GEORG-AUGUST-UNIVERSITAT
D GOTTINGEN ! usiics commoon

A Central Limit Theorem for Functions on Weighted
Sparse Inhomogeneous Random Graphs

Dissertation
zur Erlangung des mathematisch-naturwissenschaftlichen Doktorgrades
y,2Doctor rerum naturalium*
der Georg-August-Universitat Gottingen

im Promotionsprogramm ,Mathematical Sciences“

der Georg-August University School of Science (GAUSS)

Vorgelegt von
Moritz WEMHEUER

aus Hannover

Gottingen, 26. April 2023



Betreuungsausschuss

Prof. Dr. Anja STURM
Institut fir Mathematische Stochastik, Georg-August-Universitat Gottingen

Prof. Dr. D. Russell LUKE
Institut fir Numerische und Angewandte Mathematik, Georg-August-Universitat
Gottingen

Prof. Dr. Daniel RUDOLF
Fakultat fur Informatik und Mathematik, Universitat Passau

Mitglieder der Priifungskommission

Referentin
Prof. Dr. Anja STURM
Institut fir Mathematische Stochastik, Georg-August-Universitat Gottingen

Korreferent
Prof. Dr. Dominic SCHUHMACHER
Institut fir Mathematische Stochastik, Georg-August-Universitat Gottingen

Weitere Mitglieder der Priifungskommission

Prof. Dr. Dorothea BAHNS
Mathematisches Institut, Georg-August-Universitat Gottingen

PD Dr. Ulf-Rainer FIEBIG
Institut fir Mathematische Stochastik, Georg-August-Universitat Gottingen

Prof. Dr. Axel MUNK
Institut fir Mathematische Stochastik, Georg-August-Universitat Gottingen

Prof. Dr. Max WARDETZKY

Institut fir Numerische und Angewandte Mathematik, Georg-August-Universitat
Gottingen

Tag der miindlichen Priifung: 13. Juni 2023.



Acknowledgements

I would like to express my deepest gratitude to all the people who have made it
possible for this thesis to come into existence.

First and foremost, I would like to thank my adviser Anja Sturm, who not only
supervised my work on this thesis project, but who has also helped shape a large
part of my academic life in Gottingen even before my PhD studies - and whose
lectures introduced me to the field of stochastics in a way that made me want to
stick around in the first place. I am deeply grateful for the patience, encouragement
and guidance she offered throughout all of this.

I am also indebted to my co-advisers Russell Luke and Daniel Rudolf for their
interest in my research and for all the questions they asked and suggestions they
offered during our meetings. They helped me see new angles of my work that I
would never have considered before.

I would like to thank Dominic Schuhmacher for agreeing to co-review this thesis.

Furthermore, I would like to thank Dorothea Bahns, Ulf Fiebig, Axel Munk and Max
Wardetzky for readily agreeing to be part of the examination committee.

It has been a wonderful experience to work at the Institute for Mathematical
Stochastics. The warm and welcoming atmosphere - and the abundance of baked
goods, especially of late - make it a truly delightful place to conduct research. I'd
like to say a big thank you to all the brilliant colleagues and former colleagues I
was privileged to work with. In particular I would like to thank Simon Schwarz and
Marco Seiler for many hours of discussions and conversations - some mathematical
in nature, others not so much - and their valuable input, especially during the last
legs of finishing up this thesis.

During my PhD studies I was a member of the Research Training Group (RTG) 2088
Discovering Structure in Complex Data: Statistics meets Optimization and Inverse
Problems funded by the German Research Foundation (DFG). I gratefully acknowledge
their generous financial support and the possibility to attend scientific conferences.
Our yearly retreats were a welcome way to broaden my mathematical horizon.

I am thankful to have met many lovely people during my time in Gottingen,
amongst them ‘the mathematicians’, ‘the chemists’, the odd physicist and a seem-
ingly ever-expanding list of (former) flatmates.

Last, but certainly not least, I would like to thank my parents Iris & Marc and my
sister Lea for the love and support they have given to me.






Contents

1 Introduction

2 Setting and Main Result

2.1 Basic notions

2.2 Setting . ...

2.3 Statement of the Central Limit Theorem . .................

2.4 Applications.

2.4.1 Asimpleexample . . . ... .. ... ...
2.4.2 Maximum weight matching . .....................

2.5 Outlook ...

3 Local Structure of Sparse Inhomogeneous Random Graphs
3.1 Neighbourhood size and path probabilities ... .............
3.2 Correlation between neighbourhoods . . . ... ... ... ........
3.3 Graphexploration . . ... .. ... ... ... ...
3.4 Neighbourhood coupling . . . . ... ... ... ... . ... ...,
3.5 More complex couplings . ... ...... ... ... . . ... . ...

4 Proof of the Main Result
4.1 Perturbative approach to Stein’smethod . . . . ... ...........
4.2 Straightforward moment and covariance bounds . . . .. ... ... ..
4.3 Sparsity-based covariancebounds . .. ... ... ... ... .. .....
4.3.1 Edge-edgecase .. ... ... . .. i
4.3.2 Vertex-verteX Case . . . .« v v v v v v v e et e e e e e e e e e e
4.3.3 Vertex-edge Case . . . . . v i i it e e e e e e e
4.4 Summing thebounds . ... ... ... ... ... . . . ... . . . . ...,

Bibliography

A Auxiliary Results

A.1 Couplings . .

A.2 Measurability

11
11
16
25
32
32
34
40

43
43
65
76
82
96

103
103
107
113
114
127
138
148

157

163
163
165






Chapter 1
Introduction

A large number of real-world situations can be modelled in a fruitful way as a
graph G = (V,E) that is characterised by its vertex set V and its set of edges E, that
form connections between the vertices.

Indeed, in what is commonly cited as the earliest work in graph theory [BM76,
p- 51] the reduction of a complex problem to a simple structure made up of vertices
and edges was key to its solution. In 1736 Euler showed that it is impossible to
find a way to walk through the different parts of the city of Kénigsberg such that
one ends up where one started and crosses each of the seven bridges over the river
Prege exactly once. Euler realised that in order to analyse this problem of the seven
bridges of Konigsberg most of the characteristics of the walk through the city can be
abstracted away: The only relevant piece of information is which bridges connect
which parts of the city.

Often it is useful to assign additional attributes to the vertices and edges of a
graph to model supplementary properties of the vertices and their connections. This
results in a weighted graph.!

Many real world applications involve graphs that are so large or so complex that it
becomes increasingly difficult to understand these objects in their entirety. It then
becomes attractive to try and model such graphs as random objects so that one may
analyse their typical behaviour.

The mathematical theory of random graphs is generally considered to have been
founded by Erdés and Rényi in a series of papers published in 1959 and the early
1960s [ER59; ER60; ER64; ER66]. Indeed, one of the most well-known and well-
studied random graph models, a graph with n vertices in which each pair of vertices
is independently connected with a fixed probability p,, is usually known as the
Erdés-Rényi random graph, even though Gilbert introduced this model at around
the same time [Gil59] and the formulation of the random graph investigated by
Erdés and Rényi is slightly different.

Even sixty years after its inception the Erdos-Rényi random graph remains one of
the standard models in random graph theory. The simple homogeneous structure
of Erdos-Rényi random graphs lends itself particularly well to analysis, but real-

IMany of the well-known and well-studied problems in graph theory involve only weights on edges,
so it is not uncommon to define weighted graphs as having weights only on edges [cf. BM76,
§ 1.8; Wil96, § 8]. We will be able to deal with weights on both edges and vertices.



Chapter 1 Introduction

world examples of graphs are not always this uniform. The class of inhomogeneous
random graphs, in which the probability that an edge is present between two vertices
depends on an attribute of the vertices, aims to generalise the approach of the Erd6s-
Rényi model to obtain more irregular graphs. Inhomogeneous random graphs were
introduced by Soderberg [S6d02] and studied extensively by Bollobas, Janson and
Riordan [BJRO7]. For a general overview over basic properties of Erdos-Rényi graphs,
other graph models and inhomogeneous random graphs we refer to two books by
van der Hofstad [Hof18; Hof23].

In this thesis we will focus on a particular subclass of these inhomogeneous
random graphs, namely those with sparse rank-one kernels. This class of inhomo-
geneous random graphs is related to the Chung-Lu model [CL0O2]. In the Chung-Lu
model each vertex v has a weight W, € (0, o) that determines its connectivity. Two
vertices v and u are independently connected with probability W, W,/ (>..,s W)
(assuming max, W3 < >, Wy, so that this always yields a probability). The average
degree of a vertex v in the Chung-Lu model is approximately equal to W,. This
allows for a greater inhomogeneity in the graph when compared to the Erdds-Rényi
model by choosing the W, differently. Since every vertex has on average W, neigh-
bours, the total number of edges in the graph scales roughly like n (whereas the
total possible number of edges in a graph with n vertices would scale like n2). That
is the reason why we call such a graph sparse.

The main aim of this work is to establish a central limit theorem for functions
on weighted sparse rank-one inhomogeneous random graphs. This result extends
recent work by Cao [Cao21] for the Erd6s-Rényi model with weights only on edges.

While we formulate this theorem generally for functions on weighted graphs
satisfying a certain good local approximation property, we will note that most
interesting applications of this theorem will probably be related to combinatorial
optimisation problems on weighted graphs. In a combinatorial optimisation problem
we look for a particular substructure in the graph that is optimal according to a
certain measure. This definition is sufficiently general (or vague) to beg for an
example.

Consider a graph whose vertex set is a set of cities. Two cities u and v are
connected via an edge if there is a road that takes one from u to v without visiting
another city w on the way. The weight associated with that edge is the length of
the road from u to v. In the shortest path problem we look for the shortest possible
route to get from a city u to another city v, i.e. such that the sum of the length of
the roads on which we reach our destination is minimal.

Another classical problem is the maximum matching problem, in which vertices
are paired up with at most one partner along edges in such a way that the sum of
weights of the edges is maximal. For this problem vertices may represent people on
a party and there is an edge between two people if they share a common interest.
The weight of an edge might model the length of the conversation between the two
people. We are then interested in pairing up people so that the total conversation
time is maximised.



In the Erd6s-Rényi setting the first-order behaviour of a number of combinatorial
optimisation problems is known [e.g. BGT81; GNS06; KS81]. There are also results
for much more general sparse graph settings [BLS13]. A number of results are also
known for the mean field model, where the underlying graph is a complete graph
with i.i.d. edge weights, which reduces to an Erdds-Rényi setting for certain (relaxed)
optimisation problems [e.g. Ald01; Was10; Was12]. As far as we are aware Cao’s
[Cao21] work provided the first general central limit theorem for these problems in
the Erdos-Rényi setting. Our work aims to generalise this underlying setting.

This thesis is structured as follows. In Chapter 2 we introduce some basic notions,
present the general setting in mathematical detail and state and discuss our central
limit theorem (Theorem 2.3.5). Chapter 3 is dedicated to the analysis of the local
structure of sparse rank-one inhomogeneous random graphs. These results are
required to establish the central limit theorem in our setting, but they may also
be of independent interest. We investigate the properties of the neighbourhoods
of vertices in some detail and show that they are generally only weakly correlated.
We also establish explicit coupling results between the local neighbourhood of a
vertex in the graph and a limiting Galton-Watson tree. In Chapter 4 we will follow
Cao’s strategy and prove the central limit theorem via the (generalised) perturbative
Stein’s method introduced by Chatterjee [Cha08; Chal4]. We briefly present this
method in Section 4.1 and then put it to use in the remainder of that chapter.






Chapter 2

Setting and Main Result

2.1 Basic notions

From now on the set of natural numbers includes 0 such that N = {0,1,...}. We
define N, = N\ {0} = {1,2,...}.

In our calculations C will denote a numerical constant whose value may change
(usually increase) from occurrence to occurrence.

We will briefly introduce some more definitions from graph theory. For a general
introduction to the subject we refer the reader to works by Bondy and Murty [BM76],
Bollobas [Bol98] and Wilson [Wil96].

From now on we only consider undirected graphs. In this setting a graph G =
(V, E) is an ordered pair of two disjoint sets such that E is a subset of V(2) = {{v, u} :
v,u € V}, the set of subsets of V with two elements. In an undirected graph an
edge e € E that connects the two vertices u,v € V does not have a direction and is
written as e = {u,v} = {v,u}. We will usually assume that V is finite, but at times
we may allow ourselves to consider graphs with a countable set of vertices V.

The following concepts arise by considering the relation that a single edge can
have with vertices.

Definition 2.1.1 (Adjacency, incidence). Let G = (V,E) be a graph.

Two distinct vertices v, u € V are adjacent or neighbours if {v,u} € E, i.e. if there
exists an edge that joins v and u. Two distinct edges e, e’ € E are adjacent if they
have a vertex in common, i.e. if there exist vertices v, u,u’ € V such that e = {v, u}
and e’ = {v,u’}.

An edge e € E is called incident to a vertex v € V if there exists a vertex u € V
such that e = {v,u}. In this case we will call v and u endpoints or end vertices of e.

We can use edges to move from one vertex to another.

Definition 2.1.2 (Walk, trail, path). A sequence of edges ey,...,e, € E is a walk of
length n if there is a sequence of vertices vg,...,Vn € V such that e; = {v;_1,v;}.
In other words a walk of length n is a sequence of n edges that are adjacent to
each other or identical. We will refer to the vertex vg as the start vertex of the walk
and v, as its end vertex. We say that this walk is a walk from vq to vy,.!

1t should be noted that we are working with undirected graphs. As such the choice to call vy start
vertex and v, is somewhat arbitrary, since the walk can be traversed in any direction.

11



Chapter 2 Setting and Main Result

A walk is called a trail if all its edges are distinct. A walk is called a path if all its
vertices are distinct. (This immediately implies that all its edges are distinct.) A walk
for which the sequence of vertices satisfies vy = v, is called closed and referred to
as a cycle.

The graph G is called connected if for any two distinct vertices v,u € V there
exists a walk from v to u.

An important subclass of graphs, in particular in the realms of sparse random
graphs, is the class of trees.

Definition 2.1.3 (Tree). A graph G = (V,E) is a tree if it is connected and contains
no cycles.

It is convenient to think of trees as ‘starting’ or ‘growing’ from somewhere.

Definition 2.1.4 (Rooted graphs, rooted trees). A graph G = (V,E) with a distin-
guished vertex v* € V, which we may call the root, is called a rooted graph.
Of particular interest are rooted trees. We usually denote the root of a tree by @.

Unless otherwise noted, all trees we consider will be rooted.
Every tree can be embedded into the following infinite object, which we may use
to conveniently refer to vertices (individuals) in trees.

Definition 2.1.5 (Ulam-Harris tree). Set N0 = {&} and let the Ulam-Harris tree be

u=J Ny,

neN

i.e. the set of all finite words over the positive natural numbers.

For an individual i = (iy,i2,...,ix) € U we call (i,j) = (iy,i2,...,1k,J) € U,
Jj € N4, a child of i. Hence the parent of an individual i = (iy,i2,...,ix_1,1ix) € U
is (il,iz,...,ik_l) e U.

We obtain a tree structure on ‘U if we draw an edge between every child and its
parent.

Call |i| = |(i1,12,...,1x)| = k the generation of i € ‘U and set |&| = 0. Furthermore,
we define an order on ‘U by setting i < i’ if

(i) lil <[i'l or

(i) Ii| = |i’|, which implies i = (i1,...,ix) and i’ = (i},...,i}) for some k € N,
and there is a j € {1,...,k} such that iy = i;; forall £ € {1,...,j — 1}
and ij < i}.

It is easy to see that < is transitive and that it is total, i.e., that for any two individu-
alsi,i’ € U we have eitheri=1,i<1i ori>1i.

12



2.1 Basic notions

On the whole, these conventions imply a breadth-first way of thinking about the
tree structure.

We may at times want to consider only a part of the graph or remove vertices from
it. The following definition makes precise which objects we obtain in those cases.

Definition 2.1.6 (Subgraph, induced subgraph and ‘reduced graph’). Let G = (V,E)
be a graph. A graph G’ = (V',E’) is a subgraph of Gif V' <V and E’ < E.

Let V' € V be a subset of vertices of G. Then the subgraph of G whose vertex set
is V' and whose edge set contains all edges in E whose endpoints both lie in V' is
denoted by G[V’] and called the subgraph of G induced by V'.

We write G — V' for G[V \ V'], which we may call G reduced by V'. Then G — V'
is obtained from G by deleting all vertices in V' and all edges adjacent to those
vertices.

Analogously, we can also induce subgraphs with edge sets. Let E’ < E be a subsets
of edges of G (which could also be a set of paths or walks). Then the subgraph of G
whose edge set is E’ and whose vertex set contains exactly all the endpoints of edges
in E’ is denoted by G[E’] and called the subgraph of G induced by E'.

We write G — E’ for G[E \ E'], i.e. the subgraph of G for which we removed all
edges of E'.

We will often write G — v for G — {v} and G — e for G — {e}.
Examples of the definitions from Definition 2.1.6 are shown in Fig. 2.1.

(@ G (b) G[{1,2,3,4,8}] (0G-3

(2) ()
6.@ D (8)
\@

Figure 2.1: (a) A graph G with vertex set {1,...,9}, (b) the subgraph G[{1, 2, 3,4, 8}]
induced by the vertices {1, 2, 3,4, 8} and (c) the graph G — 3.

One of the aims of Chapter 3 is to show a coupling between the local neighbour-
hood of a vertex and a limiting tree object. We first define what we mean by the
local neighbourhood of a vertex.

Definition 2.1.7 (Local neighbourhood). Let G = (V, E) be a graph. For avertexv € V
and level £ € N denote by By (v, G) the (local) neighbourhood of the vertex v up to
level £ in the graph G. Formally, we define By(v, G) as the subgraph of G induced
by the union of all paths starting in v that are no longer than £ steps.

Unless otherwise noted, we usually regard By(v, G) as a rooted graph with root v.

13
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Chapter 2 Setting and Main Result

When the context is clear, we will sometimes drop the reference to the underlying
subgraph G and will just write By(v) instead of By(v,G). If we define the graph
distance d¢g (v, u) as the smallest number £ such that there is a path of length ¢
joining v and u, the £-neighbourhood around v is the £-ball around v with respect
to the graph distance. It is tempting to draw By(v) as a ball around the vertex v in
a drawing of G (as is shown in Fig. 2.2a), but since the distance notion of the graph
distance need not agree with the usual notion of distance in the space in which we
draw G, this is rarely possible. We will therefore usually think of By(v) just as a
rooted graph (Fig. 2.2b).

®
ol @ o
aggge o ® ®

(a) G and B1(3,G) (b) B2(3,G)

Figure 2.2: A graph G with vertex set {1,...,9}. The 1-neighbourhood of 3 is high-
lighted in blue on the left. The 2-neighbourhood of 3, B>(3, G), is shown
on the right.

It is convenient to have a notation for the set of vertices in a local neighbour-
hood By (v, G) of a vertex v and for the set of vertices at a certain level.

Definition 2.1.8. Let G = (V,E) be a graph. For alevel £ € N and a vertex v € V
let Sy(v, G) be the set of vertices in By(v, G). Furthermore, set S_1 (v, G) = &.
Then let

Dy(v,G) =Sp(v,G)\ Sy_,(v,G) for ¥ eN
be the vertices of By(v, G) at level 4.

The local neighbourhood can be generalised from the neighbourhood of a single
vertex to the neighbourhood of a set of vertices.

Definition 2.1.9. Let G = (V,E) be a graph and let V < V be a set of vertices. Then
we let By("V,G) be the subgraph of G that is induced by the union of all paths
from By(v, G) for v € V. The set of vertices in By(V, G) is given by

Se(V) = |J Se(w,G)
vev

and we set

Do(V,G) = Sp(V,G)\ Sp_1(V,G)
(with the convention S_1 (V) = Q).

14



2.1 Basic notions

By this construction we only have Dy(V,G) < U,cy Dy(v,G). Equality is only
guaranteed if the Sy_; (v, G) are disjoint.

For £ = 1 the set Dy (v, G) is the set of (direct) neighbours of v and gives rise to
an important quantity of the vertex v: its degree.

Definition 2.1.10 (Degree). Let G = (V, E) be a graph and fix a vertex v € V. Then
the degree of the vertex v is the number of its neighbours

{ueV:{v,u} € E}| =|D1(v,G)|.

Formally, we have defined graphs as ordered pairs of two disjoint sets. The notion
of equality that this induces on the set of graphs is not particularly enlightening, so
we introduce the notion of a graph isomorphism.

Definition 2.1.11 (Graph isomorphism). Let G = (V,E) and G’ = (V',E’) be two
graphs. We write
G=G

and say that G and G are isomorphic if there is a bijection @ from V to V'’ that
preserves edges in the sense that {@p(v),@(u)} € E’ if and only if {v,u} € E. Such
a function G is called a graph isomorphism.

If G and G’ are rooted graphs with root v and v’, respectively, we additionally
require that @ (v) = v’.

With those basic graph theoretic concepts in hand we finally turn to weighted
graphs.

Definition 2.1.12 (Weighted graph). A weighted graph G is an ordered tuple G =
(V,E,w), where G = (V,E) is a graph (the underlying graph) and w: VUE — Ris a
function that assigns a real-valued weight to each vertex v € V and each edge e € E.

All the previous notions generalise naturally to weighted graphs. We will not
restate them for the weighted case. For the avoidance of doubt and since it is a slight
extension of a previous concept, we will explain what we mean by an isomorphism
for graph pairs and make explicit reference to weights in that definition.

Definition 2.1.13 (Isomorphism for pairs of weighted rooted graphs). Let G =
(V,E,w) and G' = (V',E’',w’) be two weighted rooted graphs with the same
root v*¥ € V.nV’. Let similarly H = (U,F,x) and H = (U’,F’,x’) be two further
weighted rooted graphs with the same root u* € U n U’. We write

(G,G") = (H,H')
if there exists a bijection @ : V — U that satisfies @ (v*) = u*, preserves edges, i.e.
{p(v1),p(v2)} € F ifandonlyif {vi,v2} €E,

and weights, i.e. x(p(v)) =w(v) forall v € V and x{@ (v1), p(v2)}) = w({vy,v2})
forall vi,v> € V, and a bijection ": V' — U’ that also maps v* to u™ and preserves
edges and weights in the way just described.

15



Chapter 2 Setting and Main Result

Finally we will introduce two stochastic concepts. First the mixed Poisson distri-
bution and then the Galton-Watson tree.

Definition 2.1.14 (Mixed Poisson distribution). Let u be a measure on (0, ), then a
random variable Z has mixed Poisson distribution with mixing distribution u if for
all k e N

k
P(Z =k) = [E[e‘A%], where A ~ .

If Z has a mixed Poisson distribution with mixing distribution u, we write Z ~
MPoi(u) or alternatively Z ~ MPoi(A) for A ~ p.

We write Poi(A) for the regular Poisson distribution with parameter A > 0. By
construction Poi(A) = MPoi(6,), where §, is the Dirac measure at A.

For our intents and purposes the definition of a Galton-Watson tree based on the
Ulam-Harris tree ‘U (Definition 2.1.5) will be most convenient.

Definition 2.1.15 (Galton-Watson tree). For any k € N let v(¥) be a probability
measure on N and let {Nj :1 € Nﬁ} be a sequence of i.i.d. random variables with
distribution v¥). Construct these sequences so that they are independent for
every k, i.e. so that {Nj:i € U} is a sequence of independent random variables.

Then the Galton-Watson tree with level-k offspring distributions (v%))cy is
defined as

T = U T r S U,
keN

where Ty = {@} and
Tie1 = 1G,)) eNE L rie T, 1 < j < Ny

As for the Ulam-Harris tree we draw an edge between each child (i, j) € Ty and
its parent i.

In what follows we will mainly need Galton-Watson trees in which the offspring
distribution is the same for all levels except level 0, i.e. at the root.

2.2 Setting

We are now ready to describe our setting in more detail. First we define the rank-one
inhomogeneous graph model (without additional vertex and edge weights) that we
will focus on. We will work on an underlying probability space (Q, F, P).

16



2.2 Setting

Graph structure For n € N; let G, = (Vy, E;) be a graph with vertex set Vj, =
[n]={1,...,n}.

Assign a possibly random connectivity weight W] € (0, ) to each vertex v €
V. This weight will determine the connectivity of the vertex v in the graph G,.
Let W" = (W} yev, be the collection of all connectivity weights for vertices in Vj
and let Fy = c(W") = o ((W/Y)vey, ) be the o-algebra generated by all connectivity
weights for vertices in V;;. From now on we will write

Pn(-)=P(-[Fn) and En(-) =E[ - | Ful

for the probability measure and expectation, respectively, conditioned on the con-
nectivity weights Wi, ..., W}l. We will also drop the superscript n from W} to make
formulas slightly easier on the eye.

Given these connectivity weights in ¥, realise independent edges between all
(unordered) pairs of vertices u and v with probability

W, W.
Puv = ;;9“ A, (2.1)

where we define Ay, = >, cy, Wy and assume that ¢ € (0, «) satisfies

1 1

“An== D w, %9 asn— o,

n n
uevy

where & denotes convergence in probability. We will generally make stronger as-
sumptions about the distribution of the connectivity weights (which will be detailed
in Assumption 2.2.1 in just a moment), so we will not highlight this assumption
here in more detail.

Formally, let ,(12) = {{u,v} : u,v € V,} be the maximal set of edges that G,
could possibly have, i.e. the set of edges of the complete graph on V,,. Conditional
on Fy let Xy, ~ Bin(1, pyyv) for 1 < u < v < n be independent indicator functions
(the edge indicators). We will write X,,, = Xy, whenever u,v € V,, u *+ v, and
set Xy = 0 for all v € V. The set of edges of G, is then given by

Ep = {H{u,v} eV 1 x,, = 11.

Remark. This model is related - but in this formulation not exactly equal - to the
Chung-Lu model [CLO2], where vertices are connected independently with probability

WuWy

Al
An ’

and the Norros-Reittu model [NRO6] where the edge probability is

1 —exp(=WyWy/Ay).

17



Chapter 2 Setting and Main Result

By the assumed convergence of n~1A, to ¢, however, the edge probabilities will be
very similar for large n.

The classical Erdés-Rényi model with p,, = n~!A for some A € (0, ©) can easily
be obtained by setting W, = A for all v € V,,. Then n~! Duev, Wu = A s constant

so that 3 = A and thus
WuW, A

puv = '}’L9‘ - ﬁ = pn.

Our setting also includes Erdés-Rényi models in which p,, = n~1A,, for a sequence
of (Ap)neny € (0,0) with A, — A € (0,0). However, the intuitive idea of set-
ting W, = Ay vields ¢ = A and edge probabilities of the form (A, /n)(An/A) =
Pn(Ayn/A). The undesirable factor A, /A tends to 1 and therefore does not matter in
the limit. In fact all computations we make would still be valid if such a factor were
present. Yet with a slightly different parametrisation we can obtain the desired edge
probability p,, directly: Choosing Wy, = (A,A)1/2 for any v € V,, we get again ¢ = A
so that the edge probability is equal to

And A

puvzﬁ ?—pn

as desired.

In the framework of inhomogeneous sparse random graphs by Bollobas, Janson
and Riordan [BJRO7] our graph is a so-called rank-one model, since its connection
kernel Kk, (x,v) = xy /9 has a simple product form.

In order to allow us to identify a limiting object for the graph G,, we will have to
impose some conditions on the connectivity weight distribution.

Assumption 2.2.1. Let (Gy)nen be a sequence of graphs as defined above.
Given Fy let

1 - 1
va(-) == > 1p,e.; and Vn() == > Wylgwe-y (2.2)
L= nyevy

be the empirical measure of the connectivity weights and its size-biased version.
Assume that there is a measure v on (0, ) with mean in (0, o) that satisfies the
following properties.

(i) There exists a sequence (o, )nen that converges to zero in probability such
that
W(Vn; V) < O(le

where W (u, v) denotes the 1-Wasserstein distance between the measures u
and v on R

W(u,v) =inf{E,[|X - Y|]: X ~u,Y ~v, X,Y defined on (Q, Fyn, Pn)}.
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2.2 Setting

(ii) Let v be the size-biased distribution of W ~ v given by

A~ 1
V(A) = m[E[W]l{WeA}]-

Then with the same sequence (¢, )nen as in (i) we also have

W (¥, V) < dn.
(iii) Furthermore, we assume that the third moment of W™ ~ v,

ELW =L 5w

uevy
is bounded in probability.

The conditions we impose for the limiting object to exist are not minimal. Olvera-
Cravioto [Olv22] constructed the couplings between the graph and the limiting
object assuming only existence of the first moments. We decided to work under the
stronger assumptions because they give us more explicit control over the rate of
convergence and make the construction of the coupling slightly more natural.

Assumption (i) is in particular satisfied with an «,, of rate n=1/2 if the weights W,
are drawn i.i.d. from the distribution v assuming that v has second moments [FG15,
Thm. 1]. It is tempting to conjecture that the rate of convergence for "W (vy, V)
should be similar under the same moment conditions for v, which would translate
into the existence of third moments for v. We do not attempt to address this
question further in this thesis, we will just mention that Olvera-Cravioto [Olv22, in
a slightly different setting in proof of Lem. 4.8] briefly argues that W (v, v) Lo
implies W (v, V) F 0 without claims on the rate of the latter convergence. Intuit-
ively, this is true because size-biasing respects convergence in distribution [AGK19,
Thm. 2.3] if the means converge as well and we can then use Skorohod’s represent-
ation theorem to obtain coupled random variables with the desired distributions
(possibly on a new probability space).

We will use the notation W™ ~ v,, and W ~ v to recall the definition of A,

uevy

If W and W are constructed via the optimal coupling guaranteed by the Wasser-
stein distance [San15, Thm. 1.7], we have

1
A~ Ex[W]] < [En[W™] — Ex[W]] < Ex[IW™ —W|] < apy.

This implies that n~1A,, converges in probability to E,[W], so that we can set ¢ =
E,[W] for (2.1).

19



Chapter 2 Setting and Main Result

Fix p € (0, ). Now define

1 En (n)yp
Tpn =g > Wi = % (2.3)

uevy
for the average p-th power of the connectivity weights normalised with 9 and

Kpm = —= S WLy sy = SEnl (WP gy ] (2.4)
nd uevy ' 9
for the average excess of p-th power of the connectivity weights above vn$ normal-
ised with 9.
By (iii) we immediately have that I, is bounded in probability for all p € [0, 3].
For kp n observe that if p € [0, 3) by Holder’s and Markov’s inequality

1
Kpn = GER LW )Py 9]
< é[En[(W("))S’]pBH”n(W(") >ng)r/3
1 E. [(W™M)31\l-P/3
< SEu oy (B
Vn9
_ r3,n
ng

This terms goes to zero in probability as n — « if p € [0, 3) since I3 5 is bounded
in probability.

Note that if W, < v/n% and W, < +/n9 it follows that W,,W, < n$9. This implies
that the minimum with 1 in the definition (2.1) of p,. is not needed in this case.
Hence, kp » measures the p-th moment of the connectivity weight of the vertices
exceeding this ‘safe’ threshold.

Analogous to I, we also define I}, as the ‘normalised’ p-th moment of v. Fix p
and let W ~ v, then set
_ E[WP]  E[WP]

Iy %  E[W]

(2.5)

Local limit We now describe the local limiting behaviour of the rank-one inhomo-
geneous graph model. This is done by showing that the local neighbourhood of a
vertex v in Gy can be coupled with high probability to a ‘delayed’ Galton-Watson
tree.

The limiting object can now be constructed as follows.

Definition 2.2.2. For a probability measure v on (0, c0) and a connectivity weight W
(0,00) let T(W,v) be a Galton-Watson tree in which the root has Poi(W) children
and all other levels have offspring distribution MPoi(V).

For an integer £ € N let Ty(W,v) be the subtree of T(W,v) cut at height £ (or
alternatively the £-neighbourhood of the root By(a, T(W,v))).
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2.2 Setting

Remark. Note that T (W, v) can be constructed by joining N ~ Poi(W) independent
Galton-Watson trees with offspring distribution MPoi(v) for all levels whose roots
we call @1,..., N together at a root @ with edges {2, @1},...,{J, ON}.

Olvera-Cravioto [Olv22] calls such a tree process ‘delayed’, because the root has a
different offspring distribution than all other individuals [see also EHHOS8].

This limiting tree is closely connected to the local weak limit of the graph G,
[Hof18, Chap. 2]. The notion of local limits for graphs was introduced by Benjamini
and Schramm [BSO1] and later by Aldous and Steele [ASO4], who used it extensively
to develop the so-called objective method, in which the limiting properties of a
sequence of finite problems are analysed in terms of local properties of a new
infinite object. In our treatment we keep the vertex whose neighbourhood we
explore fixed, whereas in the context of local weak limits this vertex is chosen
uniformly at random. We can think of our setup as conditioning on the type of
the root vertex, so that the usual local weak limit can then be recovered from our
results by averaging over all vertices (and possibly adjusting the coupling of the
root vertex). Specifically, the resulting tree would have a root with MPoi(v) children,
while all other individuals have offspring distribution MPoi(v). Such a tree process
is called unimodular [Hof23].

One of the main results of Chapter 3 is an explicit coupling construction that
yields:

Proposition 2.2.3. Let (Gy)nen be a sequence of rank-one inhomogeneous random
graph that satisfies Assumption 2.2.1 for some measure v on (0, ).

Let 'V <V, be a set of vertices. Then for all £ € N the neighbourhoods around v €
V can be coupled to independent limiting trees T (v) ~ T(Wy,Vv) such that for
allm e N

IPn< U {Be(v) 2 Te(v)})

vevV
I
< ,T’; > Wi+ Tin X, Wolyy, s msy
vev vevV

I3 2+hn  kn
+ (T +1"(—'+ + Ko + ’+—)§W
( 2.n ) n9 Kin T K2n Kn n9 =, v
1 ks 1 I
+ V] + —2—+ > W, (—+r+1“(—'”+1)),
| | kn ng'rl,n vev U(x'l/l 9 ( 2 ) g'rl,n

where (kn)nen € (0, ) is an arbitrary sequence of positive real numbers.

By Assumption 2.2.1 I 4, I2 » and I3, are bounded in probability and oy, K1,n
and k2, converge to zero in probability. Additionally, >,y Wyl s /ng; IS zero
if n is large enough for any finite set V.

Then the probability that the coupling does not hold goes to zero in probability
if (kn)nen is chosen appropriately. In particular the sequence needs to satisfy k;;, —
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Chapter 2 Setting and Main Result

o as well as k% /n — 0. The choice k;,, ~ n'/3 balances the rate of 1/k, and k2 /n so
that both are of order n=1/3,

This proposition can be used to obtain a coupling for neighbourhoods in the Erdés-
Rényi model to a Galton-Watson tree with simple Poisson offspring distribution.

Example 2.2.4. Consider the Erdds-Rényi model with edge probability p,, = Ay, /n
(and A,, — A). Recall that we had to set W, = (A,A)!/2 to obtain the desired edge
probabilities.

Then vy, = §(5,1)1/2 and v = §, and by basic properties of the Wasserstein distance

W (v, v) = [AL2AV2 Z A = AV2|AL% - A12),

Furthermore, the size-biased measures coincide with the original measures so that
also
WO, V) = W(vn,v) = A2 A2 = A2,

Recall that A > 0 and that A,;, — A so that we may assume that A, > A/4 for n
large enough. Since the function x — x1/2 is Lipschitz continuous with Lipschitz
constant 1/2a~1/2 on the interval [a, ), we have

AV2ZIALZ A2 <A, — A

as long as n is large enough. We thus set o;; = |Ay — Al.

Furthermore, we may assume that Kk, = 0 and >, cy Wolgy, < yngy = 0, be-
cause Wy > +/n$ if and only if A,, > n which is not the case for n large enough
as A, < 2A < n for all n large enough.

Finally I, , = ALI2PAL2p-1 gpg [, = A"l in particular I>,, = Ay, and I = A.

The trees 7 (v) are just independent Galton-Watson trees with Poi()\,lf/ 2A1/2)
children at the root and offspring distribution Poi(A) for all other individuals.

For V = {v,u} Proposition 2.2.3 then reduces to

Pn({Bp(v) = Tp(v)} U {Bp(u) = Tp(u)}

2 3/2 1/2 /412
s2};;"+22\}l/22\1/2(2\n+1)€( n__, 2+An7/A k”)

nal/2 kn na
vl K 2A1/2AM2 1A, — A (1 +(A+ 1)“(2\’11/2 + 1))
kn " mAl/Zar2 " n A AL/2

for n large enough. Choose k;, = n!/3, then this bound can be estimated by

(A + 1)¢+2 A+1)?
min{1,A}nl/3 min{l, A}

Pn({Bp(v) = Tp(v)} U {Bp(u) = Tp(u)}) <C |An — Al

which is of the same order as the coupling probability that Cao established for
Erd6s-Rényi random graphs [Cao21, Lem. 6.1].
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2.2 Setting

Note that we coupled the neighbourhoods to Galton-Watson trees whose offspring
distribution Poi((A,A)!/2) at the root differs from the offspring distribution Poi(A)
of all other individuals. The classical coupling for Erdés-Rényi random graphs that
Cao established couples the neighbourhood to Galton-Watson trees with offspring
distribution Poi(A) for all individuals. If we wanted to obtain this classical coupling,
we would have to modify (or re-couple) the offspring distribution of the root at
a cost of W(dx,r,01) < |An — Al. This additional cost does not change the rate
estimate.

Weighted graph We now add vertex and edge weights to our graph model to obtain
a weighted graph. These weights are added independently of the underlying graph
structure in an i.i.d. manner. An extension of the previous coupling result to the
weighted setup is therefore straightforward.

Fix a graph G, as defined above and fix two distributions on the non-negative
real numbers pg, and py . Assume that gy, converges to some py and Ugy to
some U in total variation distance, i.e. that

drv(pyn, uv) = 0 and  drv(UEmn, ME) — O,

where the total variation distance for two probability measures y and A on a meas-
urable space (Q', F’) is given by

dry(u,v) =inf{fP(X #Y): X ~u,Y ~v}.

To obtain a weighted graph G;, from G, assign i.i.d. vertex weights wl(,") ~ Uvn

to each v € V;; and i.i.d. edge weights wén) ~ UEn to each e € V,(f).z
Given F,, the entire structure of G;, can be encoded in the following sequences of
independent random variables

XM, w™) = (X", ey, W) ),

(n)
{u,v}
Ugn fore e V,(f) are all independent random variables.

We will usually drop the superscript (n) for all these objects. Additionally, we will
use the notational convention that Xy, = Xyy = Xuvy and wyy = Wyu = Wiy
for all u + v.

(n )

where X ~ Bin(1, pyy) for {u,v} € V,(f), Wy ) ~ uy n for v e V,, and wé" ~

Local limit for the weighted graph In order to describe the local limit of the
weighted graph we just need to add vertex and edge weight to the limiting object we
identified for Proposition 2.2.3.

The limiting object will be the same as in Definition 2.2.2 just with added weights.

