Let H, Φ, and Uleft ⊂ Rn \ Cubρ−4
n,1,1 be as in the Embedding Theorem 3.2.2.

By the Metric Modification Lemma 3.3.2, we find, for all sufficient large R, a psc
metric GR on M × RΦ(H × [1, 2]) that agrees with g outside a compact subset of
M × RΦ(H × [1, 2]) and that can be extended on M × (R · Uleft \RΦ(H × [1, 2]))
to a smooth psc metric via g. This extension is again denoted by GR. The set
Uleft∪Φ(H× [1, 2]) is diffeomorphic to {x1 ≤ ρ+1} via Ψn, by Embedding Theorem
3.2.2, 2., the set R · Uleft ∪ RΦ(H × [1, 2]) is diffeomorphic to {x1 ≤ (ρ + 1)R} via
RΨn ..= RΨn(R

−1·). Since RΦ
∗GR is a product metric on H × [R, 1.2R], the metric

(RΨ
−1
n )∗GR is also collared with collar length 0.2R. This means that there is a

(necessarily unique) collar map Rκ : M×{x1 = (ρ+1)R}×(−0.2R, 0]→M×{x1 ≤
(ρ+ 1)R} such that the Rκ

∗(RΨ
−1
n )∗GR is a product metric.

The collar Rκ might not be the standard one (m,x, t) 7→ (m,x + te1) but they
agree outside a compact set. This follows from the fact that RΨn is the identity
away from a compact set, so (RΨ

−1
n )∗GR agrees with g away from a compact set.

Since the set of collars that agree outside a fixed compact set is contractible we find
a diffeomorphism RΘ: M × {x1 ≤ (ρ + 1)R} → M × {x1 ≤ (ρ + 1)R} that is the
identity outside a compact set and that maps the standard collar to Rκ. In fact, the
proof of this statement allows us to assume that RΘ ◦ Rκ agrees with the standard
collar on M × {x1 = (ρ+ 1)R} × (−R/10, 0].

We can now extend the metric RΘ
∗(RΨ

−1
n )∗GR from {x1 ≤ (ρ+1)R} to M ×Rn

with the product metric (RΨ
−1
n )∗GR↿{x1=(ρ+1)R} ⊕ dx21. The resulting metric gfill is

a block metric that has positive scalar curvature. It further satisfies ∂ωj gfill = g(j,ω)
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for all (j, ω) because it agrees with g on the complement of a sufficient large cuboid
Cub?·R

n,1,1.
Thus, gfill is a filler for given n-horn, so R̃+

• (M) is a Kan set.
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3.4 Geometric Addition

Since R̃+
• (M) is a Kan set, the (combinatorial) homotopy groups are well defined

and carry a (combinatorical) group structure. These group structures are formally
defined through the Kan condition and, as we do not keep track of the fillers, they
are only defined on homotopy classes. This raises the question, whether there is a
geometrical meaningful representative for it.

Theorem 3.4.4 gives answers this question. Informally, the theorem says that the
addition on πn(R̃+

• (M)) is given by gluing two block metrics together along one of
their matching faces.

Angel Rotation

We start with describing a construction that extends a metric on N×R≥0 to N×R2
≥0

by “rotating it around the origin”. In the following, letN be a smooth, not necessarily
closed manifold.

Definition 3.4.1. Denote by Shj,R the shift diffeomorphism on Rn given by x 7→
x+Rej. If g is a Riemannian metric on N × Rn, then we define

Shj,R(g) ..= Shj,R∗(g) = Sh∗
j,−R(g).

Proposition 3.4.2. Let g be a Riemannian metric on N × R≥0 that has a product
structure away from N × [r1, r2]. We can construct a metric g∠R on N ×R2

≥0 for all
R ≥ 1 with the following properties:

(o) The metric g∠R is a product metric away from some compact subset.

(i) If g is a psc metric, then there is a R(g) > 0 such that g∠R is a psc metric for
all R > R(g).

(ii) g∠R restricts to ShR(g) on N×{0}×R≥0 and on N×R≥0{0} under the canonical
identification with N × R≥0.

(iii) g∠R is a product metric on {xj ≤ R/2} and the product structures are compatible
on the intersection.

(v) If g is the suspension of h : R≥0 → Riem(+)(N), then g∠R is the suspension of
a function hR : R2

≥0 → Riem(+)(N). Furthermore, if h is constant so is hR.

Proof. Let K be a compact, convex, point symmetric body inside I2 with smooth
boundary ∂K. We further assume K agrees with I2 inside {|xj| ≤ 1/2}. Let
γ : [0, l] → ∂K ∩ (R≥0)

2 be the surjective curve that is parametrised by arclength
and satisfies γ(0) = e1. This particularly implies that

γ(φ) =

{
e1 + φe2, on [0, 1/2],

e2 + (l − φ)e2, on [l − 1/2, l].
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Let v : [0, l] → R2 be the unique normalised vector field that is perpendicular to
γ′ and satisfies det(v, γ′) > 0. In particular, v(0) = e1. Furthermore, let κ be the
curvature of γ. Recall that the curvature1 of γ is defined by γ′′(φ) = −κ(φ)v(φ).
The curvature is non-negative as γ parametrises the boundary of a convex body.

If we replace K by R ·K, then the corresponding objects γR, vR, and κR have
[0, R · l] as domain and satisfy

γR(φ) = Rγ(R−1φ), vR(φ) = v(R−1φ), κR(φ) = R−1κ(R−1φ).

For all R ≥ 1, this datum defines a diffeomorphism

Ξ: (0,∞)× [0, R · l]→ (R≥0)
2 \R ·K

(r, φ) 7→ γR(φ) + r · vR(φ),

which can be thought as a variant of polar coordinates on the quadrant R2
≥0. Pulling

back the euclidean metric yields(
Ξ∗
R⟨·, ·⟩

)
(r,φ)

= dr2 + (1 + rκR(φ))
2dφ2.

This motivates the following construction, which is visualised in Figure 3.6.
Given g ∈ Riem(N×R≥0) that is a product metric on N× [0, ε), for some ϵ > 0. We
extend g via the product structure to N × R. Define g∠R to be unique Riemannian
metric on N × (R≥0)

2 \R ·K◦ that satisfies(
(id× ΞR)

∗g∠R
)
(n,r,φ)

= g(n,r) + (1 + rκR(φ))
2dφ2.

Since g = g↿N ⊕ dr2 away from M × [r1, r2], we conclude that

(id× ΞR)
∗g∠R = g↿N ⊕ (dr2 + (1 + rκR(φ))

2dφ2) = g↿N ⊕ Ξ∗
R⟨·, ·⟩ (3.1)

away from M × [r1, r2]× [0, R · l].
As a consequence, (id × ΞR)

∗g∠R has positive scalar curvature away from M ×
[r1, r2] × [0, R · l]), if g has positive scalar curvature. Since the r-coordinate is
bounded on M × [r1, r2] × [0, R · l], we can choose R sufficiently large such that
the 2-jets of (id × ΞR)

∗g∠R and the product metric g ⊕ dφ are arbitrarily close on
M × [r1, r2]× [0, R · l] This implies that g∠R is a psc metric if R is sufficient large.

The metric g∠R is a product metric on {xj ≤ R/2}. Indeed, on Ξ−1
R ({x1 ≤ R/2})

we have ΞR(r, φ) = (R + r)e2 − φe1, so that p1 ◦ (id × ΞR) = ShR ◦ p1, where p1
projects the first component away. Thus, the identity

g∠R|{x1≤R/2} = ShR ∗(g)⊕ dx21 = ShR ∗(p
∗
1g) + dx21

follows from the calculation

(id× ΞR)
∗(ShR ∗(g)⊕ dx21) = (id× ΞR)

∗(p∗1Sh
∗
−R(g) + dx21)

= p∗1g + (id× ΞR)
∗dx21

= g ⊕ dφ2 = (id× ΞR)
∗g∠R.

1The sign appears because we chose v such that (v, γ′) is positively oriented.
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Figure 3.6: The metric g gets rotates around the smooth, convex body R ·K.
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We use Equation (3.1) to extend g∠R from N × R2
≥0 \ RK◦ to N × (R≥0)

2 via
g↿N + dx21 + dx22 and denote the result again with g∠R. The extension satisfies (o),
(i), (ii), and (iii) by construction.

Lastly, if g = susp(h) is the suspension of a curve of metrics, then g∠R is the
suspension of

hR : (x1, x2) 7→

{
h(pr1(Ξ

−1
R (x1, x2))), if (x1, x2) ∈ (R≥0)

2 \R ·K,
h(0), if (x1, x2) ∈ (R≥0)

2 ∩R ·K.

The map is well defined and smooth, as h is constant near zero and thus ShR(h) =
h(· − R) can be constantly extended to [0, R]. As before, one checks that (id ×
ΞR)

∗susp(hR) = (id×ΞR)∗g∠R = h+dr2+(1+rκR(φ))
2dφ2 and claim (iv) follows.

Geometric Addition on the Concordance Set

We will use the previous extension construction to give a geometrical description of
the group structures.

Definition 3.4.3. For 1 ≤ j ≤ n, let g, h ∈ R̃n(M) be two block metrics with
matching faces, i.e., ∂1j g = ∂−1

j h. If g and h decompose away from M × RIn, then
we set

g +j,R h = Shj,−2R(g)|{xj≤0} ∪ Shj,2R(h)|{xj≥0}.

It is easy to see that g +j,R h is a block metric whose faces are given by

∂εi (g +j,R h) =


∂−1
j g, if i = j, ε = −1,
∂1jh, if i = j, ε = 1,

∂εi g +j−1,R ∂
ε
i h, if i < j,

∂εi g +j,R ∂
ε
i h, if i > j.

Furthermore, g+j,Rh ∈ R̃+
n (M) has positive scalar curvature, if g and h have positive

scalar curvature. Note further, that if g = susp(ḡ) and h = susp(h̄) are suspension
of block maps, then

g +j,R h = susp
(
ḡ(·+ 2Rej)|{xj≤0} ∪ h̄(· − 2Rej)|{xj≥0}

)
is again a suspension of a block map.

These operations represent the addition on the combinatorial homotopy groups.

Theorem 3.4.4. There are n-many group structures +j on πn(R̃+
• (M), g0) that are

defined as follows: If g, h are representatives of [g], [h] ∈ πn(R̃+
• (M)) that decompose

away from M ×RIn, then

[g] +j [h] ..= [g +j,R h].

If rj denotes the reflection at the hyperplane {xj = 0}, then [r∗jg] is the inverse
element of [g] with respect to +j. The structures are Eckmann-Hilton related to
each other. Furthermore, +1 agrees with the group structure provided by cubical set
theory.
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Proof. We start with the proof that the operations are well defined. Two different
choices R0, R1 yield isotopic metrics. Indeed, an isotopy between g +j,R0 h and
g +j,R1 h is given by s 7→ g +j,Rs h, where Rs ..= (1 − 2)R0 + sR1. Since isotopy
implies concordance (after a reparametrisation), the two block metrics represent the
same element in πn(R̃+

• (M)).
Let G ∈ R̃+

n+1(M) be a homotopy between g−1 and g1 and let H ∈ R̃+
n+1(M)

be a homotopy between h−1 and h1. Assume that G and H decompose outside of
M × RIn. Then G +j+1,R H ∈ R̃+

n+1(M) is a homotopy bewteen g−1 +j,R g1 and
h−1 +j,R h1.

The two previous observations imply that +j is a well defined operation on
πn(R̃+

• (M), g0).
The proof of associativity agrees with the proof that the group structure of

homotopy groups is associative. The neutral element is given by the base point g0.
If g decomposes outside ofM×ρIn, so does r∗jg. The homotopy between r∗jg+j,ρg

is indicated in Figure 3.7. In formulas, if g∠,jR is the metric obtained from Proposition

xj

x1

gr∗jg

g0 + dx1 + dx2j

g0 + dx1 + dx2j

r∗jg +j g

Figure 3.7: A homotopy between r∗jg+jg and the base point g0. The lower quadrants
are not shown. Each line segment can be identified with the lower right one and
under this identification, the metric on the line segment corresponds to g.

3.4.2 applied to the coordiantes x1, xj, then, provided R is sufficient large, the metric

G ..=g∠,jR |{x1≥0, xj≥0} ∪ (g + dx21)|{x1≤0, xj≥0} ∪
r∗jg

∠,j
R |{x1≥0, xj≤0} ∪ (r∗jg + dx21)|{x1≤0, xj≤0}

is a homotopy in R̃+
n+1(M) between g0 and r∗jg+j,R g for all R ≥ ρ sufficiently large.
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The proof that two of these group structures are Eckmann-Hilton related is the
same as for homotopy groups.

The proof that +1 agrees with +top, the group structure coming from cubical set
theory, is given by a picture. Recall that we need to find an element H ∈ R̃+

n+1(M)
that satisfies [∂−1

1 H] = a, [∂11H] = a +1 b, and [∂12H] = b, while [∂εiH] = [g0] for all
other faces. Such a filler is given indicated in Figure 3.8.

Figure 3.8: A homotopy between +1 and +top. In the blank space, the metric H
agrees with g0.



Chapter 4

The Operator Concordance Set

Recall that one of our main goals is to factor the index difference through R̃+
• (M).

The naive approach would be to translate the index difference Riem+(M)→ KO−d

into the category of cubical sets via the singular set functor (or a weakly equivalent
version, like the cubical set of (smooth) block maps) and then try to factor the cor-
responding cubical map R+

• (M)→ KO−d
• through R̃+

• (M). However, the resulting
map R̃+

• (M) → KO−d
• would be highly non-canonical and difficult to describe be-

cause, roughly speaking, KO−d
• is modelled using the notion of isotopy while R̃+

• (M)
is build on the notion of concordances.

Instead, we construct a new model for real K-theory in this section. It should
be the geometric realisation of a cubical set that is the target of a ’nice’ cubical map
from R̃+

• (M) so that the proof of the factorisation result carried out in Chapter 5
is of mild difficulty.

The starting point is the observation made in [Ebe17] that the space ΨDir×(M)
of invertible pseudo Dirac operators on a closed, d-dimensional, spin manifold M ,
provided it is non-empty, is a classifying space for real K-theory. In this model,
the index difference is the map Riem+(M) → ΨDir×(M) that assigns to a psc
metric g its Dirac operator /Dg. Our new model for real K-theory emerges in the

same manner as R̃+
• (M) emerges out of Riem+(M). The cubical set Ψ̃Dir

×
• (M) of all

invertible block Dirac operators comes with a comparison map susp• : ΨDir×• (M) 99K

Ψ̃Dir
×
• (M) defined on a weakly equivalent subset of ΨDir×• (M). The main result

of this chapter is that this operator suspension map susp• is a weak homotopy
equivalence.

In Section 4.1, we recall the foundations of spin geometry like the construction
of the Clifford-linear spinor bundle and the Clifford linear Dirac operator and study
how these geometric objects depend on the underlying metric. We also translate
the results of [Ebe17] into our language and establish the space of invertible block
Dirac operators as a classifying space for real K-theory and give a description of the
(Hitchin) index difference.

Section 4.2 presents the foundations of block operators on spinor bundles. In
particular, we lay the focus on how local these pseudo differential operators are and
how much they increase the support of sections.
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In Section 4.3 we study the analytic properties of these operators and discuss
several cut-and-paste arguments.

Section 4.4 is the operator theoretic analog of Section 3.1. There we construct
the operator concordance set Ψ̃Dir

×
• (M) and define the operator suspension map

susp•. We will construct, in Section 4.5, a weakly homotopy equivalent subset
B• ↪→ ΨDir×• (M) so that the restriction susp•|B• takes values in Ψ̃Dir

×
• (M).

In Section 4.6 and 4.7, we show that Ψ̃Dir
×
• (M) is a Kan set followed by the

even stronger statement that the cubical map Ψ̃Dir
×
• (M)→ R̃•(M) that assigns to

a block Dirac operator its underlying Riemannian metric is a cubical Kan fibration.
Section 4.8 is the operator theoretic analog of Section 3.4. It introduces an

operator theoretic addition which agrees with the group structure on πn(Ψ̃Dir
×
• (M))

coming from cubical set theory. As an application, we show that the Gromov-Lawson
index difference is a group homomorphism πn(Ψ̃Dir

×
• (M))→ KO−(d+n+1)(pt).

Finally, in Section 4.9, we use all previous acquired results to show that the
operator suspension susp• : ΨDir×• (M) → Ψ̃Dir

×
• (M) is a weak equivalence. We

show that πn(ΨDir×• (M)) and πn(Ψ̃Dir
×
• (M)) can be identified with certain KK-

theory groups and that, under this identification, the homomorphism πn(susp•)
corresponds to the Kasparov-product with the fundamental class αn+1, which is
known to be an isomorphism.

4.1 Foundations on Spin Geometry

We recall and summarise the necessary material on which we will base our results.
First, we start with the construction of the Clifford-right linear spinor bundle and
examine the role of the underlying Riemannian metrics. In particular, our focus
lies on the identification of the two spinor bundles with different underlying metrics.
This allows us to define the universal spinor bundle overM×Riem(M) that considers
all Riemannian metric at once.

The main task of this section is the construction of the space of invertible pseudo
Dirac operators ΨDir×(M) of a closed spin manifold M of dimension d > 0. Res-
ults of Johannes Ebert [Ebe17] imply that if ΨDir×(M) is not empty, then it is a
classifying space for KO−(dimM+1).

The Spin Package

We recall the foundations of classical spin geometry and set up notational conven-
tions. Everything that is covered here can be found in the book [LM89] except for
Lemma 4.1.15 and 4.1.17. Although these results are probably known to experts,
the author has not found them in the literature.

Definition 4.1.1. Let (V, q) be a vector space with a quadratic form. The Clifford
algebra Cl(V, q) is the unital algebra that contains V and satisfies the following
universal property: Every injective linear map f : V ↪→ A into a unital algebra A
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that satisfies f(v)2 = −q(v) · 1 extends uniquely to a unital algebra homomorphism
Cl(f) : Cl(V, q)→ A.

Definition 4.1.2. Every Clifford algebra has a canonical grading, which is given
by the parity operator Cl(−id). We call this grading the even/odd -grading and it
is denoted by e/o.

If V is a real vector space, we can consider it as Real vector space (V ⊗C, id⊗·).
Then the Clifford algebra is Real as well. The Real structure · commutes with the
parity operator.

Remark 4.1.3. Every Real vector space or Real vector bundle that we consider in
this thesis comes from a real vector space or bundle via the above construction.
We will not notationally distinguish them. The reason why we actually need to
work with Real vector bundles is that we consider pseudo differential operators on
these bundles, which are locally defined with the help of Fourier transformation, see
Appendix B for details, which is only defined on complex vector spaces and that
the principal symbol of pseudo differential operator does not in general preserve the
real bundle.

Example 4.1.4. We denote the vector space V = Rp × Rq endowed with the quad-
ratic form q(x, y) ..= ||x||2eucl − ||y||2eucl with Rp,q. The standard basis is denoted by
e1 . . . , ep, ε1, . . . , εq. Its Clifford algebra is multiplicatively generated by the standard
basis of Rp,q. The generators satisfy the following relations

eiej + ejei = −2δij,
εiεj + εjεi = 2δij,

and Cl(Rp,q) is the universal algebra with these generators and relations.
Let I and I ′ be strictly monotonically increasing ordered tupels with entries

between 1 and p, and 1 and q, respectively. If eI denotes ei1 · · · · · ei|I| (with the
convention e∅ = 1), then the set of all eI · εI′ form a basis of Cl(Rp,q). There is a
unique quadratic form || · ||2 that turns that basis into a (signed) orthonormal basis.
The Clifford algebra endowed with all this data, is denoted by Clp,q.

The Clifford algebra carries a structure of a C∗-algebra. Indeed, the left multi-
plication map l : Clp,q → End(Clp,q) is an injective algebra homomorphism whose
image is closed under taking adjoints. It suffices to show this for the generators
e1, . . . , ep, ε1, . . . , εq. The linear maps l(ei) and l(εj) are isometries as they map the
canonical orthonormal basis of Clp,q to itself up to sign. Together with the Clifford
relations this implies

l(ei)
∗ = l(−ei) and l(εj)

∗ = l(εj).

In the following we only write ei· and εj· for l(ei) and l(εj) unless we want to
emphasise the representation l. Usually we will denote the C∗-norm on Clp,q with
||–||op. Note that ||v||op = ||v|| for vectors v ∈ Rp,0 but ||v||op ̸= ||v|| for general
elements v ∈ Clp,0.
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The most important case for us is q = 0. We will restrict our discussions of spin
geometry to this case, although it holds in larger generality.

Definition 4.1.5. We denote by Spin(d) the subgroup of Cld,0 that is multiplicative
generated by {v · w : v, w ∈ Rd ⊆ Cld,0, ||v|| = ||w|| = 1} and we denote by
Pin−(d) the subgroup of Cld,0 that is multiplicatively generated by {v : v ∈ Rd ⊆
Cld,0, ||v|| = 1}.

Note that left multiplication with elements in Pin−(d) is an isometry on Cld,0.
The conjugation with elements of Pin−(d) is another isometric action on Cld,0. It
preserves the subspace Rd ⊂ Cld,0 and thus yields a homomorphism λ : Pin−(d) →
O(d). One can show that it is a two-sheeted covering, see for example [LM89,
Theorem I.2.10]. Restricted to Spin(d), this yields a two-sheeted cover λ : Spin(d)→
SO(d).

To generalise these concepts to manifolds, the best approach seems to be via
principal frame bundles and representations. A basic reference for principal bundles,
their associated bundles and their differential geometry is [Bau09]. In the following,
let Md be a smooth manifold of dimension d (it may have corners and does not need
to be compact).

Definition 4.1.6. For each manifold Md, the bundle of frames is given by

GL(M) ..= {Rd ∼=−→ TMx : isomorphisms} →M.

It is a principal GL(d)-bundle whose GL(d)-right action is given by pre-composition.
If Md is additionally orientable, we can define, for each orientation, the subbundle

GL+(M) ..= {Rd ∼=−→ TxM : orientation preserving isomorphisms} →M.

It is a principal GL+(d)-bundle.

Conversely, a choice of a GL+(d)-reduction of GL(M) is a choice of an orientation.

Definition 4.1.7. For a Riemannian metric g, we define bundle of orthonormal
frames to be

O(M, g) ..= {(Rd, ⟨·, ·⟩)
∼=−→ (TxM, gx) : isometries} →M.

If Md is additionally orientable, we can define, for each orientation, the subbundle

SO(M, g) ..= O(M, g) ∩GL+(M).

A choice of a Riemannian metric on Md is equivalent to the choice of an O(d)-
reduction of GL(M). Conversely, a choice of an O(d)-reduction of GL(M) gives a
Riemannian metric because an inner product is uniquely determined by one of its
orthonormal bases.

A spin structure on M is the choice of a Spin(d)-reduction of SO(M, g), that is
a choice of a principal Spin(d) bundle PSpin,g and a λ-equivariant map ξ : PSpin,g →
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SO(M, g) over M ; in other words, the following diagram, in which the horizontal
arrows denote the right action, commutes:

PSpin,g × Spin(d) //

ξ× λ
��

PSpin,g

ξ

��
SO(M, g)× SO(d) // SO(M, g).

Not every orientable manifold carries a spin structure. The existence of a spin
structure is obstructed by the first and second Stiefel-Whitney classes of M [LM89,
Theorem II.1.7]. Note that the choice of a spin structure involves the choice of a
metric. Since manifolds can carry several inequivalent spin structures1, we have
to make sure to pick spin structures consistently when varying the metric. This

can be done as follows: Let G̃L(d)
+

→ GL(d)+ the unique two-sheeted cover that
extends the canonical group homomorphism Spin(d)→ SO(d). The vanishing of the

first and second Stiefel-Whitney classes implies the existence of a G̃L(d)
+

-reduction
ρ : P

G̃L(d)
+ → GL+(M). We fix such a structure. For each metric and each choice

of G̃L(d)+-structure, the Spin(d)-reduction of our choice is given by the following
pull-back2

PSpin,g
� � //

��

P
G̃L+

ρ

��
SO(M, g) �

� // GL+(M).

With the help of principal bundles we can generalise the Clifford algebra con-
struction to vector bundles over manifolds. Note that this construction does not
require M to be spin.

Definition 4.1.8. Let Md be a manifold with Riemannian metric g. The Clifford
bundle is given by

Cl(TM, g) ..= SO(M, g)×Cl(taut) Cld,0 = PSpin,g ×conj Cld,0,

where taut is the tautological representation of SO(d) on Rd and conj is the rep-
resentation that is given by conjugations of elements of Spin(n) in Cld,0.

The two representations, Cl(taut) and l, are isometric. The bundle Cl(TM, g)
is a bundle of algebras with fibres Cl(TxM, gx). It canonically includes TM . The
Riemannian metric g on TM canonically extends to a metric on Cl(TM, g) so that
all products eI form an orthonormal basis. Since Cl(taut) preserves the grading,
Cl(TM, g) is a graded algebra bundle. The Levi-Cevita connection∇L.C. on (TM, g)
extends uniquely to a metric connection ∇L.C. on Cl(TM, g) that is a derivation

1Indeed, the set of (equivalence classes of) spin-structure is parameterised by H1(M,Z2), see
[LM89, Theorem II.1.7]

2It can be shown that any spin structure can be obtained in that manner
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with respect to the algebra structure [LM89, Proposition II.4.8], meaning that, for
all smooth sections σ, τ , we have

∇L.C.(στ) = (∇L.C.σ)τ + σ∇L.C.(τ).

The grading and the Real structure are parallel with respect to that connection.
If we use the left-multiplication as representation, we obtain the spinor bundle.

In contrast to the conjugation, this representation does not factor through SO(d),
which is the reason why this construction only works over spin manifolds.

Definition 4.1.9. Let Md be a spin manifold with Riemannian metric g. The
associated spinor bundle is given by

Sg ..= PSpin,g ×Spin(d),l Cld,0.

It is a Cl(TM, g)-left module bundle and the module structure is denoted with c.

The spinor bundle also has a canonical Cld,0-right action r induced by right
multiplication. It is well defined because left and right multiplication commute.
The left-multiplication l acts by isometries, so Sg carries a canonical Riemannian
metric induced by the inner product on Cld,0. Multiplication with unit vectors
induces isometries with respect to this metric. Since Spin(d) consists only of even
elements in Cld,0, the left multiplication preserves the grading of Cld,0, so the grading
on Cld,0 carries over to Sg

3. We call this grading again e/o. Right multiplication
with fixed odd elements are odd linear maps. The Levi-Cevita connection extends
canonically to a metric connection ∇S on Sg. The resulting metric connection is
uniquely characterised by the following properties:

(i) ∇S is a Cl(TM, g) module derivation,

(ii) ∇S is even,

(iii) ∇S is linear with respect to the Cld,0-right action.

Thus, S is a Dirac-bundle in the sense of [LM89, Def. II.5.2].
Dirac bundles are precisely those bundles that allow the definition of a Dirac

operator. We give definition in the case of the spinor bundle.

Definition 4.1.10. The Dirac operator of a Riemannian metric g on M is defined
by the composition

/Dg : Γc(Sg)
∇S
// Γc(T

∨M ⊗Sg)
g♯⊗id

// Γc(TM ⊗Sg)
c(·) // Γc(Sg),

where g♯ : T∨M → TM is defined by g(g♯(ξ), –) = ξ.

3This is the very reason why we restrict to spin structures. The construction still makes sense,
if we consider only Pin structures, but we would then loose the grading, on which index theory
relies.
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The inner product on Sg, denoted by h, and the volume form volg on M induced
by the Riemannian metric g ∈ Riem(M) allow us to equip Γc(Sg) with an inner
product, see Appendix A for the general construction. It is given by

(σ1, σ2) ..=
∫
M

hx(σ1(x), σ2(x))dvolg(x).

The completion of Γc(Sg) is denoted by L2(Sg) and is called the space of square
integrable spinors Sg. The Cld,0-right action r and the Z2-grading e/o on Sg carry
over to a Cld,0-right action and a Z2-grading on L2(Sg), which we denote with
the same symbols. The Dirac operator acts as an unbounded operator on this
space. More precisely, we have the following theorem, which summarises results
from [LM89, Chapter II].

Theorem 4.1.11. The Dirac operator /Dg is an elliptic, odd, symmetric, first-order,
Cld,0-right linear differential operator with principal symbol ic(g♯(·)). If (Md, g)
is complete, then /Dg is self-adjoint. If M is closed, then /Dg is an (unbounded)
Fredholm operator, that is, it has a finite dimensional kernel.

The relation between the Dirac operator and the scalar curvature of a Rieman-
nian metric is established by the Lichnerowicz-formula, which is of outstanding
importance.

Theorem 4.1.12 (Lichnerowicz-Formula). For every Riemannian metric g, the
formula

/D
2
gσ =

(
∇Sg

∗ ◦ ∇Sg +
scal(g)

4

)
σ, (4.1)

holds true for all σ ∈ Γc(Sg). Here ∇Sg
∗
: Γc(T

∨M ⊗Sg) → Γc(Sg) is the formal
adjoint of the spinor connection.

Since ∇∗∇ is positive semi-definite, we immediately deduce that a psc-metric
contradicts the existence of smooth harmonic spinors that can be approximated by
compactly supported spinors.

Corollary 4.1.13. Let g ∈ Riem+(M), then the kernel of /Dg in the minimal domain
is trivial.

The Lichnerowicz-formula combined with the Atiyah-Singer index theorem gives
a powerful topological obstruction to positive scalar curvature metrics on closed
spin manifolds. If the underlying manifold is closed, then the kernel of the Dirac
operator is a finite dimensional graded Cld,0-module and hence represents an element
in real K-theory KO−d(pt), see [LM89, Theorem I.9.21], which we call the analytical
index. The Clifford-linear Atiyah-Singer index theorem, proved in [LM89, Chapter
III.16], relates this KO-theory class with the α-invariant, or topological index, which
is homomorphism α : ΩSpin

∗ (pt)→ KO−∗(pt), see [LM89, Theorem II.7.14].

Theorem 4.1.14. For a closed spin manifold (Md, g), the analytic index and the
topological index agree:

[ker /Dg] = α(M) ∈ KO−d(pt).
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The Atiyah-Singer index formula implies that if we change the orientation on
Md, then the analytical index of /Dg needs to change the sign. The effect of the
chosen orientation is less transparent in the Clifford-linear setup in contrast to the
setup that uses the irreducible spinor bundle, where a change of orientation results
in the change of the grading.

Lemma 4.1.15. Let M be a connected spin manifold of dimension d. If Mop is
the same manifold equipped with the opposite orientation, then there is an odd iso-
morphism of Cl(M, g)-left module bundles

Sw: S(M)
∼=−→ S(Mop).

The map Sw is not necessarily right-linear but Sw∗(r) and r are homotopic through
Cld,0-right actions on S(M).

Proof. If a Riemannian manifold (Md, g) is orientable, then the bundle of orthonor-
mal frames has an SO(d)-reduction

O(M, g) ∼= SO(M, g)×SO(d) O(d),

and a choice of an orientation agrees with a choice of a connected component. Every
linear map A ∈ O(d) \ SO(d) allows us to change the orientation by right multiplic-
ation4

O(M, g) SO(M, g)×SO(d) O(d)
id×·A // SO(M, g)×SO(d) O(d) O(M, g)

Since Pin−(d) → O(d) is a two-sheeted cover, there is an element ϕ ∈ Pin−(d) \
Spin(d), unique up to sign, such that λ(ϕ) = A.

If ξ : PPin−,g → O(M, g) is the Pin− structure that restricts to the chosen spin
structure, then the chosen element ϕ induces the change of orientation

PPin−,g

ξ ((

PSpin,g ×Spin(d) Pin
−(d)

��

id×·ϕ // PSpin,g ×Spin(d) Pin
−(d)

��

PPin−,g

ξvv
O(M, g)

id×·A
// O(M, g).

The identity

S(M) = PSpin,g ×Spin(d),l Cld,0 ∼= PSpin(d) ×Spin(d) Pin
−(d)×Pin−(d),l Cld,0

shows that the choice of the embedding of PSpin(d),g into PPin−(d),g = PSpin(d),g×Spin(d)

Pin−(d) does not affect the isomorphism type as we can extend the right multiplica-
tion with ϕ from Pin−(d) to Cld,0. Thus, we deduce that S(M) ∼= S(Mop) and that
the isomorphism Sw between them is given by right multiplication with ϕ, which is
odd as ϕ /∈ Spin(d).

4Warning! This map is not O(d)-equivariant.
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If d is odd, then −id /∈ SO(d) and we can choose ϕ = e1 · . . . · ed, which is in the
centre of the Clifford algebra. In this case, Sw is Cld,0-right linear.

If d is even, then we need to argue differently. Since Sw∗(r) = r(ϕ−1(–)ϕ),
it suffices to show that the conjugation with ϕ−1 is homotopic through algebra
endomorphisms to idCld,0 . By a theorem of Cartan-Dieudonne, see [LM89, Theorem
I.2.7], every orthogonal matrix can be decomposed into a sequence of reflections
along hyperplanes, so it suffices to assume that ϕ = v ∈ Rd ⊆ Cld,0 is a single
vector with length 1. By the universal property of Cld,0, algebra homomorphisms
correspond to injective linear maps A : Rd → Cld,0 such that A(x)2 = −||x||2. It thus
suffices to find a homotopy between the reflection at the hyperplane perpendicular
to v and the identity through such maps. If w is another vector with length 1 that
is perpendicular to v, we can define such a homotopy As as the linear extension of
the following map

As(v) = cos(s)v + sin(s)v · w, As(x) = x, if x ∈ (Rv)⊥.

Anti-commutativity guarantees that As(x)2 = −||x||2 for all x ∈ Rn. Clearly, A0 =
id and Aπ is the reflection at the hyperplane perpendicular to v, which finishes the
proof.

The observation from the previous proof offers the opportunity to lift isometries,
which are not necessarily orientation preserving, to homomorphisms between spinor
bundles. However, we cannot expect that every isometry φ : (M, g1)→ (M, g2) lifts
to an isometry of the associated spinor bundles. The following criterion is sufficient.

Definition 4.1.16. Let ξj : PPin−,gj → O(M, gj) be Pin−(d)-reductions of O(M, gj).
An isometry F : (TM, g1) → (TM, g2) is Pin-structure preserving if the induced
map between the principal bundles of frames lifts to an equivariant map between
the Pin-structures. The isometry F is spin structure preserving, if it is orientation
preserving and Pin-structure preserving.

Lemma 4.1.17. A Pin-structure preserving isometry F : (TM, g1) → (TM, g2)
induces an isometry S(F ) : Sg1 → Sg2 that is Cld,0-right linear and Cl(M, g1)-
Cl(M, g2) equivariant. If F additionally preserves the orientation, then S(F ) is
even.

Proof. A lift F̃ : PPin−,g1 → PPin−,g2 of F to the Pin structures induces a map on
spinor bundles via

S(F ) : Sg1 PPin−,g1 ×Pin−(d) Cld,0
F̃×id // PPin−,g2 ×Pin−(d) Cld,0 Sg2 .

The desired properties follow immediately.
If F is orientation preserving, then F̃ restricts to an equivariant map on PSpin,g1 →

PSpin,g2 , so that S(F ) preserves the grading.

We close this section by discussing the spinor bundle and the Dirac operator of
a product manifold.
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Example 4.1.18. Recall from [LM89] that, for two quadratic spaces (Vi, qi), the Clif-
ford algebra decomposes as

Cl(V1 ⊕ V2, q1 ⊕ q2) ∼= Cl(V1, q1)⊗̂Cl(V2, q2).

The symbol ⊗̂ indicates that we have a graded tensor product and a graded algebra
structure. That means that the algebra structure on the right hand side is given by
the linear extension of

(v1⊗v2) · (w1⊗w2) = (−1)|v2|·|w1|(v1 · w1)⊗(v2 · w2),

where v1, w1 ∈ Cl(V1, q1) and v2, w2 ∈ Cl(V2, q2) are elements of pure degree, i.e.,
eigenvectors of the grading. The symbol |vj| ∈ {0, 1} denotes the degree of vj; it
is zero if and only if vj is even. A similar formula holds for the left representation
l : Cl(V1 ⊕ V2, q1 ⊕ q2)→ End(Cl(V1 ⊕ V2, q1 ⊕ q2)).

In the case that (M, g) = (M1 ×M2, g1 ⊕ g2) is a Riemannian product, we have
the reductions

SO(M1, g1)× SO(M2, g2) ⊆ SO(M, g) and PSpin,g1 × PSpin,g2 ⊂ PSpin,g

so that the decomposition of Clifford algebras generalises to bundles

Cl(M1 ×M2, g1 ⊕ g2) ∼= Cl(M1, g1)⊠̂Cl(M2, g2)

and
S(M1 ×M2, g1 ⊕ g2) ∼= S(M1, g1)⊠̂S(M2, g2),

where ⊠̂ denotes the graded exterior tensor product of two graded vector bundles.
Recall that the exterior tensor product of two vector bundles E → X and F → Y
is the vector bundle on E ⊠ F → X × Y whose fibre at (x, y) is Ex ⊗ Fy. If the
bundles are graded with gradings ιE and ιF , then the grading on E⊠̂F is given by
ιE⊠̂F = ιE ⊗ ιF .

These isomorphisms are isomorphisms of algebras and left-modules, respectively.
They also preserve the grading, are isometric, and, in case of spinor bundles, respect
also the right action from the Clifford algebra under the identification Cld1+d2,0

∼=
Cld1,0⊗̂Cld2,0.

The Cl(M1 ×M2)-left action restricted to TM1 ⊕ TM2 corresponds to

c(v1 ⊕ v2)(σ1 ⊗ σ2) = c1(v1)(σ1)⊗ σ2 + e/o(σ1)⊗ c2(v2)(σ2).

In the product case, the musical isomorphism (g1⊕g2)♯ : T∨M1⊕T∨M2 → TM⊕TM
is given by

(g1 ⊕ g2)♯(ξ1, ξ2) = (g1)♯(ξ1) + (g2)♯(ξ2).

By uniqueness, the spinor-connection on S(M1 ×M2) corresponds to

∇S(M1) ⊗ id + id⊗∇S(M2)

under the decomposition. In conclusion, the Dirac operator of a product metric is
given by

/Dg1⊕g2 = /Dg1 ⊗ id + e/o⊗ /Dg2 .

However, we often write /Dg1 ⊠ id + e/o ⊠ /Dg2 instead, to emphasise the product
structure of the underlying metric.
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The Universal Spinor Bundle

We would like to consider all spinor bundles at once, i.e., we would like to construct
a bundle S→ Riem(M)×M with fibre Sgm . In order to do that we have to address
how the change of the underlying metric affects the constructions. The ansatz is
taken from [Ebe17], but we will give a less abstract presentation and provide more
details.

First, we recall the Gram endomorphism. A bilinear form b on a finite dimen-
sional vector space V defines a canonical map b♭ : V → V ∨ via v 7→ b(v, –). The
bilinear form b is non-degenerate if and only if b♭ is an isomorphism. If g is an inner
product on V , we denote the inverse of g♭ with g♯ and define the Gram endomorphism
of b (with respect to g) as Gramg(b) ..= g♯ ◦ b♭.
Lemma 4.1.19. If g and g0 are inner products on V , then Gramg(g0) is self-adjoint
with respect to g and g0. The Gram endomorphism is furthermore positive definite
and satisfies g0(Gramg0(g)v, w) = g(v, w) for all v, w ∈ V .

For each invertible linear map A : W → V , the Gram endomorphism satisfies

GramA∗g0(A
∗g) = A−1 ◦Gramg0(g) ◦ A.

Proof. We first prove that Gramg0(g) is self-adjoint with respect to g0. This follows
from the calculation

g0(Gramg0(g)v1, v2) = g0(g0♯ ◦ g♭v1, v2) = g(v1, v2) = g(v2, v1)

= · · · = g0(Gramg0(g)v2, v1)

= g0(v1,Gramg0(g)v2).

This calculation shows further that

g0(Gramg0(g)v1, v2) = g(v1, v2).

In fact, since g0 is non-degenerate, this equation uniquely determines Gramg0(g).
Self-adjointness with respect to g is now easily verified. Using the previous

identity in the first equation and self-adjointness with respect to g0 in the second
equation, we derive

g(Gramg0(g)v1, v2) = g0(Gram2
g0
(g)v1, v2) = g0(v1,Gramg0(g)

2v2)

= g0(Gram2
g0
(g)v2, v1) = g(Gramg0(g)v2, v1).

To prove that Gramg0(g) is positive definite, it suffices to prove that all eigenval-
ues are positive. Let v be an eigenvector corresponding to the eigenvalue λ. Then

λg0(v, v) = g0(Gramg0(g)v, v) = g(v, v) > 0

implies that λ must be positive.
The final identity follows from

A∗g0(A
−1 ◦Gramg0(g) ◦ Aw1, w2) = g0(Gramg0(g)Aw1, Aw2)

= g(Aw1, Aw2)

= A∗g(w1, w2)

and the fact that A∗g0 is non-degenerate.
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Definition 4.1.20. Let g and g0 be two inner products on V . We define the pre-
gauge map τg,g0 ∈ End(V ) to be the positive definite square root of Gramg0(g).

The pre-gauge map inherits many properties of the Gram endomorphism.

Lemma 4.1.21. The pre-gauge map τg,g0 is self-adjoint with respect to g and g0.
It is an isometry τg,g0 : (V, g) → (V, g0) and positive definite. Furthermore, τg,g0 is
uniquely determined by these properties. In particular, τg0,g = τ−1

g,g0
and τA∗g,A∗g0 =

A−1 ◦ τg,g0 ◦ A.

Proof. The root of a self-adjoint endomorphism is self-adjoint. The pre-gauge map
τg,g0 is positive definite by definition. It is an isometry because

g0(τg,g0v, τg,g0w) = g0(τ
2
g,g0

v, w) = g0(Gramg0(g)v, w) = g(v, w).

An endomorphism A that is self-adjoint with respect to g0, positive definite,
and an isometry (V, g) → (V, g0) necessarily squares to the Gram endomorphism
Gramg0(g). Since the square root is unique on the set of positive definite self-adjoint
operators, the operators A and τg,g0 agree.

The equations

τg0,g = τ−1
g,g0

and τA∗g,A∗g0 = A−1 ◦ τg,g0 ◦ A

hold because the operators on the right hand sides satisfy the properties of the
operators on the left hand side.

In the most important example (V, g) = (Rn, ⟨·, ·⟩), the Gram endomorphism
Gram⟨·,·⟩(g) represented in the standard basis of Rn gives the more commonly known
Gram matrix of the metric g. This coordinate expression is useful for the proof that
the pre-gauge map depends smoothly on the inner products.

Proposition 4.1.22. The map A 7→
√
A that assigns a positive definite, self-adjoint

matrix its positive definite square root is smooth.

Proof. The exponential map

exp: {A ∈ Rn×n : A∗ = A} → {A ∈ Rn×n : A∗ = A, A > 0}

is surjective because for each self-adjoint, positive definite A there is a U ∈ O(n)
and positive numbers λ1, . . . , λn such that U∗AU = dia(λ1, . . . , λn) =: T . If B =
U log(T )U∗, then exp(B) = A.

We claim that, for all self-adjoint, positive definite A, the differential

DA exp: {A ∈ Rn×n : A∗ = A} → {A ∈ Rn×n : A∗ = A}

is surjective and therefore an isomorphism. Indeed, from

(DA exp)(H) =
∞∑
k=1

1

k!

k∑
j=1

Aj−1HAk−j
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we conclude
U∗DA exp(H)U = DU∗AU(U

∗HU).

Since H is arbitrary, we may replace H by UHU∗ and assume that A = T is diagonal
with entries λ1, . . . , λn. If H = (hij), then (T kHT l)ij = λki λ

l
jhij. Thus,

(DT exp)(H) =

((
∞∑
k=1

1

k!

k∑
α=1

λα−1
i λk−αj

)
hij

)
=: (rijhij),

where rij > 0. If B = (bij) is given, then, for H = (hij) ..= (r−1
ij bij), we have

(DT exp)(H) = B.
By the open mapping theorem, exp is locally invertible around each positive def-

inite, self-adjoint matrix A. Call the local inverse log. Then
√
A = exp(1/2log(A))

is smooth.

Corollary 4.1.23. For a fixed but arbitrary inner product g0, the maps

Pos(V )→ Aut(V ),

g 7→ τg,g0 and g 7→ τg0,g

are smooth.

Proof. From τg,g0 = τ−1
g0,g

follows that one map is smooth if and only if the other one
is.

Fix an isometry A : (Rn, ⟨·, ·⟩) → (V, g0). Clearly, g 7→ τg,g0 is smooth if and
only if g 7→ A−1 ◦ τg0,g ◦A is smooth. By Lemma 4.1.21, the latter map agrees with
g 7→ τA∗g,⟨·,·⟩, which is smooth by Proposition 4.1.22.

We wish to extend the pre-gauge map to bundles. This is done, most trans-
parently, in terms of frame bundles and their associated bundles. Let Pos(Rn) be
the set of all positive definite, symmetric bilinear forms on Rn. It is a GL(n) space
with left action A.b ..= (A−1)∗b. Let Iso+(Rn) be the set of all orientation preserving
isomorphisms on Rn. It is a GL(n) space with left action A.φ ..= A−1φA.

Let Pos(M) be the bundle of all positive definite, symmetric bilinear forms on
TM and Iso+(TM) be the bundle of all bundle orientation preserving automorph-
isms of TM . These bundles can be obtained from GL(M) by using the described
group actions in the Borel construction. Lemma 4.1.21 implies that the pre-gauge
is a GL(n) equivariant map between Pos(Rn)2 and Iso+(Rn). It gives rise to bundle
maps

Pos(M)×M Pos(M)
τ– , – // Iso+(M)

GL(M)×̃Pos(Rn)2

∼=

OO

id×τ– , – // GL(M)×̃Iso+(Rn).

∼=

OO

Precomposing the pre-gauge map yields a map

Pos(M)×M Pos(M)×M GL(M)
τ–,– // Iso+(M)×M GL(M) ◦ // GL(M) .
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Convex combination yields a homotopy equivalence Pos(M) ×M Pos(M) ≃ M ×
{g0, g0}, where g0 is a section of Pos(M) → M , in other words, a Riemannian
metric on M . Covering theory now provides a unique lift

Pos(M)×M Pos(M)×M G̃L
+
(M)

id× ρ

��

τ̃–,–◦ – // G̃L
+
(M)

ρ

��
Pos(M)×M Pos(M)×M GL+(M)

τ–,–◦ – // GL+(M)

determined by τ̃g0,g0 = id.
Let SO(M, g) and SO(M, g0) be two orthonormal frame bundles corresponding to

the Riemannian metrics g, g0. The pre-gauge map τg,g0 maps SO(M, g) to SO(M, g0)
and the lift τ̃g,g0 therefore maps PSpin,g to PSpin,g0 . The lifted pre-gauge map yields
a graded algebra homomorphism

Cl(TM, g)
Φg,g0 // Cl(TM, g0)

PSpin,g ×conj Cld,0
τ̃g,g0×id

// PSpin,g0 ×conj Cld,0

and a Cld,0-right linear map

Sg

pGg,g0 // Sg0

PSpin,g ×l Cld,0
τ̃g,g0×id

// PSpin,g0 ×l Cld,0.

Of course, these identifications are isometric, grading preserving maps. Furthermore,
the identifications maps between the spinor bundles are Cl(TM, g)-Cl(TM, g0) left-
module maps. That means the diagram

Cl(TM, g)×Sg
c //

Φ–,g0× pGg,g0

��

Sg

pGg,g0

��
Cl(TM, g0)×Sg0

c // Sg0

commutes. Consequently, using these identifications, we get (set-theoretical) bijec-
tions

Cl(M) ..=
⊔
g∈Riem(M)Cl(TM, g)

Φ–,g0 // Cl(TM, g0)× Riem(M) (4.2)

S ..=
⊔
g∈Riem(M) Sg

pG–,g0 // Sg0 × Riem(M). (4.3)

We call pG the pre-gauge map. If g0 is fixed, then we usually write Φg and pGg for
Φg,g0 and pGg,g0 , respectively.
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While the maps Φ and pG are fibre-wise isometries, the pre-gauge map does not
induce isometries between the associated Hilbert spaces of square integrable spinors.
The reason is that the volume form in the definition of the inner product on the
sections are also different. In order to fix that we have to make a conformal change.

Definition 4.1.24. For g, g0 ∈ Riem(M) let α2
g,g0

: M → M be the density of volg
with respect to volg0 . We call Gg,g0 ..= αg,g0 ·pGg,g0 the Gauge map. We simply write
Gg if g0 is fixed.

The following lemma is easily verified.

Lemma 4.1.25. The induced map of Gg yields an isometry of Hilbert spaces

Gg : L2(M, g;Sg)→ L2(M, g0;Sg0).

Remark 4.1.26. Note that if M is not compact, then pGg,g0 : Γc(Sg)→ Γc(Sg0) may
not extend to a bounded linear map between L2(Sg) → L2(Sg0). It extends to a
bounded operator if and only if the map αg,g0 is bounded.

Definition 4.1.27. Let

Cl(M)→ Riem(M)×M and S→ Riem(M)×M

be the bundles whose topologies are the unique ones such that Φ–,g0 and pG–,g0 in
equation (4.2) and (4.3) become homeomorphisms if the right hand side is equipped
with the product topology.

Informally, we think of these as bundles of bundles over Riem(M). From now
on, we assume that M has no boundary.

Definition 4.1.28. Let ΨDOk(S)→ Riem(M) be the bundle that is trivialised by

G ◦ − ◦ G−1 : ΨDOk(S)→ Riem(M)×ΨDOk(Sg0); (4.4)

here, Riem(M) carries the smooth Fréchet topology (the smooth weak topology) and
ΨDOk(Sg0) carries the amplitude topology introduced in Appendix B. The union
ΨDO•(S) carries the topology of a (trivial) Fréchet space bundle, even a Fréchet
algebra bundle if M is compact. The same construction applies to the Atiyah-Singer
closureΨDO

k
(S) defined in Appendix B.

Remark 4.1.29. If M is compact, we can trivialise ΨDO•(S) also with the conjuga-
tion of pG.

We are specifically interested in a certain subspace of ΨDO1(S).

Definition 4.1.30. An element P ∈ ΨDO1(S) is called a pseudo Dirac operator if
it is a symmetric, odd, Cld,0-linear operator, whose restriction to each fibre Pg has
the same principal symbol as the Dirac operator /Dg that is symb1(Pg) = ic(g♯(·)),
where c = cg denotes the left-module action of Cl(TM, g) on Sg. The set of all
pseudo Dirac operators is denoted by ΨDir(M).
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Note that conjugation with G does not map ΨDir(M) to ΨDir(Sg0)×Riem(M).
Indeed, since Gg is a bundle endomorphism, symbol calculus yields

symb1(Gg ◦ P ◦ G−1
g ) = G(g) ◦ symb1(P ) ◦ G−1

g

= Gg ◦ icg(g♯(–)) ◦ G−1
g

= pGg ◦ icg(g♯(–)) ◦ pG−1
g

= icg0(Φg ◦ g♯(–)),

which shows that Gg ◦ P ◦ G−1
g has not the correct principal symbol, which would

be icg0(g0♯(–)). Nevertheless, ΨDir(M) is a fibre bundle over Riem(M) with fibre
ΨDir(M)g = ΨDir(Sg) the affine space of all pseudo Dirac operators on Sg. It is
an affine bundle over ΨDO0(S,S) because the principal symbol is specified. It is
even a trivial bundle because it has a globally non-vanishing smooth section, which
sends a Riemannian metric to its Dirac operator.

Definition 4.1.31. A map P : Rn → ΨDOk(S,S) is smooth, if

G∗(P ) : Rn → Riem(M)×ΨDOk(Sg0 ,Sg0),

t 7→ GgP (t),g0 ◦ P (t) ◦ G
−1
gP (t),g0

is a smooth map into a Fréchet space. Here gP (t) denotes the underlying metric of
P (t).

Note that this definition does not depend on the choice of g0, because different
choices result in conjugation with a fixed, smooth vector bundle isomorphism.

Theorem 4.1.32. The Dirac operator defines a smooth section

/D : Riem(M)→ ΨDir(M)

in the sense that it maps smooth maps Rn → Riem(M) to smooth maps Rn →
ΨDO1(S).

Proof. We need to show that g 7→ Gg,g0 ◦ /Dg ◦ G−1
g,g0

=: Gg,g0∗ /Dg is a smooth map

Riem(M)→ ΨDO1(Sg0 ,Sg0).

The topologies of Riem(M) and ΨDO(S) are generated by a family of semi-norms
defined in in terms of local coordinates. Thus, it suffices to show in local coordinates
that smooth Riemannian metrics are send to smooth amplitudes. The calculation

Gg,g0∗ /Dg = αg,g0pGg,g0 ◦ /Dg ◦ α−1
g,g0

pG−1
g,g0

= pGg,g0∗ /Dg + pGg,g0 ◦ cg(g♯(−α−1
g,g0

dαg,g0)⊗ id) ◦ pG−1
g,g0

= pGg,g0∗ /Dg − pGg,g0 ◦ cg(α−1
g,g0

gradg(αg,g0)⊗ id) ◦ pG−1
g,g0

= pGg,g0∗ /Dg − α−1
g,g0

cg0(Φg,g0(gradg(αg,g0))⊗ id)

allows us to conjugate with pG instead because adding a smooth endomorphism does
not affect the smoothness of the map.
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Consider the following diagram

Γ(Sg)
∇Sg //

pGg,g0

��

Γ(T∨M ⊗Sg)
g♯⊗id

//

pGg,g0

��

Γ(TM ⊗Sg)
cg //

pGg,g0

��

Γ(Sg)

pGg,g0

��
Γ(Sg0)

pGg,g0∗∇
Sg

// Γ(T∨M ⊗Sg0)
g♯⊗id

// Γ(TM ⊗Sg0)
cg0◦(Φg,g0⊗id)

// Γ(Sg0).

It is clear that g 7→ g♯ ⊗ id and g 7→ cg0 ◦ (Φg,g0 ⊗ id) are induced by smooth maps
of vector bundles (because τ–,g0 depends smoothly on the first entry). Since the
Fréchet space of smooth bundle endomorphism embeds into the Fréchet space of
pseudo differential operators of order zero (equipped with the amplitude topology),
see Example B.0.7 together with Theorem B.0.17, the assignments g 7→ g♯ ⊗ id and
g 7→ cg0 ◦ (Φg,g0 ⊗ id) yield smooth maps

Riem(M)→ ΨDO0(T∨M ⊗Sg0 , TM ⊗Sg0)
)

and
Riem(M)→ ΨDO0(TM ⊗Sg0 ,Sg0).

The difference of two connections is an endomorphism-valued 1-form. Thus it
suffices to show that the map

Riem(M)→ Ω1(M ; EndSg0),

g 7→ pGg,g0∗∇
Sg −∇Sg0 = pGg,g0 ◦ ∇Sg ◦ pG−1

g,g0
−∇Sg0

is smooth.
First note that the analogous map for the Levi-Cevita connections

Riem(M)→ Ω1(M ; EndTM)

g 7→ pGg,g0∗∇
L.C.,g −∇L.C.,g0

is smooth due to the following calculation in local coordinates.
Let ∂1, . . . , ∂d be the standard basis in the chart domain U . In these coordinates

we can express g and g0 as matrices (gij) and (g0 ij), so that g(0)ij = g(0)(∂i, ∂j). The
Levi-Cevita connection is given by

∇L.C.,g
i = ∇L.C.,g

∂i
= ∂i +

gΓi,

where the Christoffel symbols Γi = (Γkij) are an algebraic expression of the 1-jet of
g. More precisely, we have the well-known formula

2Γkij =
d∑

α=1

gkα
(
∂jgiα + ∂igαj − ∂αgij

)
,

where gkα denotes the kα-entry of (gij)
−1. Furthermore, in this basis, the Gram

endomorphism is given by

Gramg0(g) = (g0ij)
−1 · (gij),
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which depends smoothly on g. By Corollary 4.1.23 also τg,g0 depends smoothly on
g. A straightforward calculation now yields

pGg,g0∗∇
L.C.,g = pGg,g0 ◦ ∇L.C.,g ◦ pG−1

g,g0

= τg,g0 · (∂i + gΓi) · τ−1
g,g0

= ∂i + τg,g0 · gΓi · τ−1
g,g0
− τg,g0 · τ−1

g,g0
· ∂iτg,g0 · τ−1

g,g0

= ∂i + τg,g0 · gΓi · τ−1
g,g0
− ∂iτg,g0 · τ−1

g,g0
.

As all summands depend smoothly on g, the map g 7→ pGg,g0∗∇
L.C.,g − ∇L.C.,g0 is

smooth.
Let e1, . . . , ed be a g0-orthonormal frame on U and set fj = τg0,gej. These

orthonormal frames give canonical (up to a sign) orthonormal frames on Sg0 and
Sg, which we denote with (eI) and (fI), respectively. Here, I runs over all ordered
tupels I = (i1 < · · · < ir) with 1 ≤ ij ≤ d. Using the formula for the Christoffel
symbols of the spinor connection, which can be found in [LM89, Theorem II.4.14],
we get

2 ·
(
pGg,g0∗∇

Sg

)
ei
(eI) = 2 · pGg,g0 ◦ ∇Sg

ei
◦ pG−1

g,g0
(eI)

= 2 · pGg,g0
(
∇Sg
ei
fI

)
= pGg,g0

((∑
α<β

g(∇L.C.,g
ei

fα, fβ) · fα · fβ
)
·g fI

)
=
(∑
α<β

g(∇L.C.,g
ei

τg0,geα, τg0,geβ) · eα · eβ
)
· eI .

We already know that g(∇L.C.,g
ei

eα, eβ) = gΓβiα depends smoothly on g. Thus, the
assignment

g 7→ pGg,g0∗∇
Sg −∇Sg0

is a smooth map Riem(M) → Γ
(
M ; Hom(Sg0 , T

∨M ⊗Sg0)
)

and hence it is also a
smooth map

Riem(M)→ ΨDO0(Sg, T
∨M ⊗Sg).

This implies that g 7→ /Dg is smooth as it is a composition of smooth maps.

The next result is classical and follows immediately from the theory developed
in [LM89, Chapter III.5].

Proposition 4.1.33. Let M be a closed manifold and let P ∈ ΨDir(M) be a pseudo
Dirac operator with underlying Riemannian metric g ∈ Riem(M). Then P is a self-
adjoint, unbounded Fredholm operator on L2(Sg) with domain H1(Sg).

Proof. By definition, P is symmetric, so P − /Dg is a symmetric pseudo differential
operator of order zero on Sg. Thus the difference extends to a bounded, symmetric,
and hence self-adjoint, operator on L2(Sg). Since the sum of a self-adjoint operator
with a self-adjoint bounded operator is again self-adjoint [HR00, Exercise 1.9.20],
P = /Dg + (P − /Dg) is self-adjoint.
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Gårdings inequality, see [LM89, Thm III.5.2], implies that the minimal domain
of P agrees with H1(Sg). It is classical that elliptic pseudo differential operators
on vector bundles over closed manifolds are unbounded Fredholm operators, see
[LM89, Thm III.5.2].

Relations to K -theory

Our interests in pseudo Dirac operators arise from their connection to KO-theory,
which we will outline in this section. All presented results have already appeared
in [Ebe17] in a different language and we do not claim originality for the results
presented here; rather we translate his results into our language, fill some gaps, and
give more details. Needless to say, the presentation here closely follows [Ebe17].
Throughout this section, we assume that Md is a closed spin manifold of positive
dimension.

We start with recalling the connection between KO-theory and Clifford-linear
Fredholm operators. Let H be a separable real Hilbert space with Z2-grading ι and
graded Cld,0-right action r, which we assume to be a ∗-homomorphism. For brevity,
we simply call it a Cld,0-Hilbert space. Call ωd,0 ..= ιr(e1 · · · ed) the Chirality element.
Recall that Cld,0 has, up to isomorphism, exactly one irreducible representation if
d ̸≡ 0 mod 4, and exactly two irreducible representations if d ≡ −1 mod 4. In the
latter case, the irreducible representations are distinguished as different eigenspaces
of the Chirality element.

The triple (H, ι, r) is called ample if H contains all irreducible representations
with infinite multiplicity.

Definition 4.1.34. Let (H, ι, r) be an ample Cld,0-Hilbert space. We call an oper-
ator F on H an Cld,0-Fredholm operator if it is Clifford-linear, odd, and self-adjoint.
If d ≡ −1 mod 4, we further require that ωp,0Fι is neither essentially positive nor
essentially negative, that means, there exist infinite dimensional, closed subspaces
that are orthogonal to each other and on those F restricts to a positive or negative
operator, respectively.

Let Fredd,0(H) be the space of all Cld,0-Fredholm operators on H equipped with
the norm topology.

By a classical result of Atiyah and Singer, these spaces represent real K-theory.

Theorem 4.1.35 (Theorem [AS69]). If H is ample, then Fredd,0(H) is a classifying
space for KO−d. That means there is a natural bijection

ind: [X,Fredd,0(H)]→ KO−d(X)

for every compact CW -complex X.

A detailed construction of this map was carried out in the master’s thesis of
Jonathan Glöckle [Glö19, Theorem 2.17]. For more details on this space like Bott-
periodicity or Morita equivalences, we refer the reader to [Ebe17]. To identify the
space of invertible pseudo Dirac operators as a classifying space for KO-theory, we
first need to introduce auxiliary spaces.
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Definition 4.1.36. Let ΨDir×(M) be the subspace of ΨDir(M) consisting of all
invertible pseudo Dirac operators and denote [−1, 1] by I. Provided ΨDir×(M)g0
is non-empty for a fixed metric g0, we define, for a fixed choice of base point B ∈
ΨDir×(M), the spaces

X ..= {P : I → ΨDir(M) : P smooth, P (−1) = B, P (1) ∈ ΨDir×(M)}

and

Xg0 ..= {P : I → ΨDir(M)g0 : P smooth, P (−1) = B, P (1) ∈ ΨDir×(M)g0}.

Lemma 4.1.37. If ΨDir×(M)g0 is non-empty, then the evaluation map

ev1 : X → ΨDir×(M)

is a weak homotopy equivalence that also restricts to a weak homotopy equivalence
between Xg0 and ΨDir×(M)g0.

Proof. We only prove the first statement; for the second statement, one simply needs
to add the subscript g0 to ΨDir×(M) and the space Y defined below.

Let Y be the set of all continuous paths P : I → ΨDir(M) having the same
boundary conditions as elements in X. Smoothing theory yields that the inclusion
of X into Y is a weak homotopy equivalence.

The map ev1 : Y → ΨDir×(M) is a fibration. Indeed, given a commutative
square

A× 0 F //

��

Y
ev1
��

A× I h // ΨDir×(M)

we define the lift H : A× I → Y by

H(a, s)(t) ..=
(1− t)

2
· F (a) + (1 + t)

2
· h(a, s).

This is a continuous map because the affine structure on ΨDir(M) is (jointly) con-
tinuous with respect to the Fréchet structure. It is also a lift for ev1(H) = h, showing
that ev1 is a fibration.

The homotopy fibre of ev1 is therefore the preimage of B, which is the set of all
closed curves in ΨDir(M) that start (and end) at B. This subspace is clearly convex
and therefore contractible, implying that Y and ΨDir×(M) are weak homotopy
equivalent.

