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INTRODUCTION

Diophantine problems are typically asking for the number of integer solutions to systems
of polynomial equations in one or more variables with integer coefficients. We call a
Diophantine equation homogenous, if it is defined by a homogenous polynomial over the
rational numbers or the integers. The most famous example is the object of study in
Fermat’s Last Theorem
a4+ b" —c" =0.

Tllustrated by the three decades of active research needed to proof Fermat’s Last Theorem
and the negative answer to Hilbert’s tenth problem, provided by Matiyasevich’s theorem
after 21 years of combined efforts, solutions of Diophantine equations are not easy to
obtain. Many celebrated results have been achieved with analytic methods, such as the
Hardy-Littlewood circle method, towards solutions to additive number theory questions
such as Waring’s problem and later to Diophantine equations of a more general type. We
refer to [15], [22] and [68] for a comprehensive treatment of those aspects.

In order to approach the problem from a different standpoint and possibly with new
and promising tools, we can reformulate our problem in a geometric fashion. Naturally,
a homogenous polynomial in n + 1 variables defines a hypersurface in n-dimensional pro-
jective space P™. Hence solutions of a homogenous Diophantine equation are equivalent
to rational points on the corresponding projective hypersurface. Considerable effort has
been made towards establishing estimations for counting functions of the shape

N(X;B) = #{z € XnP"(Q) | H(x) < B},

where X C P" is a projective variety, we consider z € P"(Q) to be an n + 1-tuple
(20,...,z,) € Z™! with a suitably chosen height function H. If X is a hypersurface
defined by the form F € Z[Xy, ..., X,,], we shall write N(F; B) instead of N(X; B) and
vice versa. In 1983 Heath-Brown raised the question whether for an absolutely irreducible
form G of degree d > 2 in n variables one can achieve

N(G;B) < B %*¢

for some ¢ > 0 in [29]. This was later picked up by Serre in both [63] and [64] and
appeared as the dimension growth conjecture in Browning’s work [14]:

Conjecture 0.1 (Serre’s dimension growth conjecture). Let X C IP’gjfl be an
irreducible projective varietiy of degree at least two defined over Q. Let Nx(B) be the
number of rational points on X with naive height bounded by B. Then

NX(B) < BdiInX(logB)C

for some constant ¢ > 0.



The reader may be interested in the large amount of literature concerning the dimen-
sion growth conjecture and find [18] to be a nice introduction to the topic. For further
reading we may refer to several examples, such as [8], |9], |10], [L1], [12], [13], [30], |42],
1591, 1601, [61], [70].

We want to shift our attention from Diophantine equations to two distinctly differ-
ent objects in diophantine geometry that illustrate the broad and rich amount of theory
and tools relevant and available for the study of rational points in modern number theory.

First we want to consider a projective variety X C Py in real projective space. Assume
X is given by the form F € Z[Xy, ..., X,,] of degree d, then after de-homogenization (for
Xop), we obtain a polynomial F{ in n variables satisfying

X, Xn>
F(Xg, ... X,) = X3Fy | =—, ..., =2
(Ko ) = X O<X0 Xo

and a function
ORI XR = R, (22, .0, Tn), 21) = Fo(21, .0y 20).

If the implicit function theorem is applicable, we can locally express the solutions of the
equation Fy(zy,...,2,) = 0 as the graph of a smooth function f: R*"~* — R. Such a
graph can then be naturally understood as a hypersurface in R™. This idea extends to a
system of forms as is expected and corresponds locally to a smooth immersed manifold.
Instead of Diophantine equations, we want to study Diophantine inequalities under this
consideration. Robert and Sargos in [57] have given an upper bound on the integral
solutions (1, ...,24) € [B + 1,2B]* to the inequality

« « a el a—1
o — 2§ —a§ —af| < 0B,

where @ € R, o ¢ {0,1}, B > 2 and § > 0. With the above mentioned technique, we
can view these solutions equivalently as rational points within a distance of § to the
hypersurface Y parametrized by the equation y® = z¢ — 2§ — 1 on [1,2]?. This leads to
the more general question of the number of points that are close to a compact immersed
submanifold .# C R™. Given an integer Q € N and § > 0, we study the number

N(A#;Q,6) ::#{(a,q) czM xN'l < q<Q,dist (Z///) < 2}

of rational points with denominators bounded by @ and L°°-distance to .# bounded
by §. Despite being an interesting question in its own right and the context mentioned
above, there are several applications to different problems in Diophantine geometry, see
for example [25], [36), §2-§5], |37], [45] or [66].

We can readily state a trivial estimate

N(A#;Q,0) < Q™+,
and a probabilistic heuristic yields
5RQdim//l+1 < N(%, Qv(s) < 5RQdim///+1’
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where R = M — dim .# is the codimension of the manifold in question. It is known that
this heuristic does not hold unconditionally. For example, if .# is a rational hyperplane
in RM and ¢ < 1, then we find that

Qdim//l—i-l < N(%,Q,é) < Qdim/fl-&-l.

We additionally see from that example, that in order to establish non-trivial bounds we
may be inclined to study manifolds with a ’proper curvature condition’. Huang proposed
the following conjecture in his groundbreaking work [36].

Conjecture 0.2. Let .4 be a bounded immersed submanifold of RM with boundary. Let
R = M — dim.# and suppose .# satisfies a ’proper curvature condition’. Then there
exists a constant ¢y > 0 depending only on .# such that

N(A;Q,0) ~ c.q67QW™ 411
when § > Q™R for some € > 0 and Q — cc.

It is not made explicit what ’proper curvature conditions’ means in the given context.
The first non-trivial case that has been studied extensively is that of a compact curve in
R? with curvature bounded away from zero. In this setting, Huxley |38] was the first to
obtain a notable upper bound for a C? curve €, which has later been given in the version

N(%;Q,0) <z §'°Q° + Qlog Q
for any § and @ in [69]. In fact, Vaughan and Velani [69] showed that
N(%;Q,0) <z 6Q° + Q'

for a C? curve ¢, which is the upper bound that Conjecture predicts.
Conversely, a sharp lower bound has been established by Beresnevich, Dickinson and
Velani [3]
5Q? < N(3Q,0)

with § > Q! and §Q — oo, for a C? curve ¥ admitting at least one point with non-
vanishing curvature. Further work by Huang |35] established an asymptotic formula for
C3 curves. The interested reader may find more details on the case for planar curves in
[35].

For the case of general manifolds Beresnevich established the sharp lower bound

FRQIM A < 4 N(:Q.0)

for any 6 > Q_%, assuming .# is an analytic submanifold of R™ which admits at least
one non-degenerate point, in his spectacular work [4].

Huang established Conjecture[0.2]in the case when .# is a hypersurface with Gaussian
curvature bounded away from zero in RM in [36].

A recent generalization of this result is due to Schindler and Yamagishi [67], who
established the Conjecture in the case of a compact immersed submanifold of RM
in codimension R with a curvature condition that reduces to Huang’s case for R = 1.
In particular, if the manifold .# is locally parametrized by the functions fi, ..., fr, the
required curvature condition is as follows.



Condition 0.3. Given any t € R\ {0}, we have

det Ht1f1+'--+tRfR (XO) 7é 0,
where Hy denotes the Hessian matriz of the function f and X is given as below.

We continue by presenting the details of our main result. By the compact nature of
A , the argument reduces to a finite number of local arguments, hence we may assume
without loss of generality that

M= {(x, f1(x),..., fr(X)) € RM | x = (21, ...,Zn) € Bey(X0)}s (0.1)

where xg € R™, g9 > 0 and f, € C/(R™) for 1 < r < R and some £ > 2. Note that this
specifically means dim .# = n.

Let w € C°(R™) be a non-negative weight function that is compactly supported in a
sufficiently small neighbourhood of xg and define

v@o= X ().

aczZ” q

q<
llafr(a/q)[|<o
1<r<R

where || - || denotes the distance to the closest integer. Obviously ||z|| < 1/2 for any
x € R, hence we only consider 0 < § < 1/2. Let

a
No= 3w <>
acZ” q
q<Q

For a given function f € C%(R") we denote by H(x) the Hessian matrix of f evaluated

2
at x, i.e. the n X n-matrix whose entries are (%8 6fx (x) for 1 < p,v <mn.
w T,
We use the following relaxed curvature condition throughout this chapter.

Condition 0.4. Given any t € RE\ {0} and 1 < s <n — 2, we have

rank Hy, ¢, 4.4tpfn(X0) > 1 — 8.

With these notations we have the following result.

Theorem 0.5. Letn > 2 and £ > max{n+1, § +4}. Suppose holds and that eg > 0
is sufficiently small. Then we have

(R—1)(n+s—2) n4 22 X _ n—s
nts nts > PTsT2R=
NS (Q,0) — (20)N| < e et e (@) 0 2 QTERIER,
_( )n—(R+1) . —
Q” nfst2R—2 éan—s(Q) if 0 < Q7 mFsT2R-2

where

| exp(caiv/log@) ifn—s=2,
éanfs(Q) - { (lolg Q)CQ an — 3 Z 37

for some positive constants ¢1 and ¢o. These constants as well as the implicit constants
only depend on A and w.



Comparing our exponents to those obtained in |67, Theorem 1.2], we have n +

instead of n in the first case and n — £ 1)Z+i§;?—52 ZR+2 instead of n — in

the second one. Note that the cases in [67] are distinguished by the comparison of §
against ()~ »T2E—2, As expected the bounds under the less restrictive curvature condition
are worse, yet they have similar growth for large n.

By the Poisson summation formula we find that Ng = cQ" ™ + O (Q™) for some positive
constant o depending only on w and n (compare |36} (6.2)]). Combining this with
yields

(R—1)(n4s—2)

No(Q.0) = (20) 0@ + 0 (5 gne

i 604(Q).

when § > Q_nfi%l—l“ for any ¢ > 0 sufficiently small. Following the arguments in
[36, Section 7|, we can approximate the characteristic function of B.,(x¢) by smooth
weight functions and obtain:

Corollary 0.6. Let .# be as in , n > 3 and £ > max{n + 1,5 + 4}. Suppose
Condition holds and that €9 > 0 is sufficiently small. Then there exists a constant
c.q > 0 depending only on A such that

N(A;Q,8) ~ c.a6QU™ 7

when § > Q™ Atererate for any € > 0 suffciently small and Q — oco.

Note that
Q*% > Q—%

only holds for R > 1 and n > (}“1);%12}2_2, hence Conjecture holds in those cases.
In fact, the asymptotic formula is obtained beyond the range of § that was conjectured
in those cases.

If we let 6 = 0, then our (weighted) counting function gives the (weighted) number
of rational points with bounded denominators that lie on the manifold .#. Applying the
arguments from [36, pp. 2047] to Conjecture we obtain

N(A;Q,0) < QU™+,

for any € > 0 sufficiently small with a generally sharp upper bound. This can be in-
terpreted as an analogue of the aforementioned dimension growth conjecture for
projective varieties in the context of smooth submanifolds of R .

Corollary 0.7. Let 4 be as in , n—s >3 and £ > max{n + 1, 5 +4}. Suppose
Condition holds and that €9 > 0 is sufficiently small. Then

(R—1)n—(R41)s—2R+2

N(#;Q,0) < Q" mirer= (log Q)°

for some constant ¢ > 0.

Note that in contrast to the situation in [67] we do not unconditionally break the
dim .# barrier here, only if n > w and R > 1.

We adapt the strategy for proving Theorem-estabhshed in [67], which relies on the
methods developed by Huang in |36] and fibration arguments. In particular, Schindler
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and Yamagishi reduced the problem to that for one function, such that the main result
of [36] can be used. This is achieved by a more complicated version of the procedure de-
veloped by Huang in 36|, which relates the counting problem of a function to that of its
Legendre transform, for a family of functions satisfying the curvature condition [0.3] and
apllying it twice. For our relaxed curvature condition we can use a similar approach
with some necessary adjustments to accomodate an additional degree of freedom.

We deal with this problem in Part I. After collecting some preliminary results in
Section [T, we discuss the setup of our proof for Theorem [0.5] in Section [2} Section [3] is
dedicated to establishing some auxiliary bounds, one of which depending on a result which
is proven in Section[d Lastly, we combine our findings to prove Theorem in Section

Next, we turn our attention to the Diophantine problem of writing an integer as the
difference of a square and a cube. Fix an integer k € Z, then we are interested in integer
or rational solutions to the Diophantine equation

y? — 23 =k

This is known as Bachet’s equation and we refer the reader to |51, Ch. 26] for more
context. An interesting property of said equation is the duplication formula discovered
by Bachet in 1621, that is for any pair (z,y) € Q x Q* that is a solution to the Bachet
equation, another rational solution can be constructed as follows:

22 — 8kx —x8 — 20ka’® + 8k2
42 8y3 ’

More general, generic equations of the form

v =2 +ar+b

define elliptic curves, that is a smooth projective curve of genus 1 over a given field that
admits a specified point @ with coordinates in that same field. A central property of
elliptic curves is that they allow for a group law on their points, extending the known
duplication formula and turning the set of rational points of an elliptic curve into an
abelian group. An abelian variety is a projective algebraic variety that also admits an
algebraic group law on its points. In that sense, elliptic curves are exactly abelian varieties
of dimension 1 and we now study the rational points of abelian varieties without an
explicit mention of defining equations. The famous Mordell-Weil theorem states that for
an abelian variety A defined over a number field K, the K-rational points form a finitely
generated group A(K), the so-called Mordell-Weil group. As a finitely generated abelian
group, A(K') can be decomposed as a direct sum into a free subgroup and its torsion
subgroup A(K)tors, which is in turn finite. Therefore it is a natural question to ask,
whether there is a bound on the number of K-torsion points on A.

The uniform boundedness conjecture claims that for any given positive integer d all
number fields K with [K : Q] = d and all abelian varieties A defined over K satisfy the
estimation

|A(K )tors| < B(d, g),

where B(d, g) only depends on d and the dimension g = dim A. Two relevant strategies
have been developed in order to approach this powerful statement, both fixing certain
data to achieve feasible results:



1. In the ’horizontal’ approach to the problem, we fix a number field K and let the
abelian varieties defined over K vary within a given class. A complete understanding
of this approach exists to this date only for elliptic curves over number fields, where
it has been proven (over any number field) by Merel |46] building on previous work
by Mazur [44] and Kamienny [39].

2. In the ’vertical’ approach to the problem, we fix an abelian variety defined over a
number field K and vary over finite extensions L/ K. Specifically, we ask the question:
How does the order of the torsion subgroup A(L)ios for any finite extension L/K
grow compared to the extension degree [L : K|?

Part 1T of this thesis explores the vertical approach. In a letter to Bertrand 43|, Masser

proved the following result in this direction:

Theorem 0.8 (Masser '86). Let A be an abelian variety of dimension g defined over a
number field K. Then there exists a constant C(A, K), depending only on A and [K : Q),
such that for every finite extension L/K, we have

[A(L)tors| < C(A, K)([L : QJlog([L : Q]))*

We follow the ideas later developed by Hindry and Ratazzi to give a better exponent,
introducing the invariant y(A).

Definition 0.9 (Invariant y(A)). The invariant y(A) is defined as follows:
v(A) = inf{x > 0|VL/K finite, |A(L)tors| < [L : K|},
where the notation < means that there exists a constant C'4 , such that
ALY 1ol < CaalL - KJ°.

Note that this exponent (A) is optimal in the sense that it is minimal, such that for
every € > 0 and every finite extension L/K we have

|A(L)tors| < [L - K]“/(A)Jre.

In terms of this invariant Masser’s theorem [0.8|states that v(A) < g. This bound on (A)
is optimal when A is isogenous to a power of a CM elliptic curves, but not in the general
case. The work of Hindry and Ratazzi has produced an explicit formula for the invariant
~(A) in a number of cases. First Ratazzi [58] gave an explicit formula for the case of a CM
abelian variety in terms of the characters of the Mumford-Tate group MT(A) of A. Only
shortly thereafter, Hindry and Ratazzi have worked together on an explicit formula for
products of elliptic curves [31]. Later they studied abelian varieties of type GSp, meaning
that they satisfy the Mumford-Tate conjecture and that their Mumford-Tate groups are
isomorphic to the group of symplectic similitudes.

Any abelian variety A defined over a number field K of dimension g is isogenous, over
K, to a product of simple abelian varieties Hle A7, where each simple factor A; can
be assigned a type (I, IL, III or IV) in the sense of Albert’s classification. Furthermore,
we can assume that A; is not isogenous to A; for ¢ # j. Within [32|, Hindry and Ratazzi
formulate the following conjecture:

Conjecture 0.10 ([32] Conjecture 1.1).

2 Zie[ i dlm(Al)
max ’
o£1C{1,...k} dim(MT(4;))

Y(A) =

7



where for every non-empty set I C {1,...,d} we have A; = [[,c; Aj"* and the Mumford-
Tate group MT(Ay)

They eventually proved this conjecture for simple abelian varieties of type I and II
that are fully of Lefschetz type |33]. The conjecture has also been shown to hold for
simple abelian varieties of type III that are fully of Lefschetz type, as well as abelian
varieties isogenous to products of simple factors of type I, II or III, that are all fully of
Lefschetz type in [17]. The remaining case to be proven is when A is a simple abelian
variety fully of type IV, that is of type IV but not of CM type, and fully of Lefschetz
type. Our first result is oriented towards proving the conjecture of Hindry and Ratazzi
for this particular class of abelian varieties. Precisely we show the following:

Theorem 0.11. Let A be a simple abelian variety defined over a number field K. Assume
that A is fully of type IV and fully of Lefschetz typfﬂ then

_ 2dim(A)
"= Gy

It should be noted that this conjecture has recently been proved by Le Fourn, Lom-
bardo, and Zywina [27]. Nonetheless, our approach is profoundly different and the strat-
egy developed in the proof of Theorem [0.11] allows us to obtain a lower bound for degree
of the extension generated by a torsion point.

Corollary 0.12. Under the assumptions above, there exist ¢ := C(A,K) > 0 such that,
for every torsion point P € A(K) of order m we have:

[K(P): K] > ™,

where w(m) is the number of prime divisors of m and h is the relative dimension as
defined in Chapter II Section[]

The proof of relies on a criterion for the independance of /-adic representations,
introduced by Serre in [65]. This allows us to direct our attention to finite subgroups
H C A[¢*] for all primes ¢. In particular the criterion states, that there exists a finite
extension K’'/K, such that for every finite subgroup Hiors C A(L)tors that we can write
as

Hios = H Hlv

£ prime

where H, is a subgroup of A[¢>°], we have
[K'(Hiors) : K'] >< [[ K/ (Hy) : K).
¢
We will therefore assume that K is such that the /-adic representations are independent
and work with the following definition of the invariant (A):
v(A) =inf{x >0 |VH C A[{*°],|H| < [K(H) : K]|*}.

Hence we can use the equivalence

* g [K() K] 0

1We refer the reader to Definition m



for every finite subgroup H of A[¢*°] to compute v(A). Note that the main contributions
to the value of y(A) are the order of a given subgroup H and the degree of the associated
extension K (H) over K. Therefore, we can naturally approach the proof in two parts:
calculating these two values explicitly and then using combinatorial methods to obtain
the invariant y(A).