2Technically, we would only need to assign weights to edges e € E, that are actually present in Gy,
but it is more convenient to assign a weight to all ‘possible’ edges e € v ‘just in case’.
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Chapter 2 Setting and Main Result

Definition 2.2.5. Given two weight distributions yg and uy let T(W, v, ug, uy) be the
Galton-Watson tree T (W, v) endowed with i.i.d. edge weights drawn from pg and
i.i.d vertex weights drawn from uy. For £ € N let Tp(W, v, ug, uy) denote the £-level
subtree of T(W, v, ug, uy).

The following object arises from the limiting object by conditioning on the pres-
ence of a certain edge.

Definition 2.2.6. Let v be a probability measure on (0,) and W,W’ € (0, «)
two connectivity weights. Fix an edge weight distribution ur and a vertex weight
distribution uy.

Let T ~ T(W,v, ug, uy) with root @ and T' ~ T(W', v, ug, uy) with root &’ be
independent. Construct T(W,W’, v, ug, uy) by grafting T’ onto T via an edge of
weight w ~ ug (independent of everything else) between @ and @’. (In particular @
is the root of T(W, W', v, ug, uv).) Let Tp(W, W', v, ug, uy) be the depth-£ subtree
of TW, W', v, ug, uv).

Alternatively, T, ~ T)(W,W’, v, ug, uy) can directly be constructed from inde-
pendent trees Ty ~ Tp(W, v, ug, uy) and T;,_l ~ Tp_1 (W', v, ug, uy) with roots &
and @', respectively, by grafting T’gf1 onto Ty via an edge Igetween @’ and @ of
weight w ~ pp (independent of everything else). Whenever T, is defined via this
procedure, we say it is constructed from (T, T;Ll, g, 3", w).

As alluded to above, this object can be thought of as the limiting object of the
neighbourhood of v if we condition on the presence of an edge between v and u.

We will not state and discuss the coupling results in the weighted setting here,
because they are structurally similar to Proposition 2.2.3. The intuition should be
that in a first step the underlying graph structure is coupled as in the unweighted
case and then edge and vertex weights are added. Since the weight distributions
converge in total variation distance, the weights can be coupled so that they are
equal with high probability and because the number of vertices and edges in the
neighbourhood can be estimated, the probability that the coupled weights are
different can be controlled. We refer the reader to Section 3.5 for more details.

Perturbation Recall the representation of G; as a sequence of Bernoulli random
variables and weights (X, w). Let X’ be an independent copy of X and likewise w’ be
an independent copy of w.

Let F be a subset of V,, U V,SLZ), i.e. sets of vertices and edges alike.
Let GI be the weighted graph obtained from G,, by replacing

e X, with X, whenever e € F and

e w, with w} whenever z € F.
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2.3 Statement of the Central Limit Theorem

For singleton sets F we often omit the curly brackets and simply write G, for G,{f}

and G}, for GI’'. We abuse notation even further to write GLve for GL " and GLVv
for GLVV)
For brevity we write

and w2 =

F ~ X{u,v} if {u,v} €F,
w, ifz¢eF,

w, ifz €F,
VE T Xy if {u, v} ¢ F,

whenever u,v € V, and z € V,, U 7(12). With this notation Gf is the weighted

graph based on the sequences (Xf)eeva) and (wf) v instead of (Xe)eevm

Note that by construction Xe@ =X, fore e V,(f) and w¥ = w;

zeVn

and (wZ)ZEVnUVy(IZ) .

for z € V,, U V{2, Tt follows that G2 = Gy.

2.3 Statement of the Central Limit Theorem

The proof of our central limit theorem relies on the analysis of the effect of a small
perturbation to the weighted graph G,, on a function f. We introduce some notation
to refer to the effect of this perturbation.

Definition 2.3.1. Let G, be a weighted graph and let f be a function on weighted
graphs. Recall the definition of the perturbed graph G¢, and G}, for an edge e € fo)
and a vertex v € V,,, respectively. Then define

Aef = f(Gn) - f(G%)

and

Avf = f(Gn) _f(G;;}L)

The main assumption of the theorem is that it is possible to approximate the effect
of resampling perturbations on the function f by considering local neighbourhoods
around the perturbed site, i.e. that we can find a good local approximation for the
effects of the perturbation on f.

Assumption 2.3.2 (Property GLA). Let f be a function on weighted graphs and
let (Gy)nen be a sequence of weighted inhomogeneous random graphs. Then the
pair (f, (Gn)nen) has property GLA for v, ug and uy if

(i) the underlying unweighted graph sequence (G4, )nen satisfies Assumption 2.2.1,

(ii) the weight distributions satisfy drv(ugn, ug) — 0 and drv(puy,n, puv) — 0O
as n — o and
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Chapter 2 Setting and Main Result

(iii) the effects of perturbations of G, on the function f can be approximated

locally in the following sense.

For all k € N there exist functions LAf'L, LAf’U, LAZ’L and LAZ’U from pairs of

rooted weighted trees to the real numbers and furthermore there exist two
sequences (mk),en and (mY) ey of functions mE: V2 — R and m): V,, — R
such that

(Mnen = (72 Y mhw,w) _
vV, ueVy

and
M)pen = (71 Y mhw))

vevy

are bounded in probability and two sequences (6£)ken, (8} )ken With 6£ — 0
and 6X — 0 as k — o such that the following conditions hold for any k € N.

(GLA 1) For any edge e = {u,v} € Vi, if By = Bx(v,Gy) and B¢ = Bi(v,GS) are
k n
trees, then
LAPL(By, B) < Aof < LAEY (B, BY).

(GLA 2) For any edge e = {u,v} € V,ﬁz), if a pair of trees (T, T’) satisfies (By, By) =

LACH(T, T) = LAY (B, BY),
LALY(T, T') = LAYY (By, BY).

(GLA 3) For any two vertices v,u € V, let Tx(v,u) ~ Tx(Wy, Wy, Vv, Ug, ty) be
constructed from (Ty (v), Tx—1(u), @, 2", w) (cf. Definition 2.2.6). Then

max{E, [ (LALY (Tx (v, u), Tr (v)) — LA (Tr (v, w), Te(v)))?],
Enl (ALY (Tr(v), T (v, u)) — LAEE(Ty (v), T (v, 1)) 21}

< mﬁ(v!u’)ég
(GLA 4) For any vertex v € Vy, if By = Bx(v,Gy) and BY = Bi(v,G},) are trees, then
LA (B, BY) < Avf < LAYV (By, BY).

(GLA 5) For any vertex v € Vy, if (T, T’) are a pair of trees that satisfy (B, B}) =
(Bk(v’ G?’L)’ Bk(vl G%)) = (T, T,)’ then

LAM(T, T') = LA]"(By, BY),
LAY (T, T') = LAY (Bi, BY).
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2.3 Statement of the Central Limit Theorem

(GLA 6) For any vertex v € V, let T (v) be the weighted tree obtained by resampling
the weight of the root of Ty (v) ~ Tx(Wy, v, ug, uv). Then

Enl(LALY (Tr(v), T (v)) = LAY (T (0), Tr(v)))2] < mY, (v)8Y .

As discussed in the previous sections Assumption 2.2.1 and convergence of the
weight distributions guarantee that the local neighbourhoods in G, can be coupled
to limiting Galton-Watson trees.

The three assumptions (GLA 4), (GLA 5) (GLA 6) for resampling at a vertex (which
involves only resampling the weight at the vertex) are structurally analogous to
(GLA 1), (GLA 2) and (GLA 3) for resampling at an edge (which involves resampling the
edge indicator and its weight). It would have been possible to collect the conditions
for edge and vertex resampling in a combined condition (even though a combination
of (GLA 6) and (GLA 3) would be even more complex), but since it is more intuitive to
think about the effect of resampling separately, we decided to present the conditions
in this way. In the discussion of the interpretation of the conditions we will focus
mainly on the first three properties, since the interpretation of the other three is
analogous.

(GLA 1) implies that the effect of the perturbation of G, on f can be approximated
by the local quantity LAf‘L that only takes into account a k-neighbourhood of the

perturbed site. The error of this approximation is bounded by LAi’U - LAX'L. (GLA 2)

implies that the values of LAi’L and LAf’U only depend on properties that are
preserved under graph isomorphisms, which means that we can substitute the
limiting Galton-Watson trees for the local neighbourhoods in order to analyse the
approximation error. (GLA 3) ensures that the approximation error goes to zero as
the level k of the considered neighbourhood increases.

Note that property GLA does not need the function f to be local in the sense
that A.f and A, f only depend on a fixed neighbourhood By (v,G,). All that
is required is that there be local approximations and that these approximations
improve as k gets large. We will see the difference in Section 2.4, where we present
a local function to get started and then a function for which A.f can only be
approximated locally.

(GLA 3) and (GLA 6) might look a bit daunting at first. Our proof relies on coupling
the neighbourhood of fixed vertices, which as we remarked when we discussed the
limiting object and the coupling Definition 2.2.2 and Proposition 2.2.3 makes for a
slightly more complex situation at the root. The conditions state that the effect of the
root can be separated from the approximation error that is due to the remaining tree
structure. Essentially we can think of the averaging we apply as choosing the root
uniformly, which transfers our setup to the unimodular setting. The boundedness
assumptions then guarantee that even in this setting the approximation error goes
to zero. We will show that the effect of the root can be separated out in a concrete
example in Section 2.4.

27



Chapter 2 Setting and Main Result

In applications the function f will often be related to a combinatorial optimisation
problem that has certain recursive properties so that the local approximation func-
tions LA;:'* can be defined via a recursion on the graph by essentially cutting off
everything that is not in the local neighbourhood of level k, imposing an arbitrary
starting value for those vertices and then passing it down recursively towards the
root vertex of the neighbourhood. Depending on the properties of the recursion in
question natural lower and upper bounds may be found by selecting certain extremal
values for the vertices that are cut or by exploiting that the recursion values oscillate
for even and odd levels.

If applied to a Galton-Watson tree the recursive nature of f gives rise to a recursive
tree process [ABO5]. Briefly, a recursive tree process (RTP) is a Galton-Watson tree in
which each individual i has an associated value Xj that is calculated by applying a
function g to all the values Xji,..., Xiy; associated with the Nj children il,...,iN;j
of i and an independent noise &; at i. An RTP is called endogenous if the value at the
root Xy is measurable with respect to the o-algebra generated by the noise & and
number of children Nj for each individual in the tree. If the local approximations are
defined via the recursion associated with f, (GLA 3) is closely related to the question
of endogeny of the recursive tree process.

Properties related to (GLA 3) have also been called long-range independence
by Gamarnik, Nowicki and Swirszcz [GNS06] and replica symmetry by Wastlund
[Was12] and have been used to calculate limiting constants for the behaviour of
some combinatorial optimisation problems.

In our statement of the main theorem we will encounter the following two se-
quences.

Definition 2.3.3. Let (ky)nen € (0, 0) be any sequence.
Recall the definitions of «; from Assumption 2.2.1 and the definition of I}, ,
and K, from (2.3) and (2.4). For n, ¥ € N let

i
N
En’,g = n + 9K1,nr1,n

I 2+T
+1"1n9(1"2n+1)€(—3’" +Kip+Kop+ Ln +k")
’ ’ ng ’ ’ kn ng

1 k2
+ — +
kn 1’L9r1,n

+ (14T 0@ + 1)) (dry (e n, te) + drv Uy n, 14v))

+ & (T + (B + D) T + 9T10))

and

Oy + 9 +1
pug = min TEEEELA L (ny 12 4 02+ 1021

The sequence &, ¢ arises from the coupling probability (cf. Proposition 2.2.3). The
sequence p,, ¢ absorbs the correlation between neighbourhoods of a fixed collection
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2.3 Statement of the Central Limit Theorem

of vertices and bounds the probability of certain other undesirable events in our
proofs.

As in the discussion of the convergence rate of Proposition 2.2.3, the terms I 4,
I>» and I3, are bounded in probability and &y, K1,, and k2, converge to zero in
probability. Hence both ¢, y and p,  converge to O in probability as n — o for
all £ € N if k,, is chosen appropriately, e.g. k,, = n'/3.

In addition to the local approximation in property GLA we will assume a much
simpler bound for the effect of the local perturbation.

Assumption 2.3.4. Assume that there are real-valued functions Hg: [0, ©)* — R
and Hy: [0, )% — R that satisfy

Je = max{1, sup E[HE (e, w}, wy, wy)*1} < o, (2.6)
neN
and
Jy = max{l,sup [E[Hv(wv,w;)es]} < 0. (2.7)
neN

Let J = Jg +Jv + JeJv.
Assume further that there exists a non-decreasing function h: [0, ) — R such
that for

An :% 2, Tu(v) with Cu(v) = Ex[h(ID1(V)] +4)*] < o0 (2.8)
veVy

we have that X is bounded in probability.
Finally, assume that

|Aef| < ]l{maX{Xe,Xé}:l}HE(we,wé,wv;wu) (2.9)

and
Ay f] < h(ID1(v))Hy (wy, wy,). (2.10)

These bounds will allow us to make generous use of the Cauchy-Schwarz inequality
in proofs especially when we are not on the event where the coupling holds.

Note that the dependence on © is only implicit in the terms inside the expectation
in (2.6) and (2.7) because we have - as usual - dropped the superscript (n) for the
weights w, and w,.

Property GLA and the simpler integrability bounds of Assumption 2.3.4 now finally
yield explicit bounds for the Kolmogorov distance of f(G;) to a normal distribution.

Theorem 2.3.5. Suppose (f, (Gn)nen) Satisfies property GLA (Assumption 2.3.2) for v,
Ug and py. Assume that Assumption 2.3.4 holds with J and x, as defined there.
Let 0 = Var, (f(Gy)), set

_ f(Gn) — Enlf(Gp)]

On

Zn
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Chapter 2 Setting and Main Result

and let ® be the cumulative distribution function of the standard normal distribution.
Then we have for allk,n € N

Sup|Py(Zy <t) —®(t)]
teR

1/2
n
< CoJ”‘*[(;z) (O12 + Do+ xn H2(MESI)YE + (My S)VE + /10 + p[i%)
n

2

NESLEIPESD
o2 nl/a

(2.11)

Under the assumptions of the theorem I 4, I2 1, Xn, ME and MY are bounded in
probability. Furthermore &, x and py x converge to zero in probability as n — o for
all k € N.

If no,;? is bounded in probability we can make all terms on the right hand-side
of (2.11) arbitrarily small as follows. First choose k large enough so that the terms
involving the bounded terms (whose bound is independent of n) and &% and 5}
are as small as desired. Then choose n large enough that for this k the terms &, k
and py k are as small as desired.

This behaviour of the variance is in general not a given and will need to be verified
separately in applications.

The following corollary replaces property GLA with a slightly simpler condition
that is particularly suitable if f has a recursive structure.

Corollary 2.3.6. Let (Gn)nen be a sequence of weighted inhomogeneous graphs and
let f be a function defined on weighted graphs. Suppose that

(i) the underlying graph sequence (Gy)nen satisfies Assumption 2.2.1,

(ii) there are two probability measures ug and py on (0, o) with drv(Ugn, Ug) — O
and drv(Uym, Hv) — 0 asn — oo,

(iii) Assumption 2.3.4 holds with J and x, as defined there and

(iv) the effects of perturbations of Gy, on f can be approximated locally in the
following sense.

There exist functions g,ﬁ and g,ﬂj defined on weighted rooted graphs for any k €
N and there exist two sequences (My)nen and (My)nen of functions my,: V, —
R and 1i1,,: V2 — R such that

(Mp)nen = (n_l Z mn(v))neN

veVy
and

(Mnnen = (72 Y mpv,w)

v,ueVy
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2.3 Statement of the Central Limit Theorem

are bounded in probability and furthermore two sequences (5£)keN, (5}</)keN
with 6§ — 0 and 6] — 0 as k — o such that for all k € N the following
conditions are satisfied.

(GLA’ 1) For any v € V,, whenever By (v, Gy) is a tree, then

IEBr(v,Gn)) < f(Gn) — f(Gn —v) < g (B (v,Gn)).

(GLA" 2) For anyv € V,, if Bx(v,Gy) = T for some rooted weighted tree T, then

95(T) = gk (B (v,Gy)) and gJ(T) = g (Bk(v,Gn)).
(GLA’ 3) For any v,u € Vy, if we have Tx (V) ~ Tx(Wy, v, A, ug, py) and T (v, u) ~
T(WU) Wu!vluEluV)l then

Enl(gf (Tk (V) — gk (T (v)))?] < m(v)dx
and
Enl(gY (Tr(v, ) — gk (Te(v,u)))?] < m(v,u)dy.

Let 07 = Var, (f(Gy)), set
_ S(Gn) — Enl[f(Gn)]

On

Zn

and let ® be the cumulative distribution function of the standard normal distribution.
Then we have for allk,n € N

sup|Pu(Zy <t) —o(t)]
teR

1/2
. .
< oI 2| (Z5) (B2 4+ T + XHDH(MaB0 1S + (W51 1S + 61140+ p)/1%)
n

+ ( n )3/49f1,n +X5/2]

72 nl/4

On
The three conditions (GLA" 1) to (GLA” 3) together imply property GLA, so we may
informally refer to them as property GLA'. Again, the intuition is that (GLA" 1) can
be used to approximate the effect of the perturbation on f locally with gi with
an approximation error at most g,g — gﬁ. Then (GLA’ 2) allows us to estimate this
approximation error on the limiting Galton-Watson tree, where (GLA" 3) ensures
that the approximation error goes to 0 as k — oo,
We will prove Theorem 2.3.5 and Corollary 2.3.6 in Chapter 4.
These results extend the central limit theorem shown by Cao [Cao21]. We were
able to include weights on the vertices and could prove the result in the more
general setting of rank-one inhomogeneous random graphs. As far as we are aware
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Chapter 2 Setting and Main Result

Cao’s result is the only general central limit theorem for combinatorial optimisation
problems in a sparse Erdds-Rényi random graph setting. In this setting, central
limit theorems are known for certain graph statistics like subgraph counts [Ruc88]
or the size of the giant component [BR12]. For the maximal matching (without
weights) a central limit theorem can be shown in certain regimes [Krel7; Pit90].
Barbour and Rollin [BR19] recently proved a general central limit theorem for local
graph statistics in the configuration model. The configuration model generates a
random graph with a given degree sequence. In fact, conditional on its degrees the
inhomogeneous graph model we considered here (and more general inhomogeneous
graph models) have the same distribution as a configuration model conditioned on
producing no loops or multiple edges [Hof18, Thm. 7.18].

The first-order behaviour of a number of combinatorial optimisation problems, on
the contrary, has been studied extensively in the sparse Erd6s-Rényi graph setting
[e.g. BGT81; GNS06; KS81]. Some of the methods that were used to obtain limiting
constants in this setting can in fact be used to verify property GLA, so that a first-
order result together with our central limit theorem immediately also proves the
second-order behaviour. Results for more general sparse graphs do not appear to
be as abundant [BLS13].

2.4 Applications

In this section we will briefly present two applications of the central limit theorem.
The first is a slightly contrived example in which we assign artificial edge weights
to edges based on the weight at their end vertices. Contrary to the setup in which
we assign edge weights as usual in our weighted graph model, this results in edge
weights that are not independent, so that a standard central limit is not immediately
applicable. The second example will be that of maximum weight matching.

2.4.1 A simple example

In order to whet our appetite here is a simple application of Theorem 2.3.5. Let G,
be a sequence of weighted inhomogeneous random graphs satisfying the assump-
tions of Theorem 2.3.5. We will assume that the connectivity weights are such
that E,, [ (W™)#] converges in probability to a constant and that v has fourth mo-
ments. In this example we do not place independent weights on the edges with
distribution ug, which we ignore from now on. Instead we will use the weights
we put on the vertices with uy ,» = py to induce artificial weights on the edges by
adding up the weights of their endpoints. We will assume that py has at least sixth
moments.
With the usual notation of X and w we are interested in the quantity

N(Gp) = Z (wWy + wy) Xpy = Z (wy + wy) Xe,

u,UEVn e:{u,U}EVJ[Z)
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2.4 Applications

i.e. in twice the total sum of these artificial edge weights. Since the same w, will
appear for different edges e € y(f), this is not a sum of independent random
variables.

Observe that N(G,,) can be rewritten as

N(Gn) = > ID1(v)|wy,

veEV,

but again that this is not a sum of independent random variables, since |Dq(v)| is
not independent for different v (take the simple example in which we consider a
graph with just two vertices, if the degree of one of the vertices is 1, we know that
the degree of the other must also be 1).

Since we could not easily rewrite N(Gy) as a sum of independent random variables,
we cannot easily apply one of the standard central limit theorems. Hence, we will
appeal to our central limit theorem Theorem 2.3.5.

We will first identify suitable local approximations for property GLA. Since the
problem is ‘truly local’ in the sense that the effect of a local change can be fully
estimated with local information, this is straightforward.

We observe that for any edge e = {u,v} € Vy(lz)

AeN = N(Gp) — N(G%) = (wy + wy) (Xe — X,) (2.12)
and any vertex v € V,
AyN = N(Gyp) — N(G}) = [D1(v)[(wy — wy). (2.13)

To shorten notation from now on write By = Bx(v,Gy), By, = Bx(v,G$) and B} =
Bx(v,G}). For k = 1 we can let

LAEL (By, Bf) = LABV (B, BY) = (wy + wy) (Xe — X,)

and
LAVL(By, BY) = LAYV (By, BY) = [D1(v) [(wy — wy,).
Then
LAEL (B, BS) = AN = LAEV (By, BY)
and

LAY (By,BY) = AyN = LAYV (B, BY),

which immediately verifies (GLA 1) and (GLA 4). The construction of these functions
relies only on properties that are preserved under isomorphisms for weighted graphs,
so (GLA 2) and (GLA 5) are also satisfied. Since the upper and lower bound coincide,
(GLA 3) and (GLA 6) are trivially satisfied. Hence, property GLA (Assumption 2.3.2)
holds in our problem.

33



Chapter 2 Setting and Main Result

We turn to the simpler integrability bounds in Assumption 2.3.4. From (2.12) and
(2.13) we obtain
[AeNT < Timaxix,,xp3=13 (Wo + W)

and
|AyN| < D1 (v) [(wy + wy).

The sixth moments of the weights are bounded by assumption. Hence we can choose
Hp(wy,wy) = wy +wy, and Hy(wy,w,) = wy + w,

to satisfy (2.6) and (2.7) of Assumption 2.3.4. For (2.8) set h(x) = x so that we need
a bound on the fourth moment of |D; (v)|, which can be found in Lemma 3.1.11. We
then have that

Cn(v) = En[(ID1 (W) +4)* ] < C(Wy + DA (o + 1)?* < 0

and that

Xn=— 3 Tuv) = % >, CWy + 1) (T2 + 1) = CTop + D*Eal (W™ + 1)*]

veEV, vev

is bounded in probability because we assumed the existence of fourth moments
for wm,

With all assumptions verified we can now apply Theorem 2.3.5. As discussed
in the remarks after Theorem 2.3.5 the bound for the Kolmogorov distance of the
distribution of o,;1 (N(Gy,) — E4[N(Gy)]) to a standard normal distribution goes to
zero in probability if no,;? is bounded in probability. Hence, in order to conclude
convergence to a standard normal, we have to verify that the variance of N(Gy)
is of sufficiently high order. A straightforward but tedious calculation, which we
will not show here, verifies that indeed Var, (N (Gy,)) is of order n so that no,;? is
bounded in probability. This then allows us to conclude the desired convergence.
The convergence rate depends on the rate of convergence of v, to v and other
properties of v, and v.

2.4.2 Maximum weight matching

We will now apply Corollary 2.3.6 to the maximum weight matching problem on an
inhomogeneous random graph satisfying Assumption 2.2.1 for some measure v and
with Exp(1) edge weights and no vertex weights. We will assume that v has third
moments, so that v has second moments.

Furthermore, we will assume that the following technical condition holds. Define
an operator T on the space of probability distributions on R by letting T'(u) be the
distribution of

ax {0, & — Xi},
i€[N]

i€l
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where N ~ v, &,..., &N iLd. Exp(1) and X;j,..., XN 1id. u are independent. We

assume that the iterated operator T2 (defined as T2(u) = T(T(u))) has a unique
fixed point. This condition is in essence what Gamarnik, Nowicki and Swirszcz
[GNSO06] call ‘long-range independence’ and verify for the case v = 6. for some ¢ > 0
[GNSO06, Thm. 3]. We believe that this condition can be verified for a more general
class of measures v.

Definition 2.4.1 (Maximum weight matching). Let G be an edge-weighted graph with
vertex set V and edge set E.

A matching on G is a subset of edges M < E in which no two edges have a
vertex in common. In other words, for all v € V there is at most one u € V such
that {v,u} € E (we call u the vertex matched to v).

The maximum weight matching is a matching M that maximises the sum of edge
weights > ,cp We.

Note that a maximum weight matching need not match every vertex to another
vertex.

We follow the strategy used by Cao [Cao21] to tackle this problem. We want to
apply Corollary 2.3.6 and so need to identify suitable functions gﬁ and g,g .

As alluded to before, recursive properties are usually a very good starting point
to verify property GLA or its slightly simplified cousin in Corollary 2.3.6. Let M (G)
be the weight of the maximum weight matching on a graph G with vertex set V
and edge set E. Then for any vertex v € V the weight of the maximum weight
matching M (G) satisfies the recursion

M(G) = max{M(G— v), max {wgu +M(G- {v,u})}}.
u{v,u}eE
Essentially this formula says that we need to decide between not matching v to any
partner vertex, so that the matching is in effect a matching on G — v, or matching v
to any of its neighbours u, upon which the weight of the matching increases by the
weight of the edge between v and u and the remainder of the matching happens on
the graph G — {v, u}.
Now define
h(G,v) =M(G) —M(G-v)

and note that

h(G,v) = maX{O, max {wiyu; — (G- v,u)}}.
w:{v,u}ekE

Intuitively, this expression quantifies how much better it is to match v to one of

its neighbours rather than to leave it unmatched. If h(G,v) = 0, then the weight

of the maximum weight matching on G and G — v are the same, which means

that v can remain unmatched in G and we still attain the maximum possible weight.

If h(G,v) > 0, then matching v to one of its neighbours means that the matching
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Chapter 2 Setting and Main Result

performs better than the matching that does not match v. Hence, v should be
matched in the maximum weight matching on v.

Let T be a weighted tree of height at most k, let & be the root of T and let C(u) be
the set of children of the vertex u in T. Denote the edge weights of T by w,.

Define hy(-,T): T — R by setting hy(u,T) = O for all leaves u of T and by the
recursion

hie(u,T) = max{O, max {wiyyuy — hk(u’,T)}}
u’eC(u)

for all non-leaf vertices u of T. Note that by this recursion the value hy(u, T) only
ever depends on the subtree in T that is induced by the descendants of u.
A short induction argument shows that under the assumption that Bx (v, Gy) is a
tree
hy(v,Br(v,Gy)) < h(Gy,v) if kis even

and
h(Gp,v) < hy(v, Bk (v,Gy)) if k is odd.

Thus, if for k € N we have that Boy.1(v,Gy) is a tree (which naturally implies
that By (v, Gy,) is a tree), we also have

hok (v, Bok (V,Gn)) < h(Gn, V) < hogs1 (U, Bok+1 (V,Gn)).

This suggests the following definition for gﬁ and g,[j : Let ky be the largest odd
number less than or equal to k and k; = ky — 1. Then k; < k and ky < k so that
if By (v, Gy) is a tree, we can set

9k (Bk(v,Gp)) = hy, (v, By, (v,Gp))
and
gY (Bk(v,Gp)) = hy, (v, Br, (V,Gn)).

Property GLA" Immediately this construction ensures
9k (Bk(V,Gn)) < MGy, v) < g (Bi(v,Gn)),

which verifies (GLA” 1) in Corollary 2.3.6.

The construction of gﬁ and g,g also ensures (GLA" 2) of Corollary 2.3.6 because
the definition relies only on structure that is preserved under isomorphisms on
weighted rooted graphs, namely edges and weights.

The next step is to verify (GLA" 3). We start with the first part Let T(v) ~
T(W,,v,Exp(1), - ) and Tg(v) be its level-k subtree. Recall that T(v) is a delayed
weighted Galton-Watson tree that can be constructed by joining together N ~
Poi(W,) independent weighted Galton-Watson trees TV for i € {1,...,N} with
offspring distribution MPoi(V) via edges {@, @;} with independent edge weights
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according to Exp(1). The depth-k subtree Ty of T is then made up of the N sub-
trees Ty | of T() joined at the root @. By the construction of gt and g¥ we need to
analyse

Enl(h2ks1(2, Tors1 (V) = hor (2, Tax (v)))?]

in order to verify condition (GLA" 3) of Corollary 2.3.6.
We evaluate one recursion step to find

|hoks1(2, Tags1 (V) — hop (2, Tog(v)) |2

= |max{0, max {wiz,g,) ~ hows1 (i, Tore1 (V)|
1<i<N

2
- maX{O, 1I£izl>z<v{w{@’®i} - th(gi,TZk(U))}} ( :

Recall that h(u, T) only depends on the subtree of T induced by the descendants
of u. If hy (-, Ty (v)) assigns value O to the leaves of Ty (v), then hy_1( - ’T1(<l—)1) does

the same for the subtree induced by the descendants of @;. Hence, the previous
expression is equal to

_ B i)
= ’max{o, 1121}14\1{1”{@’@"} hzk(QL,Tzk)}}
— maX{O max {w — hok-1 (24, Toy )}} ‘2
lmienl 2P ~1Y D2k '

Use that |max x; — max y;| < max|x; — y;| to find that this difference is bounded by

(1) (1) 2
< max |hyk (2, Tyy) — hog—1(24, T
1sisN| 2k (i 2k) 2k-1(Di 2k—l)|
N . .
< Y lhor(@i, T = hor-1 (24, TS )12
i=1

Since all T'" are independent Galton-Watson trees with the same offspring distribu-
tion that are independent of N ~ Poi(W, ), we have

Enl(Moks1(D, Togs1) — hog (2, Tag))?]

N
< [En[z |h2k(@i,T;lk)) - h2k—1(@i,T§lk)_1)|2]

i=1
< En[N1En[ ok (21, TS)) = hox—1 (21, TS 1?1
< WyE[|hor(21, TY) = hor_1 (21, TS ) 121 (2.14)

We dropped the conditioning on ¥, in the last expectation, because the random
variables inside the expectation do not depend on F;, in any way.
Shorten hy (&1, T,il)) to hy(@1). With this notation it is enough to verify that

Sk = E[(hok (21) — hop-1(21))?] = 0 as k — o, (2.15)
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because then together with m, (v) = Wy, for which we have that

Mp=n"1 > W, =91

veVy

is bounded in probability, and (2.14) we would have
Enl(h2ks1(2, Tops1 (V) = hor (2, Tor (v)))?] < My (v) 5 (2.16)

as required for the first part of (GLA" 3).

In order to verify (2.15), note first that as before a short induction argument
shows that we have hyy (@1) < hog_1(21) for all k € N,. Furthermore, we also have
that hoy_; (1) is non-increasing in k and that hy (@1) is non-decreasing in k. Set

ht = I}im hor(21) and hU = I!im hok_1(21).

Then by the monotonicity of the sequences
hok-1(21) — hox(@1) ~ hY — ht
and

0 < hpk—1(@1) — hor (1) < hpp—1(@1) < h1(@1) < mMax Wig, u}-
ueC(wy)

Since the right-hand side has finite second moment (because we assumed that v
has finite second moment and the w, are exponentially distributed), we can apply
Lebesgue’s dominated convergence theorem and obtain the desired convergence for
(2.15) if hY — hl = 0 almost surely. By definition we have ht < hV, so the almost
sure equality can be concluded from equality of the expectations.

Hence, (2.15) and with it the first part of (GLA" 3) follow from the the following
claim.

Claim 2.4.2. We have E[hL] = E[hV].

Proof. Under the technical condition that the distributional operator T2 has a unique
fixed point, the arguments used by Gamarnik, Nowicki and Swirszcz [GNS06] to
prove their Proposition 1 and Theorem 3 also apply in our setting, which implies
that hy (@) converges in distribution to some limit H.,. But this implies that ht
and hV have the same distribution, namely Ho,. Then E[ht] = E[hY] as claimed. O

This shows the first part of condition (GLA" 3) in Corollary 2.3.6. For the second
part we need to consider

Enl (hoks1(2, Toki1 (v, 1)) — hog (2, Tor (v, u)))?1.

As explained in Definition 2.2.6 we may assume that the weighted tree Ty (v, u) ~
T(Wy, Wy, v, UE, y) is constructed from (Tx(v), Tx—1 (0), @, @', w). Again the idea
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is to unwrap what the recursion implies for the different subtrees. We only need
to focus on the ‘artifical’ edge {@, @’} of weight w between Ty (v) and Tx_1 (). We
have

hok+1(D, Togr1 (v, u)) = max{hog+1(F, Tog+1(V)), w — hop (D', Tag (1)) }

and
Mok (2, Tox (v, 1)) = max{hog (@, Tog+1(V)), w — hog—1(2", Tag—1 (1))}
Let
Yi = hok+1(9, Tok+1 (V) — hog (D, Tag41 (V)
and
Yy = hox—1 (2", Tog—1(w)) — hor (2, Top (u)).
Then

|Ror1 (2, Tori1 (v, u) — hor(2, Tox (v, 1)) |° < max{|Yy|%, [Y;]%).

When we verified the first part of (GLA’ 3), we already showed that E,,[|Yx|?] satisfies
(2.16), i.e.
EnllYkl] < Wy k.

The exact same reasoning can be used to show that
EnllYgl] < Wy k.
Together this shows
Enllhor+1(2, Torer (v, 0)) — hok (2, Tar (v, w) 1] < (Wy + W) Sk,

so that the second part of (GLA" 3) is satisfied with m,(v,u) = W, + W, for
which My, = n=2Y,, ey, Wu + Wy = 2911 5, is bounded in probability.

This verifies the simplified version of property GLA from Corollary 2.3.6. Hence,
we can apply Corollary 2.3.6 once we have verified Assumption 2.3.4.

Bounds for Assumption 2.3.4 Because there are no vertex weights, we only need
to consider (2.6) and (2.9). Indeed, for (2.9) we only need to find a bound of the form

IM(Gp) — M(G) | < Lymaxix, xi1=1yHE (We, wer).

We identify a suitable bound by considering the cases separately. First we consider
the case that perturbing the edge removes it from the graph, i.e. X, = 1, but X, = 0.
If e with weight w, is part of the maximum weight matching, removing it from the
graph (and therefore from the matching) can cost the maximum weight matching
at most w,, because the removal of e allows other previously blocked edges to
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participate again. If e is not part of the matching, removing it does not change the
weight of the maximum weight matching at all. In case the perturbation adds a
previously nonexistent edge, i.e. X, = 0, X; = 1, the weight of the maximum weight
matching can increase at most by the weight w; of this edge. If the edge is present in
both the unperturbed and perturbed graph and only changes its weight, the weight of
the maximum weight matching changes at most by the difference of the old and new
weight. In any case the difference is bounded by the maximum of the old weight w,
and the new weight w;. In other words we can choose Hg(w,, w,) = max{w,, w,}.

Since w,, w, ~ Exp(1), we immediately have E[HEg(w,, wé)ﬁ], which implies (2.6),
since our weight distribution is the same for all n.

Variance bound As in the previous example, an application of Corollary 2.3.6 now
provides an estimate for the Kolmogorov distance of the distribution of o,; L(IN(Gp)—
E»n[N(Gyn)]) to a standard normal distribution. In order to obtain a convergence
we have to verify that the variance is at least of order n. This again a technical
calculations. For the case v = 6. we refer to the calculations done by Cao [Cao021,
Lem. 3.2], whose approach carries over to v # ¢, under our technical condition.

2.5 Outlook

The main contribution of this thesis was to show that the framework used by Cao
[Cao21] to establish the central limit theorem for the (homogeneous) edge-weighted
Erdos-Rényi model can be extended to more inhomogeneous graph models and to
models with weights on edges and vertices.

The setting we investigate in this thesis still exhibits a fair amount of uniformity
in the limit. Yet still, the methods used in the proof for the Erd6s-Rényi model had
to be adapted not inconsiderably to apply to this case as well. It would be interesting
to investigate which level of inhomogeneity - either in the graphs or the limiting
objects - these methods can still support and at which point other methods need to
be considered.

The inhomogeneous random graph models we investigate here do not exhibit a
spatial structure, but many interesting real-world networks have inherent spatial
and geometric properties that influence the graph structure. The local limiting
behaviour of spatial inhomogeneous random graphs is known [HHM22] and may
differ significantly from the local behaviour of sparse inhomogeneous random
graphs. It is therefore doubtful that the sparsity/tree-based approach pursued
here is directly suitable to these graphs. Nevertheless, the methods used here may
be applicable to a subclass of spatial random graphs whose local properties are
sufficiently similar to the sparse inhomogeneous graphs we considered. Moreover,
the general approach of the perturbative Stein’s method and local approximation
has been used successfully in a spatial setting [CS17].
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2.5 Outlook

A final direction for future research would be to consider dynamic versions of
the underlying random graph [see e.g. Man+19; ZMN17]. If it is possible to show a
central limit theorem for each time-point of the evolving graph, one might hope for
a functional central limit theorem for the entire process.
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Chapter 3

Local Structure of Sparse Inhomogeneous
Random Graphs

One of the fundamental results in the analysis of the behaviour of Erd6s-Rényi
random graphs is that their connected components can be described with branching
processes [see, e.g. Hof18, Chap. 4]. Indeed, the entire local neighbourhood structure
of a sparse Erd6s-Rényi random graph can be related to a Galton-Watson tree with
Poisson offspring distribution. In the realm of inhomogeneous random graphs
similar branching process results have been known since the introduction of the
model by Séderberg [S6d02] and extensive study by Bollobas, Janson and Riordan
[BJRO7]. Specifically, the local structure of a wide class of sparse inhomogeneous
random graphs can be related to a class of multi-type branching processes [BJRO7;
Hof23, Chap. 3]. In our setting the limiting object will essentially turn out to be a
single-type branching process with Poisson offspring distribution.

In this chapter we will analyse the local structure of sparse inhomogeneous
random graphs of the form introduced in Section 2.2. We will start by showing
relatively simple results about the sizes of the neighbourhoods of a fixed vertex and
about the probability that a fixed vertex or edge is part of the neighbourhood of
another vertex in Section 3.1. In a second step we will find explicit bounds for the
correlation between neighbourhoods of different vertices in Section 3.2.

We will then use the graph exploration procedure introduced in Section 3.3 to
explicitly couple neighbourhoods in the inhomogeneous graph to Galton-Watson
trees in Section 3.4. Finally, in Section 3.5 we present several coupling results that
are at first glance more complex, but follow directly from the coupling established
in Section 3.4.

3.1 Neighbourhood size and path probabilities

In this section we will briefly establish a few results about the size of the neigh-
bourhood of a vertex and for path probabilities. Since the strategy of coupling the
cluster (i.e the neighbourhood of a vertex) to a branching process is well established
[BJRO7], these results are by no means surprising and are in principle known in a
much more general setting. We were not able to locate all of the precise results we
need in the literature, though, so we state all of them here in a consistent notation.