The auxiliary path spaces X and Xg0 help to identify ΨDir×(M) as classifying
space for KO-theory.

We remark that, for a closed manifold Md of positive dimension d, the Cld,0-
Hilbert space H = L2(M,Sg0) is always ample. Indeed, the right action of the
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Chirality element decomposes Sg0 into non-zero subbundles S±
g0

on which the Chir-
ality element acts as ±id, hence

L2(M,Sg0)
∼= L2(M,S+

g0
)⊕ L2(M,S−

g0
)

is a decomposition into infinite dimensional eigenspaces of the eigenvalues ±1 of the
Chirality element.

The following theorem is a collection of results proved by Johannes Ebert in
[Ebe17, Section 4.1]:

Theorem 4.1.38. Assume that ΨDir×(M)g0 is non-empty. Then the diagram of
continuous maps

X // ΩFredd,0
(
L2(M,Sg0)

)
Xg0
?�

OO

≃ // ΩFredd,0
(
L2(M,Sg0)

)
commutes. The horizontal maps are given by

Pt 7→
Ggt,g0PtG−1

gt,g0

(1 + (Ggt,g0PtG−1
gt,g0

)2)1/2

and the lower map is a weak homotopy equivalence. Here ΩFredd,0(L2(Sg0)) denotes
the space of paths into Fredd,0(L2(Sg0)) whose start and end-points are invertible
operators.

Proof. For fixed t, these maps certainly take values in the space of self-adjoint, odd,
Clifford-linear Fredholm operators. From the discussion in [Ebe17, Section 4.1] it is
not clear why the horizontal map takes values in the subspace with the additional
condition that ωFι is neither essentially positive nor essentially negative if d ≡ −1
mod 4.

In order to show this, first recall from [LM89, Theorem III.5.8] that the spectrum
of every self-adjoint elliptic pseudo differential operator P of positive order on a
bundle over a closed manifold consists of countably many eigenvalues only, that
the eigenspaces are finite dimensional, and that the eigenvalues go to infinity. The
operator P/

√
1 + P 2 is the unique operator that acts as λ/

√
1 + λ2 · id on the λ-

eigenspace of P .
The Chirality element satisfies

ω2
d,0 = (−1)

d(d+1)
2 and ω∗

d,0 = (−1)
d(d+1)

2 ωd,0.

Thus, it is a self-adjoint, odd involution if d ≡ −1 mod 4. Since P , and therefore
P/
√
1 + P 2 too, commute with ωd,0, we can simultaneously diagonalise the two

operators.
The grading e/o anti-commutes with P , so the grading sends the λ-eigenspace

of P to the −λ-eigenspaces of P . The corresponding statement holds true for the
±1-eigenspaces of ωd,0 for the same reason.
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Abbreviate P/
√
1 + P 2 to F . Since the grading e/o commutes with ωd,0F , the

operator ωd,0F e/o is positive definite on

H+ ..=
⊕
λ>0

Eig(P ;λ) ∩ Eig(ωd,0; 1)⊕ Eig(P ;−λ) ∩ Eig(ωd,0;−1)

and negative definite on

H− ..=
⊕
λ>0

Eig(P ;λ) ∩ Eig(ωd,0;−1)⊕ Eig(P ;−λ) ∩ Eig(ωd,0; 1).

By the discussion above, the two subspaces are infinite dimensional. Thus, ωd,0F e/o
cannot be essentially positive or essentially negative.

The upper horizontal map is continuous because conjugation with invertible func-
tions is a continuous operation as ΨDO•(Sg0) is a Fréchet algebra, and bounded
functional calculus is continuous by [Ebe17, Proposition 3.7]. The weak equivalence
statement is [Ebe17, Proposition 4.3].

The space ΨDir×(M)g0 is unsuitable for our purposes. Because we want to com-
pare different metrics, we need the bigger space ΨDir×(M). Luckily, the canonical
inclusion is a weak homotopy equivalence. This is the main result of [Ebe17, Section
4.2] formulated in our language.

Theorem 4.1.39. The inclusion ΨDir×(M)g0 ↪→ ΨDir×(M) is a weak homotopy
equivalence.

The identification between ΨDir×(M) and ΩFredd,0(L2(Sg0)) is the space-level
version of the index difference of Hitchin [Hit74].

Definition 4.1.40. Fix base points g0 ∈ Riem(M) and B ∈ ΨDir×(M). For any
choice of section s : ΨDir×(M)→ X of ev1, we call the composition

inddif(–, B) : ΨDir×(M)
s // X ≃ //

ev1
oo ΩFredd,0(L2(Sg0))

the (operator) index difference.
If g0 is a psc-metric then we call the pre-composition with the Dirac operator

α(–, g0) : Riem+(M)
/D(–) // ΨDir×(M)

inddif(–, /Dg0
)
// ΩFredd,0(L2(Sg0))

the index difference.

We summarise our achievement of this subsection in the following theorem.

Theorem 4.1.41. Let Md be a closed spin manifold of positive dimension. If the
space of all invertible pseudo Dirac operators ΨDir×(M) is non-empty, then it is
a classifying space for KO−(d+1)(pt). The natural transformation is given by the
Hitchin index difference

[X; ΨDir×(M)]

��

inddif(–,B)∗ // [X; ΩFredd,0(L2(Sg0))]

adjunction∼=
��

KO−(d+1)(X) KO−d(ΣX)
∼=oo [ΣX; Fredd,0(L2(Sg0))]ind

∼=oo
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Our primary goal is to show that the index difference factors through the con-
cordance set. To this end, we will construct another model for real K-theory that
is built out of ΨDir×(M) in the same way as R̃+

• (M) is built out of Riem+(M).
We will pursue this construction in Section 4.4 by “blockifying” the objects of this
section. In the next section, we lay the necessary analytical groundwork.
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4.2 Block Operators

In this section, we discuss the foundations of block pseudo differential operators.
These are operators onM×Rn that can be formally thought of as pseudo differentials
operators with the property that if we think of Rn as a cube of infinite length,
then they decompose into a product operator near each face. We will discuss the
required combinatorial language to deal with those operators, present a construction
of a partition of unity that respects the decomposition of a block pseudo differential
operator near infinity, and discuss the application of these partitions to the support
of these block operators. Finally, we define the operator suspension of a family of
pseudo Dirac operator and show that it is a block operator.

We assume that the reader is familiar with the concept of pseudo differential
operators and their extension of Atiyah and Singer, otherwise he or she may consult
Appendix B and the references therein.

Block Bundles and Basics of Block Operators

The seemingly harmless space Rn can be decomposed into products Rp × Rn−p

in various ways. It will be important to keep track of these decompositions, which
requires notation that seems quite heavy (and maybe unnecessary) at the beginning.
For dom ε ⊆ n = {1, . . . , n} and ε : dom ε→ Z2 we define, for a given M the sets

UR(ε) ..=M × {x ∈ Rn : ε(i)xi > R for i ∈ dom ε},
Rn(ε) ..= Map(n \ dom ε,R) ∼= {x ∈ Rn : ε(i)xi = R}

Rε
R ..= {x ∈ R|dom ε| : ε(ij)xj > R, ij ∈ dom ε, ij < ij+1}.

We would like to emphasise that the identification between Map(n \ dom ε,R) and
{x ∈ Rn : ε(i)xi = R} is only canonical once R is fixed.

For such an ε let
c(ε)−1 : n→ n \ dom ε ⊔ dom ε

be the unique map that partitions n into n\dom ε and dom ε in an order preserving
manner. We write η ≥ ε if domη ⊇ dom ε and η|dom ε = ε. For all η ≥ ε let
c(η, ε)−1 be the unique map that partitions domηc into domη \ dom ε and dom εc

in an order preserving manner and let per(η, ε)−1 be the unique map that partitions
domη into domη−ε and dom ε in an order preserving manner. Here, η−ε denotes
η restricted to domη \ dom ε.

For each η ≥ ε we have a commutative diagram

n
c(η)−1

// domηc ⊔ domη
id⊔per(η,ε)−1

// domηc ⊔ domη − ε ⊔ dom ε

n
c(ε)−1

// dom εc ⊔ dom ε.

c(η,ε)−1⊔id

OO

These maps induce linear maps on Euclidean spaces by pulling back their inverse.
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For example,

c(ε) : Rn → Rn(ε)× Rε

(x1, . . . , xn) 7→ (xc(ε)−1(1), . . . , xc(ε)−1(|dom εc|);xc(ε)−1(|dom εc|+1), . . . , xc(ε)−1(n)).

We make the following notational convention: For a block metric g on M ×Rn,
we denote by g(ε) the restriction to M × Rn(ε) if we interpret Rn(ε) as {x ∈ Rn :
ε(i)xi = R} and by ∂εg the restriction to M × Rn(ε) if we interpret Rn(ε) as
R|dom (ε)c|. The identification between these two is the pull-back with δRε.

The pull-back of c(ε) coordinates yields an isometry

c(ε) ..= idM × c(ε) :
(
UR(ε), g|U(ε)

)
→
(
M × Rn(ε)× Rε

R, g(ε)⊕ ⟨·, ·⟩︸ ︷︷ ︸
=c(ε)∗g|UR(ε)

)
.

This fits into the following diagram of isometries:

UR(η)� _

��

c(η) // (M × Rn)(η)× Rη
R

id×per(η,ε) // (M × Rn)(η)× Rη−ε
R × Rε

R

c(η,ε)

��
UR(ε)

c(ε) // (M × Rn)(ε)× Rε
R.

Since all of these maps are induced by permutations on Euclidean spaces, they
are Pin-structure preserving isometries because each Euclidean space has, up to
equivalence, only one Pin−-structure.

Functoriality of the spinor bundle construction, see Lemma 4.1.17, yields a split-
ting on the associated spinor bundles:

Φε = S(c(ε)) : SUR(ε) → Sg(ε) ⊠ Clε,0 = Sg(ε)⊕⟨·,·⟩,

where Clε,0 denotes Cl|ε|,0. This gives rise to morphisms between spinor bundles:

S|M×UR(η)� _

��

Φη // Sg(η) ⊠ Clη,0
id×S(per(ε,η)) // Sg(η) ⊠ Clη−ε,0 ⊠ Clε,0

Cη,ε

��
S|M×UR(ε)

Φε // Sg(ε) ⊠ Clε,0.

Definition 4.2.1. Let g be a block metric on M × Rn and let A ∈ {id, e/o}. A
pseudo differential operator P ∈ ΨDO

m
(Sg) is of block form (of type A) if there are

R > r > 0 such that:

(1) The block metric g decomposes outside of M × rIn.

(2) If σ ∈ Γc(Sg) is supported within M × (RIn)◦, then Pσ is supported within
M × (RIn)◦.
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(3) The operator P restricts5 to M × Ur(ε) and there is a P (ε) ∈ ΨDO
m
(Sg(ε))

such that
(Φε)∗P |M×Ur(ε) = P (ε)⊠ id + A⊠D(ε),

where P (ε) ∈ ΨDO
m
(Sg(ε)) and D(ε) is a differential operator of order m on

the trivial bundle Clε,0 → Rε
r with constant coefficients.

We call M ×RIn the core of P .

The constants R and r are not unique. We will see in Lemma 4.2.6 below that
property (2) and (3) hold for all larger constants R′ > R and r′ > r as well.

Lemma 4.2.2. Let P ∈ ΨDO
m
(Sg) be a block operator of type A. Then the oper-

ators P (ε) and D(ε) are uniquely determined by P .

Proof. We prove the statement by induction over |dom ε|. On dom ε = ∅, there is
nothing to prove. For the induction step, it suffices to prove the following statement:
Every operator of the form P = Q ⊠ id + A ⊠ D ∈ ΨDO

m
(SgM ⊠ Cln,0) on a not

necessarily closed spin manifolds M with product metrics g = gM ⊕ ⟨·, ·⟩ uniquely
deterimes Q and D. We will prove this statement by expressing Q and D through
P .

Let x1, . . . , xn be the standard coordinates of Rn and ∂j the derivation into the
j-th direction. The operator D can be written as

D =
∑

|α|≤m

aα∂
α,

for some constants aα ∈ End(Cln,0). For a point p ∈ Rn, choose smooth functions
f1, . . . , fn with compact support satisfying fj(x) = (xj−pj) in some neighbourhood
V of p. Choose further u ∈ Γc(M,SgM ) and v ∈ Γc(V,Cln,0). Finally, for each
multiindex α with |α| ≤ m, define the multiplication operator µα by

µα : Γc(M × Rn,SgM ⊠ Cln,0)→ Γc(M × Rn,SgM ⊠ Cln,0)

σ 7→
n∏
j=1

f
αj

j · σ.

The Leibniz rule implies

[P, µα](u⊗ v)(m, p) = A(u)(m)⊗ aαv(p),

so D is uniquely determined by P .
It remains to determine Q from P and D. Since P −A⊠D is C∞(Rn)-linear on

Γc(M × Rn,SgM ⊠ Cln,0) we can define a linear map

Q̃ : Γc(M,SgM )→ Γ(M,SgM )

5This means that if a section is supported within Ur(ε), then Pσ is also supported within this
set.
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as follows: Fix a point p ∈ Rn and a function f ∈ C∞(Rn,R) that is identically 1
near x and compactly supported. Set then

Q̃(σ)(m) ..= (P − A⊠D)(σ ⊗ f · 1)(m, p).

Plugging in the decomposition gives

Q̃(σ)(m) = (P − A⊠D)(σ)(m, p)

= Q⊠ id(σ ⊗ f · 1)(m, p)
= Q(σ)(m)⊗ f(p) = Q(σ)(m)⊗ 1,

which can be identified with Q(σ) under the inclusion SgM ⊆ SgM ⊠ Cln,0.

Corollary 4.2.3. If P is a block operator on Sg, then P (ε) is a block operator
on Sg(ε). Equivalently, if δ2ρε : Rn(ε)

∼=−→ {x ∈ Rn : ε(i)xi = 2ρ} denotes the
isometric inclusion that plugs 2ε(j)ρ into the j-th coordinate for all j ∈ dom ε, then
δ2ρε

∗
P (ε) = (δ2ρε)−1

∗ P (ε) is a block operator on S∂εg for all ρ > R, where R denotes
the size of the core of P . These block operators satisfy conditions (1)-(3) for the
same constants as P .

Proof. Since g decomposes outside of rIn, it also decomposes outside of ρIn. If we
identify Rn(ε) with the affine subspace {x ∈ Rn : ε(j)xj = ρ}, then the restricted
metric g(ε) = g↿Rn(ε) is again a block metric that decomposes outside of rIn∩Rnε) ∼=
rIn−|dom ε|.

Set m ..= n − |dom ε|. We verify axiom (2) for δ2rε∗P (ε) by contra-position.
Assume there is a section σ ∈ Γc(S∂εg(ε)) with support in M × (RIm)◦ such that
δ2rε

∗
P (ε)(σ) is not supported within M × (RIm)◦. Pick a smooth function f : R→

[0, 1] that is supported within (r, R) and define on Rε
r the real valued function

fε(x) =

|dom ε|∏
j=1

f(xj).

Then the section σ⊗fε is supported within the interior of M ×RIm×RI |dom ε| but,
by assumption, the support of

(
P (ε)⊠ id+A⊠D

)
(σ⊗ fε) is not supported within

M × RIm × RI |dom ε|. Thus τ ..= Φε
−1
∗ (σ ⊗ fε) is a section of Sg that is supported

within the interior of M × RIn. But the support of P (τ) does not lie in M × RIn,
contradicting axiom (2) of P .

We first give an informal proof for (3). We know that

Φδε(η) ∗P |Ur(δε(η)) = P
(
δε(η)))⊠ id + e/o⊠D(δε(η))

)
.

If we permute the (fixed) coordinates parametrised by dom ε “to the right”, using
per(δε(η)), ε) we can identify Rδε(η))

r with Rδε(η))−ε
r ×Rε

r . The uniqueness statement
of Lemma 4.2.2 implies (with abuse of notation)

P (ε) = P
(
δε(η)

)
⊗ id + per(δε(η), ε)∗D

(
δε(η)

)
.
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Now the formal proof of (3): The inclusion δ2rε maps Um
r (η) into Un

r (δ
ε(η)). Fur-

thermore, the following diagram commutes:

M × Um
r (η)

cm(η) //
� _

δ2rε

��

M × Rm(η)× Rη
r

id×δεuu

M × Un
r (δ

ε(η))
c(δε(η))

//M × Rn(δε(η))× Rδε(η)
r

per(δε(η),ε)
��

M × Rn(δε(η))× Rδε(η)−ε
r × Rε

r

This implies

(Φη)∗(δ
2rε∗P (ε))) = (id× δε)∗

(
P (δε(η))⊗ id + A⊗ per(δε(η), ε)∗D(δε(η))

)
,

so δ2rε∗P (ε) is indeed of block form.

The converse of this lemma is also true.

Lemma 4.2.4. Let m > 0 and P ∈ ΨDO
m
(Sg) be of block form of type A. For

each differential operator D of order m with constant coefficients on C∞c (R, Cl1,0),
the operator

Q ..= P ⊠ id + A⊠D ∈ ΨDO
m
(Sg ⊠ Cl1,0) = ΨDO

m
(Sg⊕dx2n+1

)

is also block operator of type A.

Proof. If m > 0, then Q is an element of ΨDO
m
(Sg⊕dx2n+1

) by Theorem B.0.28.
Axiom (1) is trivially satisfied. Axiom (2) also holds because A⊠D acts as a dif-

ferential operator in the additional dimension. Axiom (3) requires some definitions.
Let ε : n+ 1→ Z2 be given.

If n + 1 ∈ dom ε, then Ur(ε) = Ur(pn+1(ε)) × {ε(n + 1)xn+1 > r} and Φε =
Φpn+1(ε) × id. In this case, we have

P (ε) = Q(pn+1(ε))⊠ idR and DQ(ε) = DP (pn+1(ε))⊠ id.

If n + 1 /∈ dom ε, then Ur(ε) = Un
r (ε) × R, where Un

r (ε) ⊆ Rn, and Φε is given
by the decomposition

S|M×Ur(ε) = S↿M×Un
r (ε) ⊠ Cl1,0

Φε⊠id // Sg(ε) ⊠ Clε,0 ⊠ Cl1,0

swapid⊠
��

Sg(ε) ⊠ Cl1,0 ⊠ Clε,0.

In this case, we have

Q(ε) = P (ε)⊠ id + A⊠D and DQ(ε) = DP (ε).

With these definitions the equation

Φε∗Q|M×Ur(ε) = Q(ε)⊠ id + A⊠DQ(ε)

is easily verified so that Q is a block operator.
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Pseudo differential operators are not local by nature. Block operators on the
other hand are local in certain directions on special classes of open sets. In order to
use local-to-global principles for block operators, we need partition of unities that
are adapted to the specific block form of a block operator.

Definition 4.2.5. Let χ : R → [0, 1] be a compactly supported, smooth, and even
function that is identically 1 near the origin. We denote the extensions by zero of

χ−1 ..= (1− χ)|R≤0
, χ0 ..= χ, and χ1 ..= (1− χ)|R≥0

with the same symbols. More generally, we define on Rn or M × Rn the partition
of unity {

χα(m,x) ..=
n∏
j=1

χα(j)(xj)

}
.

parameterised α : n→ Z3.

As an application of this partition, we prove that the constants in the definition
of a block operator are actually lower bounds.

Lemma 4.2.6. Let P ∈ ΨDO
m
(Sg) be a block operator and let R > r be constants

such that the conditions (1)-(3) of P hold. Then these conditions also hold for all
R′ > R and r′ > r with R′ > r′,

Proof. Condition (1) is clearly satisfied for all r′ > r.
We continue with the proof of condition (3). Let σ ∈ Γc(Sg) be a section with

supp σ ⊆ Ur′(ε). Since the support is compact, we find a slightly bigger r′′ > r′ such
that supp σ ⊆ Ur′′(ε). Let χ : R → [0, 1] be a smooth function that is identically 1
near R≥r′′ and identically zero near R≤r′ .

For ε : dom ε ⊆ n→ Z2 define

χε(x) ..=
∏

j∈dom ε

χ(ε(j)xj).

This function is supported within Ur′(ε). If we do not notationally distinguish χε

and (Φε)∗χ
ε = χε ◦ Φ−1

ε , we have

(Φε)∗(Pχ
εσ) = P (ε)⊠ id(χεσ) + A⊠D(χεσ)

= χε · (P (ε)⊠ id)(σ) +D(χε) · (A⊠ id)(σ) + χε · (A⊠D)(σ),

which is supported within Ur′(ε), too. Thus, P also restricts to Ur′(ε) and necessarily
decomposes there as in (3).

Condition (2) uses the construction of Definition 4.2.5. We will prove condition
(2) inductively over n, the dimension of the Euclidean factor of M ×Rn. For n = 0
there is nothing to prove, and we can continuue with n ≥ 1. Let χ : R → [0, 1] be
a smooth and even function that is identically 1 near [−r, r] and that vanishes near
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R\ (−R,R). Let {χα}α∈Zn
3

be the corresponding partition of unity on M ×Rn from
Definition 4.2.5. We clearly have

P (σ) = P (χ0σ) +
∑

α∈Zn
3 \0

P (χασ).

The summand χ0σ is supported within M × (RIn)◦, so, by condition (2) of P , also
P (χ0σ) is supported within M × (RIn)◦.

Recall the notation α̂ ..= α|suppα : supp α → Z2. The section χασ is supported
within Ur(α̂). If α ̸= 0, then α̂ is not the empty map so that P (χασ) is also
supported within Ur(α̂) by the proof of condition (3) above.

Since suppσ ⊆M×(R′In)◦ we can find a smooth and even function ψ : R→ [0, 1]
that vanishes near R \ (−R′, R′) and such that ψ0(x) ..=

∏n
j=1 ψ(xj) is identically 1

on supp σ. The block form of P implies

P (χασ) = P (χαψ0σ)

=
∏

j∈suppα

ψ ◦ prj · P

( ∏
j∈Null(α)

ψ ◦ prj
)
· χασ


+D(α̂)

( ∏
j∈suppα

ψ ◦ prj

)
· P

(( ∏
j∈Nullα

ψ ◦ prj
)
· χασ

)
.

By Corollary 4.2.3, P (α|suppα) is a block operator on Sg(α|suppα) that satisfy con-
ditions (1) - (3) for the same constants as P and A ⊠ D(α|suppα) is a differential
operator and hence only support-decreasing. This and the induction assumption,
implies that the section

P

( ∏
j∈Null(α)

ψ ◦ prj
)
· χασ


must be supported within {|xj| < R′ : j ∈ Nullα} ∩ Ur(α|suppα). It follows that

∏
j∈suppα

ψ ◦ prj · P

 ∏
j∈Null(α)

ψ ◦ prjχασ


and

D(α̂)

( ∏
j∈suppα

ψ ◦ prj

)
· P

( ∏
j∈Nullα

ψ ◦ prjχασ

)
are supported within M× (R′In)◦∩Ur(α|supp α), which finishes the proof of (2).

Corollary 4.2.7. Let P ∈ ΨDO
1
(Sg) be a block operator of type A whose core is

contained in M ×RIn. For α : n→ Z3 and ρ′ > ρ > R define

Vρ<ρ′(α) ..=M × {x ∈ Rn : xj ∈ (−ρ′, ρ′) if j ∈ Null(α), αjxj > ρ otherwise}.

If σ ∈ Γc(Sg) is supported within Vρ<ρ′(α), then Pσ is also supported there.



4.2. BLOCK OPERATORS 91

Proof. If α = 0, then Vρ<ρ′(0) =M × ρ′In and the claim follows from Lemma 4.2.6.
Assume now that α ̸= 0, so that Vρ<ρ′(α) ⊆ Uρ(α̂). For each u ∈ Γc(Sg)

supported with in Vρ<ρ′(α) we deduce with abuse of notation

Pu = (P (α̂)⊠ id)(χαu) + e/o⊠D(α̂)(χα)(χαu)

The second summand is a differential operator and hence support-decreasing.
We know from Corollary 4.2.3 that P (α̂) is again a block operator whose core is

contained in M × ρ′I |Null(α)|. Since Vρ<ρ′(α) ∼= ρ′I |Null(α)| × Rα̂
ρ , it follows from the

previous Lemma that

supp P (α)(u(–, y)) ⊆ ρ′I |Null(α)|

and hence
supp P (α)(u) ⊆ ρ′I |Null(α)| × Rα̂

ρ = Vρ<ρ′(α).

The technique used in the previous proofs can be used to prove that block oper-
ators are local in the following limited sense.

Corollary 4.2.8. Let P be a block operator whose core is contained in M × ρIn. If
ρ′ > ρ and V ⊆ Uρ′(ε) is an open set that corresponds under Uρ′(ε) ∼= M×Rn(ε)×Rε

ρ′

to M × Rn(ε)× V ε, then (Pu)|V only depends on (the germ of) u|V̄ .

Proof. It suffices to show that if u vanishes identically near V̄ , then Pu vanishes
identically on V . Let ϕ : M×Rn → R≥0 be a smooth function such that ϕ−1(R>0) =
V and such that ϕ only depends on variables indexed by dom (ε). Let χ : R→ [0, 1]
be a smooth even function such that χ is identically 1 on [−ρ, ρ] and whose support
lies in (−ρ′, ρ′). Denote by χα the partition of unity from Definition 4.2.5.

Since suppϕ ⊆ Uρ′(ε), we conclude that supp ϕ and Vρ<ρ′(α̂) have non-empty
intersection only if α̂ ≥ ε. We know from Corollary 4.2.7 that supp (Pχαu) ⊆
Vρ<ρ′(α), so we conclude ϕ · Pχαu = 0 if α̂ ≥ ε is false. On the other hand, if
α̂ ≥ ε, then Vρ<ρ′(α) ⊆ Uρ(ε) and the block decomposition of P implies

ϕ · Pχαu = Pϕχαu+ [ϕ, P ]χαu = Pχα ϕu︸︷︷︸
=0

−i−1 symb1(P )(–, dϕ)χ
αu︸ ︷︷ ︸

=0 on V

= 0 on V

because u|V = 0. Since {χα}α∈Zn
3

is a partition of unity, the previous calculations
imply ϕPu|V = 0 from which we deduce Pu|V = 0.

Definition 4.2.9. A block operator P ∈ ΨDO
1
(Sg) is called block operator of Dirac-

type, if A = e/o and D(ε) = /DRε is the Dirac operator of the Euclidean metric on Rε

for all ε : dom ε→ Z2, and if the principal symbol satisfies symb1(P ) = symb1( /Dg).

The motivating examples for this definition are the Dirac operator of a block
metric and the adjoint operator of a block map of pseudo Dirac operators.
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Example 4.2.10. We apply the discussion of Example 4.1.18 to show that /Dg is a
block operator (of Dirac type), if g is a block metric on M × Rn. Assume that the
block metric decomposes outside of M × rIn. Then, since differential operators are
only support decreasing, we can choose any R > r so that condition (1) and (2) are
trivially satisfied. It remains to show that /Dg decomposes appropriately on Ur(ε).
Since the defining sequence of the Dirac operator (4.1.10) is natural with respect to
Pin-structure preserving, isometric diffeomorphisms, we have

(Φε)∗ /Dg|M×Ur(ε) = /Dc(ε)∗g = /Dg(ε)+⟨·,·⟩R|dom ε| = /Dg(ε) ⊠ id + e/o⊠ /DR|dom ε| .

The decomposition of the spinor bundle in Example 4.1.18 has a weaker version.
If U ⊆ Rn is open and g : U → Riem(M) is a smooth map, then TU is still an
orthogonal complement of TM in T (M × U) with respect to susp(g). This induces
a splitting of the spinor bundle Ssusp(g)

∼= Sg ⊗ Cln,0.

Definition 4.2.11. Let P : U → ΨDOm(S) be a smooth map, where the target
carries the (subspace topology of the) amplitude topology. It comes with a smooth
map g : U → Riem(M). Define on Ssusp(g) the operators that are given under the
isomorphism Ssusp(g)

∼= Sg ⊗ Cln,0 by

P ex(σ ⊗ eI)(m, t) ..= (Ptσ(·, t))⊗ eI ,

susp(P ) ..= P ex +
n∑
k=1

∂tk · ∇
Ssusp g

∂tk
.

We call susp(P ) the operator suspension of P .

By the parametrised version of the Atiyah-Singer exterior tensor theorem B.0.29
we have susp(P ) ∈ ΨDO

m
(Ssusp(g)) if m > 0.

We are mostly interested in the case where U = Rn and P is a smooth block
map. Note that this implies that the underlying map of Riemannian metrics is also
a smooth block map. However, in some proofs, we need the operator suspension on
more general open subsets.

Lemma 4.2.12. Let m > 0 and let P : Rn → ΨDOm(S) be a smooth block map,
where the target carries the (subspace topology of the) amplitude topology and un-
derlying block map g.

Then P ex and susp(P ) are a block operators of type id and e/o, respectively. If
P takes values in ΨDir(M), then susp(P ) is a block operator of Dirac type.

Proof. We will only prove the statement for susp(P ) in the case that P takes values
in ΨDir(M), for the other cases are similar. Since P and g are block maps, there
is an r > 0 such that P and g are independent of xi if |xi| > r. Then susp(g)
decomposes outside of M × rIn. Since susp(P ) − e/o ⊗ /DRn is C∞(Rn)-linear, the
operator restricts to open subsets of the form M × U with U ⊆ Rn open, and thus
P does it, too.

It remains to show that P decomposes appropriately on Ur(ε). On this subset,
a permutation of coordinates c(ε) : M × Ur(ε)→M ×Rn(ε)×Rε

r is an isometry if
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the domain carries the metric g|Ur(ε) and the right hand side has susp(g)(ε)⊕ ⟨·, ·⟩.
Thus the spinor bundle decomposes into

Ssusp(g)(ε) ⊠ Clε,0 ∼= Sg ⊗ Cln−|ε|,0 ⊠ Clε,0

over (M × Rn(ε)) × Rε
r via Φε = S(c(ε)). Since P |Ur(ε) is independent of the

coordinates indexed by dom ε, we derive the equation

(Φε)∗(susp(P )|M×Ur(ε)) = (Φε)∗
(
P ⊗ id

)
+ (Φε)∗

(
e/oSg

⊗ /DRn

)
= Pc(ε)−1(–) ⊗ id + (e/oSg

⊗ /DRn(ε))⊠ idClε,0

+ e/oSg
⊗ e/oCln−|ε|,0

⊠ /DRε
r

=
(
(P |M×Rn(ε))c(ε)−1(–) ⊗ idCln−|ε|,0 + e/oSg

⊗ /DRn(ε)

)
⊠ id

+ e/oSsusp(g)(ε)
⊠ /DRε ,

which shows that susp(P ) decomposes as required.

So far, we have only studied block operators on the level of vector bundles over
manifolds. Before we are going to construct the block version of ΨDir×(M), we will
study its (functional) analytic properties in the next section.
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4.3 Analytical Properties of Block Operators

The purpose of this section is to derive the needed analytical properties of block
operators. We will show that each block operator realises to a bounded operator
on positive Sobolev spaces and that the realisations of block operators of Dirac
type satisfy analogous versions of the fundamental elliptic estimate. Moreover, we
will show that if they are self-adjoint and invertible near infinity, then they are also
Fredholm operators. Many of these properties rely on the structure of a block metric
near infinity because we are working on non-compact manifolds.

In the following, we only consider pseudo differential operators of order m ∈
{0, 1}.

Lemma 4.3.1. Let g be a block metric on M × Rn and let P ∈ ΨDO
m
(Sg) be a

block operator. Then P extends to a bounded linear operator

P : Hs(Sg)→ Hs−m(Sg)

for all s ∈ Z.

Proof. We prove this lemma by induction over n. For n = 0, this is classical because
M is closed, see Theorem B.0.18. For n > 0, we pick appropriate R > r > 0 such
that P restricts to M × (RIn)◦ and decomposes on {εxi > r} for all i ∈ {1, . . . , n}
and all ε ∈ Z2. Let χ : R→ [0, 1] be a smooth, symmetric function that is identically
1 on (−r, r) and vanishes near R \ (−R,R). Let {χα}α∈Zn

3
be the partition of unity

obtained from Definition 4.2.5. By the triangle inequality, it suffices to show that
P · χα extends to a bounded operator.

If α = 0, then Pχ0 restricts to an operator on the relatively compact set M ×
(RIn)◦. Thus, by Theorem B.0.18, Pχ0 extends to a bounded operator Hs(Sg) →
Hs−1(Sg).

If α ̸= 0, then there is a tupel (i, ε) ∈ {1, . . . , n} × Z2 such that suppχα is con-
tained in Ur((i, ε)). The induction hypothesis and [Pal65, Corollary XIV.1] applied
to the discrete Hilbert chains Hs(M × Rn−1;Sg(i,ε)) and Hs(R;Cl1,0) imply

P (i, ε)⊠ id + A⊠D(i, ε) ∈ Op1(Hs(Sg(i,ε) ⊠ Cl1,0)),

which means that this operator induces a bounded linear map

Hs(Sg(i,ε) ⊠ Cl1,0)→ Hs−1(Sg(i,ε) ⊠ Cl1,0)

for all s ∈ Z. Since P decomposes into P (i, ε) ⊠ id + A ⊠ D(i, ε) on Sg|Ur((i,ε))
∼=

Sg(i,ε) ⊠ Cl1,0|εR>r , it follows Pχα ∈ Op1(Sg).

Recall that a sequence of operators Pn converges to P in the Atiyah-Singer
topology if the Pi converge uniformly on compact subsets to P . Thus, it is not clear
that the fundamental ellitpic estimate carries over to elements in the Atiyah-Singer
closure. However, this is the case, if the operator P increases the support in a
controlled manner.
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Lemma 4.3.2. Let M be a not necessarily closed manifold and E,F →M be vector
bundles over M . Let P ∈ ΨDO

1
(E,F ) be an elliptic pseudo differential operator

whose principal symbol is the principal symbol of an actual pseudo differential oper-
ator (i.e. smooth) and that has the following property: For all compact neighbour-
hoods K ⊆ M there is a relatively compact open subset W such that if suppu ⊆ K
then suppPu ⊆ W .

Then, for all compact K ⊆M , there is a compact L ⊆M such that P induces a
bounded map Hs

K(E)→ Hs−1
L (F ), where Hs

K(E) denotes the subspace of all section
with support in K. The operator P furthermore satisfies the elliptic estimate:

||u||s ≤ C (||u||s−1 + ||Pu||s−1) .

Proof. The subspace Γc(E) is dense in Hs(E) for all s ∈ Z and the multiplication
with a smooth compactly supported function induces a continuous endomorphism
on all Sobolev spaces. Thus, if χ is a smooth compactly supported function that is
identically 1 on K, then we can approximate each element of Hs

K(E) by an element
of χ · Γc(E). If L is the compact subset from the assumption assigned to supp χ,
then a simple approximation argument shows that P : Hs

K(E) → Hs−1
L (F ) is well

defined and continuous, because Hs−1
L (F ) is a closed subspace.

To prove the elliptic estimate we argue as follows. Pick smooth functions ρ0 and
ρ1 such that ρ0 is identically 1 on K and supported within L◦ and ρ1 is identically 1
on supp ρ0 and supported within L◦. Pick further a pseudo-inverse R for P , i.e., an
actual pseudo differential operator of order −1 whose principal symbol is the inverse
of symb1(P ). Then ρ0 − ρ0RPρ1 ∈ ΨDO

0

L(E) and its principal symbol vanishes.
Since ΨDO−1(E) lies dense in ker symb0, we can approximate it by actual pseudo
differential operators of order −1, see Lemma B.0.24, so there is a Q ∈ ΨDO−1

L (E)
such that ||ρ0 − ρ0RPρ1 −Q||s,s < 1/2.

With that knowledge we can derive the required elliptic estimate from the elliptic
estimate of actual pseudo differential operators. For any u ∈ Hs

K(E) we have ρju = u
and thus

||u||s = ||(ρ0 − ρ0RPρ1)u+ ρ0RPρ1u||s
≤ ||(ρ0 − ρ0RPρ1)u||s + ||ρ0RPu||s
≤ ||(ρ− ρ0RPρ1)u−Qu||s + ||Qu||s + ||ρ0R||s−1,s||Pu||s−1

≤ 1/2||u||s + ||Q||s−1,s||u||s−1 + ||ρ0R||s−1,s||Pu||s−1,

where we used the fact that ρ0R is an actual pseudo differential operators of order
−1 that maps sections to sections that are supported within supp ρ0, to deduce that
ρ0R induces bounded maps between Sobolev spaces. The chain of inequalities can
be rewritten as

||u||s ≤ 2 (||Q||s−1,s||u||s−1 + ||ρ0R||s−1,s||Pu||s−1)

≤ 2max{||Q||s−1,s, ||ρ0R||s−1,s} (||u||s−1 + ||Pu||s−1) ,

which gives the second claim.
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Since the constants in the fundamental elliptic estimate may depend on the
compact subsets, the result does not immediately carry over to block operators. To
carry the result over, we use the following partition of unity which is due to Bunke
[Bun09], who introduced it in special local coordinates for manifolds with corners.

Lemma 4.3.3. Let P ∈ ΨDO
1
(Sg) be a block operator of Dirac type whose core is

contained in M × (−ρ, ρ)n and that decomposes on all Uρ−1/2(ε). For α ∈ Zn3 , set

Vρ(α) =
{
(m,x) ∈M × Rn : αjxj > ρ− 1/2 if αj ̸= 0, xj ∈ (−ρ, ρ) otherwise

}
.

There is a continuous partition of unity (ϕ0, . . . , ϕ2n) that satisfies the following three
properties:

(i) Each ϕl is almost everywhere differentiable, has bounded derivative that is zero
at infinity, which means lims→∞ sup{|dϕl|(x) |x ∈M × Rn \ (−s, s)n} = 0.

(ii) If u is supported within Vρ(α) with α ̸= 0, then [P, ϕl]u = c(grad(ϕl))(u).

(iii) ϕ0 is compactly supported and for each l > 0 there is a unique tupel (i, ε) ∈
{1, . . . , n} × Z2 such that ϕl is supported within {εxi > ρ}.

Proof. Fix 0 < a < (2
√
n)−1. Let χ : R≥0 → [0, 1] be a smooth function whose

zero set is R≤a and that is identically 1 near R≥2a. We denote its mirror symmetric
extension to R again with χ. For i ∈ {1, . . . , n}, we define χ̃i : Sn−1 → [0, 1] via
χ̃i(x) = χ(pri(x)) and set

χi ..=
χ̃i∑n
j=1 χ̃j

.

The denominator is always non-zero because it vanishes at x if and only if all sum-
mands vanish at x, which implies ||x||2 < n · a < 1. The n-tuple of functions
(χ1, . . . , χn) has the following three evident properties:

1. χi(x) = 0 if |xi| < a,

2. σ∗χi = χσ−1(i) for each permutation σ ∈ Σn,

3.
∑

j χj = 1.

For each α = (α1, . . . , αn) ∈ Zn3 , we define the set

Aα ..= {(m,x) ∈M × Rn : xj ∈ [−ρ, ρ] if αj = 0, αjxj ≥ ρ}
∼= M × [−ρ, ρ]|Null(α)| ×

∏
j∈suppα

αjR≥ρ.

The complement of M × (−ρ, ρ)n is the union of all Aα with α ̸= 0. For (i, ε) ∈
{1, . . . , n} × Z2, we define

ϕ̂εi |Aα(m,x) =

{
χi

(
x̂

||x̂||

)
, if αi ̸= 0,

0, if αi = 0,
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where x̂ = (|α1|x1 − α1ρ, . . . , |αn|xn − αnρ). The assignments agree on the overlaps
Aα ∩ Aβ yielding well defined functions on the complement of M × (−ρ, ρ)n. Each
ϕ̂εi is continuous because it is continuous on all Aα. For 0 < δ < 1, we pick a
smooth function ξ : R≥0 → [0, 1] whose zero set is [0, ρ+ δ] and which is identically
1 near R≥ρ+1. Its mirror-symmetric extension to R is again denoted by ξ. Set
ξi(x) := ξ(pri(x)) and extend ϕ̂εi to M × Rn via ϕεi ..= ξiϕ̂

ε
i .

By construction, all ϕεi sum up to 1 on the complement of M × (−ρ+ 1, ρ+ 1)n

and the sum is bounded from above by 1 everywhere. Each ϕεi is supported within
{εxi ≥ ρ+δ}. Thus, by setting ϕ0 ..= 1−

∑
(i,ε) ϕ

ε
i , we have constructed a continuous

partition of unity.
The function ϕ0 is supported within M × (−ρ−1, ρ+1)n, which proves property

(iii).
The points at which the partition of unity might not be differentiable lie in⋃

α ̸=β Aα ∩ Aβ, which is a zero-set. Outside this set, the differential is given by

dϕεi = ϕ̂εi (x)ξ
′(xi)dxi + ξ(xi)dχi ·

(
x̂ · x̂T − ||x̂||2id

||x̂||3

)
diag(|α1|, . . . , |αn|).

Since dχi is bounded, we conclude

|dϕεi | ∈ L∞(M × Rn) and lim
s→∞

sup{|dϕεi |(x) |x ∈M × Rn \ (−s, s)n} = 0,

showing property (i).
By construction, the restriction of each ϕεi to Vρ(α) with α ̸= 0 depends only on

the coordinates xj indexed by j ∈ suppα. If u ∈ Γc(Sg) is supported within Vρ(α)
with α ̸= 0, then the block form of P implies

[P, ϕεi ]u =

(
P (α) +

∑
j∈suppα

ej · ∂j

)
ϕεiu− ϕεi ·

(
P (α) +

∑
j∈suppα

ej · ∂j

)
u

= ϕεi (P (α)− P (α))u+
∑

j∈suppα

[ej · ∂xj , ϕεi ]u

= grad(ϕεi ) · u = c(grad(ϕεi ))(u).

This shows property (ii).

We use this partition of unity to derive the fundamental elliptic estimates for
block operators of Dirac type. The idea of the following two propositions is borrowed
from [Ebe17, Prop 3.3].

Proposition 4.3.4. Let P ∈ ΨDO
1
(Sg) be an elliptic block operator of Dirac type.

Then P satisfies the fundamental elliptic inequality, which means that there is a
C > 0 such that

||u||1 ≤ C (||u||0 + ||Pu||0)

for all u ∈ H1(Sg) .
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Proof. The proof will be carried out by induction over n, the dimension of the
Euclidean part of our block manifolds M × Rn. For n = 0 our base manifold is
compact and the theorem follows from Lemma 4.3.2.

Assume the statement for n−1 and pick an elliptic block operator P ∈ ΨDO
1
(Sg)

over a block metric g ∈ R̃n(M). Pick R > r > 0 such that g decomposes outside
M×(−r, r)n and M×(−R,R)n is a core for P . Since P is of block form the classical
elliptic estimate gives us

||u||1 ≤ C0,R (||u||0 + ||Pu||0)

for some C0,R and all sections u with support in M × (−R,R)n. If u is supported
within Ur(i, ε) = {εxi > r}, then we can identify Sg|Ur(i,ε) with Sg(i,ε) and P with
P (i, ε) ⊠ id + e/o ⊠ /D . Since g is a product metric here, we can apply Fubini’s
theorem to get:

||u||21 =
∫
εR>r

||u(t)||21,g(i,ε)dt+
∫
εR>r

||∂tu(t)||20,g(i,ε)dt

≤
∫
C2
(
||u(t)||20,g(i,ε) + ||P (i, ε)u||20,g(i,ε)

)
+ ||∂tu(t)||20,g(i,ε)dt

≤ C2

∫
||u(t)||20,g(i,ε) + ||P (i, ε)u||20,g(i,ε) + ||∂tu(t)||20,g(i,ε)dt

= C2

∫
||u(t)||20,g(i,ε) + ⟨P (i, ε)2u, u⟩0,g(i,ε) − ⟨∂2t u(t), u(t)⟩0,g(i,ε)dt

= C2

∫
||u(t)||20,g(i,ε) + ⟨P (i, ε)2u− ∂2t u(t), u⟩0,g(i,ε)dt

= C2

∫
||u(t)||20,g(i,ε) + ⟨(P (i, ε)⊠ id + e/o⊠ /D)2u(t), u(t)⟩dt

= C2

∫
||u(t)||20,g(i,ε) + ||(Pu)(t)||20,g(i,ε)dt

= C2(||u||20 + ||Pu||20),

from which we immediately get the fundamental elliptic inequality for this case.
Finally, we need to patch these inequalities together. We define the set L ..=

{0} ∪ {1, . . . , n} × Z2 and let (ϕl)l∈L be the partition of unity from Lemma 4.3.3
adapted to P . We use this partition of unity to patch the inequalities together:

||u||1 = ||
∑
L

ϕlu||1 ≤
∑
L

||ϕlu||1

≤ C0(||ϕ0u||0 + ||Pϕ0u||0) +
∑
L\{0}

Cl(||ϕlu||0 + ||Pϕlu||0)

≤ (2n+ 1)max{Cl}||u||0 +
∑
L

Cl(||ϕlPu||0 + ||[P, ϕl·]u||0)

≤ (2n+ 1)max{Cl, ||[P, ϕl·]||0,0} (||u||0 + ||Pu||0) .

This concludes the induction step.
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Definition 4.3.5. A block operator P ∈ ΨDO
1
(Sg) of Dirac type is invertible if

its induced operator H1(Sg)→ H0(Sg) is an isomorphism.

Remark 4.3.6. By Proposition 4.3.4 the defining condition is equivalent to require
that P is an invertible unbounded operator H0(SgP ). Recall that this means that
the extension P : Γc(SgP )

||–||P → H0(Sg) is invertible, where the domain is the
completion of Γc(SgP ) with respect to the graph norm ||–||P = ||–||+ ||P (–)||.

If the block operator P has invertible faces, then the previous proposition can
be improved.

Proposition 4.3.7. Let P be a block operator of Dirac type whose faces P (i, ε) are
invertible. Then P satisfies the elliptic estimate

||u||1 ≤ C

(
||Pu||0 + ||ϕ0u||0 +

2n∑
l=1

||[P, ϕl·]u||0

)
,

where {ϕl} is the partition of unity from Lemma 4.3.3. Furthermore, P has closed
image and finite dimensional kernel.

If P is self-adjoint, then P is an (unbounded) Fredholm operator with domain
H1(M × Rn;Sg).

The proof of this proposition requires the main Fredholm Lemma.

Lemma 4.3.8 ([BS18, Lemma 4.3.9]). Let X, Y be Banach spaces and Z be a
normed vector space. Let A : X → Y be a bounded linear map and let K : X → Z be
a compact operator. If there is a constant C such that for all x ∈ X the inequality

||x||X ≤ C(||Ax||Y + ||Kx||Z)

holds, then A has closed image and finite dimensional kernel.

Proof of Proposition 4.3.7. Pick R > r such that M × (−R,R)n is a core of P and
that the block operator P decomposes on Ur(i, ε) under the identification

Ur(i, ε) ..= {(m,x) ∈M × Rn : εxi > r} ∼= M × Rn(i, ε)× {εxi > r}

into the operator P (i, ε)⊠ id + e/o⊠ /D .
For each u ∈ Γc(M × Rn,Sg) with support in Ur(i, ε), we have

||Pu||20 =
∫
M×Rn

|Pu|2 =
∫
M×Rn

|P (i, ε)u+ ∂i · ∂iu|2

=

∫
M×Rn

⟨u, (P (i, ε) + ∂i · ∂i)2u⟩ =
∫
M×Rn

⟨u, P (i, ε)2u− ∂2i u⟩

=

∫
M×Rn

|P (i, ε)u|2 + |∂iu|2

=

∫
ε·R≥r

||(P (i, ε)u)(x)||2L2(M×Rn(i,ε),Sg)
+

∫
M×Rn

|∂iu|2

≥
∫
ε·R≥r

c−2
(i,ε)||u(x)||

2
H1(M×Rn(i,ε),Sg)

+

∫
M×Rn

|∇∂iu|2

≥ min{c−2
(i,ε), 1}||u||

2
H1(M×Rn,Sg)

.
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In this chain of equations, we used in the second line that P is symmetric and
that P (i, ε) anti-commutes with ei. In the fourth line, we applied Fubini’s theorem,
while in the fifth line, we used the invertibility of P (i, ε) and that ∇∂i = ∂i. In
the last line we estimated against the minimum and identified the expression as the
Sobolev-1-norm.

On the other hand, if u is supported within M × (−R,R)n, then Pu is again
supported within this relatively compact subset and the classical elliptic estimate
implies

||u||1 ≤ C(||u||0 + ||Pu||0).
We now use the special adapted partition of unity from Lemma 4.3.3 with ρ = R

and the notation from there to patch the inequalities together. Using that ϕl is
contained in some Ur(i, ε) for l ̸= 0, the previous estimates yield

||u||1 = ||
∑
L

ϕlu||1 ≤
∑
L

||ϕlu||1

≤ C0(||ϕ0u||0 + ||Pϕ0u||0) +
∑
L\{0}

Cl||Pϕlu||0

≤ C0||ϕ0u||0 +
∑
L

Cl(||ϕlPu||0 + ||[P, ϕl·]u||0)

≤ C0||ϕ0u||0 +max{Cl · ||ϕl||0,0, 1} ·

(∑
L

||Pu||0 + ||[P, ϕl·]u||0

)

≤ C

(
||Pu||0 + ||ϕ0u||0 +

∑
L

||[P, ϕl·]u||0

)
,

where Cl is the inverse of min{c(i,ε)−1} for the pair (i, ε) corresponding to l.
It turns out that ϕ0 and all [P, ϕl·] are compact operators. Indeed, ϕ0 is compactly

supported, so ϕ0· is a compact operator by the classical Rellich-Lemma.
To see that Tl ..= [P, ϕl·] is compact, note first that it is an element of ΨDO

1
(Sg).

Symbol calculus shows that its principal symbol vanishes. Pick a partition of unity
as in Definition 4.2.5 such that χ0 is identically 1 on M × [−R,R]n. We decompose
it into Tl =

∑
α∈Zn

3
Tlχ

α.
By Lemma 4.2.6 the summand Tlχ0 is supported within suppχ0 in the sense that

suppTlχ
0u ⊆ suppχ0 and Tlχ

αu = 0 if suppχα ∩ suppu = ∅. Since the principal
symbols of Tlχ0 is zero, the Atiyah-Singer exact sequence, see Lemma B.0.24, implies
that Tlχ0 is compact.

If α ̸= 0, then α̂ ..= α|suppα is not the empty map and χαu is supported within
UR(α̂). Thus, property (ii) of the partition of unity {ϕl} yields

Tlχ
αu = gradϕl · χαu.

By Lemma 4.3.3 (i) and the generalised Rellich lemma for complete manifolds, see
[Bun09, p.50], we conclude that Tlχα is also compact.

A finite sum of compact operators is still compact, so Tl is a compact operator.
Lemma 4.3.8 now yields that P has finite kernel and closed image.
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If P is a self-adjoint (unbounded) operator on L2(M×Rn,Sg), then the maximal
domain agrees with the minimal domain. The elliptic estimate implies that the graph
norm of P is equivalent to ||–||1, so the (minimal) domain of P agrees with H1(M ×
Rn,Sg). The kernel and the cokernel of a self-adjoint operator are isomorphic, so
the cokernel is also finite dimensional and P is a Fredholm operator.

Usually, it is not easy to show that a (pseudo) differential operator is self-adjoint.
On complete manifolds, there is, however, a general criterion, the boundness of the
propagation speed.

Proposition 4.3.9 ([HR00, Prop. 10.2.11]). Let N be a complete Riemannian
manifold and let D be a symmetric differential operator on M . If the propagation
speed

cD ..= sup{||symb1(D)(x, ξ)|| : x ∈M, ξ ∈ T∨
xM, ||ξ|| = 1}

is finite, then D is (essentially) self-adjoint, i.e. its closure is a self-adjoint operator.

Corollary 4.3.10. Let g ∈ R̃n(M) be a block metric on M × Rn. Then /Dg is a
self-adjoint operator.

More generally, if P ∈ ΨDO
1
(Sg) is a symmetric, block operator of Dirac type,

such that P − /Dg extends to a bounded operator on H0(Sg) = L2(Sg), then P is a
self-adjoint operator.

Proof. A block metric is complete by Proposition 3.1.5 and the propagation speed
obviously satisfies c/Dg

= 1. By the preceding proposition, /Dg is therefore self-adjoint.
The second statement follows from Exercise 1.9.21 of [HR00].

A common strategy to verify that a self-adjoint operator is invertible is to verify
that it squares to a uniformly positive operator. We recall this concept.

Definition 4.3.11. An unbounded operator T on a Hilbert space H is called non-
negative, if ⟨Tx, x⟩ ≥ 0 for all x ∈ domT . It is called uniformly positive, if there is
a constant c > 0 such that ⟨Tx, x⟩ ≥ c||x||2.

An unbounded operator is bounded from below if there is a positive constant
c > 0 such that ||Tx|| ≥ c||x|| for all x ∈ domT .

Clearly, a closed unbounded operator T is bounded from below if and only if
T ∗T is uniformly positive. The next theorem is an immediate consequence from
unbounded functional calculus, see [Wer07].

Lemma 4.3.12. Let T be a self-adjoint unbounded operator on a separable Hilbert
space.

(i) If T is uniformly positive, then T is invertible.

(ii) If T is closed and invertible, then T ∗T is uniformly positive.

Being uniformly positive is an open condition for block operators of Dirac type
in the space Hom(H1, H0), where Hj = Hj(Sg).
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Lemma 4.3.13. Let P,Q ∈ Hom(H1, H0) be bounded operators. Let P be bounded
from below and satisfy a fundamental elliptic estimate. If Q is sufficiently close to
P in the operator norm of Hom(H1, H0), then Q is also bounded from below.

Proof. Given c ∈ (0, 1) such that ||Px||0 > c||x||0 and a constant C = C(P ) mak-
ing the fundamental elliptic estimate valid for P . We claim that all operators Q
satisfying the inequality

||P −Q||1,0 <
c

(c+ 1)C

are bounded from below.
Indeed, the fundamental elliptic estimate applied to P and the assumed inequal-

ity yield

||Qu||0 ≥
∣∣||Pu||0 − ||(Q− P )u||0∣∣

≥ ||Pu||0 − ||P −Q||1,0C(||u||0 + ||Pu||0)
= (1− ||P −Q||1,0 · C)||Pu||0 − ||P −Q||1,0C||u||0.

Using uniform positivity and the assumed inequality a second time, we continue the
estimation with

||Qu||0 ≥ c(1− C)||P −Q||1,0||u||0 − C||P −Q||1,0||u||0
=
(
c− (c+ 1)C||P −Q||1,0

)︸ ︷︷ ︸
>0

||u||0

This proves the claim.

Gluing Techniques

In the forthcoming sections we will carry out several cut and paste arguments for
block operators. Although we will start and end with a block operator on a complete
manifold, during the procedures we will consider operators on non-complete mani-
folds. Being self-adjoint or invertible are global properties of an operator that are
usually lost when we restrict the operator to an open subset, so we cannot expect
them to hold through the entire cut and paste procedure. On the other hand, being
symmetric and bounded from below are properties that are preserved under such
restrictions and the purpose of this section is to show that they are also preserved
under certain gluing constructions.

The first gluing technique for block operator roughly says that being symmetric
is a sheaf-like property, provided the operators are suitably local.

Lemma 4.3.14. Let E → M be a vector bundle over a not necessarily compact
manifold M . Let {Uα}α∈A be a locally finite open cover and let {Pα}α∈A be a family
of operators

Pα : Γc(Uα, E|Uα)→ Γc(Uα, E|Uα) and Pα ∈ ΨDO
1
(E|Uα)

such that Pα|Uα∩Uβ
= Pβ|Uα∩Uβ

: Γc(Uαβ, EUαβ
) → Γc(Uαβ, EUαβ

) for all α, β ∈ A.
Assume further that there is a partition of unity {χα}α∈A that is subordinated to the
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cover {Uα}α∈A such that the operators acts as derivation on the partition of unity,
that is

[Pα, χβ·]u = i−1symb1(P )(–, dχβ) · u.

Then each Pα is symmetric if and only if the operator

P ..=
∑
α∈A

Pα ◦ χα

is symmetric.

Proof. Assume that P is symmetric, then also Pa is symmetric for all a ∈ A because
for all u ∈ Γc(Ua, E|Ua) we have

Pu =
∑
α∈A

Pαχαu =
∑

{α:Uα∩Ua ̸=∅}

Paχαu = Pau.

For the converse, let u, v ∈ Γc(M,E) be two sections. Set uα ..= χαu and
vβ ..= χβv. By bilinearity, it suffices to show that (Pαuα, vβ) = (uα, Pβvβ) for all
α, β ∈ A.

To verify this, we rely on the following two facts that are immediate consequences
from the derivation property:

(I) supp Pβuα ⊆ supp χα for all α, β ∈ A.

(II) If u|{χα ̸=0} = 0, then (Pβu)|{χα ̸=0} = 0.

Indeed, property (I) follows from

Pβuα = Pβχαu = χαPβu+ [Pβ, χα]u = χαu+ i−1symb1(Pβ)(–, dχα)u

and that symb1(Pβ)(–, dχα) = symb1(Pβ)(–, 0) = 0 on {χα = 0}. Property (II)
follows from

(χαPβu)|χα ̸=0 = Pβ χαu︸︷︷︸
=0

−i−1symb1(Pβ)(–, dχα)u|χα ̸=0︸ ︷︷ ︸
=0

.

Now, for each α ∈ A, we pick a smooth function ψα that is identically 1 near
supp χα and supported within Uα. Symmetry of P now follows from the calculation

(Pαuα, vβ)
(I)
= (ψαPαuα, vβ) = (Pαuα, ψαvβ)

= (uα, Pαψαvβ)

= (uα, Pβψαvβ) because Pα|Uαβ
= Pβ|Uαβ

= (uα, (Pβψαvβ)|supp χα)

= (uα, Pβvβ)

in which we use (II) and linearity of Pβ to deduce that (Pβψαvβ)|supp χα only depends
on (the germ of) ψαvβ|supp χα = vβ|supp χα .
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The second gluing technique yields that two invertible block operators with
matching faces can be glued together to an invertible operator, provided the “gluing
strip” is sufficiently large. We carry out the gluing construction in a more general
setup as we allow our underlying Riemannian manifolds to be non-complete. This
forces us, to work with the following weaker notion that is equivalent to invertibility
if the operator in question is self-adjoint.

Definition 4.3.15. Let P be a densely defined operator on a Hilbert space H. We
call P (uniformly) bounded from below, if there is a c > 0 such that ||Pv|| ≥ c||v||
for all v ∈ dom(P ). More generally, an operator P ∈ ΨDO

1
(E) is bounded from

below, if P : Γc(M,E) → Γ(M,E) ⊂ L2
loc(M,E) is bounded from below (meaning

we also allow ||Pσ||0 =∞).

We work in the following setup.

Setup 4.3.16. Let H ⊆ M be a separating hypersurface that is closed as a subset
but not necessarily compact. Set M \H =M− ⊔M+ and let Φ: H × (−a, a) ↪→M
be an open embedding that restricts to the inclusion on H × {0} = H and satisfies
Φ(H × (−a, 0)) ⊆ M− and Φ(H × (0, a)) ⊆ M+. We further denote M±a ..=
M± \ Φ(H × (−a, a)) and, for all t, t1, t2 ∈ (−a, a), we set

M<t ..=M−a ∪ Φ(H × (−a, t)), M>t ..= Φ(H × (t, a)) ∪ Ma, and
M(t1,t2) ..= Φ(H × (t1, t2)).

Definition 4.3.17. Let A ⊆ C∞(M,R) be a sub-algebra of smooth functions on
M . An operator P ∈ ΨDO

1
(E) is an A-derivation, if

[P, f ·] = i−1symb1(P )(–, df)

for all f ∈ A.

We are interested in the algebra A ..= (pr2 ◦ Φ−1)∗C∞c ((−a, a),R)) considered as
a sub-algebra of C∞(M,R) (via extension by zero).

Lemma 4.3.18. Let E →M be a vector bundle over a manifold as in setup 4.3.16.
Assume that P ∈ ΨDO

1
(E) restricts to M>b and M<−b for some 0 < b < a and that

P is an A-derivation. If σ ∈ Γc(M,E) is supported within M(t1,t2), then Pσ is also
supported within M(t1,t2) for all −a < t1 < t2 < a. In particular, (Pσ)|M(t1,t2)

only
depends on the germ of σ|M(t1,t2)

.
Analogous statements hold for M>t and M<t for all t ∈ (−b, b).

Proof. We only prove the statement for M(t1,t2). The other proofs are quite similar.
Assume σ is supported within this set. Since the support is compact, there are
t1 < t′1 < t′2 < t2 such that σ is also supported within M(t′1t

′
2)

. Let χ : (t1, t2)→ [0, 1]
be identically 1 on (t′1, t

′
2) and compactly supported. To ease the notation, we denote

χ ◦ pr2 ◦ Φ−1 (and its extension by zero) again with χ. We have

Pσ = Pχσ = χPσ + [P, χ·]σ
= χPσ + i−1symb1(P )(–, χ

′)σ

= χPσ,
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because χ ≡ 1 on suppσ. Thus, Pσ is contained in suppχ ⊆M(t1,t2).
To prove that Pσ|M(t1,t2)

only depends on the germ of σ|M(t1,t2)
, it suffices to show

that if σ is identically zero near M(t1,t2), then Pσ vanishes identically on M(t1,t2).
But if σ vanishes near M(t1,t2), then, by compactness of suppσ, there are t′1 < t1 and
t′2 > t2 such that supp (σ) ∩M(t′1,t

′
2)

= ∅. Thus supp (σ) is supported within M<t′1
and M>t′2

, so Pσ must be supported there, too.

Definition 4.3.19. Let R < b < a and let P1, P2 be operators on M<a and M>−a,
respectively. Assume that P1 and P2 restrict to M<−b and M>b, respectively, and
that they are A-derivations. By the previous Lemma, the two operators restrict to
M(−R,R) and we assume that the restrictions agree. This allows us to patch the two
operators together: Let χ : R→ [0, 1] is a smooth function that is identically 1 near
R≤−R and identically 0 near R≥R. We extend he function via 0 and 1 to M and
denote the result again with χ. We define

P1 ∪ P2 ..= P1(1− χ) + P2χ.

Since P1 and P2 agree on M(−R,R) and act as A-derivations, the result does not
depend on the choice of χ. An application of Lemma 4.3.14 shows that ∪ preserves
symmetry.

Corollary 4.3.20. The operator P1 ∪ P2 is symmetric if and only if the operators
P1 and P2 are symmetric.

Proof. The only if direction is easy because restrictions of symmetric operators are
symmetric and P1 agrees with P2 on M(−R,R).

For the other direction, we will prove that M<R and M>−R together with χ and
1−χ from Definition 4.3.19 satisfy the condition of Lemma 4.3.14 for P1 and P2. To
this end, fix a function η : (−a, a) → [0, 1] with compact support and η|(−b,b) ≡ 1.
Let η−1, η0, and η1 be the functions obtained from the construction in Definition
4.2.5 but considered as function on M . They form a partition of unity.

For all compactly supported sections σ ∈ Γc(M<R, E), the section η−1σ is sup-
ported within M<−b, so that P1η

−1σ is also supported there by assumption. This
implies

P1χσ = P1χη
−1σ + P1χη

0σ = P1η
−1 + P1χη

0σ

= χP1η
−1σ + χP1η

0σ + [P1, χ]η
0σ

= χP1(η
−1 + η0)σ + i−1symb1(P1)(–, χ′) · η0σ

= χP1σ + i−1symb1(P1)(–, χ′)σ.