We discuss this problem in Part II. Beginning with the revision of preliminaries no-
tions on abelian varieties and the relevant algebraic groups attached to them in Section ]
we follow up with a discussion of the crucial results on Unitary groups in Section 2} With
these preparation we collect all necessary prerequisites on the torsion subgroup in Sec-
tion [3] to then calculate the invariants and proof Theorem and Corollary in
Section [d] We additionally give an outlook towards abelian varieties isogenous to a prod-
uct with a simple factor of type IV. The remaining Sections [f] and [] are dedicated to
explicit calculations.
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PART 1
INEQUALITIES:

ON THE NUMBER OF RATIONAL POINTS CLOSE TO A
COMPACT MANIFOLD

1. PRELIMINARIES

1.1 Notation

We denote by C*(V) the set of /-times continuously differentiable functions defined on an
open set ¥V C R™. Analogously C*°(V) denotes the set of smooth functions defined on V
and C°(V) the set of smooth functions defined on V that have a compact support. Given
any f € CH(R") we let Vf = (%v cny 387’;) be the gradient of f. For a subset X C R"
we denote the boundary of X by X = X \ X°, where X denotes the closure of X and
X° denotes the interior of X. For any z € R we let e(z) = €2™# and ||z|| denotes the
distance to the closest integer. For z = (21, ...,2,) € R" let |z| = maxj<;<y |2 denote

the L°°-Norm and given any € > 0 we let
Bl(z)={xeR"||x—z|<ec}=(21—¢,21+¢€) X+ X (2, — €, 2, + £).

We may write B.(z) instead of Bl (z) if the dimension is clear from context. For natural
numbers k < m let [m] = {1,...,m} be the set of natural numbers smaller or equal to m
and

mlF = {v C [m] | #v = k}

the set of k-subsets of [m]. By the notation f(x) < g(x) or f = O (g(x)) we mean that
there exists a constant C' > 0 such that |f(x)| < Cg(x) for all x in consideration.

Definition 1.1. Let F' € C*(R") and let &/ C R™ be an open subset such that VF is
invertible on Y. We define the Legendre transform F*: VF(U) — R of F via

F*(z) =2 (VF)™'(2) = (F o (VF)™)(2).

It can be verified that F* is -times continuously differentiable, F** = F' and VF* =
(VEF)~L. If x = VF(z) we obviously have

F*(x)=x-z— F(z) (1.1)

11



and furthermore
HF*(X) :HF<Z)_1. (12)

1.2 Oscillatory integrals

The proofs presented in this part rely fundamentally on the estimation of oscillatory
integrals. We discuss the theory briefly, following [34] (compare specifically Theorem
7.7.1 and 7.7.5).

An oscillatory integral is given in the form

/ w(x)e(Ap(x))dx,
Rd

where A > 0, ¢ is called the phase function and w is a smooth weight function. The
easiest method to estimate such an integral is to use iterated partial integration, however
this is only possible if ¢ has no stationary points in the support of w. For simplicity
consider the case d = 1 and assume ¢'(x) # 0 for all x € suppw = [a,b], a < b. Then

b

/Rw(x)e()\go(:c))dx:/ w(z)e(Ap(z))da.

a

Since ¢'(z) # 0 for all = € [a,b] we can introduce a complicated 1

_ b 2’ (x) _ bow(@) d
/Rw(x)e()\ap(x))dx—/a w(m)me()\ap(x))dx—/ Wae()\go(m))dx.

a

Utilizing integration by parts for the functions ;’,((?) and e(Ap(z)) we find

b b
d [ w(z)
— — A dz | .
L () coee x)
Since w is smooth with compact support, we have w(a) = w(b) = 0, hence we can simplify

to
[ e@etv@iar =1 [ b% (22 ) ctplonas.

Using integration by parts again for - <M) and e(Ap(z)) and the quotient rule for

dz \ ¢'(z)
b b 2
d (w(m) >
- | — e(Ap(x))dz | .
a /a da? \ ¢'(z)
Just like w, all it’s derivatives vanish at a and b, hence we obtain

[ wtwrenstanis = (%;)2 / e (A4 ctrstana.

Since w and ¢ are smooth, we can repeat this process arbitrarily often and in every step
the non-integral contribution of the integration by parts clearly vanishes because every

[ wlwreiretanis = 5 (ewm»w(m)

2miA ¢ (x)

derivatives the right hand side is

_ ( 1 >2 <€(As0(m))(w(w)w’/(m) — w'(@)p(x))

2miA o (x)?
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additive term contains a factor of w®)(a) = 0 or w® (b) = 0 for a suitable k¥ € N. We
conclude that for every ¢ € N

[ @erp(@nan - (2;;>2 / o (2 ) clwpionas.

Now taking absolute values we see that
b 12
d w(x)
ey |, e () cOvtonas

: <27T1A>f/b = (:f(é)))‘dx
_ M(b-a)

ST

1

/ w(z)e(Ap(x))dx
R

where M = (27) = max(q, ) (dd—;z (;ﬂ&%)). In essence

< M(w, ¢, A,

/ w(x)e(Ap(x))dx
R

where M (w, ¢, ) is a constant depending on w, ¢ and /, i.e. the integral is O(A~*) for
every ¢ € N. For the higher dimensional case we argue similarly, integrating over one
variable after the other. We will use the following precise result in full generality:

Lemma 1.2 (non-stationary phase). Let £ € N and Uy C R? a bounded open set.
Let w € C57H(R?) with suppw C Uy and ¢ € CH(Uy) with Vip(x) # 0 for all X € suppw.
Then for any A > 0

/ w(x)e(Ap())dx| < A~
Rd

where the constant ¢, only depends on £, d, upper bounds for the absolute values of finitely
many derivatives of w and ¢ on Ui and a lower bound for |Vy| on suppw.

In order to handle a phase function that admits a stationary point, we first consider
the case where ¢ is a (one dimensional) quadratic form ¢: [—a,b] — R,z — az? with
«,a,b > 0. Then

/b e(p(z))dz = /Oa e(ar?)dz + /Ob e(ax?)dz,

—a

so we shall consider only one of those integrals. By the substitution x — \/ax we obtain

/Oa e(az?®)dx = % /O\/aa e(2?)dz.

Let v1: [0,1] = C,t — e(1/8)tw and 72: [0,1/8] — C, ¢ — e(t)w for some w > 0. We can
consider the complex line integrals over the curve following 1 and then the inverse of s
and by Cauchy’s theorem obtain

/Ow e(2?)dz = /71 e(z?)dz + /72 e(2%)dz.

13



A straight forward calculation shows that

/% e(z?)dz = e;g) +0 (;)

and

Resubstitution now yields

/ba e(ax?)dr = 6\(/12%81) +0 (ala + bla) ,

which we can extend to a quadratic function of the shape ¢: [a,b] — R,z +— a(r—2x0)*+8
by a linear substitution. For a more general phase function ¢, that is sufficiently smooth,
with a stationary point at xy we use Taylor’s formula to write

1
o) = (o) + 59" (w0) (& — w0 + R
with an error term R. Now we shall use the estimation for quadratic functions to obtain
an estimate for the oscillatory integral in question. The precise result in full generality
which we will make use of is as follows:

Lemma 1.3 (stationary phase). Let £ > 4 + 4 and 2,9, C R? bounded open sets
such that 9 C 9P.. Let w € CHRY) with suppw C 2 and ¢ € CY(P). Suppose
V(vg) = 0 and H,(vo) # 0 for some vo € 2. Let o be the signature of Hy(vo)
and A = |det H,(vo)|. Suppose further that Vi(x) # 0 for all x € 9\ {vo}. Then for
any A >0

/ w()eMpx))dx = ¢ (Xo(vo) + T ) A~IAE (w(vo) + O (A7),
Rd

where the implicit constant only depends on £, d, upper bounds for the absolute values of
finitely many derivatives of w and ¢ on D, an upper bound for |x — vo|/|V(vo)| on
D, and a lower bound for A.

Recall given a symmetric matrix we define its signature to be the number of positive
eigenvalues minus the number of negative eigenvalues and note that this is a simplified
version of [34, Theorem 7.7.5], where the assumption on £ can be deduced from [34, pp.
222, Remark].

1.3 Compactly parametrized functions

The relevant phase function for our oscillatory integrals happen to be smooth functions,
that are parametrized over a compact set, hence we collect two fundamental properties
of such functions. Let m € Ny and G = G; x Gy C R**™_ where G; C R" and G, C R™
are bounded connected open sets. Let xg be a fixed point in G;.

14



Lemma 1.4. Let G € C*(G), £ > 2 and assume Hg,(x) # 0 for every t € Ga, where Gy
is the real-valued map on G1 given by x — G(x,t). Let Fo be a compact set contained in
Go, then there exist a real number 7 > 0 and constants cy,cy > 0 such that

c1 < |det Hg, (x)| < co

for allx € B,(x0) and t € Fa. Moreover the map x + VGy(x) is a C*~'-diffeomorphism
on Br(xq) for all t € Fs.

Lemma 1.5. Let G € CY(G), ¢ > 2 and assume Hg,(x) # 0 for every t € Go. Let Fo
and 7 be as in Lemma[I.7 Then for any 0 < k < T sufficiently small, there exists p > 0
such that

dist(O(VG(Br(x0))), 0(VGe(Bx(x0)))) = 2p
for allt € Fo.

For proofs of Lemma and Lemma we refer the reader to |67, Lemmas 3.4 and
3.5].

2. SETTING UP THE PROOF OF THEOREM [0.5

By virtue of the characteristic functions

\s(0) = { L if|Io]] <, (2.1)

0 else,

for 0 < § < 1/2 we can rewrite

wen = T (31 (o ()

acz”
q<Q

Consider the Selberg magic functions as described in [49] for the interval [—d,d] C R/Z
and a parameter J € N

ST(x) =Y SF(je(jz).

l71<T

They obey the properties
S7(y) < xs(y) < ST (y)

and
~ 1
+ _
570) =26+ 5
and are bounded by
~ 1 1
) < —— in (26, — 2.2
SHG) < g+ min (26 (2
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for all y € R/Z and 0 < |j| < J. Hence we can bound the characteristic functions from
above by the Selberg magic functions and obtain

@< w(2) s (o (2))
w0

aezZ” r=1 \Jjr=—J
9<Q
a R R R
-y (t) 3 (s« (Sawn (2))
aczr N1/ oclii<s \r1 r=1
9=Q 1<i<

The terms with j; =0 for all i = 1, ..., R contribute

1" _ R R QM Q!
(25+<]+1) No—(25) N0+O<5 T+ IR s

with the implicit constant possibly depending on R and an upper bound for the diam-
eter of suppw. Bounding the characteristic function from below by the Selberg magic
functions yields a similar result, such that we conclude

n+1 n+1
INL(Q,8) — (20)7N,| < 719 L @

2.
i a - a
+ (H b]r) Z w () € <ZjTer <>> ]
1<) ST \r=1 aczZ” q r=1 9
1<i< q<Q
j#0
where ) )
b, = —— i 20
L *”““( ’7r|jr|)

is the bound for the Selberg magic functions given in (2.2)). Via the Poisson summation
formula we can rewrite

. (3)r (i il (Z)) (24)
L) ) )

kezn
=q¢" Y I(gik)
kezZn
with

R
I(q;j; k) = /Rn w(x)e (Z @r fr(x) — gk - x) dx.
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We now make use of Condition By asssumption the Hessian matrix Hy, f,+...+15 rr(X0)
has a non-vanishing minor of size n — s, i.e. we can find s columns i1, ...,7s and rows
J1,---, Js such that after deleting them, the resulting matrix is invertible. Since the Hes-
sian matrix is symmetric, we can choose {i1,...,is} = {j1,...,Js} in this case. Consider
the functions

82(t1f1+"'+tRfR)) (x0)

0z, 02, 1<v,u<n 0

v,uv

for v € [n]®, where [n]° denotes the set of s-subsets of {1,...,n}. Given Condition
the preimages {J,1(R\ {0}) | v € [n]*} form an open cover of R\ {0}. For any fixed
t the rank condition is invariant under scaling with a linear factor a € R\ {0}, i.e. if
t belongs to 9,1 (R \ {0}) so does at = (aty,...,atr). Therefore we can assume t to be
normalized in the sense [t| = 1. For every v € [n]* let T, = 9" (R \ {0}) N BF(0), then
{T, | v € [n)*} is an open cover of Bf¥(0). Since Bf(0) is compact and Hausdroff, it is
also normal, hence the open cover {T,, | v € [n]*} admits a shrinkage. That is an open
cover {T!, | v € [n]*} such that T, := T}, C T} for v € [n]*.

19,,:RR\{0}—>R7tn—>det(

To find a bound for the last term in ([2.3)) it suffices to find an upper bound for

R
NTe (@)= > (H’“) > q" Y (g (e, o €rir) k) (2.5)

1<j,<J \r=1 4<Q  kezr
055 <
(/ir)ET,

for each 1 < r < R, € € {~1,1}® and v € [n]*. The arguments turn out to be iden-
tical for all (r;e€;v), since different choices of r or € admit only to relabeling and the
choice of v is merely an exercise in notation. Therefore we only present the details for
NGO (Q, 6), where I = [n] — [n — s] = {n — s + 1,...,n}. Note that the same
upper bound in fact holds for all N (&%),

To x = (21, ..., Tpn) € R" let X = (21, ..., pn—s) € R""° and define functions
jiyZIRn_s—%]R,ikﬁi&(ﬁ,y)

for y in a sufficiently small neighborhood U(zg n—s+1;---Z0,n) Of (Z0n—s+1,---» Ton) € R®.
Define further

R
Gy, t) = fry(®) + Yt fry(R)
r=2

and consider the continuous function

5'2(f1 +t2f2+"'+tRfR)> X,y)
0z,0x), 1<v,u<n—s 7

For a suitable &’ > 0 we have ¢(y) # 0fory € B.(Zon—s+1 --» 0,n), SiNCE Y (L0 n—s+1; -, T0,n)
is non-zero by construction. Take 0 < &1 < ¢’ sufficiently small, then on the compact set
% with % = B, (20.n—s, ---, £o,n,) We have

2 -
et (a (fr+tofot---+ tRfR)> (R0,y)
8$V6$u 1<v,u<n—s

Y U(Zon—st1, - Ton) = R,y — det <

/ /
c < S

17



with constants 0 < ¢}, c; for all t € Tzn. Now @y satisfies the conditions of Lemmas

andfor Fo=% x Tzr, ie. there are constants 7(1,(1,...,1);z2) > 0 and ¢1, c2 > 0 such
that

c1 <

et <a2(f1 +tafo +trfr) < ¢ (2.6)

(X,y)
axuaxu >1§u4q§n—s

forall t € Trn, y € % and X € Bar, ;.  1).2n,(X0). Moreover, the map

R
% (ﬁ,y +>° t,.ﬁ.,y> (%)

r=2

is a C*~! diffeomorphism on Bari o ayizny (Xo) forall t € Trn and y € ¥ . Define 7(;..c..,
in the same way for 1 <r < R, e € {1}¥ and v € [n]® and let
0<71< lg}"iélR T(riew)

ec{x1} 7
ve(n]®

be sufficiently small (such that Lemma is going to be applicable). For this choice of
7 with Lemma [I.5] we find constants 0 < k < 7 and p such that

R R
dist (a (v <ﬁ,y + Ztrfw> (BT(SEO))> .0 (v (fl,y + ZtTﬁ,y> (Bﬁ(ﬁo))» >2p

r=2
(2.7)
for allt € Tzn and y € 2% . Note that g9 < 27 is a sufficient choice in Theorem
Let 92 = B, (Xo) and let w € C°(R™) be a non-negative weight function such that for
any y € % the closure of

Uy = {x € R"* | w(x,y) # 0}

is contained in B (Xp). Define the function F\y’j = ﬁ:)’ + (jg/jl).]/c\g’y +-+ (jR/jl)fR,y
and Vi, ; = VFy ;(Uy). Since 0 < j,/j1 < 1 for 2 < r < R we know that VFy ; is a
diffeomorphism on Uy and 2.

Lemma 2.1. The functions fr’y for 1 <r < R are bounded on Ba,(Xo) for ally € &
and the bounds are independend of y. Additionally, there is L € N such that for all
t € Trn and all iy, ..., in—s € Lxowith Ez;i iy < £ we have

gt tin—s (t1f1 + ... tRfR)
oL, K

Tn—s

(x)| <L

on Bo,(Xo) X % and p < L for p in .

Proof. By assumption f,(x) is smooth, hence on the compact domain Bs,(Xg) x Z it
attains a maximum M,. Now by definition f,y(X) = f-(X,y), hence for any y € ¥

[fry(X)| < M,

18



on By, (Xg). For the derivatives note that all domains of definition, i.e. By, (Xg), # and
Tz» are compact and all the relevant functions depend at least continuously on x = (X,y)
and t, hence for any given suitable (i1, ..., 4,—5) there exists a maximum

it tin—s (tlfl + ... tRfR)
-77;71,73) = max i T —
x,t 8;11 S M

Tn—s

M

(x)].

i1,

Since there are only finitely many suitable choices for (iy, ...,4,_s) we can also take the
maximum over them and define L to be the smallest natural number such that

L > max M(i

) ' Lyreoybn—s)
(4150eesin—s) e

and
L >p.

Specifically we have that V,, j C [-L, L]"~* independently of y and j.

We split the set of k € Z" into three disjoint subsets as follows. Let k = (k1 .oy kn—s)
and k* = (kp—s41, .., kn). Let

~ k
D(k,j) = min dist <.7Vy,j> .
J1

yEY
Now define
Ha={kezr| S e | VK <20L o,
yeW
Ho = {k e 2" |D(kj) = p} Uk € 2" | [K'| > 2j1 L}
and

His = ke D&)< p= ¢ | Vg, k7| < 251 L
) yeY

Remark. This decomposition is inspired by Huang’s original work and is designed to
reflect the cases where the phase function of the oscillatory integral I(g;j; k) has station-
ary (/. and J%.3) or non-stationary phase (.%.2). Note that an important difference
lies with the distinction of variables. Huang’s original conditions are expressed for k in
the integral over X, since by choice of the variables the stronger curvature condition holds
there. When the remaining k* are big enough, the integral over y will show rapid decay,
hence the two components of JZj;5.

For each 1 <7 < 3, we let

R
Ni - E H bj,‘
1< <J r=1
0<j2,....,ir<j1

(/31)€Tzn

) dYoam Y gk (2.8)
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such that
NE@L-DID(Q,§) < Ny + Np + Nj (2.9)

and proceed to bound each N; seperately.

3. BOUNDS FOR Ni, Ny AND N3

Lemma 3.1. For any K > 0 we have that

kK -~ ~
{_ |k eZ"° D(k,j) < K} C[-L-K,L+K]"*,
J

where L is defined as in Lemma[2.1}

Proof. For (k/j1) € [—L, L]"* the inclusion is obvious, so let (k/ji) & [—L, L]"~*. We
have

~ ~

~ k k
K > D(k,j) =min inf |——2z/> min — -z
ye@ 2€Vy i | J1 z€[-L,L]"~* | 1
k k
>  min u —|z|| = U - L,
z€[—-L,L]"=5 | J1 7

hence K + L > |E/]1| as desired.

Case k € .
Let

Dy(k.j) = j1D(k,j) = min dist(k, j1 Vy ;).
yeEY

For a fixed k* € Z?, consider the integral

~ ([~ . k-%+k'-y ~
/ B w(xX,y)e <CIJ1 (Fy,j(x) - h)) dx.

with (k,k*) € % and D(k, j) > p. Let

_hhy® 4+ irfry(®) -k Rk -y
Dl(k7j)

‘Py,l(ﬁ)

and \; = qDl(K,j). Then by definition of Vi ;

1V iy + -+ iRV Ry () — K|

Vey1(X)] = X
Y Dl(ka.])

>1

for X € Uy. Let Uf- € R™™* be an open set such that Uy C Uy € 2, V.\;, = VE; (U)) €
[—2L,2L]"%,
min [% — 2| < dist(02, 0Uy)

3.1
zcUy 4 ( )
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for any X € U,f and

min max |V(t1f1>y +e tRfR,y)(§> - v(tlfl,y ot tRfR,y)<Z)| <

zcUy t€Tzn

NI

for any X € Uy. Then we have

N =

V@y,l(ﬁ) >

for all X € U
Now assume that |k*| < Dy (k,j) or |k*| < 251 L.