43



Chapter 3 Local Structure

The estimates in this section only depend on the underlying graph structure and
not on the additional vertex and edge weights in the weighted graph G,,. Hence, all
results in this section will be shown for G,, = (Vy, Ey). Still, all results presented
here will still hold if G, is replaced with G,. Again, Vy(lz) = {{u,v}:u,v € Vy}is
the set of possible edges.

Recall the definition of the local neighbourhood By (v, G;,) of a vertex v in G, up
to level £ € N (cf. Definition 2.1.7). For the rest of this section we will drop the
reference to G, and will just write By(v) for By(v, Gy).

In a slight abuse of notation we will write both u € By(v) for a vertex u € V,, to
mean that u is contained in the vertex set of By(v), which means that there must
be a path from v to u of length no more than ¥, and e € By(v) to mean that the
possible edge e € Vy(lz) is contained in the edge set of By(v), which means that e is
part of a path of length at most £ from v to an arbitrary vertex.

It will be useful to have an estimate of the expected number of vertices in a
neighbourhood as well as of their ‘total connectivity weight’. Amongst other things
these quantities can be used to estimate the correlation between neighbourhoods of
different vertices.

Definition 3.1.1 (Total p-connectivity weight). Fix p > 0. For any set of vertices U <
Va let
Iully, = > Wi

ueu

denote the total sum of the p-th power of the connectivity weights of the vertices
in U. We also say that [|'U||, is the total p-connectivity weight of “U.

We write ||'U|| = ||'U]|1. Note also that the cardinality of a set can be written as its
total O-weight, that is to say |'U| = ||'U||o.
In a first step we estimate the expected number of vertices in By(v).

Lemma 3.1.2. For any level £ € N and vertex v € V,, we have
Enl1Se()1] <1+ Wyl pn(opm + DL

Proof. By construction Sp(v) = U£=o D, (v) is a disjoint union so that

I
1Se(v)| = D IDy ().

r=0

The number of vertices at level exactly ¥ > 1 can be estimated by the number of
vertices to which there exists a path of length r from v. In particular for v > 1 we
have

EnlIDy (V)] < Z EnlXvu, Xujuo =+ Xuy_quy -

Ui, ur EVp\{v}
pairwise different
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3.1 Neighbourhood size and path probabilities

All edges are different and therefore independent, so that the edge probabilities
factor

WyWy Wu, Wy Wu, Wy,

< 5 T Mg B et
ulevn uzevn Uy eVn
1 1
sw e s owg ey we s,
1’1,9 u1eEVy ‘n uzevn . 1’L9 Uyr-1€Vn 'nd ureVn
1 r-1 1
uEVn uEVn
_ Enl (WM)2]\r=1E, [W™]
- W”( 9 ) 9
= WuT1nls
Then
Y
EnllSp(v)I1=1+ > |Dy(v)|
r=1
Y
<1+ Wyl > T30
r=1
<1+ Wyl n(Top+ 101
as claimed. 0

Corollary 3.1.3. ForanyV c V,, and £ € N we have
Enl1Se(V)I] < [VI+ VT n (20 + DL,
Proof. This follows directly from Lemma 3.1.2, because [Sp(V)| < >, cvISp(v)|. O
It is also instructive to calculate the expectation of the ‘total p-connectivity weight’
of the explored graph up to level £. The proof replicates the ideas of Lemma 3.1.2,

which is not surprising given that the following lemma actually implies Lemma 3.1.2
(by taking p = 0).

Lemma 3.1.4. Let p > 0. For any level £ € N and vertex v € Vy, we have
EnllISe()llp] < WE + Wy (20 + 1) 1.
In case p = 1 this bound can be tweaked slightly to become

EnlllSp(v)II] < Wy (T + 1)L,
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Chapter 3 Local Structure

Proof. By construction and the fact that the D, (v) are disjoint

14

1ISpW)llp = D 11Dy (V) lp.
r=0

Recall that Do(v) = {v} so that [[Do(v)|l, = WY.
Analogous to the estimate for |D, (v)| we have for » > 1 that

[En[”Dr(v)”p]
= Z En[Xvu Xujuz =+ - Xuy_quy WL’L?y]

UL, Ur EVR\{V}

pairwise different

y Wl ¢ Wl 5 W Wy gy
n9 ng

n
u1eVy ur»eVy UreVp

1 1 1 1
=W 3 > Wﬁlﬁ > Wﬁz"'ﬁ > Wﬁyflﬁ > wht

ui1eEVy uxeVy Uy-1€Vy Uy eVn
1 oy 1/ 1 +1
<Wy(=5 w2) (=5 wi*)
Y\ng Z u n9 Z u
uevy ueVy

-1
= er{,n rp+1,n.

Now sum over ¥ to obtain
£
EnlllSe(v)llp] = ExnlllDo(v)lp] + Z EnllIDy (V) lp]
r=1

I
SWE + Wolpein > T30

r=1

< W8 + Wylpp1n@opn + 1)L

This proves the first part of the claim.

For the second claim note that in case p = 1 the bound in (3.2) becomes

EnlIDy (V)] < WoT3 .

But this bound also holds for r = 0, so that the summation in (3.3) becomes

£
EnlllSe() 1] = Wy D> Tf, < Wy (T2 + 1),
r=0

which proves the second part of the claim.

Again, summing the result gives:
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3.1 Neighbourhood size and path probabilities

Corollary 3.1.5. Let p > 0. For any level { € N and vertex set V < V,, we have
[En[”S{/(V)Hp] =< ||’V||p + ||V||(r2,n + 1)€_1rp+1,n

and thus also
EnlllSeVIIT < IV II(Ton + 1),

We will need a similar result for the excess connectivity weight of vertices
Definition 3.1.6 (Excess connectivity weight). Fix n € N. Let U < V,, a set of vertices

in G;. Then we say that
Ul = > Wulgy,s s

ueu

is the total sum of excess connectivity weights of “U.

Replicating the exact same arguments as in Lemma 3.1.2 we can show a bound
for [ISp(v) 1l +.

Lemma 3.1.7. For any level { € N and vertex v € V,, we have
EnllISeW)II+] < Wolyy o ymgy + Wo (T2 + DY ko

Proof. We follow the steps in the proof of Lemma 3.1.2.
By construction and the fact that the D, (v) are disjoint we have

¢

ISp) I+ = D IDr(V)l+.
r=0

Recall that Do(v) = {v} so that || Do(v)|;+ = Wolyy, s ng-
For » = 1 we have

ExnlllDy(v)]l+] < Z EnlXvu Xujup * - 'Xuy,luywuy]l{wur>\/ﬂ}]

Uty Ur EVp\{v}
pairwise different

]_ 2 r—1 ]_ 2
<Wo(g > Wa) (g 2 Waliw,-/as))
uevy UeVy
Now sum over 7 as in the proof of Lemma 3.1.2 to prove the claim. O
For estimates involving the Cauchy-Schwarz inequality it will also be useful to

have a bound on the second moment of ||Sy(v)]|.
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Lemma 3.1.8. For any level £ € N and vertex v € V,, we have
EnlllSe(v)1l5]
< WP + 2w T, (T + 1YY
+ C(Wy + D2 + 2272 @30 + D) Tpian + D Tpizn + D (Tapran + 1),

For p = 0 this estimate can be slightly simplified further to

EnlISe(0)12] = EnllISp() 3] < CWy + 1)?(T1n + 12 (T2 + 2)2 (T30 + 1)
and forp =1 to

EnllISe(0) 2] < C(Wy + 1) (T2, + 2)% (T30 + 1).
Proof. Recall that Do(v) = {v} so that [[Dg(v)llp = WY . Then
I1Se(v) 113

i 2
= (X IDr)llp)

r=0

£ £
= > IDy )iz + > IDr ) lIplIDs (W)
r=0

7r,s=0
r+S
{
Py ZnDy(mn2 + 2w STIDy ()l + Z IDy (W)l IIDs(W)1l, — (3.4)
r=1 r=1 r,s=1
Y+S
The bound .
S EnlIDy (V) llp] < WTpi1n (o + 1! (3.5)
r=1

was already established in (3.3) for the proof of Lemma 3.1.4. It thus remains to
bound 3¢, Ex[IDr(v) (131 and 3 1 ExlIDy()llplIDs (v) [1]-

. Vv+S
For » € N, we can write

||Dr(v)||p = Z ]l{v—»yu}thto,
u

where v —, 1 means that there is a path from v to u of length exactly + (that does
not visit the same vertex twice) and that there exists no such path of length s < 7.
Then

IDy (V)15 = zn{w}wu + > Lo Ly W WY, (3.6)
u+u'
and
1Dy (V) 1l ||Ds<v)||p-Zn{va,u}n{vw}wu + > Tyeypu Ljp—suy WEWYE. (3.7)
u+u'
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3.1 Neighbourhood size and path probabilities

The first sum in (3.6) involves only paths to a single vertex and its expectation is
easily estimated as follows

St = 3 Wl Wl W
u

T ng n9 ng
pairw. diff.
Enl(W)2] =1, [(W())2PH1]
=W () g

The first sum in (3.7) is zero for v + s, since the shortest path from v to u cannot
have length both  and s. Hence,

En|> Lo yus Ly Wa" | =0 (3.9)
u

The paths to u and u’ in the second sums in (3.6) and (3.7) are not necessarily
independent, so a priori their expectation does not factorise. A closer look at the
indicators allows for a ‘restricted factorisation’.

In particular we claim that if there is a path 7 of length » from v to u and a
path " of length s from v to u’ (and no shorter path for either end-vertex), this
implies there is a vertex z in the same position in 1 and 1" such that 1, and 7,
the segments of 7t from z to u and 7" and from z to u’, respectively, do not share a
vertex apart from z. That is to say, the paths 1T and 1’ agree up to a certain vertex
and bifurcate afterwards.

If 1 and 71" do not share any vertex apart from v, the claim is trivially true
with z = v.

So suppose there is a vertex z # v that is shared between 1T and 1t’. (If there
are several such vertices, pick the one that appears last in 7t and 77’.) Then z must
appear in the same position in 7t and 7r’. If this were not the case, the path with
the longer segment from v to z could be shortened by using the shorter segment
from v to z from the other path. But this would be a contradiction to the minimality
of the paths. By choice of z the path segments 71, and 7}, only share the vertex z.

It is easy to see that the path segments 71;, and 7., only have the vertex z in
common with 11, z, the path segment of 1w connecting v to z. If the paths shared a
vertex apart from z we could find a shorter path between v and u or u’ by leaving
out all vertices between the shared vertex contradicting the minimality assumption.

Hence, the event that u and u’ (with u # 1’) can be reached from v in » and s
steps, respectively, can be estimated by counting these ‘eventually bifurcating paths’
of the form just described. We distinguish the two cases * + s and r = s (without
loss of generality we may assume * < s in the former case), because they differ in
one detail.

In case ¥ < s, the paths either bifurcate immediately at v or they split at a later
step t € {1,...,r}. Note that if the paths split at 7, the path from v to u” includes
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Chapter 3 Local Structure

the complete path from v to u. If we write u, = u and u; = u’ we thus have

Ty lw—puy < Z Xouy = Xupoyur Xow - Xl

ull,...,uy,,l,
U5l
pairw. diff.

-
+ Z Z Xvulxuluz te 'Xut—lut (3.10)
t=1 Uui,uz,.,ug, )
ut’+1 ----- ut—ly
UpypsmnUg_g
pairw. diff.

Xutut+1Xut+1ut+2 " 'Xur—Zur—IXur—luV

Xy - Xy

4 X 4 4 . . 4 X 4 /.
tUL 1T U U2 s—2Ug 1 Ug_1USs

In case v = s, the paths similarly either bifurcate immediately at v or they split
at alater step t € {1,...,v — 1}. Unlike in the previous case » < s, the bifurcation
must happen before step v in the path, because otherwise the paths would be the

same and would thus have the same endpoints, but we assumed that u + u’. Again
we write u, = u and u, = u’ to obtain

]]'{U*ru}]l{v—’ru,} = Z Xvul "t Xuyflqu’Uu,l = Xu’

’

r—1Ur
ull,...,uy,,l,
UpsensUy g
pairw. diff.

r—1
+ Z Z Xvulxuluz e 'Xut—lut (3.11)
t=1 U1,U2,...,Ut, :
ut/+1,...,uy/_1,
Upi1rnUy

pairw. diff.

Xutut+1Xut+1ut+2 e Xu1’72ur—1Xur—lur

X ’ X 4 4 TR X ’ 4 X ’ 4 .
UtUp 17 U1 U2 Uy 2Uy 17 Uy Ur

For each summand in (3.10) and (3.11) all involved edges are independent given Fj,
since apart from v or u; no vertex appears multiple times.
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3.1 Neighbourhood size and path probabilities

For (3.10) this immediately implies

[En[ Z H{V~ru}1{v~su’}wﬁwﬁ’]

u+u'
< 3 WoWu, — Wu, Wy, WP WoWu, Wy Wy WP
T ng n9 “ong n9 us
1y Ur,y
U ey U
pairw. diff.
n i Z WyWu, W Wy, — Wy Wy,
t=1 U1,U2,0m Ut nd nd nd
ut[+1 ----- Uy
Up 1 5eesUg
pairw. diff.
Wut Wut+1 Wut+1Wut+2 L. Wur72 Wurfl WuV—IWur WW
n9 n9 ng ng r
WaulWui Wi Wty Wal, Wiy Wal Wty
ng n9 n9 ng us’
In the first sum the W, as well as the v — 1 terms Wy,,...,Wy, , and the s — 1
terms Wy,..., Wy, , appear exactly twice, whereas Wy, and W,/ appear to the
s - )

power p + 1.

In the second sum we distinguish the case t < ¥ and t = v. In any case W,
appears once. If t € {1,...,r — 1}, then all t — 1 terms Wy,,..., Wy, , appear
twice, W; appears three times, the v — ¢ — 1 terms Wy, ., ..., Wy, ,and thes -t -1
terms W,/ ...,W,;  appear twice and Wy, and W, appear to the power p +
1. If t = 7, then the » terms Wy,,...,W,, , appear twice, as do the s —r — 1
terms Wu’m, . Wu§_1’ whereas Wy, appears to the power p + 2 and W,,; appears
to the power p + 1.

Separate the sums over the us and u’s and count the multiplicity of the respect-
ive Wy s to obtain the bound
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Chapter 3 Local Structure

The summation of ¥ + s —t -3 fromt = 1 tot = v — 1 can be rewritten as a
summation of t fromt = s—-2tot = v + s — 4, which in turn is a summation
of s =2+t fromt =0 tor — 2. If we additionally rewrite the sums with [}; ,, we
obtain

r—2
217 +5s-2712 2 s—2 t s—2
= erZ,n rp+1,n + er3ynrp+1,nr2,n Z r2,n + WUrZ,n rp+1,”rﬁ+2,n
t=0
2 —2r2 2 -2 -2 -2
= erzr,;ls Liin t WUr3y”rp+1,nr23,n Ton + D" + WoI3  Tpe1,nlpr2m-
In order to simplify this expression, we estimate very generously to factor out
common terms

< WELS 20y + Wy (Do + 1) 72 (3.0 + 1) Tpyin + D2 (Tpeon + 1). (3.12)

Note that the generous estimation can be slightly simplified in case p = 1, because
then I3, and Iy 42, coincide so that after factoring only one of the two terms needs
to be part of the product.

The case ¥ = s in (3.11) can be treated similarly, but the sum does not include a
term for t = r, so that

[En[ Z ]l{ku}]l{ku’}wﬁwg’]

u+u’
< Z W'U Wul L W’l/h/fl Wuy W’fzy I/VUI/VLL’1 Wu;71 Uy 5’
w T, nY ng n9 ng r
UL e Uy
pairw. diff.
-1
+ YZ Z WUWMl Wul Wuz .. Wut—IWut
T wate n9 ng ng
ut,+1 ..... u;:
Up Uy
pairw. diff.
Wutht+l Wut+1 Wut+2 L Wur—z Wur—l Wur—lwur Wlﬂ
ng n9 n9 n9 r
WuWay |, Wi, Way, W, Wy, Wa, Wy w?
n9 n9 n9 n9 uy
< WL 2 To ) + Wy (D + 12772 (T30 + 1) (Tpian + 12 (3.13)

Now (3.6) together with (3.8) and (3.13) and generous estimates of the involved
terms imply

EnllIDr(v)13]
< WELS 2Ty + Wo (T3 ) Topiin + (2 + 1?7230 + 1) (Tpsan + 1D?)

< WL 2 Tp g+ Wy (D + 1?7230 + D (Tpin + D (Rps1n + 1), (3.14)
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3.1 Neighbourhood size and path probabilities

This estimate can be simplified if 2p + 1 should happen to be equal to 3 or p + 1. In
those cases the (I2p+1,n + 1) can be replaced by a constant.

Analogously (3.7) in conjuction with (3.9) and (3.12) and similarly generous estim-
ates imply

EnllIDy (V) [IplIDs(V)lp]

- _ (3.15)
< WO 2Ty + Wo (o + 1) 7230 + 1) (Tps1,n + D (Tpr2,n + 1).

As remarked after (3.12) the term (Iy+2, + 1) may be dropped for p = 1.
Briefly write

X1 =M+ D) Tps1n + D2 (Dpirin + 1)
and
X2 = T3+ 1) (Tps1n + D2 (Tpi2n + 1)

to simplify (3.14) and (3.15), respectively. Then
x1+x2 < C(M30 + D) (Tps1n + 1) Tpazn + 1) (R2pr1,n + 1.

By the comments after (3.12) and (3.14), the (I+2,» + 1) may be dropped if p =1
and the (I2p4+1 + 1) may be replaced by a constant if 2p + 1 € {3,p + 1}.

Now (3.4), (3.5), (3.14) and (3.15) and similarly rough estimates of the terms
involved imply

EnllISe(v)1I5]

{
2 _ _
< Wil + 2WIWyTpiin (T2 + DL+ W2L2,, > 1502
r=0

£ { {
+Wox1 D (Do + D¥ 2+ WiTh 0 > IR 24 Wyxo > (T + 1)7H72
r=0 v,s=0 v,s=0

£ 4
2 1 _ _ _
< WP+ 2Wl i o + DL WRT2,, L (D T8 2 4 S 1)
r=0

r,s=0
¢ ¢
Wy (x1 Y M+ D240 Y (T +1)77572)
r=0 r,s=0

2 _ _ _
< Wo + 2W Ty o + DO+ WTZ, (T3, + DO+ (T + 1D20?)

+ Wy (x1 + x2) (Do + 2)272 4 (T + 2)2072)
< Wi + 2WE Ty (G + 1O+ CW2T2, (T + 2)2072
+ CWy (T + 1) (Tpi1m + 1% Tpaom + 1D Tapripn + 1) Top + 2)%2

< WP+ 2wl Ty (o + 1!
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+ CWy + 12 + 207230 + 1) (Tps1n + D2 @psom + 1) (Tps1n + 1).

This shows the claim for general p.

Again, for p = 1 the term (I, 2., + 1) may be dropped and the (I>,11 + 1) may be
replaced by a constant if 2p + 1 € {3, p + 1}. Furthermore, for p = 0 and p = 1 the
first terms can be absorbed into the last term by increasing C appropriately. This
then proves the slightly simplified results for p =0 and p = 1. O

We can sum the previous bound to obtain results for Sy("V), where V is a set of
vertices. In the following we will only need the results for p = 0 and p = 1, so we
only work with the simplified results from Lemma 3.1.8

Corollary 3.1.9. For any vertex set V < V,, and level £ € N we have
EnlISe(V)I2] = EnllISeO)5]
< CUVI+ VD20 + 12T + 2)2 (T3 + 1)

and
EnllISeOV)I2] < CUIVI + V)2 (T2 + 2)2€(F3,n +1).

Proof. To simplify notation we will assume that for p = 0 and p = 1 Lemma 3.1.8
gives a bound of the form

EnllSe(v)lI5]1 < C(Wy +1)%xn,p,

where xy,, consists of terms involving I u, I3, Ip+1,n, [p+2,n and Inp 1 0.
Note that

IA

Ea[ (3 1501,V ]

veVv
> EnlliSe) 5T+ D> ExllISp)lIplSe(v)llpl.  (3.16)

vev v’ eV
S M

EnlllSe(V) 5]

IA

For the first sum we can apply Lemma 3.1.8 and obtain
> EallSe)lI5]1 < > ExlllSe(v)lI5]
veVv veVv

< Cxpn >, (Wy +1)?
veV

< Cxpn(IVII+1V])2

The terms in the second sum can be estimated using Cauchy-Schwarz and
Lemma 3.1.8

EnllISe)1Sp ()T < EnllISp() 121 2En[lISp(v/) 12112
< Cx’g,n(Wv + 1)(Wv’ + 1).
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3.1 Neighbourhood size and path probabilities

Summing over these terms we obtain

> EnllSe) NS < Cxpn D (Wy + 1) (Wyr + 1)

vw'ev v eV
v+v’ vV’

< Cxpn (VI + V2.

Hence, both terms on the right-hand side of (3.16) can be estimated with the same
bound. This finishes the proof. O

In fact the approach from (3.6) can be generalised to bound (higher) moments of
the degree distribution of a given vertex v in G. Recall that with the notation from
Definition 2.1.8 the degree of the vertex v in G, can be written as |D;(v)].

In the calculations for higher moments of the degree we will encounter the Stirling
numbers of the second kind [see e.g. AS72, § 24.1.4].

Definition 3.1.10 (Stirling numbers of the second kind). Let k e Nand j € {1,...,k}.

Then the number of ways of partitioning a set of k elements into j non-empty
subsets is denoted by S,((J ) and called the Stirling number of the second kind for k, j.

Lemma 3.1.11. Fixv € V,, and k € N. Then

1n

k . . .
EnlID1 ()K= > sYWIT < Wy + D¥ @y + k)X
j=1

Proof. Note that

I
M
&
&
.

|D; (v) ¥

I
M
S
<
S

- quk.

Since the Xy, are indicator functions, any product of Xy, with identical u,
collapses to one such indicator. We can therefore rewrite the sum over all possible
combinations of k vertices into a sum over j pairwise different vertices to obtain

k

|D1(v)|k = Z S,(f) Z Xvuy - 'Xvuj,
j=1 Z3 uj
pairw. diff.

because each product Xy, - - - Xou, with pairwise different uy is realised by ex-

actly S,(CJ) products of the form Xy, - - - Xyy,, where some of the uy may be equal.
To see this in more detail, partition the k vertices ui,...,ux into subsets such
that u, and us are in the same subset of they are the same. The number of
nonempty subsets of vertices that this procedure produces is exactly equal to the
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number vertices we need to write Xyy; ... Xyy, as a product over pairwise different

vertices. In particular there are exactly S ,(CJ ) to obtain a product of j pairwise different
vertices.

Taking expectations and using that the Xy, in the sums are independent since
the uy are pairwise different, we obtain

k )
EnllD1)¥1= S ¢ > EnlXuw ] - - EnlXou,]

j =1 U yenry uj
pairw. diff.

o j
sl (g S
u

()

M=

b

.
Il
—

¢

I
M=
c/;

~.
Il
—

s wit!

M

Il
—

J

which proves the first part of the claim.
For the second part note that for k > 2 the Stirling numbers of the second kind
can be bounded above as follows [RD69, Thm. 3]

G~ LK) kg~ LK) k-
Sk 2(J,>J 52 jk ,

En[ID1(v)[¥] < Z s wir],

so that

== Z ( )(erl n)Jkk J

E(erl,n + k)k

IA

(WyT1n + kK.

IA

For k = 1 we have
EnllD1(v)]] < Wyliw = Wyl + 1.

Thus we get for all k € N that
EnlID1 (V) [¥] < (WyT1p + KK < (Wy + DRI + KK

as claimed. O
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3.1 Neighbourhood size and path probabilities

We will also need to bound the probability that there exists a path of given length
between two subsets of vertices. To simplify notation we introduce a shorthand for
this event.

Definition 3.1.12. Let U and V be two sets of vertices. Let R be a third set of
vertices that is disjoint from ‘U and V

e Write ‘U «wp "V if there exists a path of length £ between a vertex u € ‘U and a
vertex v € V.

In some cases it might be useful to restrict this event to paths that avoid a set
of vertices R, so we write ‘U « ) 'V if there is a path of length € between a
vertex u € ‘U and a vertex v € "V that does not use any vertices from R.

e Write U «_p V if there exists a path of length at most £ between a vertex u €
U and a vertex v € V.

As above we write U «~(g)<p V if there is a path between U and V that does
not use any vertices from R.

As we do so often, we drop the curly brackets if V or U is a set with a single
element and write for example v «wp u for {v} «~p {u}.

Lemma 3.1.13. Fixf e N, £ > 1. Let U,V < V,, be two disjoint sets of vertices then

UV

Pp(U ~vp V) 9

Proof. Recall that in a path no vertex can appear multiple times. This ensures that
the edges of a path are all distinct and hence independent, so that

Pp (U e~y V) < Z [En[Xuou1Xu1u2 T 'Xu,;,lug]

uoeU
UL yueny Up_q
u(;eV
< Z WuoWu1 Wu1 Wuz Wu€ 1Wu€
woeu n9 ng n9
UL yenry Up_1
ugEV
1 1 £—1
<=5 > Wu(=g 2 W) > Wy,
nd upeU nd v upev
IUIN VI oy
S Tr&n -
This finishes the proof. O

In particular the probability that there is an edge between two sets of vertices ‘U
and V is bounded above by (n%) | U| || V].
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Chapter 3 Local Structure

Corollary 3.1.14. Fix{ € N, £ > 1. Let U,V < V, be two disjoint sets of vertices,
then

Iulnnvi 0
Po(Uew_p V)< ————2(1+T 1
n( < V)< 9 (1+1I2n)
Proof. By Lemma 3.1.13 we have
Y
Pr(Ueop V) < Z Py (U e~y V)
r=1
Cunvi
= Z n9 o
r=1
Ul -1
<——— 1+
< ng ( + 2,n)
as claimed. O

The following special case of Corollary 3.1.14 is of particular interest to us.

Corollary 3.1.15. For any level £ € N and vertices v,u € V, withu # v we have

WuWy
na
Proof. The vertex u is contained in the £-neighbourhood By(v) of v if and only if

there is a path of length at most £ from v to u. Hence, we apply Corollary 3.1.14
with V = {v} and ‘U = {u}, so that

P, (u € By(v)) < (Do + 1)1

WuW.
P € By(v) = Pn({v]} eog fu}) < =t (o + D!
as desired. O
This result can be used to bound the probability that an edge e is contained
in By(v).

Corollary 3.1.16. For any level { € N, vertex v € V,, and edge e = {u,u’} whose
endpoints are not equal to v we have

Wy (Wy + Wyr)
n9
Proof. The edge e = {u,u’} can only be contained in the £-neighbourhood of v if

one of its endpoints u or u’ can be reached in at most £ — 1 steps from v. Hence by
Corollary 3.1.15

P, (e € By(v)) < (Lo + 1)L

Pn(e € Bp(v)) < Py(u € By_1(v)) + Pp(u' € Bp_1(v))
Wy (Wy + Wyr)
<
h nd

as claimed. O

A

(Lo + )01
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3.1 Neighbourhood size and path probabilities

Corollary 3.1.14 still holds conditional on knowing the edges emanating from a
fixed set of vertices. In order to formulate this in more detail, we need some more
notation.

Definition 3.1.17. For any vertex v € Vj, let
Sv = (Xw,u))uev
be the collection of all indicator functions of possible edges emanating from v.
For an edge e = {u, v} define
Se = (Sv, Su)

so that S, contains information about all edges incident to e.

For the proof of the result it is convenient to estimate the set of neighbours of a
vertex set in a way that makes this set independent of the neighbours of another
vertex set.

Definition 3.1.18. Let V,U < V,, be two disjoint subsets of vertices.
et S (V) = (V) \ U and DY (V) = D; (V) \ U so that
S{U)(V) =Vui{xeVy\U:Xpx; =1 for some v € V}
Diw(ﬂ/) ={xeVy\U: X} =1 for some v € V}

are independent of X, forallv € V and u € U.

In particular then Diw(\/) and Diy)(U) are independent. The same holds
for ${W (V) and sV ().
Clearly we also have

1St < ISP @)+ Ul and  1S1 )] < 1SS ()] + Ul
as well as

ID1(v)| < DY)+ Ul and [ID1()]l < DY )| + lUll.

S{{ul ..... Um}

Lemma 3.1.19. Fix three disjoint sets of vertices U, V and R (the sets may be empty).
Set S = (Sw)weuvvor and S = (Sw)weuuy (note the absence of vertices from R
inS).

Then there exists a function Ep(‘'U, V,R) that is o (S, Fn)-measurable and inde-
pendent of all edges of the form {u,u’} foru,u’ € U, {v,v’'} forv,v’ € V. This
function satisfies

Pr(U o~ gy<p V1S5) < &(U,V,R),
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Chapter 3 Local Structure

and

IIUIIIVI(

En[€,(U,V,R)] < rnin{ o

Do + 1)"—1,1}

as well as
EnlEe (U, V,R)f(ID1 (W], ID1( V)]

v .
e T+ 1) ,1}

for all functions f that are non-decreasing in both arguments such that
Enlf(ID1 (W] +VI+ 1, IDi(V)| + Ul + 1)] < Bn (U, V).

< CBn (U, V) min{

Proof. Let Gy, be the graph that can be obtained from G,, by removing all vertices
in ‘U and "V and introducing two new vertices 7 and ¥ such that it has an edge to a
vertex z in G if and only if z has an edge to some u € ‘U in G, and analogous for ¥
and V.

If there is a path fromau € U toa v € V in Gy, then this induces a path from 7
to ¥ in Gy.

We write x ~ y to indicate that there is an edge between x and y in G,. In a
slight abuse of notation we use the same expression to mean that two vertices are
connected by an edge in G,. We also write ‘U ~ V for subsets of vertices and mean
that at least one vertex in ‘U has an edge to at least one vertex in V.

By definition of U «~g)<¢ V and construction of G, we have

Pu(U e« (ry<p V1 S)
< Pn(it € Bp(D,Gn —R) | S).

Since path of length at most ¥ from v to 7 that avoids R consists either of a single
edge between the two vertices or can be decomposed into a single edge from u to
one of its neighbours x ¢ R, which is S-measurable, and a path from x to ¥ of
length at most £ — 1 that avoids R and additionally also 1, this can be bounded by

< Z ]l{ﬂNX}Pn(XEBy_l(ﬁ,én—R—{fL}) [S) + Lig~v-
x¢RUL,D}
Similarly, a path of length at most £ — 1 from ¥ to x that avoids @& and R either
consists of the single edge between the two vertices or can be composed of a single
edge from ¥ to one of its neighbours v ¢ R U {ii,7,x} and a path of length at
most £ — 2 from y to x that avoids R, 7t and additionally also ©. We therefore have
the bound

Pn(U v gy<e VIS)
< > T~y > Aggey}Pu(x € By 2(y,Gn — R - {i1,D}) | S)

XERUI,0) YERO[H,D,x}
+ > Tgexilix~o} + Lia~oy
x¢gRU{M,D}

(3.17)
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3.1 Neighbourhood size and path probabilities

Focus on the probability for a moment. Outside of UUV and {ii, 7} the graphs G,
and G, agree. Hence,

Pn(x € By_p(v,Gn — R = {i1,7}) | )

The conditioning can be removed, since the graph G, —R —U - "V no longer depends
onsS.

The probability that there is a path from x to 7y in the graph G, — R — U -V can
be estimated by the probability that there is a path in Gy, so that together with
Corollary 3.1.15 the probability is bounded by

IA

Pn(x € Bp_»(v,Gn))
< WxW,,
ng

(Do + )03,

Plugging this bound for the probability into (3.17) and going back from 7 to ‘U and
from ¥ to 'V, we arrive at

Pu(U o (ry<p V1S)

Wi W. B
< Z ;93/ (o + 1)9 34 Z Titu~xilyvexy + Liu~vy (3.18)
x,y¢RUUUY X¢ROUUY

X+Yy

Call the left-hand side £,(‘U, V,R). Then (U, V,R) is o (S, Fn)-measurable and
conditionally on F,, its sole source of randomness is the collection X. Note addi-
tionally that the expression does not contain indicator functions for events of the
form {Xpyuy = 1} with u,u’ € U, {Xpy = 1} with v,v" € V or {X(x,y} = 1}
with x € R and y € Vj,. Hence, £)(‘U, V,R) is o (S, Fn)-measurable.

Taking expectations we obtain

Enl& (U, V,R)]

Wi
= > [En[ll{u~x}11{v~y} ;9y(F2,n+1)€_3}

x,yERUUUY
xX+y

+ > EnllguexiTovexy] + EnlLiu~vy].
x¢RUUUY
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The events in the indicators are independent, because they involve disjoint sets of
edges, so that we can apply Lemma 3.1.13 to find the bound

< Z ||U||\;/Vx ||V||91/Vy Wny (r n 1){)_3
x,y¢RUUUYV n n nd
X+y
N Z U Wy IIVIIWx UiV
XEROULY n9 ng n9
UiV 1 1
| 7”11} ”ngzwz ZWZ(r2n+1)€ 3
lulvi 1 5 II’UIIIIVII
TTThe e ZW ny
ulnry
< %(rgn(rz,n + D)3 4+ 1)
IIUIIIIVII( + 1)1
ng

Since we take the expectation of a bound for a probability, we may assume that this
expectation is also bounded above by 1.

Additionally,

Enl&e(U,V,R)f(D1 (W], D1 (V)]]

WixW
= Y E[fUDHWLIDIOID L Lveyy — g™

x,yERUUUY
Xy

+ > ExlfUDL(W ], IDIOV) DL fu~x} Livexy ]
x¢RUUUYV
+ En[f (D1 (W, ID1 (V)DL ju~vy ]

(Ion +1 )0_3]

(3.19)

For the first of the three terms on the right-hand side of (3.19) note that D; (U) <
DYDY (1) UV U {x} and that by construction DYV (1), 11y and 1y -y
are independent as long as x # v and x,y ¢ ‘U U V. Similarly, we have D; (V) <
DYV vy uu U {y} and that DYV (V) 14y and 1y, are independent
aslongasx #yandx,y ¢ UuU V.
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3.1 Neighbourhood size and path probabilities

Hence, using also that f is non-decreasing in both arguments, we can bound

(To +1)073 5

o En[f(ID1 (W], ID1(V)DLju~x; Wxlvey; Wyl

x,y¢ERUUUY
XFY

-
< (r2,n + 1) 3 Z

g Enl[Tiu~xiWxlEn[1{v-y1 Wy ]

x,yERUUUY
X%y

ELF(IDYY Y w) | + 1V + 1, DD (V)] + Ul + 1)1,

Recall the definition of |D; (U) | and |D; (V)| and use that D{\V**V (u) < D, (u)
to bound this further by

Don+1 -3
< %En[HDI(U)H][En[”Dl(V)”]

Ex[f(ID1(W|+ VI+1,ID1 (W] + V] +1)].
Now Corollary 3.1.5 and Dy(V) < Sp(V) imply the bound

KR +1)t-2,

< Bn(U,V)— — ng (L

For the second term in (3.19) we use a similar approach and Lemma 3.1.13

> EnlfUDI(WL DIV DL juexy T vext]
x¢gRUUUYV

S[En[ > Luexalvex
x¢RUUUY

Wil U|| WXIIVII
- x&‘R%UuV nd Pulll V)
A%
< B (U, V)Il’llllg I T .

Similarly, the third term on the right-hand side of (3.19) can be estimated with
Lemma 3.1.13

En[1gu~vif(ID1(WI, D1 (V)]

< EnlLiuvi £UDY (W) + 1V IDYY (V)] + [u))]
lunnvi

<Bn(U,V)— — o
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Chapter 3 Local Structure

Together this proves

Ui

Enl&e(U,V,R)fUD1 (W], ID1 (V)] < CBn(U,V) 9

(Do + 1)1

Since &, is a probability, the left-hand side is trivially bounded by B, (U, V), the
bound for the expectation of f(|D1(U)|, |D1(V)|), which finishes the proof. O

These path and inclusion probabilities can now be used to bound the probability
that the neighbourhood of a vertex is not tree shaped. Like the following section
this proof is an extension of an idea by Cao [Cao21, Lem. 6.7].

Lemma 3.1.20. For every vertexv € V,, and level { € N

(Wy + 1)2

P, (Bp(v) is not a tree) < C(1 +I2)2* (I3, + 1) s

Proof. Let Ap be the event that By(v) is a tree. If By_; (v) is a tree, By(v) can only
fail to be a tree if there is an edge between two vertices in Dy_; (v) or if there is a
vertex not in Sy_; (v) that is connected to two vertices in Dy_; (v).

Figure 3.1: There are two ways B3(v) can fail to be a tree if B>(v) (shown in green)
is a tree. Either two vertices in D2(v) are connected via an edge (shown

in blue) or two vertices from D> (v) have an edge each (shown in red) to
a vertex not in S> (v).
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3.2 Correlation between neighbourhoods

Thus

Ta, ,Pn(Ay | Bp_1(v))
= Lag, 2. (P"(X"”' =D+ D PulXux = DPp(Xaw = 1))

uu’'€Dyp_1(v) xX€Sp_1(v)
Wu Wu’ Wu WX WX WM,
<1a,, Z ( + Z )
uu'€Dyp_1(v) nd x¢Sp_1(v) nd nd
IDg_y (V) II?

<1a, ,(1+I25) o

Take expectations and conclude that

EnlllDg_1 (v) %]
ng )

Pn(Ap—_1 NAJ) < (1 +12,n)

Furthermore,

Pn(AY) = Pu(ASNAp_y) + Pn(AG N A )
< Pn(AG N Ap_q) + Prl(Af ).

Iterate, plug in the bound for P, (A7 N Ay_;) and use Py, (A{) = 0 to show

Pn(A)) < (1 +T2n) Z

[IIDr 1(v)|| 1

Since the D,_1(v) are disjoint, and thelr union is contained in Sy_; (v) the square
of the sum of the weights of the D, _; (v) can be bounded by the square of the sum
of weights in Sy(v), which in turn can be bounded by Lemma 3.1.8
EnlllSe_1(v)1I%]

ng

<C1+D)¥ T3, +1)

<1 +Irn)

(Wy +1)2
ng

This concludes the proof. O

3.2 Correlation between neighbourhoods

In this section we investigate the correlation between different neighbourhoods in the
graph G,, more closely. Before we get into the formal argument, we will briefly recall
Corollary 3.1.14, which bounds the probability that there is a path of length at most £
between two disjoint sets of vertices U and V by (n9) 1| U|l[| V|I(1 +I2,,,) 1. This
implies that the probability that the £-neighbourhoods By(V,Gy) and By(‘U, Gy)
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Chapter 3 Local Structure

(here in the unweighted graph, but the argument is the same for the weighted graph)
share a vertex is bounded by

Pn(Bp(V,Gy) and By(‘U, Gy) share a vertex) < (1 +Tp)202,

lulvi

ng
Intuitively, if the neighbourhoods do not share a vertex, their structure is determined
by independent random variables, which would mean that they are independent.
That argument is made more rigorous in the remainder of this section. As in the
previous section, the results we show here are by no means surprising, but results
for the exact setup we needed were not readily available in the literature.