Note that the last equation follows from χ′ ≡ 0 on supp η−1. Of course, this implies
that P1 acts on 1− χ as a derivation.

The corresponding statement for P2 and (1− χ) can be derived in an analogous
manner.
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Lemma 4.3.21. Let P1 and P2 be operators on M<a and M>−a as in setup 4.3.19.
Assume that

||symb1(P1)(–, dt)||∞,M(−R,R)
..= {||symb1(P1)(x, dt)||op : x ∈M(−R,R)} ≤ C.

If there is a section u ∈ Γc(M,E) such that ||(P1 ∪ P2)u||0 < ε||u||0, then there is a
v ∈ Γc(M,E) that is supported within M<R that satisfies

||P1v||20 < 4

(
ε2 +

C2

R2

)
||v||20

or is supported within M>−R and satisfies an analogous inequality with P1 replaced
by P2.

Proof. Abbreviate P1 ∪ P2 to Q. Let u ∈ Γc(M,E) with ||Qu||20 < ε2||u||20. Assume
without loss of generality, that ||u||20,M≤0

≥ 1/2||u||20. Let η : R→ [0, 1] be a smooth
function that satisfies η ≡ 1 on R≤0, η ≡ 0 on R≥1, and |η′| ≤ 1.2. Set ηR(t) =
η(R−1t) and extend this function as described above to M . We denote the result
again with ηR.

The norm splits into

||P1ηRu||20 = ||P1ηRu||20,M≤−R
+ ||P1u||20,M(−R,R)

and, by Lemma 4.3.18, the summands only depend on the germs of the restrictions
to these domains. For example,

||P1ηRu||20,M≤−R
= ||P1ηRu|M≤−R

||20,M≤−R
= ||P1u||20,M≤−R

.

Since also Q satisfies the assumptions of Lemma 4.3.18, we have

(P1ηRu)|M≤−R = P1(ηRu|M≤−R) = (P1u)|M≤−R = (Qu)|M≤−R

and because P1 and P2 agree on M(−R,R) we have

(QηRu)|M(−R,R)
= QηR(u|M(−R,R)

) = P1ηR(u|M(−R,R)
)

= ηRP1(u|M(−R,R)
) + [P, ηR·](u|M(−R,R)

)

= (ηRQu)|M(−R,R)
+ i−1symb1(P1)(–, η′Rdt)(u)|M(−R,R)

.

This implies

||P1ηRu||20 = ||Qu||20,M≤−R
+ ||ηRQu+ symb1(P1)(–, η′Rdt)(u)||20,M(−R,R)

≤ ||Qu||20,M≤−R
+ 2||ηRQu||20,M(−R,R)

+ 2||symb1(P1)(–, η′Rdt)(u)||20,M(−R,R)

≤ 2||Qu||20,M<R
+ 2||symb1(P1)(–, η′Rdt)(u)||20,M(−R,R)

< 2ε2||u||20 + 2
C2

R2
||u||20,
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where we used in the last inequality that ||Qu||20 < ε2||u||20 and that

||symb1(P1)(–, η′Rdt)(u)||0;M(−R,R)

≤ ||symb1(P1)(–, η′Rdt)||0,0;M(−R,R)
||u||0,M(−R,R)

≤ ||symb1(P1)(–, η′Rdt)||∞;M(−R,R)
||u||0

≤ |η
′|∞
R
||symb1(P1)(–, dt)||∞;M(−R,R)

||u||0

≤ C

R
||u||0

From 1/2||u||20 ≤ ||u||20,M≤0
it follows that ||u||20 ≤ 2||ηRu||20. Putting all inequalities

together, we get
||P1ηRu||20 < 4

(
ε2 + C2/R2

)
||ηRu||20,

so the claim follows for v ..= ηRu.

The following implication is an indispensable tool in the following sections be-
cause it allows us to glue invertible block operators of Dirac type together. Note
that, in this set up, we are allowed to choose the length of the “gluing-strip” to be
arbitrarily large without increasing the propagation speed of the operator.

Corollary 4.3.22. Let P1 and P2 be as in the previous lemma. If they are bounded
from below with lower bounds c1 and c2 respectively and if R > max{C2/c21, C

2/c22},
then P1 ∪ P2 is bounded from below with lower bound

c2P1∪P2
=

min {c21 − C2/R2, c22 − C2/R2}
4

.

Proof. By assumption on R, the constant cP1∪P2 is positive. Assume that there is
a section u ∈ Γc(M,E) such that ||(P1 ∪ P2)(u)||0 < cP1∪P2||u||0, then the previous
Lemma implies the existence of v ∈ Γc(M,E) that is, without loss of generality,
supported within M<R and satisfies

||P1v||20 < 4
(
c2P1∪P2

+ C2/R2
)
||v||20 < c21||v||20,

which contradicts that P1 is bounded from below by c1.
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4.4 Foundations of the Operator Concordance Set

With the theory developed in the previous section we are finally in the position to
define the operator concordance set Ψ̃Dir

×
• (M) as the cubical subset of all block

Dirac operators.
But, first we give a combinatorial model for the classifying space for real K-

theory, by considering the cubical set of block maps into ΨDir(M) and ΨDir×(M)
instead of the spaces themselves.

Definition 4.4.1. Let ΨDir•(M) be the cubical set whose n-cubes consists of
smooth block maps P : Rn → ΨDir(M). The connecting maps are given by

∂εiP = lim
R→∞

P ◦ δRεi and σiP = P ◦ pi.

Let ΨDir×• (M) be the cubical subset consisting of all smooth block maps with values
in ΨDir×(M).

Recall that ΨDir(M) is an affine bundle over Riem(M) with fibre ΨDir(M)g,
the set of all self-adjoint, odd, Clifford-linear pseudo differential operators of order
1 whose principal symbol agree with the principal symbol of the Dirac operator /Dg.
The map ΨDir(M) → Riem(M) assigns to an operator P its underlying metric g.
This map induces a map of cubical sets ΨDir•(M)→ R+

• (M).
Now, we are going to construct the combinatorial reference space.

Definition 4.4.2. Let g be a block metric on M × Rn. A block operator P ∈
ΨDO

1
(Sg) of Dirac type is called a block Dirac operator if it is symmetric and

P − /Dg extends to a bounded endomorphism on H0(Sg) = L2(Sg).

An immediate consequence of Corollary 4.3.10 is that a block Dirac operator is
automatically essentially self-adjoint.

For the definition of the operator concordance set it will be important to trace
permutation of coordinates. A permutation σ ∈ Aut({1, . . . , n}) = Sn induces a
linear map

σ : (x1, . . . , xn) 7→ (xσ−1(1), . . . , xσ−1(n)).

If g is a block metric on M×Rn, then σ∗g is also a block metric on M×Rn. Since Rn

carries up to equivalence only one Pin−-structure, permutations are Pin structure
preserving. Functoriality of the spinor bundle construction yields a map, which we
denote with

S(σ) : Sσ∗g → Sg or equivalently S(σ) : Sg → Sσ∗g.

We are particularly interested in cyclic permutations.

Definition 4.4.3. For positive integers a < b let cycl(a, b) be the cyclic permutation
given by a 7→ a+1 and b 7→ a and let cycl(b, a) = cycl(a, b)−1. We denote the induced
maps on spinor bundles with Cycl(a, b) and Cycl(b, a), respectively.
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Definition 4.4.4. Let Ψ̃Dir•(M) be the cubical set whose set of n-cubes is given
by

Ψ̃Dirn(M) ..= {P ∈ ΨDO
1
(Sg) : g ∈ R̃n(M), P block Dirac operator}

and whose connecting maps are given by

∂εiP ..= lim
R→∞

δRεi
∗
P (i, ε) ∈ ΨDO

1
(S∂εi g

),

σiP ..= Cycl(i, n+ 1)∗(P ⊠ id + e/o⊠ /D) ∈ ΨDO
1
(Sσig)

Remark 4.4.5. A comment to the (subtle) notation. Recall that if a block operator
P with underlying block metric g decomposes on M ×Ur(i, ε) = {(m,x) : εxi > r}
into P (i, ε) ⊠ id + e/o ⊠ /D under the isometry Ur(i, ε) ∼= M × {εxi = r} × εR>r

given by permutation, then the operator P (i, ε) restricts to a block operator on
Sg(i,ε) → M × {εxi = R} for all sufficiently large R and is independent of R. The
map

δRεi : (M × Rn−1, ∂εi g)→
(
M × {εxi = R}, g(i, ε)

)
is a Pin-structure preserving isometry and thus provides a bundle isometry S(δRεi )
between the corresponding spinor bundles that induces an isomorphism between
the corresponding sections with compact support. We use this isomorphism to pull
P (i, ε), an operator on Γc(Sg(i,ε)), back to δRεi

∗
P (i, ε), an operator on Γc(S∂εi g

).
For the degeneracy map, we use that the cyclic permutation

cycl(i, n+ 1): (M × {εxi > r}, σig)→
(
M × Rn × εR>r, g ⊕ dx2n+1

)
is an isometry and the natural isomorphism Sg ⊠ Cl1,0 ∼= Sg⊕dx2n+1

.

Lemma 4.4.6. The connecting maps of Ψ̃Dir•(M) are well-defined and satisfy the
cubical identities.

The proof requires the following simple functional analytic result.

Lemma 4.4.7. Let H1, H2 be Hilbert spaces and A : H1 → H1 be an unbounded
operator. Then A⊗ id is a bounded operator on H1⊗H2 if and only if A is bounded
on H1. In this case, the operator norms satisfy ||A⊗ id||op = ||A||op.

Proof. Since the algebraic tensor product H1 ⊙ H2 lies dense in H1 ⊗ H2, so does
dom (A⊗ id) ..= domA⊙H2. If A is bounded, then we can continuously extend it to
an operator on H1 ⊗H2 and the operator norm of this extension necessarily agrees
with ||A||op.

Conversely, assume that A⊗ id is bounded. Let v ∈ H2 be a unit-length vector.
The map ιv : H1 → H1 ⊗H2 given by x 7→ x ⊗ v is linear and bounded. The map
x⊗y 7→ ⟨y, v⟩ ·x extends from H1⊙H2 to a bounded linear map pv : H1⊗H2 → H1.
From A = pv ◦ A⊗ id ◦ ιv we deduce that A is a bounded operator.
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Proof of Lemma 4.4.6. By Corollary 4.2.3, ∂εiP is a again a block operator. Symbol
calculus shows that the principal symbol of ∂εiP agrees with the principal symbol
of /D∂εi g

, so ∂εiP is a block operator of Dirac type. In a similar fashion, but using
Lemma 4.2.4 instead, we see that σiP is a block operator of Dirac type.

We need to show that ∂εiP and σiP are symmetric operators if P is symmetric.
We start with σiP = Cycl(i, n+1)∗(P ⊠ id + e/o⊠ /D). Since Cycl(i, n+1) induces
an isometry between the corresponding Hilbert spaces of square integrable sections,
the push-forward Cycl(i, n+1)∗ maps symmetric operators to symmetric operators.
Thus, it suffices to prove that P ⊠ id + e/o⊠ /D is a symmetric operator on

L2(M × Rn+1;Sg⊕dx2n+1
) ∼= L2(M × Rn;Sg)⊗ L2(R, Cl1,0),

which is true because the tensor product of two symmetric operators is again sym-
metric and all four operators in question P , id, e/o and /D are symmetric.

To argue that ∂εiP is symmetric, we proceed as follows: On U(i, ε) ..= UR(i, ε),
for some sufficiently large R > 0, we can identify the symmetric operator P |U(i,ε)

with P (i, ε) ⊠ id + e/o ⊠ /DR via an isometric bundle morphism. The second sum-
mand is symmetric, so P (i, ε) ⊠ id must be a symmetric operator on Sg(i,ε)⊕dx2n

→
(M × Rn)(i, ε) × εR>R. This implies that P (i, ε) is symmetric on Sg(i,ε) and con-
sequently that ∂εiP = δRεi

∗
P (i, ε) is symmetric because δRεi : (M × Rn−1, ∂εi g) →

(M × Rn(i, ε), g(i, ε)) is an isometry.

From

σiP − /Dσig

= Cycl(i, n+ 1)∗
(
P ⊠ id + e/o⊠ /D

)
− Cycl(i, n+ 1)∗

(
/Dg ⊠ id + e/o⊠ /D

)
= Cycl(i, n+ 1)∗((P − /Dg)⊠ id)

and Lemma 4.4.7 it follows that the difference σiP − /Dσig extends to a bounded
operator on H0(Sσig) with operator norm ||P − /Dg||0,0.

To see that ∂εiP − /D∂εi g
extends to a bounded operator on H0(S∂εi g

) we argue as
follows. For R > 0 sufficiently large the operator P− /Dg restricts to Γc(UR(i, ε),Sg).
Since P − /Dg extends to a bounded operator on H0(Sg), the restriction extends to
a bounded operator on H0(UR(i, ε),Sg), which is isometric equivalent to H0(M ×
{εxi = R},Sg(i,ε)) ⊗ L2(εR>R, Cl1,0). Under this identification, the restriction of
P − /Dg agrees with

(
P (i, ε)− /Dg(i,ε)

)
⊠ id. By Lemma 4.4.7, this implies that

P (i, ε)− /Dg(i,ε) is bounded. Thus, ∂εiP− /D∂εi g
= δRε ∗i

(
P (i, ε)− /Dg(i,ε)

)
is a bounded

operator on H0(S∂εi g
).

Lastly, we need to show, that the connecting maps satisfy the cubical identities.
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For i < j and R > 0 sufficiently large, we have

∂εi ∂
ω
j P = ∂εi

(
δωRj

∗
P (j, ω)

)
= δεRi

∗ (
δωRj

∗
(P (j, ω)) (i, ε)

)
=
(
δωRj δεRi

)∗
P (i, j, ε, ω)

=
(
δεRi δωRj−1

)∗
P (i, j, ε, ω)

= δωRj−1

∗ (
δεRi

∗
(P (i, ε)) (j − 1, ω)

)
= ∂ωj−1∂

ε
iP.

For i < j and a sufficiently large R > 0, we calculate

∂εi σj(P ) = δRεi
∗
(σj(P )(i, ε))

= δRεi
∗
Cycl(j, n+ 1)∗

(
P ⊠ id + e/o⊠ /D

)
(cycl(j, n+ 1)−1(i), ε)

= δRεi
∗
Cycl(j, n+ 1)∗(P (i, ε)⊠ id + e/o⊠ /D) for i < j

=
(
δRεi

−1
)
∗
Cycl(j, n+ 1)∗(P (i, ε)⊠ id + e/o⊠ /D)

= Cycl(j − 1, n)∗

(
δRεi

−1
)
∗

(
P (i, ε)⊠ id + e/oSg(i,ε)

⊠ /D
)

= Cycl(j − 1, n)∗(∂
ε
iP ⊠ id + e/oS∂ε

i
g
⊠ /D)

= σn−1∂
ε
iP,

and analogously ∂εi σjP = σj∂
ε
i−1P for i > j. Finally, with a slight abuse of notation

in the last lines, we calculate

∂εi σiP = δRεi
∗
((σiP )(i, ε))

= δRεi
∗ (

Cycl(i, n+ 1)∗(P ⊠ id + e/o⊠ /D)(i, ε)
)

= δRεi
−1

∗ Cycl(i, n+ 1)∗
(
(P ⊠ id + e/o⊠ /D)(cycl(i, n+ 1)−1(i), ε)

)
= δRεi

−1

∗ Cycl(i, n+ 1)∗
(
(P ⊠ id + e/o⊠ /D)(n+ 1, ε)

)
= δRεn+1

−1

∗

(
(P ⊠ id + e/o⊠ /D)(n+ 1, ε)

)
= P.

For i ≤ j, we use the identity

cycl(i, n+ 2) ◦ cycl(j, n+ 1) = cycl(j + 1, n+ 2) ◦ cycl(i, n+ 1) ◦ τn+1,n+2

in which τn+1,n+2 denotes the transposition that interchanges n + 1 and n + 2, to
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conclude

σiσj(P ) = σi(Cycl(j, n+ 1)∗(P ⊠ id + e/o⊠ /D))

= Cycl(i, n+ 2)∗

(
Cycl(j, n+ 1)∗(P ⊠ id + e/oSg

⊠ /D)⊠ id

+e/oSσj(g)
⊠ /D

)
= Cycl(i, n+ 2)∗ ◦ Cycl(j, n+ 1)∗

(
P ⊠ id⊠ id

+ e/oSg
⊠ /D ⊠ id + e/oSσn+1(g)

⊠ /D
)

= Cycl(i, n+ 2)∗ ◦ Cycl(j, n+ 1)∗

(
P ⊠ id⊠ id

+e/oSg
⊠ /D ⊠ id + e/oSg

⊠ e/o⊠ /D
)

= Cycl(j + 1, n+ 2)∗ ◦ Cycl(i, n+ 1)∗ ◦ τn+1,n+2∗

(
P ⊠ id⊠ id

+e/oSg
⊠ /D ⊠ id + e/oSg

⊠ e/o⊠ /D
)

= Cycl(j + 1, n+ 2)∗ ◦ Cycl(i, n+ 1)∗

(
P ⊠ id⊠ id

+e/oSg
⊠ /D ⊠ id + e/oSg

⊠ e/o⊠ /D
)

= ... = σj+1σi(P ).

In the firth line, we can drop τn+1,n+2∗ in the second factor to go to the sixth line
because

/D ⊠ id + e/o⊠ /D = ∂xn+1 ·
∂

∂xn+1

+ ∂xn+2 ·
∂

∂xn+2

is symmetric in the (n+ 1)-th and (n+ 2)-th coordinate.

We come now to one of the most essential definitions of this thesis.

Definition 4.4.8. Let Ψ̃Dir
×
• (M) be the sequence of subsets of Ψ̃Dir•(M), where

Ψ̃Dir
×
n (M) consists of all block Dirac operator P ∈ Ψ̃Dirn(M) that extend to an

invertible operator P : H1(SgP )→ H0(SgP ).

The proof that the face maps of Ψ̃Dir•(M) restricts to Ψ̃Dir
×
• (M) requires the

following lemma that roughly says that positivity descends to hypersurfaces.

Lemma 4.4.9. Let Sg →M be a spinor bundle over a Riemannian manifold (M, g).
For Q ∈ ΨDO

1
(E) symmetric and odd, define P ..= Q⊠ id+e/o⊠ /D on S⊠Cl1,0 →

M × (−a, a) for all 0 < a ≤ ∞.
If ||Pu||0 ≥ c||u||0 for all u ∈ Γc(M × (−a, a),Sg ⊠ Cl1,0), then

||Qv||20 ≥ max{0, c− 4/a2}||v||20

for all v ∈ Γc(M,Sg).
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Proof. Let v ∈ Γc(M,Sg) and f ∈ Γc((−a, a), Cl1,0). The operator P is again
symmetric by the proof of Lemma 4.4.6 and odd. Using Fubini’s theorem and that
P is bounded from below, we get

||Pv ⊗ f ||20 = ⟨P 2(v ⊗ f), v ⊗ f⟩
= ⟨Q2(v)⊗ f − v ⊗∆R(f), v ⊗ f⟩
= ||Q(v)⊗ f ||20 + ||v ⊗ f ′||20
= ||Q(v)||20||f ||20 + ||v||20||f ′||20
≥ c||v||20||f ||20 = c||v ⊗ f ||20.

The function

φ : (−1, 1)→ R given by φ(t) =

{
1 + t, if t ≤ 0,

1− t, if t ≥ 0,

satisfies ||φ||20 = 2/3 while ||φ′||20 = 2. Pick a compactly supported function f that
is sufficiently ||–||1-close to φ such that ||f ′||20/||f ||20 ≤ 4.

By the transformation formula, the assignment f 7→ a−1/2f(a−1·) is an isometry
L2(−1, 1)→ L2(−a, a). Thus, ||f ′

a||20/||fa||20 = a−2||f ′||20/||f ||20 ≤ 4/a2.
In conclusion, if we plug into fa in the previous inequality, we obtain

||Qv||20 ≥
(
c− ||f ′

a||20/||fa||20
)
||v||20

≥
(
c− 4/a2

)
||v||20,

which is positive if c > 4/a2.

Lemma 4.4.10. The connecting maps of Ψ̃Dir•(M) send invertible elements to
invertible elements. Thus, Ψ̃Dir

×
• (M) is a cubical subset.

Proof. Fix a sufficiently large R > 0 such that g = gP decomposes into g(i, ε)⊕ dx2i
on UR(i, ε) and, by abusing notation, P decomposes into P (i, ε) ⊠ id + e/o ⊠ /DR.
Since P is bounded from below, its restriction P |UR(i,ε) is also bounded from below.
Lemma 4.4.9 implies that P (i, ε), and hence ∂εiP too, is bounded from below. Since
∂εiP is self-adjoint, it must be invertible.

To see that σi(P ) is invertible, it suffices to check that P ⊠ id + e/o ⊠ /D is
invertible. Since P ⊠ id and e/o⊠ /D anti-commute we have(

P ⊠ id + e/o⊠ /D
)2

= P 2 ⊠ id− id⊠∆.

Both summands are non-negative operators. Since P is invertible, P 2 is positive
and therefore the sum is positive and therefore invertible.

We would like to know whether Ψ̃Dir•(M) and Ψ̃Dir
×
• (M) are Kan sets. For

Ψ̃Dir•(M) even more is true.

Proposition 4.4.11. The cubical set Ψ̃Dir•(M) is combinatorially contractible.
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The proposition follows immediately from the following elementary lemma.

Lemma 4.4.12. Let P(j,ω) and P(k,η) be two block Dirac operators on M × Rn−1.
Assume that j ≤ k, that ∂ωj P(k,η) = ∂ηk−1P(j,ω) and that the two operators decompose
outside of M×ρIn. Then the operators σjP(j,ω) and σkP(k,η) agree on the set {ωxj >
ρ, ηxk > ρ}.

Proof. Abbreviate {ωxj > ρ, ηxk > ρ} to U . If j = k there is nothing to prove
for U is either empty or (j, ω) = (k, η). In the other cases, it follows from Lemma
3.1.10 that the underlying metrics agree on U . The proof of Lemma 4.2.4 shows
that σjP(j,ω) restricts to U . Furthermore, for j < k, the calculation

σjP(j,ω)|U = σk∂
η
kσjP(j,ω)|U

= σjσk−1∂
η
k−1P(j,ω)|U

= σjσk−1∂
ω
j P(k,η)|U

= σj∂
ω
j σkP(k,η)|U = σkP(k,η)|U

shows the claim. Here, we used the block form of P(j,ω) in the first line, cubical
identities in the second line, and the assumed compatibility in the third line.

Proof of Proposition 4.4.11. Let ∂□[n]• → Ψ̃Dir•(M) be given by the family of
block Dirac operators

{P(j,ω) ∈ Ψ̃Dirn−1(M) : ∂ωj P(k,η) = ∂k−1
η P(j,ω) for j < k},

where (j, ω) ∈ {1, . . . , n} × Z2. Since we are given only finitely many block Dirac
operators, we can pick a sufficiently large ρ > 0 such that the core of each P(j,ω) is
a subset of M × ρIn−1. All σjP(j,ω) are again block Dirac operators whose cores are
contained in M × ρIn, so they restrict to {ωxj > ρ} and all of their intersections.
The compatibility assumption yields that the operators agree on the intersections
by Lemma 4.4.12.

Thus, these block Dirac operators can be patched together with a suitable choice
of the partition of unity from Definition 4.2.5 to an operator P on Sg →M ×Rn \
ρIn, where g is the union of all (compatible) underlying Riemannian metrics gP(j,ω)

.
Extend the metric g to a block metric on M × Rn as in the proof of Proposition
3.1.8 and denote the extension again with g.

Let χ : M × Rn → [0, 1] be a smooth function that is identically 1 on an open
neighbourhood of M × ρIn and identically zero on M ×Rn \ (ρ+2)In. Let ψ : M ×
Rn → [0, 1] be a function that is identically 1 on supp (1− χ) and supported within
the complement M×ρIn. The operator P ..= ψP (1−χ)+ /Dgχ is a block operator on
M×Rn that satisfies ∂ωj P = P(j,ω) because it agrees with P away from M×(ρ+2)In.
Symbol calculus and the choice of χ and ψ imply that the principal symbol of P agrees
with the principal symbol of /Dg. From P− /Dg = ψ(P − /Dg)(1− χ) follows that P
differs from /Dg by a bounded operator H0. If P were symmetric, then it would be
a block Dirac operator and a filler. Although P might not be symmetric, its formal
adjoint exists and is given by

P∗ = χ /Dg + (1− χ)Pψ.
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It is again a block operator of Dirac type. Thus a filler is given by Pfill ..= (P∗+P)/2,
so Ψ̃Dir•(M) is combinatorially contractible.

We now describe the comparison map ΨDir•(M)→ Ψ̃Dir•(M). To this end, re-
call that for a block map P : Rn → ΨDir(M) with underlying block map of Rieman-
nian metrics h : Rn → Riem(M), the spinor bundle decomposes Ssusph

∼= Sh⊗Cln,0
and that we have defined the operator suspension susp(P ) as the operator that
corresponds under the isomorphism Γc(Ssusph) ∼= Γc(Sh ⊗ Cln,0) to

susp(P ) = P ⊗ id +
n∑
k=1

∂tk · ∇
Ssusph

∂tk
.

Lemma 4.4.13. The suspensions are well defined, affine maps and assemble to a
cubical map ΨDir•(M)→ Ψ̃Dir•(M)

Proof. We already know from Lemma 4.2.12 that susp(P ) is a block operator of
Dirac type. In remains to show that susp(P ) is symmetric and differs from /Dsusph

by a bounded operator. In the following, we will abbreviate susph with g.
To show that susp(P ) is symmetric, we will show that the summands P ex =

P ⊗ id and D ..=
∑
∂k · ∇Sg

k are symmetric operators. It is enough to consider
compactly supported sections of the form σ(m, t) ⊗ eI . Using Fubinis theorem we
derive symmetry of P ex by the following lines:

(P ex(σ1 ⊗ eI), σ2 ⊗ eJ) =
∫
Rn

(Ptσ1(·, t)⊗ eI , σ2(·, t)⊗ eJ)H0(M,Sh(t))⊗Cln,0
dt

=

∫
Rn

(Ptσ1(·, t)eI , σ2(·, t))H0(M,Sh(t))
⟨eI , eJ⟩Cln,0dt

=

∫
Rn

(σ1(·, t), Ptσ2(·, t))H0(M,Sh(t))
⟨eI , eJ⟩Cln,0dt

= · · · = (σ1 ⊗ eI , P ex(σ2 ⊗ eJ)) .

The operator D is symmetric as it is a Sg-twisted Dirac operator on Cln,0 →M×Rn

in the sense of [LM89].
Symbol calculus and Theorem B.0.30 show that

susp(P )− /Dg = (P − /Dh)⊗ id ∈ Op0(H0(Sg)))

because P − /Dh is a block map with values in pseudo differential operators of order
zero. The operator susp(P ) − /Dg thus decomposes in the same manner as a block
operator6. The proof of Lemma 4.3.1 does not require that the operator can be
approximated by actual pseudo differential operators of order zero, so susp(P )− /Dg

induces a bounded endomorphism on H0(Sg).

6The only thing that prevents the operator to be a block operator is that it only lives in Op0

instead of ΨDO
0
.
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We have seen in the proof of Lemma 4.2.12 that P decomposes on Ur(ε), provided
r is sufficiently large, as follows

(Φε)∗susp(P )|U(ε) = susp(P (ε))⊠ id + e/o⊠
|dom ε|∑
k=1

(
(Φε)∗∇Sg

)
∂tk

= susp(P (ε))⊠ id + e/o⊠
|dom ε|∑
k=1

∂tk ·
∂

∂tk
,

which implies ∂εi susp(P ) = susp(∂εiP ).
Using the isomorphism Sσn+1g

∼= Sg ⊠ Cl1,0 we can identify susp(σn+1P ) with
susp(P )⊠ id+e/o⊠ /D = σn+1susp(P ), which shows that susp commutes with σn+1.
It is a bit cumbersome but not hard to prove that

Cycl(i, n)∗susp(P ) = susp(cycl(i, n)∗P ) = susp(P ◦ cycl(i, n)−1)

for every n ≥ 1, which yields σisusp(P ) = susp(σiP ).

As in the case of psc metrics, it is not true that the operator suspension sends
block maps of invertible operators to an invertible block operator. In order to correct
this defect, we will construct a smaller model for ΨDir×• (M) in the next section.
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4.5 The Comparison Map
The operator suspension of a smooth, invertible pseudo Dirac operator valued block
map does not need to be invertible. To repair this defect, we will construct a weakly
equivalent cubical subset B• of ΨDir×• (M), which is Kan and such that the image of
the operator suspension map lies in R̃+

• (M) and Ψ̃Dir
×
• (M). Essentially, B• is the

subset of smooth block maps that are sufficiently “slowly” parameterised.
Before we start, recall that an inner product h on a finite dimensional vector space

V induces an isomorphism h♭ : V → V ∨ via v 7→ h(v, –) whose inverse is denoted by
h♯. If b is another bilinear form on V , we denote its induced endomorphism h♯ ◦ b
with bop.

For each block map of Riemannian metrics h : Rn → Riem(M), the spinor bundle
decomposes into Ssusph

∼= Sh ⊗ Cln,0, where Sh → M × Rn. We need to properly
investigate the spinor connection of a suspension metric susph. We denote the
standard basis on Rn with ∂j = ∂tj .

Lemma 4.5.1. Let g0 ∈ Riem(M) be a Riemannian metric. Denote the constant
block map with values g0 and its suspension with the same letter. For each block
map of Riemannian metrics h : Rn → Riem(M), the spinor connection on Ssusph

satisfies
pG(susph, g0)∗(∇Ssusph)∂i = ∂i

for all 1 ≤ i ≤ n.
Informally speaking, the Christoffel endomorphism Γi = ∂i − ∇

Ssusph

∂i
vanishes

for all 1 ≤ i ≤ n.

Proof. Write g for susph, abuse notation with g0 ..= susp g0 and let pG(g, g0) : Sg →
Sg0 be the pre-gauge map. The push-forward pG(g, g0)∗(∇Sg) is a connection Sg0 .
Since g0 = g0 ⊕ ⟨·, ·⟩Rn is a product metric, the space of section Γ(M × Rn,Sg0)
can be identified with C∞

(
Rn,Γ(M,Sg0 ⊗ Cln,0)

)
, so that all ∂i are well defined

differential operators. Thus, the difference

Γi ..= ∂i − pG(susph, g0)∗(∇Ssusp h)∂i

is a bundle endomorphism of Sg0 , the Christoffel endomorphism for pG(g, g0)∗(∇Sg)∂i .
This means, that if we pick an orthogonal frame of TM complementing the standard
basis of Rn, then the matrix representation of that endomorphism with respect to
the chosen frame yield the Christoffel symbols of pG(g, g0)∗(∇Sg). (Of course, the
identity Γi = 0 is independent of the chosen frame on TM .)

The Christoffel symbols for pG(g, g0)∗(∇Sg)∂i with respect to a frame induced
by (e1−d, . . . , e0, ∂1 . . . , ∂n) agree with the Christoffel symbols for ∇Sg

∂i
with respect

to the frame induced by pG(g0, g)(e(1−d)), . . . , pG(g0, g)(e0), ∂1, . . . , ∂n.
The Christoffel symbols of the spinor connection with respect to an arbitrary

orthonormal frame (ei) on the manifold and the induced orthonormal frame (σα) on
the spinor bundle is given by the formula [LM89, Theorem II.4.14]

∇Sg
ei
σα =

1

2

(∑
j<k

Γkijejek

)
· σα,
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where Γkij are the Christoffel symbols of the Levi-Cevita connection with respect to
the orthonormal frame (ei).

To determine Γi = ΓL.C.,gi at (m0, t0), the Christoffel endomorphism of the Levi-
Cevita connection on Mt0 = M × {t0}, we will choose a local orthonormal frame
that is particularly adapted to this point. Let (y1−d, . . . , y0) : U ⊂M → V ⊆ Rd be
geodesic coordinates for h(t0) centered at m0. These coordinates map m0 to 0. Let
∂y(1−d)

, . . . , ∂y0 be the standard basis. The push-forward of g = susp(h) with respect
to this coordinate system is uniquely determined by the function h : V → Rd×d,
which is given by hαβ(v) = g(v)(∂yα , ∂yβ). Observe that h(0) = id and dh = 0.
Applying the Gram-Schmidt algorithm to (∂y−(d−1)

, . . . , ∂y0) with respect to h(t0),
we get an orthonormal frame f−(d−1), . . . f0 on TM × {t0}. In geodesic coordinates,
the metric satisfies h(v, t0) = id + O(||v||2) around the origin. Induction over the
Gram-Schmidt algorithm shows the orthonormal basis (fj) is tangent to ∂yj at the
origin, i.e., fj(v)− ∂yj = 0 +O(||v||2).

There are unique smooth functions aα,j : V → R such that

fj(v) =
0∑

α=1−d

aα,j(v)∂α.

Since the (fj) and (∂yj) are tangent to each other, we have aα,j = δα,j and daj,α = 0.
In these local coordinates, we can extend the frame f1−d, . . . , f0 from V = V × t0

to a frame on V × Rn via

fj(v, t) ..= h(v, t)−1/2 · fj(v, t0).

(To be precise, h(v, t) denotes the push-forward of the metric h(t)|U = g|TU×{t} with
respect to the chosen geodesic coordinates (y(1−d), . . . , y0)).

To calculate the Christoffel symbols of the Levi-Cevita connection of g = susp(h)
with respect to the frame (e−(d−1), . . . en) = (f−(d−1), . . . , f0, ∂t1 , . . . , ∂tn) we use the
Koszul formula for the Levi-Cevita connection

2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X, Y )

− g(Y, [X,Z])− g(Z, [Y,X]) + g(X, [Z, Y ]).

Let Γkij = g(∇eiej, ek). We have chosen an orthonormal frame, so g(ei, ej) ≡ δij and
the upper line in the Koszul formula vanishes identically. Thus, only the lower line
contributes.

The commutators at (0, t0) are given by:

[fi, fj] = [h(t)−1/2(
∑

aα,i∂yα), h(t)
−1/2(

∑
aβ,j∂yβ)]

=
∑
α,β

[h(t)−1/2(aα,i∂yα), h(t)
−1/2(aβ,j∂yβ)]

=
∑
α,β

aβ,j∂yjaα,i − aα,i∂yiaβ,j + aα,iaβ,j[h(t)
−1/2∂yα , h(t)

−1/2∂yβ ]

=
∑
α,β

−1/2 · aα,iaβ,j(0, t0)
(
∂yαh(0, t0) · ∂yβ − ∂yβh(0, t0) · ∂yα

)
= 0,
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[∂ti , fj] =
∑
α

[∂ti , h
−1/2(t)vaα,j(v)∂yα ]

=
∑
α

∂tiaα,j(v) + aα,j[∂ti , h
−1/2(t)v∂yα ]

= 0 +
∑
α

aα,j(0, t0) · (−1/2∂tih(t)|(0,t0) · ∂yα)

= −1/2(∂tih)(0, t0)∂yj ,

and, of course,
[∂ti , ∂tj ] = 0.

We can now calculate the Christoffel symbols Γkij at (0, t0). If two of the three
indices i, j, k are bigger than zero, then Γkij = 0 because either the commutator
vanishes, or the commutator is orthogonal to all ∂tm . We deal with the remaining
four cases individually: For i, j, k ≤ 0 we have 2Γkij = 0, because all commutators
vanish. For i, j ≤ 0 and k > 0, we have

2Γkij = g(ei, [ek, ej])− g(ej, [ei, ek]) = g(fi, [∂tk , fj])− g(fj, [fi, ∂tk ])
= g(∂yi ,−1/2∂tkh · ∂yj) + g(∂yj ,−1/2∂tkh · ∂yi)
= −1/2∂tkhij − 1/2∂tkhji = −∂tkhij,

where we used that fα(0, t0) = ∂yα in the second line. For i, k ≤ 0 and j > 0
we derive analogously 2Γkij = ∂tjhik. For j, k ≤ 0 and i > 0 we have: 2Γkij =
1/2∂tihjk − (1/2)∂tihkj = 0.

This implies for the Christoffel symbol of the spinor connection with respect
to the frame (e−(d−1), . . . en) = (f−(d−1), . . . , f0, ∂t1 , . . . , ∂tn) in the case i > 0 the
identity

Γ
Sg

∂i
= Γ

Sg

i =
1

2

∑
1−d≤j<k≤n

Γkijejek = 0,

and the lemma is proven.

Let P : Rn → ΨDO1(S) be a block map with underlying block map h. Recall
that P ex is the operator which corresponds under the decomposition Ssusph

∼= Sh⊗
Cln,0 to P ⊗ id. The commutators [P ex,∇Ssusph

∂tk
] is C∞c (Rn,R)-linear, so it restricts

to an operator on Γ(M × t,Ssusph) = Γ(M × t,Sht ⊗ Cln,0) that we denote with
[P ex,∇Ssusph

∂tk
]↿M×t.

Lemma 4.5.2. The assignment

t 7→ [P ex,∇Ssusph

∂j
]↿M×t

is the extension of a smooth block map Rn → ΨDO1(S) for all 1 ≤ j ≤ n.
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Proof. Write g for susph. Pick a Riemannian metric g00 ∈ Riem(M) and denote the
constant map with value g00 by the same letter. Set g0 = susp(g00) = g00 ⊕ ⟨·, ·⟩Rn .

We prove the equivalent statement that

t 7→ pG(g, g0)∗
(
[P,∇Ssusph

∂j
]
)
↿M×t

is a smooth block map Rn → ΨDO1(Sg0).
Note that

pG(g, g0)∗P ex = (pG(h, g00)∗P )ex

because both operators agree on the dense subspace spanned by sections of the form
u ⊗ f , with u ∈ Γ(Sg00) and f ∈ Γc(Cln,0). Denote pG(h, g00)∗P with Q. Lemma
4.5.1 implies

[Qex, pG(g, g0)∗
(
∇Sg

)
∂j
]↿M×t = (∂jQ)

ex↿M×t,

where ∂jQ denotes the partial differential of the smooth block map Q : Rn →
ΨDO1(Sg00). Since the partial differential of a smooth block map is again a smooth
block map, the claim follows.

From now on, we will not notationally distinguish [P ex,∇Ssusph

∂tk
] from its restric-

tion to M ×{t} if it does not lead to confusion. Also, we will write Mt for M ×{t}.

Definition 4.5.3. Let B• be the following cubical subset of ΨDir×• (M): A block
map P ∈ ΨDir×n (M) with underlying block map of metrics h belongs to Bn if the
following conditions are satisfied

n∑
j=1

||(∂kh)op||op,ht < min{d−1, 1/8 · 2−(d+1)low(t)}, (4.5)

n∑
j=1

||[P ex,∇Ssusph

∂j
]||1,0;Mt < 1/32 low(t)2. (4.6)

Here, d = dimM and low(t) = lowP (t) ..= inf{||Ptv||0,ht : ||v||1,ht = 1}. The
function lowP is uniformly positive because t 7→ Pt is a block map with values in
invertible operators.

Lemma 4.5.4. B• is a cubical subset of ΨDir×• (M).

Proof. Given U = R<0 and X = ΨDir×(M), which is an open subset of the affine
Fréchet space ΨDir(M). Then

fn(P ) ..=
n∑
k=1

||(∂tkh)op||op,ht −min{d−1, 1/8 · 2−(d+1)low(t)}

and

gn(P ) ..=
n∑
k=1

||[P ex,∇Ssusph

∂k
]||1,0;Mt − 1/32 low(t)2

are local and stable sequences of continuous maps C∞(Rn, X) → C0(Rn,R). By
definition, Bn = f−1

n (U) ∩ g−1
n (U). Since intersections of two cubical subsets are

again cubical subsets, the claim follows from Lemma 2.2.7.
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Next we will show that susp|B• takes values in Ψ̃Dir
×
• (M) by showing that

susp(P )2 is invertible for all P ∈ Bn.

Lemma 4.5.5. Let P : Rn → ΨDir(M)× be a smooth block map and set g ..=
susp(h). For each u ∈ Γc(M × Rn,Sh), we have

susp(P )2(u) = (P 2)ex(u)−
n∑
j=1

∂j · [P ex,∇Sg

∂j
](u)

−
n∑
j=1

(
∇Sg

∂j

)2
(u) +

∑
1≤j<k≤n

RSg(∂j, ∂k)(u).

Proof. We abbreviate ∇Sg

∂j
to ∇j and

∑n
j=1 ∂j · ∇j to /D. Clearly,

susp(P )2 = (P ex)2 + P ex /D+ /DP ex + /D
2

and (P 2)ex = (P ex)2. Recall that P ex is an odd operator. This yields

P ex /Du =
n∑
j=1

P ex(∂j · ∇ju)

=
n∑
j=1

(−1)∂j · P ex(∇ju)

implying

P ex /Du+ /DP exu =
n∑
j=1

∂j · (−P ex∇ju+∇jP
exu)

= −
n∑
j=1

∂j · [P ex,∇j]u.

The last summand is given by

/D
2
=

n∑
j=1

n∑
k=1

∂j · ∇j(∂k · ∇ku)

=
∑
j,k

∂j∂k · ∇j∇ku+ ∂j · ∇j∂k︸ ︷︷ ︸
=0

·∇u

=
n∑
j=1

∂2j · ∇j∇ju+
∑
j<k

∂j∂k · (∇j∇k −∇k∇j)u

=
n∑
j=1

−∇2
ju+

∑
j<k

∂j∂k ·R∇Sg
(∂j, ∂k)u

=
n∑
j=1

−∇2
ju+

∑
j<k

R(∂j, ∂k)u.

Putting everything together gives the claim.
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Theorem 4.5.6. For each P ∈ Bn, the operator susp(P ) is invertible. Con-
sequently, the diagram

B•
� � //

susp
��

ΨDir×• (M)

susp
��

Ψ̃Dir
×
• (M) �

� // Ψ̃Dir•(M)

commutes.

The strategy of the proof is actually quite easy. By Lemma 4.5.5, susp(P )2 has
a strictly positive summand, a non-negative one, and two summands we need to
control. We will show that the conditions we have imposed on B• guarantee that
the two remaining terms have small operator norm so that susp(P )2 remains strictly
positive.

In order to prove this we need to derive several analytical results that allow us
to control the not necessarily non-negative summands of susp(P )2.

Lemma 4.5.7. Let U ⊆ Rn be open. For a smooth map g : U → Riem(M) of
Riemannian metrics, let R be the Riemannian curvature tensor of susp(g). If ∂i =
∂ti is the standard basis of Rn, then

R(∂i, ∂j) =
1

4
[(∂jg)

op, (∂ig)
op].

Proof. We prove this formula in local coordinates. Pick a local holonomic frame
of M × Rn that extends ∂1, . . . , ∂n. This “spacial” frame is indexed by 1 − d ≤
j ≤ 0. Using Einstein’s sum convention, the Christoffel symbols of the Levi-Cevita
connection of susp(g) in these coordinates are given by

2Γktij = susp(g)kα(susp(g)tiα,j + susp(g)αj,ti − susp(g)tij,α)

= susp(g)kαsusp(g)αj,ti

=

{
0 if max{j, k} > 0,∑

α<0 g
kαgjα,ti if max{j, k} ≤ 0.

Thus, we can identify the endomorphism 2Γti with g−1∂tig = (∂tig)
op. Abbreviating

ti and tj with i and j, respectively, we get for the Riemannian curvature of susp(g)
the following expression:

R(∂i, ∂j) = (∂i + Γi)(∂j + Γj)− (∂j + Γj)(∂i + Γi)

= ∂iΓj − ∂jΓi + ΓiΓj − ΓjΓi

= −1/2g−1(∂ig)g
−1(∂jg) + 1/2g−1(∂jg)g

−1∂ig

+ 1/4g−1(∂ig)g
−1(∂jg)− 1/4g−1(∂jg)g

−1(∂ig)

= 1/4[g−1∂jg, g
−1∂ig] = 1/4[(∂jg)

op, (∂ig)
op].

and the lemma is proven.
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Corollary 4.5.8. The operator norm of the bundle endomorphism Rt(∂j, ∂k) ∈
End(S|Mt) is bounded by

2||Rt(∂j, ∂k)||op,t ≤ d2||(∂jg)op||op,t||(∂kg)op||op,t
for every t ∈ U , where d = dimM . This implies

∑
1≤j<k≤n

||Rt(∂j, ∂k)||op,t ≤
d2

2

(
n∑
j=1

||(∂jg)op||op,t

)2

.

Here, ||–||op,t denotes the operator norm on Sg(t) on the left hand side and the
operator norm on TMt with respect to g(t) on the right hand side.

Proof. Pick a local orthonormal frame e1−d, . . . , e0 on TM that completes ∂1, . . . , ∂n
to a local orthonormal frame on TM ⊕ Rn Then, by [LM89, Theorem II.4.15], the
curvature operator of the spinor connection is given by

R(∂i, ∂j) =
1

2

∑
k<l≤0

⟨R∂i,∂j(ek), el⟩ekel · .

This yields

2||R(∂i, ∂j)||op,t =

∣∣∣∣∣
∣∣∣∣∣ ∑
k<l≤0

⟨R∂i∂j(ek), el⟩ekel

∣∣∣∣∣
∣∣∣∣∣
op,t

≤
∑
k<l≤0

|⟨R∂i∂j(ek), el⟩| ||ekel · ||op,t︸ ︷︷ ︸
=1

≤
∑
k<l≤0

||R∂i∂j ||op,TMt

=
∑
k<l≤0

1/4 · ||[(∂jg)op, (∂ig)op]||op,t

≤ 2d2||(∂ig)op||op,t||(∂jg)op||op,t.

Since Ssusph|Mt
∼= Sh(t)⊗Cln,0 we have two canonical connections on this restric-

tion, namely ∇Ssusph|Mt and ∇Sh(t)⊗id. We denote the first connection with ∇susp and
the second with ∇⊗ id. Of course, since M is compact, these two connections yield
equivalent Sobolev norms ||–||1,∇⊗id and ||–||1,∇susp on Ssusph|Mt . The next lemma
helps to find explicit constants.

Lemma 4.5.9. The bundle endomorphism valued 1-form

E ..= ∇⊗ id−∇susp : TM → End (Ssusph|Mt)

induces a bounded operator L2(Mt;TMt)→ L2(Mt; End(Ssusph|Mt) that satisfies the
following operator norm estimation:

||∇ ⊗ id−∇susp||0,0 ≤ d/4
n∑
k=1

||∂tkhop||op,h(t).
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Proof. Let e−(d−1), . . . , e0 be a local orthonormal frame of M with respect to h(t).
With respect to this frame, E can be expressed in terms of the Christoffel symbols
of ∇⊗ id and ∇susp, which we denote as Γh and Γsusp, respectively. Let Γkij denote
the Christoffel symbols of susp(h) on M × Rn, and denote ∂tk by ek for 1 ≤ k ≤ n.
For all 1− d ≤ i ≤ 0 we have by [LM89, Theorem II.4.14] and the proof of Lemma
4.5.1 the following expression

E(ei) = Γhi − Γsusp
i =

1

2

 ∑
j<k≤0

Γkijejek −
∑

−(d−1)≤j<k≤n

Γkijejek


=

1

2

∑
j<k, k>0

−Γkijejek

=
1

4

∑
j≤0<k

∂tkhijej∂tk =
1

4

∑
k>0

(∂tkh)
op(ei)∂tk .

Using this identity, we can estimate the operator norm of E as follows:

4||E||0,0 ≤
0∑

i=1−d

4||E(ei)||End(Ssusp(h))

≤
0∑

i=1−d

n∑
k=1

||∂tkhop(ei)∂tk · ||End(Ssusp(h))

=
0∑

i=1−d

n∑
k=1

||∂tkhop(ei)||TM

≤ d
n∑
k=1

||∂tkhop||op,h(t).

Here, ||–||End(Ssusp(h)) denotes the usual C∗-algebra operator norm coming from the
inner product on the fibres of Ssusp(h) and ||–||TMt denotes the norm on TM induced
by h(t). Note that we used in the third line that the endomorphim is given by the
Clifford multiplication, so we could use C∗-identity and the Clifford identity.

Corollary 4.5.10. If ||–||1,∇susp and ||–||1,∇⊗id denote the Sobolev norms on Ssusph|Mt

with respect to ∇susp and ∇⊗id, respectively, then they are equivalent by the following
constants:

||–||1,∇susp ≤

(
1 + d

n∑
k=1

||∂tkh||op

)
||–||1,∇⊗id

≤

(
1 + d

n∑
k=1

||∂tkh||op

)2

||–||1,∇susp .



4.5. THE COMPARISON MAP 125

Proof. Using the generalised triangle inequality and Lemma 4.5.9, we estimate

||–||1,∇susp ..=
(
||–||20 + ||∇susp(–)2||0

)1/2
=
(
||–||20 + ||∇ ⊗ id(–) + (∇susp −∇⊗ id)(–)2||0

)1/2
≤
(
||–||20 + ||∇ ⊗ id(–)2||0

)1/2
+ ||(∇susp −∇⊗ id)(–)||0

≤ ||–||1,∇⊗id + ||∇susp −∇⊗ id||0,0 · ||–||0

≤

(
1 + d

n∑
k=1

||∂tkh||op

)
||–||1,∇⊗id.

The proof of the second estimate is similar.

Proof of Theorem 4.5.6. Let P ∈ Bn with underlying block map h ∈ R+
n (M). Set

g = susp(h). We will prove the theorem by showing that susp(P )2 is invertible.
Recall from Lemma 4.5.5 that

susp(P )2 = (P ex)2 + {P ex, /D}+ /D
2

= (P 2)ex −
n∑
j=1

∂j · [P ex,∇Sg

j ]−∆+
∑

1≤j<k

R(∂j, ∂k).

Note that

−∆ =
n∑
j=1

(∇Sg

∂j
)2

is a non-negative operator. The proof is analogous to the one for the Dirac operator
presented in [LM89, Proposition II.5.3]. Since P is invertible, P 2 is strictly positive.
We have, for each compactly supported smooth section, the following estimate

⟨(P ex)2u, u⟩ = ||P ex(u)||20 =
∫
Rn

||Ptu||20,Sg |Mt
dt

≥
∫
Rn

low(t)2||u||21,Sg |Mt ,∇⊗iddt

>
1

4

∫
low(t)2||u||21,Sg |Mt ,∇suspdt.

Here, we used in the first estimate that H1(Sg|Mt ,∇⊗ id) is isometric isomorphic to
H1(Sh(t),∇) ⊗ Cln,0, so that we can apply ||Ptu||0 ≥ low(t)2||u||1 component-wise.
The second estimate follows from the equivalence of norms (Corollary 4.5.10) and
condition (4.5) of B•.

In the following estimate we denote by ||–||1;t the Sobolev norm on Sg|Mt with
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respect to ∇susp:∣∣∣∣∣⟨
n∑
j=1

[P ex, /D]u, u⟩

∣∣∣∣∣ ≤
∫
Rn

∣∣∣∣∣
n∑
j=1

⟨∂j · [P ex,∇Sg

∂j
]ut, ut⟩

∣∣∣∣∣
0;t

dt

≤
∫
Rn

||
∑
j

∂j · [P ex,∇Sg

∂j
]tut||0;t||ut||0;tdt

≤
∫
Rn

||
∑
j

∂j · [P ex,∇Sg

∂j
]t||1,0;t||ut||21;tdt

≤
∫
Rn

n∑
j=1

||∂j · ||0,0;t︸ ︷︷ ︸
=1

||[P ex,∇Sg

∂j
]||1,0;t||ut||21;tdt

<

∫
Rn

1/32 · low(t)2||ut||21;tdt.

We estimate the fourth summand with the help of Corollary 4.5.8 in a similar
manner and notation as before

|⟨
∑

1≤j<k≤n

R(∂j, ∂k)(u), u⟩| ≤
∫
Rn

|⟨
∑
j<k

Rt(∂j, ∂k)(ut), ut⟩|dt

≤
∫
Rn

||
∑
j<k

Rt(∂j, ∂k)||0,0;t||ut||20;tdt

≤
∫
Rn

||
∑
j<k

Rt(∂j, ∂k)||op,t||ut||21;tdt

≤
∫
Rn

d2/2

(
n∑
j=1

||(∂jh)op||op,t

)2

||u||21;tdt

<

∫
Rn

1/64 · 4−(d+1) · d2/2 · low(t)2||ut||21;tdt

<

∫
Rn

1/32low(t)2||ut||21;tdt.

Plugging everything together, we get:

|⟨susp(P )2u, u⟩|

≥ ⟨(P ex)2u, u⟩ − ⟨∆u, u⟩ − |⟨{P ex, /D}u, u⟩| − |⟨
∑

1≤j<k≤n

R(∂j, ∂k)u, u⟩|

≥
∫
Rn

(1/4− 2/32)low(t)2||ut||21;tdt

≥ 3/16min{low(t)2 : t ∈ Rn}||u||20,

which is equivalent to

||susp(P )u||0 ≥
√
3/4min{low(t) : t ∈ Rn}||u||0.
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Since susp(P ) is a self-adjoint operator, this inequality implies that susp(P ) is in-
vertible.

Finally, we wish to show that B• is a Kan set and that the inclusion is a weak
homotopy equivalence. To this end, we need to know how the anti-commutator
behaves under rescaling.

Lemma 4.5.11. Let D ⊆ Rn be an open subset of Rn and let φ : D → D and
P : D → ΨDir(M) be a smooth maps. The map P comes with an underlying smooth
map h : D → Riem(M). Then we have

[(P ◦ φ)ex,∇Ssusp(h◦φ)

∂ti
] =

n∑
k=1

[P ex,∇Ssusp(h)

∂tk
] ◦ φ · ∂tiφk,

∂ti(h ◦ φ) =
n∑
k=1

(∂tkh) ◦ φ · ∂tiφk.

Proof. The second equation is simply the chain rule for differentials, so it remains
to prove the first equation. Let g00 : D → Riem(M) be the constant map with value
g00. Set further g0 = susp(g00). Recall from the proof of Lemma 4.5.2 the identity

pG(susp(h), g0)∗(P ex) = (pG(h, g00)∗P )ex.

In the following, we will abbreviate pG(susp(h), g0) to pG(susp(h)) and pG(h, g00) to
pG(h). Using Lemma 4.5.1, we calculate

pG(susp(h ◦ φ))∗
(
[(P ◦ φ)ex,∇Ssusp(h◦φ)

∂ti
]
)

= [(pG(susp(h ◦ φ))∗(P ◦ φ))ex, (pG(h ◦ φ)∗∇Ssusp(h◦φ))∂ti ]

= [(pG(h ◦ φ)∗(P ◦ φ))ex, ∂ti ] = [
(
(pG(h)∗(P )) ◦ φ

)ex
, ∂ti ]

chain
=
rule

(
∂ti
(
(pG(h)∗P ) ◦ φ

))ex
=

n∑
j=1

((∂tkpG(h)∗P ) ◦ φ)ex · ∂tiφk.

A similar calculation shows

pG(susp(h ◦ φ))∗

(
n∑
j=1

([P ex,∇Ssusph

∂tk
]) ◦ φ · ∂tiφk

)

=
n∑
j=1

((∂tkpG(h)∗P ) ◦ φ)ex · ∂tiφk,

so the lemma follows.

Proposition 4.5.12. The cubical set B• is a Kan set.

The rough idea of the proof is the following one: A given cubical n-horn ⊓n(i,ε)
gives rise to a well defined map P0 on the complement of an infinte half-cylinder
QK with base K, where K is a compact, convex set with smooth boundary. By
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the block form of the operator-valued maps in the given horn, the operator-valued
map P0 is the elongation of P0|{εxi<S} for some sufficiently large S. We need to
"extend" P0|{εxi<S} to QK and we do this by modifying P0|{εxi<S} on a compact set
of {εxi ≤ S}. More precisely, we do this by pushing down the argument of P0 in
εxi-direction as closer we get to QK so that we can extend the modification to QK

by P(i,−ε) ◦ pi.

Proof. Given an arbitrary cubical n-horn

⊓n(i,ε) = {P(j,ω) ∈ Bn−1 : ∂ωj P(k,η) = ∂ηk−1P(j,ω); j < k; (j, ω), (k, η) ̸= (i, ε)}.

Since that horn contains only finitely many block maps, there is a sufficiently large
ρ > 0 such that all block maps P(j,ω) decompose outside of ρIn−1. We restrict
σjP(j,ω) to a map {ωxj > ρ} → ΨDir×(M). By the compatibility requirement, these
restrictions agree on the intersection of their domains and we can therefore glue
them together to a map

P0 :
(
Cubρn,i,ε

)c → ΨDir×(M),

where Cubρn,i,ε ..= {x ∈ Rn : xj ∈ [−ρ, ρ] if j ̸= i, εxi ≥ −ρ} is the cuboid with
diameter ρ. Let K ⊆ Rn−1 be a compact, convex subset that contains ρIn−1, that
is point symmetric at the origin, and that has a smooth boundary. Let QK ..= {x ∈
Rn : pi(x) ∈ K, εxi ≥ −ρ} be the cuboid with base K. Restricting P0 yields

P0 : Q
c
K ∩ {εxi < ρ+R1} → ΨDir×(M),

for a fixed choice of R1 > 1.
For the chosen K, there is a unique norm ||–||K whose unit ball is K. Since ∂K

is smooth, the norm is smooth on Rn−1 \{0}. For a sufficiently large R2 = R2(ρ,R1)
to be determined later, pick χ : R → [0, 1] that is identically 1 on R≤1.2, vanishes
on R≥R2−1, and whose first and second derivative satisfy |χ′| ≤ 1.3/R2 and |χ′′| ≤
10/R2

2. Furthermore, pick a monotonically increasing function q : R → R that is
the identity on R≤ρ, the constant map with value ρ + R1 − 1 on Rρ+R1 , and whose
derivatives satisfy q′ ≤ 1 and |q′′| ≤ 1.2/R1. The map q defines a map

q : Rn → Rn

(x1, . . . , xn) 7→ (x1, . . . , xi−1, εq(εxi), xi+1, . . . , xn).

Finally, we define

H : (Qc
K ∩ {εxi < ρ+R1})× [0, 1]→ Qc

K ∩ {εxi < ρ+R1},
(x, t) 7→ x− 2ε(ρ+R1)tei

and set

P : Rn → ΨDir×(M),

x 7→

{
P0 ◦H

(
q(x), χ(||pi(x)||K)

)
, if x ∈ Qc

K ,

P(i,−ε)(pi(x)), if x ∈ QK .
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Note that P is well defined and smooth because P0 agrees with P(i,−ε) ◦ pi on the
set {−εxi > ρ} and ∂QK lies in the preimage of {−εxi > ρ} under the map H ◦
(q(–), χ(||pi(–)||K)).

The map P is a block map. Indeed, χ(||pi(x)||K) = 0 on {ωxj > R2} for all
j ̸= i, which yields

P (x) = P0(H(q(x), 0)) = P0(q(x)) = P0(x) = P(j,ω)(pj(x))

because P(j,ω)(pj(–)) is independent of xi if |xi| > ρ. For all x with −εxi > R2, we
have

P (x) = P0(q(x)− 2ε(ρ+R1)χ(||pi(x)||K)ei)
= P0(x− 2ε(ρ+R1)χ(||pi(x)||K)ei)
= P(i,−ε)(pi(x))

because, in this case, −εxi+2ε(ρ+R1)t > R2 for every t ≥ 0. Lastly, for all x with
εxi > R2 > ρ+R1 we have

P (x) = P (x1, . . . , xi−1, ε(ρ+R1 − 1), xi+1, . . . , xn)

by the definition of q.
The proof also shows that ∂ωj P = P(j,ω) for all (j, ω) ̸= (i, ε). This means that P

is a filler for ⊓n(i,ε) in ΨDir×n (M).
It remains to show that P lies in Bn. It is clear that P satisfies the defining

conditions of Bn in an open neighbourhood of QK , for example on χ−1(R<1.2). We
will show that P satisfies the defining conditions of Bn on χ−1(R>1.1), too. Clearly,
we have

lowP (t) = lowP0(H(q(t), χ(||pi(t)||K)).
Actually, this equation holds for every smooth self map φ : Qc

K → Qc
K . For every

such self map φ and each smooth map Q : Qc
K → ΨDir×(M) the underlying map

of Riemannian metrics hQ satisfies hQ◦φ = hQ ◦ φ. By Lemma 4.5.11, we find the
following upper bound for its derivatives

||(∂jhQ◦φ)
op||op,hQ◦φ = ||

n∑
k=1

(∂khQ)
op ◦ φ · ∂jφk||op,hQ◦φ

≤
∑
|∂jφk| · ||(∂khQ)op ◦ φ||op,h◦φ

=
n∑
k=1

|∂jφk| · ||(∂khQ)op||op,h ◦ φ.

We would like to apply this estimate to Q = P0 and φ = H ◦ (q, χ(||pi(–)||K).
For j ̸= i, the derivatives of φk are given by

∂jφk =


0, if k /∈ {i, j},
1, if k = j,

−2ε(ρ+R1)χ
′ · (∂j||–||K) ◦ pi, if j < i, k = i,

−2ε(ρ+R1)χ
′ · (∂j−1||–||K) ◦ pi, if j > i, k = i.
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For j = i, they are given by

∂iφk =

{
q′(ε · –), if k = i,

0, if k ̸= i.

Plugging these results into the previous estimate yields

||(∂jhP )op||op,hP ≤

{
||(∂jhP0)

op||op,P0 ◦ φ+ |∂jφi| · ||(∂tih)op||op,hP0
◦ φ, if j ̸= i,

q′(ε · –) · ||(∂tihP0)
op||op,hP0

◦ φ, if j = i,

which gives
n∑
j=1

||(∂jhP )op||op,hP ≤
n∑
j=1

||∂jhopP0
||op,hP0

◦ φ

+

(
n−1∑
j=1

2(ρ+R1) · 1.3
R2

· |∂j||–||K | ◦ pi · ||∂ihopP0
||op,hP0

)
◦ φ.

Applying Lemma 4.5.11 to [P ex,∇∂j ] we obtain, by a similar calculation, the
estimate

n∑
j=1

||[P ex,∇Ssusp(hP )

j ]||1,0,hP

≤
n∑
j=1

||[P ex
0 ,∇

Ssusp(hP0
)

j ]||1,0,hP0
◦ φ

+

(
n−1∑
j=1

2.6(ρ+R1)

R2

|∂j||–||K | ◦ pi · ||[P ex
0 ,∇

Ssusp(hP0
)

i ]||1,0,hP0

)
◦ φ.

Since ∂ihopP and [P ex,∇∂i ] have smooth extensions from χ−1(R>1.1) to χ−1(R≥1.05)
their norms are uniformly bounded by B1, say. Also all |∂j||–||K | are uniformly
bounded by B2, say. Thus, if we choose R2 > 2.6(ρ + R1)B1B2I−1, where I =
min{I1, I2} is the minimum of

I1 ..= inf

{
1

32
lowP0(t)

2 − 1

2

n∑
j=1

||[P ex
0 ,∇

SsusphP0
j ]||1,0,hP0

: t ∈ Qc
K

}

and

I2 ..=

{
min{d−1, 2−(d+4)low(t)} −

n∑
k=1

||∂khop||op,hP0
(t) : t ∈ Qc

K

}
then P satisfies the defining equations of B•. Note that I > 0 because P0|Qc

K
is a

union of restriction of degenerate elements of Bn and the defining conditions of Bn

are local.
Thus, P ∈ Bn is a filler for the given cubical n-horn and B• is therefore a Kan

set.
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Corollary 4.5.13. The inclusion B• ↪→ ΨDir×• (M) is a weak homotopy equivalence.