Lemma 3.2. Let iy, ...,in—s € Z>o with Zz;f i < L. Then for all X € Uy we have

Pirtetin s
o Oy

Tn—s

(%)

<1,

where the implicit constant depends only on (i1, ...,in—s), p, T, €1 and upper bounds for
(the absolute values of ) finitely many derivatives of f, on I x % for 1 <r < R.

Proof. Choose C' > 0 such that

1 ~ -~ . 1
5 tIél%I); |v(t1fl,y + -+ tRfR,y)(X)‘ < 5

ye&
xXeUy

and assume j;C < \E| Then we have

k| K| k| 2

for all z € J,cq Vy,; and hence

1 o~ k 1V, 1
TDl(k,j) = mlﬂdlst (,\, N1 yJ) Z 5

K| ye@ k| k|
Therefore
DL (R 4+ B (R) - K% .
(@) < | O B T g X ke
y = N T .
T}\‘Dl(ka.]) Dl(k7.])
Ji, 5 o~ JR|7 - K| . k* |
<2 Zfy@)|+ -+ = fry R + | = -|x> +——=—1yl.
<| | k| K| D (k,j)

1for 1 <r < R.Let M, > 0 be the bound for |ﬁy|
r<Rand S = M;+---+ Mg. Now by assumption we

Since [k| > j1C, we have %

established inon U;‘ for 1
either have

<
<

L
Dl(kaj

k*| 2L
<1 or —_— < —

Dl(ﬁvj) p 7

~—
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hence the final term is also bounded independently of j. Then
= ~ 2L
loy1(X)| <2(S+71)+e1 or lpy1(X)] <2(S+7)+ 761

as desired. If [k| < C'j; we immediately conclude

fry () + %f2y(§) et %fR,y(’A() - X | k* .y <1

ey 1 (X)] <

=~

J1
P Dl(k7j)

for all X € U;‘ with the same argument for the final term as above. For the first partial
derivatives consider

. Oy . OfRry (o
PP R) 4+ R (R) — Ky

Dl(ﬁvj)

6%0},71 ~\
EealCIE

which can be treated with a similar argument. For higher partial derivatives the terms
k - X vanish and the desired result follows easily with

oittino

o ,9i1+"'+'in—sfﬁ, e
. . 1 B 7 N X +"'+ 171\’),){
girtFin—s o h e (&) IR )

®)| =

O3 - 05 Dy (k,j)
1 it tins £ B | gintotins f
R4 AR YE) B ) K—— D
P Oz -+ 0 " =2 J1 O -+ 02"

Therefore with Lemma for ¢ = py 1 and A = Ay as chosen above we have

/nis w(X,y)e <Qj1 <ﬁyJ(§) — m)) dx < (qDl(E,j))fﬂl (3.2)

N

and hence
I(q:j:k) < /@ (¢D1(k,j) "y <., (gDi(k,j) "+ (3.3)

Now assume that |k*| > Dl(ﬁ,j) and |k*| > 2j; L. Consider

. (-~ . k-x+Kk-
/ w(X,y)e <QJ1 (Fy,j(X) - ]1y>> dy.

Let A2 = ¢/k*| and

A&y e+ irfrEy) k- X -k -y
902,2(3’) = |k*| :
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Observe that
AVAXY)+ -+ jrVIREXy) - k*
k|

k' VARY)+EVAEREY) +--+ BV IR(ER,y)

Vza(y)| =

[l 2L
1

> —.
-2

Consider further that

]1f1(§7y)+ijR(§>y)_E§_k* 4

loz,2(y)| = ”
k|
A& Y]+ 2| fZ )] - 2] frX )| + K %]
< J1 J1 J1 + |y|
- _i|k*|
J1
&Y+ 2| foZ )] - 2 frZy)| + (L + LK) - %]
< J1 J1 J1 + |y|
- .i\k*|
J1
A&+ 2RE Y- EfE y) + LK 1y
X
S oL Yi,

and

AVAXY)+ -+ jrRVIr(XYy) - k*
k|

Vg (y)| =

< e IVAE Y+ IV IRE )+,

hence with analogous arguments as above we conclude that

Gt tin—s
%2y < 1,

i1 in—s
a1171 e awnfl

where the implicit constants only depend on 4, p, 7, 1 and upper bounds for (the absolute
values of) finitely many derivatives of f. on 2 x #. So Lemma applies in the s-
dimensional case, hence

| ey <qj1 (ﬁy,j@) - k“”)) dy < (@) )

J1

and therefore
(g k) < / (gl )% <, (glk*]) - (3.5)

Yy

Given these estimates we can split up the sum
. ~ S~ o k-t k y ~
Y Igik) = > / w(X,y)e (qjl (Fy,j(X) - )) dxdy
ke (3:2) ke (i:2) " %" 1
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as follows

Yoo Igikk) = > Ik k) + > I(;§, (k, k%))

(kk*) € (§2) D(k.j)>p D(kj)=p _
D1 (k,j)> k™| 2j1 L>|k"[>D1(k.j)
+ Y gk (kkY)
Ik*|> D1 (k.j)
[k*[>2j1 L

With (3.3)) and (3.5)) we obtain

Yoo Igi(kk)<g MY Dikj) ! (3.6)

D(kj)>p D(k.j)>p
D1 (k)= k"] Di (k)= [k"|

o0
_ —2+1Z Z Lo\ —0+1
=4q Dl (ka.])
d=0 D1 (k,j)>|k*|
2451 p< D1 (k,j)<2% j1p

oo
1
< —l+1
=49 2 : } : (delp)éfl
d=0 Dy (k,j)>|k*|
291 p< D1 (k,j)<2? j1p

X (s d+1,; \n
—0+1 (]lL +2 ]lp)
<q E
d=0

(Zdjlp)lfl
<png
and
> I(g;j, (k, k")) < g+ > Dy (k,j)~ (3.7)
D(kj)=p _ D(kj)=p _
2j1 L>[k*|>D1 (k.j) 251 L>|k*|>D1 (k.j)
oo
<ty Y pikg
d=0 2j1 L> k|
2%, p<D1(k,j)<2% j1p
e 1
<Y Y G
> ds; /-1
= 21 Lol (2451p)
2441 p< D1 (k.j) <2 51 p

J1L + 29+ 5 pyn=s
(delp)e—l

oo

< qfﬁJrl Z (2]1[/)5 (
d=0

Lpnq !
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and

Yoo Hgkij) <g >0 kT (3.8)
|k*|>2j1AL |k*|>2j1AL
[k*[>D (k.j) [k*[> D1 (k,j)
41 (il + [k*[)"*
<q Z |k*‘671
[k*[>251L
s q7£+1 Z ‘k*|nfsff+1
[k*|>251 L

< 1
< g / et
251 L

< q—l+1j?7l+1.

Note that by assumption ¢ is sufficiently large. Here the implicit constants only depend on
L,p,n, ¢, s,e1,k and upper bounds for (the absolute values of) finitely many derivatives
of wand f, for 1 <r < Ron Z x % . Consequently we obtain

f=n

< Y ( (§+min(5,;))>j?sfzq”—ﬁ+l (3.9)

1<1<J <Q
0<j2,..,JrR<J1
J/i1€Tn
& 1 Q
< E (H (J + min (6, ))) / ¢"dg
1<h<d - \r=1 Ir L

1 1 Q1
( + min (6, )) / —dg
J Jr 1 q
] 1 1 1
=log@Q Z (H J—|—min<(5,,)> Z (J—&—min(é,‘))
15, < =1 Ir) ) o<in<in Jr
0<j2,..,jr—1<J1

1 1 o (5L = 1 (52
=logQ Z <J+m1n(7j1>)H <;jl<<]+m1n<,jr)>

1<j1<J r=20
al 1. 1
§logQH Z j—l—mm 6, —
r=10<j,.<J Jr
R

1 . 1
=log Q Z (J+m1n <5,j)>
0<j<J
< log Q(1 4 log J)™.
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Case k € 3.
Let A = qj1 and

—~

~ ~ A k . k*
py(®) = Fyy®) = =% =Sy
J1 J

For each y we know that Vﬁy,j is a diffeomorphism on 2, hence for any fixed j and any
k with (k/j1) € VFy ;(2) we have a unique preimage

Xz = (VEy5) 7' (/).
This defines a critical point for ¢y, since

- ~ k

Let 2, be an open set such that 2 C 2, C BgT/g(io).

Lemma 3.3. Let X € 7, \ {X;3}. Then

% — % |
Jsk
e K1

[Vey (%)

where the implicit constant is independant of y, j and k.

Proof. By definition of ij;ﬁ as a preimage of Vﬁyyj we have

% — %zl _ X — %Xzl

Ve, |VE, (%) — % IVEy 5(R) - VFy;(X;2)l '

Now for any distinct X,z € 2, we know by Taylor’s theorem that

VFyi(X) = VFy j(Z) = Hp (2)(X—2)+O(|x —2/%),

Y.

where the implicit constant does not depend on j. Considering the eigenvalues of the
invertible real symmetric matrix Hz = we have that
Y.J

AinlX — 2| < [Hp (2)(% - 7)),

where Apin is the minimum of the absolute values of the eigenvalues and the implicit
constant depends only on n. We already showed that |det Hz j| is bounded away from
Yo

zero on 9, hence by virtue of the eigenvalues being continuous in the coefficients of the
matrix we find constants C,7n > 0 such that

% — 2| < CIVEy (%) - VEy (2)]

for all |x —z| < 7. Here C,n are independend of j. Now in particular choosing z = X, -
yields the desired result. O
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Following similar arguments as in the proof of Lemma[3:2]we find that for i1, ..., i,—s €
Z>o with 32777, < €. Then for all X € 2, we have

Pt tine g
o Oy

Tn—s

(%)

<1,

where the implicit constant depends only on (i1, ...,in—s), p, 7, €1 and upper bounds
for (the absolute values of) finitely many derivatives of f, on Z, x & for 1 < r < R.

Notice that scaling with D (k,j) is unnecessary here since for k € .#j3 this distance
is bounded from above by p and that the bounds are all independant of j and k. By
definition Hy,, = Hp . hence we can apply Lemma for ¢ = ¢y, and X\ as above

J

together with (2.6]) to obtain

1

Y,

n—s+2

<<61,E1 (Q.]l)_ 2 )

where the implicit constant only depends on ¢, n, 1, upper bounds for the absolute values
of finitely many derivatives of w and ¢y on 2., an upper bound for |x — vo|/|Vey (vo)]
on 2., and a lower bound for det H 7 (X,.z), all of which are independant of j and k.
We obtain

S I@ikk)< Y (@) < @il Y (g

(kk")EX (§,3) (K.kn)et (j,3) kezn—s
D(kj)<p
3 . _n—s+2
< i > (gj1)~ 2
ﬂezn—s

(k/j1)€l—L—p,L+p]"~*

_ n—s+2 %

<<q 2 jl I

where the implicit constant only depends additionally on L, p,n and s. Arguing similarly

to (3.9) we obtain
n 1 . 1 nts—2 nts—2
N3 < Z H <J + min (57 j)) Ji? Z q z (3.10)
T

1<ii<J  \r=1 a<Q
0<j2,...irR<J1
i/j1€Tzn
LS 1 nts n+ts
< Z (H <J+min (5,))) JE gt
<< \r=l Ir

0z <t
< JIQM (1 4+ 1og J) R,

Case k € %,

Choose ¢y and A as in the previous case, such that we still have
_ PO Kk
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and [3 stlll applies. The signature o of the matrix H, (Xjx) = H 7 (Xjx) is constant
for all j,k and y in consideration, since the determlnant is bounded away from zero,
the eigenvalues of a matrix depend continuously on its coefficients and the coefﬁ01ents
depend continously on y. Applying Lemma again yields

. s WX y)
I(q;J;k)Z/ (qi)” 2 S
e [det Hp, (%)%

e (aeyRy) + 2 ) dy +0 ((ag) "5 ).

(3.11)
Since all of w, ¢y, and ﬁj;ﬁ depend on y, we delay evaluating the integral for now and
consider the terms

Niy;
n—s w(iﬂaY) R o
Z Zq qj)" 7 e (qjlwy(X-.;)+)>
KEAj1 4<Q ( |det Hp (X;)12 B8
+O( > > q"(a) 7!
KE K51 q<Q
—s w(ﬁﬂaY) ~ o
Z Zq )" e (qjlcpy(X-.;)+)>
KEAj1 4<Q ( |det Hp (X;)12 B8

nrs__ ’!L+S
o (j1 ’ IQT)
and

R
Niy = Z (H bﬁ) Niyj

1<ji<J r=1
0<j2,..,JRSI
(i/31)€Tzn

We start with the inner most sum

—s w(ﬁ"/\7y) g
n—s Jsk . -~
"5 42 3.12
g (qyl s @l (qjl(py(xj;k)+ 8)) (3.12)
y.it &

q<Q

w( 7y) —_n_s n+ts

Jk . 2

—1h > (477 e(aiiey (X)) )| -
|detH ‘j(xJk)|2 q§Q< )

The remaining sum over ¢ can be dealt with by means of partial summation

3 elaiey (%,2) = Q°F D elaingy (X5)

q<Q q<Q

n+s nfs_
/ > elaiiey(Xg)— €% Tl

q<§

Note that we have the bound

S elaiiey (R0)| < minfe, ey (&) 7).

q<§{
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so we distinguish two cases. First if [[j1py (X;.5)[| = Q™! we obtain

|/ n+s n+57 d§ (3.13)

n+s

3 0 elainey (&) <
1Py Ry - =
a<Q v ||31‘Py(xj;ﬁ)” ||Jl%0y

n+ts

Q=
ey Gl

<

On the other hand if ||j1¢, (X, )I| < Q™ 'we have

Q
nts o = nts n+s nts
> 0 elaiey () < QF 4+ 0 [Tetag (3.14)
a<Q !

n+s
<@t

Hence we obtain

R
NMy< > (H bj,) > W& y)it T QF ey Fp)ll ™!
ke

llirey (%50 l12Q "

(3.15)

—~ . ”;3 nts 4 q
> wX .y Q7
ke A
llirey Gy p)lI<@ ™!

1<H<J =1
0<j,....in <1

R
7L+> o~
« Q¥ ¥ Hbﬁ) S e@eyi T ey &I
1<i<g \r=1 ke A
0<j2,....,ir<J1 Hjl‘py(ﬁj;ﬁ)HZQ71
+ R mn—s
b Y (Hbﬁ) S eE
1<ii<d \r=1 KEH
0<52,...,7rR<J1 Hjuﬂy( )H<Q1
S (Hbjr)w o
1<h<J  \r=1

0<j2,.-.Jr<J1

The last term can be bounded similarly to (3.9]) and (3.10]). We have the following essential
result to be proven in Section [4]

Proposition 3.4. Let T' > 0 and Js,...,Jr € [1,J]. Then with the notations of this
section and for all y € &, we have

> > WXy <HJ> (ST (),

1<ji<J kezZ™
0<jr<min{J,,j1} ||j190y(ﬁj_ﬁ)H<T71
2<r<R ’
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where

En_s(J) = oleisey) _ eXp(Cﬁ\/IO@) fn=2+s
o " (log )2 ifn>2+s+1

for some positive constants ¢} and 5. Here the implicit constant as well as ¢} and c only

depend on n, R, ¢1 and cy in (@, pin , pin and upper bounds for (the
absolute value) of finitely many derivatives of w and f, for 2 <r < R on 9+ x ¥ . In
particular, they are independant of T, Js,...,Jr andy.

Recall that b; < + for 1 < j < J. Hence with Jo = {0} and J, = [2°7",2%] it follows
that

R —s
> <H b‘r> it > w(X;5Y) (3.16)

1<, <J KE i
0<j2,-.-,7R<J1 Hjl@y(ﬁj;ﬁ)||<T—1
R
_ —n=s g ~
Sy 2 —~
< E H 2 § J1 § w(xj;ka y)
0<s2,....,sr<1BZ 41 r=2 C1<psT k€51
°g ir€ls,0l0.51] vy Ryl I<T ™
s, ._n;s_l =N
< X I12 >, > wEgy).
0<sz,...,sR<llZ§‘2]+1 r=2 1<ji<J ket
B N 0<jr<min{2°" j1 } i R. = -1
2<r<R ey (X )II<T

Now using partial summation and Proposition we find that for all s,. in consideration

> T >, w(X;z,Y) (3.17)

1<5:1<J ke
0<j,»<min{2°",j;1 } j R ||l<T
Sminf2, 1oy & 2]

R
< JE (H 2) (JMHT 4 T s (J)).

r=2

Therefore

R
> (Hbﬁ)h g > wEFgy) (3.18)
1<ii<J  \r=1 KE A5

0<7g2,--,jR<J1 i1y (%) I|<T ™

< (1 +log YT~ Y (Tt 4 Jrg,_ (J)).

Now the second term in (3.15) can be estimated by taking 7' = @ in (3.18)). For the
first sum in (3.15)) we split the interval [Q~1,1/2] into dyadic intervals. We may assume
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Q >2,ie. Q7! <1/2, and conclude

R
> (H b;;) > W ¥)it 7 ey &)l (3.19)

I<jisd ke
0Sj25 RS lirey G p)l12Q "

R n—s
< Yo ¥ (Hb”> > Wy
1<i<iosg 4 Jlsasd o Ar=l . keAa .

0572 m=i Z<livey &R)I<%
< > Q2+ log NI TIRIMIQT 4 T, ()

1<i<PRES 41
< (1+1og J)R((logQ)J = +QJ = ~1&,_(J))
using 8) again. Combining (3.15), (3.18)) and (3.19)), we obtain
Niy <Q 7 = (1+log J)® ((logQ)J QT T, () (3.20)
+ QT (1 4+ log )R TN IMIQ T + I, ()

n+<

+(1+log )RQ" g1
< (1+1log ) (log QQ™F I+ + Q5+ ns())):
Consequently we have
Ny <., (1+1og J)B((logQ)Q™ =" J"=" + Q"% (). (3.21)

4. PROOF OF PROPOSITION (3.4

Recall that we defined functions
fj,y: R*"™% — ]R, X — fj (?, y)
fory € #, e as in (2.6), and
7 jR =
y,_] fl,y + f2,y -+ ffR,y
for j € R\ {0}. For a non-negative Welght function w € C°(R™) we defined
Uy ={xX e R"* | w(x,y) # 0}

and Vy 5 = VFy.l Note that VF y.j 18 a diffeomorphism on Uy. Now let w;" = =wo(VFy ;)1
and for T' > 2 and Ja, ..., Jp € [1,J], define

M, T = > > w} (i) (4.1)

1<j1<J ac G
0<Jr<mm{J~J1} llirey (Rya)||<ST
2<r
= 2 > W)
J J1
1<5i<J act
0<jr<min{Jrj1} |a*|<2j1 L
2<r<R

10y (Rsa)IST 1
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Note that Proposition for 0 < T < 2 immediately follows from the case T = 2. We
consider the Fejér kernel

=D72

" (sinD9))? A Dd
_<Dsin(7r0)> —dZ Tz e(dd) (4.2)

=—D

D
> e(do)
d=1

for D = |T/2]. Let § € R with 0 < ||f|| < T~!, then by the concave property of the sine
function on [0, 7/2] we have

sin(Dr6) 2> 2n ' Dallo]|\ | 4
Dsin(n8) ) — Dr||6]| — g2

Therefore, it follows that

2

XW@S%%@, (43)

with yr-1 as in . Combining (4.1] , and (|4.3]) we obtain
1 w2 ‘dl
'/{(JvT ) < Z Z Z Z wj .]1 (djl@y(x.] a)) (4'4>

1< <J acZ"” d=—-D
0<jr<min{J,,j1} la* <251 L
2<r<R

By definition w;" vanishes outside of |J

terms with d = 0 in is
2 e 1 (£ gt (B
J1 r=2 1< <J r=2

1<5:1<J acz”
0<j,-<min{J,,j1} |a"|<2j1 L
2<r<R

T Vyj € [-L, L], hence the contribution of

(4.5)
where the implicit constants only depend on n and L. Let Fy ; be the Legendre transform
of ﬁyyj. Then with (1.1) and since Xja = (Vﬁyd)*l(ﬁ/jl) we have

a

* a ~ a o ~ ~ . Yy
F < : > =Xja' — — Fyj(Xa) = —py(Xja) — ——
J1 N J1

Now we can rewrite

Z Z Dl;2|d‘w; (i) e(djrpy(Xja)) (4.6)

|[a*|<251 L
D ~ ~
D —|d a * a
- 2 2 2 () (e (505 (5)))
aczZ® d=—D J1 J1
la®[<2j1 L
—ld ,(a . ., (A&
= 2 Z D2 i\ g, )eldat ye | —dinFy, { o
aczZ™ =
\a*|€<2ylL
e (5)e (i (3))
— Ws — | e 7d F - )
Z _Z D2 y) Zﬁ I\ J1tly i1
la*|<2j1 L d=— aczn—s
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and since

. (a . /a ) -
e <—dJ1Fy,j <]1)> =e <d31Fy,j (jl» e(—da” -y) = e(da* - y)

we have
Idl .[a ., [a
Z Z ) Z wi (= )eldnfy;| — (4.7)
la*|<2j1 L 1<|d|<D aczn—s J1 Ji
°.D-d a . /a
<20 Y ZTQ e(da*-y) > wf (_>e(dj1F;7j <)> .
la*|<2j1 L d=1 aczn—s J1 J1

Applying the n-dimensional Poisson summation formula to the inner most sum yields

= (5)e o5 (2)

aezn—s
AP AT
=X [ ()0 (f) -ke)e
nes ¥ J1
kEZ"b
=17 Y Iy(dsjsk)
kezn—s

where
To(d:5: &) = / W @) (di1Fy (%) — ik %) dx.