We show that the £-neighbourhoods of two disjoint sets of root vertices are
relatively weakly correlated by constructing slightly altered independent versions
of the £ + 1-neighbourhoods conditionally on the £-neighbourhoods. An iterative
argument that relates the correlation of the £ + 1-neighbourhoods to the correlation
of the £-neighbourhoods then finishes the argument.

The discussion here extends Cao’s [Cao21, § 6] approach for edge-weighted Erdés-
Rényi graphs to inhomogeneous random graphs with additional weights on edges
and vertices. Our construction of the altered neighbourhoods needs to take into
account both edge and vertex weights. We will do that in two separate steps. In a
first step we ignore the vertex weights at level £ + 1 (formally, we do this by applying
a function Ty, that removes these weights).

Given the £-neighbourhoods, the £ + 1-neighbourhoods without vertex weights at
level £ + 1 can be constructed by adding edges emanating from level £ vertices. If
the edges that are added to the neighbourhoods are distinct, the added randomness
is independent. If edges have to be used for neighbourhoods emanating from both
root vertex sets, they can be replaced by independent copies for one of the two sets
to make the added randomness independent. Provided that not too many edges
have to be rerandomised in this way, the resulting objects are close enough to the
original ¢ + 1-neighbourhoods.

Lemma 3.2.1. Fixm,m’ € N and m+m’ distinct vertices v1,...,Um and vy, ..., Uy, .
LetE, = {(i,j):1<i<j<n}.LetF <V, UE, andF' <V, UEy,. Forv € N let

BT = (BT(vliGn)rBT(vllel)’-" ,Br(vm,Gn),Br(Um,Gﬁ))s
B, = (B, (v],Gn), By (v],GE),...,By (V) /,Gp), By (v, GE)).

Let S, be the set of vertices in B, and similarly let S, be the set of vertices in B,.
Then Dy = Sy \ Sy—1 and D, = S, \' S,_, are the level r-vertices of B, and By,
respectively.

Let I, be the event that the S, and S, do not intersect. Let T, be the function that
takes m + m’ weighted rooted graphs as input and removes the weight of the vertices
at level r.

Fix any level £ € N, then there is a coupling of Tp.1 By, 1) toBy,q and of Ty, 1 (B}, )
toB),, such thatBy., and B),,, are conditionally independent on 1y given By, B).
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3.2 Correlation between neighbourhoods

Furthermore, on 1, the law of By, given Bg,B'g is equal to the law of Tp,1(Bpiq)
given By and the law of B}, |, given By, B, is equal to the law of Ty, (B}, ) givenB),.
In formulas, for all bounded measurable functions g and g’ we have (almost surely)

11, Covn(g(Bps1), 9" (B}, ) | By, B)) =0,

1y, EnlgBpi1) | By, Bl = 1y, Enlg(Tps1 (Bpiy)) | By,
11,Enlg’ (B}, ) | By, B}l = 11, Enlg’ (T51 (B, ) | Bl

Moreover,
. , SIS
11y Pn(Byyy # Toe1(Byyy) [ By, By) < 11'9C7n9 , (3.20)
= , , SIS
]l]g[l))n(B€+1 * T€+1(B,€+1) |By,B€) < HIFCT' (321)

Proof. For T, T> €V, denote with
X(T1,T2) = {(e, Xe, Xp, We, w,) 1€ = {v,u},v € T,u € To}

the set of edges connecting T1 and T> and all the information potentially associated
to those edges in Gy, G, and G, .

An edge that is new in By, 4, i.e. an edge that is present in By, ;, but not in By,
must connect a vertex in Dy to a vertex in Vj; \ Sy_;. (Let e’ = {v’,u’} be a new edge
in By, ;. W.Lo.g. we can assume that v’ € Sy, because e’ must be part of a path of
length £ + 1 in Gy, or Gf, from some v;, which implies that one of its endpoints lies
on a path of length £ from v;. If v’ € Sy_; or u’ € Sy_;, then it would already follow
that e € By. In particular v’ € Sy \Sy_; =Dyand u’ € V,, \ Sp_.)

Hence, there exists a function ¥ depending on F such that

Tpr1Bpiy) = Y(Bp, X(Dyp, Vi \ Sp_1)).

Intuitively, this function just identifies the edges that are part of 7y, (By,1), but
not of By and adds them to By. Note that for an edge e between Dy and V;; \ Sy_;
with X, = X, = 0 the values of w, and w, do not matter for ¥, because such an
edge cannot be part of By, ;. In other words, the values w, and w, influence ¥ only
if Xe + X, = 1. We call such an edge with X, + X, > 1 relevant for Y.

There is a similar function ¥’ depending on F’ such that

Tps1(B), ) =¥ (B), X(D), Vi \ S;_)).
Define

X1 = X(Dy, Vi \ (Sg—1 US))),
X5 = X(D)), Vi \ (S)_, US)),
X3 = X(Dy,D’y).
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Then X; contains the information on all potential new edges of By, that do not
have an endpoint in B’y. Analogously, X» contains the information on all potential
new edges of BIB .1 that do not have an endpoint in By. Finally, X3 contains the
information on all potential new edges of By,; and B, that connect By and Bj,. By
construction

Xl UX3 = X(DE’VTL \ (S€—1 U Slgfl))
and
X2 U X3 = X(D), Vi \ (S)_; USp_1)).

On the event I the set of edges X(Dy, Vi, \ Sy_1) coincides with X7 U X3, since there
can be no edges between Dy and S:,/)_l, because that would imply that Dy < Sy and S’#
have a nonempty intersection. An analogous consideration holds for X»> U X3. Hence,
on Iy we have

Tpi1Bpy) =Y(Byp, X7 U X3) and T€+1(B'€+1) = ‘I"(B,E,Xz U X3).

On Iy the edge collections X; and X3 are conditionally independent given By, BQ).
Let X1 be an independent copy of X (Dy, Slg—l) and let X» be an independent copy
of X (D’g, Sy_1). Finally, let X3 be an independent copy of X3. Then define

ﬁg+1 = \I'(By,Xl Uf(l UX3) and ﬁ,€+1 = \F,(B:Q,Xz UXZ U)Zg).

Given By, B’g the thus constructed By, ; and 1?’9 . are conditionally independent on I,.
Furthermore, on Iy and conditionally on By, B'g the law of X7 U X1 U X3 is equal to
the law of X(Dy, Vy, \ Sy_1) given only By, because X; provides the ‘missing source
of randomness’ for X; U X3 when conditioning on both By and Bfg, where the edges
between Dy and S,_, are fixed, compared to cor~1ditioning By, only on By, where
these edges are random. Then on I, the law of By, Condi~tionally on By, B'g is the
law of Ty, (By.1) given By. An analogous result holds for B). ..

It remains to verify that By, ; differs from 7,,; (By,;) with small probability on I,
conditionally on By and B),. Write

X1 = {(e, Xe, X, We, W) e = {u,v},v €Dpu €8 1.

By construction By, and Ty, (By,;) differ only if there is an edge e in X; that is
relevant for ¥, which can only be the case if X, = 1 or Xé = 1. That is the same
as saying that there is a path of length 1 between the (fixed) sets of vertices Dy
and SQ, in a graph G, or G;l, which are based on X, and Xé, respectively. Hence, by
Lemma 3.1.13

D ’ ~n / G;l 14
Iy, Pn Byt # Tos1 (Bes1) | By, B)) < 1y, (Pn(Dy «w$™ S)) + Pr(Dy ensy™ S)))

5 IDelI1IS)_ I
ng
SISl
ng

< ]l]e

<1,,C (3.22)
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3.2 Correlation between neighbourhoods

Similarly we want to show that ]~3'€ . differs from Ty, (B'g .1) with small probability
on Iy conditionally on By and BQ). Write

XZ = {(e,Xe;Xé;we,wé) e = {ulv}!v S Dl{)lu € Sﬁ—l}
and

X3 = {(e,Xe, X}, We, ;) e = {u,v},v € Dy, u € D)}.
By construction B}, ; and Ty, (B}, ) differ only if
« there is an edge e in X» that is relevant for ¥’ or

o there is an edge e in X3 that differs in a relevant way between X3 and X3.

An edge e differs in a relevant way between X3 and X3 if (X,, X,, we, w,) differs
from (X,, X}, ., w,), unless all of X,, X}, X, and X, are equal to zero, because
that would mean that the edge is not relevant for ¥'. In particular an edge can
only differ in a relevant way if at least one of X,, X}, X, or X}, is equal to one.

Hence, as in (3.22) Lemma 3.1.13 shows

. , IDINS) |l DI D)l
1y, Py By # Tpiy (Besy) | By, B)) < nucingf L I, C— o= 4
ISelIS,
<1, C————.
L ng
This finishes the proof. O

We now add the missing weights to the vertices at level £ + 1. Again the new
weights are independent if no vertex appears for both sets of root vertices. If a vertex
is needed for both root vertex sets, its weight can be rerandomised to still obtain
independent random variables for both sets. As long as the number of rerandomised
vertex weights is not too large, the independent versions of the neighbourhoods
differ from the original £ + 1-neighbourhoods with small enough probability.

Lemma 3.2.2. LetB,, B,, S, S,, D, D, I, and T, be as in Lemma 3.2.1.

Fix any level £ € N, then there is a coupling of By, withBy, and of B}, | withB),,
such that By, and B, , are conditionally independent given By,B), on1,. Further-
more, the law of By, given By, B:e is equal to the law of By, 1 given By and analogously
forB)_ .

In formulas, for all functions g and g’ we have almost surely

11, Covn(g(Byi1), 9 (B), ;) | By, B)) =0,
1y, Enlg(Byi1) | By, Byl = 11, En[g(Byq) | By,
11,Enlg’ (Bys1) | By, B)] = 11, Enlg’ (B}, ,) | B)l.
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Moreover,

SISl
ng ’
SISl
ng

]l]l,lP’n(Bngl + By, |Bg,B:{,) < ]l]l,C(l +12n)
]llé,l]mn(];:e+1 +* B;,Jrl |By,B'€) <1, C(1 +1I2x)

Proof. LetBy,1, B}, , Bpy and B}, |) be as in Lemma 3.2.1. Let §; be the union of
the vertex sets of the constituent graphs of By and similarly S, be the corresponding
vertex set of B). Define Dy =8, \Sy_; and D, =5\ §_,.

Construct By, ; from By, ; by adding the remaining vertex weights at level £ + 1 as
follows

o, (Wy,w,) ues) N
(Wy, wy,) = , ~, ueb
u, Wy {(wu,wu) u$S€ £+1
and
(Wy,wy,) ueSpuby,,

A ueb,, .,
(wy,w,) ue¢SpuDy, t+1

where (W, W’) is an i.i.d. copy of (W, W’).
Let ¥ be the function such that

By, = ¥(Bpi1,B), 1, W), (3.23)

where W is the collection of random variables (wy,, w),, Wy, w&)uevn\(gwgff). The

function ¥ endows B,.; with weights on the £ + 1-level vertices from W and
chooses (wy,w;,) or (Wwy,w,,) according to the status of u in Elyu- Because the
alternatives (wy,w,,) and (1w, w,,) have the same distribution and are both inde-
pendent of By, ,, the realisation of ﬁ% 11 does not matter for the distribution of the
resulting object. This implies that for all realisations b’ of B}; we have

= D /

B{)—O—l = \Y(Bg_,_l,b ,W), (324)
where W is a collection of independent random variables with the same distribution
as (wy,w,, Wy, w,,). In particular this also holds if b’ is empty. This equality in

distribution also holds conditional on By, ; and ﬁ;; +1- For the same reasons, the
function also satisfies the following distributional equality

By 2\P(T{)+1(B€+1), D, W). (3.25)

The construction of By,; and By,; ensures that on I, each vertex weight oc-
curs only in one of By, ; or ]'3} .1 and the decision where it occurs is deterministic
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3.2 Correlation between neighbourhoods

given By, and ﬁ’g +1- Thus By.; and ]'32, .1 are conditionally independent on I
given By, ; and B}, |. In particular

1y, Covn(g(Byy1), g (B), ) | Bpy1,B), ) = 0. (3.26)

Furthermore, the observations (3.23) to (3.25) about ¥ show that we have for all
functions g almost surely that

11, Enlg(Bpsy) | By, Bl = 1y, Enl[Enl[g(¥(Byi1,B),, ;,W)) | Byi1, B, ,11By,B)]
= 1, En[En[g (¥ Byiy, D,W)) | Bpyq,B),,11By,B)]
= 1y, En[En[g(¥Y Byy1, @,W)) | Bpi111 By, By
= 11, En[g(¥Y (Byy1, D,W)) | By, By ]
= I, En[g (¥ (Tp+1 (Bps1), D, W)) | By]
=151, EnlgByiy1) | Byl (3.27)

Analogous we also have
1, Enlg’ (B}, ) | Bpi1,B), 1 = 11,Enlg’ (B}, ) | B)l. (3.28)

It remains to show that the probability that By, ; and By, differ can be controlled
as claimed. By construction By, and By, ; differ only if the underlying edge struc-
tures T(By, ;) and By, differ or if the underlying edge structures are the same, but
the vertex weights differ in a relevant way due to rerandomisation. Vertex weights
have to be rerandomised if Dy ; has a non-empty intersection with S’y. Hence,

HI{JPH(B€+1 * B€+1 |B‘€’B,,£/)
< 11, Pn(Bps1 # Tpi1(Bpiy) | By, B))
+ ]llypn(ﬁ£7+1 = Tp41(Bpy1),Dpyr 0 SQ/ + O | B#vBIL))
<1y, Pn(Bpsy + Tpr1 Bpyr) | By, By) + 1, P (B, | #+ Ty, 1 (B, ;) | By, B))
+ 1y, PnByyy = Tpi1(Byy1),B), | = Tp11(B), ), Dpi1 NS} = @ | By, B)).
The first and second term can be estimated by (3.20) and (3.21) from Lemma 3.2.1.
In the third term we can replace Dy, with Dy, and S), with S}, because the edge
structures of By,; and By, ; are the same, then the probability that Dy, ; and S;;

intersect is given by the probability that there is an edge between Dy and S’g so that
by Lemma 3.1.13

SISl DS
<1, C— o ¢ I, C— o= ¢
SISl
< ]l[ﬂcTy.

The probability that B}j .1 and B:,/) . differ can be estimated similarly, taking into ac-
count that rerandomisation of vertex weights happens additionally if Dy, ; and D,'g .
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have non-empty intersection, which is the case if there is a path consisting of two
edges connecting Dy with Dfe. Then Lemma 3.2.1 and Lemma 3.1.13 imply

HIBP"(B,#+1 * B,€+1 | BE’B;’)
<1y, Pn(B), | # Tp11(B), ) | By,By) + 1y, Pn(Byyq # Tpi1(Byiy) | By, B))
+ ]l[e[P)n(ﬁ,g+1 = Tg+1(Bg+1),]§'€+1 = Tg+1(Bé)+1),]j;;+l N Sy * O |Bg,B2,)
+ ]llgpn(f;€+l = T€+1(B€+1)’]~32)+1 = T€+1(B}g+1)’]~)€+l N DQ)+1 2 |Bﬁ’B:¢))

MR 1D, [111S | 1D 1Dy
< ]IIFCT + IL]#CT + ]lIﬂCTl"g,n
MR
<1 1+ ) ———.
I(gc( 2,11) n9
This completes the proof. O

Thanks to the previous constructions the covariance between By, ; and B’g L1 can
be bounded by a term involving the covariance between By and B), and an error term.

Lemma 3.2.3. Let g and g’ be measurable functions that are bounded by 1 in absolute
value. Then

Covn(g(Byy1), 9" (By, )
EnllISellISyIl] >
ng
+ Covn(En[g(Byi1) | Bl Enlg’ (B), ) | B)).

< C(Pn(1) + (1 +T2n)

Write §(By) = En[g(By.1) | By) and §'(B)) = Enlg’ (B),,) | By], then

COVn(g(B€+1)’g,(B;7+1))

EnllISellISyll]

< C(Pn(I) + (1 + Iz;n) 3

) + Covn(d(By), g’ (B))).
Proof. First split the covariance over I

Covn(g(Bys1),9 (B, ;)
= COVn(ﬂI,gg(Bﬁqu)s ﬂl,gg, (B1/g+1)) + COVT’l(]lIi)g(B€+1)1 ]llgg,(Blg+1))
+ Covn(11,g(By+1), 1sg’ By, 1)) + Cova (g (Bpy1), s g” (By, ).
The covariances containing at least one factor 115 can be bounded by bounding
all other terms in the expectation making up the covariance by 1 and retaining
only Py (I3). Thus

Covn(g(Byy1),9" (By, ) < Covn(ly,g(Byi1), 11,9  (Bpy1)) + CPr(I).  (3.29)
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Approximate By, ; with By, and B}, with B}, onI,

Covy (11,9 (By41), 1r,9" (B), ;)
= COVn(]llgg(B€+l)’ ]lleg,(B:eJrl))
+ Covy (11, (g(Bys1) — gByy1)), 11,9  (B), ;) (3.30)
+ Covy (11,9 Bpy1), 11,(g" B}, ) —g By, 1))
+ Covy (11, (g(Bys1) — gBysy)), 11, (g" (B), ) —g" (B}, 1))).

By the law of total covariance and using the fact that 1y, is (By, B’e)-measurable
the first term in the right-hand side of (3.30) is equal to

COVTL(]}-I{)g(B€+l)s]J-Igg,(]-glg+1))
= IEn[]lI[) COVn(g(B€+1)yg,(B:g+1) |B€;B,€)]
+ COV?’L(]}-I{z[En[g(B{Z—O—l) | Bﬁ,Brg], ]llg[En[g,(B,g+1) | Bngrg])

By Lemma 3.2.2 the first expectation vanishes and the conditional expectations in
the covariance can be rewritten based on By, and B'g .1 So that we obtain

= Covn (11, En[g(Bp1) | Bgl, 1r,Enlg’ (B}, ,) | B} D). (3.31)

The indicator in the covariance can be dropped at the cost of adding C [P’n(lj) by the
reverse of the argument we used above to introduce it. Hence, (3.31) implies

COVn(]llgg(B—€+1), ]llyg, (Bys1))
— Cova (11, Enlg (Bysr) | Bel, 1y, Enlg’ (B), ) | B))) (3.32)
< Covn(Enlg(Byyy) | Byl Enlg’ (Bpyy) | B)D) + CP(TS).

For the second term on the right-hand side of (3.30) the triangle inequality implies

|Covp (11, (g (Bpy1) — gv (Bps1)), 11,9" (B )]
< [Enl1,(g(Bps1) — g(Bpi1))g (B, )] (3.33)
+ |Enl 1y, (g(Bpyy) — g(Bpy1)Enlly,g’ (B), )11,
Consider the first term and use that g’ is bounded by 1 to bound the whole expecta-
tion
[Enl11,(g(Bpi1) — 9Bpi1))g (B}, )| < Enlly,|g(Bpar) — g(Bei) g (B), )]
< EnlT1,1g(Bpy1) — g Byl
Use the tower property to condition on By,B), and that |g(By.;) — gBpip)| is
bounded above by 2, then apply Lemma 3.2.2 to bound the expectation further
by
< 2En[11,Pn(Bpyy + By | Bg,Blg)]

EnllISeN1IS,I]

<C(1+Ixn) 9
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The second term in (3.33) can be bounded similarly. Thus

EnllISellISyll]

e (3.34)

|Covi (11, (g (Bpy1) — g(Bpy1)), 11,9" By, 1)) < C(1 +T2n)

The remaining terms in (3.30) can be bounded analogously.
Combine (3.29), (3.30) and (3.32) and (3.34) and the analogous results for the
remaining terms to obtain the claimed bound.
O

The following lemma establishes bounds for the error terms from Lemma 3.2.3.

Lemma 3.2.4. For { € N we have

it Wo, Wy,
Pp(Iy) < —— o 220(1 + )% (3.35)
and
EnllISellISylI] < C Y (Wy, + LWy, + D) (I3n + 1) T2 + 2)%. (3.36)

i,i

Proof. Recall that Iy is the event that Sy and S'g intersect, where S is the set of
vertices of neighbourhoods By(v;, Gy,) and By(v;,GE) for i € [m] and S) the set of
vertices of of neighbourhoods By (v}, Gy) and By (v}, Gﬁ') fori’ e [m’].

Fix i € [m],i" € [m']. If one of By(v;,Gy) or By(v;, GL) intersects By (v, Gn)
of By(v, Gfl'), then there exists a path of length 2¢ from v; to v/ in a graph Gn
where an edge e is present if X, or an independent copy X}, is equal to 1. In particular
the edge probability for e = {u, v} in G, can be bounded by 2W, W,/ (n$). Hence,
the calculations for Corollary 3.1.15 imply that the probability of intersection is
bounded by

inin’ 22€(1—-2 0+ 1)23_
n9 ’
Now sum over i € [m] and i’ € [m’] to obtain the first claim.

For the second inequality let Sy(v;) be the vertex set of of By (v, G) and let Sf(vi)
the vertex set of Bp(v;, GL), similarly let S¢(v]) be the vertex set of of By(v;,Gy)
and Sf (vlf) the vertex set of Bg(vlf, Gﬁ). Then Cauchy-Schwarz and Lemma 3.1.8
imply

EnllISe () 111Sp (Wi < EnlISe(0) 121 2ER[ISp (V) 17112
< C(Wy, + D)Wy, + 1) (T30 + 1) (T2 + 2)2¢
and the same bound for Sﬁ(vi) instead of Sy(v;) or Sfr (v{,) instead of S,g(vlf, ). Now

use that

m m
IS¢l < D ISe(wa)ll + D 1ISy (vl
i=1 i=1
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and

m’ m’ )
11 < S ISel+ ST ISE (W)

=1 i'=1
to obtain the second claim. O

Together the previous results establish a bound of order n~! for the covariance
between By and B),.

Lemma 3.2.5. Forany ¥ € N

sup Covy, (g(By), g’ (B))) < min
9.9

{Zi,i’(in + D)Wy, +1)

<nn+1xmn+CV“JJ},
ng ’ ’

where the supremum is taken over all functions g and g’ that are bounded by 1. If

wesetV = {vi,...,um} and V' = {v{,..., v, }, the result can be rewritten as
sup Covy (g (By), g’ (B}))
9.9
< min{(IIVII ha |V|3;\‘|9|V I+ V') (I3,n +1)Ion + €)1, 1}-

Proof. Apply first Lemma 3.2.3 then use Lemma 3.2.4 to estimate the non-covariance
‘error terms’. This gives the bound

COVn(g(B€+1);g,(B,{/)+1))
E.[IISyIIS,
sC(Pn(Ifg)+(1+l"2,n) nLIISe !l g”])
ng
+ Covn(Enlg(Byyr) [ Bel, [En[g,(B:oJrl) | B;J])

i WoWor o, oy it Wy + D) (Wyr +1)

SC(—‘Z A+ )" + L

ng ’ n9

+ Covn(Enlg(By,1) | By, Enlg’ (B), ) | B)D).

(ﬁm+1ﬂﬁ&m+1ﬁ

Since E[g(By,1) |By] can be written as g(By), where g, is a measurable function that
is bounded by 1, and similarly for g’ with a function g’ the term can be rewritten as
a covariance of functions applied to By and B'g.

Zii Wo Wy,

Diiv Wy, + 1) (W, +1)
sC(—Z”(l + o)l + MY Vi
ng ’

(T + D2 (T3 + 1)

ng
+ Covn(g(By), g’ (B)))
Zl i/(in + ]‘)(WU,/ + 1)
<= — (T30 + 1) (T2 + O + Covin (g (By), 3" (By)).

The claim follows by taking the supremum over all measurable bounded functions
(first on the right-hand side and then on the left-hand side) and iteration. O
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3.3 Graph exploration

We now define a procedure that allows us to explore the neighbourhood of a vertex
in a graph. This procedure can be applied to arbitrary graphs, so for the remainder
of this section, we shall not restrict ourselves to the sparse inhomogeneous graph
setting and will work on a general graph G = (V, E). The presentation of the graph
exploration in this section is based on the formulation in lecture notes by Bordenave
[Borl6, § 3.5.1]. The approach is also discussed by van der Hofstad [Hof18, § 4.1]
who draws on work by Alon and Spencer [ASO0, § 10.5]. In those discussions,
however, the focus is on the cardinality of the connected component of a vertex v
and not on the complete neighbourhood structure.

Fix a graph G = (V,E) with vertex set V and edge set E < {{u,v} : u,v € V}.
The idea of the exploration on G is to discover which of the connections that could
possibly be present in a graph with vertex set V are actually present in G. To this
endlet V2 = {{u,v}:u,v € V} be the set of edges in the complete graph on V and
call elements of V(2) possible edges of G. The graph G is then completely determined
by the edge indicators (1g(e)),cy that tell us whether a possible edge e € V(?
is present in the edge set E of G. Because we explore G by visiting vertices, it is
slightly more convenient to think of these edge indicators as being indexed by pairs
of vertices

Xuv = 1g(fu,v}) foru,v eV.

To make notation a bit easier we will also define X,, = O forall v € V.

Formally, the graph exploration of G started in a vertex vg € V is given by a
sequence of vertices vo,v1,v2,v3,- -+ € V along with sets Cj, A; and U; as well
as a function @: S — G, where S < ‘U is a subtree of the Ulam-Harris tree (cf.
Definition 2.1.5).

Algorithm 3.3.1. Start with a fixed vertex vg in G and set C_; = &, A_1 = {vo},
U_1 =V \ {vg} and on the Ulam-Harris side with ip = @. Set @ (ip) = @ (&) = vo.

For j € {0,1,...} given Cj_1, Aj_1 and U;j_; let v; = @ (i;) be the smallest element
in Aj_; (‘smallest’ in the sense that its preimage i; under @ is minimal in the order <
on the Ulam-Harris tree). Define I; = {u € Uj_; :iju =1} and let

CJ' = Cj_l U {Uj},
Aj =Aj_1 \ {Uj} UIJ' and
Uj=Uj1\Ij.

Then set Nij = |Ij|, enumerate the elements of I; as {ul,...,uNij} (if we want

the exploration to always yield the same results, we need to impose an order
on the vertices in the set, in our applications we can always assume that V =
Vn = [n] and use the natural order on N) and extend @ by setting @ ((ij,1)) =
Ulyee, (p((ij,Nij)) = Up;, SO that the image of @ now also covers all of I;.

The exploration stops if A j= .
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3.3 Graph exploration

The set C; can be seen as the set of explored vertices for which all neighbours
have been seen, A; is the set of active vertices (i.e. vertices that have been seen by
the exploration, but whose neighbours may not all have been seen yet) and U; the
set of unexplored vertices.

The function @ catalogues all edges between v; and the unexplored vertices Uj_;.
It therefore encodes a spanning tree of the subgraph induced by C; in G that uses
only edges from v; to vertices in I; < U;_;. The construction ensures that @ is an
injective function. In particular we can invert ¢ on Cj U A; and obtain a subset of
the Ulam-Harris tree ‘U.

Example 3.3.2. Consider the graph with nine vertices {1,...,9} shown in Fig. 3.2.

Figure 3.2: A graph with nine vertices. The sets Cq, A1, Uy of the exploration started
in vertex vg = 1 are highlighted in red, blue and yellow, respectively. The
vertex v> = 3 is highlighted in orange. Its unexplored neighbours are
collected in the green set I> < Uj.

Starting in vg = 1 we explore the graph as described in Algorithm 3.3.1. If we have
to order vertices in I;, we choose to order them by their labels.
After step 1, the explored, active and unexplored sets are given by

C1=1{1,2}, A;=1{3,456} and U;={7,8,9}.
The function @ after this step is given by

p@ =1 (1) =2 @{2))=3
p(L,1) =4 @((1,2)) =5.
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Chapter 3 Local Structure

Figure 3.3: Representation of ¢ after exploration step j = 1 in Fig. 3.2. The upper
part of each node is an individual i in the Ulam-Harris tree ‘U, the lower
part corresponds to the vertex @ (i) in G. The set (C; is highlighted in red,

the set A; in blue. The smallest element of @ ~1(A;) in the Ulam-Harris
order is (2), which corresponds to the vertex 3 in G.

The spanning tree induced by @ is shown in Fig. 3.3.
In order to determine v, we find the smallest element in

@A) ={(2),3),1,1),(1,2)} cU
in the Ulam-Harris order. Here we have min o "1 (A j) = (2) and thus

v2 = @((2)) =3.

(a) The graph G (b) Subtree induced by @

Figure 3.4: The sets (2, Ap and U» after step 2 in G and the subtree induced by @
highlighted in blue, red and yellow, respectively.

We then collect all vertices in Uy = {7, 8,9} that are connected to 3 via an edge

in I>. Hence,
I = {7,8}.

78



3.3 Graph exploration

Order the elements in I> by their label and set
@((2,1))=7 and @((2,2)) =8.
Then

C; = {1,2} U {3} = {1,2,3},

Az = {3,4,5,6}\ {3} U {7,8} = {4,5,6,7,8}
and

U =1{7,8,9}\ {7,8} = {9}.

The sets C2, Ay and U, as well as @ after exploration step 2 are shown in Fig. 3.4.

Knowledge of the exploration process up to step j in the form of Cy, Ay, Up for
allf e {-1,...,j} and @~ ! on the set Cj U A; does not give us a complete picture of
the explored graph, because the exploration does not explicitly keep track of edges
between v;j and A; ;.

This is easily seen in the simple example of the triangle graph.

Example 3.3.3. Consider the complete graph with three vertices 1, 2 and 3, the
so-called triangle graph (see Fig. 3.5).

Figure 3.5: Triangle graph. The highlighted (dashed) edge {2, 3} is not seen by the
exploration started in 1.

Start the exploration in vg = 1 (if required, we order vertices by their label) and
obtain

Step0 vo=@(@) =1,1=1{2,3},sothat Cyp = {1} Ag = {2,3},
Stepl vy =@(l) =2,11 = J,sothat C; = {1,2}, Ay = {3},
Step2 v = @(2) =3, = J,so that C» = {1,2,3}, Ap = @.

The exploration stops after step 2 since A, = &.

We can recover the solid edges {1,2} and {1, 3} from the spanning tree induced
by @. But the dashed edge between 2 and 3 is not catalogued by @ and cannot be
recovered by looking at the sets Cp, Ay and Uy for £ € {0, 1,2}. Indeed, this edge is
never considered by the exploration.

If we rely not only on the sets Cj, Aj, U; and the function @, but instead keep
track of all edges between v; and Aj_; U Uj_1, we can recover the entire subgraph
structure and see each edge in the subgraph only once.
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Lemma 3.3.4. For all j € N the following holds.

(i) The complete graph structure of the subgraph induced by C; in G, i.e. the edge
indicators for

£ = {{vpu} e VP 1L €{0,...,j}, u € V\ {vg}},
can be recovered from the edge indicators for
Ej={{vputev®:0e{0,...,jl,uec Ay, uUp1}.

In other words Ej = ZJ'-.

(i) Each edge in f} is contained in exactly one of the sets
Dp={{vp,ul:uecApy_yuUp,} forte{0,...,j},

which means that it is seen exactly once by the exploration. In other words
the Dy are disjoint and E; = Uy_, Dy.

Proof. (i) We use induction to show Z; = Z_.

For j = 0we have A_; U U_1 = V \ {vg}, which implies that Eq collects all {vg, u}
for u € V'\ {vo}, so that Ey = E|,.

Assume that the claim holds for some j. Then we have Z; = Z’. In order to
show that Z;,, = f}+1 it is enough to show that {vj,i,u} € Zj. for all u €
V \ {vj;1}. Note that vj,; satisfies vj,; € Ap_y UUp_y =V \Cp_q forall £ e
{0,...,j}. Hence, {vj;1,vp} = {vp,Vj11} € £y € Ej < Ej41. In other words £
contains {v;,1,u} for all u € C;. By construction Z;,; also contains {v;,i,u} for
all u € A; U U;. Together we thus have {v;,1,u} € Ej; foru e V\ {vj1}.

(ii) Since E; = Uézo Dy the first part, which claims Z; = f}, implies that every
edge in f} is contained in at least one of the Dy,.

It thus remains to show that each edge can be contained in only at most one D,.
Assume for contradiction that e € Dy n Dy for some 0 < £ < ¢’ < j. Thene =
{vp,u} for some u € Ap_; U Up_q, but at the same time e = {vy,u’} for some u’ €
Ap_1 UUp_q. Because vy + vy it follows that e = {vy,vp}. But this is a direct
contradiction to e € Dy, because vy € Cp < Cp_q and thus vy ¢ Ap 1 UUp 4. It
follows that the D, are pairwise disjoint. This proves the claim. O

This observation motivates the following definition.

Definition 3.3.5. Consider the exploration of the neighbourhood of a vertex vg in a
graph G as defined in Algorithm 3.3.1. For any j so that v; is well-defined we call
the neighbours of v; that are in Aj_; U Uj_; exploration-relevant neighbours.
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Lemma 3.3.4 ensures that we can recover all neighbours of v; even if we only ever
keep track of exploration-relevant neighbours.

By construction there can be no edge between C; and U;. This is easily seen by
induction, because the vertices of U;_; that connect to the newly added vertex v; €
Cj are removed from U; via I;.

It follows that the subgraph of G induced by C; spans a tree if there is no edge
between a vertex in Ay and v for any j’ < j.

Lemma 3.3.6. If there is no edge between a vertex in Aj_1 and vj for any j" < j,
that is to say if Jjy = {u € Ajy_1 : {vj,u}l € E} is empty for all j' < j, then the
subgraph of G induced by C; is a tree.

Proof. The construction of the exploration already embeds a tree into the subgraph
induced by C; via . This tree uses exactly the edges from vy to Ux_; for k €
{0,...,j}. We now show that under the assumption of this lemma all edges in the
subgraph induced by C; in G are of this form. This then shows that the complete
subgraph is a tree.

Pick two vertices from C;. By construction of C; there exist indices 1 <k <k’ < j
such that the two vertices can be written as vy and vi-. We then also have that vy €
Cy and vy € Ay or vy € Uy.

Now assume that vy and vy are connected via an edge. There are no edges
between Cy and Uy, so it follows that vy € Ay = Ax_1 \ {Vx} U Ix. Since there are no
edges between v and Ax_; by assumption, we can conclude that vy € Iy < Ug_1.
It follows that vy is a child of vy in the sense that ¢~ (vi) = (@~ 1(vi),¥) for
some £ € N. Hence, edges only exist between direct descendant vertices, which
implies the claimed tree structure because it makes cycles impossible. O

In case the subgraph induced by C; is a tree, the complete information about this
subgraph is contained in .

Let G; be the o-algebra generated by the edge indicators along the exploration
sequence Xy, for £ € {0,...,j} and u € V, i.e.

Gj= O'(Xe)eefj-
Clearly the exploration process as recorded by Cp, Ay, Uy for £ € {0,...,j} and !
on the set Cj U Aj is measurable with respect to G;.

Observe that given G; the selection of v;,1 from A; is deterministic, because we
only need to know the preimages of the vertices in A; under @ in order to pick vj,.
This implies that v, is Gj-measurable.

On the other hand, Xy, ,,,u foru € AjUUj are independent of G, since the relevant
possible edges are not included in f}. To see this, note that f} only contains edges
with at least one endpoint in C;. Since v, ¢ Cj, it follows that u would have to
be in C;j for {v;,1,u} to be contained in f}-. But u € Aj U U; by definition, which is
disjoint with C; by construction.
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Note further that the preimages of all vertices from I}, i.e., the vertices that are
added to A;j in step j, are larger in the order < on the Ulam-Harris tree than the
preimages of vertices in Cj_; U A;_1. This implies that those vertices are only up
for selection once all vertices from A;_; have been fully explored. In particular the
sequence vg, V1,... contains the vertices in exactly the order in which they were
added to the active set (i.e., removed from the unexplored set). This means that the
vertex sequences (Vg (j))ies (traversed in the order given by <) and (v;) j¢|s|) are
exactly the same.

3.4 Neighbourhood coupling

We now construct a coupling between the neighbourhood of a vertex v in the
unweighted inhomogeneous random graph G,, satisfying Assumption 2.2.1 and a
Galton-Watson tree. We slightly modify the approach by Olvera-Cravioto [Olv22] by
combining it with the exploration as described by Bordenave [Bor16]. As mentioned
before we do not work under the minimal moment assumptions by Olvera-Cravioto
[Olv22], instead we will assume that second and third moments of the connectivity
weight distributions exist. This allows us to simplify some arguments and prove
much more explicit bounds for the coupling probabilities. Couplings like this with
explicit error bounds are interesting in the context of the objective method [AS04].
A related coupling was used by Fraiman, Lin and Olvera-Cravioto [FLO22] to define
and analyse stochastic recursions (similar in principle to the RDE and RTP we briefly
mentioned before) on directed random graphs.

The coupling is found in two steps. In a first step the neighbourhood is coupled
to an intermediate tree in which the connectivity weights are still dependent on 7.
The intermediate tree is then coupled to the desired limiting object in a second step.

Definition 3.4.1. Fix a vertex v € V,, and conditionally on F,, define the intermediate
tree T(v) via a sequence of random variables {(Wj, Nj) :i € U}, where W; is the type
of individual i and N;j is its number of children. The distribution of {(Wj, Nj) :i € U}
satisfies

e Wy =W, and Ny ~ Poi(W;Jlé\"),
e all other (non-root) individuals i #+ @ have independent types and numbers of
children (Wj;, Nj) with distribution

n

Pn((Wi,Nj) € -) = >
i=1

Wi

where D; is Poisson distributed with mean A, W;/(n93) given W;.

The tree structure on T(v) is then obtained recursively from Ay = {@} and

Ay ={,j):ieA_1,1<j<Nj} forkeN, k=1.
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3.4 Neighbourhood coupling

Intuitively, this defines T(v) as a multi-type Galton-Watson process with n types
corresponding to the vertices of G,. Technically, we have defined the tree so that the
type of a vertex is its weight Wj. If the weights are all different, we can immediately
infer which vertex v gave rise to this weight and call v the type. If some of the W,
are the same, we may assume that we sample W; by partitioning the unit interval
into n subintervals of length W;/A,, drawing a uniform random variable from (0, 1)
and choosing W; equal to the W; into whose interval the uniform random variable
falls.

We now use the exploration introduced in Section 3.3 to explore the neighbourhood
of v in G, and build the intermediate tree T(v) at the same time coupling the two in
the process. Broadly speaking the graph exploration is driven by Bernoulli random
variables, which we couple to Poisson random variables in order to arrive at the
Poisson structure of T(v).

To simplify notation, set

/ Wv Wu
v T g

such that pyy = pyy A 1.

Let Xy, ~ Bin(1,pyy) be the edge indicators in G,. Couple Z,, ~ Poi(py,,)
to Xyy (this coupling is constructed more explicitly in Lemma 3.4.3). Let Z;5, be
ii.d. copies of Z,, that are independent of both Z,, and X,,,.

Start the exploration in G, in the vertex vg = v (set C_; = &, A1 = {v},
U_1 =Vu\{v})). In T(v) give @ the type v and let iy = @ be the first individual
we visit (we keep track of the types of individuals we see via C_1 = &, A_; = {v},
Ufl =Vn\{v}).