Proof. We first prove that the inclusion induces a surjection on homotopy groups.
Let [P ] ∈ πn(ΨDir×• (M), P0) be represented by a smooth block map P : Rn →
ΨDir×(M) that is constant with value P0 outside some cube rIn. For each ρ ≥ 1
the rescaled map ρP (x) ..= P (ρ−1x) is still constant near infinity with value P0

and thus represents an element in πn(ΨDir×• (M)), too. By Lemma 4.5.11 there is a
ρ0 ≥ 1 such that ρP ∈ πn(B•) for all ρ ≥ ρ0 because the left hand side of the defining
inequalities for B• rescale with 1/ρ, while the right hand side is scaling invariant.

We need to show ρP and P = 1P are homotopic relative boundary. A homotopy
H ∈ ΨDir×n+1(M) relating ρP and 1P is given by

H(t, x) ..= (1−χ(t))ρ+χ(t)P (x),

where χ : R → [0, 1] is a smooth function that is identically zero on R≤−1 and
identically 1 on R≥1. Indeed, H satisfies

∂−1
1 H(x) = lim

R→∞
H(−R, x) = ρP (x),

∂11H(x) = lim
R→∞

H(R, x) = 1P (x),

∂εiH(t, x) = lim
R→∞

H(t, x1, . . . , xi−1, εR, xi, . . . , xn−1)

= lim
R→∞

P
(
((1− χ(t))ρ+ χ(t))−1 · (x1, . . . , εR, . . . , xn−1)

)
= P0 = σ1∂

ε
i−1P (t, x).

To prove injectivity, we follow the common strategy that uniqueness is just a rel-
ative form of existence. For each [P ] ∈ πn(B•, P0) with 0 = [P ] ∈ πn(ΨDir×• (M), P0)
there exists an element H ∈ ΨDir×n+1(M) that satisfies

∂11H = P0,

∂−1
1 H = P,

∂εjH = σ1∂
ε
j−1P = P0.

As before, there is a sufficiently large ρ ≥ 1 such that ρH ∈ Bn+1. Note that ρH
is a homotopy between ρP and P0 in B•, so it remains to find a homotopy between
P and ρP in B•. An example for such a homotopy is H ..= σ1P ◦ Rφ, where

Rφ : Rn+1 → Rn+1

(t, x) 7→
(
t, ((1− χ(R−1t)ρ+ χ(R−1t))−1x

)
,

provided R is sufficiently large. Abbreviate (1−χ(t))ρ+χ(t) to µ(t) and set Rµ(t) =
µ(R−1t). Furthermore, abbreviate (t, x) to y so that t = y1 and xi = yi+1. Lemma
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4.5.11, applied to y1 = t yields[
Hex,∇Ssusp(gH)

∂y1

]
(y) =

[
σ1P

ex ◦ Rφ,∇
Ssusp(σ1gP ◦Rφ)

∂y1

]
(y)

=
n+1∑
k=1

[σ1P
ex,∇Ssusp(σ1gP )

∂yk
] ◦ Rφ · ∂y1Rφk(y)

=
1

R

n+1∑
k=2

[σ1P
ex,∇Ssusp(σ1gP )

∂yk
] ◦ Rφ · Rµ−2 · ((ρ− 1) · R(χ′))yk

where we used [σ1P
ex,∇Ssusp(σ1gP )

∂y1
] = [σ1P

ex, ∂y1 ] = (∂y1σ1P )
ex = 0. Applied to

yi = xi−1 for i > 1, Lemma 4.5.11 yields

[
Hex,∇Ssusp(gH)

∂yi

]
(y) = . . . =

n+1∑
k=2

[σ1P
ex,∇Ssusp(σ1gP )

∂yk
] ◦ Rφ · Rµ−1δik

= Rµ
−1 · [σ1P ex,∇Ssusp(σ1gP )

∂yi
] ◦ Rφ

= Rµ
−1 · σ1

(
[P ex,∇Ssusp(gP )

∂xi−1
]
)
◦ Rφ.

We assumed that P = P0 outside of rIn, so [σ1P
ex,∇∂yk

] ◦ Rφ is supported within
R × ρrIn for k > 1 and therefore it is uniformly bounded. Thus, we can choose R
sufficiently large such that [Hex,∇∂t ] is arbitrarily small. Since lowH = lowσ1P ◦Rφ =
lowP ◦ p1 ◦ Rφ = σ1(lowP ) ◦ Rφ and since Rµ

−1 ≤ 1, we have

n+1∑
k=2

∣∣∣∣∣∣[Hex,∇Ssusp(gH)

∂yk

]
(y)
∣∣∣∣∣∣
1,0,My

< 1/32lowH(y)
2,

so we can choose R > 1 so large that H satisfies the second defining inequality (4.6)
of B•.

The same strategy shows that the underlying map of metrics gH satisfies the first
defining inequality (4.5) after enlarging R, if necessary.
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4.6 Kan Property of the Operator Concordance Set
The main theorem of this section is the analogous result of Theorem 3.3.1 for in-
vertible block Dirac operators.

Theorem 4.6.1. The operator concordance set Ψ̃Dir
×
• (M) is a Kan set for all

closed, spin manifolds M that admit at least one invertible pseudo Dirac operator.

The proof of this theorem relies on an operator theoretic analog of Lemma 3.3.2.

Lemma 4.6.2 (Operator Modification Lemma). Let P be a block Dirac operator on
M × Rn with underlying block metric g. Assume that the core of P is contained in
M × ρ/2 · In for ρ > 20 (in particular, g decomposes on the complement). Assume
further that ∂ωj P is invertible if (j, ω) ̸= (1, 1). Let H and Φ as in Theorem 3.2.2
and denote RΦ ..= RΦ ◦ (id×R−1). Then

(o) the operator P restricts to M × RΦ(H × (a, b)) for all 1 ≤ a < b ≤ 2 and all
R ≥ 1.

For all R ≥ 1, there is a Riemannian metric GR on M×RΦ(H×[1, 2]), a compact
subset K = K(R) of M × Rn, a relative compact, open subset L = L(R) ⊇ K of
M × Rn, and a pseudo Dirac operator Q ..= Q(R) on Γc(RΦ(H × (1, 2)),SGR

) that
satisfy:

(i) The operator RΦ
∗Q restricts to M ×H × (a, b) for all R ≤ a < b ≤ 2R such

that RΦ
∗Q restricts to RΦ

−1(L) and to the complement of RΦ−1(K).

(ii) The restriction of RΦ∗Q and RΦ
∗P to M ×H × (1.8R, 2R) and to the comple-

ment of K agree.

(iii) The metric RΦ
∗GR is a product metric on M × H × [R, 1.2R]. Under the

decomposition S
RΦ∗GR

|M×H×[R,1.2R]
∼= S

RΦ∗GR
↿M×H×1.1R ⊠ Cl1,0, the operator

RΦ
∗Q decomposes into

RΦ
∗Q = RΦ

∗Q↿M×H×1.1R ⊠ id + e/o⊠ /DR.

(iv) There is an R0 ≥ 1 and a constant c > 0, such that Q is bounded from below
with lower bound ≥ c for all R ≥ R0.

(v) If P − /DgP is bounded, then the operator Q− /DGR
is bounded.

Proof. We start with the proof of (o). The block form of P implies that it restricts to
VRρ(α), see Lemma 4.2.6, and that P |VRρ(α)

can be identified with P (α̂)⊠ id+e/o⊠
/DRα̂ via a permutation of coordinates. The same permutation of coordinates gives a
diffeomorphism between RΦ(H×(1, 2))∩VRρ(α) and (−Rρ,Rρ)|Nullα|×RΦα̂(Hα̂×
(1, 2)). The first factor contains the core of P (α̂). On the second factor, P acts as
the differential operator /DRα̂ . Thus, P restricts to M ×VRρ(α)∩RΦ(H× (a, b)) for
all 1 ≤ a < b ≤ 2.
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As {VRρ(α) : α ̸= 0, (1, 0 . . . , 0)} covers RΦ(H×(1, 2)), the operator P restricts
to a symmetric operator on M ×RΦ(H × (a, b)).

The same strategy shows that P also restricts to a symmetric operator on the
complement of VRρ(0). This proves (o).

For all R ≥ 1, let GR be the metric from the Metric Modification Lemma 3.3.2.
Define the operator Q on Γc(M ×RΦ(H × (1, 2)),SGR

) via

Q ..= Q(R) ..= G(gP , GR)∗(P − /DgP ) + /DGR
.

Since Q is obtained from P by pushing it forward with a vector bundle map and
adding a differential operator to P , we conclude Q ∈ ΨDO

1
(SGR

). The operator Q
also restricts to M × RΦ(H × (a, b)) for all 1 ≤ a < b ≤ 2, to the intersection of
L(R) ..= VR(ρ+5)(0) and M × RΦ(H × (a, b)), and to the complement of K(R) ..=
VR(ρ+4)(0) in M ×RΦ(H × (a, b)), which proves (i).

The gauge map G(gP , GR) is an isometry between spaces of square integrable
spinors, so Q is symmetric. We will calculate below that the principal symbol of Q
and /DGR

agree, thus Q is a symmetric pseudo Dirac operator.
To prove (ii), recall that gP and GR agree on M × RΦ(H × (1.8, 2)), so that

G(gP , GR) = id and /DgP = /DGR
on this subset. Thus, P = Q on this subset. The

same is true on the complement of K(R) = VR(ρ+4)(0).
Next we prove (iii). Consider the restriction of RΦ

∗Q to RΦ
−1(VRρ(α)). Re-

call from the Metric Modification Lemma 3.3.2 that, on these subsets, the metrics
decompose into

RΦ
∗gP = R∗∂α̂g ⊕ (RΦ

α̂)∗⟨·, ·⟩ and RΦ
∗GR = R∗∂α̂g ⊕ kα̂R .

Thus, the gauge map G(RΦ∗gP , RΦ
∗GR) decomposes into id ⊠ G((RΦα̂)∗⟨·, ·⟩, kα̂R).

Since the gauge map is natural with respect to linear maps, we get

RΦ
∗Q = G(RΦ∗gP , RΦ

∗⟨·, ·⟩)∗(RΦ∗P − /D
RΦ∗gP ) + /D

RΦ∗GR

= id⊠ G((RΦα̂)∗⟨·, ·⟩, kα̂R)∗
(
P (α̂)⊠ id + e/o⊠ /D(RΦα̂)∗⟨·,·⟩

− /DR∗∂α̂g ⊠ id− e/o⊠ /D(RΦα̂)∗⟨·,·⟩
)

+ /DR∗∂α̂g ⊠ id + e/o⊠ /Dkα̂R

= P (α̂)⊠ id + e/o⊠ /Dkα̂R
.

Since kα̂R = kα̂R↿H×1.1R⊕ dt2 on Hα× (R, 1.2R), the Dirac operator /Dkα̂R
decomposes

accordingly on this set, hence Q does, too. These decompositions are compatible on
the intersections of different VRρ(α), so we get a global decomposition

RΦ
∗Q = RΦ

∗Q↿M×H×1.1R ⊠ id + e/o⊠ /DR,

which proves (iii).
We can read off the principal symbol of RΦ∗Q from the (local) decompositions.

On RΦ
−1(VRρ(α)), we have

symb1(RΦ
∗Q) = ic∂α̂g(∂

α̂g♯(–))⊠ id + e/o⊠ ickα̂R(k
α̂
R♯(–))

= symb1( /DRΦ∗GR
),
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so Q also has the same principal symbol as /DGR
.

We continue with the proof of (iv). Since the gauge map G(gP , GR) induces an
isometry between H0(SgP ) and H0(SGR

), the operator G(gP , GR)∗(P ) is bounded
from below with the same lower bound as P . Being bounded from below is an open
condition for elliptic operators in Hom(H1(SGR

), H0(SGR
)), see Lemma 4.3.13, so

it suffices to show that Q and G(gP , GR)∗P are sufficient close.
The difference of these two operators is a differential operator that is supported

within M ×RΦ(H × [1, 1.8]).
The previous calculation shows that

(RΦ)∗(Q− G(gP , GR)∗(P )) =
(
e/o⊠ /DR2kα̂ − G((RΦα̂)∗⟨·, ·⟩, R2kα̂)∗ /D(RΦα̂)∗⟨·,·⟩

)
on RΦ−1(VRρ(α)), which we abbreviate to e/o ⊠ T . Recall that RΦ−1(VRρ(α)) =
M × (−ρ, ρ)Null(α) × Hα̂ × (1, 2) for α ̸= 0, (1, 0 . . . , 0). Hence, for each σ ∈
Γc(RΦ

−1(VRρ(α)),S∂α̂g ⊠SR2kα), using Fubini’s theorem we have

||e/o⊠ T (σ)||20 = ⟨id⊠ T 2(σ), σ⟩

=

∫
M×(−Rρ,Rρ)|Null(α)|

∫
Hα̂×(1,2)

||id⊠ T 2σ(t, x)||2S
∂α̂g

⊠SR2kα
dvolR2kα̂(x)dvol∂α̂g(t)

≤
∫ ∫

||T ||21,0
(
||σ(t, x)||2 + ||∇S

R2kα̂σ(t, x)||2
)
dvol(x)dvol(t)

≤ ||T ||21,0||σ||21,

where the first inequality is the operator norm inequality applied to the section
σ(t, –). This gives ||e/o⊠ T ||1,0 ≤ ||T ||1,0.

It follows from [Hij86, Prop 4.3.1 and 4.2.1] that

G(R2g, g)∗ /DR2g = R−1 /Dg and G(R2g, g)∗∇SR2g = ∇Sg

for all Riemannian metrics g and all values R > 0. The latter equation implies
that the Gauge map induces an isometry between all Sobolev spaces. Furthermore,
we have G

(
R2kα̂, kα̂

)
◦ G
(
(RΦα̂)∗⟨·, ·⟩, R2kα̂

)
= G

(
(RΦα̂)∗⟨·, ·⟩, kα̂

)
. Putting these

facts together yields

||T ||1,0 = || /DR2kα̂ − G((RΦα̂)∗⟨·, ·⟩, R2kα̂)∗ /D(RΦα̂)∗⟨·,·⟩||1,0
= ||G(R2kα̂, kα̂)∗

(
/DR2kα̂ − G((RΦα̂)∗⟨·, ·⟩, R2kα̂)∗ /D(RΦα̂)∗⟨·,·⟩

)
||1,0

= ||R−1 /Dkα̂ − G((RΦα̂)∗⟨·, ·⟩, kα̂)∗( /D(RΦα̂)∗⟨·,·⟩)||1,0
= || /Dkα̂ − G(Φα̂∗⟨·, ·⟩, kα̂)∗( /DΦα̂∗⟨·,·⟩)||1,0/R

R→∞−−−→ 0.

It follows that Q and G(gP , GR)∗(P ) are arbitrarily close if R is sufficient large.
Together with Lemma 4.3.13, we find an R0 ≥ 1 such that for all R ≥ R0, the
operator Q is bounded from below with lower bound c > 0, that only depends
on the lower bound of P and some chosen upper bound of the distance of Q to
G(gP , GR)∗(P ). In fact, the proof of Lemma 4.3.13 shows, that the constant c can
be made arbitrarily close to the lower bound of P at the cost of increasing R0.
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It remains to prove (v). On VRρ(α) ∩M ×RΦ(H × (1, 2)), we have

RΦ
∗(Q− /DGR

) = (P (α̂)− /D∂α̂g)⊠ id,

which is bounded by assumption of P . Hence, RΦ
∗(Q − /DGR

) is bounded by a
partition of unity argument.

Proof of Theorem 4.6.1. By assumption, M has at least one invertible pseudo Dirac
operator so that Ψ̃Dir

×
0 (M) (and hence Ψ̃Dir

×
• (M)) is non-empty. A given cubical

n-horn ⊓n(i,ε) → Ψ̃Dir
×
• (M) is represented by the following set of invertible block

Dirac operators

{P(j,ω) ∈ Ψ̃Dir
×
n−1(M) : ∂ωj P(k,η) = ∂ηk−1P(j,ω) for j < k; (j, ω), (k, η) ̸= (i, ε)}.

The problem is symmetric in (i, ε), so we assume (i, ε) = (1, 1).
We pick a sufficient large ρ > 20 such that the cores of all P(j,ω) are contained

in M × ρ/2In−1. The operators σjP(j,ω)|{ωxj>ρ} restrict to each {ηxk > ρ} if the
intersection is not empty and the restrictions agree there, see Lemma 4.4.12. Thus,
the union of these operators form an operator P on the complement of the half-
infinite cuboid Rn \ Cubρn,1,1 =

⋃
((j,ω) ̸=(i,ε)){ωxj > ρ} that restricts to Rn \ Cubρ

′

n,1,1

for all ρ′ > ρ.
Applying Corollary 4.3.22 inductively, we conclude that the restriction of P to

Rn \ Cubρ
′

n,1,1 is bounded from below for all sufficient large ρ′.
To meet the assumptions of the Operator Modification Lemma 4.6.2, we extend

P to a block Dirac operator P on M × Rn. By increasing ρ if necessary, we may
assume that the core of P is contained in M × ρ/2In.

Let H, Φ, and Uleft ⊆ Rn \ Cubρn,1,1 be as in the Embedding Theorem 3.2.2. By
the Operator Modification Lemma 4.6.2, P restricts to P on M × RΦ(H × (a, b))
for all 1 ≤ a < b ≤ 2 and acts like a differential operator on the cylinder variable;
more precisely, it is a (RΦ)−1∗pr∗2C∞c (a, b)-derivation. Thus, P also restricts to P on
M ×

(
Uleft ∪RΦ(H × (1.8, 2))

)
.

By the Operator Modification Lemma 4.6.2, there is a Q = Q(R) on Γc(M ×
RΦ(H × (1, 2);SGR

) for all R ≥ 1 that agrees with P on M ×RΦ(H × (1.8, 2)) and
decomposes on M ×RΦ(H × (1, 1.2)) as follows

Φ∗
RQ ..= Φ∗

RQ↿M×H×1.1R ⊠ id + e/o⊠ /DR.

Let RΘ and RΨn be as in the proof of Theorem 3.3.1. To ease the notation, we
abbreviate id× RΘ and id× RΨn to RΘ and RΨn, respectively.

The operator (RΘ ◦ RΨn)∗(Q) is again a symmetric pseudo Dirac operator.
We chose RΘ in the proof of Theorem 3.3.1 such that RΘ ◦ RΨn ◦ RΦ(m,h, s) =
(m,RΦ(h, 1) − (s − R)e1) on M × H × R[1, 1 + ϵ)) for all 1/10 > ϵ > 0. Since
RΘ ◦ RΨn ◦ RΦ(H × R[1, 1 + ϵ)) = {R(ρ + 1 − ϵ) < x1 ≤ R(ρ + 1)}, we obtain the
decomposition

(RΘRΨn)∗(Q) = Q↿{x1=R(ρ+1)} ⊠ id + e/o⊠ /DR
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on {R(ρ+ 1− ϵ) < x1 ≤ R(ρ+ 1)}.
By (iv) of the Operator Modification Lemma 4.6.2, the operator Q and hence

(RΘ ◦ RΨn)∗(P ) is bounded from below with lower bound c > 0 that is independ-
ent of R, provided R is sufficiently large. Lemma 4.4.9 implies that the restriction
Q↿{x1=R(ρ+1)} is bounded from below with lower bound bigger than c/2, for all suf-
ficient large R. Thus, the constant extension of Q↿{x1=R(ρ+1)} ⊠ id + e/o ⊠ /DR to
{R(ρ+ 1− ϵ) < x1} is bounded from below with lower bound bigger than c/2.

It follow from Corollary 4.3.22 and Lemma 4.3.20, that

Q ..= (RΘ ◦ RΨn)∗(Q) ∪Q↿{x1=R(ρ+1)} ⊠ id + e/o⊠ /DR

is a pseudo Dirac operator on M×
(
RΘ◦RΨn◦RΦ(H×R(1, 2))∪{R(ρ+1−ϵ) < x1}

)
that is symmetric and bounded from below, provided R is sufficiently large.

Of course, Q restricts to M × RΦ(H × (1.8, 2)) and agrees there with P . Ap-
plying Corollary 4.3.22 and 4.3.20 a second time, the operator Pfill ..= P ∪ Q is a
symmetric pseudo Dirac operator on M ×Rn that is bounded from below, provided
R is sufficiently large.

It remains to show that Pfill is a block Dirac operator. Let R1 = R1(R) > R(ρ+1)
be sufficiently large such that M × R1I

n contains L(R) and RΘ ◦ RΨn(L(R)) and
such that RΘ and RΨn restrict to the identity on the complement of CubR1n,1,1. Then
M × R1I

n serves as a core for Pfill. Since Pfill restricts to P on M × Rn \ CubR1n,1,1
and since, by construction,

P{x1>R(ρ+1)} = (RΘ ◦ RΨn)∗(Q)↿{x1=R(ρ+1)} ⊠ id + e/o⊠ /DR,

we deduce that Pfill has block form. Finally, Pfill − /DgPfill
is bounded, because it is

true for all the three summands whose union forms Pfill.
Thus, Pfill a filler for the given n-horn, so Ψ̃Dir

×
• (M) is a Kan set.
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4.7 The Symbol Map is a Kan Fibration
Recall that every pseudo Dirac operator P comes with an underlying Riemannian
metric gP that determines the principal symbol of P (and also determines the spinor
bundle on which P acts). We demand that gP is a block metric and that the
decompositions of P and gP are compatible. In Section 4.4 we have established that
the map that assigns to a pseudo Dirac operator its underlying metric assembles to
a cubical map Ψ̃Dir•(M)→ R̃•(M) which we refer to as the symbol map.

We use the Kan property of Ψ̃Dir
×
• (M) from the previous subsection to establish

the main result of this section.

Theorem 4.7.1. The symbol map Ψ̃Dir
×
• (M)→ R̃•(M) is a Kan fibration.

This result is remarkable because it implies that all index theoretic properties are
stored in a single fibre Ψ̃Dir

×
• (M)g0 because R̃•(M) is combinatorially contractible,

see Proposition 2.1.33. The fibre Ψ̃Dir
×
• (M)g0 is a Kan set by formal reasons, see

Lemma 2.1.23. When we are determining the homotopy groups of Ψ̃Dir
×
• (M), we

will make explicit use of the Kan property of the fibre Ψ̃Dir
×
• (M)g0 , because we

will compare the fibre to the space of Fredholm operators on a single Hilbert space
determined by g0.

Of course, Theorem 4.7.1 implies Theorem 4.6.1 by formal reasons. However,
the proof of Theorem 4.7.1 relies on Ψ̃Dir

×
• (M) being a Kan set. It goes roughly

as follows: For a given i-horn of invertible block Dirac operator and a given block
metric, we find a filler by the Kan property of Ψ̃Dir

×
• (M). So far, the underlying

metric may disagree with the given one. To correct this mismatch, we will modify
the filler so that they do agree.

The modification procedure will rely on two tools. The first tool is a fibration-
kind result inspired from the result of [Ebe17, Section 4.2] although the methods
are quite different. It allows us to “rotate” the principal symbol of the filler to the
required one. The second tool is based on the gluing constructions from Section 4.3.

The first tool is based on the following analytical result and its consequences.

Lemma 4.7.2. Let P ∈ Ψ̃Dirn(M) such that all faces ∂εiP are invertible. Then there
are constants c, C > 0, each depending only on the faces ∂εiP , and a compact subset
K ⊆M ×Rn, such that all sections 0 ̸= u ∈ L2(M ×Rn;SgP ) with ||Pu||0 ≤ γ||u||0
for γ < c satisfy

||u||0,K
||u||0

≥ 10

11

(
9

10
− Cγ

)
> 0, (4.7)

where ||u||0,K ..= ||1K · u||0.

Proof. For this proof, it will be more convenient to use the following variant of the
Sobolev 1-norm

||u||1 ..= ||u||0 + ||∇u||0,
which is equivalent to the (usual) Sobolev 1-norm. More generally, for each measur-
able K ⊂M × Rn we will denote, just for this proof, ||u||1,K ..= ||u||0,K + ||∇u||0,K .
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For each compactly supported smooth function φ, we can estimate ||φu||1 against
||u||1,suppφ as follows:

||φu||1 = ||φu||0 + ||∇φu||0
= ||φu||0 + ||dφ⊗ u+ φ∇u||0
≤ ||φu||0 + ||grad(φ)||∞ · ||u||0,suppφ + ||φ∇u||0
≤ ||φ||∞||u||1,suppφ + ||grad(φ)||∞ · ||u||0,suppφ.

Let χ : R→ [0, 1] be a smooth, even function that is identically 1 on (−r, r) and
such that χ−1(R>0) = (−r′, r′) for some r′ > r > 0. We assume that r and r′ are
sufficiently large such that the interior of M × rIn contains the core of P . Let {χα}
be the associated partition of unity from Definition 4.2.5 and set K ..= suppχ0.
Recall from the proof of Proposition 4.3.7 that invertibility of ∂εiP implies, for all
sections u supported within {εxi > R}, the inequality

||Pu||0 ≥ c(i, ε)||u||1,

where c(i, ε) is the product of the operator norm of (∂εiP )−1 : L2(M×Rn−1;Sg∂ε
i
P
)→

H1(M × Rn−1;Sg∂ε
i
P
) and a constant that comes from the equivalence of the two

variants of the Sobolev 1-norms on H1(M×Rn−1;Sg∂ε
i
P
). The second constant only

depends on g∂εi P , too.
Recall further that the block form implies suppPχαu ⊆ suppχα by Corollary

4.2.7. Indeed, if we use the notation from Corollary 4.2.7, then suppχα is the closure
of Vr<r′(α) and the claim follows from applying Corollary 4.2.7 to Vr−ϵ<r′+ϵ for all
sufficiently small ϵ > 0.

For α ̸= 0, this implies the inequality

||χαu||1 ≤ max{c(i, ε)−1}||Pχαu||0,suppχα

≤ max{c(i, ε)−1} (||χαPu||0 + ||grad(χ)α||∞||u||0,suppχα)

≤ max{c(i, ε)−1} (||Pu||0 + ||grad(χ)α||∞||u||0) .

Putting these inequalities together yields

||u||1 ≤ ||χ0u||1 +
∑
α ̸=0

||χαu||1

≤ ||u||1,K + ||grad(χ0)||∞||u||0,K
+ 3nmax{c(i, ε)−1}︸ ︷︷ ︸

=:C

(||Pu||0 +max{||grad(χα)||∞}||u||0) .

We now assume that ||Pu||0 ≤ γ||u||0. The previous estimate then yields

||u||0 ≤ ||u||0 + ||∇u||0 − ||∇u||0,K = ||u||1 − ||∇u||0,K
≤ ||u||1,K + ||grad(χ0)||∞||u||0,K − ||∇u||0,K

+ C (γ||u||0 +max{||grad(χα)||∞}||u||0)
≤
(
1 + ||grad(χ0)||∞

)
||u||0,K + C (γ||u||0 +max{||grad(χα)||∞}||u||0) ,
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or equivalently,(
1− C(γ +max{||grad(χα)||∞})

)
||u||0 ≤ (1 + ||grad(χ0)||∞)||u||0,K .

By replacing χα with χα(ρ−1 · ), where ρ is sufficiently large, we may assume7

||grad(χα)||∞ < min{1/10, 1/10C−1}. For u ̸= 0, we end up with the desired in-
equality:

||u||0,K
||u||0

≥ 10

11

(
9

10
− Cγ

)
.

This lower bound is positive if and only if

γ < 32−n
min{c(i, ε)}

10
=: c.

This inequality has important implications concerning the spectrum of P . Recall
that a sequence of elements (vn)n∈N in a Hilbert spaceH is a sequence of approximate
eigenvectors for P if ||vn|| = 1 and there is a (necessarily unique) λ ∈ C such that
the sequence (P −λid)vn converges to zero. In that case, λ is called an approximate
eigenvalue (associated to (vn)n∈N). Note that the spectrum of a self-adjoint operator
consists of approximate eigenvalues only.

Corollary 4.7.3. Let P be as in the previous lemma. Then each sequence of approx-
imate eigenvectors of P with approximate eigenvalue λ ∈ (−c, c) has a convergent
subsequence. In particular, λ is an eigenvalue.

Proof. For a given spectral value λ ∈ (−c, c) of P take a sequence of approximate
eigenvalues (vn)n∈N associated to it. Since ||Pvn||0 < c||vn||0 = c for almost all
n ∈ N, the fundamental elliptic estimate implies vn ∈ H1(SgP ) and that (||vn||1)n∈N
is bounded.

Pick a smooth compactly supported function φ that is identically 1 on K, the
compact set from Lemma 4.7.2. Then ||vn||1,K ≤ ||φvn||1 ≤ ||φ||1,1||vn||1 and the
classical Rellich lemma implies that (φvn)n∈N has a convergent subsequence with
respect to ||–||0. Thus (vn)n∈N has a convergent subsequence with respect to ||–||0,K .
But inequality 4.7 implies that the convergent subsequence also converges with re-
spect to ||–||0. This limit is an eigenvector and λ its associated eigenvalue.

As an application, we prove the for us very important

Proposition 4.7.4 (Sausage Lemma). Let P and c as in Lemma 4.7.2. Then
spec(P ) ∩ (−c, c) consists of eigenvalues only and the linear hull

⊕
|λ|<c0 Eig(P, λ)

of eigenspaces forms a finite dimensional subvector space for all c0 < c.

Proof. The first claim was part of the previous corollary.
To prove the second claim, we first show that every eigenspace is finite dimen-

sional. Obviously, Eig(P, λ) is a closed subspace of L2(SgP ), hence a Hilbert space.

7Keep in mind that rescaling the partition of unity replaces K by ρK.
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For a given sequence of normalised eigenvectors (vn)n∈N, the previous corollary im-
plies the existence of a convergent subsequence. Thus, the unit ball of Eig(P, λ) is
compact, so Eig(P, λ) is finite dimensional.

We now prove that P has only finitely many eigenvalues in [−c0, c0] for all c0 <
c. Assume the contrary. Then there is a sequence (λn)n∈N of pairwise different
eigenvalues lying in [−c0, c0]. For each λn, pick a normalised eigenvector vn. For λ ..=
lim supn λn ∈ [−c0, c0], we can pick a subsequence of (vn)n∈N that serves as a sequence
of approximate eigenvectors for λ. But Corollary 4.7.3 implies that this subsequence
has a convergent subsequence (vnk

)k∈N. The limit w is an eigenvector corresponding
to λ and eigenvectors corresponding to different eigenvalues are perpendicular, so
we end up with

0 = ⟨vnk
, w⟩ k→∞−−−→ ⟨w,w⟩ = 1,

a contradiction.

The Sausage Lemma offers the possibility to use spectral-flow-style arguments.

Lemma 4.7.5. Let P : X → Ψ̃Dirn(M) be a map, such that GgP ,g0∗(P ) : X →
Hom(H1(Sg0), H

0(Sg0)) is continuous and such that ∂εiP is a constant map of in-
vertible operators. Assume that there is a constant c > 0 such that

spec(Py) ∩ (−c, c) =: {λ0(y) ≤ · · · ≤ λNy(y)}

consists of finitely many eigenvalues for all y ∈ X. Then, for each x ∈ X, there is
an open neighbourhood U of x such that N(–) is constant on U and all λj : U → R
are continuous functions.

Proof. For every c0 that lies strictly between max{|λ0(x)|, |λN(x)|} and c, choose
a smooth, monotonically increasing function b : R → [−2c, 2c] that is the identity
on [−c0, c0]. The bounded transform P̂ ..= b(GgP ,g ◦ P ◦ Gg0,gP ) is a continuous
map of bounded, self-adjoint operators X → B(L2(Sg0)) [Ebe17, Proposition 3.7]
whose values have the same eigenvalues between (−c0, c0) as the values of P . The
statement now follows from the fact that eigenvalues of bounded operators depend
continuously on the operator with respect to the operator norm [BBW93, Lemma
17.1].

Remark 4.7.6. The functions of eigenvalues λj are only defined locally near x because
they may leave the interval (−c, c). Also, the number of eigenvalues may not be
locally constant.

Recall from Theorem B.0.30 that a smooth path P : (0, 1)→ ΨDO
1
(S) with un-

derlying path gP of Riemannian metrics has an extension P ex ∈ Op1(L2(Ssusp(gP )))

whose values are not necessarily in the subspace ΨDO
1
(Ssusp(gP )). However, this is

a nice property to have, so we will give it a name.

Definition 4.7.7. Let X ⊆ Rn be open and let P : X → ΨDO
1
(S) be a smooth

map with underlying map gP of Riemannian metrics. Then P called suspensionable
if the extension P ex given by

(P exσ)(n, x) = Px(σ(–, x))
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is an element of ΨDO
1
(Ssusp(gP )).

The first tool is the following fibration-like result.

Proposition 4.7.8 (Path Lifting Property). Consider R̃n(M) as a topological space
equipped with the smooth Fréchet topology and Ψ̃Dir

×
n (M) as a topological space

equipped with the subspace topology of ΨDO
1
(S). Let γ : [0, 1]→ R̃n(M) be a smooth

curve that is constant near the end points and satisfies

γt|{εxi>R} = σi∂
ε
i γ0|{εxi>R}

for some R > 0, all (i, ε) ∈ {1, . . . , n} × Z2, and all t ∈ [0, 1].
Then each commutative outer square

{0}

��

Q0 // Ψ̃Dir
×
n (M)

��

[0, 1]
γ //

Q
::

R̃n(M)

can be filled with a smooth map that is constant near the boundary and such that
the upper triangle commutes and the lower right triangle commutes up to homotopy
relative to the boundary. In fact gQ( · ) and γ( · ) differs by a (non-diffeomorphical)
reparametrisation. Furthermore, we may assume that the lift is suspensionable and
satisfies ∂ωj Qt = ∂ωj Q0 for all (j, ω) ∈ {1, . . . , n} × Z2.

In contrast to the proof in [Ebe17, Section 4.2] our argument is quite geometrical.
The idea is the following one: For an ordered pair of two Riemannian metric (g1, g2)
and a non-zero covector ξ ∈ T∨M , there is a unique A ∈ GL+(d) that stretches
and rotates g1♯(ξ) to g2♯(ξ) in the plane spanned by the two vectors and that acts
identically on the orthogonal complement. We find a lift bg1,g2(ξ) in Cld,0 such that
its induced linear map bg1,g2(ξ)(–)bg1,g2(ξ)∗ on Rd agrees with A. We quantise the
symbol to get a pseudo differential operator Bg1,g2 . If Bγ0,γtPB

∗
γ0,γt

were a curve of
invertible operators, then it would be the desired lift. Unfortunately, it is not clear
that this curve is invertible, so we need to stop the curve from time to time and
“push the spectral values away from zero”.

Let us now introduce the required concepts.

Definition 4.7.9. For h ∈ R̃n(M) and R > 0, denote by R̃n(M)h,R the space of
all block metrics that agree with h outside of M × RIn equipped with the smooth
compact open topology.

Lemma 4.7.10. For all h ∈ R̃n(M) and all R > 0, there is a smooth map
B : R̃n(M)h,R × R̃n(M)h,R → ΨDO0(S,S) that satisfies the following three con-
ditions:
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(i) The following diagram commutes

R̃n(M)h,R × R̃n(M)h,R
B //

id **

ΨDO0(S,S)

target
��

source
��

R̃n(M)h,R × R̃n(M)h,R.

(ii) For all g1, g2 ∈ R̃n(M)h,R, the operator Bg1,g2−pGg1,g2 is compactly supported.

(iii) For all g1, g2 ∈ R̃n(M)h,R, we have

symb0(Bg1,g2) ◦ g1 ♯( · ) ·g1 ◦ symb0(B
∗
g1,g2

) = g2 ♯( · )·g2 ,

where ·gj is the Clifford left action on Sgj .

Proof. Let π : Pos→M ×Rn be the bundle whose fibres consist of positive definite,
symmetric bilinear forms and S→ Pos be the fibre bundle whose fibre of gx is Sgx .
Similarly, we define Cl(T (M × Rn), –) → Pos to be the bundle whose fibre of gx is
the Clifford algebra Cl(Tx(M ×Rn), gx). We denote with ||–|| ..= ||–||gx the norm on
Cl(Tx(M×Rn), gx) induced by gx and we denote with ·gx the Clifford multiplication
and left action of Cl(M, gx) on Sgx . Recall furthermore that

Φg1,x,g2,x ..= Cl(τg1,x,g2,x) : Cl(Tx(M × Rn), g1,x)→ Cl(Tx(M × Rn), g2,x)

denotes the algebra isomorphism induced by the pre-gauge map on the tangent
spaces. Using this notation, we set

bg1,g2(ξ) :=
||Φg2,g1g2 ♯(ξ)||1/2

||g1 ♯(ξ)||1/2
·

Φg2,g1g2 ♯(ξ)/||Φg2,g1g2 ♯(ξ)||+ g1 ♯(ξ)/||g1 ♯(ξ)||
||Φg2,g1g2 ♯(ξ)/||Φg2,g1g2 ♯(ξ)||+ g1 ♯(ξ)/||g1 ♯(ξ)|| ||

·g1
g1 ♯(ξ)

||g1 ♯(ξ)||
·g1 .

The map b takes values in even and Cln,0-right linear symbols, more precisely,

bg1,g2 ∈ {σ ∈ Symb0(Sg1 ,Sg2) : σ is even and Cld,0-right linear},

see Definition B.0.12 for a reminder of Symb0(Sg1 ,Sg2).
Denote by Pos2 = Pos ×M Pos the fibre bundle of pairs of positive definite,

symmetric, bilinear forms on T (M × Rn). We consider it as fibre bundle over Pos,
whose bundle projection is the projection to the first component. Furthermore, let

F ..= {(v, w) ∈ T (M × Rn) \ {0} ⊕ T (M × Rn) \ {0} : v ̸= −λw for all λ > 0}

be the bundle of pairs of tangent vectors whose cones are not antipodal half lines.
The map b : R̃n(M)h,R × R̃n(M)h,R → Symb×

0 (S,S) is continuous because it is
induced by the following sequence of bundle maps

π∗T∨(M × Rn) \ {0} ×M Pos2 // π∗F // Cl,(M × Rn, –) // Hom(S,S).
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The first map is given by (g1, g2) 7→ (g1 ♯(ξ),Φg2,g1(g2 ♯(ξ))). Notice that this map
indeed takes values in π∗F because g1 ♯(ξ) = −Φg2,g1(λg2 ♯(ξ)) for some λ > 0 implies
that g1 is not positive definite:

g1
(
g1 ♯(ξ), g1 ♯(ξ)

)
= −λg1

(
g1 ♯(ξ),Φg2,g1(g2 ♯(ξ))

)
= −λg1

(
g1♯(ξ),Φg2,g1(g2♯ ◦ g♭1 g1♯(ξ)

)
= −λg1

(
g1♯(ξ),Φ

3
g2,g1

(g1♯(ξ))
)
< 0

because Φg2,g1 |T (M×Rn) = τg1,g2 is the pre-gauge map, which is positive definite and
self-adjoint with respect to g1. The second map is given by

(v, w) 7→ ||w||
1/2
g1

||v||1/2g1

w/||w||g1 + v/||v||g1
||w/||w||g1 + v/||v||g1||g1

·g1
v

||v||g1
·g1 ,

which is clearly continuous. The third map is just the action of the Clifford algebra
bundle on the spinor bundle, which is even isometric. Note, in particular, that b
takes values in invertible symbols.

Away from M × RIn, the map b is the constant map with value idShx
. Recall

from Lemma B.0.23 the continuous (with respect to the amplitude topology) sec-
tion ρ : Symb0(Sg1)→ ΨDO0(Sg1). We set B̃g1,g2 ..= ρ(bg1,g2)− ρ(bg1,g1)+ id. So far,
B̃g1,g2 − id might not have compact support. To achieve this, we pick smooth com-
pactly supported functions φ, ψ : M ×Rn → [0, 1] such that φ ≡ 1 on M ×RIn and
ψ ≡ 1 on suppφ. The operator B̂g1,g2 ..= ψB̃g1,g2φ+id·(1−φ) has the same principal
symbol as B̃g1,g2 and differs from the identity by a compactly supported operator.
Recall the function α2

g2,g1
= dvol(g2)/dvol(g1). Finally, we define the desired map

B : R̃n(M)h,R × R̃n(M)h,R → ΨDO0(S,S),

(g1, g2) 7→ pGg1,g2 ◦ αg1,g2B̂g1,g2 ∈ ΨDO0(Sg1 ,Sg2).

By the definition of the topology of ΨDO0(S,S), the map B is smooth if and
only if B̂ is smooth, which follows from the construction. It is clear, that B satisfies
(i).

The composition of compactly supported pseudo differential operators with vec-
tor bundle morphisms are still compactly supported. Furthermore, g1 = g2 on the
complement of M × RIn so that αg1,g2 = 1 on this set. Hence, Bg1,g2 − pGg1,g2 is
compactly supported, which is (ii).

We now prove (iii). Using the relation (v + w) · w = v · (v + w) for unit-length
vectors v, w in the Clifford algebra, we derive

bg1,g2(ξ) ·g1 g1 ♯(ξ) ·g1 bg1,g2(ξ)∗·g1 = g2 ♯(ξ) ·g1 .

Recall that the pre-Gauge map is an isometric vector bundle map and Cl(M, g1)-
Cl(M, g2)-equivariant. It induces a linear map Op(pGg1,g2) : L2(Sg1) → L2(Sg2).
The adjoints of the two maps are related by the formula

Op(pGg1,g2)∗ = Op(α2
g2,g1

pG∗g1,g2) = Op(α2
g2,g1

pGg2,g1)



4.7. THE SYMBOL MAP IS A KAN FIBRATION 145

because the underlying volume induced by the metrics is different. Symbol calculus
now implies the third claim

symb0(Bg1,g2) ◦ g1 ♯( · ) ·g1 ◦ symb0(B
∗
g1,g2

) = g2 ♯( · ) ·g2 .

Since compactly supported pseudo differential operators have compactly suppor-
ted adjoint, the previous proposition has the following important consequence.

Corollary 4.7.11. For every g ∈ R̃n(M)h,R and every block Dirac operator P with
underlying metric gP ∈ R̃n(M)h,R the operator BgP ,g ◦ P ◦ B∗

gP ,g
is a block Dirac

operator with underlying metric g.

Proof. The composition BgP ,gPB
∗
gP ,g

lies in ΨDO
1
(Sg) because BgP ,g is an actual

pseudo differential operator of order zero, ΨDO
1
(Sg) is local, and compositions on

actual pseudo differential operators are actual pseudo differential operators. The
composition is clearly a symmetric operator.

Next we show that the composition is of block form. Let r2 > r1 > R be a real
numbers such that M × r1In contains the core of P , the support of BgP ,g − pGgP ,g
and B∗

gP ,g
− pG∗gP ,g and such that M × rIn and such that P decomposes away from

M × r1In. Lemma 4.2.6 applied to P now implies that M × r2In serves as a core
for BgP ,gPB

∗
gP ,g

.
Since gP = g = h away from M × r1In, we deduce that BgP ,gPB

∗
gP ,g

decomposes
there as P .

The operator BgP ,g
/DgPB

∗
gP ,g
− /Dg is a pseudo differential operator of order zero

with compact support, hence a bounded operator. The calculation

BgP ,gPB
∗
gP ,g
− /Dg = BgP ,gPB

∗
gP ,g
−BgP ,g

/DgPB
∗
gP ,g

+BgP ,g
/DgPB

∗
gP ,g
− /Dg

= BgP ,g

(
P − /DP

)
B∗
gP ,g

+
(
BgP ,g

/DgPB
∗
gP ,g
− /Dg

)
implies that BgP ,gPB

∗
gP ,g
− /Dg is the sum of two bounded operators, hence bounded.

In conclusion, BgP ,gPB
∗
gP ,g

is a block Dirac operator with underlying metric
g.

Unfortunately, the information that the eigenvalues of a continuous family of
block Dirac operators are continuous functions is not good enough for the arguments
to come. More refined information for the case g 7→ BgP ,gPB

∗
gP ,g

is provided by the
next lemma. To formulate it, we recall some notations taken from [Kat66, Section
IV.2].

Definition 4.7.12. Let S, T : X → Y be two closed, unbounded operators between
the Banach spaces X and Y . We define δ(S, T ) to be the smallest number δ that
satisfies for all u ∈ dom(S) the inequality

dist
(
(u, Su); Graph(T )

)
≤ δ(||u||X + ||Su||Y )

def
= δ · ||(u, Su)||X⊕Y

and δ̂(S, T ) ..= max{δ(S, T ); δ(T, S)}.
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It is shown in loc. cit. that δ̂ is a (incomplete) metric on the set C(X, Y ) of
all closed, unbounded operators from X to Y . The distance δ̂ behaves nicely with
compositions of invertible bounded operators.

Lemma 4.7.13. Let T ∈ C(X, Y ) and let A : X → X, B : Y → Y be bounded
invertible operators such that A and A−1 preserve the domain of T .

Then

δ(T,BT ) ≤ ||id−B||, δ(BT, T ) ≤ ||id−B||,
δ(T, TA) ≤ ||id− A−1||, δ(TA, T ) ≤ ||id− A||.

Proof. Let u ∈ domT be non-zero. For v = u ∈ domBT we have

dist
(
(u, Tu); Graph(BT )

)
≤ ||(u, Tu)− (v,BTv)|| = ||(0, (id−B)Tu)||

≤ ||id−B|| · ||u||.

If we choose v = A−1u ∈ domT , then

dist
(
(u, Tu); Graph(TA)

)
≤ ||(u, Tu)− (v, TAv)|| = ||((id− A−1)u, 0)||

≤ ||id− A−1|| · ||u||.

The other two inequalities are derived in a similar manner.

Important for us is the fact that spectral gaps of operators are, in a more general
sense, lower semi-continuous (they cannot suddenly decrease but they may suddenly
increase) with respect to the topology generated by δ̂.

Theorem 4.7.14. [Kat66, Theorem IV.3.1] Let T ∈ C(X, Y ) be a closed operator
and let R : ζ 7→ (T − ζ)−1 ∈ B(Y,X) be its resolvent function. For every compact
subset Γ of the resolvent set ρ(T ) of T , there is a δ > 0 such that if δ̂(S, T ) < δ,
then Γ is a subset of ρ(S). An explicit choice for δ is

δ = min
ζ∈Γ

1

2
(1 + |ζ|2)−1(1 + ||R(ζ)||2)−1/2.

Proof of the Path Lifting Property. Let the following commutative square be given

{0}

��

Q0 // Ψ̃Dir
×
n (M)

��

[0, 1]
γ // R̃n(M).

By assumption, γ factors through R̃•(M)γ0,R for some R > 0. Let 0 < c < 1 be a
constant smaller than the corresponding constant from the Sausage Lemma for the
faces {∂εiQ0}. Choose a positive number µ0 < c/8. Since γ is uniformly continuous
there is an N ∈ N such that all s, t ∈ [0, 1] with |s− t| < 1/N satisfy

||B(γs, γt)− Gγs,γt ||0,0 = ||B(γs, γt)G∗γs,γt − id||0,0 < µ0/8. (4.8)
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We will prove the following slightly stronger statement. For every P ∈ Ψ̃Dir
×
n (M)

that contains (−2µ0, 2µ0) within its resolvent set, we construct a smooth path
Q : [0, 1/N ]→ Ψ̃Dir

×
n (M) that is constant near the boundary, lifts the restriction of

γ|[0,1/N ] with initial value Q0 = P up to reparametrisation, satisfies ∂ωj Qt = ∂ωj Q0,
and whose endpoint contains (−2µ0, 2µ0) in its resolvent set.

We will apply this construction iteratively over the partition [k/N, (k + 1)/N ]
starting with the given operator Q0, which satisfies our construction assumptions.
The union of all these curves will then be the desired homotopy lift.

Let us now describe the construction in more detail. Fix, once and for all, a
smooth, odd, injective function φ : R \ {0} → R \ [−3µ0, 3µ0] that is the identity
on the complement of (−c/2, c/2). The construction is divided into two steps. The
first step is to extend the inital value Q0 to a path, the second step is adjusting the
eigenvalues of the endpoint Q1/N .

Let us start with the first step: Abbreviate Bγ0,γs to Bs and consider on [0, 1/N ]
the map t 7→ BtPB

∗
t . By Lemma 4.7.10 and Corollary 4.7.11 this map is a smooth

map with values in Ψ̃Dirn(M).
To see that BtPB

∗
t is invertible, we argue as follows. The distance between the

spectrum of Q0 and Γ ..= [−µ0, µ0] is bigger than µ0. Thus we can estimate the
constant δ in Theorem 4.7.14 by

δ = min
ζ∈Γ

1

2
(1 + |ζ|2)−1(1 + ||R(ζ)||2)−1/2

≥ 1

2
(1 + µ2

0)
−1(1 + µ−2

0 )−1/2

≥ 1

2
µ0(1 + µ2

0)
−3/2 >

1

3
µ0.

The last inequality holds because µ0 < 1/8.
On the other hand Lemma 4.7.13 and inequality (4.8) together with the estimate

from the geometric series yield for all t ∈ [0, 1/N ] the estimate

δ̂(G∗tBtPB
∗
t Gt, P ) ≤ δ̂(G∗tBtPB

∗
t Gt,G∗tBtP ) + δ̂(G∗tBtP, P )

≤ max{||B∗
t − Gγt,γ0 ||0,0, ||(B∗

t )
−1 − Gγ0,γt ||0,0}+ ||Bt − Gγ0,γt ||0,0

≤ µ0/8 · (1− µ0/8)
−1 + µ0/8 < µ0/3 < δ,

so all BtPB
∗
t have [−µ0, µ0] in their resolvent set.

Compose t 7→ BtPB
∗
t with a smooth, monotone increasing, surjective self map on

[0, 1/N ] such that the composition is a map [0, 1/N ]→ Ψ̃Dir
×
n (M) that is constant

near the boundary. By abuse of notation, we will denote the composition again with
BPB∗.

Now comes the second step. Let λ+0 ≤ · · · ≤ λ+m+ be all positive eigenvalues
and let λ−0 ≥ · · · ≥ λ−m− be all negative eigenvalues of BQ0B

∗ inside (−c, c). Pick
eigenvectors v±j corresponding to λ±j such that they form an orthonormal system and
pick smooth compactly supported sections w±

j that satisfy ||v±j −w±
j ||0 < µ0/C ·10−j,

where C ≥ 1 is a constant to be determined later. Let Φ: [1/N, 1 + 1/N ] × R \
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{0} → R\{0} be the homotopy between id and φ given by convex combination and
compose the first entry with a smooth, monotonically increasing, surjective self-map
on [1/N, 1+1/N ] such that Φ( · , x) = x near 1/N and Φ( · , x) = φ(x) near 1+1/N .
Denote the result again with Φ. Finally, define

Θ: [1/N, 1 + 1/N ]→ Ψ̃Dir
×
n (SgB1/NQ0B

∗
1/N

),

t 7→ B1/NQ0B
∗
1/N +

m±∑
j=0

(Φ(t, λ±j )− λ±j )⟨·, w±
j ⟩w±

j

and the auxiliary map

Θ̃ : [1/N, 1 + 1/N ]→ ΨDO
1
(SgB1/NQ0B

∗
1/N

),

t 7→ B1/NQ0B
∗
1/N +

m±∑
j=0

(Φ(t, λ±j )− λ±j )⟨·, v±j ⟩v±j .

For all t ∈ [1/N, 1 + 1/N ], the two operators Θt and Θ̃t differ from B1/NQ0B
∗
1/N

by a self-adjoint infinitely smoothing operator of finite rank. They are therefore
self-adjoint pseudo differential operators of order 1 with the same principal symbol
as the Dirac operator of the underlying metric. They also differ from this Dirac
operator by a bounded operator, because B1/NQ0B

∗
1/N does it. Since all w±

j are
compactly supported, Θt is of block form and has the same faces as B1/NQ0B

∗
1/N ;

hence, Θt is a block Dirac operator.
We prove invertibility of Θ by showing that Θ̃ is invertible and that Θ is a

sufficiently small perturbation of Θ̃. On the positive subspace of B1/NQ0B1/N , i.e.,
the one on which B1/NQ0B

∗
1/N is positive definite, we have, by construction,

Θ̃t ≥ Φ(t, λ+0 )id.

A similar result holds for the negative subspace, so the interval (Φ(t, λ−0 ),Φ(t, λ
+
0 ))

does not intersect the spectrum of Θ̃t. In particular, each Θ̃t is invertible.
It remains to show that Θ is a sufficiently small perturbation of Θ̃. First observe

||⟨ · , w±
j ⟩w±

j − ⟨ · , v±j ⟩v±j ||0,0
≤ ||⟨ · , w±

j − v±j ⟩||dual||w±
j ||0 + ||⟨ · , v±j ⟩||dual||v±j − w±

j ||0
≤ (2 + ||vj − wj||0) ||vj + wj||0 < 2.5µ0/C10

−j.

This implies

||Θt − Θ̃t||0,0 ≤
M,N∑
j=0

|Φ(t, λ±j )− λ±j |︸ ︷︷ ︸
≤c

2.5µ0/C10
−j

≤ c · 2.5 · 2 · 10/9 · µ0/C

≤ 6µ0/C.
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Thus, the spectrum of Θt does not intersect (Φ(t, λ−0 ) + 6µ0/C,Φ(t, λ
+
0 ) − 6µ0/C).

If we choose C sufficiently large, for example C = 12 and estimate Θ̃t against its
lowest positive eigenvalue Φ(t, λ+0 ) on its positive subspace, we derive the following
chain of inequalities

Θt = Θt + Θ̃t − Θ̃t ≥
(
Φ(t, λ+0 )− ||Θ̃t −Θt||0,0

)
id

≥
(
λ+0 − ||Θ̃t −Θt||0,0

)
id ≥

(
2µ0 − ||Θ̃t −Θt||0,0

)
id

≥ (2µ0 − 6µ0/C)id ≥ µ0id.

A similar result holds on the negative subspace, so Θt is invertible for all t ∈ [1/N, 1+
1/N ]. Using Φ(1 + 1/N, λ+0 ) = φ(λ+0 ) ≥ 3µ0 and

Θ1+1/N = Θ1+1/N − Θ̃1+1/N + Θ̃1+1/N

≥
(
3µ0 − ||Θ1+1/N − Θ̃1+1/N ||0,0

)
id

≥ (3µ0 − µ0/2)id > 2µ0id,

we see that the spectrum of Θ1/N does not intersect (−2µ0, 2µ0).
The desired homotopy lift is now given by

Q : [0, 1/N ]
t7→(N+1)t // [0, 1 + 1/N ]

B(·)Q0B(·)∪Θ // Ψ̃Dir
×
n (M).

Since Q1/N satisfies the assumption of the described construction, we can con-
struct a lift on [1/N, 2/N ] starting with Q1/N instead of Q0 (but with the same µ0).
If we repeat this construction (N−2)-times further and glue the results together, we
end up with the desired (homotopy) lift Q : [0, 1]→ Ψ̃Dir

×
n (M). Since the homotopy

between gQ and γ is given by reparametrisation relative endpoints, the map Q is
indeed a homotopy lift.

It remains to prove that our construction is a suspensionable path. More pre-
cisely, if Q also denotes the constant extension of the constructed lift, we need to
show that Qex ∈ ΨDO

1
(M×Rn×R;Ssusp(γ)). Since ΨDO

1
(S) is local, see Proposi-

tion B.0.27, it suffices to prove the statement only for each piece of the construction.
To verify

(
B(·)Q0B

∗
(·)
)ex ∈ ΨDO

1
(S), take a sequence of actual pseudo differen-

tial operators Pn ∈ ΨDO1(Sγ0) that approximates Q0 with respect to the Fréchet
structure on Op1 (the one that induces the Atiyah-Singer topology on ΨDO

1
(Sγ0)).

Since B − pG is compactly supported, Proposition B.0.15 and a partition of unity
argument shows that P 7→ BPB∗ is continuous with respect to the amplitude topo-
logy. But (–)ex, which is denoted with –⊠̃id in the appendix, is a continuous linear
map, see Theorem B.0.30, so we conclude

lim
n→∞

(
BPnB

∗)ex = Bex lim
n→∞

P ex
n (B∗)ex

=
(
BQ0B

∗)ex ∈ ΨDO
1
(M × Rn × R,Sgsusp(BQ0B

∗)).
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For Θ̃ it is even easier to verify because it is the sum of a block Dirac oper-
ator (interpreted as constant curve) and a smooth curve W of infinitely smoothing
operators. We conclude

Θ̃ex =
(
B1/NQ0B

∗
1/N

)ex
+W ex ∈ ΨDO

1
(M × Rn × R;Ssusp(γ1/N ))

from the Theorem B.0.28 and Theorem B.0.30.

The next tool allows to glue two matching invertible pseudo Dirac operators
together. To introduce this tool, we need to discuss shift operators on pseudo
differential operators.

Definition 4.7.15. Let E → M × Rn be a vector bundle. For v ∈ Rn, define the
shift operator

Shv : Γc(M × Rn;E)→ Γc(M × Rn;E),

Shv(σ)(m,x) = σ(m,x− v).

The shift operators induce linear maps on the spaces of pseudo differential op-
erators via push-forward

Shv ∗ : ΨDOk(M × Rn;E)→ ΨDOk(M × Rn;E),

P 7→ Shv ◦ P ◦ Sh−v.

In case that E is the tangent or the spinor bundle, there is a less ad-hoc way to define
the shift operator. The translation transv : (m,x) 7→ (m,x+ v) is a diffeomorphism
on M × Rn. Its differential gives an isometry

T transv : (T (M × Rn), g)→ (T (M × Rn), trans∗−vg).

Clearly, trans∗−vg and (the ad-hoc version of) Shvg agree. Since the spinor bundle
construction is functorial with respect to Pin structure preserving isometries, we
obtain an isomorphism of Clifford-module bundles Sg → SShvg over transv. The
fibres (Sg)(m,x−v) and (SShv(g))(m,x) are the same, so the push forward with this
Clifford bundle isomorphism on the level of sections is again given by

Shv : Γc(M × Rn;Sg)→ Γc(M × Rn;SShvg),

Shv(σ)(m,x) = σ(m,x− v).

Since the Sobolev norms, as defined in Appendix A, depend only on the local geo-
metry of the bundles in considerations, all shift operators induce isometries between
the corresponding Sobolev spaces

Shv : H
k(Sg)→ Hk(SShv ∗g).

Together with the observation made above that conjugations with Shv preserves the
set of (actual) pseudo differential operators, we conclude that these conjugations
induce linear maps on the set of pseudo differential operators that are continuous
with respect to the Atiyah-Singer topology. Continuity with respect to the Atiyah-
Singer topology allows us to extend Shv ∗ continuously to the Atiyah-Singer closure.

We will write Shj,R instead of ShRej .
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Definition 4.7.16. Let P,Q ∈ Ψ̃Dirn(M) be two block Dirac operators whose cores
are contained in M × ρIn for some ρ > 0 and that satisfy ∂1i P = ∂−1

i Q for some
1 ≤ i ≤ n. Then we define, for all R > ρ, the block metric

gP +i,R gQ ..= Shi,−2R∗(gP ) ∪ Shi,2R∗(gQ)

and the block operator

P +i,R Q ..= Shi,−2R∗(P ) ∪ Shi,2R∗(Q)

on Sgp+i,RgQ , where ∪ was defined in Definition 4.3.19.

Proposition 4.7.17. With the notation from the previous definition, the operator
P +i,R Q is a block Dirac operator, whose faces are given by

∂ωj (P +i,R Q) ..=


∂−1
i P, if j = i, ω = −1,
∂1iQ, if j = i, ω = 1,

∂ωj P +i−1,R ∂
ω
j Q, if j < i,

∂ωj P +i,R ∂
ω
j Q, if j > i.

If P and Q are invertible, then there is an R0, depending on P and Q, such that
P +i,R Q is also invertible for all R > R0.

Proof. It is easy to see that P +i,R Q ∈ ΨDO
1
(SgP+i,RQ

) because the space is local,
see [AS68]. Furthermore, it is easy to see that it is a block operator with the claimed
faces. Symbol calculus implies symb1(P +i,R Q) = c(gP+i,RQ♯(–)). Corollary 4.3.20
implies that P +i,R Q is symmetric.

Since the shift operator is induced by the pushforward of a diffeomorphism, we
have Shi,R∗ /Dg = /DShi,R(g) so that /DgP+i,RgQ = /DgP +i,R /DgQ . It follows that

P +i,R Q− /DgP+i,RQ
= P +i,R Q− /DgP +i,R /DgQ = (P − /DgP ) +i,R (Q− /DgQ)

is a convex combination of two bounded operators and hence itself bounded.
Assume now that P and Q are invertible, then there are positive constants cP

and cQ respectively, such that ||Pσ||0 ≥ cP ||σ||0 and ||Qσ||0 ≥ cQ||σ||0. By Corollary
4.3.22 there is an R0, such that P+i,RQ is bounded from below for all R ≥ R0. Since
P +i,RQ is symmetric and differs from /DgP+i,RQ

by a bounded operator, P +i,RQ is
also self-adjoint and therefore invertible.

Finally, we are able to prove the main theorem of this section.

Proof of the Fibration Theorem 4.7.1. We need to show that every commutative
outer square

⊓n(i,ε) //

��

Ψ̃Dir
×
• (M)

��

□[n]•

::

// R̃•(M).
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has a dotted lift. In other words, for a given set of elements

{P(j,ω) ∈ Ψ̃Dir
×
n−1(M) : ∂ωj P(k,η) = ∂ηkP(j,ω) for j < k, (j, ω), (k, η) ̸= (i, ε)}

and a block metric g ∈ R̃n(M) such that gP(j,ω)
= ∂ωj g, we need to find a P ∈

Ψ̃Dir
×
n (M) such that ∂ωj P = P(j,ω) and gP = g. The problem is completely symmetric

in (i, ε), so we will assume that (i, ε) = (n, 1). Since Ψ̃Dir
×
• (M) is a Kan set, there

is a P̂ ∈ Ψ̃Dir
×
n (M) such that ∂ωj P̂ = P(j,ω). However, in general gP̂ ̸= g and

g∂1nP̂ = ∂1ngP̂ ̸= ∂1ng.
We will first modify P̂ such that the resulting invertible block Dirac operator P aux

additionally satisfies g∂1nP aux = ∂1ng. To this end, pick a smooth function χ : [−1, 1]→
[0, 1] that is identically 0 near −1 and identically 1 near 1. The map

γ : t 7→ (1− χ(t))g∂1nP̂ + χ(t)∂1ng

is a smooth curve γ : [−1, 1] → R̃n−1(M)∂1nP̂ ,R for some sufficiently large R > 0
because of the assumed compatibility conditions ∂ωj g∂εi P̂ = ∂ωj ∂

ε
i g for all (j, ω) ∈

{1, . . . , n− 1} × Z2.
The Path Lifting Proposition 4.7.8 applied to Q−1 := ∂1nP̂ and γ yield a smooth,

suspensionable curve of invertible block Dirac operators Q : [−1, 1]→ Ψ̃Dir
×
n−1(M),

constant near the boundary, such that gQ1 = ∂1ng. Extend it constantly to a smooth
map Q : R → Ψ̃Dir

×
n−1(M). By re-parametrising Q, if necessary, we may assume

that
Q̃ ..= susp(Q) = Qex + e/o⊠ ∂n ·

∂

∂xn

is an invertible operator on L2(M × Rn;Ssusp(γ)). By Proposition 4.7.17, there is a
sufficiently large R > 0 such that the block Dirac operator

P aux ..= Shn,2R∗(P̂ +n,R Q̃)

is invertible. Since the faces of Q are independent of the curve parameter, we have
∂ωj Q̃ = ∂ωj σn∂

1
nP̂ for all (j, ω) ̸= (n, 1). We conclude that ∂ωj (P aux) = ∂ωj P = P(j,ω).