Therefore to obtain a bound for .2 (J,T~1) it is sufficient to provide a bound for

> > Z e(da* - y)jp=* Y I(djk)|. (4.9

1<51<J |la*|<2j; L d=1 aczn—s
0<j,<min{J;,j1}
2<r<R

Since Vﬁ;d = (Vﬁy,j)_l and Vﬁy,j is a diffeomorphism on 2 we have that Vﬁ;,j is a
diffeomorphism on Vﬁy,j(@) and Vﬁ;j(Vnyj) =U, . Let

_ dist(07,00y)

4.1
We repeat the technique of Section |3 and split the set Z™~* into three disjoint subsets.
Let R
™ n—s k
<%/1 =<k € Z E € Uy )
1L n—s |1 E /
Hdo=<keZ dist E,Uy >p
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and

Hy =1"7°\ (U ).

For each 1 <1 < 3 we define

2 D-d s s
M=) = > Y. elda -yt Y L(dijk)| (411)

d=1 1<51<J la*|<2j1 L ket
0<jr <min{J,,j1
2<r<R

<<L75 Z Z -n Z IO(d .]ak) )

1<j1<J ke%
0<j,<min{J,, j1} ¢
2<r<R

such that

M(J,T7Y < <HJ> + My + My + M, (4.12)

and seek to bound each M; seperately.

Case k € .

Define R R

dF;J(),(\) —k-x
dist(k, dUy)

~

P1(X) =

and
)\1 = jl dlSt(k, de)

Then for all X € V3

o |dVEg;(x) - k|
Vor1(X)| = ——5———
dlst(k duy)
and like in (3.1)) we conclude
1
V1 (%) > 3

for X € Vy+j. Next we establish upper bounds for the derivatives of ¢; and w;'- In order

to do so, we estbalish bounds for the derivatives of ﬁ;‘J first.

Lemma 4.1. Let iy, ...,in—s € Z>o with Zz;f i < L. Then for all X € U} we have

5nl+ tip— SF*
—zy’-]( ) <1,
where the implicit constant depends only on (i1, ...,1n—s), p', T and upper bounds for (the

absolute values of ) finitely many derivatives of f. on U; X% forl1 <r<R.
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Proof. For X € Vy‘fj and z € U, we have
7+ Byl < 1,

henfe we easily deduce |F;AJ| < 1 with 1' Recall that VFy ; = (VFy ;)" " and U =
flVFy,j)*l(vyfj). Hence [VFy;(X)| < 1 for x € V,;. For X = VFy j(2) with 2 € U we
ave

Jacvﬁ;j (x) = Jac(vﬁy’j),l(ﬁ) = (Jzaucwg%j ()71, (4.13)

where Jacy denotes the Jacobian matrix of the function f and we used the chain rule.
Consequently every second partial derivative of [y ;, i.e. the entries of the Jacobian

matrix, can be written as

37

P

det(Jacgp (2)) (4.14)

where P is a polynomial expression in the terms of the entries of Jacg, 7 (z). Note that
P has degree (n — s) and each coefficient can only be +1 or 0. Since

Pirtrtins [
ot Ot

Tn—s

<1

()

is obvious for any i1, ...,in—s € Z>o with 3 774, < and Z € UJ, and Jacyp = Hp
¥.J
the desired bounds for the second derivatives follows directly with and .
Essentially the same idea will be used to argue for higher partial derivatives. Note that
for any k € N we can express the k-th partial derivative with respect to the X-variables of
an entry in Jacgz. (X) as a real polynomial with coefficients independant of j in terms
of: -
(1) (Jacvﬁy,j (z))~™, where m < k + 1;
(ii) entries of Jacvﬁyd (Z);
(iii) m-th partial derivatives with respect to the z-variables of the entries in Jacg By
where m > k; R '
(iv) m-th partial derivatives with respect to the X-variables of the entries in VI =
(VFy ;) L (X), where m > k.
Now, using again, the desired result follows inductively. O

Now with similar arguments as in the proof of Lemma[3.2]we can deduce the following.

Corollary 4.2. Let iy,...,in—s € Z>q with Z;’;; i < L. Then for all X € U we have

girtFinoig
(%)

9ir ... gin—= <h
T Tp—s

where the implicit constant depends only on (i1, ...,4n—s), p', T and upper bounds for (the
absolute values of ) finitely many derivatives of f. on U;‘ X% forl1<r<R.

Recall that w} = w o VF

y.j» hence we also obtain the following.
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Corollary 4.3. Let i1,...,in—s € Z>o with zz;i iy < € —1. Then for all X € U} we
have

8i1+"'+in,—sw‘§k N
i1 in—s (X) <1,
axl . 69:71—5

where the implicit constant depends only on (i1, ...,4n—s), p', T and upper bounds for (the
absolute values of ) finitely many derivatives of f, on U;‘ X% forl1 <r<R.

Apllying [T.3] with ¢ = 7 and A = A1 as defined above now yields
Io(ds jsk) < A = (1 dist(k, dUy )+,

where the implicit constant is independant of y, j and k. Now since £ — (n—s)>1we
find similarly to (3.6])

D7 Io(dijik) < gD dist(k, dUy) T (4.15)
ket ke ts
> 1
— 041
< Z Z (dep/)é—l )
m=0 Eezn—s

2™ dp’ <dist(k,dUy ) <2™ 1 dp’

Ld+2m+1dp)n s
—(+1
< i Z i

<<jf"“,

where the implicit constant is independant of y and d. Consequently we obtain

M< Y Z o Pdinl S nyfdijik) (4.16)

1<ji<J d=1 ke%
0<j,»<min{J;,j1}
2<r<R
< D-1 Z it
2D , !
1<51<J
0<j,<min{J;,j1}

2<r<R

R
K (H Jr> log J.
r=2

Case k € K.
Let A = j1d and
p(x) = Fy;(x) — - - x.

By definition, for each fixed d we have that k € dZ determines a unique preimage

~ .k - [k
dek (VFny) 1 (d) = va,j <d>

36

k _
d



that is also a critical point for ¢ in the sense that

=0.

ISH -}

v@(ﬁd;j;ﬁ) = VF;J (ﬁd;j;ﬁ) -

Lemma 4.4. LetX € Vﬁy,j(9+) \{X,.z}. Then

djik

where the implicit constant is independant of d, j and k.

Proof. Observe that for E/ d € 2 we have

X - §d;j;ﬂ

R (VEy ) (k/d)]
V(X)) IVE} (%) — X

hence it is sufficient to prove

X — 2|

— <1
VE; &) - VE, (@)

for X,7 € VFE, j(2,) and X # 7. Taking X',7’ € 7, with X' # 7’ such that X = VF ;(X')
(and the same for z) the inequality is equivalent to
\VEy;(X') — VFy (@)

ER

< 1.

or alternatively
X' —

VEy (&) = VEy ;@)
We have already established in the proof of [3.3] that

/\/|

1K

~

VFy (X)) = VE,;(@) = Hp, (@)X —2) +O0(IR - 7]),
which yields the desired lower bound immediately. O

Note that because of Lemma we can deduce the same result from Corollary
for ¢ in this case, i.e. for given iy, ...,in—s € Z>o with >_"'_i, <l and X € Vyfj we have

o

gt Fin-sy,

)<L (4.17)
8:611 . 8937'17'5

The implicit constant is again independent of y, d, j and such k that satisfy this case.
By construction we have H, = Hﬁ;,j’ so with 1| and |i we have W(Xd;j;ﬁ) # 0 and
consequently Lemma [I.3] yields

n—s

Io(dijik) < A~ =7 AL
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Note that we chose k/d ¢ Uy, hence X,. ¢ ¢ V ny( y), e wi(Xyq) = 0. With a
similar argument as in the proof of Lemm @ we obtain

Z IO(dLi;E) < dn’sj;%_ld?";sfl :jl_%_l ns
ke

Hence we have

M < > Z gy Io(d;jik) (4.18)

1<5:<J ket
0<.]7«<m1n{J7<,‘]1}
2<r<

1
<5 2
1<5:<J

0<j,~<m1n{Jr,]1}
2<r<

< <1:[2J> J

Case k € J.

Let A and ¢ be as in the previous case, specifically maintaining Lemma and (4.17)).
Then we have

D
—1 Z dn;s 1
d=1

DT L

= ox (o /12 ~ ~ /lE
‘p(xd;j-ﬁ) =1y (xd;j-ﬁ) T g Faik T —Fy (d) (4.19)

~\ —1
~ k
Hﬁy*,j (X4y8) = Hp, (d) '

Similar to the arguments right before we find that the signature o of H,(X S %)=
Hz, ( d E) is constant for all d, j and k in consideration, hence with Lemmal .

and by (L.2)

Fy

and we obtain

Io(d; j; k) (4.20)
(.d ( dJk) ) _n—s . -~ E ag . _n—s__
= : (jid)" el —pdFy; | = |+ | +O((hd) 2
| det Hp. (X5 YI\d 8 ( )

E Kk 5(i d)- "7 . . E o
=w (d,}’> \detHﬁy,j(k/d)\f(hd) T e <_d(31f1,y+"'+]RfR,y) <d> I 8)

o (i),

[N

where the implicit constant is independant of y, d, j and k. For (u1,...,ur) € Rygx Rgal
we consider the function B

nts -~ 1
\Ijﬁ;d(uh ...,UR) = U 2 ‘det Hﬁ,y""%ﬁ,y""""‘l‘%fl%,y (k/d)|2
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and obtain

DR GRS

(4.21)
1<ii<J
0<j,<min{J,,j1}
2<r<R
E n—s y y it k
<w|=y|dE Y ) Vg g (15 dr)e(=dji fry (k/d))
02<<_7T<}£ max{1,j2,...,jr}<j1<J

d-"= 1

R
+ (H Jr> JUT
r=2

Given any fixed ug, ...,ur € R>o we find that (-, us, ..., ur) is a smooth function on the

set {u; € Ryg | u1 > ur,2 < r < R}. Let \I'Sil denote the partial derivative of W=
uy-direction. For the following argument let 7

p=max{l, ja,....jr}.

Then by partial summation we have for the innermost sum

S gt dr)e(~djfry (k/))

, , (4.22)
p<ji<d
J J £
< W (g ) S e(—jrdfry (&/d) / g i fry R/ )L (€ . . )
Ji=p 1=
We distinguish two cases. First if deLy (k/d)|| > J~! we obtain
> Uiyt dr)e(—dji fry (K/d)) (4.23)
p<ji<J

\Ili;;d(‘Lan "'ajR)

i~ = § ] P 'aj )d§
lldfry (k/d)]] IIdfly k/d)|| / oo n
qlﬁ;d(J7j27"'7jR)

ldf1y (k/d)]|
On the other hand if ||dﬁy(ﬂ/d)|| < J~! we have
ST gyt dn)e(—dji fry (k/d)) (4.24)
p<ji1<J

< \Ilkd(‘] j??' 7.7R J+/ 5\11(1 5327' 7]R)d£

To simplify further, we need estimates for ¥ , and \I!gfi respectively.
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Lemma 4.5. Let (uy,...,ur) € Rsg X Rggl be such that u, < uy for 2 <r < R. Then
for any k € # we have

n+s
\\Ilﬂ;d(ul, o UR)| K ug ?

and
n+s

1 nts g
\\Ill(z;zi(ul,...,uR)|<<u12 ,
where the respective implicit constants are independant of y, d and k.

Proof. The first estimate is an obvious consequence of (2.6). Write

e Y —~ JE— V2 ... VR
detHp 02 0 i, = Z Ay, upQy? R,

0<vao+:-+vr<n—s
0<vs,....,vr

Then since k/d € Uy we have |A,,.. .| < 1, where the implicit constant is independant
of y, d and k. Now by product and chain rule

1
9 ()|

n+s nts_ 4 =~ 1
2 —~ —~
< Uy | det Hfl‘y+§j—ffz,y+~~+’:§ vay(k/d)|2
nts g Vo VR
U, 2 U U
1 2 R
T odet H k/d)|> 2 [Avascovnl <u> ' (U>
(et Hp, uag popsn gy, (K2 00y cns ! !
0<vs,....,vr
n;s_l
< Uy ,
since 0 < ug, ...,ur < u; and u; > 0 by assumption. O

Therefore we obtain

1 & K\, o (£ ns g
M1<<BZ > wl =y |d = IE N (4.25)
d=1

 kezne
[|df1,y(/d)||<T"

D ~ R
1 k _n=s nEs T -
+BZ Z w<d>d 3 (HJT>J > ||df1,y(k/d)|| '
d=1 kezn—s r=2
I < |dfr y (/)]

Ly o) o2
52> (1 -

With a similar argument as in the proof of Lemma we can bound the last term in

by
1 D R e . R Jn;s D .
BZ > (H JT> JEdT T < (H JT> 5 d =t (4.26)
r=2 1

d=1 Ee% r=2 d=

< (H J7.> JE DL

r=2
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In order to estimate the second term in (4.25)) we want to sum dyadically. Note that since
||df1y(k/d)|| < 1 we can assume J~! < 1 and obtain

k
_ E E - d-
keZ” s
J7<df y (k/d)|

w+s 110g2+ ~
(HJ) SRS 12 b w<1;7y>.
) kezZ™~* )
fry(k/d)||< 2

R
(HL«) T dfry (/)| (4.27)

Now for both the first term in (4.25) and (4.27) we utilize the following result from
[36, Theorem 2]: For any X > 0 we have

b -
k
§ § w (d,y) < XDt press, (D), (4.28)

d=1 EeZn—s
lldfr (k/d)||[<Xx "

where

_ o(esica) | exp(esy/logD) if m=2
gm(D>_éam (D)_ { (10gD)c4 1fm23

for some positive constans c¢3 and c¢4. Here the implicit constants as well as ¢3 and ¢4
only depend on n, s,c; and ¢y in , p in , P in and upper bounds for (the
absolute values) of finitely many derivatives of w and f; on 24 x #. In particular, they
are independent of y.

By partial summation we find that

Z > w(:’y>d T < DT (XTID T 4 D6, (D). (4.29)

kezn—*
dfr,y (k/d)|[<X

Therefore we can estimate the first term in (4.25)) by

fz s u(Ey

d
keZ”*
l|df1,y(k/d)||<J

R Jn+s+1 75
< H JT (Jlenfer] 4 Dnisgn—s(D))

(H Jr) 7 (4.30)
r=2

R
“ ( 1) 0D o)
r=2
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and (4.27) by

log J 1
R Jw;—s Tog2 T D ’1;
1—3 § — s E

i=1 d=1 _ Rezn-—+ .
Fy(k/d)||<Z
R Jn;< 112?2]"'1
< J, J21—iD—% 2iJ—1Dn—s+1 +Dn_s{9@n75 D
({17) 5 & ( o
R e
< <H Jr> 5 ((log /YD1 + JD"" &, (D))
r=2
R
< (HJ) ((log J)J"=" D"=" (D).
r=2
Putting together (4.26)), (4.30) and (4.31)) yields
i + — +
M, < <H JT> (J=" D5 +J = DT 1g,_ (D)) (4.32)
r=2

+ (H J,.) Jtpre -l
r=2

b (H Jr) ((log J)J ™5 D*=" + J5" D" 71g,_(D)).

r=2

R
+< Jr> (log J)J 2" D"z + J"= T D"T°~1&,_ (D))
r=2

=y

=

Final estimate. Recall D = |T/2] and T > 2. By combining (4.12)), (4.16)), (4.18) and
(4.32)) we obtain

a0 <<<HJ>

n—s(T))
(4.33)

(H J, ) (log J)J =" T + J"=

<HJ>logJ+<HJ> T

< (H Jr> (JHT 4 (log J)J T 4+ 5 T s, (T)).

We distinguish two cases. First if T-1 < J=! we have
MIT Y < H(J,J Y < (H J, ) ((og J) + En_s(J)). (4.34)
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On the other hand, if T=' > J~! i.e J > T, then
R
M, T < <H Jr> (JPHTL 4 g ((log J) + Eu_s(J))). (4.35)
r=2

Therefore we conclude

o R
k
> > w} () =H(J, T < <| | Jr> (JPHT g 8, ().
1<j1<J kez" J1 r=2
0<gr<min{Jr.g1} ||j1ey Ry )||<T "
2<r<R ’

Recall that w; (k/j1) =wo (Vﬁy}j)_l(ﬁ/‘jl) = w(X;.,¥), hence Proposition [3.4| follows.

5. PROOF OF THEOREM (0.5

Recall @ , hence with the bounds obtained for N1, N> and N3 in Section ie. ,
(3-9) and (3.10), we have

NE@--DL(Q,§) < Ny + Na + Ns (5.1)
< (1+1log ) (log QQF T35 + Q*F H175° 716, _,()))
+log Q(1 + log J) ¥ + J%ﬂ_lQnT“(l +1log J)E.

< (1+ log J)R((log Q)Q; = SR

JT Qe
Now with (2.3)), (2.5) and the remark made right after (2.5)) we obtain

nts
nte g

En—s(J))

[NL(Q,8) — (26) Ny (52
n+1 n+1
< 5R—1QT + QJR + (1 41log J)R(log Q)Q ™" T3
+s n+s

+ (14log HEQ™= 1718, _,(J).

Note that the constants ¢} and ¢, in &, _5(J) = é‘ﬁ;“é) (J) as well as the implicit constants
only depend on n, s, R, ¢; and ¢3 in , pin , o in for each choice of (r; €;v
(1 <r < R,e € {£1}* v € [n]*) and upper bounds for (the absolute values) of finitely
many derivatives of w and f; on 2, x #. Recall that while we only adressed the case
(1;(1,...,1); Z) but the bounds are identical in each case. Since we can still choose the
parameter J > 1, consider the equivalences

n+s n+s n+s

QI <@l & J<Q (5.3)
5R‘1Qn7+1 < Q;;rl s J<it
Q;: QT & QEeeE <
5R_1QHTH CQEHSTT & §NEQEE <J
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and distinguish two cases. If 671 > QHST?;J“ then let J = Qnﬂn@%f?, so by the first,
second and third equivalence in (5.3) we have

n24+(s+R—1)n+(R+1)s+2R—2

[Nu(Q,0) = (26)No| < (log Q)"Q T2 En—s(Q)-

n—s 2(R—1) _n—s
If 6! < Q@++27=2 then let J = § n+s QnFs > §~!, so by the second, third and fourth
equivalence in (5.3)) we have

(R—1)(n+s—2) n24snt2s

INo(Q,0) = (20)FNo| < 6 =i+ (logQ)"Q =7+ &,—(Q).