In G, the exploration process is governed by the random variables Xy, for u €
Aj 1 UUj_1. In particular given Cj_1, A;_1, Uj_1, we can select v; and obtain I; by
collecting those vertices u € U;_; for which X, u=1.We also record those vertices
in A;_ that satisfy X, u = 1, which then allows us to recover all exploration-relevant
neighbours and thus the complete graph structure (cf. Lemma 3.3.4). (Assume that
we order elements in I; by their vertex label.)

In T(v) we have the analogous sets of types C;_1, A;_1, Uj_1 and obtain the
children of the type-v; vertex i; by collecting Zy 4 children of type u for u €
Uj-1 U Aj_1 and Zj,,, children of type u for u € C;. (As written, this procedure
mlght suggest a certain ordering for the children that depends on the types in U; i1,
A j—1 and C; i—1. The label of the children should not carry any information about
its type, so we relabel the children of i; randomly and add them to T(vo) as (ij,t).)
Let I; be the set of types of children of v;.

Assuming that Cj_; = Cj_1, Aj_1 = Aj_; and Uj_; = Uj_1, the exploration-
relevant neighbours of v; in G can be identified with the children of the type-v;
vertex in T (vo) if
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Chapter 3 Local Structure

(i) Zyju =0 forallu € Aj_; and
(iii) ijiu =0forallu € Cj_;.

Conditions (ii) and (iii) imply that T j only contains types from U;_;. Together with
condition (i) this implies I; = [}, so that we can conclude that also C; = Cj, Aj = A;
and U; = U;. Then condition (i) ensures that u is an exploration-relevant neighbour
of v; if and only if the type-v; vertex in T(vo) has a unique child of type u. But
this implies that the subgraph of G induced by C; has the same graph structure as
the T(vo) constructed so far.

In order to continue exploring G, and building T (v) at the same time, we now
reorder the children of ij so that their order matches the order in I;. (This does
not change the graph structure modulo graph isomorphism, which is all we are
concerned with. It just ensures that the next exploration step continues with an
individual of the correct type.)

We now verify that the procedure to generate children of i; actually yields T (vo)
as defined in Definition 3.4.1.

Lemma 3.4.2. The tree generated via this coupling procedure has the distribution of
the intermediate tree as defined in Definition 3.4.1.

Proof. The distribution of the tree in Definition 3.4.1 is fully characterised by the
offspring distribution for each individual.

From the definition it follows that the number of children of an individual of
type u is Poisson distributed with mean A, W, (n9)~L. The types of these children
can be obtained by a thinning with the type distribution for non-root individuals:
Each child has type W; independently with probability W;A;,! (i.e. the type is chosen
according to v;). This implies that the numbers of children of type i of a type-u
individual are independently Poisson distributed with parameter

%Aan _ Wu Wi o
Ay m%  n9 = Puir

This coincides exactly with the offspring distribution induced by the coupling proced-
ure, where a type-u individual has Poi(p;,;) many children of type i (depending on
the status of the type i in the exploration so far this is either the random variable Z;;
or Z\)). O

In order to estimate how long the coupling procedure can continue to produce
isomorphic structures, we we first estimate the probability that for a fixed v the
coupled random variables X, and Zy,, differ for any u.

Lemma 3.4.3. Letv € V,, then we can couple Xy, ~ Bin(1, py+) and Zy, ~ Poi(py,,,)
foru € Vy \ {v} such that for any J < Vy \ {v}

Pn(max|Xyy — Zyul = 1) < Z ((%u)z - p;;u]l{p{,uzl})-
uej
ueVp\{v}
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3.4 Neighbourhood coupling

Proof. In order to couple X, ~ Bin(1, pyy) and Zy4, ~ Poi(p;,,,) consider auxiliary
random variables Yy, ~ Poi(py,,)-

First we couple the Bernoulli random variable X, to a Poisson random vari-
able Y, with the same parameter p,, (see Lemma A.1.2). such that

Pn(Yvu # Ryy) < p121u = (p;w)z'

In a second step we couple the two Poisson random variables Y, and Z,, with
parameters pyy and p;,,, (see Lemma A.1.3) such that

Pn(You #= Zyu) < Pyy — Pou
= Pou— Pou A1
< (Pyu = D1y
< Poulpl,=13-

With this chain of couplings X,y # Zy, implies that X, + Yy or Yy + Zyy.
Summing over the vertices in J < V,; \ {v} we thus obtain

Pyn(max|Xyy — Zyyl 2 1) < Z Pn (I Xvy — Zyul = 1)
uej

uej

= Z (Pn(Xvu = You) + Pu(You = Zyw))
uej

< D (o)’ = Poulipyy=1y)
uej

< 2 ((Pow)® = Poulipyy=1y)
uevy\{v}

as claimed. O

The main result of this section is

Proposition 3.4.4. For any vertex v € Vy, of Gy, = (Vyu, En) and any level £ € N it is
possible to couple the neighbourhood of a vertex v to an intermediate tree T (v) such
that for any sequence (kn)nen S (0, )

Py (Bp(v) 2 Tp(v))

I’ 1 k
< [En[HS#(v)HZ]% + EnlllSe() I+ 1110 + [En[HS#(v)H](Kl,n Tt ng)

where Ty(v) is T (v) truncated at level {.

Proof. Recall that Sy(v) is the set of vertices in the £-neighbourhood By(v) of v
in G, and that we set Dy(v) = Sp(v) \ Sp_;(v). Explore Sy(v) with the exploration
defined in Algorithm 3.3.1.
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Let G; be the o-algebra generated by the edge indicators X, in the exploration
process on G, up to step j along with the coupled Poisson random variables Z,
(cf. Lemma 3.4.3) and an independent copy ZS of Z,

GJ = O-(Xeszeize*)eef}-

The Poisson random variables Z, and Z; will be used to construct T ).

For any u € Sp(v) let C(u), A(u) and U(u) be the sets C;_1, Aj_1 and U;j_q,
respectively, when u’s neighbours are being explored, i.e. when u = v for some j €
N. Additionally we also define G(u) = Gj_1 and G* (u) = Gj.

With this setup the step in which 1#’s unexplored neighbours are explored is
measurable with respect to G* (u), but conditionally independent of G(u) given the
sets C(u), A(u) and U(u).

We say that the coupling between the neighbourhoods of v in G, and T(v) breaks
in level £ if there is au € Dy_; (v), i.e. a vertex at level £ — 1, satisfying

(1) Xyw # Zyyw for some u’ € U(u) U A(u),
(ii) Zyyw + 0 for some u’ € A(u) or
(iii) Z;,, # O for some u’ € C(u).

For a fixed vertex u € Dy_;(v) let N(u) event that at least one of these three
conditions is true for u. Let My be the event that the coupling holds up to level ¢,
i.e. that the coupling has not yet broken up to level £. Note that if the coupling holds
up to level ¢, the graphs are isomorphic as rooted graphs up to level £.

Let g; be the o-algebra generated by the exploration process for all vertices up to
level £ — 1

Gi=o( U ¢ w). (3.37)
ueSy_1(v)

This o-algebra already contains information about the vertices at level £ in Dy(v)
since

Dyw)=Va\( U cau [ Uvw),

ueSy_1(v) ueSy_1(v)
such that all of By(v) is gé-measurable. But the edges going from Dy(v) to the as
of yet not fully explored vertices V, \ Sp_; (v) are independent of Gfg. Clearly, My_,
is G)_,-measurable.
Additionally we have G(u) 2 G,_, forallu € Dy_, (v).
Ultimately we want to estimate the probability [P’n(ME). We will do this by noting
that My = Mj | U (My_, n Mj) so that

Pr(Mp) < Pu(lISe(0) Il > kn) + Pn(Myp, IS¢ (V) 1| < kn)

£
< Pu(ISe)Il > kn) + > Pu(Mj—y 0 MS, 1S (v)]| < k). (3.38)
j=1
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3.4 Neighbourhood coupling

Conditionally on (jé_l the summands of the second sum can be split further by
noting that My_; N Mj can be written as a union over N(u) for u € Dy_;(v).
Additionally, we have that ||C(u) U A(u)l|l < ||Sp(v)ll, because all vertices in C(u) U
A(u) must be elements of Sy(v) since they are neighbours of vertices in Sy_; (v).
Hence,

Pr(ISp (V)| < kyn, Mp_y ﬂM; | 6271)

<ty,, > Pa(lCw)UA@WI < kn,Nw) | G)_,). (3.39)
ueDy_;(v)

For the individual summands for u € Dy_; (v) recall the definition of N(u) and
additionally condition on G(u) 2 62_1 such that

Pa(IC() UA@I| < kn,N(u) | G)_,)

= [En[Pn<u’eU(u%zj}4}<(u)\{u}lxuu/ ~Zuwl =1 ‘ Q(u)) ‘ gé—l]

+ En|Liicanvawi<kntPr( Y Zuu’+ > Zie=1]6w) |6, ]

u'eAu u'eC(u)

note that Lemma 3.4.3 still holds conditionally on G(u) for the G(u)-measurable
set J =U(u) UA(u) \ {u}, because X,,;, and Z,,,,’ are independent of G(u), further-
more by independence of the Poisson random variables Z,, and Z;:u, from each
other (even conditional on G (1)) and the previous steps in the exploration the sum
of Yeaw) Zuw and Xy ecw) Zo, has distribution Poi(XY, c aw)ucw) Pryu’)

= [En[ > Uph)? +p1,4u’]l{v;m,21})

u'eVp\{u}

+ L{IC ) AW | <k} (1 — €7 20 €AGUCE P ) ‘ Gy |

< [En[ Z ((p;u/)z + pil/lu']l{}?;ulzl})
u' evp\{u}

(3.40)

T Lycawvam)li<ky} > Puw ( Gj;_l],
u'eAu)uC(u)

where the last inequality follows from 1 — e ™™ < x for x > —1.
For the first inner sum in (3.40) we get

Eal Y (D) + Prw iy =1) | 651

w' eV \ {u}
W2W2, Wy Wy :
<E| X stz * 2 g Lonwane |G
w eVp\{u} u' €Vp\{u}
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The indicator function can be split by by noting that if W, W, > n&, then W, > vn$9
or Wy = vnd, in particular Lyw,w, >n91 < Ly, mey + Loy, > mg; SO that the
second sum splits into two sums with different indicators each

[W—”% LS w2 wa 5 > Wu
"lng ng Ut Wuzvndl g w

uevn u "eVn

+Wun9 > Wu]l{w»ﬁ}‘ge -

u'evy

Recall the definitions of I, and kp, to rewrite this as

2

W ’
< [En[nigrz,n + Wu]l{WuZM}r]_,n + WuKlyn ‘ gg_ljl

r 4 4 4
< %En[wﬁ 1G]+ TLnEnWaulyy o ymgy | Gy (1 + KinEn[Wu 1 G) 1. (3.41)

For the second inner sum in (3.40) we find

En[Licoovacoiska D, Pha | 6oy
u' cA(u)uC(u)

Wu Wu’
Z nd

< fEn[]l{HC(u)uA(u)nskn} _ ]
u eA(u)uC( )

En| 1iicauac u)||<kn} slaw vcwl | 6,

_EnlWalGy ]

B nd
Then (3.40) together with (3.41) and (3.42) implies
Pr(IIC(w) U AW < kn, N(u) | Gy_;)

I,
< EnlWi1G) ] ;+r1n[En[Wun{Wu>r} 1Gp,]

IA

k. (3.42)

K (3.43)
+EnlWa | Gy 1 (K1 + - 5).

Hence, by (3.39), (3.40) and (3.43)

'3
>, Pu(Mj1 0 MS, IS5 (V) < ky)
j=1

1"2 ’
> EalWil Gy 1200 + DBl Wl gy, msy | 67y ]

ueD; 1 (v)

4

Z En[Pr(IC(w) UA@) < kn,N(u) [ G;_)]
e

Z

+ En[Wy | gﬁﬂ(’“v" * 11219)]

88



3.4 Neighbourhood coupling

Recall the definitions of || - ||, and ||-[+. Then use that the disjoint union of
the D;_1(v) from j = 1 to £ is equal to Sy_; (v) to estimate the sums over W&
and W, with [|Sp(v)|l2 and [|Sp(v) ||, respectively. We obtain the bound

r n n
< EnllIS¢(0) 112175 + EnllISp(0) 11010 + EnlISe (@) 1] (k1n + %). (3.44)

Hence, by (3.38) and (3.44) and Markov’s inequality the probability that the coup-
ling breaks can be bounded as follows

Pn(Bp(v) 2 Typ(v))
= P, (coupling breaks up to level £)
= Pp(M§)

~

< Pu(ISe(v) Il > kn) + Z Pn(Mj-1 0 M7, [1S;(V)Il < kn)

2n
=< [En[IISg(v)II]f + [En[HS#(U)HZ]% + EnlllSe() 141110

k
+[En[||53(v)||]<K1n+ 5)
1 k
<En||5¢)(v)||2] 5+ EnllISe@) I n + EnllISe@) 11 (K1 + 2+ 5.
n
This concludes the proof. O

The coupling in Proposition 3.4.4 holds for a single £-neighbourhood, but we
would like to be able to couple the neighbourhoods of several distinct vertices to
independent intermediate trees.

The neighbourhoods By (v) of m = |V| distinct vertices v € V to trees Ty(v) are
not guaranteed to be independent, because the same vertex and with it the same
edges may appear in several neighbourhoods. By construction, the same holds for
the coupled intermediate trees, since the edges in those trees are coupled to the
original edges in Gy,.

In Section 3.2 we have, however, already shown that the £-neighbourhoods are
asymptotically only weakly correlated. In much the same vein we can show that the
intermediate trees can be altered (with sufficiently small probability) to make them
independent. This then implies that we may assume that the coupled intermediate
trees are independent at only a small additional penalty to the coupling probability.

Proposition 3.4.5. Let V < V,, be a set of vertices from G,, = (Vy,Ey). Then for
all ¢ € N the neighbourhoods By(v) around v € 'V can be coupled to independent
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intermediate trees T (v) such that

[Pn( U {Be(v) 2 Te(v)}>

veVv
I: I: 2+T k
< V12222 4 [V (Do + 1)”2(ﬂ K+ Ko+ S —”)
n9 ng kn n9
VLT, + VL 4 Kn
+11n B n9F1,n

for all sequences (ky)nen € (0, ).

Proof. Let S ¢(v) the set of individuals in the intermediate tree T(v) up to level £
and D, (v) = Sy (v) \ Sy—1(v). As in Section 3.1 we calculate the expected number
of individuals in § ¢(v) and their total weight.

Note that in the tree

~ Wy A
En[Npl = —2= < Wl
ng
and fori+ @
n n
N Wi i AnWi [En[(W(n))z]
EnlNil = > ““LEn[D;] = > -+ < =T
n[Nil l-;/\n nlDi] lZAn n9 < g 2.1

where D; ~ Poi(AyW;/(9n)) given W;. Then by construction
IDo(v)| =1 and En[ID1(v)|] = Ex[Ng] < WyTip
and furthermore by standard arguments for Galton-Watson trees
EnllDy(v)1] < WoT1nl3 0

Hence, )
Enl1S;(0)1] <1+ Wyl n(Top + 101, (3.45)

which coincides with the bound Lemma 3.1.2 for the analogous quantity in G,.
Similarly, by a standard argument for multi-type Galton-Watson processes

EnlISp(v) 1] < Wy (Do + 1), (3.46)

which coincides with the bound from Lemma 3.1.4 for G.

For a fixed set of vertices V we can use Proposition 3.4.4 to couple the neighbour-
hood of v in G, to an intermediate tree T’ (v) up to level £ of each v € V. Together
these couplings satisfy

Pu( U Bev) 2 7))

veVv
1ﬂZ,n i ki
< v;(mn[nse(wnz]w + EnllISe@) [T + EnLISp ) 1 (ki + 3+ 5 ) ).
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3.4 Neighbourhood coupling

Bound the expectations of [|Sy(v)|| and [|Sy(v) |2 with Lemma 3.1.4 and the expecta-
tion of ||Sy(v)|l+ with Lemma 3.1.7 to further estimate the term by

< S W2+ Wy + 1)) Lon | S Wolyy,s sy + Wo Do+ D) ko

vev nd vev
+ > Wy +1) (K +i+k—")
v\U2n 1,n kn ne

veVv

r2n 1 kn
<I1Vlz— g + IVITn + 1VIT2n + 1) ( oy +K1n+Kzn+kn+E)

(3.47)

The definition of these coupled trees does not ensure that the trees are independ-
ent, because the same (coupled) individual may appear in several trees. But given
a family of intermediate trees the following procedure can generate independent
trees (Typ(v))yey.

We construct level » € {0,...,¥} of all trees (Tg(v))vey in the same step. During
our procedure we need to keep track of the individuals that we have seen so far.

Start by setting level 0 of each tree Ty(v) to just v.

Assuming that we have already explored all vertices at level ¥ — 1 in all trees, we
now use breadth-first search to completely explore level » of each T{;(v). Whenever
we encounter an individual in T{Z(v) that has not been seen before, it is copied
over to the appropriate T;(v) and added to the set of individuals that have been
seen. If the individual has been seen before, an independent Galton-Watson tree of
appropriate height with offspring distribution v is added in its position to Ty (v).

This procedure terminates with independent intermediate trees and the probab-
ility that T)(v) = Ty(v) for any v € V can be estimated by the probability that
any individual added during the process was seen before. Let S(v) be the set of
individuals in the intermediate tree T{f(v) for v € V and set $p(V) = Upey S).
Then |S;(V)| is the total number of individuals in all trees and ||S,(V)|| their total
connectivity weight. The type of a non-root individual has distribution v. Hence, the
probability that during the breadth-first search a particular non-root individual has
a type that has been seen before is bounded above by (cf. (2.2))

~ s Sp(V
Pu({Wizie Sp)}) < W

n
If we have that |Sy(V)| < k,, and [|Sy(V)| < ky, then the number of vertices whose
type was already seen is dominated by a binomial distribution with parameters k
and kyA; L. Let Z ~ Bin(ky, knA;') such that by Markov’s inequality

k2
P(Z=1) < A—”

n
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It follows that

Po( U {T)(v) 2 Ty(v)})
vevy

= [Py (at least one individual appears in more than one tree)
< Pu(Z 21,18y (V)| < kn, 1Se V)] < kn)
+ Pu(1Se (V)| > kn) + Pu(ISe (V) > kn)

2 ~ ~
ckn | EnlISe O EnllIS (V)]
An kn kn
_ka | Seev EnllSe(v)]] L 2vey [En[llsy(v)ll]
An kn kn

By (3.45) and (3.46) and >,y Wy = || V]l this can be bounded by

k2 L VI IV (T + DL V(G + 1)

A7n ko, (3.48)

This shows that we can turn a family of intermediate trees (T’ (v))yey into
independent intermediate trees (T(v))yey at small cost by replacing a repeated
individual and all its descendants by independent draws from vy,.

In particular we can switch the trees T’ (v) coupled to the neighbourhoods of v to
independent trees T(v). By (3.47) and (3.48) the couplings between By(v) and the
independent T (v) then satisfy

Pn( U {Be(v) 2 To(v)})
veV

< [P’n( U {Be(v) = Té(v)}) + Pn< U {T;(v) 2 Tg(v)})
veV vevV

I:
< VIl 2"wn Tin

1k
+ ||V||(r2n+1)€<W+K1n+K2n+ =)
n
5, VI VI Ton + D+ |V (T + 1)

An kn

Recall that A,, = n9T} . Then collect the terms for | V|2, | V] and | V| and estimate
terms very generously to obtain the bound

< IVl g + IV T2 + 1) (EHMHZM L +E>
v % ki
+VI+in + | |7+n9r1,n'
This finishes the proof. 0
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3.4 Neighbourhood coupling

The construction of the intermediate trees relies heavily on the connectivity
weights of vertices in G,. Since the empirical distribution of those connectivity
weights converges to a limiting distribution by assumption we now define (limiting)
trees that draw from this limiting distribution and show that those trees can be
coupled to the intermediate trees.

Definition 3.4.6. Fix a vertex v € V, and define a tree 7 (v) via a sequence of
random variables {(Wj, Nj) :i € ‘U}, where Wj is the type of individual i and Nj is its
number of children. The distribution of {(Wj, Nj) :i € U} satisfies

[ W@ = Wv al’ld N@ ~ POI(W’U)!

¢ all other (non-root) individuals i + @ have independent types and numbers of
children (Wj, Nj) with distribution

P((W;,Ni) € -) = P(W,N) € ),
where W ~ v and N ~ MPoi(W).
The tree structure on 7 (v) is then obtained recursively from A = {@} and
A =1{d,j):ie Ax_1,1 < j=<Nj} forkeN,k=1.

Ignoring the root, which differs from all other individuals, the structure of this
tree is given by a single-type branching process with a mixed Poisson offspring
distribution.

Note also that a underlying structure of the tree 7 (v) constructed as described
in Definition 3.4.6 has exactly the distribution T(W,,v) defined in Definition 2.2.2.

We now show that T(v) can be coupled to 7 (v). This coupling relies on the
coupling between v, and v that can be obtained because the Wasserstein distance
between the two measures is bounded by «;. Furthermore, the Poisson random
variables can easily be coupled once the vertex attributes are known.

Lemma 3.4.7. Let (Gn)nen be a sequence of rank-one inhomogeneous random graphs
that satisfies Assumption 2.2.1. Fix anyn € naturals. Let’V < V,, be a set of vertices
from Gy = (Vy, En). We can couple the intermediate trees (T (v))yey to the Poisson
trees (T (v))yeVy defined as in Definition 3.4.6 such that

Pu( U (7o) 2 7o) = Vil (g + 0+ D (G2 1 1))

Proof. We couple the types and number of children for each individual separately.

Since we can bound the expected number of individuals in the relevant trees, we can
then give a bound for the probability that the trees have a different structure.
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Clearly Wy = W = W, by construction, so the type at the root is the same in both
trees. By Lemma A.1.3 we can couple the numbers of children of the root such that

P (N = No) < En[ | 220, - W, |]
< En| 23 ~1|wy |
= woka[ | 7 1]
< Wvlrl,n_ 1|;

where we used Ay, = n9I1 , and Fp-measurability of all involved terms in the last
line.
For i # o first couple Wi ~ ¥, to W; ~ ¥ optimally according to the Wasserstein
distance, i.e.
EnlIWi — Wil] < otn,

where «, is F,-measurable and o, F 0. Then Lemma A.1.3 allows us to couple Nj

and Nj such that

P (Ni = Nj) < En[‘%Wi—WiH

An " "
< En[ | g — 1| Wi] + EnlIW; - Wal]
<|hmn- 1|[En[Wi] + Xp.

Since )
n n
- Wi W: 1
E, [ Wil = Wi— = e
n[ 1] i; lAn l; n91"1,n rl,n 2n

this implies

. I
Pn(Nj = Nj) < [T1n — 1|r2—'” T o,
1n

Recall that I} ,, = 37 'E,[W™ ] and assume that W™ ~ v, is coupled optimally
to W ~ v according to the Wasserstein distance. Then we have E,[W] = ¢ and

T — 1= 9 HNEQ W] — Ex[W]l < 97 ER[IW™ — W] < 97 Ly,

The tree structure of T(v) and T (v) is determined only by Nj and Nj, respectively.
In particular Ty (v) and T, (v) can only disagree if there is an individual i at level £—1
in Ty(v) whose number of children Nj is different from Nj. If we can control the
number of vertices in 7, (v), a simple union bound and the fact that the distribution
of Nj and N;j is the same for all i # @ can be used to bound the probability that the
coupling generates different tree structures. As in the proof of Proposition 3.4.4 we
will work conditionally on the previous level.
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Let S, (v) be the set of individuals in T, (v) and D, (v) = S, (v) \ Sy—1(v) the
individuals at level » € N. Let Gy be the o-algebra generated by Wj, W;, Nj, Nj up to
level .

For ¢ = 1 we have

Po(Ti(v) 2 T1(v)) < Py(Ng # Ng) < Wy lin — 1] < W 9 Loy,

For £ > 2 the coupling breaks if any of the individuals at level £ —1 creates a different
number of children. Since all individuals apart from @ have the same distribution
that is furthermore independent of other individuals (in particular independent
from those in a lower level), that probability of generating different tree structures
via this coupling is bounded by

L7, =1, i Prn(Te() 2 Tp() | Go_y)
= ]l{T[),l(v)ETgfl(U)}IPn< U {Nl * Nl} ’ gf—l)
iED[_l(U)
< > PaNi=Np)
ieDy(v)
<Dy 1 (V)P (Na) # Na))

T
< IDg_l(v)l(xn<9én + 1).
n

Now sum over the probabilities that the tree structure is different for the first
time at a specific level to find

Pn(Tp(v) 2 Tp(v))
¢
< Pu(Ti@) 2 1)) + 2, Enllig, )27, 0 Pu(Tr (0) 2 Tr(v) [ Gro1)]
r=2
< Wy 9 Yoy + EnllSp_1 (V)] — 1]0(11(91"1271

+1)

Tg
M/ 9 1 ”I -1 n
= v n 1/( 2 ) n(s'll,n )

In the second to last step we used that E[Nyz] = W, and that E[Nj] = [E[W] =
E[W2]/E[W] =T for i +# & to conclude

E[1Sp(v)|] <1+ Wy (L2 + 1),
Sum these bounds over v € V to finish the proof. O

With this lemma it is now possible to couple the neighbourhoods to the limiting
trees as claimed in Proposition 2.2.3. We restate the proposition in the notation of
this section.
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Proposition 2.2.3. Let (Gn)nen be a sequence of rank-one inhomogeneous random
graphs satisfying Assumption 2.2.1. Fix any n € N. Let V < Vy be a subset of
vertices of Gy = (Vyn, Eyn). Then for all £ € N the neighbourhoods around By(v) can
be coupled to independent limiting trees T (v) as defined in Definition 3.4.6 such that

Pn( U (Bo(w) 2 To(v)})
vevV

I:
<1Vl 2" + 1V II+Tin

2+7T k
+ IIVII(an + l)g(ﬁ i Ko S )
+ |V|— iy 1Vilew (g + (T + D (9r1n +1))
for all sequences (ky)nen S (0, ).
Proof. This is a direct consequence of Proposition 3.4.5 and Lemma 3.4.7. O

3.5 More complex couplings

This section collects a few additional more specialised coupling results for the
weighted inhomogeneous random graph G, that follow directly from Proposi-
tion 2.2.3 for the unweighted model G,. These results are extensions of lemmas
shown by Cao [Cao21, § 6] for Erd6s-Rényi graphs.

The following is just a reformulation of Proposition 2.2.3.

Lemma 3.5.1. Fix¥ € N and let 'V < V,, be a set of vertices vertices. Then there is a
coupling ((By(v,Gn), Tp(v))yey) such that the Ty(v) ~ Tp(Wy, V) are independent
limiting trees with

Pn(By(v,Gpn) = Tp(v) forallv € V) =1 —n, V),

where

Nne(V) = IIVllz 5 IV,

+||'V||(r2n+1) <n9 + Kin + Kon + K +E>
— k2 1 £-1 Ion
+|V| o 9r1n+w”“”(§+(r2+1) <m+1))

Lemma 3.5.2. Fix { € N and let 'V < Vy, be a set of vertices vertices. Then there
is a coupling ((Bp(v,Gyn), Tp(v))veyv) such that the Ty(v) are independent with
distribution Ty (Wy, v, Ug, uy) and

Pn(Bp(v,Gn) = Tp(v) forallv e V) 21— g, ¢(V),
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3.5 More complex couplings

where
Ent(V) = Nu oY) + IV + IV + D) (drv(pen, HE) + drv By n, pv))
with ny, p(V) as in Lemma 3.5.1.

Proof. Apply Lemma 3.5.1 to couple ((By(v,Gyn),Tp(v))yey) such that the Tp(v)
are independent with distribution Tp(W,,v) and

Pn(A) = Pu(Bp(v,Gyn) = Typ(v) forallv € V) =1 —ny o (V),

where A is the event that By(v,Gy) = Typ(v) for all v € V. This provides the
coupling of the underlying graph structure. It remains to also couple the edge and
vertex weights.

For each edge e € Vy(lz) couple w,, the weight in G, to w,, such that P, (w, *
We) = drv(UEm, UE). Similarly, for each each vertex v € V, introduce a coup-
ling (wy,wy) such that Py (wy # wy) = drv(pyvn, 4y).

Let EE be the event that there is an edge e in any of the Byp(v,Gy) such that w, #
.. Similarly let EV be the event that there is a vertex u in any of the By (v, Gy,) such
that wy # w,. On the event A we have that By(v, Gy) and Ty(v) are isomorphic, so
that we can reformulate Ef and EV in terms of edges or vertices in Tp(v). Let Syp(v)
be the set of vertices in Tp(v). Since a tree with n vertices has n — 1 edges and
the Ty (v) are trees, the number of edges and vertices that are relevant for EE and EV
can be bounded by >, cv[Sp(v)].

In particular the same calculation as in Lemma 3.4.7 implies

Pu(ANEE) < > EnllSe(v)1d1v(UEn, HE)
veV

(VI + 1 VIT + 1) dry (e n, uE)

IA

and
P, (ANEY)

IA

> EnllSe)1dry(py,n, ty)
veVv

(VI + 1 VIT + D dry (v, uy).

IA

On the set A couple By(v,Gy) to Tp(v) by assigning edge weight w, to the edge
isomorphic to e and vertex weight 1w, to the vertex isomorphic to v in Ty(v)
resulting in Ty(v) ~ Tp(Wy, v, ug, uy). This coupling satisfies

P, (Bp(v,Gy) = Ty(v) forall v € V)
> Pn(A) — Pn(A N Ep)

>1 -1y eV)=(VI+ VI + 1)'€)(dTv(uE,n,uE) +drv(Hvn, Uv)).

This proves the claim. O
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Indeed the coupled tree structure of the neighbourhood of a vertex v can be
manipulated slightly to be independent of a vertex e’ = {u’, v’} which does not
emanate from v. In essence we rerandomise the relevant edge and bound the
probability that it actually occurs in the neighbourhood.

Lemma 3.5.3. Letv € V,, be a vertex in G, and lete’ = {u’,v’} € V,(f) be an edge
with endpoints distinct from v. Given a coupling

(Bp(v,Gn), Tp(v))
of Bp(v,Gy) with Typ(v) ~ Tp(Wy, v, Ug, uv) that satisfies
Ene({v}) 21 = Pr(Bp(v,Gn) = Ty(v))

it is is possible to couple (By(v,Gy), Typ(v)) such that Ty(v) is independent of Yo,
where Yo = (X¢, X,/), and

Wv (Wv’ + Wu’)
ng

Pn(Bp(v,Gn) = Tp(0)) | Yo) 2 1= (gn0({v}) + C (L + 1Y),

Proof. Let X"’ be a copy of X that is independent of everything else, in particular

independent of (X, W) and (X', W’). Let G,, be the weighted graph obtained from G,

by replacing X, with X éf. Based on the initial coupling, couple (By(v,Gj},), Tg(v)),

where T;(v) ~ Ty(W,,V, ug, uv). By construction By (v, G,,) is independent of Y,

so we may pick this coupling in a way such that Ty(v) is independent of Y, as well.
Moreover,

Pn(Bp(v,Gp) = Tp(v) | Ye)
> 1 - (Pu(Bp(v,Gn) % Bp(v,Gy) | Yor) + Pn(By(v,Gy) 2 Tp(v) | Ye))

By construction By(v,G);) and T,(v) are independent of Y/, so by assumption
Pn(Bp(v,Gy) 2 Tp(v) | Yer) = Pu(Bp(v,Gy) 2 Tp(v))
<& e({v}).

Finally, G;, is independent of Y.’ and differs from G;, only in e’. Hence, By(v,G),)
can differ from By(v, Gy) only if e’ is present in one and not the other. Thus a rough
estimate yields

[P)n(B#(v,G;i) %B,L’(U,Gn) | Ye) < [Pn(e, € BB(U,G;{)) + [P)n(e, € Bé(v,Gn) | Xer).
By Corollary 3.1.16 the first term can be bounded as follows:

Wv (Wu’ + Wv’)

t
n9 (Ion +1)°.

Pn(e’ € Bp(v,G))) <
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3.5 More complex couplings

For the second probability note that since e’ can only be present in the neighbour-
hood if one of its vertices u” or v’ is present in the neighbourhood in its own right,
i.e. when e’ itself is ignored, we have by Corollary 3.1.15 that

Py (e’ € By(v,Gy) | Xer)

<P,(v' € Bp(v,Gp —¢€')) + Py(u’ € Bp(v,Gy, — €'))
Pn(v' € Bp(v,Gy)) + Pp(u’ € Bp(v,Gy))
< Wy Wy + Wy)
B no

IA

(Do + 1Y

Together the last inequalities show the claim. O

Similarly we can find a coupling for the effect of flipping the edge e = {v,u}
between v and u and another edge e’ = {v’,u’} that does not have any vertex in
common with e on the neighbourhood of v.

Lemma 3.5.4. Fix two vertices v and u and set e = {v,u}. Lete' = {v',u’} be
another edge with vertices distinct from u and v. Given a coupling

with independent Typ(v) ~ Tp(Wy,v,ug,uy) and Typ(u) ~ Tp(Wy, v, ug, uy) that
satisfies

Ene({u,v}) 21 - Pp(Bp(v,Gn) = Tp(v),Bp(u,Gyn) = Typ(u))

it is possible to couple (By(v,Gyn), Bp(v,G%), Tp(v), T)(v)) such that

(To(w), T5 () | (Ye = (1,0), Yer) 2 (Ty, Tp),
(To(), TS () | (Ye = (0,1),Ye) 2 (Ty, Ty),
\:vhere Ye = (Xe,X,) and Yo = (Xg',Xé,) aswell as Ty ~ Tp(Wy, v, ug, uy) and T,g ~
Tp(Wy, Wy, Vv, ug, uy). Furthermore,
Pn((Be(v,Gn),Bp(v,Gy) = (Tg(v),Tj(v))) | Ye, Yer)

>1- (en,e({u,v}) + 2d1v(UE N, UE)
WuWy + (Wy + Wy) Wy + Wy)

C
* ng

(2.0 + 1)%).

Proof. Let (W"”,X"") be a copy of (W,X) that is independent of everything else.
Let G;, be the weighted graph obtained from G, by replacing X, with X;" and X,
with X. Based on the initial coupling, couple By (v, G;,) with T'é (v) and Bg-1(u,G),)
with T, (u), where T, (v) ~ Tp(Wy, v, ug, pv) and T, (u) ~ Tp(Wy, v, U, py) are
independent. By construction By (v, G;,) and By_;(u,G),) are independent of Y,, Y,
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so we may pick this coupling in a way that T/ (v) and T),_, (v) are independent
of Y, Y. as well.

For brevity write By = By(v,Gy) and Br'g = By(v,GY,). These neighbourhoods can
be constructed from the smaller neighbourhoods of v and u on G,, — e if we take into
account X, and w, or X, and w; as required. That is to say there is a function ¥ that
describes the procedure of possibly ‘gluing together’ the smaller neighbourhoods
(see Fig. 3.6) such that

By =Y(Bp(v,Gn —e),Bp_1(u,Gy — e), Xe, W)
Bé = ‘II(BE(le’I’l - e),Bﬁ—l(uyGn - e)’Xé’w(;)

() B3(v,G) (b) B3(v,G —e) and By (u,G — e)

Figure 3.6: Illustration of the gluing procedure. The neighbourhood B3 (v, G) can be
obtained by combining the two neighbourhoods B3 (v, G—e) and B2 (1, G-
e) that cannot use e and information about e.

Let (w,,w},w.,w,) be a coupling independent of everything else that satis-
fies we, w, ~ UEn, We, W, ~ UE as well as

Pn(we #+ We) < drv(Ugm, ug) and Py (w, + w,) < drv(UEn, UE).
Then define

Tf(v) = \Y(Tlgl(v)’T/éfl(u)lxe’ we),
T;(U) = \I](T/é(v)’TZ,I(u)rX(;!wé)

Conditionally on Y,, Y.’ the pair (Tg(v), Tj(v)) has the desired distribution.

Let Eg be the event that By(v,G;,) and By_;(u,G),) share a vertex. On the comple-
ment of Ey it is possible to join By(v,G;,) and By_; (u,G;,) at the edge e to obtain a
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tree provided both By(v,G;,) and By_; (u,G;,) are trees. Then

Pn((Bg,By) = (Tp(v), T9(v)) | Ye, Yer)
> Pn(Bp(v,Gy) = T (v),Bp_1 (u,Gy) =T, (u))
- |]:Dn(EO)
- [P)n(Bﬂ(v,G;{) + B#(U,Gn —e)|Ye,Ye)
— Pn(Bp_1(u,Gy,) # Bp_1 (U, Gy — €) | Ye, Yer)
— Pn(We #+ We) — Py (W, + w,).

(3.49)

By assumption
Pn(Bp(v,Gy) = Tp(v),Bp1(u,Gy) = Typ_1(u) =1 — &, p({u,v}).
Furthermore, By(v,G;,) and By_;(u,G;) share a vertex only if there is a path
from v to u of length at most 2¢ — 1. Hence, Corollary 3.1.14 implies

Wy W, -
myou (LURS Dl
nd

Finally, G;, is independent of Y, Y- and differs from G, only in e and e’. Hence,
the neighbourhood By (v, G;,) can differ from By(v, G, — e) only if e is present in
the former or if e’ is present in one and not the other. Thus

Pn(By (v, G;{) + Bp(v,Gp —e) | Ye,Ye)
<Pn(e € By(v,Gy)) + Pn(e’ € Bp(v,G,)) + Py(e’ € Bp(v,Gpn —e) | Xer).

[P’n(E()) < [P)n(’U “wop 1 ’U) <

For the first term note that e is present in By(v, G;,) if and only if v is connected

to u via e, i.e.
144 144 W W
Pn(e € Bp(v,G)) = Ex[X,)'] = ﬁ.
For the second term we we can apply Corollary 3.1.16

Wy Wy + Wy)
ng

The third term contains a conditioning which can be removed as follows. Since e’
can only be present in the neighbourhood if one of its vertices u’ or v’ is present in
the neighbourhood in its own right, i.e. when ¢’ itself is ignored, we can drop the
conditioning on X,’, so that by Corollary 3.1.15

Pn(e’ € By(v,G))) < (T + 1)L,

Pn(e’ € Bp(v,Gp —e) | Xe)
<Pn(v' € Bp(v,Gy — {e,e'})) + Py(u’ € Bp(v,Gp, — {e,€'}))

< [Pn(v, € Bx(v,Gpn)) + Pn(u, € B#(U,Gn))
< Wy Wy + Wyr) (Do + 1){)_
n9 ’
The remaining terms can be treated similarly. Putting everything together, this
shows the claim. O
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The result from Lemma 3.5.4 can be slightly simplified by dropping the condition-
ing on e’.