By construction, ∂1n (P aux) = ∂1nQ̃ = Q1. Thus, P aux is an invertible block Dirac
operator that satisfies ∂ωj gP aux = ∂ωj g for all (j, ω) ∈ {1, . . . , n} × Z2.

Proceeding as before, the smooth curve

Γ: [−1, 1]→ R̃n(M)gPaux , t 7→ (1− χ(t))gP aux + χ(t)g

satisfies ∂ωj Γt = ∂ωj Γ−1 for all t ∈ [−1, 1] and all face maps. Apply the path-lifting
lemma to P aux and Γ to find a homotopy lift P of Γ. Since the homotopy between
Γ and gP is relative to the boundary, the operator Pfill ..= P1 is the desired filler.
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4.8 Operator Theoretic Addition
This section is the operator-theoretic analog to Section 3.4. We will prove a version
of the “angle rotation” for operators. Once this result is established, we deduce the
operator-theoretic analogs of the results of Section 3.4 from the pictures therein.
The construction also produces an underlying block metric g∠R that can be thought,
up to a shift, as the elongation of the resulting metric of the construction described
in Proposition 3.4.2. For the construction, recall the shift operator in the context of
spinor bundles from Section 4.7.

Proposition 4.8.1. Let n ≥ 1 and let P be a block Dirac operator with underlying
block metric g on M ×Rn whose core is contained in M ×ρIn. Then, for all R ≥ 1,
there is a block Dirac operator P∠

R on M × Rn+1 with underlying block metric g∠R
satisfying the following properties:

(i) The faces of P∠
R are given by

∂εi (P
∠
R ) =


σn+1∂

ε
iP, if i < n,

σn+1∂
ε
iP, if i ≥ n, ε = 1,

P, if i ≥ n, ε = −1.

(ii) If P is invertible, so is P∠
R for all sufficiently large R.

Proof. As in the proof of Proposition 3.4.2, let K be a compact, convex, point-
symmetric body inside I2 with smooth boundary ∂K that further agrees with I2

inside {|x1| ≤ 1/2} and {|x2| ≤ 1/2}. Let γ : [0, l] → ∂K ∩ R2
≥0 be the smooth

curve parametrised by arclength that satisfies γ(0) = e1, let v : [0, l] → R2 be the
normalised vector field that is perpendicular to γ′ and satisfies det(v, γ′) > 0, and
let κ be the curvature of γ. Recall that this sign convention implies v(0) = e1 and
that v′ = κγ′. Denote by γR, vR, and κR the corresponding objects obtained by
replacing K by R ·K.

Since K ∩ {|xj| ≤ 1/2} is a rectangle, we can form the elongation

K ..= K ∩ R2
≥0 ∪ {(x1, x2) ∈ R2 \ R2

>0 : x1 ∈ K or x2 ∈ K} ∪ R2
≤0

and extend γ, v, κ in a constant manner to smooth maps R→ R2. The same holds
true for R ·K and the rescaled analogs γR, vR, and κR.

The extended objects introduce coordinates on R2 \RK via

ΞR : (0,∞)× R→ R2 \RK
(r, φ) 7→ γR(φ) + r · vR(φ),

such that
(Ξ∗

R⟨·, ·⟩)(r,φ) = dr2 + (1 + rκR(φ))
2dφ2.

Now that we have recalled the required notation, we can start with the construc-
tion. In order to avoid case distinctions, we assume that the operator P is invertible
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to begin with. This is no restriction because each step in the construction can be
carried out without the invertibility assumption (of course, the resulting operator
then has no chance to be invertible).

We fix a lower bound cP for P that we assume to be smaller than 1. We abbrevi-
ate M×Rn−1 to N so that M×Rn = N×R (the last coordinate is the distinguished
one). For a fixed ρ′ > max{32/cP , ρ}, the operator Shn,2ρ(P ) restricts to N × R>0

and we denote the restriction with Q.
Define on N × R>0 × R (in ΞR-coordinates) the metric

(gR)(n,r,φ) ..= (Shr,2ρ′(g))(n,r) + (1 + rκR(φ))
2dφ2

and on SgR → N × R>0 × R the operator

PR ..= G(Shr,2ρ′(g)⊕ dφ2, gR)∗(Q⊠ id− /DShr,2ρ′g
⊠ id) + /DgR .

Note that (ΞR)∗(gR) = (Shn,2ρ′+R) (g) ⊕ dx2n+1 on N × ΞR((0, ρ
′) × R), so that

the metrics (ΞR)∗(gR) and ∂−1
n g ⊕ ⟨·, ·⟩R2 agree there. Since ρ′ > ρ, the operators Q

and /DShn,2ρ′∗g
decompose on N × (0, ρ′) into

Q = ∂−1
n P ⊠ id + e/o⊠ /D (0,ρ′) and /DShn,2ρ′∗g

= /D∂−1
n g ⊠ id + e/o⊠ /D (0,ρ′),

where /D (0,ρ′) denotes the Dirac operator of the Euclidean metric on (0, ρ′). Thus,
the operators (ΞR)∗(PR) and ∂−1

n P ⊠ id + e/o⊠ /DR2 restrict to N × ΞR((0, ρ
′)×R)

and agree there. They also act as derivations in r-direction, so we can glue these
operators together8. We define

P∠
R ..= Sh−(R+2ρ′)(en+en+1) ∗

(
∂−1
n P ⊠ id + e/o⊠ /DR2 ∪ ΞR,∗(PR)

)
with underlying metric g∠R ..= Sh−(R+2ρ′)(en+en+1) ∗(gR ∪ ∂−1

n g⊕ ⟨·, ·⟩R2) on M ×Rn+1.
Note that P∠

R ∈ ΨDO
1
(Sg∠R

) because the space ΨDO
1
(Sg∠R

) is local and P∠
R is

obtained from P by adding other pseudo differential operators (in the Atiyah-Singer
sense), tensoring it with the identity, and pushing operators forward with vector
bundle maps and diffeomorphisms.

The operator P∠
R is also a block operator of Dirac type. Indeed, its core is

contained inside M × (R + 5ρ′)In as one can check for sections that are either
supported within the union of N × R ·K and the gluing-strip N × ΞR((0, ρ

′)× R),
or supported outside of N ×R ·K separately.

The operator P∠
R is symmetric because PR acts on N× (0, ρ′)×R as a differential

operator in r-direction, so we can apply Corollary 4.3.20.
The operator (P − /Dg) ⊠ id induces a bounded operator on L2(Sg⊕dφ2), which

also implies that its principal symbol vanishes by Lemma B.0.24. Hence, PR differs
8That means that we are in setup of Definition 4.3.19 although we refrain from spelling out

the constants a and b explicitly. For the R in Definition 4.3.19, we choose R = 4/cP so that
2R < ρ′/2. For completeness, the remaining data is the following: The ambient manifold M of
Definition 4.3.19 is here M ×Rn+1, the separating hypersurface is N ×ΞR(ρ

′/2×R), the operator
P1 is ∂−1

n P ⊠ id + e/o⊠ /DR2 on N ×
(
RK ∪ ΞR((0, ρ

′)× R)
)
, and P2 is (ΞR)∗(PR)
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xn+1

x1 r

φ

ΞR

RK

∂−1
1 P ⊠ id + e/o⊠ /DR2

∂11P ⊠ id + e/o⊠ /DR2

PR

r = 2ρ′

∂−1
1 P

Sh2ρ′(P )

∂−1
1 P

Sh2ρ′(P )

∂−1
1 P

Sh2ρ′(P )

(0, 0) R (R + 2ρ′) r = 0

(R + 2ρ′, R + 2ρ′)

Figure 4.1: The construction of
(
∂−1
n P ⊠ id+e/o⊠ /DR2∪ΞR,∗(PR)

)
and PR. We need

to shift the operator towards −2ρ(en + en+1) so that the faces agree with the given
operator. The right strip shows PR in ΞR-coordinates although we did not draw the
Dirac operator summand.

from the Dirac operator of its underlying metric gR by a bounded operator and has
the same principal symbol as the Dirac operator of its underlying metric. The same
is true for ∂−1

n P ⊠ id + e/o⊠ /DR2 , so its also true for the union (ΞR)∗PR ∪ (∂−1
n P ⊠

id + e/o⊠ /DR2).
Visual reasons, see figure 4.1 and the fact that we modify the operator P ⊠ id

only in the last two coordinates imply that P∠
R has the faces as claimed. This proves

(i).
We will prove in Corollary 4.8.3 below that ||PRσ||0 ≥ cP/3||σ||0 ifR is sufficiently

large. It follows that (ΞR)∗(PR) is bounded from below on S(ΞR)∗(gR) → N×R2\R·K
with lower bound cP/3. Since ρ′ > 32/cP , Corollary 4.3.22 (with gluing strip length
4/cP ) applied to (ΞR)∗(PR) and ∂−1

n P ⊠ id + e/o⊠ /DR2 implies that P∠
R is bounded

from below by

c2P∠
R
= 1/4 ·min{c2(ΞR)∗(PR) − c2P/16, c∂−1

1 P − c
2
P/16}

= 1/4 · (c2(ΞR)∗(PR) − c2P/16)
≥ 1/4(1/9− 1/16)c2P > c2P/100.
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As P∠
R is a block Dirac operator, in particular self-adjoint, it is invertible, which

proves (ii).

Lemma 4.8.2. Using the notation from the proof of the previous proposition, the
operator D ..= G(gR, Shr,2ρ′(g)⊕ dφ2)∗( /DgR)− /DShr,2ρ′ (g)

⊠ id is given by

D = (1 + rκR)
−1∂φ ·

∂

∂φ
− 1

2
(1 + rκR)

−2r(∂φκR)∂φ · .

Proof. Abbreviate G(gR, Shr,2ρ′(g) ⊕ dφ2) to G. We need to express D in the co-
ordinates induced by ΞR. To this end, we fix a local (Shr,2ρ′(g)⊕ dφ2)-orthonormal
frame e1, . . . , en, en+1 such that e1, . . . , en are independent of φ and en+1 = ∂φ.

Recall the pre-gauge map τgR,Shr,2ρ′ (g)⊕dφ2 from Definition 4.1.20 and its induced
map Φ = ΦgR,Shr,2ρ′ (g)⊕dφ2 between the corresponding Clifford algebras. Define the
gR-orthonormal frame

fj ..= τShr,2ρ′ (g)⊕dφ2,gR(ej) =

{
ej, if j < n+ 1,

(1 + rκR)
−1∂φ, if j = n+ 1.

Recall from the proof of Lemma 4.1.32 the formula

G∗( /DgR) = pG∗( /DgR)− α
−1Φ(gradgRα)· ,

where
α2 = α2

gR,Shr,2ρ′ (g)⊕dφ2 =
dvolgR

dvolShr,2ρ′ (g)⊕dφ2

= (1 + rκR).

Differentiating α yields

dα =
1

2
(1 + rκR)

−1/2 (κRdr + r∂φκRdφ) .

hence, the gradient is given by

gradgR(α) = gradShr,2ρ′ (g)+(1+rκR)2dφ2(α)

=
1

2
(1 + rκR)

−1/2
(
κRgradShr,2ρ′ (g)

(r) + r(∂φκR) · (1 + rκR)
−2∂φ

)
so that the first summand is given by

α−1Φ(gradgRα) =
1

2
(1 + rκR)

−1
(
κRgradShr,2ρ′ (g)

(r) + r(∂φκR) · (1 + rκR)
−1∂φ

)
.

The determination of the second summand requires calculations of Christoffel
symbols. From [LM89, Theorem II.4.14] follows

pG∗( /DgR) = pG∗

(
n+1∑
i=1

fi · ∇
SgR
fi

)

=
n+1∑
i=1

ei · pG∗
(
∇SgR

)
fi

=
n+1∑
i=1

ei ·

(
∂fi +

1

2

∑
j<k

gR
f Γkijejek

)
,
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where gR
f Γkij are the Christoffel symbols for the Levi-Cevita connection of gR ex-

pressed in the local orthonormal frame f1, . . . , fn+1, and ∂fj is the usual partial
differential in fj-direction under the identification

Γc(M × Rn,SShr,2ρ′ (g)⊕⟨·,·⟩Rn ) = Γc(M × Rn,SShr,2ρ′ (g)
⊠ Cln,0)

∼= C∞c (Rn,Γ(M,SShr,2ρ′ (g)
)⊗ Cln,0).

We also denote fn+1 by fφ to emphasise the distinguished coordinate. The vector
fields f1, . . . , fn are independent of φ, so the commutator [fj, fφ] is given by

[fj, fφ] = [fj, (1 + rκR)
−1∂φ] = −(1 + rκR)

−1∂fj(r) · κR∂φ
= −(1 + rκR)

−1∂fj(r)κRfφ

The Koszul formula for the Christoffel symbols implies

gR
fΓ

k
ij =

Shr,2ρ′ (g)
eΓ

k
ij,

gR
fΓ

φ
ij =

gR
fΓ

k
φj = 0, and gR

fΓ
φ
φj = (1 + rκR)

−1κR∂fj(r).

Thus, the second summand is given by

pG∗( /DgR)− /DShr,2ρ′ (g)
⊠ id = pG∗

(
n+1∑
j=1

fj · ∇
SgR
fj

)
−

n∑
j=1

ej · ∇
SShr,2ρ′ (g)
ej

= ∂φ ·

(
∂fφ +

1

2

n∑
j=1

(1 + rκR)
−1κR∂fj(r)ej∂φ·

)

= (1 + rκR)
−1

(
∂φ ·

∂

∂φ
+

1

2
κRgradShr,2ρ′ (g)

(r)·
)
.

If we put everything together, we end up with

D = G∗( /DgR)− /DShr,2ρ′ (g)
⊠ id = (1 + rκR)

−1∂φ ·
∂

∂φ
− 1

2
(1 + rκR)

−2r(∂φκR)∂φ·

as claimed.

Corollary 4.8.3. Abbreviate G(gR, Shr,2ρ′(g)⊕ dφ) to G. For ρ̄ > 5ρ′, define Nρ̄ ..=
N × (0, ρ̄) × R. Then there is a constant C only depending on ρ̄ such that, on Nρ̄,
we have ∣∣∣∣G(gR, Shr,2ρ′(g)⊕ dφ2)∗(PR)−Q⊠ id− e/o⊠ /DR

∣∣∣∣
1,0
≤ C/R.

In particular, ||PRσ||0 ≥ cP/12||σ||0 for all sufficiently large R and all sections
supported within N × R>0 × R.

Proof. The previous lemma implies that

G∗(PR)−Q⊠ id− e/o⊠ /DR = D − ∂φ ·
∂

∂φ

= −(1 + rκR)
−1rκR∂φ ·

∂

∂φ
− 1

2
(1 + rκR)

−2r(∂φκR)∂φ · .



158 CHAPTER 4. THE OPERATOR CONCORDANCE SET

Since κR = 1/R · κ(–/R), we estimate the operator norm of D− ∂φ · ∂/∂φ on Nρ̄ as
follows∣∣∣∣∣∣∣∣D − ∂φ · ∂∂φ

∣∣∣∣∣∣∣∣
1,0

≤
∣∣∣∣∣∣∣∣ rκR
1 + rκR

∣∣∣∣∣∣∣∣
0,0

·
∣∣∣∣∣∣∣∣∂φ · ∂∂φ

∣∣∣∣∣∣∣∣
1,0︸ ︷︷ ︸

=1

+
1

2

∣∣∣∣∣∣∣∣ r(∂φκR)(1 + rκR)2

∣∣∣∣∣∣∣∣
0,0

≤ 1

R

∣∣∣∣∣∣∣∣r(κ ◦ (1/R))(1 + rκR)

∣∣∣∣∣∣∣∣
∞,Nρ̄

+
1

R2

∣∣∣∣∣∣∣∣r(∂φκ) ◦ (1/R)(1 + rκR)2

∣∣∣∣∣∣∣∣
∞,Nρ̄

≤ C(ρ̄)/R.

Since Q ⊠ id + e/o ⊠ /DR is a block Dirac operator, it satisfies the fundamental
elliptic estimate. This operator is further bounded from below by cP . By Lemma
4.3.13, we find a constant R0, only depending on Q, such that for all R > R0

the operators G∗(PR) and Q ⊠ id + e/o ⊠ /DR are sufficiently close on Nρ̄ such that
||G∗(PR)σ||0 > cP/3||σ||0 for all compactly supported sections inside of Nρ̄. The
gauge map G(gR, Shr,2ρ′(g)⊕dφ2) is a bundle map over the identity that induces an
isometry between the corresponding Hilbert spaces of square integrable spinors, so
the same holds for PR.

On N>5ρ′ ..= N ×R>5ρ′ ×R, the metrics gR and Shr,2ρ′(g)⊕ dφ2 decompose into

gR|N>5ρ′
= ∂1ng ⊕ Ξ∗

R⟨·, ·⟩ and Shr,2ρ′(g)|N>5ρ′
= ∂1ng ⊕ dr2 ⊕ dφ2

so that G(gR, Shr,2ρ′(g) ⊕ dφ2) = idN ⊠ G(Ξ∗
R⟨·, ·⟩, dr2 ⊕ dφ2). The operator Q

decomposes there into

Q|N>5ρ′
= ∂1nQ⊠ id + e/o⊠ /DR>5ρ′

.

Tracing through the definitions now yields

G∗(PR) = (Q− /DShr,2ρ′ (g)
)⊠ idR + G∗( /DgR)

= ∂1nQ⊠ idR>5ρ′×R + e/o⊠ G(Ξ∗
R⟨·, ·⟩, dr2 ⊕ dφ2)∗

(
Ξ∗
R( /DR2)

)
,

from which we deduce that G∗(PR)2 ≥ c∂n1 P id is uniformly positive. Hence G∗(PR)
is bounded from below with lower bound c∂n1 P . By choosing the difference ρ̄ −
5ρ′ sufficiently large, we can apply Corollary 4.3.22 to deduce that ||G∗(PR)σ||0 ≥
cP/12||σ||0 for all compactly supported sections σ inside N ×R>0×R, which proves
the addendum.

Operator Theoretic Addition on the Operator Concordance Set

Since Ψ̃Dir
×
• (M) is a Kan set, the (combinatorial) homotopy groups are well-defined

and carry a combinatorical group structure. This group structure is formally defined
through the Kan condition and, as we do not keep track of the fillers, the group struc-
ture is only defined on homotopy classes. We have constructed several geometric
group structures on πn(R̃+

• (M)) in subsection 3.4 that almost work on the level
of representatives. The analogous operations for invertible block Dirac operators
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have already been introduced in Definition 4.7.16. Recall that, for two invertible
block operators P , Q ∈ Ψ̃Dir

×
• (M) with ∂1jP = ∂−1

j Q whose cores are contained in
M × ρIn, the operator

P +j,R Q ..= Shj,R(P )|{xj≤0} ∪ Shj,R(Q)|{xj≥0}

is a block Dirac operator over the block metric

gP+j,RQ
..= Shj,R(gP )|{xj≤0} ∪ Shj,R(gQ)|{xj≥0}

= gP +j,R gQ

for all R > ρ. If R is sufficiently large, then the resulting block Dirac operator is
also invertible.

The next theorem is the operator-theoretic analogue of Theorem 3.4.4.

Theorem 4.8.4. There are n-many group structures on πn(Ψ̃Dir
×
• (M)) that are

defined as follows: If P,Q are representatives of [P ], [Q] ∈ πn(Ψ̃Dir
×
• (M)) and if R

is sufficiently large, then we set

[P ] +j [Q] ..= [P +j,R Q].

If rj denotes the reflection at the hyperplane {xj = 0}, then the inverse element
of [P ] for +j is given by [r∗jP ]. The structures are Eckmann-Hilton related to each
other. Furthermore, +1 agrees with the group structure from cubical set theory.

Proof. The entire proof is completely analogous to the proof of Theorem 3.4.4 except
for a small technical nuisance in the proof that +j,R is independent of R.

For two operators P,Q, let R0 < R1 be sufficiently large such that P +j,Rk
Q is

defined. We would like to construct a concordance between them.
If χ : R → [0, 1] is a smooth function with χ|R≤−1 = 0 and χ|R≥S

= 1 with
|χ′| ≤ /1/S and |χ′′| ≤ 4/S2, then P +j,Rχ Q is a path over gP +j,Rχ gQ joining
P +j,R0 Q and P +j,R1 Q.

If susp(P +j,Rχ Q) were an element in ΨDO
1
(Ssusp(gP+j,RgQ)), then, provided S

is sufficiently large, the operator susp(P +j,Rχ Q) would be an invertible block Dirac
operator and, hence, serve as a concordance. We cannot apply Theorem B.0.29
directly to the curve P +j,Rχ Q, so we have to employ the following “Swiss army
knife trick”: Consider the diffeomorphisms Shj,±2Rχ on Rn+1 given by

Shj,Rχ : x 7→ x+
(
(1− χ(xn+1))R0 + χ(xn+1)R1

)
· ej.

Theorem B.0.28 implies that P ⊠ id ∈ ΨDO
1
(SgP⊕dx2n+1

) and similarly Q ⊠ id ∈
ΨDO

1
(SgQ⊕dx2n+1

). It follows that Shj,−Rχ(P ⊠ id) ∈ ΨDO
1
(SShj,Rχ (g)+dx2n+1

). A

similar result holds for Shj,Rχ(Q⊠ id). Since ΨDO
1 is local, we conclude that

Shj,−Rχ(P ⊠ id) ∪ Shj,Rχ(Q⊠ id) ∈ ΨDO
1
(Ssusp(gP+j,RχgQ))

and hence susp(P +j,RχQ) ∈ ΨDO
1
(Ssusp(gP+j,RχgQ)) because the difference between

the two operators is a differential operator.
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Index Additivity for Block Dirac Operators

As an application of Proposition 4.7.17, we prove an additivity formula for the
Fredholm index of a block Dirac operator with invertible faces. There are several
theorems of this kind in the existing literature, see [BBW93], [Bun95], [BERW17].
The new features of our version is that it works for pseudo differential operators
and, more importantly, for separating hypersurfaces that are non-compact.

Although Bunke [Bun95] was the first who proved such an additivity theorem,
we follow in notation and strategy [BERW17].

For α ∈ {0, . . . , 3}, let Pα ∈ Ψ̃Dirn(M) be block Dirac operators with underlying
block metrics gα. For a fixed but arbitrary i ∈ {1, . . . , n}, assume that ∂1i Pα = ∂−1

i Pβ
for (α, β) ∈ {(0, 1), (2, 3), (0, 3), (2, 1)} (this implies that the corresponding faces of
the underlying metrics agree) and that all other faces are invertible. Let R0 be a
positive number such that the cores of all Pj lie in the interior of M × R0I

n. For
all R > R0 define Pαβ,R ..= Pα +R,i Pβ. These are block Dirac operators over Sgαβ,R

,
where gαβ,R = gα +R,i gβ.

Theorem 4.8.5 (Index Additivity). There is an R1 > R0 such that, for all R >
R1, the block Dirac operators Pαβ,R have invertible faces and hence are unbounded
Fredholm operators. Their indices are independent of R, and, moreover, they satisfy
the following additivity formula:

index(P01) + index(P23) = index(P03) + index(P21) ∈ KO−(d+n)(pt). (4.9)

Proof. Since the face operators commute with the gluing construction, we find, by
Corollary 4.3.22, a sufficiently large R1 such that Pαβ,R has invertible faces for all
R > R1. Proposition 4.3.7 implies that Pαβ,R is a Fredholm operator.

The assignment

s 7→ G(gαβ,(1−s)R1+sR2 , gαβ,R1)∗ ◦ Pαβ,(1−s)R1+sR2 ◦ G(gαβ,R1 , gαβ,(1−s)R1+sR2)∗

is a path of unbounded Fredholm operators between Pαβ,R1 and an operator that
is unitarily equivalent to Pαβ,R2 . Since the index is invariant under homotopy and
unitary equivalence, we have index(Pαβ,R1) = index(Pαβ,R2).

In the following, we will drop the suffix R from the Hilbert spaces and operators
if it does not lead to confusion. Set Hαβ ..= L2(Sgαβ

). Let Hop
αβ be the opposite

Clifford module with Clifford action −r, the negative of the canonical right action,
and equipped with the opposite grading −e/o. The operator P op

αβ is the “same” as
Pαβ, but acting on Hop

αβ.
By [Ebe17, Lemma 2.20] the claimed formula is equivalent to

index(P01) + index(P23) + index(P op
03 ) + index(P op

21 ) = 0. (4.10)

The left hand side can be written as the index of a single operator P . Indeed, let
H = H01 ⊕H23 ⊕H03 ⊕H21 with Clifford action r and grading ι be given by

r =


r01

r23
−r03

−r21


,

ι =


e/o01

e/o23
−e/o03

−e/o21


.
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The operator P is then given by

P =


P01

P23

P03

P21


.

For later purpose, we merge the Sobolev spacesH1 ..= H1
01⊕H1

23⊕H1
03⊕H1

21 ⊆ H.
Pick λ0, µ0 : R → R with suppλ0 ⊆ R≥−1, suppµ0 ⊆ R≤1 and λ20 + µ2

0 = 1. We
may assume that |λ′0|, |µ′

0| ≤ 1. Define λR, µR : Rn → R by λR(x) = λ0(R
−1xi) and

µR(x) = µ0(R
−1xi). The operator

J0 ..=


−µR −λR
−λR µR

µR λR
λR −µR


is a well-defined operator on H = HR because, for example, for the upper right
corner, the restrictions agree

Sg21|supp λR = Sg1 |suppλR = Sg01|suppλR

and we can use these identities to transplant section from H21 to H01. Similar results
hold for the other entries.

The operator J ..= J0ι is then a self-adjoint, Clifford-linear, odd (with respect
to ι), and bounded involution in Fredd+n,0(H). Note that, for algebraic reasons,
J cannot be essentially positive or essentially negative. To verify equation (4.10),
it is enough to find a path in Hom(H1, H) between P and J that take values in
unbounded, self-adjoint, odd, Clifford-linear Fredholm operators. We claim that
such a path is given by

Ps : [0, π/2]→ Hom(H1, H), s 7→ cos(s)P + sin(s)J.

Clearly, each Ps is self-adjoint, odd, Clifford-linear. It remains to show that Ps is a
Fredholm operator, provided R is sufficiently large.

The anti-commutator of P and J is the operator

{P, J} ..= PJ + JP =


−µ′

R −λ′R
−λ′R µ′

R

µ′
R λ′R
λ′R −µ′

R

 ι∂xi
because λR and µR are locally constant away from {−R < xi < R}, and P acts
as a differential operator in xi-direction on the strip {−R < xi < R}. It is a
bounded operator and, by increasing R, we may choose its operator norm to be
arbitrarily small (but positive). However, if n > 1, the anti-commutator is not
compact anymore, and this is the very reason why we now need to deviate from the
proof presented in [BERW17].
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The proof that Ps is Fredholm is similar to the proof of Proposition 4.3.7. How-
ever, Ps is not a block Dirac operator and mixes sections of different bundles, so
we cannot formally deduce the Fredholm property from Proposition 4.3.7. However,
due to the similarities, we will not repeat every detail.

Let us fix some notation: An element u ∈ H can be thought as a tuple with
entries uαβ ∈ Hαβ and we will not notionally distinguish a vector with a single
non-zero entry from its entry.

We have, for all u ∈ H1, the equation

||Psu||20 = cos(s)2||Pu||20 + sin(s)2||u||20 + cos(s) sin(s)⟨{P, J}u, u⟩ (4.11)

and analogously

||Psuαβ||20 = cos(s)2||Pαβuαβ||20 + sin(s)2||uαβ||20 + cos(s) sin(s)⟨{P, J}uαβ, uαβ⟩.

If uαβ is supported within {ωxj > R} such that Pαβ decomposes there, then we
have, by the invertibility of ∂ωj Pαβ, the estimate

||Psuαβ||20 ≥ c(j, ω)2 cos(s)2||uαβ||21 + sin(s)2||uαβ||20 + cos(s) sin(s)⟨{P, J}uαβ, uαβ⟩
≥
(
c(j, ω)2 − ||{P, J}||0,0

)︸ ︷︷ ︸
>0

||uαβ||21

because the constant 1 > c(j, ω) can be chosen independently of R, see Corollary
4.3.22.

Assume now that uαβ is contained in a fixed compact neighbourhood K whose
interior containes the core of Pαβ. For s ∈ [0, π/2), the classical elliptic estim-
ate Lemma 4.3.2 and the relation between ||Psuαβ||20 and ||Pαβuαβ||20 described by
equation (4.11) yield

||uαβ||21 ≤ C
(
||uαβ||20 + ||Pαβuαβ||20

)
= C

(
||uαβ||20 + cos(s)−2||Psuαβ||20 − tan(s)−2||uαβ||20
− tan(s)⟨{P, J}uαβ, uαβ⟩

)
≤ cos(s)−2(1 + ||{P, J}||0,0) · C(||uαβ||20 + ||Puαβ||2).

We now use the partition of unity {ϕl}l∈L from Lemma 4.3.3 to patch these
inequalities together. As in the proof of Proposition 4.3.7, we have

||u||21 =
∑
αβ

||uαβ||21 ≤ (2n+ 1)
∑
αβ

∑
l∈L

||ϕluαβ||21

≤ (2n+ 1)
∑
αβ

Cαβ,0(s)(||ϕ0uαβ||20 + ||Psϕ0uαβ||20) +
∑
L\0

Cαβ,l(s)||Psϕluαβ||20


≤ C(s)

∑
αβ

(
||ϕ0uαβ||20 + ||Psuαβ||20 +

∑
L

||[Ps, ϕl·]uαβ||20

)

= C(s)

(
||Psu||20 + ||ϕ0u||20 +

∑
L

||[Ps, ϕs·]u||20

)
.
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Since [Ps, ϕl·] = cos(s)[P, ϕl·] = cos(s)grad(ϕl)· we end up with

||u||21 ≤ C(s)

(
||Psu||20 + ||ϕ0u||2 +

∑
L

||grad(ϕl) · u||20

)
.

As before, the operators ϕ0· and grad(ϕl)· are compact operators because block
matrices of compact operators are compact operators. Lemma 4.3.8 now yields that
Ps has closed image and finite dimensional kernel. Since Ps is self-adjoint, it must
be Fredholm.

In conclusion, s 7→ Ps is a continuous path between P0 and the invertible operator
J = P1. Homotopy invariance of the index implies index(P ) = index(J) = 0 and
the theorem is proven.

As in [GL83], we deduce the following consequence.

Corollary 4.8.6. Let (Md, g0) be a closed spin manifold such that /Dg0 is invertible
and let χ : R → [0, 1] with χ(t) = 0 for t ≪ 0 and χ(t) = 1 for t ≫ 0. The index
difference map πn(Ψ̃Dir

×
• (M))→ KO−(d+n+1)(pt) given by

P 7→ index
(
χ · susp(G(gP , gχ)∗P ) + (1− χ) · /Dsusp(gχ)

)
,

where gχ = χ · gP + (1− χ)(g0 ⊕ ⟨·, ·⟩Rn) is the interpolating block map of Rieman-
nian metrics, is a well-defined map, in particular, independent of the interpolation
function χ. Furthermore, the index map is a well-defined group homomorphism.
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4.9 Comparison to real K -Theory

After the effort we have made to construct Ψ̃Dir
×
• (M) and to prove several properties

of it, we would like to know whether it is a classifying space for real K-theory.
Fortunately, this is the case, so we can give a precise formulation of Theorem B:

Theorem 4.9.1. Let (Md, g0) be a spin manifold such that /Dg0 is an invertible
operator. Then the suspension

ΨDir×• (M) B•?
_incl

≃
oo susp• // Ψ̃Dir

×
• (M)

is a weak homotopy equivalence.

Since the canonical map Ψ̃Dir
×
• (M) → R̃•(M) is a Kan fibration and the base

space is combinatorially contractible, it suffices to show that the restriction to the
fibre

ΨDir×• (M)g0 B•,g0
? _incl

≃
oo susp• // Ψ̃Dir

×
• (M)g0

is a weak homotopy equivalence.
The proof will be carried out in two steps. The first step is to compare the

two different cubical sets of invertible pseudo Dirac operators to KK-theory. More
precisely, we will construct a diagram

πn(ΨDir×• (M)g0)
∼= //

πn(susp•) ��

KK(Cl0,d, C0(Rn+1))

τCl0,n+1
(–)♯αn+1∼=

��
πn(Ψ̃Dir

×
• (M)g0) // KK(Cl0,d+n+1,R)

(4.12)

We will show in Theorem 4.9.9 below that the diagram commutes, from which we
deduce that πn(susp•) is injective.

The second step is to show that πn(susp•) factors as follows:

πn(ΨDir×• (M)g0)
� � // KO−(d+n+1)(pt) // // πn(Ψ̃Dir

×
• (M)g0).

If n ≥ 1, then these maps are group homomorphisms, so, as all KO-theory groups
are cyclic, πn(susp•) must also be a surjective map. If n = 0, we show surjectivity
of π0(susp•) “by hand”.

The idea to compare πn(susp•) against KK-theory is inspired from the PhD
thesis of Lukas Buggisch [Bug19], where he shows that the index difference of Hitchin
and Gromov-Lawson agree in the context of higher index theory. More precisely, he
establishes, for all smooth, closed manifolds X, a commutative diagram

[X,Riem+(M)]
inddifH //

inddifGL ++

KK
(
Cl0,d, C0(R×X,C∗π1(M))

)
τCl0,1

(–)♯α1

��
KK

(
Cl0,d+n+1, C(X,C∗π1(M))

)
.
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Unfortunately, his results and proofs do not allow an inductive treatment. Further-
more, some of the proofs there rely on properties of the Dirac operator that do not
carry over to general pseudo Dirac operators, like the Lichnerowicz formula. This is
the reason why we present a complete proof.

Kasparov KK-groups

We recall the basic facts of KK-theory that are needed for our proof. We refrain
from giving all details as they can be found, for example, in [Kas80] and [Bla98].

For separable, graded C∗-algebras A,B (real, Real, or complex) the abelian group
KK(A,B) is defined as the set of homotopy classes of Kasparov (A-B)-modules
(E, ρ, F ). Recall that a Kasparov module consists of a graded, separable Hilbert
B-right-module E, a graded ∗-homomorphism ρ : A → LinB(E) into the space of
adjoinable, continuous B-right linear endomorphism of E, and an odd operator
F ∈ LinB(E) that satisfies the following identities modulo compact operators:

ρ(a)(F − F ∗) ≡ 0, ρ(a)(F 2 − id) ≡ 0, [ρ(a), F ] ≡ 0 mod KB.

Here, KB is the set of B-compact operators, which is defined as the closed linear hull
of all θe1,e2 ..= e1 · (–, e2) for all ej ∈ E. Recall further that a homotopy between two
Kasparov (A-B)-modules (E0, ρ0, F0) and (E1, ρ1, F1) is a Kasparov (A-C([0, 1], B))-
module that, up to unitary equivalence, restricts to the given ones.

These groups generalise real K-homology and real K-theory of C∗-algebras in
the sense that

KOd(A) ∼= KK(A⊗ Cl0,d,R) and KOd(A) ∼= KK(R, A⊗ Cl0,d).

In fact, Kasparov proved that the groups KK(A⊗Clp1,q2 , B ⊗Clp2,q2) only depend
on d = (p1 − q2) − (q1 − p2), see [Kas80, Theorem 5.4], and that the canonical
homomorphism

τClp,q : KK(A,B)→ KK(A⊗ Clp,q, B ⊗ Clp,q),
[E, ρ, F ] 7→ [E ⊗ Clp,q, ρ⊗ id, F ⊗ id]

is an isomorphism [Kas80, Proof of Theorem 5.2].
The connection to our set up is provided by the following isomorphism

[Rn+1 ∪ {∞}, {∞}; Fredd,00 (H), GL0(H)]→ KK(Cl0,d, C0(Rn+1))

F 7→ [C0(Rn+1, H), ρ̌, F ],

see [Ebe17, App. A]. Here, H is a graded, ample Hilbert Cld,0-right-module with
right action ρ and grading ι. The Cl0,d left-action ρ̌ is the unique one that is defined
on the level of vectors by ρ̌(v) = ρ(v) ◦ ι. The space Fredd,00 (H) is the weakly
equivalent subspace consisting of all operators with F 2 − id compact and GL0(H)
is the subspace of involutions [Ebe17, App. A].

For later purposes, it will be useful to describe an explicit isomorphism between
KK(Cl0,p,R) andKO−p(pt). Let M̂r,s be the abelian monoid of isomorphism classes
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of finitely generated, graded Clr,s-modules. Recall that the monoids M̂r,s and M̂s,r

are canonically isomorphic. Indeed, if ρ : Clr,s → End(W, ι) is a graded algebra
homomorphism, where ι is the grading, then the map Rr,s ∋ v 7→ ρ(v) ◦ ι extends
to a graded algebra homomorphism ρ̌ : Cls,r → End(W, ι). The assignment ρ 7→ ρ̌
provides an example of this isomorphism.

Recall that KO−p(pt) ∼= M̂p,0/incl
∗M̂p+1,0

∼= M̂0,p/incl
∗M̂0,p+1. The first iso-

morphism can be found in [LM89, Section 1.9] or [EH21], the second one is induced
by the isomorphism just constructed.

Lemma 4.9.2. The map

KK(Cl0,p,R)→ KO−p(pt) given by [E, ρ, F ] 7→ [ker(F )]

is an isomorphism.

Proof. We may assume that F is self-adjoint and graded-commutes with Cl0,p, see
[Bla98, Section 17.4]. Since Cl0,p is a unital algebra, the identity

ρ(1) · (F 2 − id) = (F 2 − id) ≡ 0 mod KCl0,p

implies that F is a Fredholm operator. The kernel is therefore a finite-dimensional
Cl0,p-module.

To see that the map is well-defined, we work with KKoh(Cl0,p,R) instead of
KK(Cl0,p,R). The former group is the group of equivalence classes of Kasparov
modules of the equivalence relation generated by operator homotopy and by adding
degenerate KK-modules. Recall that an operator homotopy is a Cl0,p-C([0, 1],R)-
module (E, ρ, Ft), where the Hilbert space E and the representation ρ are independ-
ent of t ∈ I. The canonical map KKoh(Cl0,p,R)→ KK(Cl0,p,R) is an isomorphism,
see [Bla98, p.148].

The operators of degenerate modules have trivial kernel, and two operator homo-
topic operators F0, F1 represent the same element in M̂0,p/incl

∗M̂0,p+1, see [LM89,
Theorem III.10.8]. In conclusion, the map is well-defined.

The map clearly surjective: Each element [M,ρ] is the image of [M,ρ, 0] + xdeg
(the degenerate module xdeg is needed to assure that our Hilbert space is ample).

To see that the map is also injective, assume that the Cl0,p-module structure
on ker(F ) extends to a Cl0,d+1-module structure. If prker(F ) : E → ker(F ) denotes
the orthogonal projection onto the kernel, then it is easy to check that [E, ρ, F +
ρ(en+1) ◦ prker(F )] is a degenerate Kasparov module. Furthermore, [E, ρ, Ft] with
Ft ..= F + tρ(en+1) ◦ prker(F ) is an operator homotopy between these two Kasparov
modules. Thus, [E, ρ, F ] already represents the zero element in KK(Cl0,p,R), so
the map is injective.

The advantage of Kasparov’s KK-groups is the existence of a Kasparov product,
which is a bilinear pairing

♯D : KK(A1, B1 ⊗D)⊗KK(A2 ⊗D,B2)→ KK(A1 ⊗ A2, B1 ⊗B2).
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There are elements

αn = [L2(Rn, Cln,0), ř, /DRn(1 + /D
2
Rn)−1/2] ∈ KK(C0(Rn, Cl0,n),R) = KOn(Rn)

and

βn = [C0(Rn, Cl0,n), λ,
λ(x)

(1 + ||x||2)1/2
] ∈ KK(R, C0(Rn, Cl0,n)) = KO−n(Rn),

where λ denotes left multiplication, that satisfy

αn♯βn = 1 ∈ KK
(
C0(Rn, Cl0,n), C0(Rn, Cl0,n)

)
and βn♯αn = 1 ∈ KK(R,R).

A detailed proof for the complex case with n = 1 can be found in [CELY17, p.99-
105]. The real case for each n can be reduced to the cited one because the Kasparov
product commutes with complexification [Kas80, Theorem 4.4.2] and the complexi-
fied elements αC

n = αC
1 ♯C . . . ♯Cα

C
1 as well as βC

n = βC
1 ♯C . . . ♯Cβ

C
1 , see [Kas80, p.546-

547]. Kasparov proved that

(–)♯αn : KK(A,B ⊗ C0(Rn;Cl0,n))→ KK(A,B)

is an isomorphism9, [Kas80, Theorem 5.7].
In general, it is hard to compute Kasparov products. To reduce this difficulty, we

will use unbounded Kasparov modules introduced by Baaj and Julg [BJ83], which
we refer to as spectral triples following the convention of [CMR07].

Definition 4.9.3. Let A and B be separable, graded, real C∗-algebras. An A-B
spectral triple (E, ρ,D) consists of a graded Hilbert B-right module E, together with
a graded ∗-homomorphism ρ : A→ LinB(E) into the set of continuous, adjoinable,
B-right linear operators, and an odd, self-adjoint and regular B-right linear map D
that satisfies:

(1) The graded commutator [ρ(a), D] extends to a bounded operator for all ele-
ments a in a dense subset of A.

(2) The operator ρ(a)(1 +D2)−1 is compact10 for all a ∈ A.

A homotopy between two A-B spectral triples (Ej, ρj, Dj) with j = 0, 1 is an A-
C([0, 1];B) spectral triple (E, ρ,D) that restricts to given ones. We will simply use
the term spectral triple if the C∗-algebras A and B are clear from the context and
denote the set of homotopy classes of all spectral triples by Ψ(A,B).

Baaj and Julg proved that the bounded transform

b : Ψ(A,B)→ KK(A,B) given by (E, ρ,D) 7→
(
E, ρ,D/(1 +D2)1/2

)
is surjective [BJ83]. The following result of Kucerovski gives a sufficient criterium
for a spectral triple to represent a Kasparov product.

9Here, we applied the Kasparov product with D = C0(Rn;Cl0,n), and A2 = B2 = R.
10Compact in the Hilbert C∗-module sense, i.e., ρ(a)(1 +D2)−1 ∈ KB ⊂ LinB(E)
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Theorem 4.9.4 ([Kuc97, Lemma 10, Theorem 13]). Let (E1, ρ1, D1) ∈ Ψ(A,C) and
(E2, ρ2, D2) ∈ Ψ(C,B) be two spectral triples. Assume E = (E1⊗ρ2E2, ρ1⊗ id, D) ∈
Ψ(A,B) satisfies the following properties:

(i) For all x in a dense subset of ρ1(A)E1 of pure degree, the operators

DTx − (−1)deg(x)TxD2 and D2T
∗
x − (−1)deg(x)T ∗

xD

extend to bounded operators, where Tx ..= x⊗ (–).

(ii) domD ⊆ domD1.

(iii) There is a c ∈ R such that

⟨Dx, (D1 ⊗ρ2 id)x⟩B + ⟨(D1 ⊗ρ2 id)x,Dx⟩B ≥ c⟨x, x⟩A

for all all x ∈ domD.

Then the Kasparov module (E1⊗ρ2E2, ρ1⊗id, D/(1+D2)1/2) represents the Kasparov
product of (E1, ρ1, D1/(1 +D2

1)
1/2) and (E2, ρ2, D2/(1 +D2

2)
1/2).

Construction of the comparison maps

We will obtain the horizontal maps in diagram (4.12) by constructing spectral triples.
First, recall that a dice function adapted to ρ > 0 is a function

diceρ : Rn → R≥0

that ∂jdiceρ(x) ̸= 0 only if |xj| > ρ. We may choose (and do so) the function to
be proper, to vanish near the origin, and to have a bounded total differential, see
Section 3.2 for a construction.

Construction of πn(ΨDir×• (M)g0)→ Ψ(Cl0,d, C0(Rn+1)):
Pick a smooth function χ : R → [0, 1] with χ(t) = 1 for t ≫ 0 and χ(t) = 0 for
t ≪ 0. For a given element P ∈ Ωn

/Dg0

(ΨDir×• (M)g0), which is a smooth block map

P : Rn → ΨDir×(M)g0 that restricts to /Dg0 outside of ρIn for some ρ > 0, define
the block map

Q : Rn+1 = Rn × R→ ΨDir×(M)g0 via (x, t) 7→ χ(t)P + (1− χ(t)) /Dg0 .

For the chosen ρ, define

h = hρ : Rn+1 → R≥1 via x 7→ (1 + diceρ(x)
2)1/4.

Lemma 4.9.5. Let r be the canonical Cld,0-right action on Sg0 and let ř be the in-
duced Cl0,d-left action. The triple (C0(Rn+1, L2(M,Sg0)), ř, hQh) is a Cl0,d-C0(Rn+1)
spectral triple.
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Proof. The canonical isomorphism

L2(Sg0)⊗R C0(Rn+1) ∼= C0(Rn+1;L2(Sg0)) induced by f ⊗ σ 7→ f · σ,

where C0(Rn+1) is trivially graded, identifies the right hand side as a Hilbert Cl0,d-
C0(Rn+1)-bimodule.

Considered as an operator on C0(Rn+1, L2(Sg0)), the block map hQh is self-
adjoint as a C0(Rn+1)-right linear map because it is point-wise self-adjoint.

The operator-valued map Q is Cld,0-right linear, so it graded commutes with the
associated Cl0,d-left action. Indeed, it suffices to prove it for vectors Rd ⊆ Cl0,d,
which is easily calculated

Q ◦ ř(v) = Q ◦ r(v) ◦ e/o = r(v) ◦Q ◦ e/o
= −r(v) ◦ e/o ◦Q = −ř(v) ◦Q.

Thus, the first condition of a spectral triple is satisfied.
Since Q is a block map that takes values in invertible operators outside a compact

subset of Rn+1, there is a cQ > 0 such that ||Qxσ||20 ≥ c2Q||σ||20 for all σ ∈ L2(Sg0)
and all x in the complement of this compact subset. Together with hQ = Qh, this
implies

(hQh)2 = h4Q2 = (1 + diceρ(x)
2)Q2 ≥ c2Q(1 + diceρ(x)

2)

for all x outside the given compact subset. Since the manifold M is closed and
since hQh : Rn+1 → ΨDO1(Sg0) takes values in elliptic operators, (1 + hQh)−1

is a (norm-)continuous map of compact operators that vanishes near ∞ by the
previous inequiality. Thus, (1 + hQh)−1 is a C0(Rn+1)-compact operator, so the
second condition of a spectral triple is also satisfied.

Different choices yield homotopic spectral triples11, so we get a well-defined map

πn(ΨDir×• (M)g0)→ Ψ(Cl0,d, C0(Rn+1)) given by [P ] 7→ [hQh].

Lemma 4.9.6. The composition with the bounded transform

πn(ΨDir×• (M)g0) // Ψ(Cl0,d, C0(Rn+1)) b // KK(Cl0,d, C0(Rn+1))

is an isomorphism if n ≥ 1 and a bijection if n = 0.

Proof. Abbreviate Rn+1∪{∞} to Sn+1 and Fredd,0(L2(Sg0)) to Fredd. Consider the
following diagram

[Sn+1, {∞}; Fredd0, GL0]
∼= //

� _

incl
��

KK(Cl0,d, C0(Rn+1))

πn(ΨDir×• (M)g0) P 7→b(Q)
//

P 7→b(hQh)
33

[Sn+1, {∞}; Fredd, GL].

11to spell it out: Different choices of diceρ, the representative P of [P ], and the interpolating
path between P and /Dg0 can be joined by paths and these paths produce operator homotopies of
spectral triples.
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The inclusion induces a bijection on homotopy classes by a spectral deformation
argument, see [Ebe17, Appendix A] or Atiyah-Singer [AS69, p.12]. The lower ho-
rizontal map represents the index difference, see Theorem 4.1.41, so it is also an
isomorphism, respectively, a bijection. Lastly, the upper horizontal map is an iso-
morphism that is nicely described in [Ebe17, Appendix A]. If H = (H, ρ, ι) is a
Hilbert space with an ample Cld,0-right action ρ and grading ι, then the map is
given by(
F : (Sn+1,∞)→ (Fredd,0, GL0)

)
7→

(
C0(Rn+1, H), ρ̌, F

)
∈ Ψ(Cl0,d, C0(Rn+1)).

From this description, it is easy to see that the composition agrees with the com-
position from the statement.

It remains to prove that the diagram commutes. Since h and Q commute and h
is a positive function, the operators Q and hQh have the same kernel and the same
positive and negative subspace. Functional calculus now implies that

s 7→ sb(Q) + (1− s)b(hQh)

is a homotopy between incl ◦ b(Q) and b(hQh) with values in Fredholm operators
because the kernel is independent of s and finite dimensional.

Construction of πn(Ψ̃Dir
×
• (M)g0)→ Ψ(Cl0,d+n+1,R):

Pick a smooth function χ : R→ [0, 1] that satisfies χ(t) = 1 for t≫ 0 and χ(t) = 0

for t ≪ 0. For each element P ∈ Ωn
g0
Ψ̃Dir

×
• (M)g0 , we define a block map of block

Dirac operators

Q : R→ Ψ̃Dirn(M)g0 by t 7→ χ(t)P + (1− χ(t)) /Dg0⊕⟨·,·⟩Rn .

Its suspension

susp(Q) = χ ◦ prn+1 · P ex + (1− χ ◦ prn+1) · /Dg0⊕⟨·,·⟩Rn + ∂xn+1 ·
∂

∂xn+1

is a block Dirac operator on Sg0⊕⟨·,·⟩Rn+1 →M ×Rn+1. For ρ > 0 such that the core
of susp(Q) is contained in ρIn+1, define the function

h ..= hρ ..= (1 + dice2ρ)
1/4 : Rn+1 → R.

The action ř turns L2(M × Rn+1;Sg0⊕⟨·,·⟩) into a Hilbert Cl0,d+n+1-R-bimodule
on which hsusp(Q)h acts as an odd, symmetric, unbounded operator whose domain
is the dense subspace of all compactly supported smooth sections.

Lemma 4.9.7. The triple (L2(M × Rn+1,Sg0⊕⟨·,·⟩), ř, hsusp(Q)h) is a Cl0,d+n+1-R
spectral triple.

Proof. We need to show that

(o) the closure of operator hsusp(Q)h is self-adjoint,
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(i) that the graded commutator [ř(v), hsusp(Q)h] extends to a bounded operator
for all v ∈ Cl0,n+d+1, and

(ii) that ř(v)(1 + (hQh)2)−1 is compact for all v ∈ Cl0,n+d+1.

The prove of (o) is similar to the proof of [HR00, Proposition 10.2.10]: Since
susp(Q) decomposes outside of ρIn+1, it acts as differential operator on diceρ and
h = hρ. Thus,

[hsusp(Q)h, log(1 + diceρ)] = [h2susp(Q), log(1 + diceρ)] + [grad(h)·, log(1 + diceρ)]

= h2[susp(Q), log(1 + diceρ)]

= h2grad(log(1 + diceρ))·
= (1 + dice2ρ)

1/2(1 + diceρ)
−1grad(diceρ) · .

We chose diceρ to be proper and to have bounded derivative, so the commutator
[hsusp(Q)h, log(1+diceρ)] extends to a bounded operator. With the help of log(1+
diceρ) we find smooth functions φn : M ×Rn+1 → [0, 1] such that φn → 1 uniformly
on a compact set and such that [hsusp(Q)h, φn]→ 0 in norm.

Assume now that u ∈ L2(Sg0⊕⟨·,·⟩Rn+1 ) lies in the maximal domain. Since susp(Q)
is a block operator, it maps sections supported in the interior M×RIn+1 to sections
that are also supported there, hence

h
(
susp(Q)

)
hfu = f · h

(
susp(Q)

)
hu+ [h

(
susp(Q)

)
h, f ]u

is also bounded for all compactly supported functions f . The operator h(susp(Q)−
/Dg0⊕⟨·,·⟩Rn+1

)h is bounded on compact sets, so the proof of [HR00, Lemma 10.2.5]
implies that fu is also in the minimal domain of hsusp(Q)h, because we can choose
Friedrichs’ mollifiers in a manner so that they map sections supported in supp (f) to
sections supported in a fixed compact neighbourhood L of supp (f). In particular,
φnu belongs to the minimal domain of hsusp(Q)h. Since u is square integrable, we
have φnu

n→∞−−−→ u in norm, while

hsusp(Q)hφnu = φnhsusp(Q)hu+ [hsusp(Q)h, φn]u
n→∞−−−→ u,

so u belongs to the minimal domain of hsusp(Q)h.
Condition (i) is satisfied because [ř(v), hsusp(Q)h] = 0.
The proof of condition (ii) is borrowed from [Ebe16, Theorem 2.40]. The differ-

ence to the proof presented there is that we avoid to use coercive functions.
Note that the restriction of susp(Q) to {εxi > ρ} is an operator that is bounded

from below in the sense of Definition 4.3.11 for all (i, ε) ∈ {1, . . . , n+1}×Z2. Corol-
lary 4.3.22 applied inductively to all restrictions of susp(Q) implies ||susp(Q)u||0 ≥
c||u||0 for some c > 0 and all sections u ∈ Γc(M ×Rn+1,Sg0⊕⟨·,·⟩) that are supported
in the complement of ρ′In+1 for all sufficiently large ρ′ ≥ ρ. To keep the nota-
tion readable, we assume without loss of generality ρ′ = ρ. Thus, if χ is a smooth
function with compact support in the complement of ρIn+1, then we have

||hsusp(Q)hχu||0 · ||χu||0 ≥ c||hχu||0 · ||χu||0 ≥ c inf{h(t) : t ∈ suppχ}||χu||20
=: low · ||χu||20.
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Since susp(Q) is a block Dirac operator over g0⊕⟨·, ·⟩Rn+1 , the operator susp(Q)−
/Dg0⊕⟨·,·⟩Rn+1

is bounded, which implies that the commutator [susp(Q), χ] is a bounded
operator. By Lemma 4.2.6, susp(Q)u is supported in M × RIn+1 if u is suppor-
ted there for all sufficient large R > 0. Thus, if suppχ is contained in RIn+1,
then the operator [susp(Q), χ] is supported in M × RIn+1, too. It follows that
[hsusp(Q)h, χ] = h[susp(Q), χ]h also extends to a bounded operator whose operator
norm is bounded by

||[hsusp(Q)h, χ]||0,0 ≤ sup{h(t)2 : t ∈ supp ([susp(Q), χ])} · ||[susp(Q), χ]||0,0.

Combining the two inequalities yields

||χu||0 ≤ low−1||hsusp(Q)hχu||0
≤ low−1(||[hsusp(Q)h, χ]u||0 + ||χhsusp(Q)hu||0)
≤ low−1 (||[hsusp(Q)h, χ]||0,0 · ||u||0 + ||χ||∞||hsusp(Q)hu||0)
≤ low−1max{||[hsusp(Q)h, χ]||0,0, ||χ||∞} · (||u||0 + ||hsusp(Q)h||0)

≤ low−1
√
2max{||[hsusp(Q)h, χ]||0,0, ||χ||∞}

(
||u||20 + ||hsusp(Q)h||20

)1/2
.

If we interpret Q as a complex linear operator on the complexification Sg0⊕⟨·,·⟩⊗C,
we can extend the previous chain of inequalities

||χu||0 ≤ low−1
√
2max{||[hsusp(Q)h, χ]||0,0, ||χ||∞}

(
||u||20 + ||hsusp(Q)h||20

)1/2
= low−1

√
2max{||[hsusp(Q)h, χ]||0,0, ||χ||∞}||(hsusp(Q)h+ i)u||0

for all real sections u ∈ Γc(Sg0⊕⟨·,·⟩⊗C). Since hsusp(Q)h is self-adjoint, its spectrum
is real so that (hsusp(Q)h±i)−1 exists and its operator norm is bounded by 1. Thus,
by substituting u = (hsusp(Q)h+ i)−1v, the previous inequality becomes

||χ(hsusp(Q)h+ i)−1v||0 ≤ low−1
√
2max{||[hsusp(Q)h, χ]||0,0, ||χ||∞}||v||0,

which implies

||χ · (1 + (hsusp(Q)h)−2)||0,0 ≤ ||χ(hsusp(Q)h+ i)−1||0,0 · ||(hsusp(Q)h+ i)−1||0,0
≤ low−1

√
2max{||[hsusp(Q)h, χ]||0,0, ||χ||∞}.

Pick η̃0 : R→ [0, 1] that is compactly supported and identically 1 on the interval
[0, a], where a ..= maxdiceρ((ρ + 1)In+1). If ||d diceρ||∞ ≤ B, then the mean value
theorem gives |diceρ(x)| ≤ B||x|| for all x ∈ Rn+1. For all m ∈ N, pick a smooth
function η̃m : R≥0 → [0, 1] that satisfies

η̃m|[0,a+(m−1)m/2] = 1, η̃m|[a+m(m+1)/2,∞) = 0, and
∣∣η̃′m|a+[(m−1)m/2,m(m+1)/2]

∣∣ ≤ 2/m,

where the interval [(m − 1)m/2,m(m + 1)/2] has length m. Set ηm ..= η̃m ◦ diceρ.
Since ηm is constant on ρIn+1, we have [susp(Q), h] = grad(h). Recall that hρ =
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(1 + dice2ρ)
1/4. We estimate∣∣∣∣[hsusp(Q)h, ηm]∣∣∣∣0,0 = ∣∣∣∣[h2susp(Q), ηm] + [hgrad(h)·, ηm]

∣∣∣∣
0,0

= ||h2grad(ηm) · ||0,0 = ||h2η̃′m ◦ diceρ · grad(diceρ)||0,0
≤ ||h2||∞,supp ηm · ||η′m ◦ diceρ · grad(diceρ)||0,0

≤

(
1 +

(
a+m(m+ 1)

2

)2
)1/4

2B

m

≤ Ca ·B.

The operator η0(1 + (hsusp(Q)h)2)−1 is compact because it factors through
H1

supp η0
, the space of elements in H1 supported within supp η0, so it remains to

check that (1−η0)(1+(hsusp(Q)h)2)−1 is compact. Clearly, the sequence converges
pointwise:

ηm(1− η0)(1 + (hsusp(Q)h)2)−1 m→∞−−−→ (1− η0)(1 + (hsusp(Q)h)2)−1.

The limit is also the norm limit of ηm(1− η0)(1 + (hsusp(Q)h)2)−1 by the following
estimate:

||(ηl − ηm)(1− η0)(1 + (hsusp(Q)h)2)−1||0,0
= ||(ηl − ηm)(1 + (hsusp(Q)h)2)−1||0,0
≤ low−1

√
2max{||hsusp(Q)h||0,0, ||ηl − ηm||∞}

≤ low−1
√
2Camax{B, 1}

≤ sup{h(t)−1 : t ∈ supp (ηl − ηm)}/c ·
√
2Camax{B, 1} m→∞−−−→ 0,

because h is proper and supp (ηl−ηm) lies in the complement of (a+m(m+1)/2)In+1.
In conclusion, (1− η0)(1 + (hsusp(Q)h)2)−1 is compact as it is the norm limit of

a sequence of compact operators.

Again, different admissible choices yield homotopic spectral triples, so we get a
well-defined map

πn(Ψ̃Dir
×
• (M)g0 , /Dg0⊕⟨·,·⟩)→ Ψ(Cl0,d+n+1,R) via [P ] 7→ [hsusp(Q)h].

Lemma 4.9.8. The map just defined composed with the bounded transform b is a
group homomorphism provided n ≥ 1.

Proof. Consider the diagram

πn(Ψ̃Dir
×
• (M)g0)

[P ] 7→[hQh] //

[P ]7→ker(Q)
,,

Ψ(Cl0,d+n+1,R) b // KK(Cl0,d+n+1,R)

ker(–)∼=
��

KO−(d+n+1)(pt).

The vertical map is the one from Lemma 4.9.2 and therefore an isomorphism. The
diagonal map is a group homomorphism by Corollary 4.8.6. Thus, the horizontal
composition must be a group homomorphism, too.
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Unbounded representatives of αn+1:
The spectral triple (L2(Rn+1, Cln+1,0), ř, /DRn+1) ∈ Ψ(C0(Rn+1, Cl0,n+1),R) is well
known. Its bounded transform represents the fundamental class αn+1 ∈ KOn+1(Rn+1)
because its complexification represents the fundamental class in Kn+1(Rn+1), see
[HR00, p.314ff], and complexification induces an isomorphism KOn+1(Rn+1) →
Kn+1(Rn+1).

When we calculate the Kasparov product, we will use h /DRn+1h instead of /DRn+1 .
This is unproblematic because the bounded transform of these two operators over
(L2(Rn+1, Cln+1,0), ř) represent the same class in KK(C0(Rn+1, Cl0,n+1),R). Indeed,
pick a small open ball rDn+1 ⊆ Rn+1 such that h = 1 on this set. Extension by zero
j : C0(rDn+1) ↪→ C0(Rn+1) is a homotopy equivalence (in the sense of C∗-algebras)
because rDn+1 and Rn+1 are properly homotopy equivalent. By [HR00, Proposition
10.8.8] and that h /DRn+1h and /DRn+1 agree on rDn+1, we have

j∗
(
b[ /DRn+1 ]

)
= [[ /DRn+1 |rDn+1 ]] = j∗

(
b[h /DRn+1h]

)
∈ KK(C0(rDn+1, Cl0,n+1),R).

Here, [[ /DRn+1|rDn+1 ]] denotes the K-homology class that is defined in [HR00, Defin-
ition 10.8.3]. The claim follows now from homotopy invariance of KK-theory, see
[Bla98, Proposition 17.9.1].

From now on, we will denote a spectral triple only by its operator if the under-
lying Hilbert C∗-module and the representation are clear from the context.

Calculation of the Kasparov Product

We have constructed the horizontal homomorphisms in diagram (4.12), so it remains
to show that it commutes. If we choose the same interpolation function χ in the
construction of the upper and lower horizontal arrow, we have

susp
(
χsusp(P ) + (1− χ) /Dg0⊕⟨·,·⟩

)
= susp(χP + (1− χ) /Dg0).