Note that
R B R o(chich) [ exp(cjvIog@Q + RloglogQ) if n—s =2,
(1Og Q) g)n—s(Q) = (IOg Q) Ents (Q) = { (log Q)c'2+R ifn—s>3,

hence for some absolute constant ¢y we can choose ¢; = ¢} + cgR and ¢ = ¢}, + R and
obtain

(log Q)R &1519(Q) < £1%(Q).
This completes the proof of Theorem [0.5]
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PART 11
ABELIAN VARIETIES :

BOUNDS ON THE TORSION FOR ABELIAN VARIETIES OF
TYPE IV

1. PRELIMINARIES

1.1 Abelian varieties

An abelian variety A over a number field K can be defined by several means, for exam-
ple as a complete algebraic variety over K that carries a group law defined by regular
functions or alternatively, in the language of schemes, as a smooth, connected, proper
K-group scheme. Before working over a number field K, we give a preliminary discussion
of abelian varieties over the field C of complex numbers and refer to [52] and [48] for
further details.

Let ¥ be a finite dimensional C-vector space of dimension g and A C ¥ a lattice
of (maximal) rank 2g. We call the quotient ¥/\ a complex torus of dimension g. A
positive definite hermitian form H: ¥ x ¥ — C is called a Riemann form on ¥ /A, if the
imaginary part InH: 7 x ¥ — R only takes integer values on A.

Definition 1.1. An abelian variety A over C is a complex torus that admits a Riemann
form H.

Let ¢: A — A’ be a morphism between complex abelian varieties. We introduce the
notion of an isogeny:

Definition 1.2. An isogeny is a surjective morphism ¢: A — A’ between complex
abelian varieties that has a finite kernel. If such an isogeny exists between A and A’ we
call them isogenous (and non-isogenous otherwise).

A crucial result for the structure of abelian varieties is the following theorem:

Theorem 1.3 (Poincaré Reducibility Theorem). Let A be a complex abelian variety.
For any abelian subvariety A" C A there exists another abelian subvariety A” C A and
an isogeny A — A’ x A”.

We call an abelian variety simple, if it does not contain any proper, non-zero abelian
subvarieties. Theorem [I.3] now implies that any abelian variety admits a decomposition
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into simple factors. Precisely there exist finitely many simple subvarieties A4, ..., Ay C A,
that are pairwise non-isogenous, positive integers ny,...,n; and an isogeny

k
A— A
i=1
It is standard to work in the category of abelain varieties up to isogeny, that is the cate-
gory with abelian varieties as objects and the set of morphism between abelian varieties
A, B defined to be the vectorspace Hom(4, B)®zQ. We write End®(4) := Endy(A)®zQ
and obtain from the isogeny decomposition above the decomposition

k
End®(A) = [ [ Mat,,, (End®(A)).
i=1
In the following we will assume that all endomorphisms of A are already defined over K,
that is Endg (A) = Endz(A). If A is a simple abelian variety and we are not at risk of
ambiguity, we usually write D = End°(A).

Proposition 1.4. Let A be a simple abelian variety, then D is a division algebra. If A
is any (not necessarily simple) abelian variety, then End®(A) is a semi-simple Q-algebra.

In algebraic geometric terms the notion of a Riemann form corresponds to a polar-
ization, that is an isogeny ¢: A — AV from A into the dual variety AY. The degree of
¢ as a polarization is just its degree as an isogeny, that is the degree of its finite kernel.
We can naturally associate an involution

. End®(4) — End°(4),a — af
to ¢ via
poal =a" o,

where ¥ € End°(AY) is the element in the opposite algebra corresponding to o €
End®(A). One can show that for o € End°(A) there exists 8 € End°(A) and a positive
integer m such that

pob=ma" o .
Hence we define the positive Rosati involution by
1
al = = xb.
m

For the following let A be a simple abelian variety defined over a number field K with
a fixed polarization ¢: A — AV and the corresponding Rosati involution f: D — D as
described above. Denote by E := Z(D) the center of D, making D into a central E-
algebra, and denote further Ey := {¢ € E | ¢! = ¢} the subset of elements fixed by the
involution. We therefore have a tower

DDEDEyDQ,

where E/Q and E/Q are field extensions with degrees e := [E : Q] and eq := [Ep : Q)
respectively. Note that D as a central simple algebra has a square degree over E, hence
we denote d* := [D : E].

Due to Albert |52, Chapter 4], simple abelian varieties can be classified according to
the type of their endomorphism algebra. We distinguish four types:
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— TypeI: D = E = Ej is a totally real field and T = idp.

— Type II: E = Ej is a totally real field and D is an indefinite quaternion algebra
over Q, such that D ®p, R = Maty(R) for any embedding By — R. T = (z
a”Y(Tr} p(x) —x)a) where Tt} is the reduced trace of D/E and a € D\ {0} with

a? € E totally negative.

— Type III: E = Ej is a totally real field and D is a definite quaternion algebra over Q,
such that D ®pg, R = H for any embedding Fy < R. T = (z Tr%/E(a?) — ) with
TTOD/E as before.

— Type IV: Ej is a totally real field, E is totally imaginary quadratic extension of Ej
and D is a division algebra over Q, such that D ®p, R = Matq(C). T\ = (z — z).

Remark 1.5. A totally imaginary quadratic field extension E over a totally real field
Ey as present in the type IV case is called a CM field. This distinction leads us to the
following definition.

For a simple abelian variety A, we say that A is of type I, II, III or IV, if the
endomorphism algebra (and the respective involution) are of the corresponding type. If
A is of type I, we necessarily have d = 1. For types II and III respectively we have d = 2.
For A of type IV d > 1 can be arbitrary and moreover, e = 2¢q in that case. If A is of
type IV and d = 1 we say that A is an abelian variety with complex multiplication or A
is of CM type.

Definition 1.6. A simple abelian variety A is called fully of type IV, if it is of type IV
but not of CM type.

Definition 1.7. Let A be a simple abelian variety of dimension g. With the notation
from above we define the relative dimension of A as

g if A is of type I,
h = dim,.(A) == & if A is of type II or III,
- if A is of type IV.

d2 €

1.2 Tate Module

Let ¢ be a prime number, such that ¢ does not divide deg ¢. We define the Tate module
of A to be
Ty(A) := @A[Z"],

where A[¢™] is the kernel of the multiplication by ™ map. Furthermore let
Ve(A) = To(A) @z, Qe
Then we have isomorphisms of topological groups:
To(A) ~Z7 and Vy(A) ~ QY.
There exists a non-degenerate bilinear form

<y >0 TZ(A) X TZ(AV) — Zg(l) = y_,u,gn,
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which is Galois equivariant, called the Weil pairing. The polarization ¢: A — A" there-
fore induces a non-degenerate, alternating, bilinear pairing

qbgoo: Tg(A) X Tg(A) id_><<>;5 Tg(A) X Tg(Av) <—? Z((l) = @lugn.

Since ¢ does not divide the degree of the polarization ¢, the f-adic Weil pairing is non-
degenerate on A[("] for all n > 1. Let OF, denote the dual of OF,, the ring of integers
of £y = F ® Qy, induced by the trace map

TrEz/Qe : HOHI@EZ (Tg(A) ®OE£ TK(A), O*Etz) — Homy, (Tg(A) ®0Ee Tg(A), Z@).
By [33 Lemme 3.3] there exists a unique Op,-linear pairing
Gpoo s Te(A) x Ty(A) — OF, (1)

such that Trg, /q,(¢j=) = ¢ee. If £ is unramified in O, we have Op, = O}, , hence we
have

Gpoo : Ty(A) x Ty(A) = Opg,(1).
Let 0% = End(A) N O and for each prime ideal A in O dividing ¢ let O, be the
completion of O at A and E) its fraction field. Then

Eg = HE,\ and OEz = HOA
AL Y4

for all £. If £ does not divide (O : 0%) we have O, = O ®7 Z¢ = 0% ®z Z; and O,
acts on Ty(A). Therefore we obtain a decomposition

T,(A) = [[ T
Aé
where T, = T;(A) ®op, Ox, and an Oy-linear pairing

Pacer Ta X Tx = Ox(1).

The explicit decomposition of T, is going to be a key ingredient for the proof of our
theorem and will be further discussed in Section Note that all the ¢-adic and M-adic
pairings defined above are Galois equivariant and we may write d)gm and d)gx respectively
for the pairings defined on V; and V) with values in E; and E).

In order that the above definitions are well-defined, we have restricted the set of
primes £ that we consider. The following definition makes this precise:

Definition 1.8. Denote 0%, = End(A) N Op and 0% = End(A) N Og,. Let L be a
Galois extension over Ej containing F such that

D ®p L = Mat,(L)

as an L-algebra (compare |2, Lemma 2.1]). Let P be the set of prime numbers ¢ such
that:

1. £ (0g:0%), (O, : OOEO);
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2. ¢ is unramified in Op;

3. £t deg(¢), where ¢ is the fixed polarization of A;

4. Iy € Op,, A € Og, Mo|f; X is inert over Ag and splits completely in Oy,.

We sometimes want to address the complementary set of primes:
Definition 1.9. Let S = {/ prime | { ¢ P}.

Remark 1.10. Note that from Corollary 2.3 and Lemma 2.1 in |2] we obtain that S is
a finite set. For a prime £ € S at least one of the following conditions holds:

1. £ is ramified in Oy,
2. 4] deg(9),
3. D does not split over E} for at least one A4

For the rest of the paper we may assume that any prime /¢ is not contained in S. We
refer the reader to Section [0 for a treatment of the the case ¢ € S.

1.3 Algebraic groups attached to abelian varieties

In this section, we discuss several algebraic groups that arise naturally within the theory
of abelian varieties and are particularly important in the study of the invariant

v(A) = inf{z > 0|VL/K finite, |A(L)tors| < [L : K]*}.

Definition 1.11 (Lefschetz group). The Lefschetz group L(A) := Cggpv,y) (D) of
A is the centralizer of D in GSp(V,v). We write L(A)° for the (connected) identity
component of L(A).

Remark 1.12. Note that L(A)° is a connected, reductive algebraic group subgroup of
GSp(V, ) over Q. For a definition of the symplective, orthogonal and unitary groups
and spaces, that will appear throughout this section, we refer to Section [2}

From the work of Deligne 23|, Piatetski-Shapiro [54] and Borovoi |7, Lemma 2] it is
known that the Lefschetz, Hodge and ¢-adic monodromy groups of A can be compared
to one another in the following way for every prime number ¢:

Gra € Hg(A)g, € L(A)g,- (1.1)

Definition 1.13 (Fully of Lefschetz type). An abelian variety A is said to be fully
of Lefschetz type when the Mumford-Tate conjecture holds for A, and MT(A) = L(A).

The following classification of the Lefschetz groups for simple abelian varieties A of
dimension g depending on their type is essentially due to Milne |47]. Note his definition
of the group S(A4) (|47, p. 8]) and the table ([47, p. 14]) which is the summary of section
2 in his paper:
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Type of A Group
I Spzg
€0
11 Spi
€0
III Os
€0
v GL _g
deq

Now the group S(A)z is isomorphic over K to e copies of the groups listed above. A
paper of Murty [53]| following the definition of Milne gives a classification of possible
factors of L(A). For that, consider a maximal commutative subfield I of D and its
maximally totally real subfield /Cy. This induces a decomposition

Vi = H v,

o: Ko—R

indexed by all possible real embeddings of KCy. Except for type I (where K is automatically
totally real as well), £ ® R acts on Vg and therefore induces a complex structure on V.
Write V,, ¢ for the corresponding C-vector space and note that this is in general different
from V., ® C. Now we have

L(A)]R = HLU?

where L, is the projection of L(A)g onto GL(V,) and o runs through a set of represen-
tatives for the equivalence o1 ~ o2 if and only if oy By = 02|, The following factors
occur:

Type of A L,
I Sp(Vo)
I U(Vo,c) NSp(Voc)
111 U(Voc) NO(Vo o)
v U(Voc)

Murty further notes that after complexification one obtains

Type of A L, ®C
I Sp(V; ® C)
I1 Sp(V; ® C)
I11 oV, ®C)
v GL(V,)

where 7: Fy < R is any embedding of the (totally real) fixed field of the Rosati involution
and o is any extension of 7 to K. We deduce the following properties of L(A):

- L(A) is contained in the group of symplectic similitudes GSp,,, if A is of type I or II,
- L(A) is contained in the group of orthogonal similitudes GOq, if A is of type IIT,

- L(A) is contained in the group of unitary similitudes GUq, if A is of type IV.

Now let V be a finite dimensional QQ-vector space. By extension of scalars, we consider
the complex vector space V¢ := V ®q C together with a complex conjugation defined via

VR zZz=1vR7Z
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for v € V and z € C. A decomposition

Vo= € vre

prq=n

of V into complex vector spaces with V74 = V9P is called a pure Hodge structure of
weight n € Z. A Hodge class is a vector v € V that belongs to V% and we call the
collection of pairs (p,q), such that V7 is non-trivial, the type of the Hodge structure.
Equivalently, a Hodge structure is given by a Hodge cocharacter

h:S — GL(V)g.

That is a representation of the Deligne torus S := Resc/r(Gm,c), which arises from Weil
restriction of scalars with the properties S(R) = C* and S(C) = C* x C*. The subspace
VE&? is precisely the subspace of elements v € V¢ on which z = (21, 22) € S(C) acts by
multiplication of z; Pz 9.

Now let A be an abelian variety defined over the number field K and fix an embedding
0: K — C of the number field into the complex numbers. Then the vector space V =
H,(As(C),Q) carries a natural Hodge structure of weight —1, where A, denotes the
complex abelian variety induced by the embedding. In the following we will by abuse of
notation suppress the subscript o for clarity.

Definition 1.14 (Mumford-Tate group). The Mumford-Tate group of A, denoted
MT(A), is the smallest algebraic subgroup of GL(V') over Q, such that the Hodge cochar-
acter h factors through MT(A)g.

We introduce the unit circle group U; C S, whose real valued points correspond to
the unit circle U3 = {z € C* | 2z = 1}.

Definition 1.15 (Hodge group). The Hodge group of A, denoted Hg(A), is the small-
est algebraic subgroup of GL(V') over Q, such that h’ul factors through Hg(A)g.

Remark 1.16. Note that, by construction, MT(A) is the almost-direct product inside
GL(V) of Hg(A) with the central torus of homotheties G, g.

Another algebraic group naturally attached to the abelian variety A can be defined via
the ¢-adic representation for the absolute Galois group of K, denoted G := Gal(K/K),

pe: Gx — GL(Ty(A))
for any prime ¢ as follows:

Definition 1.17 (/-adic monodromy group). The {-adic monodromy group of A,
——FZar

denoted by Gy, is the Zariski closure p;(Gx)  of the image of the ¢-adic representation

p¢. Similarly, we define the special /-adic monodromy group Gy,; := G, N SLy,.

The relation between the Mumford-Tate and Hodge groups is immediate from their
definitions, the relation of the /-adic monodromy group to them is famously stated as
the Mumford-Tate conjecture:

Conjecture 1.18 (Mumford—Tate conjecture). For every prime number { we have
Gi =MT(A)qg,, or equivalently G | = Hg(A)q, -
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Many results have been produced towards identifying whether certain classes of
abelian varieties satisfy the Mumford-Tate conjecture. Already in 1972, Serre showed that
all elliptic curves satisfy the Mumford-Tate conjecture. Ribet managed to prove (without
the powerful result of Faltings existing) that the Mumford-Tate conjecture holds for all
abelian varieties of dimension g with endomorphism algebra a totally real field of dimen-
sion g and that admit a semi-stable place of bad reduction [56, Paragraph V]. Following
Faltings theorem, many more cases of the Mumford-Tate conjecture have been verified.
In 1985 Serre proved that all abelian varieties of odd dimension whose endomorphism
algebra is Q satisfy the Mumford-Tate conjecture [62]. In 1991 all simple abelian varieties
of prime dimension have been proved to satisfy the Mumford-Tate conjecture by Chi |19].
One year later, Chi showed some additional cases:

Theorem 1.19 (Chi 1992, [20]). The Mumford-Tate conjecture holds in the following
four cases:
If A is a simple abelian variety of type I and
(i) g is an odd integer or 2 and further End°(A) = Q;
(i1) g = 2d where d is an odd integer and further End°(A) = E is a real quadratic field.
If A is a simple abelian variety of type II and
(11i) g = 2d where d is an odd integer or 2 and further D is an indefinite quaternion
algebra over Q,
(iv) g = 4d where d is an odd integer and further D is an indefinite quaternion algebra
over a real quadratic field.

Pink defined the following set

o%
2::{g>1|3k>3,3a>179:2k_1ak}u{g>1|3k>3’2g:<k>}’

where k is an odd integer, and showed that all abelian varieties with endomorphism
algebra Q of dimension g ¢ ¥ satisfy the Mumford-Tate conjecture [55]. This result
has then been used by Banszak, Gajda and Krason to generalize the findings of Chi for
abelian varieties of type I and II:

Theorem 1.20 (Banaszak, Gajda, Krason, [1]). Lat A be a simple abelian variety
of type I or Il with relative dimension either equal to 2 or odd. Then MT(A) = GSpy,
and G = MT(A)q,, hence A satisfies the Mumford-Tate conjecture.

A theorem by Hall from 2011 covers the following cases:

Theorem 1.21 (Hall, [28]). Let A be an abelian variety with End°(A) = Q and such
that the Néron model of A over Ok has a semi-stable fibre of toric dimension equal to 1.
Then G = GSpy, q,, hence A satisfies the Mumford-Tate conjecture.

Hindry and Ratazzi managed to generalize the results of Hall and Pink:

Theorem 1.22 (Hindry, Ratazzi, |33]). Let A be a geometrically simple abelian variety
of type I or II, such that the center of End®(A) is a totally real field of degree e. Then A is
fully of Lefschetz type (see Deﬁnition and in particular satisfies the Mumford-Tate
congecture if one of the following conditions holds:

(i) The relative dimension h of A is either equal to 2 or odd.

(i) We have e =1 and h ¢ 3.
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(i1i) A has a semi-stable place of bad reduction with toric dimension equal to e if A is
of type I or 2e if A is of type IL

Note that an analogous result exists for a product of abelian varieties |33} Corollaire
1.15]. Additionally, it has been shown by Moonen and Zharin [50] and by Lombardo
[40] that any abelian variety (not necessarily simple) of dimsion 5 or lower satisfies the
Mumford-Tate conjecture.

We want to work with abelian varieties A that not only satisfy the Mumford-Tate
conjecture, additionally we would like A to have the biggest possible Mumford-Tate
group. In order to define this notion precisely, let D = End°(A) as before and note that
the polarization ¢: A — A induces a symplectic bilinear form 1 on V.

1.4 Notations

We shall make us of the following notations:

Let Lqi,Ls be number fields that are contained in one common field L and that
additionally depend on A/K and a finite set of other parameters. We write L; < Lo if
there exists a constant ¢(A/K) that only depends on A/K, such that the inequalities

[Ll : Ll N Lg] S C(A/K)

and
[LQ . L1 ng] S C(A/K)

hold for all the other parameters given. For groups G1,G5 that are subgroups in one
common group G and depend on a finite set of parameters, we similarly write G; < G
if there exists a constant C'(A/K) that only depends on A/K, such that the inequalities

(Gl :Gq ﬂGQ) < C(A/K)

and
(G2 : G1 OGQ) S C(A/K)

hold for all the other parameters given.
In both cases we say that the equality L; = Ls (resp. G7 = G2) holds up to a bounded
index.