Lemma 3.5.5. Fix two vertices v and u and set e = {v,u}. Given a coupling

with independent Typ(v) ~ Tp(Wy, Vv, ug,uy) and Tp(u) ~ Tp(Wy, v, ug, uy) that
satisfies

Ene({u,v}) =21 = Pr(Bp(v,Gn) = Tp(v),Bp(u,Gy) = Tp(u))
it is possible to couple (By(v,Gyn), Bp(v,G%), Tp(v), T%(v)) such that
(To(), T()) | Ye = (1,0) 2 (T, Ty),
(To(), T () | Yo = (0,1) 2 (T, Ty),

where Yo = (X, X,) and Ty ~ Tp(Wy,v,ug, pv) and Tp ~ To(Wy, Wy, v, ug, ty).
Furthermore,

Pn((By(v,Gn),Bp(v,G5) = (Tp(v), T5(v))) | Ye)

WuW.
=1~ (en,0(1, 0}) + 2d1v (Mg, HE) + Cirg ™ (Do + 1)),

Proof. Replicate the steps of the proof of Lemma 3.5.5, but do not modify the graph
at ¢’ and do not condition on Y,'.

In particular the probabilities in (3.49) are only conditioned on Y, and not on Y,.
The relevant conditional probabilities on the right-hand side can then be estimated
as

Pn(Byp(v,G,) #+ Bp(v,Gp — e) | Ye) < Pp(e € Bp(v,Gy))
< EnlX]']
_ Wy
- n9
and

Pn(Bp_1(u,Gy) # Bp_1(u,Gp — €) | Ye) < Py(e € Bp_1(u,Gy,))
< EnlX]']
< W”WU.
ng

Putting these results together we obtain the claimed bound. O
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Proof of the Main Result

The proof of Theorem 2.3.5 is based on the perturbative Stein’s method. We will
follow the approach used by Cao [Cao21, § 5] for the case of the (homogeneous)
Erd6s-Rényi graph. The same general strategy of combining the perturbative Stein’s
method with local approximations of the problem was also used by Chatterjee and
Sen [CS17; see also Chal4, § 4] to show a central limit theorem for the minimal
spanning tree in Euclidean space R4 and the lattice Z4 for dimensions d > 2.

Before we start with the proof, we will give a brief introduction to the perturbative
approach to Stein’s method.

4.1 Perturbative approach to Stein’s method

This short introduction to Stein’s method follows Chatterjee [Chal4], who formu-
lated a (generalised) perturbative approach to Stein’s method [first presented in
Cha08] that is particularly suitable for applications to random graphs. We will not
prove any of the results in this section, the proofs can be found in Chatterjee’s
survey paper [Chal4].

Stein’s method [Ste72] was developed with the aim of finding explicit bounds for
the error in the normal approximation to the distribution of a random variable. The
underlying inspiration for the method is the observation that the only distribution
satisfying the equation

E[Zf(Z)] = ELf'(2)]

for all absolutely continuous f with derivative f’ (existing almost everywhere) such
that E[|f'(Z)]] < o is the standard normal distribution.

Since the standard normal distribution is the unique solution to this distributional
equation, one can hope that a random variable W that satisfies this equation ap-
proximately is itself approximately normal. Stein makes this intuition rigorous as
follows.

Let g: R — R be a measurable function and consider the differential equation

S (x)—xf(x)=g(x)-E[g(2)] (4.1)

for functions f: R — R where Z is a standard normal random variable. Stein showed
that if g is bounded, then there always exists a bounded solution f,; of (4.1). Hence,
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taking expectations we have for any random variable W and bounded measurable
functiong: R - R

ElgW)] - Elg(2)] = ELfg(W) =W fg(W)].

This means that the expectation of g(W) is close to the expectation of g(Z) if W is
close to satisfying the distributional equation E[W f(W)] = E[f"(W)] for f = f4. To
translate this observation into bounds for the distance of W to a standard normal
distribution note that the supremum over a certain class of functions G on the
left-hand side can be estimated by the supremum over the solutions f; for g € G.
In particular if we can somehow characterise to which class of functions F the
solutions f; belong, we can simply bound the supremum over G on the left-hand
side by the supremum over ¥ on the right-hand side.

We can use this idea to bound the Kolmogorov distance between W and a standard
normal distribution.

Proposition 4.1.1 [Chal4, Prop. 1.1]. Let D be the set of all functions f: R — R that
are twice continuously differentiable with | f(x)| <1, |f'(x)| <1 and |f"(x)| <1
for all x € R. Let Z be a standard normal random variable and W any random
variable, then

1/2

sup|P(W < t) - P(Z < 1) | < 2(sup [ELF' (W) - WF(W)]])
teR feD

One way to show that the right-hand side is indeed small for a given W is the
method of exchangeable pairs [Chal4, § 2; see also Ros11, § 3.3]. In this method
we couple W to another random variable W’ with the same distribution so that the
vector (W, W') is exchangeable. If this pair additionally satisfies

G E[W —W | W] =-AW,
) E[(W —W)2 | W] =2A+o0(A) and
(iii) E[|W’ —WI[3] =0(A),

a small calculation shows that E[f' (W) — W f(W)] = o(1), so that the right-hand
side becomes small.

We mention briefly how this would work in the ‘standard’ central limit theorem
setting.

Example 4.1.2. Let Xi,...,X, be independent random variables with E[W;] = O,
E[W?]=1and E[|X;[*] < 0. Weset W = n~1/237" | X;.

Then we can obtain an exchangeable pair via resampling. Let X7, ..., X, be an inde-
pendent copy of Xi,..., X, and I be an independent uniform choice from {1,...,n}.
Then (W, W’) = (W, W —n~Y2(X; — X;)) is an exchangeable pair that satisfies the
additional assumptions (i) to (iii) for A = 1/n.
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The idea of the generalised perturbative approach to Stein’s method generalises
the resampling approach to obtain exchangeable pairs. It can be summarised
as saying that if small perturbations or resamplings of a random variable are
approximately independent, then the random variable is approximately normal. We
make these notions of perturbation and approximately independent more rigorous
in the following.

Let X be a measure space and suppose X = (Xi,...,Xy) is a vector of in-
dependent X-valued (not necessarily identically distributed) random variables.
Let f: X" — R be a measurable function and set W = f(X). Suppose that E[W] =0
and E[W?] = 1.

Let X' = (X},...,X},) be an independent copy of X. Let [n] = {1,...,n} and for
each A c [n] define the perturbed or resampled random vector X4 as

A [Xi dfiea,
LT X ifie A

We will write X' instead of X'# and XAV! instead of XAV},
Define a ‘randomised derivative’ of f along the i-th coordinate as

Aif = f(X) - f(X)
and foreach Ac[n]andi¢ A
AifA = FXA) = f(XAY.
Foranyi € [n]and A c [n] )\ {i} define
b
()

For a fixed i € [n] this defines a probability measure on the subsets of [n] \ {i}. Set

v(A) =

T=23 S vAASASA

i=1 Ac[n]\{i}

With this notation, the Kolmogorov distance between W and a standard normal
random variable can be estimated by controlling the (co)variance and third moment
of the randomised derivative.

Theorem 4.1.3 [Chal4, Thm. 3.1]. Let W be as before and Z be a standard normal
random variable. Then

n 1/2
sup|P(W <t) - P(Z <t)| < Z(N/Var([E[T | W) + % > [E[IAif|3]>
i=1

teR
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On first glance the variance term on the right-hand side of the previous theorem
might look a bit daunting. The following corollary simplifies the right-hand side to a
simple sum of bounds for covariances.

Corollary 4.1.4 [Chal4, Cor. 3.2]. In the setting of Theorem 4.1.3 suppose for each i, j
there is a constant c;; such that for all A < [n]\ {i} and B < [n]\ {j}

Cov(AifALfY A FAFB) < cij.

Then
n 1/4 n 1/2
supl[P’(Wst)—IP(Zst)ls\/?( > Cij) +(Z [E[|Aif|3]> :
teR i,j=1 i=1

Example 4.1.5. As a simple application of this result consider the classical central
limit theorem (with the assumption of existing fourth moments).

Let X1,..., Xy be ii.d. random variables with E[|X;]*] < o, E[X;] = 0 and [E[Xlz] =
1. Let X1,..., X;, be an independent copy of Xi,..., Xn.

Define W = f(Xj,...,Xn) =n~ /23" | X;, thenforany i € [n] and A c [n]\ {i}

1 4
ﬁ (Xi — Xi ).

In particular for i, j € [n] and A < [n]\ {i}, B < [n]\ {j}

AifA = f(XA) - F(XAYY) =

CovALF A, A fALFP) = =5 Covl(X; = X2, (X, = X))P).

Since we assumed that the X; are i.i.d., the covariance on the right-hand side is zero
for i + j and can be bounded by a term involving fourth moments of X; for i = j. In
particular we can find c;; so that >;; ¢;; is of order o(m™1h.

Similarly, in

ELAP] = —ElXi - X1°]
the expectation on the right can be bounded by a term involving third moments
of X;. This implies that the sum >; E[|A;f|3] is of order O (n~1/2).

This shows that both terms on the right in Corollary 4.1.4 are of order O(n~1/#)
and thus the convergence of W to a standard normal. This rate of convergence
of order n~1/# is suboptimal, since the Berry-Esseen theorem guarantees a rate
of n~1/2 in this case [Ber41].

We now adapt Corollary 4.1.4 to our setting. Recall that 05 = Var, (f(Gy)).

Lemma 4.1.6. If there exists a function f: V,(f) U Vy — R such that for all x,x’ €

7(L2) U Vi we have

Tt CoV(AX fAXfE, A fA fF) < c(x,X")
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4.2 Straightforward moment and covariance bounds

forall F (V,(f) UV \{x}, F < (\/}(42) U V) \ {x'}. Then we have

Sup|Pu(Zn < t) — ®(t)|
teR

< \/5( > c(x,x’))l/4 + 053/2< >, [E[|Axf|3])

x,x’evy(LZ)uV,1 xev,(f)uvn

172 4.2)

Proof. Apply Corollary 4.1.4 to G, interpreted as a sequence of independent random
variables ((Xey We) oy @y (Wo)vevy,) and the function o, ' (f(x) — E[f(Gy)]). O

Theorem 2.3.5 can now be proved by finding a suitable function ¢ and bounding
the two sums in (4.2). In particular we need to identify bounds for c(x, x") for all
possible combinations of edges and vertices. This is what we set out to do in the
remainder of this chapter, which can broadly be split into two parts. The first part
is dedicated to identifying straightforward bounds for ¢ and Ay f. The second part
of the chapter examines bounds for ¢, where we make use of the fact that edges and
vertices that are not incident to each other are weakly correlated.

4.2 Straightforward moment and covariance bounds

The second sum on the right-hand side of (4.2) does not involve ¢ and is easily
bounded after separation into vertex and edge sums

> EallAxfPl= 3 EnllAcf1P1+ > EnllAufIP].
xeViP uvy, ecv® VEV,
Lemma 4.2.1. Under the conditions of Theorem 2.3.5
S EnllAcf 1] < 2091, J°.
ecv?

Proof. Use the estimate (2.9) for |A.f] to find

EnllAef 1] < Enl1maxix, xi3 =13 HHE (We, Wi, wo, wy) 2],

Note that the first term depends only on the collection of edge indicators X and X’
and the second term on the weights w and w’. Since these collections are independ-
ent, the expectations factor to

= Pp(max{X,, X;} = 1)En[|Hg (we, Wy, wy, wy)|?]

< (Pp(Xe = 1) + Pn(X, = 1) Enl |H (we, wy, wy, wy) %12,
Now use the definition of X, and X, as well as the moment bound (2.6) for Hg to
bound these terms by

Wqu 1/2

<279 JE
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Chapter 4 Proof of the Main Result

Hence, summing over all edges or combinations of two vertices we obtain
WuW.
> EalldefP1= Y 27tot
ecEy u,vevy n
1 2 12
<2n9(—o 3 W) Jp

uevy

< 2n91,J;°.

The claim follows. O
The vertex sum can be treated analogously.

Lemma 4.2.2. Under the conditions of Theorem 2.3.5

> EnllaufPl<Jy? S )

veVy veVy

Proof. By the bound (2.10) on |A, f1,
EnllAy f13] < En[(h(ID1(v) ) Hy (wy, wy))3].

The first term depends only on X, the second term only on w and w’. By independ-
ence these terms factor, so that with the bounds (2.7) and (2.8) for moments of Hy
and h(|D;(v)|) we obtain

< En[h(ID1 (V) )3 ]En[Hy (wy, w;,)3]

= Cn(v)3/4.]\l//2-

Summing over v we obtain

> EnllAufPl < VP 3 Tav)¥4

vevy veVy
The claim follows. O

It remains to identify a suitable function ¢ bounding the covariances of the
randomised derivatives such that the sum over all vertex-edge combinations has a
rate that still allows for the desired convergence.

The O (n?) ‘diagonal terms’ c(e, e) are relatively easy to bound; and a bound of
order O (0,;#n~1) is sufficient to ensure the desired convergence.

Lemma 4.2.3. We may take

Wy W, Wy W, Wy W.
=4 Wurv . u'vv 2/3 —4,~72/3"utv
cle,e) =0, e (mm{ 9 ,1}+1)]E <0,°CJg e

for the edge e = {u,v}.
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4.2 Straightforward bounds

Proof. We will show

At 1) 087,

WuWU( ; {Wqu

Covin (AefAefT, Ao fAfF) < s s

which immediately implies the claim.

In a first step we apply the Cauchy-Schwarz inequality to obtain separate ex-
pectations, we then note that A.f, AofF and A.fF have the same distribution.
Hence,

Enll(Aef)?AefFAcfF ]
< Enl1Ae fIA 1Y 2Enl A fE AT A BRI A fF 14114
= [En[|Aef|4]-

We now proceed as in Lemma 4.2.1 with the bound (2.9), independence and finally
(2.6) to estimate this term by

< [En[]l{max{xe,xé}:l}HE(we,wé,wv,wu)4]
< Pp(max{Xe, X} = 1) En[Hg (e, wj, wy, wy)?*]

WuWy } 2/3
, 1 .
n9 JE

< 2min{

Similarly,

EnllAefAcfTI] < EnlAef 121V 2Enl A fEI211/2
= [En|Aef|2]

< Pp(max{Xe, X;} = 1)EnHE (We, W), Wy, wy)?]

< 2min{W;ngV“ SYVES

The same bound holds for Ae fAefF

' . (W W
EnllAefAef™] = 2min] =1, 1175,

Putting all this together we get

COVn(AefAefF: AefAefFI)
< |EnlAcf Do fF Do fAefF 1 + En[Acf Do fF1ER[Aef A fF
< Enl| (Aef) 2D fFAST |1+ EnllAcf Do fENER[IAf Ao fT 1]

< CWZZ*VU (min] W;‘LE/” 1} +1) 2"

as claimed. O
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Chapter 4 Proof of the Main Result

An analogous result can be shown for the pure vertex combination. Here c is of
rate O(o,;*) and there are O (n) many terms.

Lemma 4.2.4. We may take
c(w,v) = 0,4 CI (V)
for each vertex v.

Proof. The proof proceeds as the proof of Lemma 4.2.3. We will show
Covn (A fAu £, Ay f AL fT) < CIYPCn(v)

to prove the claim.
As in Lemma 4.2.3 we first apply Cauchy-Schwarz and use that Ay f, Ay fF
and A, fF' have identical distribution so that

Enll(Ay f)?Au fE AL FF]
< EnllAy fIATYPEnl A fEIF TV AEL LAy fF 14114
< [En[|Avf|4]-

By the reasoning from Lemma 4.2.2 with the bound (2.10) for |A, f|, independence
and the bounds (2.7) for Hy and (2.8) for h(|D;(v)|) this term can be estimated by

< Ex[h(ID1(v))*Hy (wy, w;,)?]
< 1),
In exactly the same way we show
Enl1AyfAufFI1 < Enl1Ap fIPTY2Enl 1Ay fF 1212 < 133 C0 ().

and
EnllAvfAufE 1] < JH3C0 ()12,

Together this bounds the relevant covariance by
Cova (Au fAuFE, Ay FALFT)
< [En[Au fAuFEAF A FE T + 1En[Av f A FFIER[ A A fF
< E[[(Av )% Au FEAGFE 1T + EnllAv f A FFNERT AL F AL FE 1]
< P2 + NPT () VA - P () 1A
< CIY T ()12,

This proves the claim. O
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4.2 Straightforward bounds

For the O (n?) mixed terms involving a vertex and an edge emanating from that
vertex we obtain an order of O (o, 4n=1).

Lemma 4.2.5. We may take

Wu WU

cle,v) = o tc2Y g3 g3, ()14

for any vertex v and all edges e = {v,u} emanating from v.
Proof. We will show

Wu Wv

Covn (Ao fAefE, Ay fALfE) < CTETY T3 132, (v)14,

The claim then follows.

Again, the proof follows along the lines of the proofs of Lemmas 4.2.3 and 4.2.4.
The first term, however, needs a little more attention, since we do not want apply
Cauchy-Schwarz immediately, because that would leave us with an exponent 1/2
that we cannot remove easily.

By the bounds (2.9) and (2.10) for A, f and A, f we have

Enl|AefDef" Ay fAufF ]
= [EnH]l{maX{Xe X} = l}HE(we, we, Wy, Wy) HE (We, we, wy; )

h(IDl(v)I)Hv(wv,wv)h(lDf (v))Hy (wy, wy,) 1.

Collect terms that depend on the edges X, X’ and the weights w, w’ and use their
independence to bound this term by

< Enl 1 jmaxix, x21 <131 (ID1 () DRADY (v) )]

En[Hg(We, w), wy, wy)Heg (e, wj, wh, wh)Hy (wy, w))?].

Recall Definition 3.1.18 and estimate h(|Dy(v)|) against h(lDi“)(v) + 1), which
ignores the edge e = {u, v}, to create independence from X, and X,

< Enl 1 maxix,xsy-13 (R(IDY (0)]) + 1D (R(DMF (0)]) + 1))
En[Hg (We, Wy, Wy, Wy ) He (We, wy, wh, wh) Hy (wy, w)?].

Use the independence of X,, X, from Di”) and D§”)'F', judiciously apply Cauchy-
Schwarz and then use that G,, and Gl have the same distribution to find the bound

< Py (max{X,, X,} = D)Ex[(h(ID™ (v)]) + 1)2]
[En[HE(we,we,wv,wu) ]1/4[E [HE(we,we,wg,wu ]1/4
[En[HV(wv,wv) ]1/2.
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Chapter 4 Proof of the Main Result

With (2.6) to (2.8) this term is further bounded by

_CWUW"§ (v )1/411/311/3

Putting this together with the bounds shown in the proof of Lemmas 4.2.3 and 4.2.4
we obtain

COVn(AefAefF: Av’fAv’fP)
< [EnlAef Ao fF Ay fAW FE I+ En[Aef Ao fF1ER[ Ay fAy FF I

< Enl1AefAefEAY FAy FE 11+ EnllAefAe fENER[ Ay fAL fF ]
—CWquC (v)l/4l 1/3 1/3+211/3Wqu11/3§ () /4

Wqu 1/3 1/3 1/4
<C———
n9 En(v)

This proves the claim. O

The same general strategy can be used for the O(n3) edge pairs sharing one
vertex. The resulting bound is of order o,;*n~2 and is thus sufficient for the desired
convergence.

Lemma 4.2.6. Lete = {u,v} ande’ = {u,v'} be two edges in Vy(lz) that share exactly
one vertex. Then we may take

, _ Wy, W,
cle,e') = o, CwW? ;n’éjzﬁ.

Proof. As previously we bound

Covin (Ao fAefE, Aot fOre FE).
As in Lemma 4.2.5 we first apply the bound (2.9) for A, f so that
EnllAef Do fAefFAer 1]
< EnlTmaxix,,x¢1=13 L gmaxix,, X, =1
Hg(We, w,, wy, wy)Hg (we, w,, wh, wh)
He(w,, we,,wv',wuf)HE(wef,we,,wv,,wu:)].
Since X,, X;, X.’ and X, are independent from each other and from the weights w
and w’, this expectation factors and we can apply Cauchy-Schwarz to find the bound
< Pp(max{Xe, X,} = 1)Pp(max{Xe, X, } = 1)
En[Hg(We, Wy, Wy, wy) ]”4[En[HE(we,we, wi, wh)*H*

EH[HE(welswg'le,!wul) ]1/4[E7’l[HE(we/swe'lwv”wu’) ]1/4
Wqu Wqu’ 2/3

=4 n n9 °F
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4.3 Sparsity-based covariance bounds

From the proof of Lemma 4.2.3 we have directly that

Wqu 1/3

1% Wy
[En“AefAefF” <2——Jg N

and En[|Ay fAy fF|] < 2282 173,

These estimates together show
Cova (e fAefF, Aer f A )

< [EnlAcf Do fF Ao fAe FE 11+ |Enl Ao fAe fT1ER[ A f O FF

< [En[mefAe'fAefFAerfF’u + Enl1Ae fAe fEITER[I Ay £ £F 1]

1% WW Wy W,
_4W5 v J2/3 u vJ1/3 u vJ1/3
n9 ng
Wy Wy

2 Woy Wy’ 22/3
<CWy- g~ gJi

This proves the claim. O

4.3 Sparsity-based covariance bounds

In this section we will find bounds for ¢ for the remaining cases in which the
vertices and edges that are involved are not incident to each other. The mainly
Cauchy-Schwarz-based approach of the previous section would not give the desired
convergence rates here. We rely on property GLA (Assumption 2.3.2) and the
coupling to the limiting Galton-Watson tree Definition 2.2.5 to bound the effect of a
local change on the function by a local quantity. Property GLA and the coupling to
the limiting tree structure ensure that the approximation error of using the local
quantity goes to zero. The sparsity of the underlying graph ensures that local
quantities are only very weakly correlated (cf. Lemma 3.2.5).

In our calculations we will use the following multi-purpose error term that absorbs
the probability of various additional coupling events and the covariance bound for
local neighbourhoods.

Definition 4.3.1. Let n, k € N. For any set of vertices V c V,, set

A% V]2
(V) = {(II ||n+9| D)

Recall the definition of &, x (V) from Lemma 3.5.1 and Lemma 3.5.2

(Tin + D2 ([Top + O Ty + 1)2, 1}.

enk(V) = IIVllz o IV,

+|W||<r2n+1> (n9+xln+xzn+ o
+|V|—+ ki +||V||o<n( +(r2+1)’<*1(r2—’”+1))
9r1n 9'].—‘1’11

+ (IVI+ 11V + DX (drv (g n, tE) + drv(py,n, 1y)).
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Chapter 4 Proof of the Main Result

4.3.1 Edge-edge case

We will now bound c(e,e’) for edges e = {u,v} and e’ = {u’, v’} with all distinct
vertices. There are O (n*) of these edge pairs and a c(e,e’) of rate O(o,;*n=?) (as
in the previous case) would result in a convergence rate that is slightly worse than
the rate that can be obtained by exploiting that with high probability the two edges
do not influence each other. The remainder of this subsection is therefore dedicated
to showing the following proposition.

Proposition 4.3.2. Lete = {u,v} and e’ = {u’',v’} be two edges in Vy(f) with all
distinct vertices. Then we may take
WuWy Wy Wy
N —4 utvo Wy Wy
cle,e') =0, nging 9

+ ek (fu,v,u', v DY+ (Qu, v, u/, v )Y,

(mE (v, w)sp)1% + (mE (', u")sh)1?

We will prove this result via the coupling to the limiting tree. In order to do this
properly, we need to introduce some notation.
Let Ep be the event that both By (v, Gy) and By (v, GS,) are trees and let

be the event that e is switched by going from X, to X;. Define
LE(e) = 15,14, LAY (Bk (v, Gn), B (v, GE)).

Let Q(-,y): R — [y, y] be the function truncating x to level y > 0, i.e.

-y X <-y,
Q(x,y) = max{min{x, v}, -y} =1x -y <x=<Yy,
% x> .

For brevity let
He(e) = HE(We, W), Wy, wy), Hp(FUe) = Hp(w,, w,, wh, wh)

and similarly for e’ and F' U e’.
Then define a truncated version of L (e)

LE(e) = Q(L%(e),HE(e)).
This will be our local approximation of A, f (hence ‘L’). The construction ensures
L (e)| < 14,Hg(e). (4.3)

Let R (e) be the difference of L% (e) to A f (it is the remainder to A.f, hence ‘R’),
i.e. set
RE(e) = Aof — LE(e).
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4.3 Sparsity-based covariance bounds

Let A, = {max{X,, X,} = 1}, so that A, = A, U {X, = X, = 1}. Then by (2.9) and (4.3)

IRE(e)| < |Aef] + ILE(e)]
< ]lAeHE(e) + ]lAeHE(e)
<213, Hgle). (4.4)

For F ¢ (V{2 UVy) \ {e} define LE(F U e) with Bk (v, Gl) and By (v, GEVY®) instead
of Bx(v,Gy) and Bk (v,G$). Analogous to Rf(e) define the remainder RE(F uUe)

RE(Fue) =A.ff —LE(FuUe).
With these definitions we want to bound
Covn (Ao f Ao fF, Ae fA fF)
= Covn((RE(e) + LE(e)) (RE(Fue) + LE(F U e)), (4.5)
(RE(e") + LE(e) (RE(F v e') + LE(F U e))).
Expand this expressions into sixteen terms of the form
Covn (UE(e)UE(Fue),UE (e UE(F' U e')),

where Uf forie {1,2,3,4} may be either Lf or Rf.

Recall that RE corresponds to the difference of A, f and Lf . In other words, RE is
the error of approximating A, f locally. Hence, the fifteen covariances involving at
least one Rf term can be bounded by coupling the neighbourhood to the limiting
Galton-Watson tree and appealing to (GLA 3).

Lemma 4.3.3. We have

Cov(UE(e)UE(Fue), UL (e UE(F ue'))
WuWy W Wor

=Clr7e ng ng

+ epx({u,v,u’, v}

L (mEw, )52 + mE (v, u)6E)1?

W4+ ppx{u,v,u’, v’ )

if at least one of the UF is an R -term.
Proof. We show the claim the case where Uf is an Rf term, i.e. for
Cov(RE(e)US(Fue),US (e UE(F' ue)).

The proof for the other terms is analogous (the bound we show is symmetric in e
and e’).

By construction Jg > 1, so Jr < Jg for all v < 1, so we will drop the exponents
of Jr that are smaller than one.
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Set
Hp = max{Hg(e),Hg(e'),Hp(F Ue), Hp(F U e')}.

Then by (4.3) and (4.4) and noting that A, = A, U {X, = X, = 1}
IR{ (e)US (F U e)Us (e US (F' ue')| < Clig 15, HEIR (o)
< Cla, 15, HIRE ()] + Clyy,_y;_1y1 5, HE.
(4.6)

Since w, X and X’ are independent, the expectation of the second term in (4.6) can
be bounded easily by

WulWy , 1}2 min{ W’;/LWU }12/3

4 e ~4 i
Enl1x,-x;-1y L3, AE] = Cmin{ 9

Wqu Wu’Wv’ . WMWU 2/3
=C ng ng n{ }J

WyuWy Wy W, P
< cuv W ”12/3pn,k({u,v,u,v})-

ng

Since py k({u,v,u’,v’}) < 1 we can make the bound worse by

Wqu Wu Wv J2/3

=C n9

pnx({u,v,u’, v’ HVA (4.7)

We move on to the first term in (4.6). Let Y, = (X, X;). Then the indicator
functions of the first term in (4.6) are Y,, Y,-measurable. The conditional expectation
of the remainder of the term can be bounded with the Cauchy-Schwarz inequality

En[HZIRE ()] | Ye, Yol < En[HY | Ye, Yor IV2Enl|IRE (€)1 | Ye, Yer ]!/

since w, w' are independent of X, X', the conditioning in the first term can be
dropped and (2.6) implies

< CJE P Enl(RE(e))? | Yo, Yo V2. (4.8)

It remains to bound the second moment of RE (e) conditional on Y., Y./. Recall
that RE (e) = Ao f — LE(e). Write By = Bx(v,Gp) and B, = Bx(v,G%). Then on Ey

0 < Aof —LE(e) <ALV (By, By) — LA (By, By).

Verify this by considering the possible cases for the truncation of LAi'L (Bk,By,) to
level Hg(e) separately.

Case (i) LAy" (B, B,) € [~HE(e), He(e)]. Then LE(e) = LAY (B, B,) and (GLA 1)
immediately implies both inequalities.
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4.3 Sparsity-based covariance bounds

Case (ii) LAf’L(Bk,B,Q) < —HEg(e). Then Lf(e) = —Hg(wy,wy). For the first inequal-
ity use that A.f = —Hg(e) by (2.9). For the second inequality recall that A, f <
LAY (By, By) by (GLA 1) and use LA} (By, B},) < LE (e), which follows directly
from Lf (e) = —Hg(e) in this case.

Case (iii) LA}"" (Bx, By) > Hg(e). Then LE(e) = He(e). Combining (GLA 1) and (2.9)
we obtain LAi’L (Bk, By) < Aef < Hg(e), which forces A f = Hg(e). This shows
that the first inequality holds (even with equality). But that immediately also
proves the second inequality since LAf’L(Bk,B,'c) < LAi’U(Bk,B,'() by (GLA 1).

In particular IRE(e)I < LAf‘U(Bk,B,'() - LAi’L (Bk, By) on Eq and so together with
(4.4) we have
Ta,IRE ()| < a1k LE IRE ()] + Ta,Lpe pe | Ry (e)]
< 14,15 1E, (LALY (By, By) — LAY (B, By)) + 14, CHEl e e
for an arbitrary set E; that will be chosen later. Taking conditional expectations,

applying Cauchy-Schwarz on the second term and using the moment bound (2.6)
for Hr and then in the next step (x + y)1/2 < x1/2 4+ /2 we see

14, En[(R (€))% | Ye, Yer]
< Enl1a, g, 15 (LARY (By, B},) — LAY (By, By))? | Yo, Yer]
+ 14, CJE 2 (P (ES | Yo, Yer) + Pp(ES | Yo, Yor)) /2
< Enll1a, g, 15 (LAYY (By, B}) — LAY (By, By))? | Yo, Yer]

(4.9)
+ 14, CTE P (P (ES | Yo, Ye) V2 + Py (ES | Yo, Yor)V/2).

We turn first to the probability of Ef in (4.9). The probability that By or B,’< is a not
tree can be bounded by the sum of the probabilities of those events. Thus

We consider the event that By is not a tree, the case for B,’< is analogous. If By =
Br(v,Gy,) is not a tree, then Bi(v,G;, — e) is not a tree or By_; (u, Gy, — e) is not
a tree or the two (trees) By (v,Gy — e) and By_1(u, Gy, — e) intersect (see Fig. 4.1).
Therefore we have

P (By is not a tree | Y, Yor)
< Pn(Br(v,Gy, — {e}) isnot a tree | Yo, Ye')
+ Pyu(Br—1(u,Gy — {e}) isnot a tree | Ye, Yeo)
+ Py (Br (v, Gy — {e}) and Bx_1(u, Gy, — {e}) intersect | Ye, Yer).

The conditioning on Y, Y, can be removed since By (v, G, —e) = By (v,Gr—1{e,e’})
and Bg_1(u,Gy, —e) = Bx_1(u,Gy, — {e,e’}) with high probability even conditionally
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(@) B2(v,G — e) and B;(u,G — e) contain (b) Bo(v,G—e) and B; (u,G—e) intersect.
cycles.

Figure 4.1: Examples of the three ways B> (v, G) can fail to be a tree. Either there is a
cycle in B (v,G — e), there is a cycle in By (u,G —e) (a) or B2(v,G — e)
and B;(u,G — e) overlap (b).

on Y, Y,. The events involving only G, — {e, e’} are then independent of Y,, Y so
that

P, (Bk is not a tree | Yo, Ye’)
< P,(Bx(v,G — {e,e’}) is not a tree)
+ Pn(Bk-1(u,G — {e,e’'}) is not a tree)
+ Pn(Bx(v,G — {e,e'}) and Bx_1(u,G — {e,e’}) intersect)
+2Pn Bk (v,Gn —e) £ Bx(v,Gpn — {e,e'}) | Ye, Yer)
+ 2Pp (Bx—1(u,Gn — e) 2 Bx1(u,Gp — {e,e'}) | Ye, Yer)

For the last two terms note that By (v,Gy — e) 2 By (v,Gy,, — {e,e’'}), implies e’ €
By (v,Gy, — e), since otherwise all paths in Bx (v, Gy, — e¢) would avoid e’ and would
thus already be in Bx (v, Gy, — {e,e’}). Hence,

Pn(Bk(v,Gn —e) # B (v,Gp — {e,e'}) | Ye, Yer)
< [P)n(e, € Bx(v,Gp —e) | Ye,Ye).

The edge e’ can only be present in By (v, G, — e) if at least one of its endpoints v’
or u’ can be reached in By (v, Gy, — {e,e’}), which is independent of Y, and Y., so
that Corollary 3.1.15 yields the bound

<Pn(u’ € Bk(v,Gn — {e,e'}) | Ye, Yer)
+Pp(v' € Bk(v,Gp — {e,e'}) | Y, Yer)
<P(u' € By(v,Gy — {e,e'})) + Pp(v' € B(v,Gy, — {e,e'}))
<P € Bx(v,Gp)) + Py(v’" € Bx(v,Gp))
_ W W Wy Wy

K
= ng n9 o+ 1)

(T + DF +
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4.3 Sparsity-based covariance bounds

< Wy Wy + Wyr)
N ng

(To + 1)K,

The analogous result applies to Bx_1(u, Gy — e) and Bx_1(u, Gy, — {e,e’}).

Now apply Lemma 3.1.20 to bound the (unconditional) probability that Bx (v, Gy, —
{e,e’}) and Bi_1(u, Gy, — {e,e’}) are not trees and Corollary 3.1.15 to bound the
probability that the neighbourhoods intersect. Then

P, (Bk is not a tree | Ye, Yer)

- C(Wv +1)2+ (W, +1)2
ng

(o + 1D+ C

(T30 + 1) (I + 1)2KH1

Wy + Wy) Wy + Wyr)
n9

WuWy

+C "9

(T + 1)K,

The same holds for the probability that B,’< is a tree, so that together with the
definition of py k
Pn(EG | Ye,Yer) < pu({u,v,u’,v'}). (4.10)

For the second probability in the second term of (4.9) we use Lemmas 3.5.2
and 3.5.4 to couple (Bk,B,’{,T, T') and set E; = {(Bk,B,’() = (T, T')} such that

Py (E1) = Pn((Bk, By) = (T, T') | Ye, Yer)

>1- <€n,k({u,v}) + 2dtv(HEm, UE)
WuWy + (Wy + Wy) Wy + Wyr)

+C 9

(Lo + 1)%K)

Absorb 2dtv(UEn, HE) Into &k ({u,v,u',V}) = gk ({u,v}), and recall the defini-
tion of py, x({u,v,u’,v’}) to conclude

Pn(Ef | Ye,Yer) < Clenk({u,v,u’,v}) + pux({u,v,u’,v'})). (4.11)

Now consider the first term in (4.9). By the definition of E; and (GLA 2) we can
replace By with T and B,’< with T’. Then use Lemma 3.5.4 to show that (T, T') is
distributed like (Ty, Tx) or (Tk, Tx) on A, given (Y., Ye’), so that (GLA 3) gives us
the following bound

Enlla, g 1E, (LALY (Bk, By) — LAY (By, By)? | Ye, Yer]
= 14, Enl[ L5 L, LAPY (T, T)) — LARN (T, T'))? | Ye, Ye]

<mk(v,u)sk. (4.12)
Together (4.9) to (4.12) imply

14,En[(RE(e))? | Yo, Yer]

< CmE(,u)6F + e ({u, v, u/, v D2 + pp{u,v,u', v H2),
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Chapter 4 Proof of the Main Result

so that together with by (4.8) the expectation of the first term in (4.6) becomes

En[Cla 15, HEIRE ()]
< EnlCla 1, Jp'* (En[(RE(e))? | Yo, Yo ])V/?]
Wqu Wu’Wv’ 1/2

n$ n9 “F (4.13)
((mE (W, w)H)V? + e ({u, v, w', v DY + ppa(fu, v, u', v’ HY).

<C

Putting (4.7) and (4.13) together we obtain

Enl|Ry (e)Us (F U e)Us (e )UF (F' ue')l]

W, W, W, W,
<Cle= g ng

)1/2

)1/4

((mh (v, W) )% + en({u, v, u', v' DY+ pr(fu, v, u’, v’ H)

W, W, Wy, W,
<Cle=, g ng

+epp(fu, v, u, v DY+ pp o (u,v, ', v/ HYH).

((mE (v, w6512 + (mE(v',u")s5)1/?

Here we introduced the additional term mE (v’, u’)6£ in order to make the bound
symmetric in e and e’.

The other two expectations in the covariance can be bounded similarly.

This proves the claim. O

The last of the sixteen covariance terms does not involve an Rf term and thus
has to be bounded differently. The key idea here is that Lf (e) is a function of the
neighbourhood around e and Lﬁ(e) a function of the neighbourhood around e’,
by sparsity the neighbourhood around e should only be very weakly correlated to
the neighbourhood around e’ (cf. Section 3.2), so that Lf(e) and Lf(e’) are also
only weakly correlated. The formal proof proceeds by constructing independent
approximations to Lf (e) and Lf (e").

Lemma 4.3.4. We have

Covn(LE(e)LE(F ue), LE(e)LE(F ue)) < CJ5" W;:;V” W”;@'S/”/

Pk ({u,v,u’,v'}).

Proof. For the proof of this lemma we will need some more notation.
For any vertex v € Vj, let

Sv = ((X{v,x},ng,x},w{v,x}, wgvix})xevn, Wy, Wy).

be the collection of random variables of X, X', w and w’ at v and edges emanating
from v. For an edge e = {u, v} define

Se = (Sv,Su)
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4.3 Sparsity-based covariance bounds

the collection of random variables associated with the two end vertices u and v of
the edge e. Let Uy = (X{v,x},ng,X})ern be the collection of random variables that
describe the presence or absence of edges emanating from v.
Let
Ae = {(Xe, Xp) = (1,0) or (Xe, X,) = (0,1)},

then set
XE(e) =Lf(e)LE(Fue) and XE(e') =LE(e)LE(F ue).
Then X (e) = 14,XE(e) and XE(e') = 14, XE(e’). By the law of total covariance
Covn(XE(e), XE(e"))
= Covp (14, En[XE(e) | Se, Ser], La, En[XE(e") | Se, Ser1)
+ Enlla,1a, Covn(XE(e), XE(e) | Se,Ser) 1.
The claim then follows from the following two lemmas 4.3.5 and 4.3.6. O
Lemma 4.3.5. We have

Covn (14, [En[XE(e) | Se,Se’],]lAer [En[XE(e,) | Se, Ser 1)
2/3 Wqu Wu’Wv'
<CE "9 e

pn,k({uiv)u,)'u,})-

Proof. The random variable X£ (e) can be written as a function of
(Bk (v, Gn), Bk(v,G},), Bk (v, Gy, Bi (v, G1,P)).
Define an approximation X% (e) of XE(e) as the same function, but applied to

(Bk(U;Gn - {u,y v,}),Bk(v,G% - {u,’v,})’
Bx(v,GE — {u',v'}),Bk(v,GE e — {u',v'})).