It thus remains to show τCl0,n+1(b([hQh]))♯αn+1 = b([hsusp(Q)h]).
The first step is to observe that the underlying Hilbert C∗-modules are canonic-

ally isomorphic

C0(Rn+1, L2(Sg0))⊗ Cl0,n+1 ⊗C0(Rn+1)⊗Cl0,n+1,taut⊗ř L
2(Rn+1, Cln+1,0)

∼= C0(Rn+1, L2(Sg0))⊗C0(Rn+1),taut L
2(Rn+1, Cln+1,0)

∼= L2(M × Rn+1;Sg0 ⊠ Cln+1,0) ∼= L2(M × Rn+1,Sg0⊕⟨·,·⟩),

where taut is the left action of C0(Rn+1,R) on L2(Rn+1, Cln+1,0) via left multiplica-
tion. The first isomorphism is the universal one, the second isomorphism is induced
by

Cc(Rn+1, L2(Sg0))⊗C0(Rn+1) Γc(Rn+1, Cln+1,0)→ Γc(M × Rn+1,Sg0 ⊠ Cln+1,0),

σ ⊗ φ 7→ ((m,x) 7→ σ(x)(m)⊗ φ(x)) .

The next step is to show that [hsusp(Q)h] represents the Kasparov product of
τCl0,n+1(b([hQh])) and αn+1 = b([h /DRn+1h]) by showing that it satisfies the conditions
of Theorem 4.9.4.
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Theorem 4.9.9. For each [P ] ∈ πn(ΨDir×• (M)g0), let Q ..= χP + (1 − χ) /Dg0 for
some χ : R→ [0, 1] with χ(t) = 1 for t≫ 0 and χ(t) = 0 for t≪ 0. Then we have

τCl0,n+1(b([hQh]))♯αn+1 = b(τCl0,n+1([hQh]))♯αn+1 = b([hsusp(Q)h]).

Proof. To verify the first condition of Theorem 4.9.4, it suffices to show that

hsusp(Q)hTσ + (−1)deg(σ)Tσh /DRn+1h

extends to a bounded operator on L2(Rn+1, Cln+1,0) for all σ ∈ Γc(M × Rn+1,Sg0)
of pure degree because, in our case, the second operator in condition (i) of Theorem
4.9.4 is the adjoint of the first operator. Recall that Tσ was defined as

Tσ ..= σ ⊗ (–) : L2(Rn+1, Cln+1,0)→ L2(M × Rn+1;Sg0⊕⟨·,·⟩).

We abuse notation by abbreviating e/o⊠ /DRn+1 to /DRn+1 . The Leibniz rule implies
that the graded commutator [ /DRn+1 , Tσ] is given by

[ /DRn+1 , Tσ] = /DRn+1Tσ − (−1)deg(σ)Tσ /DRn+1

= (−1)deg(σ)
n+1∑
j=1

∂xj(σ)⊗ ∂j·

=: /DRn+1(σ) · .

We use this identity to compute

hsusp(Q)hTσ − (−1)deg(σ)Tσh /DRn+1h

= h(Qex + /DRn+1)hTσ − (−1)deg(σ)Tσh /DRn+1h

= hQexhTσ + h /DRn+1(σ) · h+ (−1)deg(σ)hTσ /DRn+1h− (−1)deg(σ)Tσh /DRn+1h

= hQexhTσ + h /DRn+1(σ) · h.

Since σ is compactly supported, Fubini’s theorem and the triangle inequality yield

||hsusp(Q)hTσ − (−1)deg(σ)Tσh /DRn+1h||0,0 ≤
(
||Qexσ||0 + || /DRn+1σ||0

)
· ||h2||∞,supp σ,

which proves the first condition of Theorem 4.9.4.
The second condition dom(hsusp(Q)h) ⊆ dom(hQexh) is clearly satisfied be-

cause, by definition, dom (susp(hsusp(Q)h)) = dom (hQexh) ∩ dom (h /DRn+1h).
To prove the third condition, we need to show that there is a c ∈ R such that

⟨hQexhu, hsusp(Q)hu⟩+ ⟨hsusp(Q)hu, hQexhu⟩ ≥ c||u||20 (4.13)

for all u ∈ Γc(M × Rn+1;Sg0⊕⟨·,·⟩). Recall the identity

/DRn+1Qex +Qex /DRn+1 =
n+1∑
j=1

∂j · (∂jQ)ex =: /DRn+1(Qex).
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from the proof of Lemma 4.5.5 and that h and Qex commute. The calculation

⟨h /DRn+1hu, hQexhu⟩ = ⟨Qex /DRn+1hu, h3u⟩
= ⟨− /DRn+1Qexhu, h3u⟩+ ⟨ /DRn+1(Qex)hu, h3u⟩
= −⟨Qexhu, grad(h2)hu⟩ − ⟨hQexhu, h /DRn+1hu⟩

+ ⟨ /DRn+1(Qex)h2u, h2u⟩

implies

⟨hQexhu, hsusp(Q)hu⟩+ ⟨hsusp(Q)hu, hQexhu⟩
= 2||hQexhu||20 + ⟨grad(h2) ·Qexhu, hu⟩+ ⟨ /DRn+1(Qex)h2u, h2u⟩.

Fubini’s theorem gives

||hQexhu||20 + ⟨grad(h2) ·Qexhu, hu⟩+ ⟨ /DRn+1(Qex)h2u, h2u⟩

=

∫
Rn+1

h(t)2
(
2||Qexut||20 + ⟨grad(h2)Qexut, ut⟩+ ⟨ /DRn+1(Qex)ut, ut⟩

)
dt,

where ut = u(–, t) ∈ Γ(M,Sg0⊗Cln+1,0) is the restriction to the slice M =M×{t}.
We will show the required inequality (4.13) on each slice. The difference B− /Dg0

is a block map of pseudo differential operators of order zero because Q : Rn+1 →
ΨDir×(M)g0 is a block map of pseudo Dirac operators over a fixed metric g0. Hence,
/DRn+1(Qex) = /DRn+1(Bex) restricts to a bounded operator on Sg0 ⊗ Cln+1,0 →
M ×{t} for all t ∈ Rn+1. Their operator norms are uniformly bounded from above.
We conclude

⟨ /DRn+1(Qex)ut, ut⟩ ≥ c1||ut||20
for all c1 ≥ −sup{|| /DRn+1(Bex)↿M×{t}||0,0 : t ∈ Rn+1} > −∞.

On the other hand, Qex
t ..= Qex↿M×{t} = Qt ⊗ idCln+1,0 is an elliptic operator of

order 1 over the closed manifoldM , so the Hilbert space L2(M ;Sg0⊗Cln+1,0) decom-
poses into eigenspaces Eig(Qex

t , λi(t)), where (λi(t))i∈Z is the sequence of eigenvalues
with λi ≤ λi+1. This sequence of eigenvalues is unbounded in both directions, see
[LM89, Theorem II.5.8].

Denote the orthogonal projection onto Eig(Qex
t , λi(t)) by Πλi(t) and the spectrum

of Qex
t by Σt. The operators Qex and grad(h2)· anti-commute. Thus, if grad(h2)(t) ̸=

0, it restricts to an isomorphism

grad(h2)· : Eig(Qex
t , λi(t))→ Eig(Qex

t ,−λi(t)).

This implies

2h2||Qexut||20 + ⟨grad(h2) ·Qexut, ut⟩

=
∑
λ,µ∈Σt

2h2⟨(Qex)2Πλut,Πµut⟩+ ⟨grad(h2) ·QexΠλut,Πµut⟩

=
∑
λ,µ∈Σt

2h2λ2(t)⟨Πλut,Πµut⟩+ λ⟨grad(h2) · Πλut,Πµut⟩

=
∑
λ∈Σt

2h2λ2(t)⟨Πλut,Πλut⟩+ λ⟨grad(h2) · Πλut,Π−λut⟩.
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The spectrum of Qex
t is symmetric and h ≥ 1, so we can estimate

2h2||Qexut||20 + ⟨grad(h2) ·Qexut, ut⟩

≥
∑
λ∈Σt

λ2||Πλut||20 − ||grad(h2)||∞ · |λ| · ||Πλut||0||Π−λut||0

=
∑

λ∈Σt∩R≥0

λ2
(
||Πλut||20 + ||Π−λut||20

)
− 2||grad(h2)||∞ · |λ| · ||Πλut||0||Π−λut||0

≥
∑

λ∈Σt∩R≥0

(
λ2 − ||grad(h2)||∞ · |λ|

) (
||Πλut||20 + ||Π−λut||20

)
.

Since ||grad(h2)||∞ ≤ B for some B ∈ R, since Q : Rn+1 → ΨDir×(M)g0 is a block
map, and since eigenvalues of self-adjoint elliptic operators depend continuously on
the elliptic operator [BBW93, Section 17A], the set

{i ∈ Z : there is a t ∈ Rn+1 such that λ2i (t) < ||grad(h2)|| · |λi(t)|}

is finite. Thus, there is a c2 ∈ R such that

λ2(t)− ||grad(h2)||∞ · |λ(t)| ≥ c2

for all λ(t) ∈ Σt and all t ∈ Rn+1. We conclude

h2||Qexut||20 + ⟨grad(h2)Qexut, ut⟩ ≥ c2||ut||20.

Note that this inequality is trivially satisfied if grad(h2)(t) = 0.
Integrating these inequalities over t gives

⟨hQexhu, hsusp(Q)hu⟩+ ⟨hsusp(Q)hu, hQexhu⟩ ≥ min{c1, c2}||u||20,

so the third and final condition of Theorem 4.9.4 is satisfied. We apply it to deduce
that

τCl0,n+1(b([hQh]))♯αn+1 = b([hsusp(Q)h])

and the theorem is proven.

Corollary 4.9.10. The operator suspension susp• : ΨDir×• (M)g0 → Ψ̃Dir
×
• (M)g0

induces an injective map on all homotopy groups.

Proof. Recall the split diagram

πn(ΨDir×• (M)g0) //

πn(susp•) ��

KK(Cl0,d, C0(Rn+1))

τCl0,n+1
(–)♯αn+1

��
πn(Ψ̃Dir

×
• (M)g0) // KK(Cl0,d+n+1,R).

The upper horizontal map is a bijection by Lemma 4.9.6 and the right vertical map
is an isomorphism by Kasparov theory. The diagram commutes by the previous
theorem, so the composition of the left vertical arrow and the lower horizontal
arrow is a bijection. In particular, πn(susp•) is split injective on the set of path
components and on all homotopy groups.
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The Determination of πn(Ψ̃Dir
×
• (M))

Recall diagram (4.12) from Corollary 4.9.10. We know that three out of four groups
are isomorphic to KO−(d+n+1)(pt), so we are left with the following situation

KO−(d+n+1)(pt)

))

� _

��

πn(Ψ̃Dir
×
• (M)g0) // KO−(d+n+1)(pt).

The group KO−(d+n+1)(pt) is cyclic, so if we could show that there is a surjective
map KO−(d+n+1)(pt) ↠ πn(Ψ̃Dir

×
• (M)), then πn(Ψ̃Dir

×
• (M)) would be cyclic, too,

and an easy diagram chase would imply that πn(susp•) is also surjective.
In conclusion, we are left to prove the next theorem.

Theorem 4.9.11. If M is a closed, d-dimensional, spin manifold with Riemannian
metric g0 such that /Dg0 is invertible, then there is a surjective map

KO−(d+n+1)(pt) ↠ πn(Ψ̃Dir
×
• (M)g0 , /Dg0)

for all n ∈ N0.

The proof idea is the same as the one of [Ebe17, Prop 4.3]. We will compare the
set Ωn

/Dg0

Ψ̃Dir
×
• (M)g0 , suitably topologised, to (B +Kom)×, the space of invertible,

compact pertubations of an invertible operator B and show that these two spaces are
weakly homotopy equivalent. The latter space is homotopy equivalent to ΩFredd+n,
see [Ebe17, Proof of Prop 4.3 and Lemma 4.9], which is a classifying space for
KO−(d+n+1)(pt).

Note that the cited arguments work only for a fixed (but arbitrary) Hilbert space
with an ample Cld+n+1,0-right action, i.e., a right action that contains infinitely many
copies of all irreducible Cld+n+1,0-representations. The requirement to fix the Hilbert
space is the reason why we work with the fibre Ψ̃Dir

×
• (M)g0 instead of the total space

Ψ̃Dir
×
• (M).

Let us begin with fixing notation. Let B be the set of all compactly supported,
bounded operators on L2(M × Rn,Sg0) and let B be subset of B consisting of all
self-adjoint, odd, and Clifford linear operators. We endow B with the operator norm
topology so that it becomes a locally convex vector space. Furthermore, we define
Bact = B ∩ ΨDO0

c(Sg0) as the set of all compactly supported pseudo differential
operators of order zero that are self-adjoint, odd, and Clifford-linear.

Let further K be the set of all compact operators on L2(M × Rn,Sg0) and let

Kom ..= {A ∈ K : A is s.a., odd, Clifford-linear}.

Finally, we denote the spinor connection on Sg0 with ∇ and define the operator
T ..= (1 +∇∗∇)−1/4.
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Recall that we have defined the Sobolev spaces Hs as the closure of all compactly
supported sections Γc(M × Rn,Sg0) under the norm

||u||2s ..=
∫
M×Rn

⟨(1 +∇∗∇)su, u⟩Sg0
dvol(g0)

so that T : Hs → Hs+1/2 is an isometric isomorphism.

Lemma 4.9.12. The assignment B 7→ TBT gives rise to well-defined continuous
maps

T (–)T : B → K and T (–)T : B(act) → Kom

whose images are dense.

Proof. The map T (–)T is continuous because T is a bounded operator.
The spinor connection ∇ is even and Clifford-right linear, so the operator TBT

is self-adjoint, odd, and Clifford-linear if B is self-adjoint, odd, and Clifford-right
linear. Thus, it remains to show that TBT is compact.

Since B is supported within M×RIn for some R > 0, every compactly supported
function with χ ≡ 1 on M×RIn satisfies B = Bχ·. Thus, the operator TBT : H0 →
H0 factors as follows

H0 T // H1/2 χ· // H
1/2
supp (χ)

� � // H0
supp (χ)

B // H0 T // H1/2 � � // H0.

The inclusion H
1/2
supp (χ) ↪→ H0

supp (χ) is compact by Rellich’s lemma, so TBT is com-
pact.

We first prove that T (–)T : B → K has a dense image. Since T : Hs → Hs+1/2

is an isometry for all s ∈ R, it induces an homeomorphism T : H∞ → H∞, where
H∞ =

⋂
s∈RH

s is endowed with the inverse limit topology. Thus, T maps dense
subsets W ⊆ H∞ to dense subsets.

For each dense subset W ⊆ H∞, the linear hull of the set of rank 1 projections
{⟨–, w1⟩w2 : wj ∈ W} arising from W is a dense subset of K. The identity

T ◦ ⟨–, w1⟩w2 ◦ T = ⟨T (–), w1⟩T (w2) = ⟨–, T (w1)⟩T (w2)

implies that T (–)T maps bijectively rank 1 projections arising from W to rank 1
projections arising from T (W ). The tensor product Γ(M,Sg0) ⊗ Γc(Rn, Cln,0) is a
dense subspace of Γc(M×Rn,Sg0⊕⟨·,·⟩), which is itself a dense subset of H∞. Clearly,

{⟨–, σ1 ⊗ φ1⟩σ2 ⊗ φ2 : σj ∈ Γ(M,Sg0), φ ∈ Γc(Rn, Cln,0)} ⊆ ΨDO0
c(Sg0) ⊆ B

because the sections are compactly supported. It follows that TΨDO0
c(Sg0)T and

TBT are dense in K.
In order to show that the restriction T (–)T : B → Kom has dense image, we

make use of the projection (4.7) of [Ebe17]. If Γ denotes the multiplicative group
generated by the standard basis ej ∈ Rd+n ⊆ Cld+n,0, then the projection ΠK : K →
Kom is defined by

K 7→ 1

4|Γ|

[(∑
γ∈Γ

γKγ−1 − e/oγKγ−1e/o

)
−

(∑
γ∈Γ

γKγ−1 − e/oγKγ−1e/o

)∗]
.
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If we can show that this assignment gives rise to a projection ΠB : B → B, then the
commutative diagram

ΨDO0
c(Sg0)

� � //

ΠB
����

B T (–)T //

ΠB
����

K
ΠK
����

Bact
� � // B

T (–)T //Kom

implies that the restriction of T (–)T to B and Bact has dense image, too.
Note that if A and B are supported within M ×RIn and M ×SIn, respectively,

then A + B is supported within M × (R + S)In. If f is a vector bundle map over
the identity, then fA and Af are still bounded operators and supported with in
M ×RIn. It is easily veryfied that if A is supported within M ×RIn, then also A∗

is supported within M ×RIn.
In conclusion,

∏
B : B → B is well-defined, which finishes the proof.

Since we are working over non-compact manifolds the next result does not follow
from general theory.

Lemma 4.9.13. The operator T /Dg0⊕⟨·,·⟩T : H0 → H0 is bounded.

The proof relies on the following abstract operator theoretic result.

Lemma 4.9.14. Let P be a possibly unbounded, self-adjoint, non-negative operator
and B be a bounded self-adjoint operator with B ≥ 1. Then we have

(B + P )−1/4 ≤ (1 + P )−1/4.

Proof. We clearly have B + P ≥ 1 + P , so both operators are invertible. Since the
inverse of an unbounded operator is bounded, we can apply the proof of [Mur90,
Theorem 2.2.5 (4)], to deduce (1 + P )−1 ≥ (B + P )−1. Applying [Mur90, Theorem
2.2.6] twice, we deduce (B + P )−1/4 ≤ (1 + P )−1/4.

Proof of Lemma 4.9.13. For c ≥ 1, define Tc ..= (c+∇∗∇)−1/4. Because multiplica-
tion with c and ∇∗∇ commute, unbounded functional calculus implies that Tc ◦T−1

is bounded with operator norm ||Tc ◦ T−1||0,0 ≤ c. Thus, T /Dg0⊕⟨·,·⟩T is bounded if
and only if Tc /Dg0⊕⟨·,·⟩Tc is bounded for some c ≥ 1.

Since M is closed, there is a c > 0 such that c − scal(g0)/4 > 1. Using the
Lichnerowicz formula and Lemma 4.9.14 we deduce

Tc /Dg0⊕⟨·,·⟩Tc = (c− scal(g0)/4 + /D
2
g0⊕⟨·,·⟩)

−1/4 /Dg0⊕⟨·,·⟩(c− scal(g0)/4 + /D
2
g0⊕⟨·,·⟩)

−1/4

≤ (1 + /D
2
g0⊕⟨·,·⟩)

−1/4 /Dg0⊕⟨·,·⟩(1 + /D
2
g0⊕⟨·,·⟩)

−1/4

= /Dg0⊕⟨·,·⟩(1 + /D
2
g0⊕⟨·,·⟩)

−1/2,

so Tc /Dg0⊕⟨·,·⟩Tc is bounded.
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Proof of Theorem 4.9.11. Set B ..= T /Dg0⊕⟨·,·⟩T . Recall from Corollary B.0.25 that
symb1

K : ΨDO
1

K(Sg0)→ Symb0
K(Sg0) is continuous for all compact sets K ⊆M×Rn

and that its kernel is contained in K(H1, H0) by Lemma B.0.24. Thus

B ..= {P − /Dg0 : P ∈ Ωn
g0
Ψ̃Dir•(M)g0}

injects into K(H1, H0). In fact, it injects even into the smaller space Kc(H
1, H0)

of all compact operators from H1(Sg0) to H0(Sg0) = L2(Sg0) that are odd, self-
adjoint (considered as unbounded operators) and Clifford linear. Thus, we equip B
with the subspace topology of the operator norm topology of K(H1, H0). We equip
the spaces in the lower row with the topologies such that the vertical arrows in the
following diagram become homeomorphisms:

B

∼=/Dg0⊕⟨·,·⟩+
��

Bact
oo

∼=
��

T (–)T //

∼=
��

Kom

B+∼=
��

Ωn
/Dg0

Ψ̃Dir•(M)g0 /Dg0 +Bact
oo T (–)T // B +Kom.

The diagram restricts to the subspaces of invertible operators:

U0

∼=/Dg0⊕⟨·,·⟩+
��

U1/2
oo

∼=
��

T (–)T // U1

B+∼=
��

Ωn
/Dg0

Ψ̃Dir
×
• (M)g0 ( /Dg0 +Bact)

×oo T (–)T // (B +Kom)×.

Note that U1/2 is the preimage of U1 under T (–)T in Bact. Furthermore Bact is a
locally convex topological vector space and its inclusions into B is continuous and
has dense image (because infinite smoothing operators are dense in the compact
operators as explained in the proof of Lemma 4.9.12). By Palais’ theorem [Pal66,
Corollary of Theorem 12], the two maps, T (–)T : U1/2 → U1 and the inclusion
U1/2 ↪→ U0, are weak homotopy equivalences. This implies, in particular, that
we have a zig-zag of bijections

π0(Ω
n
/Dg0

Ψ̃Dir
×
• (M)g0)

∼=←− π0(( /Dg0 +Bact)
×)

∼=−→ π0((B +Kom)×).

We will prove in Lemma 4.9.15 below that the surjection π0(Ωn
g0
Ψ̃Dir

×
• (M)g0) ↠

πn(Ψ̃Dir
×
• (M)g0) is a group homomorphism so that we have the following zig-zag

πn(Ψ̃Dir
×
• (M)g0) ↞ π0(Ω

n
/Dg0

Ψ̃Dir
×
• (M)g0)

∼=−→ π0((B +Kom)×).

Combined with Ebert’s result that (B+Kom)× is homotopy equivalent to ΩFredd+n,
see [Ebe17, Lemma 4.9 or Proof of Proposition 4.3], the zig-zag produces, by invert-
ing the isomorphism, the following surjection:

KO−(d+n+1)(pt) ↠ πn(Ψ̃Dir
×
• (M)g0).
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Lemma 4.9.15. The map πn(susp•) : πn(ΨDir×• (M)g0) → πn(Ψ̃Dir
×
• (M)g0) factors

through π0(Ωn
/Dg0

Ψ̃Dir
×
• (M)g0).

Proof. Clearly, the suspension also induces a map

πn(ΨDir×• (M)g0) πn(B•,g0 , /Dg0)
∼=oo πn(susp•) // π0(Ω

n
/Dg0

Ψ̃Dir
×
• (M)g0)

because a combinatorial homotopy in Bn+1,g0 between P−1 and P1 suspends to a
path between susp(P−1) and susp(P1) by suspending along the last n coordinates.

It remains to show that the map π0(Ω
n
/Dg0

Ψ̃Dir
×
• (M)g0) → πn(Ψ̃Dir

×
• (M)) that

sends a representative of a path component to its concordance is well-defined. De-
note by Bact the locally convex vector space of all compactly supported pseudo
differential operators of order zero on Sg0 → M × Rn that are self-adjoint, odd
and Clifford linear equipped with the operator norm topology. The canonical map
ι : Bact → B is a continuous, injective, linear map with dense image, hence, by
Palais’ result [Pal66, Corollary of Theorem 12], it restricts to a weak equivalence
ι−1(U0)→ U0.

If P−1, P1 ∈ Ωn
/Dg0

Ψ̃Dir
×
• (M) represent the same path component, then slight

perturbations P̃j of Pj such that P̃j − /Dg0 ∈ ι−1(U0) still represent the same path
component. We find therefore a sufficiently slowly parametrised path Q : R →
/Dg0 + ι−1(U0) that connects P̃−1 with P̃1 and such that susp(Q) is invertible.

However, susp(Q) might not yet be a block operator because the amplitude
topology does not control the diameter of a core. In order to fix this problem,
consider the smooth block map

t 7→ Bt ..= Qt − /Dg0

of compactly supported pseudo differential operators of order zero (hence bounded
operators).

For the sake of readability, we will drop ι from the notation. For each given
ε > 0, we find a sufficiently large N ∈ N, such that if t ∈ [k/N, (k + 1)/N ], then
||Bt −Bk/N ||0,0 < ε/3 for all k ∈ Z.

Assume that Bk/N is supported within M ×RkI
n. As a block map, B is locally

constant near infinity, so we may (and do) assume the sequence (Rk)k∈Z to be
bounded. Let R be the supremum of this sequence. Fix a function χ : Rn → [0, 1]
that is identically 1 on RIn and identically zero on the complement of 2RIn. The
path t 7→ χBχ then satisfies

||Bt − χBtχ||0,0 ≤ ||Bt −Bk/N ||0,0 + ||Bk/N − χBtχ||0,0
= ||Bt −Bk/N ||0,0 + ||χ(Bk/N −Bt)χ||0,0
≤ ε/3 + ε/3 < ε.

Since invertibility is an open condition, we may choose ε > 0 sufficiently small such
that t 7→ /Dg0 + χBtχ is a block map of invertible operators that connect P̃−1 and
P̃1.
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However, we cannot form the suspension yet, because we do not know whether
the path t 7→ χBtχ is continuous with respect to the amplitude topology. Luckily,
the path only takes values in operators that are supported within M×2RIn, in other
words, we have a continuous path R → ΨDO

0

M×2RIn(Sg0) (the target is equipped
with the operator norm topology and has is locally constant with values P̃±1). Since
ΨDO0

M×2RIn(Sg0) ↪→ ΨDO
0

M×2RIn(Sg0) is continuous and has dense image, we can
now use Palais theorem (and smoothing theory) to replace t 7→ χBtχ by a smooth
path B̂t : R→ ΨDOM×2RIn(Sg0) of operators such that /Dg0 + B̂t is invertible, that
connects P̃−1 and P̃1, and whose suspension is an invertible block Dirac operator.

Different interpolations of P−1 and P1 can be connected by convex-combination,
which is a suspensionable path. Hence, sending an element of a path component to
its concordance class gives indeed a well-defined map.

To see that the composition

πn(B•, /Dg0)
πn(susp•) // π0(Ω

n
/Dg0

Ψ̃Dir
×
• (M)g0) // // πn(Ψ̃Dir

×
• (M)g0)

agrees with πn(susp•) : πn(B•,g0 , /Dg0)→ πn(Ψ̃Dir
×
• (M)g0), just observe that the sus-

pension of the convex combination between susp(P ) and its slight perturbation
˜susp(P ) give rise to a concordance connecting these two elements in πn(Ψ̃Dir

×
• (M)g0).

An immediate consequence is the proof of Theorem 4.9.1 that the operator sus-
pension map is a weak homotopy equivalence.

Proof of Theorem 4.9.1. As discussed at the beginning of this chapter, it suffices
to prove this statement for the restriction to the fibre B•,g0 ↪→ Ψ̃Dir

×
• (M)g0 . By

Corollary 4.9.10 we already know that the suspension induces an injective map on
all homotopy groups. If n ≥ 1, then Theorem 4.9.11 and Diagram (4.12) yield a
sequence of surjective maps

KO−(d+n+1)(pt) // // πn(Ψ̃Dir
×
• (M)g0) // // KK(Cl0,d+n+1,R) KO−(d+n+1)(pt).

Since surjective endomorphisms between cyclic groups are bijective, three out of
four maps in Diagram (4.12) are isomorphisms, so the remaining homomorphism
πn(susp•) must be an isomorphism, too.

If n = 0, we use that ΨDO1(Sg0) ↪→ ΨDO
1
(Sg0) is dense to deduce that

Ω0
/Dg0

ΨDir×• (M)g0 ↪→ Ω0
/Dg0

Ψ̃Dir
×
• (M)g0 is a weak homotopy equivalence. Surjectivity

of π0(susp•) follows now from Lemma 4.9.15.
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Chapter 5

The Factorisation of the Index
Difference

We have put much effort into the construction of Ψ̃Dir
×
• (M) and into the proof

that it is a classifying space for real K-theory. It remains to prove Theorem C,
namely that the index difference factors through the concordance space. We will
give a precise formulation of this Theorem together with its proof in Section 5.1.
Applications regarding the non-triviality of R̃+

• (M) for special M using the existing
literature, in particular Theorem D, will be given in Section 5.2.

5.1 The Factorisation Theorem

Theorem 5.1.1 (The Factorisation Theorem). Let B• be the cubical subset from
Definition 4.5.3. There is a weakly homotopy equivalent cubical subset A• ⊆ R+

• (M)
such that the following diagram commutes up to homotopy:

R+
• (M)� _

/D•
��

A•?
_oo � � susp //
� _

/D•

��

R̃+
• (M)� _

/D•��

ΨDir×• (M) B•?
_oo � � susp // Ψ̃Dir

×
• (M).

The two maps /D• ◦ susp and susp ◦ /D• do not agree. We will establish this
theorem by finding suitable conditions on the block maps of psc metrics so that
the operator norm of the error term susp ◦ /D• − /D• ◦ susp becomes sufficiently
small. Since invertibility is an open condition, convex interpolation serves then as a
homotopy between the two maps.

Definition 5.1.2. Let A• be the following cubical subset of R+
• (M): A block map

185
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g ∈ R+
n (M) is contained in An if and only if it satisfies the following conditions:

n∑
j=1

|tr((∂jgop)2)|+ |tr(∂2j g)|+ |tr(∂jg)|2 <
1

8
scal(g(t)), (5.1)

n∑
j=1

||∂jgop||op,g(t) < min{d−1, 2−(d+4)low(t)}, (5.2)

n∑
j=1

||[ /Dex
g(t),∇

Ssuspg

∂j
]||1,0;M×t < 1/32 · low(t)2, (5.3)

where low(t) ..= inf{|| /Dg(t)v||0,g(t) : ||v||1,g(t) = 1} = low /Dg
(t).

Lemma 5.1.3. The sequence of sets form indeed a cubical subset of R+
• (M).

Proof. The proof is similar to the proof that B• is a cubical subset. Note that the
three defining conditions are local and stable, so this lemma follows from Lemma
2.2.7.

Next, we wish to show that the inclusion is a weak homotopy equivalence. We
employ the same strategy as before: We first show that A• is a Kan set and then
use the usual rescaling trick on elements of the combinatorial homotopy groups.

Proposition 5.1.4. The cubical subset A• is a Kan set.

Proof of Theorem 5.1.1. The proof is similar to the proof that B• is Kan. In fact,
we have written that proof in a manner such that it can be easily complemented to
prove the this proposition. We are going to employ the same construction, but, in
contrast to the proof of Proposition 4.5.12, we need to choose the constant R1 > 1
more carefully.

We first recall the construction. For a given cubical n-horn

⊓n(i,ε) = {g(j,ω) ∈ An−1 : ∂ωj g(k,η) = ∂ηk−1g(j,ω); j < k; (j, ω), (k, η) ̸= (i, ε)},

there is a sufficient large ρ > 0 such that all block maps g(j,ω) decompose appropri-
ately outside of ρIn−1. We restrict σjg(j,ω) to a map {ωxj > ρ} → Riem+(M). By
the compatibility requirement, these restriction agree on the intersection of there
domains and we can therefore glue them together to a map

g0 :
(
Cubρn,1,1

)c → Riem+(M),

where Cubρn,i,ε ..= {x ∈ Rn : xj ∈ [−ρ, ρ] if j ̸= i, εxi ≥ −ρ} is the cuboid with
diameter ρ. Let K ⊆ Rn−1 be a compact, convex subset that contains ρIn−1, is
point symmetric at the origin, and has a smooth boundary. Let QK ..= {x ∈ Rn :
pi(x) ∈ K, εxi ≥ −ρ} be the cuboid with base K. Restricting g0 yields

g0 : Q
c
K ∩ {εxi < ρ+R1} → Riem+(M),

for a fixed choice of R1 > 1.
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For the chosen K, there is a unique norm ||–||K whose unit ball is K. Since ∂K is
smooth, the norm is smooth on Rn−1\{0}. For a sufficient large R2 = R2(ρ,R1) to be
determined later, pick χ : R→ [0, 1] that is identically 1 on R≤1.2, that vanishes on
R≥R2−1, and whose first and second derivative satisfy χ′ ≤ 1.3/R2 and |χ′′| ≤ 10/R2

2.
Furthermore, pick a monotonically increasing function q : R→ R that is the identity
on R≤ρ, the constant map with value ρ + R1 − 1 on Rρ+R1 , and whose derivatives
satisfy q′ ≤ 1 and |q′′| ≤ 1.2/R1. The map q defines a map

q : Rn → Rn

(x1, . . . , xn) 7→ (x1, . . . , xi−1, q(xi), xi+1, . . . , xn).

Finally, we define

H : (Qc
K ∩ {εxi < ρ+R1})× [0, 1]→ Qc

K ∩ {εxi < ρ+R1},
(x, t) 7→ x− 2ε(ρ+R1)tei

and set

g : Rn → Riem+(M),

x 7→

{
g0 ◦H

(
q(x), χ(||pi(x)||K)

)
, if x ∈ Qc

K ,

g(i,−ε)(pi(x)), if x ∈ QK .

Note that g is well defined and smooth because g0 agrees with g(i,−ε) ◦ pi on the
set {−εxi > ρ} and ∂QK lies in the preimage of {−εxi > ρ} under the map H ◦
(q(–), χ(||pi(–)||K)).

The same argument as in the proof for Proposition 4.5.12 shows that g is a
smooth block map and a filler of ⊓n(i,ε) in R+

n (M), from which we already know that
there must exists one. It remains to show that g lies in An, provided R1 and R2

were chosen large enough.
We need to find a sufficient large lower bound for R1 and R2 such that g satisfies

the first condition. This is slightly more tricky, because it involves second derivatives.
We abbreviateH(q(–), χ(||pi(–)||K)) to φ. Recall the chain rule for the (total) second
derivative:

D2(g0 ◦ φ) = D2
φ(–)g0(Dφ·, Dφ·) +Dφ(–)g0 ·D2φ(·, ·).

In matrix form, the first and second derivative of φ are given by

Dφ = DH · (Dq,D||–||K◦piχ ·Dpi ||–||K · pi(–))
= Dq −

(
2ε(ρ+R1) ·D||–||K◦piχ ·Dpi ||–||K · pi(–)

)
ei

and

D2φ = D2q − 2ε(ρ+R1) ·
[
(χ′(||pi(–)||K))′ ·Dpi ||–||K · pi

+ χ′(||pi(–)||K)D(Dpi||–||K · pi)
]
ei

= D2q − 2ε(ρ+R1)
[
χ′′(||pi(–)||K) · (Dpi ||–||K · pi ⊗Dpi ||–||K · pi)
+ χ′(||pi(–)||K) ·D2

pi
||–||K(pi(–), pi(–))

]
ei.
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This yields, for the first and second derivatives of the block map g on Qc
K , the

following expressions: For j < i, we have

∂jg = ∂jg0 ◦ φ− ∂ig0 ◦ φ · 2ε(ρ+R1)χ
′∂j||-||K ,

∂2j g = D2g(ej, ej) = (∂2j g0) ◦ φ+ (∂2i g0) ◦ φ ·
(
2ε(ρ+R1)χ

′∂j||-||K
)2

− 4(∂i∂jg0) ◦ φ · ε(ρ+R1)χ
′∂j||–||K

+ (∂ig0) ◦ φ · 2ε(ρ+R1)
(
χ′′(∂j||-||K)2 + χ′∂2j ||-||K

)
,

for j > i, we have

∂jg = ∂jg0 ◦ φ− ∂ig0 ◦ φ · 2ε(ρ+R1)χ
′∂j||-||K ,

∂2j g = D2g(ej, ej) = (∂2j g0) ◦ φ+ (∂2i g0) ◦ φ · 2ε(ρ+R1)χ
′∂j−1||-||K

− 4(∂i∂jg0 ◦ φ) · ε(ρ+R1)χ
′∂j−1||–||K

+ (∂ig0) ◦ φ · 2ε(R +R1)[χ
′′(∂j−1||-||K)2 + χ′∂2j−1||-||K ],

and, for j = i, we have

∂ig = (∂ig0) ◦ φ · q′,
∂2i g = (∂2i g0) ◦ φ · (q′)2 + (∂ig0) ◦ φq′′.

By definition, |q′′| ≤ 1.2/R1, so we can choose R1 sufficiently large such that

sup

{
tr(∂2i g)− tr(∂2i g0) ◦ φ · (q′)2 : t ∈ Qc

K

}
<

1

3
min

{
1

8
scal(g0)−

n∑
j=1

|tr((∂jgop0 )2)|+ |tr(∂2j g
op
0 )|+ tr(∂jg

op
0 )2

}
.

Recall that ∂j||-||K and ∂2j ||-||K are bounded on every closed subset of Rn that
does not contain the origin. Also recall that g0 has bounded first and second deriv-
atives on Qc

K . Since |χ′| or χ′′ appear in all partial derivatives ∂jg and ∂2j g except for
j = i and since |χ′| ≤ 1.3/R2 and |χ′′| ≤ 10/R2

2, we can choose R2 to be sufficiently
large (in dependence of R and R1) such that

sup
t∈Qc

K

{ n∑
j=1

|tr(((∂jg)op)2)− tr((∂jg
op
0 )2) ◦ φ|

+
n∑
j ̸=i

|tr(∂2j g)− tr(∂2j g0) ◦ φ|

+
n∑
j=1

|tr(∂jg)|2 − |tr(∂jg0)|2 ◦ φ
}

<
1

3
min

{
1

8
scal(g0)−

n∑
j=1

|tr((∂jgop0 )2)|+ |tr(∂2j g0)|+ |tr(∂jg0)|2
}
.
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Since g0 satisfies the Condition 5.1, also g satisfies it by a simple triangle inequality
argument.

Thus, if we increase R2 such that it additionally satisfies R2 > 2(ρ+R1)B1B2I−1,
where I = min{I1, I2} is the minimum of

I1 ..= inf

{
1

32
low /Dg0

(t)2 − 1

2

n∑
j=1

||[ /Dex
g0
,∇Ssuspg0

j ]|| : t ∈ Qc
K

}

and

I2 ..= inf

{
min{d−1, 2−(d+4)low(t)} −

n∑
k=1

||∂kgop0 ||op,g0(t) : t ∈ Qc
K

}
,

then g also satisfies the remaining defining conditions of A•. Note that I > 0
because g0|Qc

K
is a union of restrictions of degenerate elements of An and the defining

conditions of An are local.
Thus, g ∈ An is a filler for the given cubical n-horn and A• is therefore a Kan

set.

Corollary 5.1.5. The inclusion A• ↪→ R+
• (M) is a weak homotopy equivalence.

Proof. The proof is analogous to the proof of Corollary 4.5.13 that B• ↪→ ΨDir×• (M)
is a weak homotopy equivalence.

Lemma 5.1.6. The suspension restricts to a cubical map susp: A• ↪→ R̃+
• (M).

Proof. By an iterative application of Lemma C.1.1 we have

|scal(susp(g))− scal(g)| =

∣∣∣∣∣
n∑
j=1

3

4
(tr((∂jg)

op)2)− tr(∂2j g)−
1

4
tr(∂jg)

2

∣∣∣∣∣
<

n∑
j=1

|tr((∂jg)op)2)|+ |tr(∂2j g)|+ |tr(∂jg)2|

<
1

8
scal(g).

Thus, scal(susp(g))(m, t) > 7
8
scal(g(t))(m) > 0, which proves the claim.

The Lichnerowicz formula implies that /D• restricts to a cubical map R̃+
• (M)→

Ψ̃Dir
×
• (M). By the second and third defining condition of A• the Dirac Operator

restricts to a cubical map A• ↪→ B•. Thus, we have two cubical maps

/D• ◦ susp, susp ◦ /D• : A• → Ψ̃Dir
×
• (M).

Surprisingly, these two maps are not the same. We will show that they are homotopic
by controlling their difference.
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Definition 5.1.7. Define the error term to be

Err(g) ..= /Dsusp(g) − susp( /Dg).

Lemma 5.1.8. For each block map g ∈ Rn(M), the error term Err(g) is a differ-
ential operator of order zero that has block form. It can be expressed by the formula

Err(g) =
n∑
j=1

1

4
(tr∂jg

op) ∂j · .

Proof. As a difference of two differential operators of order 1 with the same principal
symbol, Err(g) is a differential operator of order zero. The formula follows from the
calculation of the Christoffel symbols in Lemma 4.5.1. Since g is a block metric,
Err(g) decomposes accordingly, so it is a block operator of order zero.

Lemma 5.1.9. For each g ∈ An and all u ∈ H1(Ssusp(g)) the following estimates
hold true

||Err||2op,t <
1

64
scal(g(t)),

|| /Dsusp(g)u||0 − ||Err(g)u||0 ≥
1

2
min{1, 1/8 inf{scal(g(t))1/2 : t ∈ Rn}} · ||u||1.

Proof. The first estimate follows from Lemma 5.1.8 and the fact that the (fibre-wise)
operator norm satisfies the C∗-identity

||Err||2op,t = ||Err∗Err||op,t

=

∣∣∣∣∣
∣∣∣∣∣ 116∑

k,l

tr(∂kg)tr(∂lg)∂
∗
k∂l

∣∣∣∣∣
∣∣∣∣∣
op,t

=

∣∣∣∣∣
∣∣∣∣∣ 116∑

k≤l

tr(∂kg)tr(∂lg)(∂k∂l + ∂l∂k)

∣∣∣∣∣
∣∣∣∣∣
op,t

=

∣∣∣∣∣
∣∣∣∣∣ 216

n∑
k=1

tr(∂kg)
2id

∣∣∣∣∣
∣∣∣∣∣
op,t

=
2

16

n∑
k=1

tr(∂kg(t))
2 <

1

8
· 1
8
scal(g(t)).

This inequality together with the Lichnerowicz formula implies the second inequality
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by the following chain of estimations.

|| /Dsusp(g)u||0 − ||Err(g)u||0

=

(
||∇u||20 +

1

4
||scal(g)1/2u||20

)1/2

− ||Err(g)u||0

≥
(
||∇u||20 +

1

4
||scal(g)1/2u||20

)1/2

−
√

1

64
||scal(g)1/2u||0

≥
(
||∇u||20 +

1

4
||scal(g)1/2u||20

)1/2

− 1/8||scal(g)1/2u||0

≥ 1

2

(
||∇u||20 +

1

8
||scal(g)1/2u||20

)1/2

≥ 1

2
min

{
1, 1/8 inf{scal(g(t))1/2 : t ∈ Rn}

}
· ||u||1.

We can use the previous Lemma to re-prove that susp( /Dg) is invertible, some-
thing we already know to be true by Condition 5.2 and 5.3.

Corollary 5.1.10. For each g ∈ An the block Dirac operator susp( /Dg) is invertible.

Proof. The Lichnerowicz formula implies || /Dsusp(g)u||20 ≥ 1/4||scal(g)1/2u||20, in par-
ticular, this operator is invertible. From Lemma 5.1.9 and

||susp( /Dg)u||0 ≥
∣∣|| /Dsuspgu||0 − ||Err(g)u||0

∣∣
we conclude that susp( /Dg) has trivial kernel and closed image. Since susp( /Dg) is
self-adjoint, it is also surjective and hence invertible.

Definition 5.1.11. Let χ : R → [0, 1] be a smooth map that is identically zero on
R≤−1 and identically 1 on R≥1 and let

H• : (□[1] ⊗ A)• → Ψ̃Dir
×
• (M)

be the following cubical map: If φ ∈ □[1]k and g ∈ An−k then

Hn(φ, g) = χ ◦ σ(φ) · susp /Dσk
1g

+ (1− χ) ◦ σ(φ) · /Dsusp(σk
1g)
,

where σφ = σn . . . σk+1φ. More precisely, Hn(φ, g) ∈ ΨDO
1
(Ssusp(σk

1g)
) is the unique

operator defined by

Hn(φ, g)(u)(m, t) =

χ(σ(φ)(t)) ·
(
susp /Dσk

1g
u
)
(m, t) + (1− χ(σ(φ)(t)) ·

(
/Dsusp(σk

1g)
u
)
(m, t).

Theorem 5.1.12. The sequence H• consist of well defined maps and assembles to
a cubical map. It is a homotopy between susp ◦ /D• and /D• ◦ susp.
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Proof. For well-definedness, we need to check that Hn+1(σk+1φ, g) = Hn+1(φ, σ1g)
for all n ∈ N0 and thatHn(φ, g) is an invertible block Dirac operator for all φ ∈ □[1]k
and all g ∈ An−k.

We first show that Hn preserves the equivalence relation of (□[1] ⊗ A)•. Let
φ ∈ □[1]k and g ∈ An−k be given. Since σk+1φ ∈ □[1]k+1, we have

Hn+1(σk+1(φ), g)

= χ ◦ σn ◦ · · · ◦ σk+2(σk+1φ)susp /Dσk+1
1 g

+ (1− χ ◦ σn ◦ · · · ◦ σk+2(σk+1φ)) /Dsusp(σk+1
1 g)

= χ ◦ σn ◦ · · · ◦ σk+1φ susp /Dσk+1
1 g + (1− χ ◦ σn ◦ · · · ◦ σk+1φ) /Dsusp(σk+1

1 g)

= Hn+1(φ, σ1g)

During the entire proof, we slightly abuse notation by not indicating the length
of composition σ, i.e., we write σφ instead of σσk+1φ.

The operator Hn(φ, g) has block form. Indeed, if φ is constant then

Hn(φ, g) =

{
/Dsusp(σk

1g)
, if φ ≡ −1,

susp( /Dσk
1g
), if φ ≡ 1.

If φ is not constant then, by Lemma 2.1.3, there is a unique coordinate ts with
1 ≤ s ≤ k such that φ(t) = ts. It is easy to see that M × RIn, which is the core of
/Dsusp(σk

1g)
and susp( /Dσk

1g
), is also the core ofHn(g, φ). SinceHn(φ, g) is a differential

operator it decreases the support, so that it restricts in particular to each UR(ε).
The C∞(Rn)-linearity of (Φε)∗ implies

(Φε)∗

(
Hn(φ, g)|UR(ε)

)
=(

χ(tc(ε)(s))susp /Dσk
1g
(ε|{1,...,k}) + (1− χ(c(ε)(s))) /Dsuspσg(ε{1,...,k})⊠ id

+ e/o⊠
∑

j∈domε|{k+1,...,n}

∂j
∂

∂tj

 .

Hence, for all sufficient large R > 0 such that g|UR(ε) does not depend on the variables
parametrised by supp ε, the operator Hn(φ, g) decomposes as required on UR(ε).

The operatorHn(φ, g) is a convex combination of susp( /Dσk
1g
) and /Dsusp(σk

1g)
using

positive real valued function instead of real numbers. This implies that Hn(φ, g) is a
differential operator with the same symbol as /Dsusp(σk

1σ(g))
and the block form implies

that it differs from /Dsusp(σk
1g)

by a bounded operator. As a convex combination
of symmetric differential operators, Hn(φ, g) is a symmetric differential operator
whose principal symbol has finite propagation speed, hence Hn(φ, g) is self-adjoint
by [HR00, Prop 10.2.11]

So far, we have shown that Hn(φ, g) is a block Dirac operator. Next, we will
show that it is invertible by showing that it is bounded from below using Lemma
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5.1.9:

||Hn(φ, g)||0 ≥
∣∣∣|| /Dsusp(σk

1g)
u||0 − ||(Hn(φ, g)− /Dsusp(σk

1g)
)u||0

∣∣∣
=
∣∣∣||susp /Dσk

1g
u||0 − ||(χ ◦ σ(φ))susp /Dσk

1g
− (χ ◦ σ(φ)) /Dsusp(σk

1g
)||0
∣∣∣

=
∣∣∣|| /Dsuspσk

1g
u||0 − ||(χ ◦ σ(φ))Err(σk1g)u||0

∣∣∣
≥ || /Dsusp(σk

1g)
u||0 − ||Err(σk1g)u||0

≥ 1

2
min

{
1, 1/8 inf{scal(σk1g)(t)1/2 : t ∈ Rn}

}
||u||1.

We verify now that H• is a cubical map. From the proof that Hn(φ, g) is a block
map and that susp and /D are cubical maps we deduce

∂εiHn(φ, g) = lim
R→∞

δRεi
∗
Hn(φ, g)(i, ε)

= lim
R→∞

δRεi
∗
(
χ ◦ σ(φ)|M×Rn(i,ε) · susp /Dσk

1g
(i, ε)(

1− χ ◦ σ(φ)|M×Rn(i,ε)

)
· /Dsusp(σk

1g)
(i, ε)

)
= lim

R→∞
δRεi

∗
(χ ◦ σ(φ)|M×Rn(i,ε)) · susp /DδRε

i
∗
σk
1g

1− δRεi
∗
(χ ◦ σ(φ)|M×Rn(i,ε)) /Dsusp(δRε

i
∗
σk
1g)

=

{
Hn−1(∂

ε
iφ, g), if i ≤ k,

Hn−1(φ, ∂
ε
i−kg), if i > k.

For the degeneracies, we use the simple observation (f ·P )⊠ id = σn+1(f) · (P ⊠ id)
in the following calculation:

σiHn(φ, g) = Cycl(i, n+ 1)∗
(
Hn ⊠ id + e/o⊠ /DR

)
= Cycl(i, n+ 1)∗

(
χ ◦ σn+1σ(φ)(susp /Dσk

1g
⊠ id)

+(1− χ) ◦ σn+1σ(φ)( /Dsuspσk
1g

⊠ id) + e/o⊠ /DR

)
= Cycl(i, n+ 1)∗

(
χ ◦ σn+1σ(φ)susp /Dσn+1σk

1g

+(1− χ ◦ σn+1σ(φ)) /Dsuspσn+1σk
1g

)
= χ ◦ σiσ(φ)susp( /Dσiσk

1g
) + (1− χ) ◦ σiσ(φ) /Dsuspσiσk

1g

=

{
Hn+1(σiφ, g), if i ≤ k,

Hn+1(φ, σi−kg), if i > k.

Lastly, we need to show that H• is a homotopy between susp◦ /D• and /D• ◦ susp.
If φ = (−1, . . . ,−1) ∈ □[1]k then

Hn(φ, g) = susp( /Dσk
1g
) = σk1(susp /Dg)
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and if φ = (1, . . . , 1) ∈ □[1]k then

Hn(φ, g) = /Dsusp(σk
1g)

= σk1( /Dsusp(g)),

so Hn is indeed a homotopy between susp ◦ /D• and /D• ◦ susp.

5.2 Applications
We sketch how our work relates to the existing literature and give some application
of our main theorem. The presentation here is less detailed as in the rest of this
thesis as the missing details can be found in the existing literature. We also give a
counterexample to the stronger concordance-implies-isotopy conjecture, namely that
the suspension susp: R+

• (M) 99K R̃+
• (M), defined on a weakly equivalent subset, is

a weak equivalence.

Relations to the work of Botvinnik, Ebert, Randal-Williams:

The strongest detection result for non-trivial elements in the homotopy groups of
Riem+(M) that does not take the fundamental group of the manifold into account
was achieved by Botvinnik, Ebert and Randal-Williams in [BERW17]. Using soph-
isticated tools from homotopy theory, they proved that the index difference is ra-
tionally surjective.

Theorem 5.2.1 ([BERW17, Theorem A]). Let Md be a closed spin manifold of
dimension d ≥ 6. Then

πn(inddif)⊗Q : πn(Riem
+(M))⊗Q→ KO−(d+n+1)(pt)⊗Q

is surjective. If d+n+1 ≡ 1, 2 mod 8 so that KO−(d+n+1)(pt) ∼= Z2, then πn(inddif)
is surjective.

By Theorem 5.1.1, index difference factors over R̃+
• (M), so we deduce:

Corollary 5.2.2. Let Md be a closed spin manifold of dimension d ≥ 6. Then

πn( /D•)⊗Q : πn(R̃+
• (M))⊗Q→ πn(Ψ̃Dir

×
• (M))⊗Q = KO−(d+n+1)(pt)⊗Q

is surjective. If d+ n+ 1 ≡ 1, 2 mod 8 so that KO−(d+n+1)(pt) ∼= Z2, then πn( /D•)
is surjective.

Relations to the work of Hitchin:

Hitchin was the first to discover that Riem+(M) can be non-contractible if Md is any
closed spin manifold of dimension 8k that carries at least one psc metric. Despite
being a consequence of the previously discussed by results of Botvinnik, Ebert and
Randal-Williams, it is worthwhile to recall Hitchin’s results in detail as we will
use them below. Hitchin’s argument in [Hit74] is roughly the following one: The
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diffeomorphism group Diff(M) acts on Riem+(M) via pull back. For each choice of a
base point g0 ∈ Riem+(M), the pull back produces elements [φ∗g0] ∈ πn(Riem+(M))
for each element [φ] ∈ πn(Diff(M)). The key observation is now that the composition
of the (Hitchin) index difference and the pull back action

πn(Diff(M))
pull back // πn(Riem

+(M)) inddif // KO−(d+n+1)(pt)

agrees with the topological index of the total space of the clutching construction
M ×Dn+1 ∪φM ×Dn+1 → Sn+1, provided the total space is a spin manifold. More
precisely, under the aforementioned conditions, we have

inddif(φ∗g0, g0) = α(M ×Dn+1 ∪φM ×Dn+1).

In the case n = 0, 1, there are diffeomorphisms φ ∈ πn(Diff(M)) such that

M ×Dn+1 ∪φM ×Dn+1 ∼= (M × Sn+1)#Σd+n+1,

where Σd+n+1 is an exotic sphere with α(Σd+n+1) ̸= 0. Since the topological index
α : ΩSpin

∗ (pt)→ KO−∗(pt) is a ring-homomorphism, we deduce

α((M × Sn+1)#Σd+n+1) = α(M)α(Sn+1)︸ ︷︷ ︸
=0

+α(Σd+n+1) ̸= 0.

This implies that π0(Riem+(M)) and π1(Riem+(M)) are non-trivial.
For later purposes we remark that the special diffeomorphisms are in the image

of πn(Diff(Dd, Sd−1)), the group of diffeomorphisms on an embedded disc Dd ⊆ M
that are the identity near Sd−1.

The connection to our work is given by Theorem 5.1.1. The left vertical map
is the a cubical map that models the space level description of the (Hitchin) index
difference. Applying homotopy groups to the diagram in Theorem 5.1.1 together
with Hichtin’s result implies the following corollary.

Corollary 5.2.3. Let Md be a closed, spin, psc manifold of dimension 8k. Then
π0(R̃+

• (M)) and π1(R̃+
• (M)) are non-trivial.

Relations to the work of Ruberman:

We present an example where susp• : R+
• (M) 99K R̃+

• (M) is not a weak homo-
topy equivalence. The following proposition is just a reformulation of the results in
[Rub01].

Proposition 5.2.4. [Rub01, Corollary 5.2, Theorem 5.5] For n ≥ 2 and k > 10n,
define M ..= #2nCP2#kCP2. Then susp• : R+

• (M) 99K R̃+
• (M) is not injective on the

level of connected components. In fact, every concordance class contains infinitely
many different isotopy classes.
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Non Surjectivity Results:

We can also apply Hitchin’s methods directly to R̃+
• (M) to produce non-trivial

elements in its homotopy groups. Fix a base point g0 ∈ Riem+(M). The corres-
ponding base point in πk(R̃+

• (M)) is then g0⊕⟨·, ·⟩Rk . Fix further an embedded disc
Dd+k ⊆M × Rk.

Let φ be the diffeomorphism used by Hitchin in the subsection above (for n = 0).
Since this diffeomorphism is the identity near the boundary of the embedded disc and
since the disc lies in the interior of some M×RIk, the pull back g ..= φ∗(g0⊕⟨·, ·⟩Rk)

is a block metric. We claim that [g] ̸= 0 ∈ πk(R̃+
• (M)) provided d+ k ≡ 0 mod 8.

Assume this were not the case, then there would be a block metric G on M×Rk+1

that satisfies ∂−1
1 G = g and ∂εiG = g0 ⊕ ⟨·, ·⟩Rk if (i, ε) ̸= (1,−1). Pick a sufficiently

large R′ > R such that G decomposes outside of M ×R′Ik+1. Then G induces a psc
metric Ḡ on

M × R× Tk =M × R× (Rk/2R′Zk),

which serves as a concordance between the psc metric ḡ ∈ Riem+(M × Tk) and
g0 ⊕ ⟨·, ·⟩Tk . Due to the locality of this construction, ḡ is the psc metric we would
obtain if we would apply Hitchin’s construction to g0 ⊕ ⟨·, ·⟩Tk on M × Tk. Thus,
the Gromov-Lawson index difference of these two metrics vanishes. On the other
hand Theorem 5.1.1, or alternatively Theorem A of [Ebe17], together with Hitchin’s
result now imply that

inddifGL
(
ḡ, g0 ⊕ ⟨·, ·⟩Tk

)
= inddifH

(
ḡ, g0 ⊕ ⟨·, ·⟩Tk

)
= α(Σd+k+1) ̸= 0,

which is a contradiction.
If we now assume that dimM = 2 or 3, then M is spin if and only if it is

orientable, see [LM89, p.86]. The previous argument now implies that π6(R̃+
• (S

2))

and π5(R̃+
• (M

3)) are non-trivial. However, we know from [RS01, Theorem 3.4] and
[BK19, Theorem 1.1] that Riem+(M) is contractible for all orientable psc manifolds
of dimension 2 or 3. This argument proves Theorem D of the introduction:

Theorem 5.2.5. The suspension susp• : R+
• (M) 99K R̃+

• (M) is not a weak equival-
ence if dim(M) = 2 or 3.



Chapter 6

The PSC Hatcher Spectral Sequence

A consequence of the Factorisation Theorem 5.1.1 is that the index difference cannot
distinguish different isotopy classes in the same conocrdance class. This question
has to be addressed with tools and techniques beyond index theory.

As a first attempt, we will make full use of the “spacification” of the isotopy versus
concordance problem we have carried out in Chapter 3 and Chapter 5: The compar-
ison map susp• : R+

• (M) 99K R̃+
• (M), defined on a weakly equivalent cubical subset

A• ⊆ R+
• (M), allows us to the define the homotopy fibre hofib

(
A• → R̃+

• (M)
)
,

which we abbreviate to hofib•. Since A• and R̃+
• (M) are cubical Kan sets, hofib• is

also a cubical Kan set by formal reasons. The combinatorial description of its ho-
motopy groups allows us to put a filtration on them, the so called isotopy filtration.
This filtration, roughly speaking, measures how far away from an isotopy a general
concordance is. The psc Hatcher spectral sequence, the main result of this section
stated in Theorem 6.3.3, approximates the difference between a filtration subgroup
and its successor.

This chapter is structures as follows. First, we will develop the geometric founda-
tion to construct the psc Hatcher spectral sequence in Section 6.1. This includes the
discussion of the isotopy filtration in Definition 6.1.1, the defect fibrations in Defin-
ition 6.1.9, and the connection between those two, which is explained by Lemma
6.1.10.

Secondly, we present in Section 6.2 an abstract construction of a spectral se-
quence that generalises the construction of a spectral sequence out of an exact
couple of abelian groups. In our setup, we allow some abelian groups to be replaced
by monoids or even mere pointed sets.

Finally, in Section 6.3, we apply this abstract spectral sequence construction
of Theorem 6.2.8 to the geometric foundation established before to derive the psc
Hatcher spectral sequence.

6.1 Geometric Foundations

Recall that we have defined in Chapter 5 a weakly equivalent cubical subset A• ↪→
R+

• (M), which is Kan and on which the suspension map takes values in R̃+
• (M). In

197
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this section, it will be more convenient to work with a slightly bigger model given
by

An ..=

{
g ∈ R+

n (M) : (1 + d)
n∑
j=1

|tr((∂jgop)2)|+ |tr(∂jg)|2 + |tr(∂2j g)| < scal(g)

}
.

Observe that it shares the just mentioned properties of its analog in Chapter 5.
During the entire section, we fix a base point g0 ∈ R+

0 (M) = R̃+
0 (M). We remind

the reader that we do not notionally distinguish g0 from its image under degeneracy
maps. We furthermore abbreviate hofib•(susp• : A• → R̃+

• (M); g0) to hofib• and the
dimension of M with d.

Let us start with the definition of the isotopy filtration. For that recall the set
of loops of a cubical set from Definition 2.1.26.

Definition 6.1.1. For 0 ≤ p ≤ n, we set the p-th term of the isotopy filtration to
be

FpΩ
n
g0
hofib• ..=

{
g ∈ Ωn

g0
hofib• : g(m,x) = g

(p+1)
(m,x) +

n+1∑
j=p+2

dx2j and

(1 + d)
n+1∑
j=p+2

|tr((∂jgop)2)|+ |tr(∂jg)2|+ |tr(∂2j g)| < scal(g)
}
.

Here, g(p+1)
(m,x) denotes the restriction of g to the subspace TmM ⊕ span(e1, . . . , ep+1)

in TmM ⊕ TxRn+1.

The filtration of Ωn
g0
hofib• induces a filtration of πn(hofib•), the set of concord-

ance classes of Ωn
g0
hofib•. Informally speaking, the set FpΩn

g0
hofib• consists of block

metrics that are isotopies in the last (n− p) coordinates. This observation inspires
Definition 6.1.2 and Lemma 6.1.3.

Definition 6.1.2. Let R̃+(M × RIn) be the topology space of all Riemannian
metrics with positive scalar curvature that have product structure near each face
equipped with the smooth Whitney topology. For p ≥ 0, let Fp be the topological
space whose underlying set is

Fp ..=
{
g ∈ R̃+

p+1(M) : ∂11g ∈ R+
p (M), ∂ωj g = g0 for (j, ω) ̸= (1, 1)

}
and whose topology is the (subspace topology of the) colimit topology coming from
the embeddings R̃+(M ×RIp+1) ↪→ R̃+(M × SIp+1) given by elongations.

We remind the reader that Fp carries the colimit topology induced by embeddings
between Hausdorff spaces. By Lemma 2.2.12 and Lemma 2.2.13, every continuous
map from a compact space into Fp factors through some R̃+(M × RIn+1). This
observation will be important in the forthcoming proofs.
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Lemma 6.1.3. The suspension induces a map πn−p(Fp) → πn(hofib•) whose im-
age is the set of concordance classes of FpΩn

g0
hofib•. Furthermore, the suspensions

decompose into a sequence of maps

πn(F0)
ι0,n //

,,

πn−1(F1)
ι1,n−1 //

**

. . .
ιn−1,1 // π0(Fn)

ιn,0
����

πn(hofib•),

where all ip,n−p are induced by “suspending along the first parameter variable” and
ιn,0 sends an isotopy class to its concordance class.

Proof. For later purposes, we define the morphisms ιp,q as induced morphisms from
continuous maps. Set

F slow
p ..= {g ∈ Fp : ∂11g ∈ Ap(M)}

and

Ωq,∞F (slow)
p ..= {g : Rq → F (slow)

p : smooth block map, g = g0 near ∞,

(1 + d) ·
q∑
j=1

|tr((∂jg)2)|+ |tr(∂jg)2|+ |tr(∂2j g)| < scal(g)}.

The latter space includes into the loop space modelled by continuous block maps,
which is, of course, weakly homotopy equivalent to the classical loop space. Approx-
imating continuous maps by smooth maps and a re-scaling argument show that the
inclusions Ωq,∞F slow

p ↪→ ΩqF slow
p and F slow

p ↪→ Fp are weak homotopy equivalences,
see Lemma 6.1.4 below.

Define
susp: Ωq,∞F (slow)

p → Ωq−1F
(slow)
p+1

via

susp(g)(t1, . . . , tq−1)(m,x1,...,xp+2) ..= g(xp+2, t1, . . . , tq−1)(m,x1,...,xp+1) + dx2p+2.