2. GROUP LEMMAS

This section is mainly devoted to establish the index (G(Z;) : G(H)), for an abelian
variety A, a finite subgroup H C A[(*°] and an algebraic subgroup G C GLy, over Z.
The group G(H) is defined as follows

G(H) = {0 € G(Z) | 0}, =idm}
and can be interpreted as a stabilizer of a group action of G on Ty(A). A precise definition

of this notion is given in Section [2.3] These results will be useful for the proof of the main
theorem in Section [f for G = Hg(A) as is described in Section
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2.1 Hermitian spaces and unitary group

From |2} Section 3] we know that we have non-degenerate hermitian pairings ¢fe, ¢S, droc, oo
on the spaces Vp, Vi, Ty, T respectively. Let (V1)) be a hermitian space of dimension n,
where we may assume that V' € {V;, Vi, Ty, Th} and ¥ € {@fac, PSoc, Proe, o }.

Definition 2.1. We define the unitary group U(V,%) and the special unitary group
SU(V, ) as follows:

(1) U(V.4) ={u € GL(V) | ¢ (uz,uy) = ¥(z,y), Vz,y € V},
(ii) SU(V,v) = UNSL(V).

If there is no ambiguity at risk concerning the form 1, we shall write U, and SU,
respectively.

Let F' be the field or ring over which V is defined.

Definition 2.2. We say that a linear transformation u on V' is a unitary similitude, if
there is a constant a € F'* | such that for all x,y € V'

Y(uz, uy) = ap(z,y).
We denote the group of unitary similitudes as GU(V, ) (resp. GU,, as before).

For a unitary similitude u we denote the unique associated factor a defined above as
mult,,. Consequently we have a map

mult: GU,, — G,,,, u — mult,,
and conclude that v € U, if mult,, = 1.

Definition 2.3. A unitary similitude u € GU,, is called a (unitary) isometry, if mult,, = 1
or equivalently if u € U,.

Remark 2.4. The following notions of orthogonality, isotropy and the results on the sta-
bilizers are essentially equivalent, if we replace the hermitian space (V, 1) by a quadratic
space (resp. a symplectic space) and the unitary group U and group of similitudes GU by
the orthogonal groups O and GO (resp. by the symplectic groups Sp and GSp ), which
are defined in the exact same way for a symmetric bilinear form (resp. an antisymmetric
bilniear form) 1. These appear for abelian varieties of type III (resp. type I and II). The
respective dimensions of these groups are known:

n(n—1)

dimU, =n? dimO, = T; dim Sp,, =

which can be deduced with a careful study of |6, 23.9 p. 260ff].

nn+1)
2 )

Let G be a group acting on V. Naturally we can have G € {GU, U, GO, O, GSp, Sp}.
Given a vector subspace W C V we are interested in the stabilizer of W for the action
of GG, which is defined as

Gw = {T e | Ty = idw}.

In order to study Gy we employ properties of the subspace W. The following definitions
as well as the theorem of Witt can be formulated equivalently for (V1) being a hermitian,
quadratic or symplectic space.
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Definition 2.5. Two vectors z,y € V are said to be orthogonal, if ¢(z,y) = 0. If W C V
is a vector subspace, the set of all vectors that are orthogonal to every vector in W is
called the orthogonal complement of W and denoted by

Wt ={zeV|¢w) =0 YweW}.
We say 9 is non-degenerate if V- = {0}.
The relation between W and W is useful to classify the properties of W and its
stabilizer.

Definition 2.6. A non-trivial vector x € V \ {0} is called isotropic, if ¥(z,2) = 0. A
vector subspace W C V is called isotropic if W N W+ # {0} and totally isotropic if
Wcwt

Definition 2.7. The index v of the form 1) is the biggest dimension amongst the totally
isotropic subspaces of V; any totally isotropic subspace of dimension v is called a maximal
isotropic subspace.

Totally isotropic subspaces usually appear in complementary pairs in the following
sense:

Proposition 2.8. [24]|(§11, p. 21, 1) ) Let W C V be a totally isotropic subspace,
then there exists another totally isotropic subspace P C V with dim P = dim W and
WnNP = {0}. Furthermore we can find a basis {e1,...,e;} of W and a basis {e,11, ..., e}
of P such that v(e;, er15) = 0; ;.

We easily deduce the following corollary:

Corollary 2.9. Let W be a totally isotropic subspace of dimension r, then there exists
a totally isotropic subspace W' of dimension r such that W @ W' = Py & --- & P,, where
the P; are hyperbolic planes.

Proof. Let {ey,...,e,} be a basis of W, then we can find a vector f] € V with ¢(f{, f{) =0
and v¥(eq, f1) = 1, such that < ey, f{ > is a hyperbolic plane. Consider the vector

fr=f+) N,

i=2
where A; are chosen such that ¥(e;, f1) = 0 for all ¢ = 2, ..., 7. Hence we obtain
<ep,y .l f1 >=<er, f1 >1<eq, ...,ep >.

Repeating this construction in a similar fashion yields isotropic vectors fo, ..., f; such
that
< elyemlrs fly o fr>=<eyp >L - L<ep, fr>.

Now W' =< fi,..., f» > has all desired properties. O
Therefore a maximally isotropic subspace can at most have dimension n/2, hence

2v < dim V. The discussion in [24](§11, p.21-22, 2)) yields that isometries can be extended
from a subspace W to V. Precisely we have the following:

Theorem 2.10 (Witt). Let (V,4) be a finite dimensional, non-degenerate hermitian
space and W C V' a vector-subspace. For every isometry u € U(W,4,,) of W we can
find an extension to V, i.e. an isometry a € U(V, ) such that aj,, = u.
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2.2 Dimension of the stabilizer
We now compute dim Gyy.

Theorem 2.11. Let (V,1) be a non-degenerate hermitian space of dimension n and
W C V' a vector subspace of codimension d. For the stabilizer of W, defined as follows

GW = {T c U(Vv,w),ﬂw = ldw} C GLn,

we find that

Proof. We present the proof in two steps.

First assume that W is non-isotropic, i.e. W N W+ = {0}. Then we have the decom-
position V = W @ W+ with dimW+* = d and dimW = r = n — d. Let {eq,...,e,} be a
basis of W, then we can extend it to a basis {ey,...,e,} of V. By construction we have
W+ =< e,41,....,e, > and hence we can write the stabilizer within the basis as

I.| 0
= FTo0r) )
Therefore Gy = GU(WJ-,dqWL) and

dim Gy = &?

Now assume that W is isotropic. We present the case where W is a maximally isotropic
subspace.

Assume further that 2r = n. By Proposition we can find another maximally
isotropic subspace P C V with W @& P = V and a basis {ey,...,ea,} of V such that
< eqy.,ep >= W, < €py1,...,e9, >= P and ¢(e;,e,45) = ;5. For u € Gy write
v(z) = u(z) — 2 and note that v (as a transformation of V') is identically 0 on W and for
any x € W,y € P we find that

Y(x,v(y)) = Y(u(z),u(y)) — ¢(x,y) = 0.
If both =,y € P we have

P(z,0(y)) + ¥ (v(),y) = 1#(967 U(y)

and therefore
U(z,v(y) = —¥(y,v(2)).

Hence expressing u within the given basis yields

" — I. | S
0|
with a matrix S satisfying 'S = —S, i.e. S is an antihermitian matrix. Hence

Gw = ({S antihermitian of order r},+)
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where the right side is of dimension r2. Note that in this case r = d.

The case where 2r < n works similarly. Again by Proposition 2.8 we find P C V
totally isotropic of dimension r and P N W = {0}. Then W & P is non-isotropic and
similar to the case before u € Gy can be written as

I. S
U= 0 I,
‘ GU7L—27'

Now since 7 = n — d we easily find that
dim Gy = r? + (n — 2r)2.
Coparing this expression to d? yields
P+m-2r)<d® o n—d)?+n-2r)?<d?

o n?—2nd+d®>+n® —dnr + 42 < d?
& 2n? — 2(nd + 2nr) + 42 <0
e n?—n(d+2r)+2r° <0
e n?—nn+r)+2r2 <0
& 92 <nr

=

2r<n

which is true. [
We can formulate this result in view of our situation, where V = V;(A) and 9 = ¢f.

Theorem 2.12. Let A be a simple abelian variety fully of type IV and dimension g. We
consider the hermitian space (Vi, ¢goe) with the hermitian form ¢fe: Vi x Vo — Ep. Let
W be a Qq-subspace of Vy(A) of codimension d and consider the stabilizer

Gw ={9 € U(Vi(A)) | g, =idw} C GLag(Q0).
Then
dim Gy < d2.
2.3 Calculating the index

The rest of the section is devoted to determining the index (G(Z,) : G(H)). Using results
of Serre, Oesterle and Robba, we can estimate this index directly, given that all of the
stabilizers are smooth. This is fulfilled at least for all primes ¢ that are sufficiently large,
due to a resultsof Lombardo.

Lemma 2.13. |41 Lem 2.13| There exists a prime number £y = £y(A, K), such that for

all primes £ > €y and all submodules H C Ty(A) the Zariski-closure of the stabilizer G5
18 smooth over Zy.

Additionally, we need the following lemma due to Hindry and Ratazzi:
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Lemma 2.14. |32, Lemme 2.1] Let G/Z; be an algebraic subgroup of GL,, of dimension
d, such that the reduction over Iy is smooth. Then for all m > 1 we have

G(Z/0"Z)| = 1" V|G (Z/(T)].

For the abelian variety A of dimension g recall the set S defined in Let ¢ ¢ S
be a prime number and let H C A[¢>°] be a finite subgroup. We can choose a positive
integer n such that H C A[¢"] and a suitable basis of T;(A), such that we can write

t
B (L

i=1

where the m; form a strictly increasing sequence. Denote H; = (Z/¢™iZ)*t-G-b | then
there is a non-canonical choice of a submodule }AL C Ty(A) that lifts H; and hence
rkZ/ZmiZ Hi = I‘kzz ﬁfl

In the simple case that H = (Z/¢™)* C A[¢™] we can choose a (Z/{™'Z)-basis
{e1,..,e,} of H and a Z,-basis {ey,...,€.} of ﬁ, such that €; = e; mod ¢™ for all
1 <i < r. Considering [32, Lemme 3.7] yields the following:

Lemma 2.15. Let H = (Z/{™Z)* C A[{™] be a totally isotropic subgroup and
Ty » Te(A) = A[L™1] the canonical projection. Then there exists a totally isotropic sub-
module Hoo C Tp(A), such that mm, (Hw) = H.

Note that if H happens to be an End(A)-module, we can choose H to be an End(A)-
module as well.

Now for a general H C A[¢"] with a decomposition as described above H = [['_, Hj,
we can choose submodules ﬁl C Ty(A), such that for all 1 <4 < ¢ we have Ty i1y (}AL) =

H; under the canonical projections. Let W = ﬁl 4+ ﬁt and
Wi=Hi+ -+ H__1),

such that m,,, (Wy) = H[(™] ~ (Z/fm™Z) T and 7, (W) = (Z/0™Z)*. Then
we have a filtration Wy C --- C W; of submodules of Ty(A). Given a group action by
a group G on Ty(A) we denote the stabilizer of W; as Gy,. Now we can describe the
stabilizer G(H) of H as follows:

G(H):{MEG(ZK) |M€GW¢ mod émi,lgigt}.
An alternative construction to consider are the subgroups

t—(i—1)
Vie= [ @~z
k=1

such that V; C --- C Vi = H and V; = (Z/0™Z)**. Let ‘A/Z be an associated submodule
of Ty(A) and Gy, its stabilizer (note that this association is not canonic). With these
submodules we can describe the stabilizer G(H) as follows:

G(H)={M € G(Z¢) | M € Gy mod (™,1<1i<t}.
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We denote g; := dim G‘A/i, d; := codim GV} and depending on the 0 < my < --- < my and
all 1 <t <2g '

H(my,...,my) == {M € G(Z¢) | M € Gy mod {™,1 <1 < t}.
The index of H(myq,...,m;) has been calculated in [17] using the following results:

Lemma 2.16. |17, Lemma 2.3] Let G be an algebraic subgroup over Z of GLqyg, t a non-
zero integer and G‘A,1 C---C G‘A/t algebraic subgroups over Z; of Gz, defined as above of
codimension d;. Then

(G(Z) : G(H)) >< 4 (=1 di(mi=mii)
for all primes £.

Let H) be a finite subgroup of A[A>°] for prime A in Of dividing ¢. The following
lemma is a reformulation of Lemma in this situation:

Lemma 2.17. Let G be an algebraic subgroup over Z of GLag. For each A|{ let ty be a
non-zero integer, G‘A,1 C---C G‘A,t algebraic subgroups over Z; of Gz, of codimension d;
A

and 1 <my g, <...<mx1 a sequence of decreasing integers. Furthermore the stabilizer
G(H)) is defined for each A€ by

G(Hy) = {M € G(O)) | M € Gy, mod A™ =601 < i < 1},

Then o
(G(Oy) : G(HY)) >»<a (#IF,\)Ei:ldi(m*vi_m*v“l).

3. PROPERTIES OF THE TORSION SUBGROUP

3.1 Main idea

Let A be a simple abelian variety of type IV, defined over a number field K, and dimension
g. Recall the definition of the invariant y(A):

Y(A) = inf{z > 0| VL/K, |A(L)tors| < [L : K]}

We have been working with the connected component of the f-adic monodromy group
Gy (resp. Gy1). Due to the following theorem by Serre, after replacing the number field
K by a suitable extension, we can assume Gy to be connected.

Theorem 3.1 (Serre). There exists a finite extension K'/K, such that for all primes
¢ the algebraic group Gy is connected.

Furthermore, by a theorem of Faltings |26, Satz 3], we know that G is reductive. A
crucial ingredient for our proof is the following theorem about the independance of ¢-adic
representations:

Theorem 3.2 (Serre). There exists a finite extension K'/K, such that all (-adic rep-
resentations are independent. In other terms, the morphism

Gal(K'(A(K')tors)/ K) — H Gal(K'(A[¢>])/K")

¢ prime

is a bijection.
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After replacing K by an extension K’ such that Gy is connected and all ¢-adic rep-
resentations are independent we can make use of the following result:

Corollary 3.3. Let H C A(K)iors Such that H = [I, He with Hy C A[£>]. Then
[K(H): K] =[] [K(H) : K].
¢

This is an immediate consequence of Theorem after replacing K by K’ and abuse
of notation. Following Corollary we can reformulate the invariant v(A) as follows:

Y(A) = inf{z > 0 | VH C A[¢™],|H| < [K(H) : K]*}.

This yields the equivalence

. log, |H|
| < [K(H) : K'Y e (4) > a1

for every finite subgroup H C A[¢*°] and we will therefore determine (A) as follows:

(3.1)

Step 1: Calculate the order of H.
Step 2: Calculate the degree of the extension K(H)/K.
Step 3: Use combinatorial methods to determine «(A) with these two values.

Calculating the order of a subgroup H C A[¢(*] is straightforward and mainly relies
on the structure of the Tate module T;(A). To determine the degree of the extension
K(H) over K we consider the Galois extensions K (A[¢*>°]) and K (ug~) over K. Recall
that assuming A satisfies the Mumford-Tate conjecture, we have an isomorphism

Gy = MT(A)QZ.

Moreover from Theorem we know that we can restrict our attention to any prime /¢,
therefore we can compare the Galois groups of the following diagram with the Z, points
of the Mumford-Tate group, the Hodge group and the torus of homotheties G,,.

e KA
Hg(A)(Ze)
K(H) K (o)
MT(A)(Z) |
KHE)NK(ue=) /. 20 — 25
AN m\&l) = &y



Therefore we have the following identifications:
Gal(K(A[>™]/K)) < MT(A)(Z),
Gal(K (A[l>°]/K (ue=))) =< Hg(A)(Zy),
Gal(K (=) /K) =< G (Zy).

Note that we have analogue diagrams for the cases H C A[{] and H) C A[)\] for A|¢
stemming from the triangles

K(A[4]) K(A[N)
Hg(A)(F,) Hg(A)(Fy)
MT(A)(F,) K () MT(A)(F) K (pue)
G (Fy) = FX Gon(F») = F
K K

Note that for the case of Hy C A[A] a precise treatment has been done for simple
abelian varieties of tyoes I and II (see [33, Section 3]). Combining their methods with
the decomposition of Ty(A) in Theorem |3.5| yields similar results for type IV. Therefore
we have the following identifications:

Gal(K(A[N/K)) < MT(A)(F»),
Gal(K (A[M]/K (pe))) = Hg(A)(Fy),
Gal(K(ﬂf)/K) = Gm(F/\)'
In order to calculate [K(H) : K| we consider the groups
Go(H) := {0 € MT(A)(Z¢) | oy = idu} < Gal(K(A[(>*]/K(H)))
and
G(H) = {o € Ha(A)(Z0) | oy = idur} = Go(H) 1 Ha(A)(Ze).
Let 0(H) := [K(H) N K (ug) : K]. Then the following lemma establishes how to deter-
mine [K(H) : K].
Lemma 3.4. Let H C A[(>°]. Then we have up to a finite index
O(H) = (27 : mult(Go(H))(Ze))
and additionally
[K(H) : K] = (Hg(A)(Z¢) : G(H)) - 6(H).

We refer the reader to |33, Proposition 5.5 for a treatment of a similar case. There
are analogous results for the cases H C A[¢] and Hy C A[A] respectively.

As we have established in Lemma for H C A[f>] the index (Hg(A)(O,) :
G(H))) can be calculated for every A|¢ with the codimension of G(H} ). Establishing said
codimension is therefore essential to this section. Lastly we will discuss the value §(H).
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3.2 Structure of the Tate module

Recall the Tate module T;(A) = @A[ﬁ”] and the set P of primes (Definition , such
that we have decompositions

T,(A) = [[ T (3.2)

I
Vi(A) = H V.
Al

Here for all A|¢ we have Ty = T;(A) ®0p, O, and an Ej-vector space V) = Vy(4)®p, E\.
Furthermore we have unique non-degenerate, Galois equivariant bilinear forms over Og,
and over Fy respectively

Geoo: To(A) X To(A) = Op,,

Dpoo s Vo(A) X Vy(A) — Ey.
For all primes in P, or equivalently all £ ¢ S, we have the following result of Banaszak

and Kaim-Garnek, that will be helpful with the calculation of the order of a subgroup
H C Al¢™].

Theorem 3.5. |2, Theorem 1.1] Let A be a simple abelian variety of type IV. Let £ be a
prime outside of the finite set S. Then the O\[Gk]-module Ty(A) has a decomposition
Th(A) = T (A),

where Tx(A) is a free Ox module of rank 2g/ed with a non-degenerate, hermitian, G k-
equivariant form

gf))\oo : T)\(A) X T)\(A) — O)\,

such that V\(A) := Th(A) o, E\ is an absolutely irreducible Gk -module with a non-
degenate, hermitian, Gk -equivariant form ¢S = P~ @0, Ex and respectively Th(A) ==
T\ ®0, (Or/A) is an absolutely irreducible G i -module with a non-degenerate, hermitian,
G i -equivariant form ¢ye = gr= @0, (Or/A).