By construction X (e) is independent of S, since the vertices u’ and v’ are com-
pletely removed from the underlying graph objects. Define X (e’) analogously as a
function applied to the neighbourhoods of v’ in graphs ignoring u and v’. Set

ZE(e) = [En[XE(e) | Se, Se’]
and
ZE(e) = [En[XE(e) | Se, Se’] = [En[XE(e) | Sel,

where the last equality is justified by the fact that XE(e) is based on the ori-
ginal graph with the edge e’ and its endpoints ©’ and v’ completely removed,
so that XE(e) is independent of S... Note that the fact that X% (e) is independent
of S, is slightly stronger than the equality above, which only claims that Z£(e) is a
function of S,, since S, and S, overlap.
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Chapter 4 Proof of the Main Result

Define Z£(e’) and Z£(e’) similarly for e’.
By construction and (4.3)

IXE(e)l, 1XE(e)| < 1a,Hp(e)HE(F U e) (4.14)
and therefore also

1ZE(e)| < EnlIXE(e)] | Se, Ser]
= [En[]lAeHE(e)HE(F ue)lSe, Sel
<14, He(e)Hp(F Ue),

since HE (e) and HE(F U e) are measurable with respect to S,. Similarly
|ZE(e)| < 14, HEg(e)Hg(F Ue).

Analogous results hold for XE(e’), XE(e’), ZE(e’) and ZE(e').
With this notation the covariance of interest is
Covin(La,En[XE(e) | Se,Ser], La, En[XE (') | Se, Ser])
= Covn (14,25 (e), 14, ZE ().
Approximate Z£(e) with ZE(e) and ZE(e’) with ZE(e’) so that this covariance be-
comes
= COVn(]lAeZE(e),]lAer ZE(e"))
+ Covp (14, (ZE(e) — ZE(e)), 14, Z5(e"))
+ Covn(1a,Z5(e), 14, (ZE(e") — ZE(e')))
+ Covp (14, (ZE(e) — ZE(e)), 14, (ZE(e) — ZE(e)))).

(4.15)

By construction 14, Z. is a function of S, that is independent of S, and 1 Ay Zeo isa
function of S,/ that is independent of S.. Hence, 14, Z,and 1 Ay Zo are independent
and the first term vanishes.

We will now bound the remaining three covariances. The argument is similar
for all of three terms, so we will only spell out the argument for the first of the
remaining three covariances. By the bound on Z£(e’)

114,14, (ZE(e)—ZF(e))ZE(e')| < 14,14, Hp(e)HE(F'Ue')[(ZF(e)-ZF (). (4.16)

Furthermore, by the bounds (4.14) for X£(e) and X% (e) and measurability of Hg(e’)
and He(F’ U e’) we have

|ZE(e) — ZE(e)| = |E[XE(e) — XE(e) | Se, Ser ]
< 2Hp(e)Hp(F U e)P,(XE(e) + XE(e) | S, Sor). (4.17)
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4.3 Sparsity-based covariance bounds

We now claim that the probability that X% (e) and X% (e) differ can be bounded by
P, (XE(e) = XE(e) | Se,Se') < CE (4.18)

for a random variable E that is independent of X,, X,, X, and Xé, and satis-
fies En[E] < Cppx({u,v,u’,v’}). To verify this, note that XE(e) = XE(e) im-
plies that By (v,G — {u’,v’}) # By(v,G) for at least one of G = Gy, G¢,Gh, GEve,
For G = G, we can use Lemma 3.1.19 with V = {u,v}, U ={u',v'} and R = @ to
find a random variable & that is independent of X,, X;, X, and X, such that

Pn(Bk(v,Gn — {u',v'}) # B (v,Gy) | Se, Ser)
<Pn(u" € Bx(v,Gp) | Se, Ser) + Pn (v’ € By (v,Gp) | Se, Se)
<& ({u, v}, {u',v'},0)
and

EnlEu(iu, v}, (', v'}, ©)] = min | Tt ) Che = T

< pnx{u,v,u’,v'}).

) (T + 1)’21}

Similar bounds hold for the other cases, which are not based on Gy, but on G¢, G,
or GY¢. Sum these bounds to obtain E, which is independent of X and X’ at e and e’
and has expectation bounded by Cpy x ({u,v,u’,v'})

Put (4.16) to (4.18) together to find

|En[la,1a, (ZE(e) — ZE(e)) ZE ()]
< C[En[]lAe]lAe,I:IE(e)I:IE(F U e)HE(e')FIE(F' ue)E].

Now Hg depends only on w and w’, that £ depends on X and X’ except at e and e’
and A, and A, depends only on X and X' at e and e’. This means that the expectation
factors, so that the definitions of A., A./, the bound for Hr Lemma 3.1.19 and for
the expectation of E yield

W, W., Wo, W,
< CJg” ws  ng

pnk({u,v,u’,v'}).

The same holds for |En[14,(ZE(e) — ZE(e))1En[1a, ZE(e')]] by analogous argu-
ments. This bound is symmetric in e and e’ so that it also holds for the other two
remaining covariance terms in (4.15) involving a difference of ZF and ZE.

Putting these results together proves the claim. O

Lemma 4.3.6. We have

’ WuWy Wy Wy
En[1a,14, Cova(XE(e), XE(e') | Se, Se)] < CJE/Bﬁ e

pn,k({u;v;u,;v,})-
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Chapter 4 Proof of the Main Result

Proof. Similar to the previous proof define the following objects

Bi(—{u,v}) = (Bx-1(w,Gp — {u,v}), Bx—1(w, G — {u, v}))wev,,

B (—{u',v"}
Bi (-
By (-

With this notation X%(e) can be written as a function of (Bx(—{u,v}),Se.), be-
cause the entire k-neighbourhood of u# and v can easily be obtained from S,
and By (—{u,v}).

We can define an approximation X£(e) of XE(e) as the same function applied
to (Bx(—), Se). Formally the function is defined taking all of By (—{u,v}) or Bx(—) as
argument, but given S, it can be recast into a form that only uses neighbourhoods of
vertices w that are connected to u or v by an edge in the original graph G, or in G,.
We will call such vertices ws - and by extension their neighbourhoods - relevant.
See Fig. 4.2 for an illustration. Define X£(e’) similarly.

w)GTl - {u,lv,})’kal(lefLI - {u,,vl}))wevn,

-1 w)G’Vl - {u!v’urav,})’Bk—l(wrG'l}fl - {u,v,u,,vr}))wevn,

) = (
) = (Bi-1(
) = (Bi-1(
) = (Bi-1(

w)GTl - {u,v,u,,v,}),kal(w,Gfll - {u,v:u,:v,}))wevn,

Figure 4.2: The neighbourhood around v in a graph G can be obtained from the
information on edges incident to u and v (dashed) and the neighbour-
hoods (in G — {v,u}) of vertices that connect to v or u via dashed edges
(solid black). Neighbourhoods (in G — {v,u}) of vertices that do not
connect to v or u are irrelevant (shown in grey).

First estimate P, (XE(e) + XE(e) | Se, Ser). Since XE(e) and XE (e) are obtained by
applying the same function to slightly modified neighbourhoods, the two can only
differ if at least one of the relevant neighbourhoods differs between By (—{u,v})
and By (—). Such a neighbourhood of a vertex w, say, can only differ if u’ or v’ is
contained in the k — 1-neighbourhood of w in G, — {u, v} or Gﬁ —{u,v}. Thatis
to say, there is a path of length at most k — 1 from w to {u’,v’} in G, — {u, v}

124



4.3 Sparsity-based covariance bounds

or Gﬁ — {u, v}. Since only neighbourhoods of vertices w that neighbour u or v are
relevant, this immediately implies that there is a path of length no more than k
steps from {u,v} to {u’,v’} in G, or GL. Hence by Lemma 3.1.19

Pn(XE(e) = XE(e) | Se, Ser)
< Pu({u, v} e {u', '} Se, Se) + Pr({u, v} Wl;k {u',v'} | Se, Ser)
<&Uu, v’} {u, v}, @) + EE(u, v’} {u, v}, 9).

Call the right-hand side of the last equation E. Note that E is independent of X,, X,
X and X é Furthermore, its expectation can be bounded as follows

(Wy + Wy) Wy + Wyr)
n9
An analogous bound E’ with the same expectation and independence properties can

be found for P,,(XE(e’) = XE(e’) | So, Se)
Let

Eal5] < Cmin (o + DK 1] < Conpliun,v,u', v,

Hr = max{Hg(e),He(F ue),Hg(e'),He(F ue’)}.
Write XE(e) = XE(e) — XF(e) + XE(e) and XF(e) = XE(e’) — XE(e') + XE(e'), then
expand Cov(XE(e), XE(e’) | S, Ser) to obtain
Covn(XE(e), XE(e") | Se, Ser)
= Covn(XE(e), XE(e') | Se, Ser)

+ Covp(XE(e) — XE(e), XE(e') | Se, Se) (4.19)

+ Covp(XE(e), XE(e') — XE(e') | Se, Ser)

+ Covp(XE(e) — XE(e), XE(e") — XE(e") | Se, Ser).

First focus on the three covariances containing X% (e) — XE(e) or XE(e’) — XE(e').
To this end note that by measurability of terms depending only on information at e
or e’,i.e.on S,, S/, we have

[Enl(XE(e) — XE(e))XE(e) | Se, Ser 1l
< EnlIXE(e) — XE(e)|1XE(e)| | Se, Ser]
< Enl(IXE(@)] + IXE (@) )1 xE (0) 2 55 ey I XE (€] | Se, Ser]
< En[CLla He(e)HE(F U @)1 xe (o) 25k (o) La, He(e)HE(F U e') | Se, Se']
< Cla,1a,Hp(e)He(F U e)Hg (e )Hp(F' U e )Pn(XE(e) = XE(e) | Se, Ser)
< Cla,1a, HEE.

The same holds for the other terms in the definition of the covariance. With (4.19)
this shows

|Covp (XE(e), XE(e') | Se,Ser) — Covp(XE(e), XE(e') | Se,Ser)| < CHE(E+E)
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Chapter 4 Proof of the Main Result

and thus by independence of £ + E’ from A, and A,

Enlla,La, [Covn(XE(e),XE(e") | Se,Ser) — Covn(XE(e), XE(e") | Se, Ser) ]
2/3 Wqu Wu’Wv’
=CE "8 s

pnx({u,v,u’,v'}). (4.20)

It thus remains to investigate Cov, (XE(e), XE(e’) | Se, Se’).

By construction By (—) and BL(_) are independent of S, and S,-. Hiding the
dependence of XE(e) and XE(e’) on S, and S, in functions ¥ and ¥’ we may use
Lemma A.2.3 to write

Covn (XE(e),XE(e') | Se, Ser) = Covu (¥ (Bi(—)), ¥’ (B (-))).

By definition |¥| < Hg(e)Hg (F U e), which is constant conditioned on S, and Se'. A
similar bound holds for [¥’|.

Recall that ¥ and ¥’ depend not on all of By (w, G;,) for w € Vy, but only on the
neighbourhoods of vertices w for which there is a connection to u or v and u’
or v’, respectively. This data is known conditioned on S, and S.. More formally,
the relevant vertices for ¥ are contained in

D = Dy (v) uDy(u) uDf(v) uD (),
and the vertices relevant for ¥’ are contained in

D' =D;(v')uDy(u') uDY (v) uDY (u).
While D and D’ are not independent of A, and A.,

D=s" @) usi” w st w) usiF )
and
D = S{u )('U,) US{U )(u/) U S{u ),F ('U,) US{U ),F (ur)

are independent of A, and A, and satisfy D < D and D’ < D’. Furthermore by
Corollary 3.1.9

Ex[(IDIl + [D1)?] < En[IDI%] + 2E,[IDI[|D|] + E2[|D]?]
< En[IDII?] + 2En[IID P12 En [IDI21Y2 + E2[|D?]
< CUHu, v +2)2M1 0 + 12 (o0 + 1)% (T3 + 1),

so that

Ex[(IDII+ DD AUID | + [D"D]
< Exl(IDII + [DD*1V2En[(ID"1| + |D")? 112
< CUH{u, v+ 2)(H{u', v/ 3+ 2) (T + D (T + 12 (T30 + 1),
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4.3 Sparsity-based covariance bounds

Now Lemma 3.2.5 implies

COVn(\I[(Bk(_)),\I’,(B;((_)))

(DIl + |D])(IID"|| + |D"1)
ng

(DI + IDDUID |l + ID"])
ng

< CH} rnin{ (T30 + 1) (I + C)2KF1L 1}

< CA{min] (T3 + 1) (T + O 1,1,

Taking the expectation and using independence we obtain

Enlla,la, Covn(XE(e),XE(e) | Se, Se)]
= Enl1a, 14, Cov(¥Y(Br(-)), ¥ (B, (-)))]
= C[P)n(Ae)Pn(Ae’)[En[Hg]

mm{ EnL(IDIl + |D1|Q);||D’|| DD 1y 1) (o + C)2k+1’1}

< C12/3 WMWU WM’W'U’ mln{ (Wu + Wy + 2)(Wu’ + Wv’ + 2)
E' ng n9 n9

(mn+n%ﬁm+CF“Whﬂ+1FJ}

W, W, W, W,
< CJg"” ws  ng

Now (4.20) and (4.21) imply the claim. O

pnk({u,v,u’,v'}). 4.21)

With all these results in hand we can verify Proposition 4.3.2.
Proof of Proposition 4.3.2. Recall (4.5)
COVn(AefAefF, Ae’fAe’fF,)

= Covn((Rf(e) + LE(e))(RE(Fue) + LE(F U e)),
(RE(e') + LE(e))(RE(F ue') + LE(F ue))).

Expand this into sixteen terms then apply Lemmas 4.3.3 and 4.3.4 to these terms as
appropriate. O
4.3.2 Vertex-vertex case

The combination of two different vertices can be handled like the case of two edges
which do not share any vertices.

Proposition 4.3.7. Let v and v’ be two distinct vertices in Vy,, then we can choose

c(v, V") = 0, CIvEn (V) Cn (V) ((my, (V)S)M? + (my, (V') S M2+

enk({v, ' DV + pp (v, v’ )
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As previously, the proof is split over several auxiliary lemmas and needs some
notation first. The ideas are analogous to what we did in Section 4.3.1.
Let Eq be the event that Bx (v, Gy) and thus also By (v, G},) is a tree. Set

LY (v) = 15 LA (Bx(v,Gn), Bx(v,GY))

and
LY (v) = Q(LY, h(ID1(v) ) Hy (wy, w})).

Furthermore, define
R} (v) = Apf — L} (v).

With these definitions and (2.10) we have

ILY (v)| < h(ID1(v)|)Hy (wy, wy,),

1% , (4.22)
IRy (v)| < 2h(|D1(v)[)Hy (wy, wy,).

As before also define L} (F U v) and R} (F U v) based on By (v, GF) and By (v, GEYY)
instead of Bk (v, G) and Bg (v, G},). With these definitions we can bound

COVn(Avava, Av’fAv’fF,)
= Covp (R} (v) + Ly (W) (R} (FUv) + L} (F U v)), (4.23)
(RY (W) + LY (V") (RY(F' uv') + L} (F' uv")))
in order to find c(v,v’).

As in the previous section the fifteen term involving at least one R,Y term can be
bounded by appealing to (GLA 6).

Lemma 4.3.8.
Cov(UY (W)UY (Fuv), Uy (v"), U (F uv"))
< CIvCn (W)Y, (v ((my, (V)Y + (my, (V)M +
enk({v, V' DY+ py (v, v’ HH)
if at least one of the Uiv terms is R,Y.

Proof. We show the claim for a term of the form
Covn (R} (V)UY (Fuv), Uy (v'), Uy (F" uv)).

The proof for the other terms is analogous and yields the same estimate, since we
obtain a bound that is symmetric in v and v’.
Set
Hy = max{Hy (wy, wy,), Hy (wy', w,,)}
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4.3 Sparsity-based covariance bounds

as well as
D) = h(ID{” () + 1) + k(DY F ()| + 1)

and

D) = k(DY ()| +1) + h(ID{"F (v)] + 1),
This construction ensures that D(v) and D(v’) are independent and still satisfy

h(ID;(v)]) < D) and h(|D;(v")]) <D@")
as well as a condition like (2.8)

E.[D(w)*] < CCp(v) and En[D(v)*] < CCh(v).

By the bounds (4.22) for LZ and R,‘g, Cauchy-Schwarz and independence of D,
which depends only on X and X', from Hy, which depends only on w and w’, as well
as the bounds (2.7) and (2.8) for h(|D;(v)|) and Hy we have

ExlIRY (v)Uy (FUv)U3 (v)UY (F uv’)]]
< CEn[D(v)D(v")2H IR (v)]]
< CEx[D(v)?D(v)*HY 1V 2EnlIRY (v) 2112
< C(En[D ()’ D (") IEL (AP D2 En[IRY (v)]2]Y/?
< CIY2Cn (W) VAL (W) V2 ERlIRY (v)21V/2, (4.24)

Let By = By (v, Gy) and B,’< = By (v, Gj,). Use Lemma 3.5.2 to couple the neighbour-
hood By (v,Gy) to T ~ T (Wy, v, Ug, iy ). Exchange the weight of the root of T for
a random variable w, with distribution uy coupled to the weight of v in G}, such
that wy # w, with probability at most drtv (v, Hy) and call the resulting weighted
tree T.

Let E; be the event that By = T and B,’< = T and let Eg be the event that Bx (v, Gy)
is a tree. Then

IRY (v)| < LALY (By, By) — LAY (By, By)
< Lgy L, (LAY (B, By) — LAY (By, By)) + Lgeupe CD (v) Hy.
Squ~are and~take expectations, then apply Cauchy-Schwarz and use independence
of D from Hy as well as (2.7) and (2.8) to show
EL(RY (v))?] < En[Lg L, (LAY (Br, B) — LAY (Br, By))?]
+ CEn[D(v)*Hil g e
< EnlLgLE, (LAY (By, By) — LAY (By, By))?]
+ CIY P Cu ()2 (PR (ES) + Pr(ES)) V2. (4.25)
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Chapter 4 Proof of the Main Result

Since the rerandomisation of the vertex weight does not change the underlying
tree structure, By is a tree if and only if B, is a tree. Hence, Lemma 3.1.20 implies

(Wy + 1)2

Py (B (v, Gy) is not a tree) < C (I, + 1)2K* (I3, + 1) e

so that recalling the definition of p, x we have
Pn(ES) = Pn(Bk(v,Gy) is not a tree) < Cpuk({v,v'}). (4.26)
By construction of the coupling By = T implies B, = T unless 1, # w,. Hence,

Pn(Ef) SPuBr 2T) + Pu(wy #+ wy)
< enk({v}) +drv(py,n, bv).

Absorb dtv (py n, pyv) into &g (V) < g4k ({v,v'}) to find the shorter bound
< Cepx({v,v'}). 4.27)

On E; the neighbourhoods By and B, can be replaced with T and T. Then by
(GLA 6)

Enl1Eg1g (LA, (By, By) — LA; " (Bk, B;))?]
< En[(LAYY (T, T) - LAYH (T, T))?]
<my (v)§y. (4.28)

Put together (4.24) with (4.25) and (4.26) and (4.27) as well as (4.28) to obtain

E[IRY (v)UY (F uv)UY (v")UY (F' uv')l]
< CIvCn ()28 ()2 ((my (V) SY? + i (v, v DY + p (v, v DY)
< CJvCn()?Cn(v)1?
(my, (V)S)HV2 + (my (V)2 + enr({v, v DV + pr(fv, v P12,
Here, we added an additional m}{(v’)é)j to make the bound symmetric in v and v’.
The remaining components of the covariance can be bounded similarly. This

concludes the proof. O

It remains to bound the covariance involving only LZ terms

Lemma 4.3.9. We have

Covp (LY (W)LY (FUv), LY (VLY (F uv")) < CJ3*Cn() L0 (v) Y2 pps ({0, 0'}).
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4.3 Sparsity-based covariance bounds

Proof. Set XV (v) = L} (v)LY(Fuv) and XV (v') = LY (v")L} (F' uv’). Recall the
definition of S, and S,  in the proof of Lemma 4.3.4 and use the law of total
covariance to show

Covp (XY (1), XV (V")) = Covp(En[XV (V) | Sy, Spr 1, En[XV (V') | Sy, Sur])
+ [En[COVn(XV(v),XV(U/) | Sv,Sv’)]-

The claim will follow from Lemmas 4.3.10 and 4.3.11. O
Lemma 4.3.10. We have
Covn (EnlXY (V) | Sv, Su' 1, En[XF (V') | Su, Sur])
< CI ) 2T () P pp (v, v' ).
Proof. The random variable XV (v) can be written as a function of
(Bk(v,Gn), Bi(v,Gp), Bk (v, Gh), Be (v, GH“Y)).
Define an approximation XV (v) of XV (v) as the same function, but applied to

(Bk(v,Gn - v,)lBk(le’:’)l - v,)in(v’GfL - v,)aBk(vaGf[uv - ’Ul))

By construction XV (v) is independent of S,-, since the vertex v’ and with it the edges
emanating from v’ were completely removed from the underlying graph objects.
Define XV (v’) similarly. Set ZV(v) = Ex[XV (V) | Su,Sv/]1and ZV(v) = En,[XY (v) |
Su,Sv ] =Ex[XV(v) | Sy], similarly for ZV(v’) and ZV (v').
Let
Hy = max{Hy (wy, w,,), Hy (wy, w,,)}

as well as
D) = h(ID1(v)]) + h(IDf(v)]) and D(v') = h(ID1(v")]) + h(ID} (v"))).
By construction and the bounds on L}g from (4.22)
XV ()], 1XY(v)| < D(v)*Hy
and therefore also

12V (v)| = [E[XV (v) | Sy, Sur]
< E[D(v)*H} | Su, Sv']
= D(v)?HZ,
because D(v) is S, -measurable. Similarly

1ZV(v)| < D(v)*HE.
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The same bounds with D (v) replaced by D(v’) also hold for XV (v"), XV (v"), ZV(v")
and ZV(v').
Split the relevant covariance
Covn(ZY (v),ZV(v")) = Covn(Z¥ (v), ZV (V"))
+Covp((ZV(v) = ZY(v)),ZV (v"))
+ Covp (ZV (), (ZV(v") - ZV(v")))
+Covp((ZY (V) = ZV(0)), (ZV (V') = ZYV (v"))).

By construction ZY (v) is a function of Sy, but since XV (v) and thus also ZV (v)
ignores v’, it is actually a function of

((X{v,u},ng,u}, Wiv,ul, wgv,u})uevn\{v’}, Wy, w{;)
In the same vein ZV(v’) is a function of
((X{v’,u},X‘EU"u}, Wiy uls w;v/,u} )ueVn\{v}y Wy, w{;')

These two collections of random variables are disjoint, so that ZV(v) and ZV (v’)
are independent. Hence, the first term vanishes.

We will investigate the bound for the first of the remaining three covariances.
The other terms can be bounded similarly (the bound we obtain is symmetric in v
and v’). By the bound on ZV (v’)

(ZV(v)-ZYw)ZV (") < D(v')zﬁxz/l(Zv(v) - ZV()l. (4.29)
Furthermore, by the bounds on XV (v) and XV (v) and measurability
1ZV () - ZV ()| = |Ep [XY (v) = XV (V) | Su, Sur ]
< [En[Zliz(v)I:I‘Z/]I{XV(UHXV(V)} | Sv,Sv]
<2D?(W)HZP, (XY (v) # XV (V) | Su, Sv). (4.30)
We now claim that probability that XV (v) and XV (v) differ can be bounded by
Pn(XY(v) # XV (v) | Sy, Sv) <E, (4.31)

where E depends only on X and X'. i
To see (4.31), note that XV (v) = XV (v) implies Bx(v,G — v’) = Bx(v,G) for at
least one of G = G, GY, Gl, GEYY. For G = G,, we apply Lemma 3.1.19 we obtain

Pn(Bk(v,Gn — V") # By (v,Gy) | Su, Sv)
=P,(v' ¢ Bk (v,Gn) | Sv, Sv)
<& (v}, {(v'},9)
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4.3 Sparsity-based covariance bounds

The other cases are analogous. Let E be the sum of the & (v, v’)s. Together with
(2.8) Lemma 3.1.19 additionally guarantees that

En[D(v)?D(v" )& ({v}, {v'}, @)]

< Ccnw)”zcn(v')lfzmin{mwz,n £ Dk, 1},

ng

so that we have
En[D(v)?D(v')?E]
< CCn(v)l/ZCn(v')l/zmin{%(&,n + Dk, 1}
< CCu(W)2 () P pp s (fv,v')). (4.32)
Putting (4.29), (4.30) and then (4.31) together we obtain
IEnl(ZY(v) = ZY(v) ZV (v)]
< CEx[D()?HZD (v ) ?HiPn (XY (v) + XV (V) | Sy, Sv7)]
< CEx[H{D(v)?D(v')?E].
Use independence of Hy from the other terms and then (4.32) to bound
< CEn[Hy]En[D(v)?D (v")?E]
< CI ) 2T () P pp (v, v' ).

The same holds for |E[14,(ZE (e) — ZE(e))1E[14, ZE (¢)]] by analogous arguments.
Putting these results together proves the claim. O

Lemma 4.3.11. We have
En[Covp (XY (1), XV (V') | Sy, Su)] < CI 3G () 2C (0) Y2 pp i (fv,v')).

Proof. Let
Hy = max{Hy (wy,w,,), Hy (wy', w,,)}

as well as
D) = h(ID1()]) + h(IDf(v)]) and D(v’) = h(ID1(v")]) + h(ID} (v")]).
Similar to the previous we proof define the following objects
Bi(—v) = ((Bk-1(w,Gn — V), Bx—1(w,Gh — V) wevy,),
Bi(—v") = ((Bk—1(w,Gn — V'), B—1 (W, Gl — v )wevy,),
Bi(—) = ((Bk-1(w,Gp — {v,v'}), Bro1 (w, G = (v, v' D) wev,),
B, (=) = ((Bx—1(w,Gpn — {v,v'}), By1 (w, Gl — {v,v" ))wev,)-
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With this notation XV (v) can be written as a function of (Bx(-v),Sy). Note
that XV (v) is completely determined by the neighbourhoods Bx_; (w, Gy,) of ver-
tices w which are connected to v in G, or Gl via an edge. Define an approxima-
tion XV (v) of XV (v) as the same function applied to (Bx(—), Sy). Define XV (v’")
analogously.

By construction XV (v) = XV (v) implies that there is a vertex w connected to v
via an edge such that its k — 1-neighbourhood differs between By (—v) and By (-).
These neighbourhoods can differ only if v’ is present in By _1 (w, Gy,) or Bx_1(w, GE).
In other words, there is a path of length at most k — 1 from w to v’ in G, or Gﬁ.
Since only those w which are connected to v via an edge are relevant for XV (v), it
follows that there is a path of length at most k from v to v’'. Thus Lemma 3.1.19
implies

Po(XV(v) # XY (V) | Sp,Sv)
<Pn(v' € Bx(v,Gn) | Sv,Sv/) + Pp(v' € Bk(U,Gi) | Sv, Sv7)
<&, v, @)+ & (v,v', Q).

Call the right-hand side of the last equation E. Clearly E is independent of w and w'.
Additionally Lemma 3.1.19 together with (2.8) ensures

WoWor ., & 1)’21}
ng ’

< CCn) 2 (v P p s (v, v')). (4.33)

EnlD(v)2D(v')2E] < Ccnw)”?cn(v’)mmin{

A similar bound holds for XV (v’) and X" (v’) with 2’ instead of E.
Write XV(v) = XY (v) - XVw)+ XY (w) and XV (v) = XV (v") - XV (") + XV (v"),
then expand Covy, (XY (v),XV (V") | Sy, Sv’) to

Covn (XV (v), XV (V') | Su, Svr)
= Covp (XY (v), XV (V") | Su, Svr)
+ Covp (XY (v) = XV (1), XV (V') | Su, Svr)
+ Covp (XY (), XV (v") = XV (') | Su, Sv)
+Covp (XY (v) = XV(v), XE") = XV (V') | Su, Sv).

We claim that
|ICovp (XY (v) = XV (v), XY (V') | Sy, Sv)| < CD()?D(v')?HpE

and similarly for the other covariances involving XV (v) — XV (v). To this end note
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4.3 Sparsity-based covariance bounds

that by measurability of Hy and D with respect to Sy, S,» we have

IEnl(XY(v) = XY ()XY (V') | S, S ]l
< EnlIXV(v) = XV () [IXV ()| | Su, Sv']
< Enl(XY ) + 1XYW DT xvyexv @ 1 XY W) Su, Su]
< CE[D()*D (" )2 Hy L ixv )23V (0); | SvsSur]
<CDW)’DW" ) AP (XY (v) = XV (V) | Sy, Sv7)
< CH}!D()’D(v')%E.

The same holds for the other terms in the definition of the covariance. This shows

|Covn (XY (1), XV (V') | Sy, Svr) — Covp (XY (v), XY (V") | Sy, Sur) ]|
<CDW)’D(W") A (E+E).

We can then use (4.33) to estimate the expectation
Enl|Covn (XY (1), XV (V") | Su,Su7) — Covn (XY (v), XV (V") | Su, Sv) 1]

< (:15/3cn<v>”2cn<v’>l/2min{waz,n LD, 1}

ng
< CI3C, () 2, ()Y 2 pp(fv,v'Y). (4.34)

It remains to bound the expectation of Cov, (XY (v), XY (v") | Sv, Sv’).

By construction Bx_;(—) and B)_, (—) are independent of S, and S,’. Hiding the
dependence of XV (v) and XV (v’) on Sy and S, in functions ¥ and ¥’ we may
appeal to Lemma A.2.3 to write

Covn (XY (v), XV (V') | Sy, Svr) = Covp (¥ (By—1 (=), ¥’ (B},_1(-))).

Moreover, the values of ¥ and ¥’ do not depend on the collection of neighbourhoods
of all vertices in G, and GI,. Instead the value of ¥ is completely determined by the
neighbourhoods of vertices that are connected to v via an edge. Similarly, the value
of ¥’ is determined by the neighbourhoods of vertices w that have an edge to v’.
Since we fixed S, and S, for ¥ and ¥’, the selection of those neighbourhoods is
deterministic. More precisely let

D=Di(v)uD{(v) and D' =D;(v')uD{ (V).

Then ¥ and ¥’ only depend on the neighbourhoods of vertices in D and D’, re-
spectively, and D and D’ are (S,,Sy’)-measurable. Note that D and D’ are not
independent, but

v'),F

D=D"")uDV"wyuiv'}y and D' =D @) uDP (W)U v}
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Chapter 4 Proof of the Main Result

are independent and satisfy D < D and D’ < D’. Additionally, Lemma 3.1.11 implies

En[IDI"] < En[(ID1(v)| + DT (v)| + 1D"]

< ’J’.)[En[<|D1<v>|+|Df(v>|>f]

r\ & (J 0\ nF i—0
, n 1 1
f > JEalIDL) D] ()]

IA IA
. .
M~ LM~ L

r J .
= (”) S @[En[|D1<v>|2"]”2[En[|Df(v>|2<f’/”]”2

A IA

Ao~
I

/j /r'\)\ =]

Wy + 1)1 +7) + 1)
Wy + DR + 7).

If v is bounded above, we can absorb it into the constant to obtain
EnlIDI"] < C(Wy + 1)T(rl,n +1)".
Similarly by Lemmas 3.1.4 and 3.1.8 we have
EnllIDI%] < Ex[(ID1 ()]l + IDY (W) || + Wor)?]
< EnlID1 (W)112] + 2Ex[ID1 (W) IIDY () 1] + EnlIDY (v) 117]
+ 2Wy EnlID1 (W) || + IIDY (0) 1T + W2,
< EnlIID1 (W)112] + 2(En[IID1 () 1P D Y2 (En[IDE (0) 12 1) /2
+ En[IID} (W) 1121 + 2Wy En[IID1 (v) | + DT (V) I] + Wy,
<CWy +1)2([T30 + 1) (T2 + 1)% + CWy (Toy + 1) + W2,

which we estimate crudely by

<CWy + Wy +1)°(T30 + 1) (T + 1)°.
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4.3 Sparsity-based covariance bounds

This implies
ExL(IDIl + |DN)?] = Ex[IDII?] + 2Ex[IDI[ID|] + En[|D|?]
< EnlIDI°] + 2En[IDII* 12 En[IDI?]'/? + Enl|D|?]
<CWy + Wy +1)2(T30 + 1) (T + 1)2
+CWy + Wy + 1) Wy + )T n + DIz + 1) T2 + 1)
+C(Wy + 12wy +1)°
<CWy + Wy +1)°(Mp + 1)° @3 + 1) (T + 1)

and similarly for D’. Since D and D’ are independent, this immediately implies

Ex[(IDIl + [D)2(ID"|l + |D'])?]
<CWy + Wy + D3I + D3T3 + 12T + 13 (4.35)

By definition |¥| < D(v)?H?Z and [¥'| < D(v’)2H%. Hence Lemma 3.2.5 shows

Covp (Y (Br—1(-)), ¥ (B,_;(-)))
(DIl + |DI)(IID"|| + |D"1)
ng

sD(v)ED(v’)Zﬁémin{ (T30 + 1) (T2 + 1)2’<+1,1}.

Take the expectation and use independence of Hy from the other terms as well
as Cauchy-Schwarz to separate the expectations of the terms involving D from D
and D’ and (4.35) to obtain

En[Covn (XY (1), XV (V') | Su,Su)]
= Enl[Covin (¥ (Br_1 (=), ¥’ (B}_,(=)))]
< CEx[HEE[D(v)*D (v")*]1/2
.{EMWDH+HNVWDW+4DWFP”
min
ng
< CIS P Y2, () Y (v, v')), (4.36)

(hﬂ+1ﬂbﬂ+1ﬂhkl}

where we used (2.7) and (2.8) and the definition of p; x in the last step.
Now (4.34) and (4.36) imply the claim. O

Proof of Proposition 4.3.7. Recall (4.23)

COVn(Avava,Av’fAv’fF,)
= Covn ((RY (v) + LY (V) (R (FUv) + L} (F U v)),
(RY (') + LY (W) (R} (F' uv’) + LY (F' uv"))).

Expand this covariance into sixteen terms, then apply Lemmas 4.3.8 and 4.3.9 to
these terms as appropriate. O
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4.3.3 Vertex-edge case

A fusion of the ideas for the edge-edge and vertex-vertex case can be used to treat
the vertex-edge case, in which we estimate c(e,v’) for an edge e = {u, v} thatis not
incident to the vertex v’.

Proposition 4.3.12. Lete = {v,u} be an edge in V(Z) and v’ € V,, be a vertex not
incident to e. Then we can choose

Wu Wv

cle,v') = o, CJEely Cn( )2 ((mE (v, u) V2 + (m), (v")5))1*?

1/4

+sn,k({u,v,v DY+ ppxGu, v, v H4).

The steps are as before. We want to bound

Covn((RE(e) + LE(e))(RE(F ue) + LE(F U e)),

4.37
(RY (V') + LY (") (RY (F" uv') + LY (F" uv))). (37

Again we expand the covariance and need to bound sixteen terms of the form
Cov(UE(e)US(Fue),UY (v)UY (F uv)).
For brevity let
A = max{Hg (We, W, Wy, Wy), Hg(we, w,, wh, wk)}

and
Hy = Hy(wy,w,,) and D@’) = h(ID,(v")]) + h(IDY (v"))).

Note that these random variables are independent. Note further that D(v’) is
independent of A,, since the former involves edges emanating from v’ and A, is
only concerned with the edge e, which by assumption does not emanate from v’.

Again there are fifteen terms involving Rf or R). These can be bounded by
appealing to (GLA 3) and (GLA 6), respectively. We first deal with terms involving
an Rf.

Lemma 4.3.13.
Covy (UE(e)US(Fue), UY (W) UY (F uv'))
< CIpIv g

+sn,k({u,v,v }

Cn(w)HY2((mE (v, u)85)1/2

W+ pp({u, v, v HH)

if Uf or UL is an RE -term.
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4.3 Sparsity-based covariance bounds

Proof. The proof is essentially a simplification of the calculations done in the proof
of Lemma 4.3.3. Assume that the covariance is of the form

Covn(RE(e)US(FuUe),UY (W) UY (F uv’))

the remaining cases are analogous.
By (4.3), (4.4) and (4.22)

IRE(e)US(Fue)UY (v)UY (F" uv")|
< Cl;,HegD (v')*Hy IRE (e)|
< Cla, HED(W')?HEIRE (e)| + Clx,_x:—1y HED (V)2 Hp. (4.38)

The expectation of the second term in (4.38) can be bounded using independence
and then the Cauchy-Schwarz inequality

CEnll(x,—x;—1}HED(v')2H3] < CPr(Xe = Xy = DEn[HEE[D (v')2HE ]

Wy Wy
ng

, Wy W. ,
< It )Wﬁpn,k({u,v,v 1.

2
sCmin{ ,1}],%/31‘1/3Cn(v')1/2

The remainder of the first term can be bounded with Cauchy-Schwarz as in (4.8)

Enl1a HeD(v')?HEIRE (€)1 | Yel < 14, Ex[HED(v')*Hy 1V En[RE ()2 | Ye]'/?

< 1A Jp TP Ca (0 PERIRE (0)2 | Yo 1Y/2.

Write By = Bx(v,Gy) and By, = Bi(v,G%). Let Eq be the event that By and B;, are trees.

Then use Lemmas 3.5.2 and 3.5.5 to couple (Bk,B,'C,T, T') and set E; = {(Bk,B,’() =~

(T, T')}.

Analogous to (4.9) we have
14, En[(RE(€))? | Ye]
EU / E,L 7\ 2
= IEn[]lAe]lEo]lEl (LAk (Bk;Bk) - LAk (Bk, Bk)) | Ye]

(4.39)
+ 14, CTE P (P (ES | Yo) /2 + Pp(ES | Ye)/2).

Simplify the argument for (4.10) by conditioning only on Y, and not also on Y, to
obtain

Pu(E§ | Ye) < Conx({u,v}) < Cppx({u,v,v'}).

Similarly, the calculations for (4.11) can be based on Lemma 3.5.5 instead of
Lemma 3.5.4 so that

Pn(Ef) < Clenk({u,v,v'}) + pur({u,v,v'})).
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Lemma 3.5.5 and (GLA 3) then give that
Enlla, g 1g (LAFY (By, By,) — LAY (B, B)? | Yol < mbk (v, u) 6%,
Hence, the expectation of the first part of (4.38) can be bounded by
En[CLa HEAY IR ()]
< T C T Ty T (0) 2 (i (0, 0) ) 2
+engk({u, v, v’ NV + ppi(lu, v, v HY).

Putting this together we obtain
Enl|RE (e)Us (F U e)Us (v)UY (F uv)|]

Wy W,

<CJeJv—g"

n9
+ enx({u,v,v'}

Cn(w)HY2((mE (v, u)85)1/?
VA4 pur(lu,v,v' DY),

The other two terms in the covariance can be bounded similarly, which proves the
claim. O

Now we treat those terms involving an R,‘C/.
Lemma 4.3.14.
Covn (UE(e)UE(F U e), UY (v UY (F uv'))
<CJvJe WoulVy

ng
+enx (1w, v, v DY + ppr({u, v, v’ HH)

Cn (w2 (my (v)6))1/?

if UY or U} is an R -term.