These maps are continuous by the following argument: Recall the adjunction between
functions and sections

C∞(N ; Riem+(M × Ip)) ∼= Γ∞(M × In ×N ; Pos(T (M × Ip))×N),

where N is a smooth compact manifold with faces and Pos(T (M×Ip)) is the bundle
of all positive definite, symmetric bilinear forms on T (M × Ip) over M × Ip. Under
this adjunction, the suspension is induced by the following smooth map of fibre
bundles

Pos(TM × Ip)× I × Iq−1
pr∗1(–)+pr∗2⟨·,·⟩ // Pos(T (M × Ip × I))× Iq−1, (6.1)

via post-composition. Thus, it induces a continuous map Ωq,∞Fp → Ωq−1Fp+1. In
fact, this map factors through the space of smooth loops.
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The map ιp,q is now defined as

ιp,q : πq(Fp) = π0(Ω
q,∞F

(slow)
p )

π0(susp) // π0(Ω
q−1F

(slow)
p+1 ) = πq−1(Fp+1),

and ιn,0 : π0(F
slow
n ) → πn(hofib•) is the surjective map that sends the isotopy class

of a block metric to its concordance class.
Clearly,

ιp+k,q−k ◦ · · · ◦ ιp,q(g)(t1, . . . , tq−k−1)(m,x1,...,xp+k+2)

= g(xp+2, . . . , xp+k+2, t1, . . . , tq−k−1)(m,x1,...,xp+1) +

p+k+2∑
j=p+2

dx2j

for k < q and all metrics for which the composition is defined. Thus, the composition
πq(Fp)→ πp+q(hofib•) sends a block map to the concordance class of its suspension.

In remains to prove that the image of the suspension πn−p(Fp) → πn(hofib•) is
the set of concordance classes of FpΩn

g0
hofib•. Consider the map

pr : FpΩ
n
g0
hofib• → Ωn−p,∞F slow

p ,

g 7→
(
y 7→ g(·,·,y)↿T (M×Rp+1)

)
.

If we turn the set FpΩn
g0
hofib• into a topological space by endowing it with the colimit

topology, then pr is continuous and the inverse of susp: Ωn−p,∞F slow
p → FpΩ

n
g0
hofib•.

In particular, the suspension maps the group πn−p(Fp) onto the isotopy classes
of FpΩn

g0
hofib• and thus onto the concordance classes of FpΩn

g0
hofib•.

Lemma 6.1.4. Let Ωq,∞Fp and F slow
p be as in the proof of Lemma 6.1.3. Then the

inclusions

F slow
p ↪→ Fp and Ωq,∞F (slow)

p ↪→ ΩqF (slow)
p

are weak homotopy equivalences.

Proof. To prove the first statement, we will show the equivalent statement that
every map (Dn, Sn−1) → (Fp, F

slow
p ) can be homotopied through such maps to a

map Dn → F slow
p .

Given a such map g : (Dn, Sn−1) → (Fp, F
slow
p ). As Fp is a sequential colimit of

embeddings between Hausdorff spaces, we can find a sufficiently large ρ such that
each g(t) decomposes on M × ρIp+1.

By assumption, each g(t) decomposes

g(t)|{x1>ρ} = g(t)TM +

p+1∑
j=1

dx2j ,

where gTM is the induced metric on TM ⊆ T (M × Rp+1). The block form of
g(t) implies its independence of the coordinate x1. Thus, there is a unique map
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γ : Dn × ρIp → Riem+(M) such that g(t) = susp(γ(t, –)) on {x1 > ρ}. The map γ
is continuous in the Dn-variable and smooth in the ρIp-variable.

Recall that the defining conditions of Ap are algebraic expressions of the 2-jet of
g. By compactness, we find therefore a sufficiently large R > 1 such that the map
x 7→ γ(t, x/R) is an element of Ap for all t ∈ Dn.

Pick a sufficiently large L = L(R) > 0 and a smooth function Φ: [ρ, ρ + L] →
[1, R] that is monotonically increasing and satisfies

Φ ≡ 1 near ρ, Φ ≡ R near ρ+ L,

0 ≤ Φ′ ≪ 1, |Φ′′| ≪ 1.

For each s ∈ [0, 1], set Φs ..= (1− s) · 1 + sΦ. Since γ|∂ρIp = constg0 , we can extend
it via g0 to a block map γ : Rn → Riem+(M). The map

γsaux : D
n × [ρ, ρ+ L]× ρIp → Riem+(M),

(t, x1, . . . , xp+1) 7→ γ
(
t, 1/Φs(x1) · (x2, . . . , xp+1)

)
can be extended to a family of block maps

γsaux : D
n × Rp+1 → Riem+(M).

Consider the map

H : Dn × [0, 1]→ Fp given by (t, s) 7→ g(t)|{x1≤ρ} ∪ susp(γsaux)|{x1≥ρ}.

This map is well-defined because g(t) = susp(γsaux) near {x1 = ρ} and scal(γsaux) > 0
provided |Φ′| and |Φ′′| are sufficiently small, see Lemma 6.1.5 below. It satisfies
H(–, 0) = γ and H(–, 1) takes values in F slow

p . Since |(1/Φ)′| ≤ 1 and |(1/Φ)′′| ≤ 1,
the map H restricts to a map Sn × [0, 1]→ F slow

p .
Thus, H is a homotopy of pairs between g and a map with values in F slow

p , so
the first statement is proven.

In order to show that Ωq,∞F
(slow)
p ↪→ ΩqF

(slow)
p is a weak homotopy equivalence

we consider

Ω̄q,∞F (slow)
p ..= {g : Rn → F (slow)

p : g smooth block map, g = g0 near ∞},

the space of all smooth block maps into F (slow)
p without “speed constrains”. Approx-

imation theory, see Section 2.2.2 for details, yields that the inclusion Ω̄q,∞F
(slow)
p ↪→

ΩqF
(slow)
p is a weak homotopy equivalence.
We will show that the inclusion Ωq,∞F

(slow)
p ↪→ Ω̄q,∞F

(slow)
p is a homotopy equi-

valence.
Consider the map R : Ω̄q,∞F

(slow)
p → R≥1 given by

R(g) ..= supM×Rp+1×Rq

{
1 + (1 + d)

q∑
j=1

|tr((∂jg)2)|+ |tr(∂jg)2|+ |tr(∂2j g)|

}
.
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The values of R are always finite because we only plug in block maps that take
values in block metrics. The map R is also continuous because it is an algebraic
expression of the 2-jet of g considered now as section over the space M ×Rp+1×Rq.

The same holds for the map m : Ω̄q,∞F
(slow)
p → (0, 1] given by

g 7→ 1

2d
inf
({

(scal(g(t))(m,x))1/2 : (m,x, t) ∈M × Rp+1 × Rq
})

.

The inclusion φ : Ωq,∞F
(slow)
p ↪→ Ω̄q,∞F

(slow)
p is a homotopy equivalence. Its

homotopy inverse is given by ψ : g 7→ g ◦
(
m/(1 + m2)1/2 ·R−1

)
. The homotopy

between the identity and φ ◦ ψ, respectively ψ ◦ φ, is given by

(g, s) 7→ g ◦
(
s · m/(1 + m2)1/2 ·R−1 + (1− s) · 1

)
.

because if g ∈ An, then also all re-parametrisation of g that are “slower” than g are
also elements of An.

Lemma 6.1.5. The suspension of γsaux defined in the proof of Lemma 6.1.4 has
positive scalar curvature.

Proof. We know from

0 < scal(susp(γ)) = scal(γ) +

p+1∑
j=2

3

4
tr((∂jγ

op)2)− 1

4
tr(∂jγ)

2 − tr(∂2j γ)

=: scal(g) + err(g)

that err(γ) > −scal(γ). The block form of the map g actually implies err(γ) >
−scal(γ) + ε for some ε > 0. The relevant differentials of γsaux are given by

∂jγ
s
aux =

{
1

Φs(x1)
· (∂jγ)(1/Φs(x1) · (x2, . . . , xp+1), if j > 1,

−Φ′
s(x1)

Φs(x1)
·
∑p+1

k=2(∂kγ)(1/Φs(x1) · (x2, . . . , xp+1))xk, if j = 1,

and

∂2j γ
s
aux =

1

Φs(x1)2
· (∂2j γ)(1/Φs(x1) · (x2, . . . , xp+1)), if j > 1.

The last partial differential is given by

∂21γ
s
aux =

(Φ′
s)

2

Φ4
s

·
p+1∑
k,l=2

(∂k∂lγ)(1/Φs(x1) · (x2, . . . , xp+1))xkxl

+
−Φ′′

sΦs + 2(Φ′
s)

2

Φ4
s

·
p+1∑
k=2

(∂kγ)(1/Φs(x1) · (x2, . . . , xp+1))xk.

Since γ(t, –) is constant outside of ρIp for all t ∈ Dn, the map γsaux is constant
outside of ρR · Ip. Thus, by increasing L(R), we can make |∂1γsaux| and |∂21γsaux|
arbitrary small (by choosing Φ with sufficiently small derivatives).
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This, in particular, implies we can choose L and Φ such that

err(γsaux) = Φs(x1)
−2 · err(γ) ◦ 1/Φs +

3

4
tr((∂1γ

s,op
aux )

2)− 1

4
tr(∂1γ

s
aux)

2 − tr(∂21γ
s
aux)

2

> −Φs(x1)
−2 · scal(γ) ◦ 1/Φs + ε

+
3

4
tr((∂1γ

s,op
aux )

2)− 1

4
tr(∂1γ

s
aux)

2 − tr(∂21γ
s
aux)

2

> −Φs(x1)
−2 · scal(γsaux) ◦ 1/Φs = scal(γsaux),

and hence so that scal(susp(γsaux)) is positive.

The images of FpΩn
g0
hofib• in πn(hofib•) form a filtration of subsets. We will

see later that this filtration is a filtration of subgroups and that the quotients of
the filtration groups and its pre-successors agree with the infinity page of a spectral
sequence. To set up the spectral sequence, we first need to realise the maps ιp,q as
the boundary operator of a long exact sequence associated to a fibration. The next
definition introduces the total space of this fibration.

Definition 6.1.6. For p ≥ 0, let Gp be the topological space whose underlying set
is given by

Gp ..=
{
g ∈ R̃+(M × Rp+1) : ∂11g ∈ R+

p (M),

∂ωj g = g0 for (j, ω) ̸= (1, 1), (p+ 1, 1)
}

and whose topology is the (subspace topology of the) colimit topology coming from
the inclusions R̃+(M ×RIp+1) ↪→ R̃+(M ×SIp+1). We further define Gslow

p ..= {g ∈
Gp : ∂11g ∈ Ap}.

Note that the proof of Lemma 6.1.4 also implies that the inclusion Gslow
p ↪→ Gp

is a weak homotopy equivalence.
There is a canonical map ↿ : G(slow)

p+1 → F
(slow)
p given by g 7→ ∂1p+1g. Identifying

this map as a Serre fibration is probably difficult as we would have to deal with
arbitrary continuous maps. Luckily, the following weakening is easier to verify in
our setup and is still good enough for our purpose.

Definition 6.1.7. A smooth map between two smooth manifolds or between two
open subsets of affine Fréchet spaces p : E → B is a fibration in the smooth category,
if for all given solid outer squares

Dn × {0} f //
� _

��

E

p

��
Dn × [0, 1] h //

H

66

B

with f and h smooth and h stationary near the boundary of [0, 1], there exists a
smooth map H that is stationary near the boundary of [0, 1] and makes the diagram
commutative.
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The next lemma is no surprise as continuous maps can be approximated by
smooth ones relatively to closed subsets on which they are already smooth. With
the help of such approximations, the next lemma will be proved as the analogous
statement for Serre fibrations.

Lemma 6.1.8. Let p : E → B be a fibration in the smooth category. Then p is a
homotopy fibration, that is, the comparison map from each fibre into the homotopy
fibre is a weak homotopy equivalence for all path components of B.

Proof. Pick a point b0 ∈ B and denote its fibre by F ..= p−1({b0}). The fibre
comparison map

j : F ↪→ hofib(f ; b0) given by f 7→ (f, constb0)

is a weak homotopy equivalence if we find, for each φ : (Dn, Sn−1)→ (hofib(f ; b0), F ),
a homotopy of pairs H : [0, 1] × (Dn, Sn−1) → (hofib(f ; b0), F ) that deforms φ into
a map whose target is F .

Each map φ : (Dn, Sn−1)→ (hofib(p; b0), F ) is given by a commutative diagram

Dn × {1} φ(1)
//

� _

��

E

p

��
Dn × [0, 1]

φ(2)
// B

so that φ(2) restricts on Sn−1 × [0, 1]∪Dn × {0} to the constant map with value b0.
By approximation theory, there is a homotopy φ(1)

t such that φ(1)
0 = φ(1) and φ(1)

1 is a
smooth map. The homotopy can be chosen to be stationary near the boundary. We
modify this homotopy in three steps to a homotopy of diagrams that is stationary
near Dn × {0, 1}.

First, we re-parameterise φ(2) = φ
(2)
−1 such that the result φ(2)

0 is stationary near
the boundary. We can choose the interpolating homotopy φ

(2)
t with t ∈ [−1, 0] to

be relative to the boundary. Next, we define, for all t ∈ [0, 1], the homotopy

φ
(2)
t (x, s) =

{
φ(2)(x, (1 + t)s), s ∈ [0, (1 + t)−1],

p(φ
(1)
(1+t)s−1(x)), s ∈ [(1 + t)−1, 1].

The map is φ(2)
1 is not smooth yet, but it smooth near Dn × {0, 1} and constant on

the boundary Dn × {0} ∪ Sn−1 × [0, 1]. Thus, as the last step, we can homotopy it
relative to the boundary to a smooth map φ

(2)
2 that is stationary near Dn × {0, 1}

using approximation theory.
This diagram homotopy restricts to the diagram homotopy

Sn−1 × {1}
φ
(1)
t //

� _

��

F

p

��
Sn−1 × [0, 1]

φ
(2)
t // b0
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In conclusion, each map φ : (Dn, Sn−1) → (hofib(p; b0), F ) can be homotopied
through map of pairs to a smooth map ψ, so that ψ(2) are stationary nearDn×∂[0, 1].

To ease the notation, assume that φ has this property in the first place. As
p : E → B is a fibration in the smooth category, we find a lift Φ with restriction

Dn × {1} φ(1)
//

� _

��

E

p

��

Sn−1 × {1}� _

��

φ(1)|Sn−1 // F

��
Dn × [0, 1]

φ(2)
//

Φ

66

B, Sn−1 × [0, 1]
φ(2)|Sn−1 //

Φ|Sn−1

66

b0.

We use Φ to define H : [0, 1]×Dn × [0, 1]→ E as H : (t, x, s) 7→ Φ(x, ts).
The desired homotopyH : [0, 1]×(Dn, Sn−1)→ (hofib(f, b0), F ) is the continuous

map that corresponds to

[0, 1]×Dn × {1}� _

��

H // E

p

��
[0, 1]×Dn × [0, 1]

p◦H // B,

so the lemma is proven.

Proposition 6.1.9. For all p ≥ 0, the restriction to the last front face ↿ : Gp+1 → Fp
is well-defined and continuous. Furthermore, the sequence

Fp+1
� � incl // Gp+1

↿ // Fp

is a fibration in the smooth category.

Proof. The cubical identities imply that ↿ = ∂1p+2 maps Gp+1 to Fp.
The restriction to the last front face is a continuous map R̃+(M × RIp+2) →

R̃+(M ×RIp+1) as it is induced by a pull back of a vector bundle map. Since these
restriction maps are compatible with the inclusions R̃+(M×RIq) ↪→ R̃+(M×SIq),
they induce a map Gp+1 → Fp, which agrees with ↿.

Given a commutative diagram of smooth maps

Dn × {0} f //
� _

��

Gp+1

↿
��

Dn × [0, 1] h // Fp

such that h is stationary near Dn × ∂[0, 1]. By Lemma 2.2.12, the maps f and h

factor through R̃+(M × ρIp+2) and R̃+(M × ρIp+1), respectively, as Gp+1 and Fp
are colimits of relative T1 inclusions. Let Φ: Dn × ∂[0, 1]2 → Fp be given by

h(–, 0), on Dn × 0× [0, 1], h, on Dn × 1× [0, 1],

h(–, 0), on Dn × [0, 1]× 0, h, on Dn × [0, 1]× 1.
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Since h is stationary near ∂[0, 1], we can extend Φ to a smooth map on Dn × I2

that is independent of the normal variable of each face of I2 near ∂I2. Let Ψ(x, t)
be the block map extending [ρ, ρ + 1] ∋ s 7→ Φ(x, s − ρ, t) by elongation and let
H : Dn × [0, 1]→ Gp+1 be given by

H(x, t) ..= f ∪ suspΦ

(
x,

(–)− ρ
R

, t

)
=: f |{xp+2≤ρ} ∪ susp (RΨ(x, t)) |{xp+2≥ρ}.

If R is so large that

|tr((∂sRΨ)2)|+ |tr(∂sRΨ)2|+ |tr(∂2sRΨ)| < scal(RΨ(x, t))(s),

then susp(RΨ)(x, t) is a psc metric onM×Rp+1×R, which also agrees with f(x) near
M×Rp+1×{ρ}. Thus, H : Dn× [0, 1]→ Gp+1 is well-defined. The map H is smooth
because Φ smooth and susp is a smooth map between smooth Fréchet spaces as susp
is induced by vector bundle maps, see Equation 6.1. From RΨ(x, t)(ρ+R) = h(x, t)
follows that ↿(H(x, t)) = h(x, t), so H lifts the homotopy h. The lift H is also
stationary near ∂[0, 1] because Φ is stationary near the corner (1, 1) ∈ [0, 1]2. Thus,
the restriction to the last front face ↿ is a fibration in the smooth category.

Lemma 6.1.8 and Proposition 6.1.9 yield a long exact sequence of homotopy
groups. We would like to relate the connecting homomorphisms ∂q : πq(Fp) →
πq−1(Fp+1) to ιp,q. Before we formulate the next lemma, let us recall that every
fibration F ↪→ E → B induces a long exact sequence on homotopy groups via
the Puppe sequence, see for example [DK01, Theorem 6.42]. The boundary map
∂1 : π1(B) → π0(F ), in this picture, is given by evaluating the fibre transport at
the base point of the fibre. With this in mind, we denote by (−1)∂1 the map that
evaluates the inverse fibre transport at the base point.

Lemma 6.1.10. For all p ≥ 0 and q ≥ 1, we have

ιp,q = (−1)q∂q : πq(Fp)→ πq−1(Fp+1).

Proof. We consider the case q = 1 first. Recall that ∂1 : π1(Fp) → π0(Fp+1) comes
from the Puppe sequence. Each map d, possibly only defined on a weakly equivalent
subspace, that makes the diagram

ΩFp

≃w

��

d // Fp+1

≃w

��
hofib // hofib(↿)

homotopy commutative gives ∂1 = π0(d). Here, hofib is the homotopy fibre of the
canonical map hofib(↿)→ Gp+1. The homotopy fibres are defined using block maps,
so for example,

hofib(↿) = {(g, γ) | g ∈ Gp+1, γ : R→ Fp block map,
lim
t→−∞

γ(t) = g0, lim
t→∞

γ(t) = ↿(g)}.
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It is straighfoward to check that the composition

δ : Ω1,∞Fp
� � ≃ // ΩFp // hofib // hofib(↿)

is given by
(t 7→ g(t)) 7→ (g0, t 7→ g(t))

and that the composition

susp: Ω1,∞Fp
� � susp // Fp+1

≃ // hofib(↿)

is given by
(t 7→ g(t)) 7→ (susp(g), constg0).

We will construct a path between δ(ḡ) and susp(g) for all g ∈ Ω1,∞Fp, where ·̄ is
the standard involution on the loop space. This will then imply the claim for q = 1.

Choose a ρ > 0 such that the smooth block map g : R → Fp is constant (with
value g0) outside of M × [−ρ, ρ]. Let Φ: [−ρ, ρ]× [−1, 1]→ [−ρ, ρ] be a smooth map
that satisfies

Φ(–,−1) = −ρ and Φ(–, s) =

{
−ρ, near R≤−ρ,

s · ρ, near R≥ρ.

Fix R ≥ 1 such that R−1 (|∂tΦ(t, s)|+ |∂2tΦ(t, s)|) < 1 for all (t, s) ∈ [−ρ, ρ]× [−1, 1]
and define the path

Hg : [−1, 1]→ hofib(↿),

s 7→ [susp(t 7→ g(Φ(t/R, s))), t 7→ g(−Φ(t,−s))].

We need to show that this path is a well-defined map.
First, we show that the scalar curvature of susp(t 7→ g(Φ(t/R, s))) is positive

for all s ∈ [−ρ, ρ]. We abbreviate Φ(–/R, s) to RΦ as s is not important in the
calculation. The chain rule gives

|scal(susp(g ◦ RΦ))− scal(g ◦ RΦ)|

=

∣∣∣∣34tr((∂tgop)2) ·R−2
R(∂tΦ)

2 − 1

4
tr(∂tg)

2 ·R−2
R(∂tΦ)

2

− tr(∂2t g) ·R−2
R(∂tΦ)

2 − tr(∂tg) ·R−2
R(∂

2
tΦ)

∣∣∣∣
< (1 + d) ·

q∑
j=1

|tr((∂jg)2)|+ |tr(∂jg)2|+ |tr(∂2j g)|,

provided R is sufficiently large. This implies scal(susp(g ◦ RΦ)) > 0.
From susp(t 7→ g(Φ(t/R, s))) = g(sρ) + dt2 on {t ≥ R} we conclude ↿susp(t 7→

g(Φ(t/R, s))) = g(sρ), which agrees with

lim
t→∞

g(−Φ(t/R,−s)) = g(−Φ(ρR/R,−s)) = g(sρ).
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Thus, Hg takes values in hofib(↿). It is also smooth, as Φ is a smooth map.
The elements Hg(1) and susp(g) are connected through the two paths

[0, 1] ∋ λ 7→ [susp(g(λ · (–/R) + (1− λ)Φ(–/R, 1))), constg0 ],

and
[1, R] ∋ r 7→ [susp(g(–/r)), constg0 ],

while δ(g) and Hg(−1) are connected through the path

λ 7→ [g0, g(−λid− (1− λ)Φ(–/R, 1))].

Thus, the elements susp(g) and δ(ḡ) lie in the same path-component, which implies
the claim for the case q = 1.

The general case q ≥ 1 can be deduced from the special one as follows. By
definition, ∂q = π0(Ω

q−1δ), so it is enough to compare the two maps

Ωq−1susp1, suspq : Ω
q,∞Fp → Ωq−1Fp+1.

The first map is defined as(
(t1, . . . , tq) 7→ g(t1, . . . , tq)

)
7→ (t1, . . . , tq−1) 7→ Ωq−1susp(g)(t1, . . . , tq−1),

where

Ωq−1susp(g)(t1, . . . , tq−1)(m,x1,...,xp+2) = g(t1, . . . , tq−1, xp+2)(m,x1,...,xp+1) + dx2p+2

while the second map suspq was defined as

suspq(g)(t1, . . . , tq−1)(m,x1,...,xp+2) = g(xp+2, t1, . . . , tq−1)(m,x1,...,xp+1) + dx2p+2.

Thus,
suspq(g) = Ωq−1susp1 ◦ (1 2 . . . q),

where (1 2 . . . q)(g)(t1, . . . , tq) = g(tq, t1, . . . , tq−1).
This identity now implies the claim via

ιp,q = π0(suspq) = π0(Ω
q−1susp1 ◦ (1 2 . . . q))

= (−1)q−1π0(Ω
q−1susp1) = (−1)q−1π0(δ ◦ ·̄)

= (−1)qπ0(Ωq−1δ) = (−1)q∂q.

If p ≥ 1, then every element g ∈ Gp+1 or g ∈ Fp restricts to the base point g0 on
at least one pair of opposite faces. This allows us to glue two block metrics together
along their common faces. Sadly, the gluing construction does not give an H-space
structure because of the following reason: The cubes outside of those the metrics
decompose are of unknown length, and the function that assigns to a block metric
the diameter of its smallest cube outside it decomposes is not continuous. However,
different choices yield elements that can be canonically deformed into each other, so
we can still introduce “H-space like group structures” on the homotopy groups.

Recall that Shj,R : x 7→ x+Rej is a diffeomorphism and the abbreviation Shj,R(g) ..
= Shj,R∗(g) ..= Sh∗

j,−R(g).
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Lemma 6.1.11. For p ≥ 1 and q ≥ 0, there are p-many monoid structures on
πq(Gp+1) that are defined as follows:

Let g, h : Dn → Gp+1 represent [g], [h] ∈ πq(Gp+1) and assume that they factor
through R̃+(M ×RIp+2). Then, for all 2 ≤ j ≤ p+ 1, we define

(g +j,R h)(t) ..= Shj,−2R(g(t))|{xj≤0} ∪ Shj,2R(h(t))|{xj≥0}

and
[g] +j [h] ..= [g +j,R h] ∈ πq(Gp+1).

If p ≥ 2, then all of these monoid structures are Eckmann-Hilton related to each
other. If q ≥ 1, then these monoids structures are Eckmann-Hilton related to the
group structure of the homotopy group.

The same statement is true for πq(Fp).

Proof. Since Shj,−2R(g(t)) and Shj,2R(h(t)) agree with the base point near {xj = 0},
the metric (g +j,R h) is well-defined and has positive scalar curvature. The shift
operators also preserves the defining conditions of Gp+1, so g +j,R h ∈ Gp+1.

For R0 ≤ R1 and all s ∈ [0, 1], we set Rs ..= (1−s)R0+sR1. A homotopy relative
to ∂Dn between g +j,R0 h and g +j,R1 h is given by s 7→ g +j,Rs h.

Let g, h : (Dn × In, ∂Dn × I)→ (Gp+1, g0) homotopies relative to the boundary.
For a sufficiently large R, the map g +j,R h is a homotopy relative to the boundary
between g(–, 0) +j,R h(–, 0) and g(–, 1) +j,R h(–, 1).

It is straightforward to check that these structures are associative and that the
neutral element is given by the base point g0.

The proof that these structures are Eckmann-Hilton related to each other if p ≥ 2
is formally identical with the proof that higher homotopy groups are abelian.

The proof that these monoid structures are Eckmann-Hilton related to the group
structure from the homotopy groups is formally the same as the proof for H-spaces.

Corollary 6.1.12. For q ≥ 1, the groups πq(Gp+1) and πq(Fp) are abelian if p+q ≥
2.

The reader certainly has notice the similarities in notation and formulation to
Theorem 3.4.4. This is no coincidence as it carries over to the homotopy fibre.

Proposition 6.1.13. There are n-many group structures on πn(hofib•, g0), for all
n ≥ 1, defined as follows: If g, h represent [g], [h] ∈ πn(hofib•) and decompose
outside M ×RIn+1, then

[g] +j [h] ..= [g +j,R h]

for all 2 ≤ j ≤ n+ 1.
If rj denotes the reflection at the hyperplane {xj = 0}, then the inverse element of

[g] for +j is given by [r∗jg]. The structures are Eckmann-Hilton related to each other.
Furthermore, +2 agrees with the group structure provided by cubical set theory.

Proof. As the construction g 7→ g∠ preserves suspensions, see Proposition 3.4.2, all
arguments in the proof of Theorem 3.4.4 carry over immediately to the homotopy
fibre.
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Corollary 6.1.14. The map ιp,q : πq(Fp)→ πq−1(Fp+1) is a monoid homomorphism
for all p ∈ N0 and all q ≥ 1. Furthermore, ιp,0 : π0(Fp) → π0(hofibp) is a monoid
homomorphism for p ≥ 1.

Proof. For q > 1, the claim follows from Lemma 6.1.10, so it remains to check the
case q = 1.

If we realise elements of π1(Fp) as homotopy classes of block maps γ : R → Fp,
then the group structure is given [γ1] · [γ2] = [γ1(·−2ρ)∪γ2(·+2ρ)] for all sufficiently
large ρ > 0 such that γj is constant (with value g0) outside of [−ρ, ρ].

The claim now follows from

ιp,1([γ1] · [γ2]) = [susp(γ1(·+ 2ρ) ∪ γ2(· − 2ρ))]

= [Sh−2ρ(susp(γ1))|{xp+2≤0} ∪ Sh2ρ(susp(γ2))|{xp+2≥0}]

= ιp,1([γ1]) +p+2 ιp,1([γ2]).

To see that ιp+1,0 is a monoid homomorphism, one uses the geometric addition
on πp+1(hofib•), which agrees with the usual one by Proposition 6.1.13.

Definition 6.1.15. Define the space of psc pseudo isotopies to be the following
subspace

Cpsc
p (M) ..= {g ∈ Gp : ∂11g = g0}

of Gp.

Lemma 6.1.16. The inclusion Cpsc
p (M) ↪→ Gslow

p is a weak homotopy equivalence.

Proof. We will actually show the following slightly stronger statement: Every block
map g : Rn → Gslow

p can be homotopied through block maps into a block map
Rn → Cpsc

p (M) such that if g(t) ∈ Cpsc
p (M), then the homotopy at t ∈ Rn stays in

Cpsc
p (M).

We find a sufficiently largeR > 0 such that g(t) decomposes away fromM×RIp+1

for all t ∈ Rn. Since each block map is uniquely determined by its restriction to a
sufficiently large cube, we can find a sufficiently large ρ > R such that (∂11g(t))

∠
ρ is

a psc metric for all t ∈ Rn, where (∂11g(t))
∠
ρ refers to the construction of Proposition

3.4.2 in the x1 - xp+1 plane in Rp+1 around the point (ρ, 0, . . . , 0, ρ), see Figure 6.1
for a visualisation. So far, (∂11g(t))∠ρ is only a metric on {x1 ≥ ρ, xp+1 ≤ ρ}. We use
its product form near {xp+1 = ρ} to extend it to {x1 ≥ ρ}. Since g(t) and (∂11g(t))

∠
ρ

agree near {x1 = ρ}, the map

t 7→ g(t)|{x1≤ρ} ∪ (∂11g(t))
∠
ρ |{x1≥ρ}

is a smooth block map Rn → Gp, which we denote by g ∪ (∂11g)
∠
ρ . If g(t) lies in

Cpsc
p (M), then g(t) ∪ (∂11g(t))

∠
ρ also lies in there.

We claim that this map is homotopic to g via a homotopy with the desired
properties. Since ∂11g(t) = susp(h(t, –)), where h(t, –) : Rp → Riem+(M) is a block
map that lies in the subset Ap, the extension of (∂11g)∠ρ to the half plane satisfies

(∂11g(t))
∠
ρ = susp(hρ(t, –)),
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Figure 6.1: The construction for p = 1 and p = 2.
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where hρ(t, –) : {x1 ≥ ρ} ⊆ Rp+1 → Riem+(M) is independent of x1 near {x1 = ρ}
and {x1 ≥ 2ρ}, see Proposition 3.4.2. We may assume, after rescaling h(t, –) in the
second component (with a constant independent of t)1, that h(t, –) is sufficiently
slowly parameterised such that hρ(t, –) satisfies the same speed-constrains as an
element of Ap+1.

If φ : [ρ, 2ρ] → [ρ, 2ρ] is a smooth, monotonically increasing, surjective function
that is constant near boundary, and such that supp (φ′ − 1) is contained in a suf-
ficiently small neighbourhood of {x1 = ρ} and {x1 = 2ρ} on which hρ(t; –) is still
independent of x1 for all t ∈ Rn, then susp(hρ(t;φ(–), –)) is still a psc metric and
convex combinations yield the following chain of homotopies

g(t) ∪ (∂11g(t))
∠
ρ = g(t) ∪ susp(hρ(t, –))
≃ g(t) ∪ susp(hρ(t, φ(–), –)), via s 7→ (1− s)id + sφ,

≃ g(t) ∪ susp(hρ(t, ρ, –)), via s 7→ (1− s)φ+ sρ.

Note that the last homotopy is a homotopy of positive scalar curvature metrics
because hρ(t, (1− s)ρ+ sρ, –) satisfies the speed-constrains of Ap+1 since hρ(t, φ(–))
does it.

If g ∈ Cpsc
p (M) so that ∂11g(t) = g0, then (∂11g(t))

∠
ρ = g0 and the homotopies stay

in Cpsc
p (M).

Corollary 6.1.17. The set πq(Gp+1) has (p+1)-many Eckmann-Hilton related mon-
oid structures that extends the ones from Lemma 6.1.11.

Proof. The defined additions in Lemma 6.1.11 restrict to πq(Cpsc
p (M)). The addi-

tional monoid structure is given by +1.

6.2 Abstract Construction of the Spectral Sequence
We describe the algebraic machinery to construct the psc Hatcher spectral sequence.
This forces us to leave the realm of homological algebra as not all sets we are
considering are abelian groups.

The starting point is the following exact couple of Z-bigraded, pointed sets

Dp−1,q+1 ip−1,q+1

(1,−1) // Dp,q

(0,0)

jp,q

ssEp,q.
(−1,0)

kp,q

YY
(6.2)

Here, the tuples in the diagram refer to the bigrading of the corresponding map.
We further require that the sets Dp,q satisfy the following properties:

• Dp,q = 0 if p < 0.

• Dp,0 is a monoid if p ≥ 1, it is abelian if p ≥ 2.
1Note that this does not change the homotopy type of the block map h
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• Dp,q is a group if q ≥ 1, it is abelian if p+ q ≥ 2.

In particular, Dp,q is not a monoid only if p = q = 0, and it is not an abelian monoid
only if p+ q ≤ 1. We require the sets Ep,q to satisfy

• Ep,q = 0 if p < 0 or q < 0.

• Ep,0 is a monoid if p ≥ 2, it is abelian if p ≥ 3.

• Ep,q is a group if q ≥ 1, it is abelian if additionally p+ q ≥ 2.

In particular, Ep,q is not a monoid only if q = 0 and p ≤ 1, it is not an abelian
monoid only if p+ q ≤ 1 or (p, q) = (2, 0). We require further that

• all maps in diagram (6.2) are homomorphisms of monoids if domain and target
are monoids.

This implies, in particular, that the kernel of a map, i.e., the pre-image of the base
point is a submonoid or subgroup whenever the domain of the map is a monoid
or a group. Exact sequences of (abelian) monoids are in general badly behaved;
monoid homomorphisms are not necessarily injective if the kernel is trivial, and the
homomorphism-theorem for monoids fails to hold2.

If the target is an abelian group, then the homomorphism theorem still holds
true.

Lemma 6.2.1. Given an exact sequence of abelian monoids

0 // L �
� f //M

g // // A // 0.

If A is an abelian group, then M/f(L) = coker(f) is also an abelian group and g

induces an isomorphism ḡ : M/f(L)
∼=−→ A.

Proof. Recall that M/f(L) =M/ ∼ is the set of equivalence classes with respect to
the equivalence relation

m1 ∼ m2 :⇐⇒ ∃l1, l2 ∈ L s.t. m1 + f(l1) = m2 + f(l2).

It inherits the abelian monoid structure from M . By exactness, the canonical map
ḡ is well-defined and surjective.

To prove that M/f(L) is an abelian group we argue as follows: For all x ∈ M ,
there is, since g is surjective, a y ∈M such that g(y) = −g(x). Hence, by exactness,
[y] ∈M/f(L) is an additive inverse of [x] ∈M/f(L), so M/f(L) is an abelian group.

We already know that ḡ is surjective. Since M/f(L) is an abelian group, it
remains to show that ker(ḡ) is trivial. But this follows immediately from the fact
that g−1(0) = f(L) and M →M/f(L) that is surjective.

2A counterexample is (N0,+) → (Z2,×), n 7→ [2n]. This monoid homomorphisms is not
injective but has zero kernel and the homomorphism theorem fails to hold because N0/{0} = N0 ̸=
(Z2,×)
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Since Ep,q = 0 if q < 0, the previous lemma implies the following consequence.

Corollary 6.2.2. The maps ιp,q : Dp,q → Dp+1,q−1 are isomorphisms of monoids if
p ≥ 1 and q < 0.

Although we cannot apply the machinery of homological algebra to turn this
exact couple into a spectral sequence, we can still construct the spectral sequence
in an ad-hoc manner by mimicking the construction of a spectral sequence out of
an exact couple. For r ≥ 1, we define

Zr
p,q ..= k−1

p,q

(
im[ir−1 : Dp−r,q+r−1 → Dp−1,q]

)
,

Br
p,q ..= jp,q

(
ker[ir−1 : Dp,q → Dp+r−1,q−r+1]

)
.

These sets fit into a chain of inclusions

0 = B1
p,q ⊆ B2

p,q ⊆ · · · ⊆ Z2
p,q ⊆ Z1

p,q = Ep,q

and we use this chain to define

Z∞
p,q ..=

⋂
r≥1

Zr
p,q = Zp+1

p,q and B∞
p,q ..=

⋃
r≥1

Br
p,q = Bp+2

p,q ,

where we used Corollary 6.2.2 to deduce B∞
p,q = Bq+2

p,q .
For q ≥ 1, we define

Er
p,q ..= Zr

p,q/B
r
p,q.

Note that the groups Zr
0,1 and Br

0,1 do not need to be abelian, so Er
0,1 might be just

a pointed set of left cosets.
We now define the differentials. For p, q ≥ 0, we set

drp,q ..= jp−r,q+r−1 ◦ (ir−1)−1 ◦ kp,q : Zr
p,q → Er

p−r,q+r−1.

For all other sets, we define the differentials to be zero, i.e., the constant map whose
value is the base point.

Lemma 6.2.3.

(i) The differentials are well-defined.

(ii) im drp,q = Br+1
p−r,q+r−1/B

r
p−r,q+r−1 for r ≥ 2 and im d1p,q = B2

p−1,q.

(iii) ker drp,q = Zr+1
p,q for r ≥ 1.

The proof of this lemma is inspired by the discussion of [Boa99]. However, we
cannot rely on isomorphism-theorems to identify various quotients, so we have to
calculate everything “by hand”.
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Proof. We start with the proof of (i). There is nothing to prove for d1p,q, so we
assume r ≥ 2.

By definition, kp,q : Zr
p,q → im[ir−1 : Dp−r,q+r−1 → Dp−1,q]. As r ≥ 2, the domain

of ir−1 is a group. We may also exclude the case (p, q) = (1, 0) as the differential
dr1,0 has zero as target, so that the target of ir−1 is a monoid, too.

Thus, each pair of elements x, y ∈ Dp−r,q+r−1 with ir−1(x) = ir−1(y) = kp,q(a)
are automatically in ker[ir : Dp−r,q+r−1 → Dp,q−1]. By exactness, there is an element
e ∈ ker ιr−1 such that x · e = y. Clearly,

jp−r,q+r−1(e) ∈ jp−r,q+r−1(ker i
r−1) = Br

p−r,q+r−1,

so the map drp,q : a 7→ jp−r(x) ∈ Br+1
p−r,q+r−1/B

r
p−r,q+r−1 ⊆ Er

p,q is well-defined.
For (ii), we consider the case r = 1 first. By exactness, kp,q : Z1

p,q → im kp,q, so
that

im d1p,q = jp−1,q(im kp,q) = jp−1,q(ker ip−1,q) = B2
p−1,q.

For r ≥ 2, the argument is similar. By exactness, kp,q : Zr
p,q → im ir−1∩ker ip−1,q.

Since (ir−1)−1(im ir−1 ∩ ker ip−1,q) = ker ir, we find for all x ∈ ker ir an element
a ∈ Zr

p,q with ir−1(x) = kp,q(a). Thus, drp,q is surjective onto Br+1
p−r,q+r−1/B

r
p−r,q+r−1.

We now prove (iii): If x ∈ Zr
p,q lies in the kernel of drp,q, then there is a ξ ∈

Dp−r,q+r−1 such that kp,q(x) = ir−1(ξ) and

jp−r,q+r−1(ξ) ∈ jp−r,q+r−1

(
ker ir−1 : Dp−r,q+r−1 → Dp−1,q

)
= Br

p−r,q+r−1.

Hence, there is an η̃ ∈ ker jp−r,q+r−1 ⊆ Dp−r−1,q+r (since this is a group if q ≥ 0)
such that ξ · ip−r,q+r(η̃) ∈ ker ir−1. By exactness, there is an η ∈ Dp−r−1,q+r such
that η̃ = ιp−r,q+r(η) so that ξ · ιp−r,q+r(η) ∈ ker ιr−1. If (p, q) ̸= (1, 0), then domain
and image of ir−1 are monoids and ir−1 is a map of monoids, so

0 = ir−1(ξ · ip−r,q+r(η)) = ir−1(ξ)ir−1(ip−r,q+r(η))

= kp,q(x) · ir(η),

or equivalently, kp,q(x) = ir(η−1). Thus, x ∈ k−1
p,q(im ir) = Zr

p,q.
If (p, q) = (1, 0), then dr1,0 = 0 for r ≥ 2 as the target is zero. The claim for d11,0

follows immediately from exactness of pointed sets.

Corollary 6.2.4. Er+1
p,q = Hr(Er, dr)p,q for all q ≥ 1.

Remark 6.2.5. The reader may wonder how we define Er
p,0 for r ≥ 2 as E1

p,0 is only a
monoid. The answer is that we don’t! Since B2

p,0 = B∞
p,0 there is no gain in forming

the quotient E2
p,0 = Z2

p,0/B
2
p,0, even if these monoids were abelian groups.

If all pointed sets are abelian groups, and all maps are homomorphisms, then
the here constructed spectral sequence agrees with the usual one derived from exact
couple as described in [Boa99] or [Wei94].
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Convergence of the spectral sequence

Let us now discuss covergence of this spectral sequence. We will show, in analogy
to the spectral sequence derived from an exact couple of abelian groups, that the
constructed spectral sequence converges to

colim−−−→ [Dp−1,q+1 → Dp,q]

under the assumption that a certain comparison map exists. We use Corollary 6.2.2
to identify this colimit with Dp+q+1,−1 and define

Fp,q ..= im [Dp,q
iq+1

−−→ Dp+q+1,−1].

Note that Fp,q is an abelian group if p+ q ≥ 2 because Dp+q,0 is abelian in this case
and that ιp+q,0 : Dp+q,0 ↠ Dp+q+1,−1 is surjective.

Lemma 6.2.6. Let p, q ≥ 0 and p+ q ≥ 2. If the map

Ip,q : Z
∞
p,q

j−1
p,q // Dp,q

iq+1
// Fp,q/Fp−1,q+1

is well-defined, then it is surjective and has B∞
p,q as kernel. In particular, it induces

an isomorphism
Z∞
p,q/B

∞
p,q

∼= // Fp,q/Fp−1,q+1.

Remark 6.2.7. A sufficient condition for Ip,q to be well-defined is the following one:
For all x1, x2 ∈ Dp,q with jp,q(x1) = jp,q(x2), there are y1, y2 ∈ ker jp,q such that
x1+y1 = x2+y2. This condition is satisfied, for example, if Dp,q is a (not necessarily
abelian) group.

Proof. By exactness, Z∞
p,q = ker kp,q = jp,q(Dp,q), so if Ip,q exists, then it is clearly

surjective.
To see that ker Ip,q = B∞

p,q, we argue as follows: Let x ∈ Dp,q such that Ip,q(x) =
0, or equivalently, that iq+1(x) ∈ Fp−1,q+1 ⊆ Fp,q. By definition, there is a y ∈
Dp−1,q+1 such that iq+2(y) = ιq+1(x). Then x + ιp−1,q+1(−y) ∈ ker iq+1 ⊆ Dp,q.
Exactness implies

jp,q(ker i
q+1) ∋ jp,q(x− ip−1,q+1(y)) = jp,q(x).

Thus, the pre-image of the base point under Ip,q : Z
∞
p,q → Fp,q/Fp−1,q+1 agrees with

jp,q(ker i
q+1) = B∞

p,q.
We apply Lemma 6.2.1 to the short exact sequence

0 // B∞
p,q
� � // Z∞

p,q

Ip,q //// // Fp,q/Fp−1,q+1
// 0

to deduce that Ip,q : Z
∞
p,q/B

∞
p,q → Fp,q/Fp−1,q+1 induces an isomorphism.

We summarise the achivements of this subsection in the following theorem.

Theorem 6.2.8. For each exact couple of pointed sets satisfying the conditions below
equation (6.2), there is a first quadrant spectral sequence (Er

p,q, d
r
p,q) that starts with

E1
p,q = Ep,q, and whose differentials on the first page are given by d1p,q = jp−1,q ◦ kp,q.

If the comparision maps Ip,q : Z∞
p,q → Fp,q/Fp−1,q+1 are well-defined, then the spectral

sequence converges to Dp+q+1,−1 for p+ q ≥ 2.
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6.3 Application to the Defect Fibration

We are now ready to construct the psc Hatcher spectral sequence. Recall from
Proposition 6.1.9 the fibrations in the smooth category

Fp+1
� � incl // Gp+1

↿ // Fp

for p ≥ 1. Since F0 = G0, we can extend the fibrations to p ≤ −1 by setting
Fp = Gp = {∗} in this case. By Lemma 6.1.10, the fibrations induce the following
long exact sequences on homotopy groups⊕

p∈Z
q≥−1

πq+1(Fp)
ιp,q //

⊕
p∈Z
q≥0

πq(Fp+1)

πq(incl)
vv⊕

p∈Z
q≥0

πq(Gp+1).

πq(↿)

hh

We will abbreviate πq(↿) to ↿p+1,q and πq(incl) to inclp+1,q. We are not yet in the
setup of the previous section because the sequences end at π0(Fp). The next lemma
allows us to extend the couple to the negative half-plane q < 0.

Lemma 6.3.1. The sequence of pointed sets

π0(Gp+1)
↿p+1,0 // π0(Fp)

ιp,0 // πp(hofib•) // // 0

is exact.

Proof. For p < 0, there is nothing to prove. For all p ≥ 0, we have the short exact
sequence

0 // ker ιp,0
� � // π0(Fp)

ιp,0 // // πp(hofib•) // 0.

An element σ ∈ Ωp
g0
hofib• represents the zero element if and only if there is an

h ∈ hofibp+1 ⊆ R̃+
p+2(M) that satisfies

hofib∂11h = ∂12h = σ, hofib∂−1
1 h = ∂−1

2 h = g0,
hofib∂ωj h = ∂ωj+1h = g0 for j ≥ 2.

If cycl(2 : p+ 2) denotes the cyclic permutation (2 3 . . . p+ 2), then one calculates

cycl(2 : p+ 2) ◦ δε2(x1, . . . , xp+1) = cycl(2 : p+ 2)(x1, ε, x2, . . . , xp+1)

= (x1, x2, . . . , xp+1, ε) = δεp+2.

This implies that h is a homotopy in hofibp+1 between g0 and σ if and only if
cycl(2, p+ 2)∗h ∈ Gp with ↿(h) = ∂1p+2(h) = σ.

In particular, ker ιp,0 = im ↿p+1,0.
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If we define

Dp,q ..= πq(Fp) if q ≥ 0 and Dp,q = πp+q(hofib•) if q < 0,

Ep,q ..= πq(Gp) if q ≥ 0 and Ep,q = 0 if q < 0,

then we are in the setup of the previous section. Indeed, the required monoid and
group structures follow from Lemma 6.1.11. The maps jp,q and kp,q are group ho-
momorphisms if q ≥ 1 because they are induced by continuous maps. For q = 0
and appropriate p, this follows because the geometric addition is compatible with
inclusions and restriction to faces. The maps ιp,q, for p + q ≥ 1, are monoid homo-
morphisms by Corollary 6.1.14.

By Theorem 6.2.8 this leads to a first quadrant spectral sequence starting with
Ep,q = πq(Gp) and whose differentials on the first page are given by d1p,q = inclp−1,q ◦
↿p,q. By Lemma 6.1.16, we can replace it by the homotopy groups of psc pseudo
isotopies E1

p,q = πq(C
psc
p (M)). Convergence of the spectral sequence follows from

the following lemma that will be proved geometrically.

Lemma 6.3.2. The map

Ip,q : Z
∞
p,q

incl−1
p,q−−−→ πq(Fp)

ιq+1

−−→ Fp,q/Fp−1,q+1.

is well-defined.

Proof. It suffices to show that each pair of elements [g−1], [g1] ∈ πq(Fp) related by
inclp,q([g−1]) = inclp,q([g1]) satisfy ιq+1([g−1]) − ιq+1([g1]) ∈ Fp−1,q+1. Let h : Rq ×
R → Gp be a block map that serves as a homotopy between g−1 and g1. We may
assume h to be smooth, that gj are elements of Ωq+1,∞Fp, and, after a possible
reparametrisation, that susp(h) has positive scalar curvature.

Since ∂1p+q+1susp(h) = susp(∂1qh), it follows that [∂1p+q+1susp(h)] ∈ Fp−1,q+1.
Assume that susp(h) decomposes outside of M × ρIp+q+2 for a sufficiently large
ρ. Applying Proposition 3.4.2 to ∂1p+q+1susp(h) in the xp+q+1-xp+q+2 direction and
glue it to susp(h)|{xp+q+1≤ρ}, we obtain a block metric susp(h) ∪ (∂1p+q+1susp(h))

∠

that serves at concordance between ιq+1(g1) +p+q+1 ∂
1
p+q+1(susp(h)). Using that the

geometric addition agrees with the addition in πp+q+1(hofib•) from cubical set theory,
we conclude [ιq+1(g1)] + [∂1p+q+1susp(h)] = [ιq+1(g−1)], so that we have [ιq+1(g1)] −
[ιq+1(g−1)] ∈ Fp−1,q+1. We conclude that Ip,q is well-defined.

Thus, we have proved the main result of this chapter.

Theorem 6.3.3 (psc Hatcher Spectral Sequence). There is a first-quadrant spectral
sequence that starts with E1

p,q = πq(C
psc
p (M)), whose differentials on the first page

are given by d1p,q = πq(↿ ◦ incl) : πq(Cpsc
p (M))→ πq(C

psc
p−1(M)), and that converges to

πp+q(hofib•) for p+ q ≥ 2.



Chapter 7

The Remains of the Day

Our overall goal was to develop the foundations to carry out a program for psc
metrics similar to the study of Diff•(M) via D̃iff•(M). This goal was achieved.
We constructed the main player R̃+

• (M), the cubical set of all psc block metrics
on M (Section 3.1), showed that it is a Kan set (Theorem 3.3.1), related it to the
cubical model R+

• (M) of the space of psc metric Riem+(M) via the suspension map
susp• : R+

• (M) 99K R̃+
• (M) (Lemma 5.1.6), and established the first tool to study

the difference between those spaces beyond index theory, namely the psc version of
the Hatcher spectral sequence (Theorem 6.3.3).

This is important because we showed that the index difference factors through
R̃+

• (M) (Theorem 5.1.1), so the index difference is as concordance invariant as pos-
sible - it cannot detect any higher isotopy informations. To achieve the factorisation
result, we constructed a new model for real K-theory based on the notion of in-
vertible block Dirac operators. The main feature of this new model is that the
Gromov-Lawson index difference can be modeled by the cubical map that assigns a
psc block metric its Dirac operator.

We now describe how one can proceed from here. To get information on D̃iff•(M),
one uses the fibration

hAut•(M)/D̃iff•(M) // BD̃iff•(M) // BhAut•(M)

because the fibre can be approached using surgery theory and the base can be ap-
proached using obstruction theory. There is no immediate counterpart for homotopy
automorphism in the world of psc metrics, but guided by the principle that gener-
alisations may lead to easier computable objects, we could consider the bordism
version of R̃+

• (M). This is the cubical set Bord+
• (d) whose 0-cubes are pairs of a

closed, spin manifold and a positive scalar curvature on it, whose 1-cubes are bor-
dism of those, whose 2-cubes are bordisms of bordisms and so on. In general, an
n-cube of Bord+

• (d) is a (d+ n)-dimensional compact spin manifold with 2n-many
(possibly empty) faces with a positive scalar curvature metric on it that has product
structure near each face1. The corresponding cubical set Bord•(d) without the data

1Actually, it should be the elongation of those so that we end up with a “block manifold”; but
for the sake of simplicity we ignore this here.
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of a psc metric should be a cubical model for Ω∞+dMSpin because it is the cubical
analog of Quinn’s bordism space.

Both of these sets are Kan, in fact, the proof that Bord+
• (d) is Kan is even easier

than the proof that R̃+
• (M) is Kan.

There is an obvious map from R̃+
• (M

d) into the homotopy fibre of the forgetful
map

R̃+
• (M

d)→ hofib•
(
Bord+

• (d)→ Bord•(d),M
d
)
.

The results of Stolz [Sto98] and straightforward generalisations thereof should imply
that this map is a weak homotopy equivalence if M is simply connected. In fact,
the homotopy fibration

R̃+
• (M

d) // Bord+
• (d) // Bord•(d)

should be a space-level description of the exact sequence in [Sto98] (in the case of
simply connected spin manifolds). If M is not simply connected, then one has to
enrich the model of Bord+

• (d) and Bord•(d) with reference maps to Bπ1(M).

In our index theoretic consideration, we have completely ignored the fundamental
group. In future work, one could construct a version of ΨDir×• (M) and Ψ̃Dir

×
• (M)

that is suitable for higher index theory. This approach would require to extend
the theory developed in this thesis to pseudo differential operators on Hilbert C∗-
modules. Furthermore, we would need a new proof of Theorem 4.9.1 as the K-theory
groups of a general C∗-algebra may not be cyclic (this assumption was used in the
proof of Theorem 4.9.1 to deduce bijectivity from surjectivity) and the theorem of
Kucerovsky [Kuc97] is not directly applicable (because the positivity condition is
not preserved by small perturbations). However, all these obstacles are likely to be
overcome.

The advantage of the models ΨDir×• (M) and Ψ̃Dir
×
• (M) for the classifying space

of real K-theory is that they emphasise the role of the Dirac operator. The ana-
lysis developed in this thesis allows us to define the cubical set Rinv

• (M) of all block
metrics whose Dirac operator is invertible. The proof that Ψ̃Dir

×
• (M) is Kan also

shows that Rinv
• (M) is Kan because a careful analysis of this proof shows that all

applied constructions preserve the Dirac operator; in other words, if we carry out
such a construction on a Dirac operator, we produce a Dirac operator.

We have constructed a psc version for the Hatcher spectral sequence, but, so far,
this spectral sequence cannot be used for explicit calculations. The differential d1p,q
in the Hatcher spectral sequence for diffeomophism groups can be computed in the
range q ≪ p because Igusa’s stabilisation map

Σ: C(M × Ip)→ C(M × Ip+1)

induces an isomorphism on all homotopy groups of degree ≤ q. With the methods
we have developed here, it is easy to define an analogous stabilisation map for the
psc pseudo isotopies. A psc analog of Igusa’s stabilisation result would be of great
and also independent interest.



Appendix A

Sobolev Spaces

We will recall the theory of Sobolev spaces for the convenience of the reader. This
also serves as the opportunity to fix notations and conventions. As a disclaimer:
Nothing presented in this section is original work from the author but a collection
from the following sources: [AS68], [BBB13], [LM89] and [Pal65].

Throughput this section E → M denotes a complex vector bundle1 over a not
necessarily compact manifold Md (without boundary), h is a Hermitian metric E.
A Riemannian metric g on M defines a canonical Borel regular measure dvolg on
M . If M is oriented the measure is given by its volume form, if M is not orientable,
it is given by half of the volume form on its oriented cover. In this section we call
the tupel (E, h,∇)→ (M, g) a geometric bundle.

Definition A.0.1. Let (E, h) → (M, g) be a Hermitian vector bundle over a
Riemannian manifold. Its L2-inner product on Γc(E) is given by

⟨u1, u2⟩ ..=
∫
M

hx(u1(x), u2(x))dvolg(x).

The Hilbert space of square integrable sections L2(M ;E) (or simply L2(E)) is the
completion of Γc(E) with respect to the norm induced by the L2-inner product.

A connection ∇ : Γ(E)→ Γ(T∨M ⊗E) is a linear map that satisfies the Leibniz
rule: ∇(fu) = df ⊗ u + f∇u. One can show without using Sobolev theory that
every connection has a formal adjoint, see [BBB13, Section 6.6] that is an operator
∇∗ that is uniquely satisfied by

⟨∇∗u, v⟩ = ⟨u,∇v⟩.

Unbounded operator theory [Gru09, Theorem 12.11] implies that ∇∗∇ is an (un-
bounded) self adjoint operator, so we can apply unbounded functional calculus to
it.

1This discussion also works for real and Real bundles, of course. One simply has to replace
the Hermitian metric by a Riemannian metric. Then the Sobolev spaces are real and Real vector
spaces.
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Definition A.0.2. Let (E, h,∇)→ (M, g) be a Hermitian vector bundle with con-
nection over a Riemannian manifold. For each s ∈ R define the Sobolev s-norm on
Γc(E) via

||u||2s ..=
∫
M

hx((id +∇∗∇)su(x), u(x))dvolg(x).

The Sobolev s-space Hs(E) is defined as the completion of Γc(E) with respect to
the Sobolev s-norm.

In fact, Sobolev spaces are Hilbert spaces and H0(E) = L2(E). We will use both
notations interchangeably throughout this text.

Warning: The definition of the Sobolev norms and the Sobolev spaces depends
dramatically on the choices of Hermitian metric h, the connection ∇, and the meas-
ure volg. Different choices may yield to non-isomorphic topological vector spaces.
In other words, for different choices, the identity on Γc(E) may not extend to a
continuous linear map.

Let K be a compact set that is the closure of its interior. There are two in-
equivalent ways to define Sobolev sections on K. The first way is the completion
of Γc(K◦, E|K◦) with respect to the restricted Sobolev norms. We denote the result
with Hs(K,E), Hs(E|K) or Hs

K(E) depending on the interpretation, if we want to
consider the space in its own right or as a subspace2 of Hs(M ;E)

The second way only works if s ≥ 0. We define Hs(K ⊆ M,E) ..= {u|K :
u ∈ Hs(E)}. There are two norms Hs(K ⊆ M,E). The first one is just the usual
Sobolev norm where the integration domain is just changed:

||u||2s,K ..=
∫
K

hx((id +∇∗∇)su(x), u(x))dvolg(x).

The second norm is given by the infimum of the Sobolev norm of all extensions:

||u||s,K⊆M ..= {||ũ||s : ũ|K = u}.

In general ||u||s,K ≤ ||u||s,K⊆M but they agree in general only if s = 0.
Also the two variants of the Sobolev spaces are not the same. In general

H(E|K) ⊆ H(K ⊆ M,E) but, for example, every section u ∈ H1(E|K) vanishes
at the boundary, [Gru09, Remark 4.26].

When we discuss pseudo differential operators on non-compact manifolds, we use
other versions of Sobolev spaces which are not normed spaces. The next definition
is slightly modified from the one in [AS68].

Definition A.0.3. For every s ∈ R and each pair (L,K) of relative compact open
subsets withK ⊆ L, extension by zero yields an isometric embeddingHs(K,E|K) ↪→
Hs(L,E|L). Define Hs

cpt(E) as the colimit over all these inclusions.
2usually, the space Hs

K(E) denotes the set of all sections u supported within K, which means
that ⟨u, v⟩L2 = 0 for all v ∈ Γc(E). The differences between these two space are minimal if K is
the closure of its interior: With this interpretation, Hs

K(E) equals the intersection of Hs(E|L◦) of
all relative compact open subsets L◦ of K.
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Definition A.0.4. For each s ≥ 0, define Hs
loc(E) be the sub-vector space of all

locally square integrable function L2
loc(E) such that x 7→ hx((1 +∇∗∇)su(x), u(x))

is locally square integrable. For negative s we define Hs
loc(E) as the dual space of

H−s
cpt(E

∨).

Note that Γ(E) ⊆ Hs
loc(E) for all s ≥ 0. It is easy to see if s is an integers; the

general case follows from ||(1+∇∗∇)tu||0 ≤ ||(1+∇∗∇)su||0 if 0 ≤ t ≤ s (where we
allow the norms to be infinity).

The vector space Hs
loc(E) carries a natural Fréchet topology induced by the

semi-norms ||–||s,K⊆M if s ≥ 0. Although Hs
cpt(E) includes into Hs

loc(E), the colimit
topology on Hs

cpt(E) is not the subspace topology of Hs
loc(E). Also note that both

topologies are independent of the choices of the geometric data h, ∇, and volg.

Example A.0.5. If CN → Rn is the trivial bundle endowed with the standard metrics
and the trivial connection. Then ∇∗∇ = −

∑n
j=1 ∂

2
xj

is the standard Laplacian.
Fourier transformation allows us to give a different description of the (standard)
Sobolev s-norm

||u||2s =
∫
Rn

(1 + |ξ|2)s|û(ξ)|2dξ.

There are positive constants cs ≤ Cs, depending only on n ∈ N and s ∈ N such that

cs(1 + |ξ|2)s ≤
∑
|α|≤n

|ξ|2α ≤ Cs(1 + |ξ|2)s,

so, for the integral s, the (standard) Sobolev s-norm is equivalent to

|||u|||2s ..=
s∑

k=0

||∇ku||20.

For s = 1, the obvious generalisation of the previous example |||–|||1 to a geo-
metric bundle agrees with ||–||1. This provides us the opportunity to do inductions
proofs, when we are discussing block pseudo operators.

The standard Sobolev norms on Rn gives another possibility to construct Sobolev
norms on vector bundles by choosing local trivialisations of E and underlying charts
of M , defining the Sobolev norms locally in the charts and trivialisations, and then
gluing them together with a partition of unity. The Sobolev norms then drastically
depend on the choices of the involved charts, trivialisations and the partition of unity.
In practise, it requires tedious work to verify that two different choices yield the same
topological space Hs, not to mention equivalent Sobolev norms. However, one can
show, for example see [BBB13, p.197 ff], that u ∈ Hs

loc if and only if every restriction
to some relative compact trivialisations domain U lies in Hs(U ⊆ Rn;CN). This
observation turns out to be quite useful then we discuss pseudo differential operators
for their defining properties are of local nature.

The proof sketch presented in [LM89, p.176] carries over to non-compact mani-
folds in the following manner.
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Theorem A.0.6 (Sobolev Regularity). For all compact neighbourhoods K ⊆M and
each s > k+n/2 there is a constant C(K, s) such that all smooth sections u ∈ Γ(E)
supported within K satisfy

||u||Ck ≤ C(K, s)||u||s.

In particular, Hs(E) ⊆ Γk(M ;E).

Theorem A.0.7 (Rellich Lemma). For each relative compact open subset K ⊆ M
and every pair of real numbers s < t, the inclusion H t(K;E|K) ↪→ Hs(E) is a
compact operator.

The next result is often stated for compact manifolds only although the proof
for Rn can be easily adapted to the geometric set up.

Proposition A.0.8 (perfect pairing). For each (E, h,∇)→ (M, g) and all section
u, v ∈ Γc(E) the inner product

⟨u, v⟩ ..=
∫
M

hx(u(x), v(x))dvolg(x)

extends to a unique non-degenerate bilinear form

⟨–, –⟩ : Hs(E)×H−s(E)→ C.

for all s ∈ R.

Proof. We need to show that ⟨·, ·⟩♭ : H−s(E) → Hs(E)∨ is an isomorphism; in
fact, it will be an isometric isomorphism. The Cauchy-Schwarz inequality ⟨u, v⟩ ≤
||u||s||v||−s implies that ⟨·, ·⟩ extends to a continuous bilinear form. Furthermore, it
shows ||⟨–, v⟩||dual ≤ ||v||−s.

On the other hand, for all v ∈ Γc(E), we have

||v||2−s = ⟨(1 +∇∗∇)−sv, v⟩ ≤ ||(1 +∇∗∇)−sv||s · ||⟨–, v⟩||dual
= ||v||−s · ||⟨–, v⟩||dual,

which implies ||v||−s ≤ ||⟨–, v⟩||dual and hence equality. Thus, ⟨·, ·⟩♭ is isometric, in
particular, injective with closed image.