3.3 Order of the subgroup H

From now on assume all primes ¢ to be in the set P defined in Definition [I.9] For an
explicit treatment of the remaining set of primes S see Section [6}

Lemma 3.6. Let H C A[(>], then

tx
log, |H| = Z Z df (N)axima,i,

Ale i=1

where ty < dh,an; and my,;, 1 <i <ty only depend on H and X respectively. Here f(X)
is the residual degree of X over £ and h is the relative dimension of A as in Definition[1.7}

Proof. First assume H C A[{]. By definition A[f] = Ty(A)/¢T¢(A), hence with the de-
composition Eq. (3.2)) and Theorem we can write

Al = T (A /LTA(A) ®o, /0, O, (08, = [ [ (TA(A)/LTA(A))*

Mo Mo
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and denote Th[¢] = T\(A)/¢Tx(A). Therefore we can write

H=]]#a,

A¢

where
Hy=Hyx®---® H,
—_—

d-times
and Hy C Ty[]. Remember that Ty(A) = Z2? as a Z;-module and with the relative

dimension h = g/d?ep we must have T)(A) = Z4". Let r) = rky, H), then by what we
just established r € [0, dh] and further

rke, H =d Y _ f(A)ra.

A
Then for the order of H we must have

|H| = 320 F NI

where ty =1 =my 1 and ay; = 7).

Now let H C A[¢"] for some n > 1. Note that A[¢"] = T;(A)/¢"T,(A) and denote
Ty[¢"] = Tx(A)/€"Tx(A). In similar fashion as before we find that H = [[,, Hx with
Hx = Hy @ --- & Hy, consisting of d copies of Hyx C T)\[¢"]. For each A|[¢ choose a basis

of T, such that
tx

Hy = [[@/emiz)> ™, (3.3)
i=1
where t) € [1,dh] and the my; form a strictly decreasing sequence, 1 < my;, < --- <
my,1. We have

[2Y
rkr, H) = ZaA,i
i=1
and
rk]FZ H,\ = f()\) . I‘k[ﬁ*A H)\.

Therefore, since H = H,\w H), @ - - @ H) and there are d-copies of H) for every \|¢, we
find
rkFe H = d'rkFg H)\

and hence t
|H| — gdZw F) X2, QXA

3.4 Codimension and stabilizers

Recall that by Lemma [3.4] the calculation of the degree [K(H) : K] relies essentially on
the index (Hg(A)(Z,) : G(H)) and by Lemma said index relies on the codimension
of the stabilizer G(H). We will therefore calculate these codimensions explicitly, first for
the case H C A[{] and then in general for H C A[(*].
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- Consider H C A[{] and for A|¢ the stabilizer G(H)) can be expressed by the corre-
sponding subspace of Ty (A) of dimension 7. Since T)(A) = Z¢" and Theorem we
have:

Proposition 3.7. Let H C A[l], M{, Hy the subset of H corresponding to the decom-
position H =[], Hx @ - ® Hx and G(H)) the stabilizer of Hy in Hg(A). Then
codim(G(Hy)) = (dh)? — dim G(Hy) > (dh)* — (dh — rx)* = rx(2dh — 7).

- Let H C A[£*°]. We use the decomposition of H) presented in (3.3) and consider to
each 1 < i <ty the natural projection map

T, + Ta(A) = T (A) /0™ Ty (A).
Hence we obtain a filtration of submodules W3, C -+ C Wy of Ty(A) such that
i (W) = HAJE™] = (20741,

Note that dim W; = ay ; f(A). We give another decomposition of Ty:

tx

T\ = (@ Wz-) awW,

i=1

where W’ is a suitable complementary subspace. Define subgroups

tx— (’L 1
V= H VATESVAIRS kf(X)
k=1

and note that V3, C --- C V; and

ta—(i—1)
Vizx [ (Oaemr0y) I,
k=1

Let ‘//\; denote the corresponding submodules of Ty and r; := rko, ‘71 and let G‘A,i be

the stabilizer of YA/i, hence we can write
G(Hy) ={M € MT(A)(O,) | M € G‘Z_ mod £ ia=G-1 1 <4 < ¢y} (3.4)

Using Theorem [2.12] again we find that:

Proposition 3.8. Let H C A[(>], M{¢, Hy the subset of H corresponding to the
decomposition H =[], Hx ®--- @ Hx and G(H\) and G(H)) defined as in .
Then

d; := codim Gy, = (dh)* — dim Gy, > (dh)* — (dh — 1;)* = ri(2dh — ;).

3.5 Property p

In order to calculate [K(H) : K| we not only need the codimension of the stabilizer, but
also the value 0(H) = [K(H) N K (ug=) : K]. In order to understand §(H) we introduce
the property u as described by Hindry and Ratazzi.

64



Definition 3.9 (|31](Définition 6.3)). Let A be an abelian variety defined over a
number field K. We say that A satisfies the property pu, if for all primes £ and all finite
subgroups H C A[¢*°] there exists an integer m = m(H), such that up to a finite index
(independent of £) we have

K(H) N K (pese) < K (pem ).

As before we can make a similar definition for H C A[{] and Hy C A[)].

Similarly as in the proofs of |33](Proposition 5.5 & Proposition 7.3), we can establish
that property p holds (see Proposition below) for a simple abelian varietiy A defined
over a number field K that is fully of type IV and fully of Lefschetz type. In that case
we have

A):HT)\@...@T)\.
AL v

d-times

Write A[A] = T\ /T, A[N"] =T\ /0"Tx and A[X*] =, A[\"].
Proposition 3.10. Under the above notations, we have the following results:

1. for everym > 1 and for all A€ and all Hy C A[\"], there exists an integer my such
that
K(H)\) M K(,LL[OO) = K(,LLZ"LA )7

2. we have

Gal(K (A[0)/K (=) = [ ] Gal(K (AIN) /K ()
e

and

Gal(K (A[(>])/K () ~ [ ] Gal(K (AIN®])/K (e));
e

3. with m := maxy my, for all finite subgroups H = HAIK Hy®---®Hy, C Alf] or
H C A[t>=] we have K(H) N K (pgo0) =< K (phem) and

(K(H) : K(pem)] >< [[IK(Hy) : K(pema )]
A€

Recall that we defined the multiplier
mult: GUyy — Gy,

and we have an embedding MT(A) — GUy, given a fixed polarisation. Therefore, we
can restrict mult to a map MT(A) — G,, and identify the Hodge group Hg(A) as the
connected component of the kernel of this map. Given that A is simple and fully of type
IV, dimension g and fully of Lefschetz type, i.e. MT(A) = L(A), we have that

MT(A)(Z¢) = {(o2)r € [ [ GUo, | mult(e,) € Z}.
PYY

Proposition 3.11. Let H be a Zo-submodule of Ty(A). If H is a mazimal isotropic
submodule of dimension at most g, then the multipliier restricted to the stabilizer G5 of

H in MT(A)(Zy) is surjective.
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Note that the preceding proposition implies that for every submodule H that is
contained in a maximally isotropic submodule mult(G)(Z¢) = G, (Z¢) = Z; and hence

S(H) = (Z) mult(G ) (Ze)) = 1.

Note that in particular for Hy C A[A] we have necessarily that

1 H, is contained in a maximal isotropic submodule,
O = {  else

Let us introduce the notation & := log, 6(Hy), i.e. 6(Hy) = ¢°, depending on H, such
that

5 {O H), is contained in a maximal isotropic submodule,
)1 else.

Proof of Proposition|3.11. Let W be the maximal isotropic subspace associated to Hin
Ve and < eq, ..., €5, > a basis. Considering the stabilizer of W in GLo,(Qy), we can express
it as

Gw = {M S GUg | Me; =e;,1 = 1,...,h}.

Specifically, Gy C MT(A)(Qy), hence it is sufficient to show that mult: Gy — G, is
surjective for any maximal isotropic subspace W.

First assume that W =< e; >, where e is an isotropic vector. Then we can find an
isotropic vector ez € V; with ¢« (€1, e2) =1 and a hyperbolic plane II =< ey, e; > with
NI+ = {0} and I & I+ = V;. For any matrix M € GU, we have ¢9..(Mey, Mes) =
mult(M)@f- (e1,e2), hence for any M € Gy we have Me; = e; and Mey = mult(M)es.
Therefore M also stabilizes II and consequently II*. We can write M with diagonal
blocks

where M, € GU(qb;oo‘HL). Let
Gy = {M S GUg | M =< l,mult(M) > ®My, M, € GU((b;ooIHL)}
Since the restriction of mult to GU(gZ)ZOO‘H 1) is surjective, the decomposition

mult|g,

mult‘GU(d)O Gm
£

GU (05w rrs) — Go

oo‘nj_)

yields that mult: Gy — G,, is surjective. For the general case let W =< eq,...,ep >
with h < g. By Corollary 2.9 we find i hyperbolic planes I1y, ..., IIj, such that

Vi=(Ih@--oly) e (I e o)t
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Write Il = II; @ --- @ 11}, and let M; € GU(qbzoomL)' Similar to before, every matrix M
in Gw ={M € GU, | Me; =e;,1 <i < h} can be written in the form

1
mult(M)

mult(M)

M,y

If W is not totally isotropic, we have that ¢j- (e1,e2) # 0. Consequently every matrix
M in Gy satisfies both of the following equations:

oo (Mey, Mes) = gpo(€1,€2);  @poc (Mer, Meg) = mult(M)dpe (€1, €2).

Obviously it follows that mult(M) = 1. O

4. MAIN RESULT

4.1 Simple abelian varieties of type IV

Theorem 4.1. Let A be a simple abelian variety defined over a number field K. Assume
that A is fully of type IV and fully of Lefschetz type. Then

~ 2dim(A)
1A= Fmrra)y

Recall that we have established the order of the subgroup H C A[¢*°] in Lemma (3.6}
the codimension of the stabilizers of Hy for each A|[¢ in Section [3.4] and the values §(H)
in Proposition [3.11

Proof of Theorem[{.1} First we assume that H C A[{] to illustrate the strategy of proof.
We will make use the symbol y(A) by abuse of notation even though we only consider
subgroups of A[{] for simplicity. By Lemma we have that

[K(H) : K| = [K(H) : K(pem)][K (pem) : K] = (Hg(A)(Fe) : G(H)) - 6(H),
and with Proposition and the decomposition H = H>\|z H)® - - @ Hy, we have
(Hg(A)(Fe) : G(H)) = [ ] (Hg(A)(Fr) : G(H)))-
)\

Therefore we can resort to determine (Hg(A)(F») : G(H,)) for every A|¢. Using Lemma2.17]
we find that .
(Hg(A)(Er) : G(H))) ><a (HFy)0tm i),

where by Proposition [3.7]

codim G(Hy) = (dh)? — (dh — rx)? > ra(2dh —r)).
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Moreover, 6(H) = ¢°, where § = 0 or § = 1, hence
[K(H) . K] S KZML;f(/\)codim(G(HA))-&-(S.
Using the equivalence (3.1]) and considering the d copies of Hy in H we obtain

V(A) = d-maxy(r), (4.1)
where 7 = (7)), and

W) = =l
T 04+ 20 f(N) codim(G(Hy))

We want to study the maximum of the function ¥ (r) over all possible values of r) and
distinguish two cases:

First consider the case where § = 0. By Proposition [3.11| we know that H) is therefore
contained in a maximally isotropic subspace and 0 < ry < dz—h. Hence we find that

> Z)\\z FN)ra
B EAM FN)ra(2dh —ry)

and a study of the extremal ValueSEI of the function

_ Z)\If FACYIPN
ZMe FO)rA(2dh —ry)

for v\ € [0,dh/2] yields that the maximum is attained for ry = dh/2 for all A|¢. Since the
case 7y = dh/2 is attained when H) is a maximally isotropic subspace of biggest possible
dimension, the equality codim G(Hy) = rx(2dh — r)) holds and f and 1 have the same
maximum. In particular we have

Y(r)

f(r)

P
e V0 = s

Secondly, if § = 1, H, is not contained in a maximally isotropic subspace and we
study the extremal values of the function

. ZMe FACYION
for ry € [0,dh]. Again the function attains its maximum in the boundary case that

rx = dh for all A|¢. This means essentially, that H) is anisotropic and hence the equality
codim G(H)) = rx(2dh — r)) holds again and we have

edh
e, V) = TRy

g9(r)

Finally, we compare the two maxima obtained above to find the unconditional max-
imum of ¢ for ry € [0, dh]:

W) = i edh B edh
BV = Bdn T e(dh)? | ~ 1+ e(dh)?

1For details on the study of extremal values we refer the reader to Section
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Therefore Eq. (4.1]) gives

ed?h 2g 2dim A
Y(A)

" 1+e(dh)?  1+ResgoSUs  dimMT(A)

Now assume that H C A[(*°]. Using Lemma [3.4] again we have
[K(H) : K] = [K(H) : K(pem)|[K (pem) : K] = (Hg(A)(Ze) : G(H)) - 6(H),
together with Proposition [3.10]and the decomposition H = AD - D Hy we have
her with P ition [3.10[ and the d ition H ae . H h
(Hg(A)(Z¢) : G(H)) = [[Ha(A)(Or) : G(H).
Ale
Therefore we can resort to determine (Hg(A)(O,) : G(H))) for every A|¢. By Lemmal[2.17]
we know that for every ¢ (up to some constants)
(Hg(4)(Ox)  G(HN)) <a 1O TR dlmss i mnss i),
Consequently we obtain
(Hg(A)(Ze) . G(H)) ><a EEW ) Ziil di(m)\,t)\—(i—l)_m/\,tA—(z‘—l)-f—l)7

where we conventionally let m) ¢, 41 = 0. For the degree of the extension in question we
therefore have

[K(H) . K] S< e F) S di(Mx ey —(i—1) ~Mx,t5 —(i=1)+1) 6(H)
To estimate §(H) we introduce two integers in the following way:

1. Let mpy > 1 be the maximal integer, such that elements P,Q € H of order {™#
exist and additionally e,(¢™# 1P (m#=1Q) € p,. If no such elements exist, we let
myg = 0.

2. Let hy € [1,t)] be minimal such that m"# < mpg. If mg =0, we let hg = t) + 1,
where m is given as in Proposition [3.10

Since 17}% C---C ‘71 we have G‘A,1 c---C G‘A,t . To each stabilizer we associate 6y ;,
A

which is either 0 or 1 depending whether 172 is contained in a maximally isotropic subspace
or not. Obviously, if 65 ; = 1 for some 7, we necessarily have §; » = 1 for all 1 < j <.

By construction we have §(H) > ™" and hence
1=+ =0xtxt1-hy = Li0xt41—(hug—1) = = = Oxney = 0.
In particular we have

tx

h
P =30 (Mx (1) = Mx s —(i-1)+1)
i=1

and with Lemma [3.4] up to a finite index
[K(H) . K] > Eth +E>\M fN) 221 di(Mx oy —(i—1)=Mx 1ty —(i—1)+1) (42)

— e S > (dit0x,i)(Mx ey —(i-1) =M 3 —(i-1)+1)
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As before, we want to employ a combinatoric argument, using the equivalence ([3.1)):

tx
i1 f(N)day imy
[H < [K(H) - KT & 4(4) > max{ T S |
i a0 FN) 225250 (di 4 0xa) (M s —(i-1) = Mx ey —(i-1)41)
Reformulating the denominator in terms of my ; yields
S ik SN day im
7(A) > max o Alf £ei=1 .
mx,; Z)\M f()\) Zizl mA,i(th-H—i + 6>\,t>\+1—i — dt>\+2—i — 5A,t>\+2—i)

Let M denote the maximum given above, then following |32, Lemme 2.8] we have

M = max 2 Sty F(N)do
R L S FO(deyr1—i + Oxeyg1—i — deys2—i — Oxatz—i) |

with the convention d¢, 11 = 0 = 0+, +1. Evaluating the telescope sum in the denomina-

tor and noting that ry, 11— = Zle oy, we find that

Z,\\e FN)dre, 41—
max .
1<k<ta | 2onje S ey 1-k + O txt1-k)

M =

We can assume without loss of generality, that 6(H) = 6(H)/) for some fixed place A’
over {. Necessarily for all A # X with A|¢ we have &, 1 =0 for 1 < k < ¢5. Remember
that dx/ ¢, 41— is either 0 or 1 depending, whether k < hg or k > hy. Hence

M= max{ 2o FN)dre, 41 onje S dre, 41— } .

max ,  max
1<k<hn 3030 f(N)deyp1—k Thm<k<en 143705, f(A)diy 41—k

By Proposition we have dy, 11 > 71, +1-k(2dh — 7, 41-1) and write

fi(r ) = Zw FN)dre, 41—
R 2o SN 41—k (2dh — 1oy 1-k)

as well as

fa(r ) = Yonje S drey 41—
2Tt +1-k) = 1+ EAIZ f()‘)TU*lfk(th — rt,\Jrl—k;).

With essentially the same analysis of extremal values for f1, fo as we did in the previous
case we find that

2 2
M:max{2d ed?h } ed*h

3dh’ 1+ e(dh)2f ~ 1+ e(dh)?

4.2 Products of abelian varieties with a factor of type IV

Recall that an abelian variety A can be written as the product of simple abelian varieties
up to isogeny. Together with the treatment of simple abelian varieties of type I and II
(compare [33]) or type III (compare [17]) previous work has also established the invariant
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~v(A) for abelian varieties that are isogenous to a product of simple factors of type I and II
or type III. Specifically, let Ay, ..., A be simple abelian varieties, pair-wise non-isogenous,
all fully of Lefschetz type and of type I, II or III . Assume that A is isogenous to the

product
E
i=1

with positive integers n, ..., ng. Denote for all 1 < ¢ < k the dimension g; = dim A;, the
relative dimension h; = dim,..; A;, E; the center of End®(A;) with its degree e; = [E; : Q)
and the degree
_ o o )1 A; is of type I,
di = [End™(4y) : Ei] = { 2 A, is of type II or III.
Then |17, Theorem 1.7] establishes

(A) = max 22 ey dim 4 = max 22 s nidieihi
" rc{t,.k} 1+ dimHg ([[;c; 4i)  1c{lok} 1+ ei(2h7 +mihi)’

where

-1 A; is of type III,

In principle we should be able to extend this theorem for an abelian variety that is
isogenous to a product of simple factors of type I, II, III or IV that are fully of Lefschetz
type. However, we shall note the behaviour of the (¢-adic) Hodge group in that case, as
it is a major ingredient of y(A). Let A; for 1 < i < k be as above and A; (for 1 <j<kK)
be simple abelian varieties of type IV that are pairwise non-isogenous. Then due to a
result of Lombardo [40, Theorem 4.7] we have

k K k K
Hg HAi X H A;' = HHg(Ai)Qe x Hg H A;’
i=1 j=1 0 =t J=1 Qe

0 = { +1 A;is of type I or II,

Furthermore for any positive integers nq, ..., ng, my, ..., mg we have [40, Proposition 2.8]
Hg(A7' x - x A x AT x oo x AY )g, = Hg(Ar x - x Ap x A x -+ x A})qg,.

Hence we can not expect a result for any abelian variety with any amount of simple
factors of type IV. However, if we restrict ourselves to abelian varieties with exactly one
simple factor of type IV, an extension of [17, Theorem 1.7] seems feasible.

Let therefore A; for 1 < i < k be as above and additionally let Axy1 be a simple
abelian variety of type IV and fully of Lefschetz type. Denote g = dim Ay and h =
dim,..; A. Let E be the center of End® (A1) with its degree e and d = [End®(Ax41) : E.
Assume A is isogenous to the product

k
(H A?‘) X Apt1,

i=1

then we should be able to establish

77k+16d2h + 2 ZiEJ nid;e;h;
v(4) =  max 5 5
1c{lk+1y [ 1+ negre(dh)? + >0 5 2e:hi + nieih;
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where J =T\ {k + 1} and
(1 k+lel,
A= 0 k4+1¢1
following essentially the same strategy as in Section [{.1] Precisely we work with the

following setup:
Let H C A[¢*°] be a finite subgroup and write

k+1
Uz
=
=1

where for all 1 <i < k+ 1 we have H; C A;[¢*°]. Remember that in order to determine
~v(A) we need to determine the order of H and the degree [K(H) : K|. We find a natural
number n such that for each 1 <4 < k + 1 we have H; C A;[¢"] and further

Hy =] #xi

Ale
where for all 1 <i < k+1 and all \|¢

H) ; if A; is of type I,
Hy,® H), if A, is of type II or III,
Hyi @ ®Hygifi=k+1.