Proof. The main line of the argument follows Lemma 4.3.8. Here, however, we have
to condition on Y,, which makes the proof slightly more complicated at first glance.
Assume that the covariance is of the form

Covn(UE(e)UE(F ue), R} (v)UY (F uv’))

the remaining cases are analogous.
By (4.3), (4.4) and (4.22), measurability, independence and Cauchy-Schwarz we
have

EnllUE()UE(Fue)RY (v)UY (F uv')|| Yel
< Cl,,En[HZD (v ) Hy [RY (V)] | Y]
< Clz, En[D(")2HEAZ Y 2ER[IRY (V') |? | Y11/
< Clz, J° IV Cn ) AERLIRY (V)12 | Yo 112, (4.40)
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4.3 Sparsity-based covariance bounds

Let By = Bx(v’,Gy) and B, = Bx(v’,G},). Use Lemma 3.5.2 to couple By (v’, Gy)
and T ~ Ty(Wy/, v, ug, uyv). Exchange the weight of the root of T for a random
variable 1, with distribution uy coupled to the weight of v’ in Gﬁ' such that w, +
wy with probability at most drtv(uy », uy) and call the resulting weighted tree T.

Let Eq be the event that By = T and B,’< = T and let Eg be the event that Bx (v, Gy)
is a tree. Then

IRY (v')| < LAYV (Bk, B}) — LA, (B, B})
< gy L, (LAYY (B, By) — LAY (By, By)) + Lpeupe CD (v') Hy .
Square this inequality, take conditional expectations, use independence and the
Cauchy-Schwarz inequality to find
E[(RY (v'))? | Yel < Enllg,1g, (LAYY (By, By) — LAY (B, Bp))? | Yel
+ C[EW[D(vl)zle\z/]lEguEf | Ye/]
Vv, U Iy V,L 7\\2
= [En[]lEO]lEl (LAk (Bk,Bk) LAk (BksBk)) | Ye]
+ C(En[D (") Hy D2 (Pn(ES | Ye) + Pu(ES | Ye))/
< Enl1g,1E, (LA, (By, By) — LAY (By, By))? | Ye]

(4.41)
+ CCr (W) Y2 (PR (ES | Ye) + Pr(ES | Ye)) /2.

First we bound the probability of E(C) in (4.41). Since the rerandomisation of the
vertex weight does not change the underlying tree structure, By is a tree if and only
if B,’C is a tree. Now By (v’, Gy,) is equal to By (v', Gy, — e) with high probability. More
precisely by Corollary 3.1.15

Pn(Bk(v',Gn) = Bk (v',Gp — e) | Ye)
= Pn(e € Bx(vV',Gp) | Ye)
<Pup(ueBy(v',Gy—e)|Ye) +Pp(v €Br(v',Gy —e) | Ye)
<Pu(u€Bry(v',Gy—e)) +Pp(v €Br(v',Gy —e))
<Pnp(u € By(v',Gyp)) + Pp(v € Bx(v',Gy))
< (Wy + Wy) Wy
B ng

Hence, we can look at By (v, Gy, —e) instead of Bi(v’, Gy) to calculate the conditional
probability of Ef given Y, so that Lemma 3.1.20 together with the last inequality
yields
Pn(EG | Ye)
= P, (Bx(v',Gy) is not a tree | Yy)
< PuBx(v',Gpn) = Bk(v',Gy — e) | Yo) + Pn(Br (v, Gy — e) is not a tree)
(Wu+Wv)Wv’ (Wv’ +1)2

< 3 (o + DR+ C( + 12K (I3, + 1) 3

(To + 1)K,
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Chapter 4 Proof of the Main Result

Hence,
Pn(E§ | Ye) < pui({u,v,v'}). (4.42)

By construction of the coupling By = T implies B, = T unless 1w, # wy. Then by
Lemma 3.5.3

[P)n(Ef | Ye) < Pp(Br 2T Ye) + Py #+ wy)
Wy (Wy + Wy)
ng

<enx({v'H+C (Lo + D)X 4 dry(py o, tv).

Absorb dtv (py n, pyv) into &, k({v'}) < gy x({u, v,v’}) to obtain
Pn(E] | Ye) < Clenk({u, v, v'}) + ppi({u,v,v'})). (4.43)

In fact the construction of Lemma 3.5.3 allows us to assume that T does not depend
on Y, at all.

On E; the neighbourhoods By and B,’< can be replaced with T and T, which are
independent of Y,. Then by (GLA 6)

Enl1g,1g, (LA, (Bx, By) — LAY (By, By))? | Ye]
< En[(LAYY(T, T) — LA M (T, T))?]
<m) (v')5). (4.44)

Putting (4.40) to (4.44) together we have

Exl|Uf (e)US (F U e)R{ (v)UY (F' uv)|]
< CJpgy e

no

+enk({u,v,v'}

Cn(w)HY2((mY (v") 812
W+ ppr{u, v, v HY),

The other two terms in the covariance can be bounded similarly, which proves the
claim. 0

It remains to bound the covariance involving only Ly terms.
Lemma 4.3.15. We have
Covp(LE(e)LE(F U e), LY (v )L} (F U "))

173 WuWy

= CIP TP ) o (v, v ).

Proof. Use the notation from the proofs of Lemmas 4.3.4 and 4.3.9 and use the law
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4.3 Sparsity-based covariance bounds

of total variance to obtain.

Covp(LE(e)LE(F ue), LY (v )L} (F" U V"))
= Covn(XE(e), XV (V"))
= Covp (En[XE(e) | Se, Su' 1, En[XY (V') | Se, Sur])
+ En[Covn(XE(e), XY (V') | Se, Su7)]
= Covp (14, EnlXE(e) [ Se, Sv/ ], EnlXY (V') | Se, Sur])
+ En[1a, Covy(XE(e), XV (V) | Se, Sur)].

The claim will follow from Lemmas 4.3.16 and 4.3.17. O
Lemma 4.3.16. We have
Covy (T4, En[XE(e) | Se, Sur 1, En[ XV (V') | Se, Svr 1)

WuW,
< CJ‘I//3JEl/3 11;91}

Proof. Write XE(e) as a function of

Cn ()Y 2pp i ({u,v,0'}).

(Bk(v,Gn), Bk(v, G5,), Bk (v, Gp), B (v, G °))
and define an approximation X% (e) as the same function applied to
(Bx(v,Gn —v'),Bx(v,G4 —v'), Bk (v, Gl —v'), By (v,GLY¢ —v")).
Similarly, XV (v’) can be written as a function of
(Bk(v',Gn), Be(v', G} ), Be(v', Gl ), B (v', Gl VY1)

and can be approximated by XV (v’) that is defined as the same function, but applied
to

(Bx(v',Gy — {u,v}),Br(v',GY — {u,v}),
By(v',GE — {u,v}), By (v',GE VY — {u,v})).

By construction X% (e) is independent of S, and XV (v’) is independent of S,. Set
ZE(e) = En[XF(e) | Se, Syr] and ZF(e) = En[ X" (e) | Se, Sur] = En[ X" (e) | Se]
and analogously
ZV (') = En[XV (V") [Se, Sv'] and ZV(v) = EalXY (V") [Se, Sur] = En[XY (V') [Su1].
The bounds from (4.3), (4.4) and (4.22) imply

IXE(e)], 1XF(e)| < 14, H
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Chapter 4 Proof of the Main Result

and
IXV@H, XVl <D’ )?HE.

The conditional versions then satisfy
1ZE(e)] = [En[X"(e) | Se, Sur 1| < Enlla,HE | Se, Sur] < 14, Hp
by measurability of Hg and A, and in exactly the same way
1ZF(e)| < 14, Hj
as well as
1ZV ") = [EnlXY (V') | Se, Sur ]l < En[D(V')?HE | Se, Sur]l < D(V')2HZ  (4.45)
by measurability of Hy and D(v’) and
1ZV(v")| < D(')2HE.
Split the relevant covariance

Covn (14,25 (), ZY (V"))
= Covy (14,25 (e), ZV (V"))
+ Covp (14, (ZE(e) — ZE(e)), ZV (V"))
+ Covy (14,28 (e), 2V (") - ZV (V"))
+ Covp (14, (ZE(e) — ZE(e)), (ZV (") = ZV(v"))).

Since 1.4, ZF (e) is a function of S, that is completely independent of S, and ZV (v”)
is a function of S, that is completely independent of S., the two approximations
are independent and thus the first term vanishes.

Now bound the three remaining covariances. We will only show the argument for

Covn (1a,(ZE(e) = ZF(e)), ZV (v')),

the argument for the other two covariances is similar.
By (4.45)

114, (ZE(e) = ZE(e))ZY (v')| < 14, D (') H|ZE (e) — ZE (o).
By construction

1ZE(e) — ZF(e)| < EnlIXE(e) — XE(e)] | Se, Su']
< 2H:P, (XE(e) # XE(e) | Se, Su).
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4.3 Sparsity-based covariance bounds

Similar to previous proofs XE(e) = XE(e) implies that By (v,G — v’) # Bx(v,G)
for at least one G of G = Gy, G4, GE, GEVe. Then apply Lemma 3.1.19
Pn(Bx(v,Gyn — v') Bk (v,Gp) | Se, Svr)
<Pn(v" € Bx(v,Gp) | Se, Sv)
<& ({v'}, {u,v}, Q).
Sum these probabilities for all four graphs to & with
Pn(XE(e) + XE(e) | Se,Svr) < E
and
Wy (Wy + Wy)
ng
Take the expectation and use independence to find

E.[Dv')%E] < CCn(v')l/Zmin{ (rz,n+1)’<,1}.

Enll1a,(ZE(e) = ZE(e))ZV (V)] < CEnl1a, D (')A HEE

- CW”W”J”3 B3, W) 2 p,  (fu, v, '),

The other terms in the covariance can be bounded similarly. Hence,
C E SE 5V Wqu 1/3 1/3 1/2
ovu(la,(Z5(e) — Z%(e)), 2" (V') = C——5—Jy Cn(V) ppi({u,v,v'}).

The same bound holds for the other covariances. This finishes the proof. O

Lemma 4.3.17.

1/3 Wqu

Enl1a, Covn(XE(e), XY (V') | Se, Su)] < CIE P i3 22 (0) Y2 ppi (Hu, v, 07 )).

Proof. Define

Bi(—{u,v}) = (Bx-1(w,Gp — {u,v}), By-1 (w,Gh — {u,v}))wev,,
Bi(—v') = (By—1(w, Gy — {v'}), By1 (w, Gl — {v' 1) wev,,
Bi(—) = Bk—1(w,Gp — {u,v,v'}), Byo1(w, Gl — {u, v, v ))wev,,
B;(-) = (Bx-1(w, Gy — {4, v,0'}), By (w, Gl — {1, v, 0" D) wev,-

With those definitions X£(e) can be written as a function of (Bx(—{u,v}), Se), we
define an approximation X£(e) as the same function but applied to (Bx(—),Se). As
in the proof of Lemma 4.3.6 X£(e) actually only depends on the neighbourhoods
of vertices w that are connected to v or u via an edge. Analogously, XV (v’) is
a function of (B}C(—v’), Sv7), so define its approximation XV (v’) as that function
applied to (B (—),Sy’). As in the proof of Lemma 4.3.11 XV (v’) depends only on
the neighbourhoods of vertices w that are connected to v’ via an edge.
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Chapter 4 Proof of the Main Result

On the event XE(e) + XE(e) there is at least one relevant vertex w connected
to u or v such that Bx_; (w,Gy, — {u,v}) differs from Byx_1(w,Gy — {u,v,v'})
or By_1(w,GE — {u,v}) differs from By (w,GE — {u,v,v’}). That is to say there is
a path of length at most k — 1 from w to v’ that avoids u and v. Since w is directly
connected to u or v by an edge, it follows that there is a path from u or v to v’ of
no more than k steps. Thus by Lemma 3.1.19

Pn(XE(e) = XE(e) | Se, Sv) < Pn({u, v} e V) + Pp({u, v} "W‘*I;k v’)
< &{u, v}, (v'},2) + & ({u, v}, {v'}, 9)

Call the right-hand side of the last equation Z and note that

+ W’U)W'U’
nd

Similarly XV (v’) differs from XV (v’) only if there is a vertex w connected to v’ by
an edge such that By_q (w, Gy — {v’}) and By_1 (w,Gy, — {u,v,v’}) or By_1 (w, Gﬁ’ -
{v'}) and By_1 (w, Gﬁ' — {u,v,v’}) differ. This implies that there is a path in G,
or Gfl' of length at most k — 1 from w to u or v that avoids v’. Hence, there is a
path of length at most k in G, or Gfl' from v’ to u or v. Thus by Lemma 3.1.19

EnlD(v)28] < CCn(v)112 W (Ton + DX,

P (XY (v") = XV (V') | Se, Spr) < Pu(v' evcp {1, 1)) + P (v emty {u,v})
<&({v'} {u,v},9) + E ({v'}, {u,v},9)
Call the right-hand side of the last equation £’ and note that

(Wu + W)Wy
ng

E,[Dv')%E] < CCn(v')l/zrnin{ (rz,n+1)’<,1}.

Expand the covariance of interest
Covn(XF(e), XV (V) | Se, Sv')
= Covp(XE(e), XV (V") | Se, Su)
+ Covp(XE(e) — XE(e), XV (V') | Se, Sv7)
+ Covp (XE(e), XV (v") = XV (V') | Se, Sv7)
+ Covp(XE(e) = XE(e), XV (v') = XV (V') | Se, Su7).
As previously, bound the covariances involving an approximation error by estim-

ating the approximation error by the bounds on X and XV times the probability
that the approximation is different from the original function. We obtain

|Covin (XE(e) — XE(e), XV (V') | S, Sv)| < CHED(v')?HZE
and similar results for the other terms. Thus

|Covin(XE(e), XV (V") | Se, Sur) — Covp(XE(e), XV (V) | Se, Sur)|
< CH;D(v')*H{(E+E)

146



4.3 Sparsity-based covariance bounds

and therefore also
Enlla,|Covn(XE(e), XY (V') | Se, Svr) — Covp(XE(e), XV (V) | Se, Svr) ]

(4.46)
< CIFP PG ) 2 pp(u, v, v')).

It remains to bound Cov, (XE(e), XV (v') | Se, Sy). Recall that the construction
ensured that By (—) and BL(_) are independent of S, and S, . Hide the depend-
ence of XE(e) on S, and the dependence of XV (v’) on S, in functions ¥ and ¥/,
respectively, so that by Lemma A.2.3

Covn(XE(e), XV (V') | Se, Sur) = Covp (¥ (B (—)), ¥ (Bi(-))).

By definition |¥| < H2 and |¥'| < D(v')2HZ.

As in Lemmas 4.3.6 and 4.3.11 ¥ and ¥’ depend not on all w-neighbourhoods
for w € V,, but only on the neighbourhoods of ws for which there is an edge to u
or v and v’, respectively. This data is known conditioned on S, and S,'. More
formally, the relevant vertices for ¥ are contained in

D =D;(v) uD;(u) uDf(v)uDi(u),
and the vertices relevant for ¥’ are contained in
D' =Di(v')uDy (v).
While D is not independent of A, and D’,
D =s"" ) us ) u s W)y sV U v
is independent of A, and of
D' =S @) us I W) U fu, vl
Then as before

Exl[(IDIl + [D)2(ID'|| + |D'])?]
<SCWy +Wy + Wy +2)4 T 0 + DA + DAI3, + 1)2
and by Lemma 3.2.5
Covp (¥ (Br(—-)), ¥ (Bk(-)))

(ID1l + ID) (IID"|l + |D"])
n9

Take expectations as in Lemma 4.3.11 to obtain

Enl1a, Covn (¥ (Bx(-)), ¥ (Br(-)))] < Cfé/g%

Put these covariance estimates together to conclude the claim. O

< CH:D(v')?Hy min{ (T30 + 1) (T, + 1)2KFL 1}.

Cn(v )Y 2pp i ({u,v,0'}).
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Chapter 4 Proof of the Main Result

Proof of Proposition 4.3.12. Recall (4.37)

Covn((RE(e) + LE(e))(RE(Fue) + LE(F U e)),
(RY (V') + LY (W) (RY (F" uv') + LY (F" uv))).

Expand this covariance into sixteen terms, then apply Lemmas 4.3.13 to 4.3.15 to
these terms as appropriate. O

4.4 Summing the bounds
We are almost ready to prove our main result.

Lemma 4.4.1. Recall n, (V) and €, ¢(V) from Lemma 3.5.1 and Lemma 3.5.2,
respectively. Then

> enelun,..,um}) smnMe,

UL yunny UmE Vn
pairw. diff.

where &, ¢ is as defined in Definition 2.3.3.
For any v > 1 we also have

1
nm > enelun,.um)Vm = m! e
UL yeery UmEVn
pairw. diff.
Proof. We have
EneV) = V2 4 V]I
" n9 ;
+ | VI, +1 9<7!+ 4 N , +7)
IVI(T2n + 1) g T Kun T Ken o -
+|V]|— + n__ 4|V <*+T+19*1(7’”+1))
| |kn N9, IV lot, g (> + 1) T

+ (VI + V@ + D (drv (e n, tE) + drv iy a, 1y)).

In order to understand the sum over ¢, (V) it is therefore enough to understand
the sum over | V|, | VI, || VIl+ and || V2. Recall that | V| = | Vl|o.
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4.4 Summing the bounds

For p = 0 we have

!
[]
M3
=

> M, umllly =

ULy Um EV UL,y Um EVY i=1
pairw. diff. pairw. diff.

A
M
M
=

IA
3
M

Il
3
S
3
(o)
—
<
M
)
=
~—~
—
| —
M
—_
~——
3

[
3
S

3
<

:s’—J
2

In exactly the same way we also obtain

m
> Huneumble = > > W s s
ULy, UmEVR ULy Um EVy i=1
pairw. diff. pairw. diff.
1
= mnm9<7 Z Wu Ty >m}) (f
nd U1V ! n uevy
=mn"m%kin
Hence,
S epe{un, . um})
ULy, Um EV
pairw. diff.
2
= mn™m-2" 4 mn" %k yin
I 2+T k
+mnmf1n9(f2n+1)€<M+K1n+K2n+ 1.n +—")
’ ’ ng ’ ’ ky ng
1 k2
+mnm— +nMm—=
kn ngrl,n
1 _ Ion
+ mn"T , 9« <—+ L+ 1)¢ 1(—‘+1))
Ln90n | g (I +1) 9T,

+mn"™(1 +11,9 12 + 1)€)(dTV(UE,n;IJE) +drv(uv,mn, Uv))

<mn™e, .

This finishes the proof of the first part of the claim.
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Chapter 4 Proof of the Main Result

For the second part of the claim let s > 1 such that 1/ + 1/s = 1 and apply
Holder’s inequality so that the first part of the claim implies

nim Z Enyﬁ({uly---;um})r
ULy Um EV
pairw. diff.

< (L 2. (En,e({ul,...,um})1/7)7>1/r<1 S 1)1/5

ULy UM EVY ULy UmEVY
pairw. diff. pairw. diff.

< (L > En,y({ul,...,um})>l/r

UL,y Um EV
pairw. diff.

=m!elr.
This shows the second claim. O

Lemma 4.4.2. Recall p,, x (V) from Definition 4.3.1. Then

> pux({ur, ., um}) < mnMpyy,

ULy Um EV
pairw. diff.

where p,, ¢ is as defined in Definition 2.3.3.
Furthermore, for any v > 1 we have

nm 2. Pk, .., um " Sml/rp}l{’:_

ULy Um EV
pairw. diff.

Proof. As in the proof of Lemma 4.4.1 we just need to understand the relevant sum
over (VI + VD2 =VIZ+2[VIIVI+ VI

We use the Cauchy-Schwarz inequality to estimate the square of the sum by the
number of summands times the sum of squares and then proceed as in the proof of
Lemma 4.4.1 to obtain

S Muneunits S (Sw)

UL,y Um EV ULy UmEVY i=1
pairw. diff. pairw. diff.

m
2
< > mY Wi
UL, UmEVn i=1
pairw. diff.
< mznmgrzgn.

The sum of the other terms is known from the proof of Lemma 4.4.1.
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4.4 Summing the bounds

Ignore the minimum with 1 for now to find

S pux{ur, . um})

Uui ,._..,‘bLm_EVn
pairw. diff.

5 {ur, ..o, um 2 + 2mll{uy, ..., um}l + m?
ng

Uul ,._..,um _EVn
pairw. diff.

(T + 1)% (Do + C)2K 1 (I3, + 1)2
9F2n+9r1n+1
ng

But clearly it also holds that

2 nm

<m?n (Tpp + 1)% (o0 + C)2K 1 (T3, + 1)2.

> pux(u,.., um}) < n™ < mn™

ul ,._..,um_eVn
pairw. diff.

The first claim now follows immediately from the last two inequalities.
The second claim follows as in the proof of Lemma 4.4.1. O

Finally, we can proceed to prove the main result.

Proof of Theorem 2.3.5. In the previous sections we identified a function ¢ defined
on both vertices and edges with

T CovAx fASE, Ay fA fF) < cl(x, x7)

forall x,x’ € Vo UViZ and F € (Vi UV \ {x}, F' < (Vi U V) \ {x'}. Apply
Lemma 4.1.6 to obtaln that

Sup|Py(Zy < t) — ®(t)|
teR

< \ﬁ( Z c(x,x’))l/4 + (053 Z [E[IAXf|3])1/2.

X,x’EVnUVY(LZ) xeVpUEy

All that is left to do is to calculate these sums. We start with the first sum
over c(x,x) and split the sum over all the different cases we handled.
Lemma 4.2.3 and the definition of I} ;, imply

4CJ2/3 Z Wqu

Z cle,e) <o
ecky ecky nd
<04 n9 ( > Wv)
vevn
< —CJE/39r1 - (4.47)
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With Lemma 4.2.4 and (2.8) we can show

S ocw,v) <oty S Cav)

vevy VEVR

n
< —CI xn. (4.48)
On

From Lemma 4.2.5 we get

> c({v,u},v)

V,UEVy

W W
<otc PR S T ()!?

V,UEV,
Bl 3 ) (b5 e

UEVR veEVR
1/3 1/3 e 1 e
SfC.] ( Z Wu)( Z WZ) (f z Cn(v))
veVy nUEVn
- —CJ”3]1/3 a9/ 21/n2X1/2 (4.49)
Un
By Lemma 4.2.6
Wy Wy
> el lwv'h) sortcsp Y wioel
u,v,v’'€Vy u,v,v’'eVy nvn
n o 1 2) (L )(L )
SO_ CJE 9( 9ZWu ng%:Wv ng.;WU
< 7CJE/391"2 nrln (4.50)

The bounds (4.47) to (4.50) can in turn be bounded above by

1/2\2

%C(JE Iy + JESV) (82 4 XA 22 + 12 (Mo + 1).
n

We note that the last two terms can be bounded by np,  if n is large enough, so
that with J = Jg + Jv + JgJv this term is bounded by

2
n
= FCJ(\QUZ + X11¢/2) Pnk
n
n 1/2 1/2\2
< —CJO + o + Xn' 7)) Pk (4.51)

n

For the more complex bound from Proposition 4.3.2 we apply Cauchy-Schwarz to
separate the §, p and ¢ terms in the sum. Then apply Lemmas 4.4.1 and 4.4.2 and
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the definition of mf and ME to obtain

> clee)

e e’ €y
ene’' =

< 0'7;4C]E

Z Wu W'U Wu’ W‘U’

Py u— (SE(v,u) + 6E(v',u'))/?

u,v,u’ v ek,
pairwise different

+ e (w,v,u', v Y+ pp o (u, v, u/, v HY)

2
n 1

7C R
on JE ago

IA

> WuWu Wy Wy ((mE (v, u)6E)12 + (mE v/, u)55)1/2
u,v,u’ v’

W+ ppru,v,u’, v HH)

2

n 1 o o121

FC]E(W D wawewawg) (o5 3 mpwasg
n u,v,u’ v’ w,v,u’ v’

+ E?’l,k({uivyu,yv,}

IA

4 4 4 4 4 4 1/2
+mE W', u)0F + eng(lu, v, u' v HY2 + pge(fu, v, v/ HY?)

IA

2
n 2 1 ’ ’
OIS (655 S mEwaw + — Y e, v, v HY?
On n u,v n u,v,u’ v’

1 ’ ’ 1/2
tog 2 paklwva v'H)

uw,v,u’ v’
2
n
< U—ﬁC]El"f’n((Mﬁég)”z + ek + o). (4.52)

Similarly by Proposition 4.3.7 we have

> c,v)

v,v'eVy
ES

<0 *Clv 3 Cu)PLa(w) R (my () SO + (my (v) 5P+

v,V EVy
vy’

enx({v, v DY+ py (v, v HH)
1
n?

S Gtaw)) (o S mhwis))?

v,V EV, v,V EV,

+ (my (V)SOV2 + enp({v, v D2 + pn,kuv,v’})”Z)1

2
n
< —C
O';ll JV(

/2

2
n
<5 CIvxn((MyS)Y2 + &k + /). (4.53)
n

Finally Proposition 4.3.12 yields
> clu,v}v)

u,v,v’' eVy
pairw. diff.
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WuWy
n9

)1/4

CnHY2((mE (v, u) 512 + (mY (v)sY)1/?
k k

<o CIelv D

u,v,v’

+enx(fu, v, v DY+ o (fu, v, 0" HY)

n? 1 ;12,1
SjC]EJV< Sgr O Wawit)) (5 Y miwawep!?
u,v, v’ evVy n u, v, v’ eVy
1/2
+ (my, (W)Y + ek (T, v, 0" DY + ppge(fu, v,0'112)
2
n
< G CIEIVT X" (MESE2 + (M 6)) 2 + &)k + i), (4.54)
n

The bounds (4.52) to (4.54) can all be estimated by

U—C(]E + Jv + JEJV) (T + X )2 (MESE)V2 + (M) 5))12 + 61/;(1 + p,i/;f) (4.55)

n

< U—CJ(:’-}”2 + Do+ Xl D2 (MESHV2 + (MYSOYV2 + &8 + i) (4.56)

Putting all these terms together and using the observations from (4.51) and (4.56)
we obtain

1/4
(Z c(x,x’))
x,x’
n
SCJ1/4<U ) (91/2 +F2n+x”2) ((M£5£)1/8+ (MX5X)1/8+5111/116+P,11/£6)
n

Furthermore, by Lemmas 4.2.1 and 4.2.2 and from x,, = n~! Dvev, Tn(V)

(08 S LML) = (07 S ElAS T+ 05" S ELlAcf1P])

< (0‘311/22719F1 nt 0‘311/2 )2

<Ue+J V)( ) T
Together these two terms give the required bound. O
With Theorem 2.3.5 shown, we can prove Corollary 2.3.6.

Proof of Corollary 2.3.6. Let e = {u,v}. When Bx(v,Gy) and By (v,G$,) are trees,
define

LAL" (Bk (v, Gn), Bk (v,G3)) = gf (B (v,Gn)) — g/ (B (v,G3,))
and
LALY (B (v, Gn), B (v,G%)) = g¥ (Bk (v, Gn)) — g (Bi(v,GS)).
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4.4 Summing the bounds

When Bk (v, Gy) and B (v, G},) are trees, define

LAY (Bi(v,Gn), Bk (v, G})) = gk (Be(v,Gn)) — g}/ (B (v, G})))
and
LAY (Be(v,Gn), B(v,Gh)) = gf (Bi(v,G)) — g (Bi(v, G1)).

We now verify that property GLA holds for this choice of functions LA‘,E’L, LAIIE'U,
LAZ’L , LAZ‘U and then apply Theorem 2.3.5. We will only verify (GLA 1), (GLA 2) and
(GLA 3) for the edge perturbation. The proof for the vertex perturbation (GLA 4),
(GLA 5) and (GLA 6) is analogous.

(GLA 1) follows from (GLA" 1). We use that G4 — v = G, — v, since the vertex v
and all edges incident to v are not present in those graphs, so that rerandomisation
at e, which is incident to v do not have any effect. Hence,

LAY (B (v, Gn), B (v, G4))
= gF (Br(v,Gy)) — g (B (v,G))
< (f(Gn) = f(Gn —v)) = (f(G}) - f(G}, —v))
= f(Gn) — f(G})
= Aef
and similarly
LAY (Bi(v,Gn), B (v,G3)) = Af.
(GLA 2) follows directly from (GLA" 2).
For (GLA 3) observe that
|ILARU(T, T') - LAERH(T, T') | < | (g (T) — gg(T")) — (g5 (T) — g/ (T)) |
< 1g(T) — g (D + 19 (T') = gi(T))1.
Thus (x + y)? < 2x2 + 2y2 and (GLA’ 3) yield
En[[LABY(T, T') — LABH(T, T) %]
< 2Enllgy (T) — gg(T) |21 + 2Enllgy (T') — g§(T') 7]
<2mu(v)or + Zmn(v,u)Sk.

Set 6f = &), + 6k and mﬁ(v,u) =2(mu(v) + m(v,u)). Then the previous term can
be bounded by m£ (v, u)8%. Now

1

Y > mﬁ(v,u)=% > (mp(v) +m(v,u))

V,ueVy VvV, UEVY

My,

is bounded in probability by (GLA" 3). Also by (GLA” 3) we have 6£ —0ask — oo,
which finally verifies (GLA 3).
Now the claim follows with an application of Theorem 2.3.5. O
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A Auxiliary Results

A.1 Couplings

In this section we will briefly list a few standard results that allow us to couple
Binomial and Poisson random variables. For the simple results we will just present
the well-known proofs ourselves.

Lemma A.1.1. Fix p,p’ € (0,1) with p < p’. Then we can couple X ~ Bin(1, p)
and X' ~ Bin(1, p’) such that X < X' a.s. and

PX #X)=p —p.

Proof. We construct X’ from X and an independent random variable.
Let & ~ Bin(1,(p’ — p)/(1 — p)) be independent of X ~ Bin(1, p). Since p < p’ €
(0,1), we have that (p" — p)/(1 — p) €[0,1), so & is a well-defined random variable.
Now set
X' = max{X, &}.

Clearly, this definition ensures that X < X’ a.s.
By construction of X’ and independence of X and & we have

/ pl_p /
P(X'=0)=P(X=0,E=0)=(1-p)(1- l_p)zl—p.

Since X’ can only take the values 0 and 1, this shows X’ ~ Bin(1, p’) as desired.
Finally, we have that

PX' #X)=P(X=0,X"=1)

=P(X=0,E=1)
PN ey
=1 v)l_p
=p -p
as claimed. O

The following lemma is a well-known building block of the coupling between
Binomial and Poisson random variables [Tho00, §1.5.1].

Lemma A.1.2. Fixp € (0,1). Then we can couple X ~ Bin(1, p) and Z ~ Poi(p) such
that
P(Z + X) < p°.
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Lemma A.1.3. Fix0 < A < u < o0. Then we can couple X ~ Poi(A) and Y ~ Poi(u)
such that X <Y a.s. and

PIX+Y)=<u-A.

Proof. Let A ~ Poi(u — A) be independent of X ~ Poi(A). Then A is well-defined,
since u — A > 0. Set
Y=X+A.

Since the sum of independent Poisson random variable is again a Poisson random
variable whose parameter is given by the sum of parameters, it follows that Y ~
Poi(u). Clearly, the definition ensures X < Y a.s.

Additionally,

PX+Y)=P(A=1)=1—-exp(—(u—2A)) < u-—A,
where the last inequality follows from 1 — exp(—x) < x for all x > —1. O

Formally, all these couplings are defined on new probability spaces that need
not have any connection to the probability spaces that supported the (or one of
the) involved random variables. If we want to have several of these couplings at
once, it is a priori not clear that there should be a probability space on which
all the relevant random variables can be defined. A more careful analysis of the
construction of these couplings shows that it is possible to construct the coupled
random variables on straightforward extensions of the original probability space of
one of the involved random variables. This allows us to define chains of couplings
on the same probability space. We will not pursue this here any further; for the
purposes of the constructions to follow it is enough to employ a gluing lemima for
couplings.

Lemma A.1.4 [Aco82, Cor. A.2]. Let V1, V>, V3 be Polish spaces. Let (X1,X>) be a ran-
dom vector with values in V1 x V> and (Y>, Y3) a random vector in Vo x V3 such that X»
and Y» have the same distribution. Then there exists a random vector (Z1, Z>, Z3) with
values in V1 X Vo X V3 such that (Z,, Z>) has the same law as (X1,X?) and (Z>, Z3)
has the same law as (Y2,Y3).

This result for two couplings can easily be extended to n couplings.

Lemma A.1.5. Fix n € N, n > 3, and let Vi,...,Vy be Polish spaces. For i €
{1,...,n—1} let (Xi(i),Xﬁl) be a random vector with values in V; X Vi1 such
that Xl-(i)l and Xi(fll) have the same distribution. Then there exists a random vec-
tor (Z1,...,Zyn) with values in Vi X --- X Vy, such that (Z;,Z;.1) has the same

distribution as (Xi(i),X-(i)l) forallie {1,....,n—1}

1+

Proof. The proof proceeds by induction.
The base case n = 3 is Lemma A.1.4.
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A.2 Measurability

Assume that the claim holds for some n. We now want to show that the claim also

holds for n + 1. Hence, we seek to define a random vector (Z1,..., Z,+1) with values
inVyx---xXVys1 such that (Z;, Z;+1) and (Xl-(i),X;i)l) have the same distribution for
alli € {1,...,n} under the assumption that Xi(i) and Xi(i)l have the same distribution
foralli e {1,...,n}.

Because the claim holds for n, there is a random vector (Z,..., Z,,) with values
in Vi x - - - x Vy such that (Z], Z;, ;) has the same distribution as (Xi(i),Xi(i)l) for
alli € {1,...,n — 1}. In particular Z,, has the same distribution as Xy(L"_l), which
by assumption coincides with the distribution of XJ". Set 7 = (Z1,.--1Z;_1) SO

that (Z1,...,2Zy) = (Z',Z},). Now apply Lemma A.1.4 to (Z’, Z;,) and (X,(l"),Xy(ﬁ)l)
to obtain a random vector (Z, Zy,, Zn+1) such that (Z, Z,) has the same distribu-
tion as (Z’,Z},) and (Zy, Zy+1) has the same distribution as (X,%"),Xﬁ)l). Now
write (Z1,...,Zn-1) for Z and note that (Z, Z,) = (Z1,..., Zn) has the same distribu-
tionas (Z',Z},) = (Z},...,Zy), so that the distributions of (Z;, Z;11) and (Xi(l),Xffr)l)
coincide for all i € {1,...,n — 1}. Since we already have that (Z,, Zy+1) has
the same distribution as (X,(,L”),Xy(ﬁ)l) we have shown that (Z1,..., Z,+1) satisfies
that (Z;, Z;+1) has the same distribution as (Xi(l),Xi(fr)l) foralli e {1,...,n}.

This concludes the proof. O

With the help of this lemma we can now construct chains of couplings that retain
the properties of each involved coupling pair.

A.2 Measurability

The aim of this section is to establish that the conditional covariance in Lemmas 4.3.6,
4.3.11 and 4.3.17 can be rewritten as a measurable function

Lemma A.2.1. Let (Q, F,P) be a probability space, G < ‘F be a o-algebra and X
and Y be random variables with values in X and 'V, respectively, such that X is
independent of G and Y is G-measurable.

Then

Eld(X,Y) 1G] = gg¢(Y),

where
g (y) = El¢p(X, )]

whenever E[|¢p(X,Y)]|] < .

Proof. Let

D={Ae XV :E[1a(X,Y)|G]l=ga(Y), ga(y) = E[1a(X, )]}

First we show that D is a Dynkin system.
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(i) Q € D since 1 = 1;
(ii) if A € D, then also A¢ € D, since 14c =1 — 1 4;

(iii) let A; € D, then 1, o, = >; 14, and by monotone convergence

E[Ly, 4, (X, Y) 1G] = > E[14,(X,Y) [G] = > ga, (V)

where again by monotone convergence

> g4, (y) = D E[14, (X, )] = E[ > 14,(X, )| = E[Tu,4,(X, )].

Now show that {A X B : A € X,B € Y} < D. To this end note that since Y
is G-measurable and X is independent of G

E[Taxp(X,Y) | G] = E[14(X)1p(Y) | G]
=1p(Y)E[1A(X) | G]

= 1p(Y)E[TA(X)]
= gaxg(Y)
where
9axp(y) = 1p(Y)E[1A(X)] = E[TAa(X)1p(¥)] = E[1axp(X,¥)].
as desired.

Now apply Dynkin’s 1r-A-theorem to conclude that
X®VYy=0(AXB) cD.

Hence, the claim holds for all indicator functions.

Use linearity and monotone convergence to show that the claim also holds for
elementary and nonnegative measurable function. For general integrable functions
split into positive and negative part. O

Lemma A.2.2. Let X1, X», Y1 and Y> be independent random variables. Then
ELf (X1, X2)g(Y1,Y2) | X1, Y11 = E[f (X1, X2) | X1]1E[g(Y1,Y2) | Y11.
Proof. By Lemma A.2.1 and the fact that X», Y7 is independent of (X1, Y1)
ELf (X1, X2)g(Y1,Y2) | X1,Y1] = h(X1, Y1),
where

hix,y) =E[f(x,X2)g(y,Y2)]
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A.2 Measurability

since X» and Y»> are independent

= ELf(x,X2)]E[g(y,Y2)]
=hg(x)hg(y).

Lemma A.2.1 implies
ELf(X1,X2) | X1] = hy(Xy) and E[g(Y1,Y2) | Y1] = hg(Y7)
and so

E[f(X1,X2)g(Y1,Y2) | X1,Y1] = h(X31,Y71)
=h(X1)hg(Y7)
= E[f(X1,X2) | X1]1E[g(Y1,Y2) | Y1]

as claimed. O

Lemma A.2.3. Let X1 and X» be two random variables that are (jointly) independent
of Y. Then
Cov(f1(X1,Y), f2(X2,Y) | Y) = h(Y)

where
h(y) = Cov(f1(X1,y), f2(X2,¥)).

Proof. By definition of the conditional covariance

Cov(f1(X1,Y), f2(X2,Y) | Y)
=E[A1 (X, Y)f2(X2, Y) | Y] = E[A1(X1,Y) | YIE[f2(X2,Y) [ Y]

by Lemma A.2.1

= h12(Y) — hi(Y)h2(Y),

where
hi2(y) = E[f1(X1,>) f2(X2, )]
and
hi(y) = E[f1(X1,)] and h2(y) = E[f2(X2,))],
so that
hi2(y) — h1(y)h2(y)

= E[f1 (X1, ¥) f2(X2, )] = E[f1 (X1, ) IE[f2(X2, V)]

= COV(fl(ley),fZ(XZ,y))-
Set h(y) = h12(y) — h1(y)h2(y) and the claim follows. O
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