If ⟨·, ·⟩♭ were not surjective, then we would find by the Hahn-Banach theorem a
non-zero functional θ ∈ Hs(E)∨∨ that vanishes identically on the image of H−s(E).
Since Hs(E) is a Hilbert space, it is reflexive, so there is a unique uθ ∈ Hs(E) with
evuθ = θ. This implies

0 = θ(⟨–, v⟩) = evuθ(⟨–, v⟩) = ⟨uθ, v⟩,

for all v ∈ H−s(E). Since Γc(E) lies dense in Hs(E) and H−s(E), this implies
uθ = 0, contradicting our initial assumption θ ̸= 0.
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If H∞ ..= invlimkH
k(E) =

⋂
kH

k(E) is topologised with the inverse limit to-
pology, then H∞(E) is a subspace of Γ(M ;E) with respect to the smooth (weak)
topology. Similarly, H∞

cpt = Γc(E) and H∞
loc = Γ(E), where the smooth sections are

equipped with the smooth (weak) topology [AS68]. If we define H−∞ = colimkH
k =⋃

Hk endowed with the colimit topology, then the perfect pairing yields H−∞ =
(H∞)∨.

Important remark: While the Hilbert space structure L2(E) = H0(E) is
geometrically motivated, the inner products on the other Sobolev spaces are not.
Their purpose is to provide regularity for their elements. Thus, the precise Sobolev
s-norm is of minor importance (except for s = 0). Only the underlying topological
vector space is of interest. This leads to the notion of an hilbertisable vector space
and chains of hilbertisable vector spaces [Pal65]. In fact, Proposition A.0.8, identifies
{Hk(E)}k∈Z as a discrete chain of hilbertian spaces in the sense of [Pal65, Definition
VIII.1.1].

Definition A.0.9. A discrete chain of hilbertian spaces is a sequence of hilbertian
spaces {Hk}k∈N0 such that

(i) if k ≤ l, then H l is a linear subspace of Hk and the inclusion is continuous,

(ii) the intersection H∞ ..=
⋂
kH

k is dense in H0 (and hence in all Hk), and

(iii) H0 is a Hilbert space.

For negative k, we set Hk ..= (H−k)∨. One can show that that there is a inclusion
H l ↪→ Hk for all k ≤ l ∈ Z, see [Pal65, p.126].

We would like to know how the construction of Sobolev spaces behaves under
exterior tensor products.

Lemma A.0.10 ([Pal65, Theorem XIV.2]). For each pair of geometric bundles
(Ej, hj,∇j) → (Mj, gj) and for all s ≥ 0, the Sobolev spaces of the exterior tensor
product (E1 ⊠ E2, h1 ⊠ h2,∇1 ⊠ id + id⊠∇2 →M1 ×M2, g1 × g2) is given by

Hs
cpt(E1 ⊠ E2) =

⋂
0≤s≤t

H t
cpt(E1)⊗Hs−t

cpt (E2)

and

Hs
loc(E1 ⊠ E2) =

⋂
0≤t≤s

H t
loc(E1)⊗Hs−t

loc (E2)

In [Pal65] the lemma is proven only for Hermitian vector bundles over closed
manifolds. However, the proof carries over, because we only consider (semi-)norms
on compact subsets. Alternatively, one could prove the lemma for the trivial bundles
CN → Rn equipped with the standard Hermitian and Riemannian metric first and
then use local patching arguments and the fact that two norms obtained in this
manner are equivalent on compact subsets.

The next definition is a slight modification of [AS68], which generalises the ana-
logous definition of [Pal65] to non-compact manifolds.
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Definition A.0.11. Let E,F → X be two Hermitian vector bundles over (M, g)
and let r ∈ Z. Denote by Oprk(E,F ) the set of all continuous linear maps Hs

cpt(E)→
Hs−r
loc (F ) and by Opr(E,F ) the set of all linear maps H∞

cpt(E)→ H∞
loc(F ) that extend

to continuous linear map Hk
cpt(E)→ Hk−r

loc (F ) for all k ∈ Z.

Note that, in the definition of Opr, we do not need to demand continuity of the
linear maps H∞ → H∞ because H∞ carries the inverse limit topology, as continuity
follows from the continuity of the extensions. The reader may wonder, why we
restrict in the definition of Opr to Sobolev spaces of integral order. The reason is
that it is good enough for our purpose and in many cases easier to check that an
operator is in Opr because we can avoid functional calculus arguments for (1+∇∗∇)s
if s is integral3

We can turn Oprs it into a Fréchet space using the topology of bounded conver-
gence. This means that a sequence of continuous linear maps Tα : Hs

cpt → Hs−rloc

converges to T if and only if ||Tα − T ||s,s−r;K → 0 for all compact neighbourhoods
K, where

||S||s,s−r;K ..= sup {||Sf ||s−r;K : f ∈ Hs(K,E|K) with ||f ||s = 1} .

The canonical inclusion

Opk ↪→
∏
m∈Z

Opkm given by A 7→ (. . . , A,A,A, . . . )

has closed image, so that Opk is also a Fréchet space. The space Opk is local in
the sense that A ∈ Opk if and only if fAg ∈ Opk for all smooth and compactly
supported real values functions f and g.

3if s is negative, we can use the perfect pairing to reduce it to non-negative s.



Appendix B

Foundation of Pseudo Differential
Operators

We will recall the foundations of pseudo differential operators to set up notation
and for the convenience of the reader because the general literature often develops
the theory for compact manifolds only, while we mostly work with non-compact
manifolds. Nothing presented here is really new, and the author does not claim any
originality for these passages. In this thesis, we need to deal with several topologies
on the space on pseudo differential operators. Many existing proofs actually show
continuity statement if one carefully keeps track of the constant, and this is why
we wrote this appendix. Those who are familiar with pseudo differential operators,
should pay attention to the construction of the Atiyah-Singer closure ΨDO

k
(E,F ) in

Definition B.0.20 originally defined in [AS68], the generalised symbol exact sequence
Lemma B.0.24, and, the reason why Atiyah and Singer considered the broader class,
Theorem B.0.28 and B.0.29.

We will define pseudo differential operators on vector bundles as operators that
look locally like pseudo differential operators on trivial bundles over open subsets of
the euclidean space. Therefore, we will consider this model case first.

Since the definition of pseudo differential operators requires Fourier transform-
ations, we cannot define them on real vector bundles but we have to define them
on Real vector bundles. Recall that a Real vector bundle is complex vector bundles
E that is equipped with a C-antilinear involution · : E → E. In this thesis, we will
only deal with Real vector bundles that arise from real vector bundles by complexi-
fication, meaning, every Real vector bundle is of the form E = E ′ ⊗R C and the
involution is just the complex conjugation on the second factor. Moreover, every
construction we will pursue in this thesis is a construction on the underlying real
vector bundle. For this reason, only in this section we will distinguish real and Real
vector bundles.

Definition B.0.1. Let U ⊆ Rn be open and let k be a real number. A smooth map
p : U × Rn → End(CN1 ,CN2) is an amplitude of order k, if on each compact subset
K ⊆ U , it has the following asymptotic behaviour

∀α, β ∈ Nn
0 ∃Cα,β,K : ||∂βx∂αξ p(x, ξ)|| ≤ Cα,β,K(1 + ||ξ||)k−|α|. (B.1)

227



228APPENDIX B. FOUNDATION OF PSEUDO DIFFERENTIAL OPERATORS

An amplitude is Real, if it additionally satisfies

p(x, ξ) = p(x,−ξ). (B.2)

We denote the set of all Real amplitudes by Ak(U × Rn;CN1 ,CN2).

The next theorem, which is taken from [BBB13], says that amplitudes induce
linear operators on smooth functions. We follow the authors using the convention
đξ = (2π)−n/2dξ.

Theorem B.0.2 ([BBB13, Theorem 8.3]). Every amplitude p on U × Rn defines a
linear map

Op(p) : C∞c (U,CN1)→ C∞(U,CN2)

via the formula

(Op(p)) (x) ..=
∫
Rn

exp(i⟨x, ξ⟩)p(x, ξ)û(ξ)đξ. (B.3)

Even better, if U = Rn, then this formula induces a map between the Schwartz spaces

Op(p) : S(CN1)→ S(CN2).

We follow [BBB13] by calling the assignment p 7→ Op(p) the quantisation of p. It
is natural to ask whether an amplitude p is uniquely defined through it quantisation
Op(p) and under which condition Op(p) restricts to a map between real valued
function. The answer is given in the next Proposition.

Proposition B.0.3. Let p be an amplitude on U × Rn. Then

(i) p = 0 if and only if Op(p)|C∞
c (U,RN1 ) = 0.

(ii) p is Real if and only if Op(p) descends to C∞c (U,RN1)→ C∞(U,RN2).

Proof. For (i), we prove the non-trivial direction by contra-position. Assume that
there is a point (x0, ξ0) for which p(x0, ξ0) ̸= 0. Since the Fourier transformation
is a bijection on the set of Schwartz functions [Kön04, p.331] the decay conditions
for amplitudes imply that ξ 7→ p(x, ξ)û(ξ) is a Schwartz function. Indeed, for each
α ∈ Nn

0 and l ≥ 0, we have

|∂αξ p(x, ξ)û(ξ)| ≤
∑
β≤α

||∂βξ p(x, ξ)|| · ||∂
α−β
ξ û(ξ)||

≤
∑

Cβ,0,K(1 + ||ξ||)k−|β| · ||∂α−βξ û(ξ)||

≤
∑

Cβ,0,KDα−β,l+k(1 + ||ξ||)k−|β|(1 + ||ξ||)−(k−|β|+l)

≤
(∑

Cβ,0,KDα−β,l+k

)
︸ ︷︷ ︸

=:D′
α,l

(1 + ||ξ||)−l.
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Thus, if we can find a real valued function u with compact support in U and
p(x0, ξ0)û(ξ0) ̸= 0, we are done, because the inverse Fourier transformation is a
unitary operator on all square-integrable functions [Kön04, p.333].

Note that A|RN1 = 0 implies A = 0 for any A ∈ End(CN1 ,CN2), so we can
pick a real vector v0 with p(x0, ξ0)v0 ̸= 0. By Lemma B.0.4 below, we can find an
arbitrary large R ∈ (R>0)

n such that the Fourier transformation of the extension of∏n
j=1 exp(−1/(1−R2

jx
2
j)) to Rn by zero evaluated at ξ0 is not zero. Thus,

φ(x) ..=
n∏
j=1

exp

(
−1

1−R2(xj − (x0)j)2

)

has compact support within U (since R was chosen sufficiently large) and its Fourier
transformation does not vanish at ξ0.

For (ii), let p be a Real amplitude. If u is an eigenfunction of ·, so is Op(p)(u)
as the following computation shows

Op(p)(x) =

∫
Rn

exp(i⟨x, ξ⟩)p(x, ξ)û(ξ)đξ =
∫
Rn

exp(i⟨x, ξ⟩)p(x, ξ)û(ξ)đξ

=

∫
Rn

exp(i⟨x, ξ⟩)p(x, ξ)û(ξ)đξ

=

∫
Rn

exp(i⟨x,−ξ⟩)p(x,−ξ)û(−ξ)đξ

=

∫
Rn

| det(−id)| exp(i⟨x, ξ⟩)p(x, ξ)û(ξ)đξ = Op(p)(x).

For the other direction, note that p(x, ξ) − p(x,−ξ) is also an amplitude. If Op(p)
restricts to a linear map C∞c (U,RN1) → C∞(U,RN2), then the previous calculation
shows that

Op(p− p(–,−id(–)) = 0.

By part (i), this equality implies p− p(–,−id(–)) = 0, so p is Real.

Lemma B.0.4. For every ξ0 ∈ R and there is an R0 > 0 such that for all R > R0

the Fourier transformation of x 7→ exp(−1/(1−R2x2)) does not vanish at ξ0.

Proof. Substitution of variables show∫
R
exp(−ixξ0) exp

(
−1

1−R2x2

)
đx =

∫
R
exp

(
−iRxξ0

R

)
exp

(
−1

1−R2x2

)
đx

= R−1

∫
R
exp

(
−iy ξ0

R

)
exp

(
−1

1− y2

)
đy

= R−1

∫ 1

−1

exp

(
−iy ξ0

R

)
exp

(
−1

1− y2

)
đy

=: h(R).
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Lebesgue’s dominated convergence theorem yields

lim
R→∞

R · h(R) =
∫ 1

−1

exp(−iy · 0) exp
(
−1

1− y2

)
đy > 0.

Since h depends continuously on R ∈ R>0, the claim follows.

Definition B.0.5. A linear map P : C∞c (U,CN1) → C∞(U,CN2) is a canonical
pseudo differential operator of order k if there is a (necessarily unique) amplitude p
of order k such that P = Op(p).

In the real case, a linear map P : C∞c (U,RN1) → C∞(U,RN2) canonical pseudo
differential operator of order k if its complex linear extension is a pseudo differential
operator of order k.

Note that the amplitude of the operator in the real case is necessarily Real by
Proposition B.0.3. However, canonical pseudo differential operators are not good
enough for our purposes. We need to restrict to a smaller subclass of operators that
allow the definition of a principal symbol.

Definition B.0.6. A canonical pseudo differential operator of order k is called
principal classical if its amplitude p satisfies the following assumptions:

(i) For each x ∈ U and each ξ ∈ Rn \ {0} the limit

symbk(p)(x, ξ) ..= lim
λ→∞

λ−k · p(x, λξ)

exists. It is called the principal symbol of p.

(ii) For some cut-off function (and therefore every) χ with

χ(ξ) =

{
0, if |ξ| is small,
1, if |ξ| ≥ 1,

the function p(x, ξ)− χ(ξ) · symbk(p)(x, ξ) is a (canonical) amplitude of order
k − 1.

Example B.0.7. The following list of examples are taken form [BBB13].

1. Every differential operator P =
∑

|α|≤k aα(x)∂
α of order k is a principal clas-

sical pseudo differential operator of order k. Indeed, using the Fourier in-
version formula, it is not hard to see that P has the amplitude p(x, ξ) =∑

|α|≤k i
|α|aα(x)ξ

α.

The principal symbol is given by symbk(P )(x, ξ) =
∑

|α|=k i
kaα(x)ξ

α. This
observation was actually the motivation for the defining formula of Op(p).

2. As a special case of 1, the identity id = Op(id) is a principal classical pseudo
differential operator of order zero. More generally, the multiplication with a
matrix valued function f ∈ C∞(U ;RN1×N2) is a pseudo differential operator of
order zero. Of course, this operator is Real if and only if f is real a valued
function. The principal symbol is given by symb0(f ·)(x, ξ) = f(x)·.
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3. Every smooth function K : U × U → End(RN1 ,RN2) such that K(x, ·) has
compact support for all x ∈ U defines a principal classical pseudo differential
of order −∞, which means that it is of order k for all k ∈ Z. The principal
symbol is therefore 0.

Proof of Example 3. We will calculate the amplitude of K. Since K(x, ·) has com-
pact support and η 7→ û(η) is a Schwartz function, the map (y, η) 7→ K(x, y)û(η) is
integrable, so all operations in the following chain of equations are valid

(Ku)(x) =

∫
Rn

K(x, y)u(y)dy

=

∫
Rn

K(x, y)

∫
Rn

exp(i⟨y, η⟩)û(η)đηdy

=

∫
Rn×Rn

exp(i⟨y, η⟩)K(x, y)û(η)đηdy

=

∫
Rn×Rn

exp(i⟨x, η⟩) exp(i⟨y − x, η⟩)K(x, y)û(η)đηdy

=

∫
Rn×Rn

exp(i⟨x, η⟩) exp(i⟨z, η⟩)(2π)n/2K(x, z − x)û(η)đzđη

=

∫
Rn

exp(i⟨x, η⟩)k(x, η)đη.

Here, k(x,−η) is the Fourier transformation of z 7→ (2π)n/2K(x, z − x). Since z 7→
(∂αxK)(x, z − x) is compactly supported for all α ∈ Nn

0 , its Fourier transformation
is a Schwartz function (in η-direction). Thus, K = Op(k) is a pseudo differential
operator of order s for all s ∈ Z.

Remark B.0.8. An pseudo differential of order −∞ is called smoothing operator. The
name comes from the fact that such operators applied to arbitrary square integrable
functions yield smooth functions, c.f. Theorem B.0.18 below.

It is a deep computational result, for example presented in [BBB13, Theorem
8.19], that canonical and principal classical pseudo differential operators are invari-
ant under diffeomorphism in the following sense:

Suppose that κ : U → V is a diffeomorphism between relatively compact open
subsets of Rn and that P = Op(p) is a canonical or principal classical pseudo differ-
ential operator of order k those amplitude has compact support in the first variable,
which means that there is a compact subset such that p(x, –) = 0 for all x ∈ Kc.
Then the pull-back κ∗(P ) ..= P (· ◦ κ−1) ◦ κ is again a canonical or principal classical
pseudo differential operator of order k whose amplitude has compact support in the
first variable. Furthermore, if q denotes the amplitude of κ∗P , then

symbk(q)(x, ξ) = symbk(p)(κ(x),
T (Dxκ)

−1(ξ)).

In other words, symbk(P ) transforms like a section of Hom(π∗CN1 , π∗CN2)→ T∨U .
We are now in the position to define pseudo differential operators on arbitrary

manifolds.
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Definition B.0.9. Let E,F → M be Real bundles over the manifold M . A linear
map P : Γc(E) → Γ(F ) is a principal classical (canonically) pseudo differential op-
erator of order k if for all x0 ∈ M there exists a local chart (U, κ) around x0, local
trivialisations Φ: EU → U × CN1 , Ψ: FU → U × CN2 , as well as a smooth function
f : M → [0, 1] that is identically 1 in a neighbourhood of x0 and has compact sup-
port within U such that, under the obvious identification of sections with functions,
the linear map

κ∗
((
Ψ ◦ f · P ◦ Φ−1

))
: C∞c (κ(U),RN1)→ C∞(κ(U),RN2)

is a principal classical (canonical) pseudo differential operator of order k. If pf is
the representing amplitude, we define

symbk(P )(x0, ξ) ..= lim
λ→∞

pf (x0, λξ)

λk
.

We call such a choice (U, κ,Φ,Ψ, f) an amplitude datum. The set of all principal
classical pseudo differential operators is denoted by ΨDOk(E,F ), the set of all ca-
nonical pseudo differential operators is denoted by CΨDOk(E,F ).

Remark B.0.10. The (principal) symbol transforms accordingly under a change of
coordinates and therefore gives rise a smooth homomorphism

symbk(P ) : π
∗E → π∗F,

where π : T∨M \ {0} → M . The symbol is positive homogeneous of degree k,
meaning symbk(P )(x, λξ) = λksymb(P )(x, ξ) for all λ > 0. For a proof see [BBB13,
Theorem 8.19].

Note that Pu may not be compactly supported. However, when applying ana-
lytical tools, it will be convenient to control the increase of the support. Following
[LM89, p.183] we make the following definition.

Definition B.0.11. A pseudo differential operator P ∈ ΨDOk(E,F ) has support
in K if suppPu ⊆ K for all u ∈ Γc(E) and Pu = 0 if suppu ∩K = ∅.

It follows from Proposition B.0.3 that pf ≡ 0 for all f ∈ C∞c (M) whose support
does not intersect K. In particular, symbk(P )(x, –) = 0 for all x ∈ Kc.

Definition B.0.12. For each k ∈ R and each compact subset K ⊆Mn, let

Symbk(E,F ) ..= {σ ∈ Γ(T∨M \ {0},Hom(π∗E, π∗F )) |σ(x, λξ) = λkσ(x, ξ)}

the vector space of all (smooth) symbols of order k and

SymbkK ..= {σ ∈ Symbk(E,F ) : σ(x, –) = 0 if x ∈ Kc}

be its subspace of all symbols supported in K. The map that sends a pseudo
differential operator to its principal symbol is, of course, denoted by

symbk : ΨDOk(E,F )→ Symbk(E,F ).
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If we choose a Riemannian metric, then we can can identify the set of all symbols
with Γ(S(T∨M),Hom(π∗E, π∗F )), where S(T∨M) denotes the unit-sphere bundle
of the cotangent bundle T∨M defined by the chosen Riemannian metric.

The defining conditions of pseudo differential operators are of local nature. If
one wants to verify a property of pseudo differential operators, for example, that
the composition of two pseudo differential operators is again a pseudo differential
operator, then one might be tempted to verify this property in local coordinates
and then use a partition of unity argument, to reduce the global statement to a
local one. However, an arbitrary partition {χj} of unity is not good enough to
deduce global properties of pseudo differential operators from local ones, even if
each χj is supported in a coordinate chart. This comes from the fact that we need
two different charts to detect χjPχiu and we have no model for this situation to
compare it against.

The following lemma, which is a generalisation of [Gru09, Lemma 8.4] to non-
compact manifolds, allows us to overcome this difficulty.

Lemma B.0.13 (Covering Lemma). Let E,F →M be vector bundles over a smooth
manifold M . Then there exists an open covering of charts {κi : Ui → Vi}i∈I over
which the bundles trivialise and for which there is a subordinate partition of unity
{χi}i∈I such that each quadruple (χj, χk, χl, χm) is supported in some Ui.

Proof. By [Gre78, Theorem 2’] there is a complete Riemannian metric g on M that
has a positive injectivity radius. Using this information, it is easy to construct a
countable, locally finite collection of charts {κj : Uj → Vj}j∈N whose targets Vj are
pair-wise disjoint and whose domains are contractible.

We do this as follows: Let 1/3 > δ > 0 be smaller than the injectivity radius
of g and let d = dist(–, x0) be distance function centered at x0 ∈ M . Since g is
complete, d is proper. Cover the compact sets Kn ..= d−1([n−1, n]) by finitely many
geodesic balls of radius δ if they are non empty. These geodesic balls together form a
countable, locally finite open covering {Uj}j∈N of M . If log denotes the inverse of the
geodesic exponential map exp: Bδ(0)→ Uj then {j+log : Uj → Bδ(j)}j∈N is a locally
finite, countable set of charts with disjoint targets. In particular, the vector bundles
trivialise over the chart-domains as every bundle over contractible paracompact
spaces are trivial, [tD08, Theorem 14.3.1]. A close inspection of the proof of Lemma
8.4 in [Gru09] shows that it is still applicable to the just constructed cover and that
it yields a cover and a partition of unity with the stated properties.

All examples presented in Example B.0.7 carry over to vector bundles over man-
ifolds. These examples are, informally speaking, quite local in nature. However,
there are globally defined linear operators on sections and it might be hard to
guess a local their local amplitude to identify them as pseudo differential oper-
ators. The first application of Lemma B.0.13 is the following useful characterisation
of pseudo differential operators that puts the operator in the centre instead of the
amplitude. Before we state it, recall from Appendix A that Γc(M,E) = H∞

cpt and
Γ(M,E) = H∞

loc, which allows us to topologise these spaces (with the inverse limit
topology of the Sobolev spaces).
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Theorem B.0.14 ([AS68, p.509]). Let E,F → M be Real vector bundles over M .
A linear map P : Γc(M,E) → Γ(M,F ) is a pseudo differential operator of order k
if and only if P is continuous and for each point x0 ∈ M there is a chart (U, κ)
around x0, trivialisations Φ: EU → CN1, Ψ: FU → U ×CN2, and a smooth function
f : M → [0, 1] that is identically 1 near x0 and compactly supported within U such
that, under the identification of sections and functions, the function

pf (y, ξ) ..= exp(i⟨y, ξ⟩)Ψ ◦ P (f · Φ−1(·, exp(−i⟨κ(·), ξ⟩))

is a Real amplitude of order k.

Sketch of Proof. Since the partition of unity from the Covering Lemma is locally
finite, P is continuous if and only if each summand χjPχk is continuous.

Since χj and χk are supported in the contractible chart Ui, it is enough to verify
the claimed equivalence for all summands χjPχk in local coordinates. But this is
done in [Gru09, p.173ff].

The Covering Lemma can also be used to reduce the following proposition on
composition properties, which are stated in [AS68, p.510] for the complex case, to
the local case.

Proposition B.0.15. Let E,F,G be Real vector bundles over M .

(i) If P ∈ ΨDOk(E,F ), Q ∈ ΨDOl(F,G), and f ∈ C∞c (M), then PfQ ∈
ΨDOk+l(E,G) and symb(PfQ) = fsymb(P )symb(Q). In particular, if P ∈
ΨDOk

K(E,F ), Q ∈ ΨDOl
L(F,G), then PQ ∈ ΨDOk+l

K∪L(E,G).

(ii) P ∈ ΨDOk
(K)(E,F ) implies P∨ ∈ ΨDOk

(K)(F
∨, E∨) and P ∗ = (hE# ◦ P∨ ◦

h♭F ) ∈ ΨDOk
(K)(F̄ , Ē), if E and F are equipped with Riemannian metrics hE

and hF respectively. Furthermore, symb(P∨) = symb(P )∨ and symb(P ∗) =
symb(P )∗.

Sketch of Proof. Use the Covering Lemma to reduce the statements to the case
where M is an open neighbourhood of Rd, and E and F are trivial bundles. The
statement now follows from the local version, as presented in [BBB13, Theorem
8.27].

The proposition implies that ΨDO0
K(E,E) is a ∗-algebra and that symb is a

∗-homomorphism. If M is closed, then ΨDO0
M(E,E) = ΨDO0(E,E) is unital. Fur-

thermore, in this case, Γc(M,E) = Γ(M,E), so asking whether a pseudo differential
operator is invertible actually makes sense. Although the following result is a simple
consequence of Lemma B.0.23 below, we already state it here.

Proposition B.0.16. Let E,F →M be a Real bundles over a closed manifold M .
If P ∈ ΨDOk(E,F ) is invertible, then P−1 ∈ ΨDO−k(F,E).

We use Proposition B.0.3 to endow ΨDOk(E,F ) with a structure of a Fréchet
space, even a Fréchet algebra, if we restrict our consideration to ΨDOk

K(E,E).
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Theorem B.0.17. Let E,F,G be Real bundles over M . There is a Fréchet structure
on ΨDOk(E,F ) induced by the following semi-norms: For A = (U, κ,Φ,Ψ, f, α, β)
consisting of a chart κ : U → V , trivialisations Φ, Ψ of EU and FU , respectively, a
smooth function f with support within U , and α, β ∈ Nn

0 , we set

||P ||A ..= sup

{
∂αx∂

β
ξ pf (x, ξ)

(1 + |ξ|)k

}
. (B.4)

Moreover, the compositions from Proposition B.0.15 are (jointly) continuous.

Sketch of Proof. The result about the Fréchet vector space structure is classical,
mentioned, for example, in [AS71]. The proof that the composition of two pseudo
differential operator is a pseudo differential operator also shows that the composi-
tion is continuous with respect to this Fréchet structure by carefully tracking the
constants in the involved estimations.

There are other topologies on ΨDOk(E,F ) coming from operator theory. They
arise from the fact that pseudo differential operators extend to Sobolev spaces.

Theorem B.0.18 ([AS68, p.512]). Every pseudo differential operator of order k

P : Γc(M,E)→ Γ(M,F )

extends, for each s ∈ R, to a continuous linear operator

Ps : H
s
cpt(M,E)→ Hs−k

loc (M,F ). (B.5)

Moreover, these extensions induce a continuous map

ΨDOk(E,F )→ Opk(E,F ).

The theorem follows immediately from the Covering Lemma and the following
local version that can be found in [Wel08, Theorem 4.3.4] if one simply keeps track
of the constants of the presented estimations.

Lemma B.0.19. Let p : U ×Rn → Hom(CN1 ,CN2) be an amplitude of order k such
that the support of the first variable lies in the compact set K.

Then Op(p) : Γc(U,CN1) → ΓK(U,CN2) extends to a bounded map between So-
bolev spaces Hs(U,CN1)→ Hs−k

K (U ;CN2) with operator norm

||Op(p)||s,s−k ≤ Cvol(K) ·
∑

|β|≤|s−k|+n+1

||p||β,0.

Here, ||p||β,0 denotes the infimum of all valid bounds Cβ,0,K in the amplitude estim-
ation B.1.

Using the previous theorem, we can make the following definition.
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Definition B.0.20. Denote by ΨDO
k
(E,F ) the closure of ΨDOk(E,F ) in Opk

using the canonical inclusion. We call this Fréchet space the Atiyah-Singer closure
of ΨDOk(E,F ).

We will also consider a third completion.

Definition B.0.21. For each s ≥ k, we denote by ΨDO
k

s(E,F ) the closure of
ΨDOk(E,F ) in Opks(E,F ). We will call this set the Sobolev closure of ΨDOk(E,F ).

We can give ΨDOk(E,F ) three different topologies, Amp, the Fréchet struc-
ture described via all representing amplitudes, AS, the subspace topology from the
Atiyah-Singer closure, and Ss, the subspace topology coming from the Sobolev clos-
ure. For these three topologies, the operations of Proposition B.0.15 are continuous
and extend to continuously to the closures. They are related as follows:

Theorem B.0.22. For every two Real vector bundles E,F over the compact man-
ifold M , the identity give rise to continuous maps

(ΨDOk(E,F ),Amp) // (ΨDOk(E,F ),AS) // (ΨDOk(E,F ), Ss)

Proof. The continuity of the first inclusion follows from Theorem B.0.18. The second
map is obviously continuous.

Besides the smooth Fréchet topology, there is another reasonable topology on
SymbkK(E,F ) that turns SymbkK(E,F ) into a Banach space. The norm is given
by the supremum of the operator norm taken over all points of the sphere bundle.
Its completion will be denoted by Symb

k

K(E,F ). It can be identified with the set
of continuous section from the sphere bundle S(T∨M) to Hom(π∗E, π∗F ) that are
supported within K.

Lemma B.0.23. If ΨDOk(E,F ) carries the amplitude topology and Symbk(E,F )
carries the smooth topology, then the symbol map is continuous and has a continuous
right-inverse ρ. The two maps restrict to the subspaces of operators and symbols with
support in K, so we have the following two split exact sequences

0 // CΨDOk−1
(K) (E,F )

// ΨDOk
(K)(E,F )

symbk // Symbk(K)(E,F ) //

ρ
mm

0

Proof. We first construct the right-inverse ρ closely following [Wel08].
We choose an open cover {Uµ} with a subordinate partition of unity {ϕµ} as

in the Covering Lemma. For each ϕµ, we pick a smooth function supported in Uµ
that is identically 1 on suppϕµ. Finally, we fix a cut-off function χ : R→ [0, 1] with
χ ≡ 0 on R≤0 and χ ≡ 1 on R≥1.

Let σ ∈ Γ(T∨M \ {0},Hom(π∗E, π∗F )) be a given symbol. Under the identi-
fications T∨Uµ = Uµ × Rn and EUµ = Uµ × CN1 , FUµ = Uµ × CN2 , the symbol σ
corresponds to a smooth, matrix-valued map

sµ : Uµ × Rn \ {0} → Hom(CN1 ,CN2).
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Set pµ(x, ξ) = χ(||ξ||)σµ(x, ξ) and extending by zero to Uµ ×Rn. It is an amplitude
of order k as sµ is homogeneous of order k in the second component. Define Pµ is
defined via

C∞(Uµ,CN1)
ψµOp(pµ)// C∞c (Uµ,CN2)

∼= // Γc(Uµ, F )� _

��
Γc(Uµ, E)

∼=

OO

Pµ

// Γ(M,F )

and set
ρ(σ) ..= P ..=

∑
µ

Pµ.

Of course, the identifications are given by the charts and the local trivialisations. It is
clear that P ∈ CΨDOk(E,F ) because it is locally the quantisation of an amplitude.

In the chosen trivialisations, symbk(Pµ) is expressed by

symbk(Pµ)(x, ξ) = symbk (ψµ · ξ(||–||)sµ(– , –)) (x, ξ)

= lim
λ→∞

ψµ(x)χ(||λξ||)sµ(x, λξ)
λk

= ψµ(x)χ(||λξ||)sµ(x, ξ) = ψµ(x)sµ(x, ξ).

With abuse of notation we have

symbk(P ) =
∑
µ

symbk(Pµ)ϕµ =
∑
µ

ψµsµϕµ =
∑
µ

ϕµsµ = σ.

Clearly, pµ(x, ξ) − χ(||ξ||)symb(pµ)(x, ξ) = 0 is an amplitude of order ≤ k − 1.
Thus, each P · ϕµ is a principal classical pseudo differential operator of order k
and so is P . Consequently, ρ is indeed a right-inverse of symbk. Note that ρ is
C∞(M,R)-linear and that ρ(σ) is Real, if σ is Real.

Since ρ was constructed by patching local right-inverse together it restricts to a
right-inverse ρ : SymbkK(E,F )→ ΨDOk

K(E,F ) of the symbol map.

The two maps, symbk and ρ, are linear, so it suffices to check that they are
continuous at 0.

In the construction of ρ, we have chosen a partition of unity as in the Covering
Lemma, so it is enough to verify its continuity in local coordinates. We need to
control the amplitude semi-norms of ψµpµ in terms of the semi norms of sµ. To this
end, we calculate

∂αx∂
β
ξ ψµ(x)χ(ξ)sµ(x, ξ) =

∑
α′+α′′=α
β′+β′′=β

∂α
′

x ψµ(x)∂
β′

ξ χ(ξ)∂
α′′

x ∂β
′′

ξ sµ(x, ξ).

Each summand ∂α′′
x sµ(x, ξ) is homogeneous of order k, so the chain rule implies

||∂α′′

x ∂β
′′

ξ sµ(x, ξ/||ξ||)|| ≤ Cα′′,β′′

∑
l≤|β′′|

||D⊗l|TSn−1sµ(x, ξ)|| · (1 + ||ξ||)k−|β′′|
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on suppχ, where D⊗l|TSn−1sµ(x, ξ/||ξ||) denotes the l-th iterated (total) differential
of sµ(x, –) restricted to (Rξ⊥)⊗l. The function χ vanishes near the origin and is
constantly 1 outside some compact set. Thus,

∂β
′

ξ χ ≤ Cβ′(1 + ||ξ||)k−|β′|

for all β′ ̸= 0. Putting these inequalities together, we conclude

||ψµχsm||α,β;Uµ ≤ C
∑

l≤|α|+|β|

||D⊗l
(x,ξ)sµ||,

where D⊗l
(x,ξ)sµ denotes the l-iterated total differential of sµ. This shows that ρ is

continuous.
We deduce the continuity of the symbol map from the following inequality of

amplitudes that are compactly supported within a chart domain

||symbk(p)||Cα;Uµ ≤
∑

α′+α′′=α

||p||α′,α′′;Uµ ,

where ||p||α′,α′′;Uµ denotes the smallest constant in the amplitude defining inequality
B.1 for some compact set that contains the support of p.

Lemma B.0.24. The symbol map is also continuous if ΨDOk
K(E,F ) carries the

s-Sobolev topology Ss and SymbkK(E,F ) carries the C0-topology. The continuous
extension to the completions yield a short exact sequences of Banach spaces

0 // K(Hs, Hs−k) // ΨDO
k

s,K(E,F )
symb

k

// Symb
k

K(E,F ) // 0.

Proof. We will prove that the symbol map is continuous by showing

||symbk(P )||∞ ≤ Cs,k||P ||s,s−k.

We start with the special case s = k = 0. The support of symb0(P ) is compact,
so we find a (x0, ξ0) ∈ S(T∨M) with ||symb0(P )(x0, ξ0)||op = ||symb0(P )||∞. By
a result attributed to Gohberg, see [See65, Theorem 2.2], or the original [Goh60],
applied in local coordinates, we find a sequence of smooth section (un)n∈N such that

(i) un(x) = 0 if |x− x0| > 1/n,

(ii) ||un||0 = 1,

(iii) ||χPun− symb0(P )(x0, ξ0)un||0
n→∞−−−→ 0 for some (and hence all) smooth func-

tion χ ≤ 1 that vanish on |x− x0| > 1 and are identically 1 on |x− x0| < 1/2.

We may further assume that

(iv) all un(x0, ξ0) are colinear, non-zero, and satisfy

||symb(P )(x0, ξ0)un(x0, ξ)|| = ||symb(P )(x0, ξ0)||op||un(x0, ξ0)||,
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otherwise, we may replace un by An · un, where An is a local endomorphism on E
that maps un(x0, ξ0) to a vector realises the operator norm of symbk(P )(x0, ξ0).

The claim for the special case follows now from property (iii) and

lim
n→∞

||symb0(P )(x0, ξ0)un||0 = ||symb0(P )(x0, ξ0)||op = ||symb0(P )||∞.

We reduce the general case to the special one as follows: For some compact
neighbourhood L that contains K in its interior, we pick Λ−s ∈ ΨDO−s

L (E,E)
and Λs−k ∈ ΨDOs−k

L (F, F ) that satisfy symbj(Λj) = id on S(T∨M)|K . Then,
symb0(Λs−kPΛs) = symbk(P ) on S(T∨M) and

||Λs−kPΛ−s||0,0 ≤ ||Λs−k||s−k,0||P ||s,s−k||Λ−s||0,s,

which implies the general statement.
It remains to show that the continuous extension yields the claimed short exact

sequence. The compact operators lie in the kernel of symbk because, with respect to
the operator norm, every finite rank operator can be approximated by an infinitely
smoothing operator and the latter lie in the kernel of symbk.

For the converse, assume we are given P ∈ ΨDO
k

K(E,F ) that does not lie in
the kernel. First, we consider the special case s = k = 0. By a diagonal se-
quence argument, we can extend Gohberg’s result to the completion. Assume that
symb(P )(x0, ξ0) ̸= 0 and that P were compact. If un is a sequence with prop-
erty (i) - (iv), then Pun would have a convergent subsequence. To ease the nota-
tion, we assume the whole sequence converges. By property (iii), the sequence
symb0(P )(x0, ξ0)un must be convergent. Condition (i) implies that the limit is zero.
But condition (ii) and (iv) imply

lim
n→∞

||symb0(P )(x0, ξ0)un||0 = ||symb0(P )(x0, ξ0)||op ̸= 0,

which is a contradiction.
Assume, for general s and k, there is a compact P ∈ ΨDO

k

K(E,F ) such that
symbk(P ) ̸= 0. Then Λs−kPΛ−s ∈ ΨDO

0
(E,F ) would be a compact operator with

non-zero symbol contradicting the special case.
We first prove that symbk is surjective for the special case s = k = 0 and E = F .

In this case, symb0 is a ∗-homomorphism between C∗-algebras with dense image, so
is must be surjective.

In the case E ̸= F , we identify ΨDO
0

K(E,F ) with the closed subspace of odd
operators in ΨDO

0

K(E ⊕ F,E ⊕ F ) and Symb
0

K(E,F ) with the closed subspace of
Symb

0

K(E⊕F,E⊕F ) whose elements take values in the odd endomorphisms. These
inclusions are isometric and commute with the symbol maps, so the image of the
symbol map must be closed. Since we already know from Lemma B.0.23 that the
image of symb0 is dense, the symbol map must be surjective.

For general s and k, we argue as before: For every given symbol

σ ∈ ΓK
(
S(T∨M),Hom(π∗E, π∗F )

)
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pick Q ∈ ΨDO
0
(E,F ) with symb0(Q) = σ and a pseudo differential Λk ∈ ΨDOs

K(F )

whose principal symbols is the identity. Then ΛkQ ∈ ΨDO
k

K(E,F ) and its principal
symbol satisfies

symbk(P ) = symb0(Q) = σ

on S(T∨M).

Corollary B.0.25. The symbol map extends to the Atiyah-Singer closure

symbk : ΨDO
k

K(E,F )→ Symb
k

K(E,F ).

It is worth pointing out that the right inverse ρ does not extend in general to
a continuous section ρ : Symb

k

K(E,F ) → ΨDO
k

K(E,F ). However, the right-inverse
extends to continuous section if we control higher jets of the symbols.

Lemma B.0.26. The right inverse ρ is continuous if ΨDO
k

s,K(E,F ) carries the s-
Sobolev topology Ss and SymbkK(E,F ) carries the C |s−k|+dimM+1-topology. Moreover,
if E and F are Riemannian vector bundles with connections and if ∇ denotes the
induced connection on Hom(E,F ), then

||ρ(σ)||s,s−k ≤ C
∑

r≤|s−k|+dimM+1

||∇⊗rσ||∞;K .

Proof. By construction, ρ(σ) =
∑

µOp(ψµpµ) · ϕµ, where ψµ and ϕµ are supported
in a domain of an amplitude datum and ψµϕµ = ϕµ. This implies using Lemma
B.0.19

||P ||s,s−k ≤
∑
µ

||Op(ψµpµ)ϕµ||s,s−k

≤
∑
µ

C(ϕµ)||Op(ψµpµ)||s,s−k;Uµ

≤
∑
µ

C(Uµ)
∑

r≤|s−k|+n+1

||ψµpµ||r,0;Uµ .

The calculations we made when we constructed ρ imply in this special case, where
we do not differentiate in ξ-direction (the fibre direction), that

||P ||s,s−k ≤
∑
µ

C̃(Uµ)
∑

|α|≤|s−k|+n+1

||∂αx sµ||∞,Uµ .

Since Uµ is a chart domain over which the chart map extends to a slightly bigger open
subset and in which Uµ is relative compact, all connections on Hom(E,F ) restricted
to Uµ yield equivalent C |s−k|+dimM+1-norms. Thus, by increasing the constants, we
deduce

||P ||s,s−k ≤
∑
µ

C̃(Uµ)
∑

r≤|s−k|+n+1

||∇⊗rsµ||∞;Uµ ≤ C̃
∑

r≤|s−k|+n+1

||∇⊗rσ||∞;K .



241

The reason why we mostly to work with the Atiyah-Singer closure instead of the
Sobolev closure is that operators in the Atiyah-Singer closure share many properties
of (actual) pseudo differential operators.

Proposition B.0.27.

1. Each P ∈ ΨDO
k
(E,F ) induces a continuous map Γc(E)→ Γ(F ).

2. The space ΨDO
k
(E,F ) is a local space, which means that P ∈ ΨDO

k
(E,F )

if and only if P |U ∈ ΨDO
k
(E|U , F |U), where P |U denotes the restriction of P

to Γc(U,E|U)→ Γ(U, F ).

Proof. For the first statement see [AS68, p.512], for the second statement, see [AS68,
p.513].

The most important property is, in contrast to actual pseudo differential oper-
ators, that ΨDO

k
(E,F ) is stable under exterior tensor products.

Theorem B.0.28 ([AS68, Theorem 5.3 and Theorem 5.4]). Let E,F be Real bundles
over M and G a Real bundle over N . Then for all k > 0 there is a continuous map

−⊠ id : ΨDO
k
(M ;E,F )→ ΨDO

k
(M ×N ;E ⊠G,F ⊠G)

defined by sending P to the continuous linear extension of

u⊗ v 7→ P (u)⊗ v,

for all u ∈ Γc(M,E), v ∈ Γc(N,G). Moreover,

symbk(P ⊠ id)(m,n; ξ, η) = symbk(P )(m, ξ)⊗ id

The proof of this theorem generalises to smooth families, provided we have the
right notion of smoothness.

Theorem B.0.29. Let P : Rn → (ΨDOk(E,F ),Ampl) be a smooth family and
k > 0. Then there is a unique operator P ⊠ id ∈ ΨDO

k
(E⊠G,F ⊠G) that satisfies

(P ⊠ id)(u⊗ v)(m, t) = Pt(u)(m)⊗ v(t)

and this assignment yields a continuous map

– ⊠ id : C∞(Rn,ΨDOk(M ;E,F ))→ ΨDO
k
(M × Rn;E ⊠G,F ⊠G).

The proof of Theorem 5.4 in [AS68] carries over without essential change. The
reason why we have to take the amplitude Fréchet structure is that we have to
guarantee the amplitude estimates also for the differentials with respect to the para-
meters t ∈ Rn. If we would chosen the topology coming from the Atiyah-Singer
closure, then we could only conclude that P ⊠ id is in Opk(M ×Rn, E ⊠G,F ⊠G).
With this choice of topology, P would be simply a special smooth Opk-valued map.

Unfortunately, the proof of these theorems breaks down in the case k = 0.
Fortunately, for this thesis, the following weaker statement, which is a family version
of [AS68, Theorem 5.3], is good enough. Again, we will not prove this theorem as
its proof essentially agrees with the one in [AS68].
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Theorem B.0.30. Let P : Rn → Opk(M ;E,F ) be a smooth map of operators and
k ≥ 0. Let G→ Rn be a bundle over Rn. Then there is a unique operator

P ⊠̃id ∈ Opk(M × Rn;E ⊠G,F ⊠G)

that satisfies
(P ⊠̃id)(u⊗ v)(m, t) = Pt(m)⊗ v(t),

and this assignment defines a continuous map

– ⊠̃id : C∞(Rn, Opk(M ;E,F ))→ Opk(M × Rn;E ⊠G,F ⊠G).



Appendix C

Formulas in Riemannian Geometry

We prove formulas from differential geometry and geometric analysis that are need
in the main text but may interrupt the reading flow of the text.

C.1 The scalar curvature for a foliation of level sets
If (M, g) is a Riemannian manifold of dimension d and d : M → R is a function
without critical values, then a standard result from differential topology, see [Hir94,
p.153ff], says that the (shifted) gradient flow provides an isomorphism

Φ: d−1({a})× [a, b]

pr2
((

// d−1([a, b])

dyy
[a, b]

Abbreviate d−1({a}) to H. Let v = [γ] ∈ TmH be a tangent vector represented by
a curve γ : (−ε, ε)→ H. The calculation

(Φ∗g)(m,t0)(∂t, v) = g
(
D(m,t0)Φ(∂t), D(m,t0)ϕ(v)

)
= g

(
(∂tΦ)(m,t0), D(m,t0)ϕ(v)

)
= g(||grad(d)||−1/2

g grad(d), [Φt0 ◦ γ])
= ||grad(d)||−1/2

g · d d([Φt0 ◦ γ])
= ||grad(d)||−1/2

g · [s 7→ t0] = 0

implies the decomposition

(Φ∗g)(m,t0) =
(
(Φt0)

∗g
)
m
+ ||grad(d)||−2

gm,t0
dt2

=: h(t0)m + f 2(m, t0)dt
2,

where h : [a, b]→ Riem(H) is a curve of Riemannian metrics.

This example motivates the following setup. Given a smooth curve of Rieman-
nian metrics h : (a, b) → Riem(M) and a smooth function f : M × (a, b) → R>0.
This data defines a Riemannina metric on M × (a, b) via

gm,t ..= h(t)m + f(m, t)2dt2.

243
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We are interested in the relation between the curvatures of g and h. The following
Proposition is a generalisation of [BGM05, Proposition 4.1]. The proof presented
there straighfowardly generalises to our set up. Only in the derivation of equation
(C.4) below we need to be careful because the Riccati equation as stated in loc.
cit. is not valid in our set up and needs to be replaced. Nonetheless, we present all
calculations as a service to the reader. We also adopt the notation from their proof
and write ⟨–, –⟩ instead of g and also denote the first and second derivative of h with
ḣ and ḧ, respectively. They satisfy the relation

ḣ(t0)(v, w) =
d

dt

(
h(t)(v, w)

)∣∣∣∣
t=t0

,

ḧ(t0)(v, w) =
d2

dt2

(
h(t)(v, w)

)∣∣∣∣
t=t0

for all tangent vectors v, w ∈ TMt0 = T (M × {t0}) ⊆ T (M × (a, b)).
Instead of secretly identifying tangent vectors with local integrable vector fields,

we will work with time-independent vector fields that are tangent to the level sets.
Because of the canonical split Tm,tM × (a, b) = TmM ⊕ Tt(a, b), each vector field
X on T (M × (a, b)) can be written as X(m, t) = [X̄(m, t), λ(m, t)], where X̄(m, t)
takes values in TMm and λ(m, t) in R = Tt(a, b). A vector field X on T (M × (a, b))
is time-independent if X̄ and λ are independent of t. A vector field is tangent to the
level sets if λ(m, t) = 0 for all m ∈M and t ∈ (a, b).

Proposition C.1.1. Let h : (a, b) → Riem(M) be a smooth curve of Riemannian
metrics and let f : M × (a, b)→ R>0 be a smooth function. If g is the Riemannian
metric on M × (a, b) given by g(x,t) = h(t)x + f 2(x, t)dt2, if X, Y, U, V are time
independent vector fields that are tangent to the level sets, and ν = f−1∂t is the unit
normal vector field, then we have the following identities:

⟨W (X), Y ⟩ = −1

2
f−1ḣ(X, Y ), where W (X) ..= −∇Xν (C.1)

⟨R(U, V )X, Y ⟩ = ⟨RMt(U, V )X, Y ⟩+ 1

4
f−2
[
ḣ(U,X)ḣ(V, Y )− ḣ(U, Y )ḣ(V,X)

]
(C.2)

⟨R(X, Y )U, ν⟩ = −1

2
f−1
[
⟨(∇Mt

X ḣ)(Y ), U⟩]− ⟨(∇Mt
Y ḣ)(X), U⟩

]
+

1

2
f−2
[
X(f)ḣ(Y, U)− Y (f)ḣ(X,U)

] (C.3)

⟨R(X, ν)ν, Y ⟩ = 1

2
f−2
[
f−1ḟ ḣ(X, Y )− ḧ(X, Y ) +

1

2
ḣ(ḣop(X), Y )

]
+ f−2X(f)Y (f)− f−1HessMt(f)(X, Y )

(C.4)

scal(g) = scal(h) + f−2

(
3

4
tr((ḣop)2)− 1

4
tr(ḣ)2 − tr(ḧ) + f−1ḟtr(ḣ)

)
− 4f−2|df |2Mt

+ 2f−1∆Mt(f).

(C.5)
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Here, bop = bop,h is the unique endomorphism that satisfies b(v, w) = h(bop(v), w),
where b is an arbitrary bilinear form, |df |Mt is the norm of the differential of f |Mt

with respect to ht, and ∆Mt is the Laplace-Beltrami operator1 of Mt with respect to
ht.

Proof. If X is tangent to the level sets, then ⟨X, ν⟩ = 0. If X is additionally time
independent, then

[X, ν] = [X, f−1∂t] = X(f−1)∂t + f−1[X, ∂t] = −f−2X(f)∂t = −f−1X(f)ν. (C.6)

From

0 = ν⟨X, ν⟩ = ⟨∇νX, ν⟩+ ⟨X,∇νν⟩
= ⟨W (X), ν⟩ − ⟨[X, ν], ν⟩+ ⟨X,∇νν⟩
= −⟨[X, ν], ν⟩+ ⟨X,∇νν⟩
= −f−1 ·X(f) + ⟨X,∇νν⟩

and 0 = ν1 = ν⟨ν, ν⟩ = 2⟨∇νν, ν⟩ we conclude

∇νν = −f−1grad(ft), (C.7)

where ft ..= f(–, t). In particular, the vector field ∇νν is always tangent to the level
set.

Since the Weingarten operator W is self-adjoint, Equation (C.1) follows from

⟨W (X), Y ⟩ = ⟨−∇Xν, Y ⟩ = −⟨∇νX, Y ⟩
= −ν (⟨X, Y ) + ⟨X,∇νY ⟩
= −f−1ḣ(X, Y )− ⟨X,W (Y )⟩.

Equation (C.2) then follows by plugging equation (C.1) into the Gauß equation,
see [Pet06, p.44]

⟨R(U, V )X, Y ⟩ = ⟨RMt(U, V )X, Y ⟩+ ⟨W (U), X⟩⟨W (V ), Y ⟩
− ⟨W (U), Y ⟩⟨W (V ), X⟩.

We derive equation (C.3) by plugging equation (C.1) into the Codazzi-Mainardi
equation [Pet06, p.44]2

⟨R(X, Y )U, ν⟩ =
〈
(∇Mt

X W )(Y ), U
〉
−
〈
(∇Mt

Y W )(X), U
〉

and applying the product formula.

1the trace of the Hessian HessMt
with respect to ht.

2We use the opposite sign convention for the Weingarten operator
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To prove equation (C.4) we need to generalise the Riccati equation to our set
up. The following calculation, as presented in [Pet06, p.44] with opposite sign
convention, shows

(∇νW )(X)−W 2(X) = ∇ν(W (X))−W (∇νX)−W (W (X))

= −∇ν(∇Xν) +∇∇νXν −∇∇Xνν

= −∇ν(∇Xν)−∇[X,ν]ν

= R(X, ν)ν −∇X∇νν.

Together with equation (C.7) we get the generalised Riccati equation

R(X, ν)ν = (∇νW )(X)−W 2(X)− f−2X(f) · grad(ft) + f−1∇Xgrad(ft) (C.8)

From the generalised Riccati equation, we derive equation (C.4) in two steps. We
first consider the summands involving the Weingarten maps. Equation (C.6) and
equation (C.7) yield

⟨W (X), [ν, Y ]⟩ = 0 and ⟨W ([ν,X]), Y ⟩ = 0

because the Weingarten operator restricts to an endomorphism on TMt. This implies

⟨(∇νW )(X), Y ⟩ − ⟨W 2(X), Y ⟩
= ν⟨W (X), Y ⟩ − ⟨W (∇νX), Y ⟩ − ⟨W (X),∇νY ⟩ − ⟨W 2(X), Y ⟩
= ν⟨W (X), Y ⟩ − ⟨W (X),∇νY ⟩ − ⟨W (∇Xν + [ν,X]), Y ⟩
− ⟨W 2(X), Y ⟩

= ν⟨W (X), Y ⟩+ ⟨W 2(X), Y ⟩

= f−1∂t
[−1
2
f−1ḣ(X, Y )

]
− 1

2
f−1ḣ(W (X), Y )

=
1

2
f−2
[
f−1ḟ ḣ(X, Y )− ḧ(X, Y ) +

1

2
ḣ(ḣop(X), Y )

]
For the other two summand of (C.8), we use that the Levi-Cevita connection of

the induced metric on a level set agrees with the tangential part of the Levi-Cevita
of the ambient manifold to we deduce HessMt(X, Y ) = ⟨∇Xgrad(ft), Y ⟩. Therefore,
the remaining summand of (C.8) can be written as

⟨f−2X(f)grad(ft)− f−1∇Xgrad(ft), Y ⟩ = f−2X(f)Y (f)− f−1HessMt(f)(X, Y ).

Splicing the results together, the generalised Riccati equation gives equation
(C.4).

The equation for the scalar curvature now follows from plugging the previous
results into the formula

scal(g) =
d∑
i=1

Ric(ei, ei) + Ric(ν, ν) =
d∑

i,j=1

⟨R(ej, ei)ei, ej⟩+ 2
d∑
j=1

⟨R(ej, ν)ν, ej⟩.
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Indeed, plugging equation (C.2) into the first summand gives

d∑
i,j=1

⟨R(ej, ei)ei, ej⟩ =
d∑

i,j=1

⟨RMt(ej, ei)ei, ej⟩+
1

4
f−2
(
ḣ(ej, ei)ḣ(ei, ej)

− ḣ(ej, ej)ḣ(ei, ei)
)

= scal(h) +
1

4
f−2(tr((ḣop)2)− tr(ḣ)2),

while plugging equation (C.4) into the second summand gives

2
d∑
j=1

⟨R(ej, ν)ν, ej⟩ =
d∑
j=1

f−2

(
f−1ḟ ḣ(ej, ej)− ḧ(ej, ej) +

1

2
ḣ(ḣop(ej), ej)

)
+ 2f−2ej(f)ej(f)− 2f−1HessMt(ft)(ej, ej)

= f−2

(
1

2
tr((ḣop)2)− tr(ḧ) + f−1ḟtr(ḣ)

)
+ 2f−2|df |2Mt

− 2f−1∆Mt(f).

Their sum yields equation (C.5) so the proposition is proven.

More importantly than the precise formula is how the scalar curvature behaves
under rescaling.

Definition C.1.2. Let U be a subset of Rn and X, Y be sets. For every map
f : X × U → Y we denote with Rf : X ×R · U → Y the map

Rf(x, t) ..= f(x,R−1 · t).

Corollary C.1.3. Let h and f be as in the previous proposition but assume further
that their 2-jet is uniformly bounded. Then

scal(R2
Rh+ Rf

2dt2)
R→∞−−−→ 0.

If, additionally, f only depends on t ∈ (a, b), then

scal(Rh+ Rf
2dt2)− Rscal(h)

R→∞−−−→ 0.

In particular, two isotopic psc metrics are concordant.

Proof. We first recall the rescaling behaviour for various objects of Riemannian
geometry. In the following, let g be an arbitrary Riemannian metric on M .

For each smooth function f : M → R the gradient satisfies

gradR2g(f) = R−2gradg(f),

which implies

|df |2R2g = R2g(gradR2g(f), gradR2g(f)) = R−2g(gradg(f), gradg(f)) = R−2|df |2g.
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If (ei)i is a local orthonormal frame for g, then (ēi = R−1ei)i is a local orthonor-
mal frame for R2g. For each bilinear form b, this gives

trR2g(b) =
n∑
i=1

b(ēi, ēi) = R−2

n∑
i=1

b(ei, ei) = R−2trg(b).

This result carries over to tr(bop), because of the relation bop,R2g = R−2bop,g.
The metrics g and R2g have the same Levi-Cevita connection ∇ because ∇ is

a metric connection with respect to both metrics and being torsion-free is a metric
independent condition. This implies

HessR2g(f)(ēi, ēi) = R2g(∇ēigradR2g(f), ēi)

= g(∇eigradR2g(f), ei)

= R−2g(∇eigradg(f), ei) = R−2Hessg(f)(ei, ei).

In particular,
∆R2g(f) = R−2∆g(f).

Finally, we observe ∂t(Rh) = R−1 ·R(∂th) and recall that scal(R2h) = R−2scal(h).

With these information, we derive

scal(R2
Rh+ Rf

2dt2) = R−2 · Rscal(h+ f 2dt2).

The assumption on the 2-jet implies that scal(h + f 2dt2) is uniformly bounded, so
the first statement follows.

The second statement follows from the rescaling behaviour and the previous
lemma because the differential of f “vanishes in M -direction”:

scal(Rh+ Rf
2dt2)− Rscal(h)

= R−2 · R
(
f−2

(
3

4
tr((ḣop)2)− 1

4
tr(ḣ)2 − tr(ḧ) + f−1ḟtr(ḣ)

))
.

Since the 2-jets of f and h are uniformly bounded, the right hand side converges to
zero.

The final statement follows the second statement applied to the speacial case
f = 1.
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g +j,R h Geometric addition in the j-th coordinate, page 58

P +j,R Q Operator Addition in j-th coordinate direction, page 159

(∂kh)
op Operator version of ∂kh that is ht♯ ◦ ∂kh, page 120

Ψ̃Dirn(M) Cubical Set of block Dirac operators, page 109

⊠ Exterior Tensor Product, page 70

χα Partition of unity adapted to the block form, page 89

Clp,q Clifford algebra of Rp,q, page 63

c Cl(TM, g)-multiplication or left module action on Sg, page 66

Cycl(a, b) Induced map of cycl(a, b) on spinor bundles, page 108

cycl(a, b) Cyclic permuations of elements between a and b, page 108

/Dg Dirac operator of the Riemannian metric g, page 66

/D Dirac operator of the euclidean metric, page 91

e/o Even/Odd-grading on spinor bundle, page 66

Gg,g0 Gauge map between spinor bundles, page 75

Gg Gg,g0 but base point g0 fixed, page 75

Ψ̃Dir
×
• (M) Cubical Set of invertible block Dirac operators, page 112

r Right-action of Cld,0 on Sg, page 66

Fredd,0(H) Cld,0-Fredholm operators, page 79

Gramg(b) Gram-endomorphism of b w.r.t g, page 71

Pin− Pin group, page 64

Pos(M) Bundle of symmetric, positive definite bilinear forms on M , page 73
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∇Sg Spinor connection, page 66

Φg,g0 Pre-Gauge map between Clifford algebra bundles, page 74

Φg Φg,g0 but base point g0 omitted, page 74

pGg,g0 Pre-Gauge map between spinor bundles, page 74

pGg pGg,g0but base point g0 omitted, page 74

ΨDOk(E,F ) The space of (principal classical) pseudo differential operators of order
k between the vector bundles E and F , page 232

ΨDir(M) Set of pseudo Dirac operators on M , page 75

ΨDir(M)g pseudo Dirac operators on Sg, page 76

ΨDO
k

s(E,F ) Space of pseudo differential operators of order k in the Atiyah-Singer
sense, page 236

Shv Shift operator on sections v-direction, page 150

Shj,R Shift operator: Push-foward with diffeomorphism x 7→ x+Rej, page 55

SO(M, g) Principal bundle of oriented, orthonormal frames, page 64

Spin(d) Spin group, page 64

Sg Spinor bundle of the metric g, page 66

susp(P ) (operator) suspension of the block map P : Rn → ΨDir(M), page 92

Symbk(E,F ) Space of Symbols, page 232

symb1(P ) Principal Symbol of an order 1 operator, page 75

symbk(P ) Principal symbol of order k of P , page 232

τg,g0 Pre-Gauge map on a single vector space, page 72

volg Volume form on M induced by g, page 67

Cl(TM, g) Clifford bundle of TM , sometimes only Cl(M, g), page 65

g∠R metric obtained from g by “angle-rotation” with rotation speed 1/R, page 55

Hs(E) Sobolev s-space of the bundle E, page 222

Hs
loc(E) Space of local Sobolev s-sections, page 223

Hs
K(E) Sobolev sections with support in K, page 222

l Representation of Clp,q on itself by left-multiplication, page 63
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L2(E) Hilbert space of square integrable sections of E, page 221

Opr Space of operators of order r, page 226

P (ε) Factor of a block operator at the corner point ε, page 86

P ex tensorial extension of P , page 92

P1 ∪ P2 Convex-combination of two sufficiently local operators, page 105

P∠
R operator that is obtained from P by “angle-rotation” with rotation speed 1/R,

page 153

R̃•(M) Cubical Set of Block Metric on M , page 36

R̃+
• (M) Cubical Set of psc block metrics on M , page 36

⟨·, ·⟩ Standard Euclidean Metric, page 34

α Element of Zn3 = {0,±1}n, page 40

ε A map dom ε ⊆ {1, . . . , n} → Z2 = {±1}, page 34

α̂ Restriction of α to its support, page 40

Cubρn,i,ε Infinite half cuboid open towards (i, ε), page 40

↿ Restriction to a codimension > 0 submanifold, page 34

Riem(M) Space of Riemannian metrics, page 34

Riem+(M) Space of psc metrics, page 34

R+
• (M) Cubical Set of smooth block maps into Riem+(M), page 34

R•(M) Cubical Set of smooth block maps into Riem(M), page 34

suspn(g) Suspension of the block map Rn → Riem(+)(M), page 38

Uρ(ε) Open subset of M × Rn determined by ρ and ε, page 34

Vρ(α) Open subset of Rn, page 40

⊓n(i,ε) Cubical n-horn open towards (i, ε)., page 14

δεi Injective map In−1 ↪→ In that includes ε into the i-th entry, page 12

pi Linear map In → In−1 that projects the i-th component away., page 12

σi degeneracy map of a cubical set, page 12

∂εi face map of a cubical set, page 12
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hofib•(f•) Homotopy fibre of the cubical map f•, page 32

Ωn
k0
K• Set of n-fold loops in K•, page 19

∂□[n]• Cubical sphere, page 14

πj(K•) (Combinatorial) Homotopy group of the Kan set K•, page 19

□[n]• The (cubical) n-cube, page 13

I unit interval [−1, 1], page 12

S•(X) The singular set of a topological space X, page 13

X ⊗ Y Reduced product of two cubical sets, page 15
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