—_—

d-times

Hyi =

Note that respectively we have
[Le Tx(4;) if A; is of type I,
[15¢ (TA(Ai) & Th(A))) if A; s of type 1T or I,
HAM (Th(A) @ - dTh(A))ifi=k+ 1.

d-times

Ty(A;) =

Let
I :={(\,i) |1 <i<k+1and \is a place in End’(4;) over ¢},

H= ] Ha™.

(Ni)el,

then we can write

As seen before, choosing a suitable basis of T)(A;) for each (A,7) € I, we have

tx,i tx,i
Hyi = [[ @/emz)* 7™ ~ T (0xa/67 050)
j=1 j=1

where 1 <t ; < d;h;, f(A) is the residual degree of A over £ and 1 < my, , < --- <my.
Note that both «; and m; depend (A, ¢), which we will suppress in the notation for clarity.
With these notions established we have three steps to complete in order to proof

[E3):

Step 1: Calculate the order of H.
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Step 2: Calculate the degree of the extension K(H)/K.
Step 3: Use combinatorial methods to determine v(A) with these two values.

We can calculate the order of H with the observation that

tx,i tx,i

rkp, Hy; = Zaj and rkp, Hy; = f(A) Zaj
i=1 ‘
and hence N
|Hy ;| = /N2 2 agmy
Since
d;
Hi =[P Hxs
Ale v=1
we have

rkp, H; = d;tky, Hy; and therefore |H;| = 0% Xne ) ik A

Consequently we obtain

k+1

1l =] 14

=1

nig __ ezkﬂ n;d; ZME f(A)Z 1.0‘ m,

To write this expression for the order of H with the introduced set I, we denote a;; :=
d;n;o; and hence

\H| = Pnier, Zji{ aig f(\)m;
Remember that «; and hence a;; depends on (A, ), which we again suppress in the

notation for simplicity. For the final expression of v(A) we take the ¢-log of the order of
H:

tx,i
logg[H|= Y Y aif(\m
(M\i)elp j=1

In order to calculate the degree [K(H) : K| we remember the property u to obtain a
natural number m, such that K(H) N K () = K(pem) and write

(K (H) < K] = [K(H) < K (o) - [ (o) - K] = (Ha(A)(Z0) : G(H)) - 5(H)
as before. By [40] we know that

k+1

A) = H Hg(A

and hence obtain

k+1 k+1
(Hg(A)(Ze) : G(H)) = ] (He(A)(Z) - = [T [] He(4:)(Ox) : G(Hns))
i=1 i=1 A
= JI (Hg(A)(Ox,) : G(Hx.)).
(Ai)el,
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Applying Lemma for each A|¢ to each Hy ; will yield the desired result. In order to
achieve that, let W; ; denote the subspace of Th(A;) with

Wi — (Z) 0 7))

for each (A,4) € Iy and each 1 < j <ty ;. Note that dimW; ; = f(A)o; and we have a
decomposition

tx,i
Ta(A) = | EPWi, | oW
j=1
Let further
tx,i—(3—1) tx,i—(3—1)
Vij = H (Z/emez)f New ~ H (Oxi/ 7 Oxa)™
v=1 v=1

be subgroups such that V; 4, , C--- C V1. Denote IA/” the corresponding submodule of
T\ (4;) and define

tai=(G=1)
rig=tko,, Vig= Y .
v=1

As before let Gy, , be the stabilizer of V; j, then we can write
G(H)\,i) = {M S G(O)\,z) | M € G‘A/” mod fmtk«i_(j_l), 1< j < t)\,i}-

For all (\,4) € Iy and 1 < j <ty ; let d; ; denote the codimension of G‘A,i r The analogue
to Theorem [2.12] for the type I, IT and III is

Theorem 4.2. Let A be a simple abelian variety of type I or II (resp. type I11) and
dimension g. We consider the symplectic space (resp. hermitian space) (Vo, ¢f=) with
the antisymmetric (resp. symmetric) bilinear form ¢jo: Vi x Vo — Ey. Let W be a Q-
subspace of Vy(A) of codimension d and consider the stabilizer

Gw ={9 € G(Ve(A)) | g, = idw} C GLoy(Qr)
where G(Vi(A)) = Sp(Ve(A) (resp. G(Vi(A)) = O(Vi(A))). Then

d(d+e)

dim GW = 2 5

where

_ 1 typel orlIl,
T\ -1 type I11.

This follows essentially from |17, Thm 2.1]. We therefore distinguish three cases:
1. If A; is of type I or II, we have

2hi(hi +1)
2

rij(4hi +1—1i;)
2 )

d@j = — dimG‘A/iJ =
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2. If A; is of type III, we have

o 2h(h - 1)
1,] T 2

i (4hi =1 =1y
—dimGy = rij( . 7",])’

d

3. if i = k+ 1, we have

dk-‘,—lyj = (dh)2 — dim G‘A/k+1,j > T/C+1)j(2dh — Tk+17j).

With these values established we can use Lemma [2.17 to obtain
(Hg(A:)(Oni) : G(Hy ;) >< A POl disi (Mo 3 =G=1 "My ;=G =1+1)

up to a multiplicative constant. Consequently

tX,i
(Hg(A)(Zq) : GH)) < (= 0irer TV D521 disg(may )=y —-141)

and hence
tx,i
log,(Hg(A)(Ze) : G(H)) = Y FN) Y dij(mu, ,—(j-1) — My ,—(i-1)+1) + O(1).
(Ai)elL j=1

Finally, we need to estimate §(H). As before, we choose one of the H) ; that shares the
same value for § as H. Fix a (A1,1) € I, such that after possibly reordering the factors
A; we have Hy C A;[¢>°] with a decomposition

dy
H =[] Hxa,

Al p=1

a fixed place A in End®(4;) over ¢ with Hy, 1 C A;[\{°] and the property 6(Hy, 1) =
d(H). We introduce two integers:

1. Let my, 1 be the maximal integer, such that elements P, € H), ; of order £™>1:!
exist and additionally ey~ (P, Q) is of order £™*1.1. If no such elements exist, we let
m;ml =0.

2. Let hu, , € [1,t),,1] be minimal such that Mg, < ML If my, 1 =0, we let
hthl = t>\171 + 1.

Then .
(" < §(H)y, 1) = 6(H).

Now define for all 1 < j <ty 1 the integer 6; ; such that
(51’%\1,1 = ... = 51’t>‘1’1_(hH>\1,1_1)+1 =0 and 51’“1)1,th1¥1+1 = ... = 61’1 =1.
With the convention m;, ,4+1 =0 we can now write
1,

txy,1

thAIJ = Z 61>j(mt>\1,1—(j—1) My 0 — (j - 1) + 1)
=1
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Let my; be such that K(Hy ;) N K (pes) = K(ppmri) for all (A, 4) € I, in accordance

with property u, then by construction Mhy, < May,1 = max(y i) my,;. Hence
1

1
K (pgmn) € Kt oy )

for all (A\,¢) € I, and we can assume that for all (X, 4) # (A1,1) that 6;; = 0 for all
1 < j <ty Therefore

tx,i
Mgy = D Y Gy 1) = My~ -1)41)
(vi)el, i=1

and consequently
gz()\,i)elz Z;i’; 5i,j(mt%i*(jfl)7mfx,i*(j*1)+1) < 6(H)
Combining the results above we find that

[K(H) . K] > gZ(A,i)eu Z;;; (f(A)di,j"“sﬂhj)(mtA’i—(j—l)—mt)\,if(j71)+1)

and hence
tx,i
logg[K(H) : H| > > > (f(Ndij + 8i3)(muy 1) = muy ,—(j-1)41) + O(1).
(Avi)eIl j=1

We introduce the notation

bij = F ity i—(G-1) = dist i=(G-1)41) T 0ty i=(5-1) = Ot 1~ (-1)41
and after a change of indices write

tx,i

log,[K(H): K] > Y > mbi;+O(1).
N\i)el, 3=1
Remember the equivalence
log, |H|

|H| < [K(H) : K]'W & < (A).

log,[K(H) : K]

Combining the arguments above therefore yields

txyif(k)a,i,jmj
\H| < [K(H): K™ & max Zovet 2

mi>-->m tx,i b S ’Y(A)
R Z(,\,z‘)el,Z Zj:l 1,5 1105

This completes steps 1 and 2. The remaining step, being essentially an effort in calcula-
tion, has not been established yet.
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4.3 Order of the extension generated by a torsion point

As a consequence of the methods used to prove Theorem [4.1] we can conclude a lower
bound for the degree of the extension that is generated by a torsion point. Despite being
interesting in its own right, there are various applications to Diophantine geometry.

Corollary 4.3. Under the assumptions above, there exist ¢ := C(A,K) > 0 such that,
for every torsion point P € A(K) of order m we have:

[K(P): K] > ™,
where w(m) is the number of prime divisors of m.

Proof. Let P be a torsion point of order m. Denote Hp the End(A)-module generated by
P, then K(P) = K(Hp). We follow the argument of |33, Paragraph 9|. Let m = [[,_, ¢}
be the decomposition of m into prime factors. Since we assume K to be a field over which
all f-adic representations are independant (compare the explanation in Section , up

to multiplicative constant we obtain
[K(P:K)]| = [K(Py,...P)] > [[IK(P) : K],
i=1

uniformly in m and P, where each point P; is a torsion point of order ¢;'*. Furthermore,
up to multiplicative constant, we have uniformly in ¢; and P; that

(K (P K] > £,

since P generates a module of codimension dh. Now let w(m) denote the number of prime
factors of m, then there exists a constant ¢ = C(A, K) such that

[K(P): K] = [K(Py,....P,) : K] > [] et@"™ > 0™ m".
i=1

5. COMPUTATION OF THE MAXIMUM IN 4.1

In this part we present the details for the calculation of the extremal values of the function

. ZAM FN)ra
2o f)ra(2dh —ry)’
where r = (rx) ¢ and 7 € [0, dh /2] for all A|. Recall that £ is assumed to be unramified,

hence 3, f(A) = e is the degree of the extension £/Q. In fact, we will show that it is
sufficient to study the extremal values of the function

D i T
Z;i:l $Z(2dh — 1‘1)

7

f(r)

h(z) =




on the cube [0,dh/2]¢. Let A1, ..., As be the (finitely many) places over ¢, then we claim
that

A

* O e g
max f(r) = max X 2y S = max = 2=t B = max h(x).
[0,dh/2)* [0.dn/2le 3730 F(Nra(2dh —ry)  10:dk/2)e 305y wi(2dh —xi)  [0.dh/2]

Note that f(\;) is a positive integer for all 1 < i < s and recall that f(A)+---+f(As) =e.
We can therefore write

F(A1)-times F(As)-times

—_——N— —_——N—
frA1+...+T>\1+...+r>\s+...+7')\s
’I")\l(th—?")\l)-|-"‘—‘rT)\l(th—T,\l)—l—“'+T>\S(2dh—7‘)\s)+~-‘+7")\3(2dh—7’)\5)

F(A1)-times F(As)-times

f(r) =

Numerator and denominator are sums with e terms, hence if a point (z1,...,2.) €
[0,dh/2]¢ obeys the properties

To(1) = = To(f(A1))
Lo(f(A)+1) = = To(f(A)+f(X2))
Lo(fA)++fPs—1)+1) == Lo(F(A)++f(As))

for some permutation o € S, in the symmetric group over e elements, we have

h(@1, - @e) = f((o(£(00))> To(FO)+£(A2)) s = Ta(f(An)++F(A))))-

Write A C [0, dh/2]¢ for the subset of all points that obey this property, then the image
in R of f on [0,dh/2]* and the image in R of hj, on A are equal and so are their maxima.
This immediately yields
< h(z).
o T = ol
It is therefore sufficient to show that the point at which h maximizes is in A. Let I C
{1, ...,e}. We consider the function

DT
defined on the compact set [0,dh/2]l'l and let z* denote its maximum. Assume z* €

(0,dh/2)/!, i.e. h attains its maximum on the interior of its domain, then z* is a critical
point of h. Hence Vh(z*) = 0, that is

h: RIS [0, dh/2)11 = R, (2)ier —

Oh

ajh(fﬂ*) = Dz,
J

(z*) =0

for all j € I. We have

Zie[ ZCZ(th — .’El) — (th — QZJ) Zie] xZ;
(e 2i(2dh — 2;))?
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therefore

0=0h(z) 0= Z (2dhz; — x7 — 2dhz; + 2z2;) = Z (2z;x; — )

i€l i€l
& m? +2inmj — Zm? =0
i i
2
srj==% D o] +> 22> (%)
i#j i#j i#j

Since the sums could be empty if there are less than two elements in I, we distinguish
two cases:

Case 1: |I| = 1.

In this case

T 1

h(zx) = T@dh— 1) and  A'(r)= ————— #0.

(2dh — x)?
So obviously there are no critical points and hence the maximum has to be attained on

the boundary. We have

1 2
h0) = — < —— = .
(0) = 57 < 50 = h(dh/2)

Case 2: |I| > 1.
Let k € I be such that z > x for all 4 € I. Then

2
vh=x ([ Dowr ]| ) @)=

ik ik itk
2
oY w—t [T ) e
i€l itk i#k
2 2
- (zx:) () s
el i£k i£k
N @)Y iy =2) (2’ + Y ajx]
iel ik ik i£]
i,j#k
& (77)* = Z ((z7)? — afx)).
ik

By our choice of k we know that (z})? — 27z} < 0 for all i € I. Hence we reached an
obvious contradiction and h has no critical points. Therefore h attains its maximum on
the boundary of its domain, i.e. 7 = 0 or x} = dh/2 for at least one j € I. Fix the
corresponding entry j € I.
If z7 = 0, then
2t %
> iy U5 (2dh — x73)
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and we can conclude by induction, replacing I with I\ {j}.
If * = dh/2, then

dh
G D T

h(z*) =
$(dh)? + 32, 7 (2dh — x})

and for all k # j
8(dh)? + Y, @7 (2dh — at) — (2dh — 2af) (% + Y x)

(2(an) + 5., 27 (2dh — 7))

akh(fﬂ*) =

Repeating a similar argument, we show that h considered as a function on [0, dh/ 2]'1 Mt
has no critical points in the interior. Consider

0 = Oph(z) —Z(dh)g =" Qo — 22) — (dh)? + dhay,

1#]
dh)?
&0=2?+ dh+2_z_zi T — _Z'I%%
i#k,j i#k,j
2
dh . (dn)? dh
cnen|(Zerd) o p A W pa g
i#£k,j i#k,j i#k,j
and let m € I'\ {j} be such that z¥ > x; for all i € I\ {j}. Then
2 2
. dh ., dh w2, (dh)?
B B DD B D
i#j i#j,m i#jm
2 2
o [Sur) vanSar = [Sar) van 3wt 3 @y @
— ! — — ! i ’ 4
1#£] 17£] i#] i#j,m i#j,m
@Z(x*)Q—&— Z z;xy + dhxy, = Z ()% + Z it o Z ()2 + (dh)*
L i 4 i m pa i - ik pa % 4
i#£j ,l#k, i#£j,m , z;ék i#£j,m
i,k#j i,k#j,m
* \2 * * 2_ * ok (dh)2
i#£j,m
dh\*
* *\ 2 * ok
i#£j,m

which yields the same contradiction. We inductively conclude that for each j € I we have
xf =0 or x} = dh/2. Let J C I be such that z} = 0 for all j € J and x} = dh/2 else.
Then n

S Z(2dh—dn/2) [T\ J]3/2dh "~ 3dh’
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A similar calculation with essentially the same arguments for

(r) = ZAM NACYION
T T Fra(2dh — 1)

yields that a maximum is achieved at z* = (dh, ...,dh) with

edh

g(z*) = m-

6. SMALL PRIMES

In this section we discuss the cases of finite subgroups H C A[(*°] where £ € S (compare
Definition [1.9)). We use a strategy similar to |33, Section 8]. Recall that every prime in
S satisfies at least one of the following conditions:

1. ¢ is ramified in Oy, £t deg ¢ and D decomposes over E), for all A|¢;
2. £ ] deg¢ and D decomposes over E) for all A|¢;
3. D does not decompose (and consequently ¢ is ramified in Op).
Case (1): ¢ ramified Note that if ¢ is ramified in O we have (Op = HM@ A We
shall assume e(\) > 1 for all A|¢ and define the pairing
G+ To(A) X Ty(A) — OF, (1)

and note that O, C OF,.
Consider first that the image of ¢} is in Of,. Then we obtain the following pairing

(]5,\n: (T)\//\nT)\) X (T)\/)\nT)\) — 0)\//\(1)
by reduction modulo A" (for each n > 1). Since £Oy = A\*») we have the decomposition

Ale"] = To(A) 0 To(A) = [ [ (@ /A1),
e

Since rkz, (Ox) = f(A)e(A) we have
(OA/0"0y) 22 (20" Z)T PN,

We can therefore employ the same methods as in Section [3] with the following modifica-
tions:
For a finite subgroup H C A[¢"] we have a decomposition [],, H{, where Hy C

TA[A*M7]. For the property p we use
my(Hy) = max{k € N | In > 0,3P,Q € Hy, of order \*N)" Precon(p,q) is of order ANk
Furthermore we replace f(A) by f(A)e(A) and use the pairing

Brecnm : Ta[A ] x Ty (NI 5 Oy /A (1) = 04, /67O (1).
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for the calculations.

Next assume the image of ¢j is in Of,. Denote E) as the completion of E at a
place A, then Of is a fractional ideal in Fy. Hence there is an integer m, and a unit my
such that

O; = 7T;m)‘ 0)\.

Let
mo = ged{my | A|{, £ ramified in O},

then (™ Of, C Op,. It follows that
03, =[O =[[7x™Ox c 70 [] Ox = 67O,
Ale Ale Ale

Replacing Ty(A) with T, = ¢"°T;(A) and a finite subgroup H C A[("] with H' = (" H C
T;/0"T};, we can employ the methods from Section [3|to obtain

|H'| < [K(H'): K]'™ < [K(H) : K"

and
|H| < [H'| + |A[e™]].

Since S is a finite set |A[¢™°]| is necessarily bounded and we obtain
|H| < [K(H) : K]"™W
for all H C A[(°°].
Case (2): ¢|deg(¢) Let
mog = Ilglal\)]({ék‘ deg(@)}.
€

Since | deg(¢) the associated pairing is not going to be non-degenerate modulo ¢™ for
all n > 1. Hence we make the modifications

Té =" Tg (A)

and
H :=("™H CT;/t"T,

for all n > 1 in order to obtain a non-degenerate pairing. Define the pairing as follows:
Ty x Ty = Ze(1), (,y) = dee (7, 6(y)).-
We employ the methods of Section [3] again to obtain
[H'| < [K(H'): K" < [K(H) : K"

and
|H| < [H'| +|A[e™]|

uniformly in H. With the same arguments as for Case (1) above we conclude
|H| < [K(H) : K]P@
for all H C A[(°°].
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Case (3): D does not decompose If ¢ is ramified in O and the division algebra D
does not decompose we can find a finite extension L/E such that

D ®p L = Maty(L)
and for any ¢ in consideration
Dy ®g, Ly = [ [ Mata(Ly),
Ale
where Ly = E\ ®g L (compare |2, Lemma 2.1]). Denote

TK,L(A) = TE(A) ®0E€ OLN

then we have a decomposition

Tyr = H Th.L

Al
with
Tar=Tar® - ®Trr.
N

d-times

H=]]#x

e

For H C A[("] with

where Hx C T, 1/0"Tx 1 we get a decomposition
= @ B
o€Gal(L/FE)

with Hy C T r/¢"T» 1. Since we don’t have d copies of H as before we instead calculate
the order of H, and the degree [K () : K| to obtain the invariant y(A4) in a similar
fashion as before.
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