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Introduction

The Seiberg-Witten equations, born out of the fertile grounds of theoretical physics,
is one of the main tools in the study of geometry of smooth four-manifolds through
the lens of gauge theory. Their profound impact on both mathematics and physics
became evident as they ushered in a new era of research in Donaldson theory, offering
insights into the classification of smooth structures on four-manifolds. However,
the scope of these equations has transcended their original formulation. In the
pursuit of understanding the deeper geometrical properties of manifolds, researchers
have sought to generalize the Seiberg-Witten equations to explore new avenues of
investigation.

This dissertation embarks on a long (and sometimes quite burdensome, when it
comes to a couple of computations in coordinates) journey, one that places Kahler
structures on manifolds at its core and leverages the generalized Seiberg-Witten
equations as a tool of investigation. What makes these equations all the more
intriguing is the inclusion of hyperKahler manifolds into the picture, which carry a

quaterionic structure on their tangent bundle.

The overall scheme is the following: We fix a four dimensional Kahler manifold
X (the main target of our investigation), and define a certain non-linear differential
equation, which depends on a certain hyperKéahler manifold M. The solution space
of these equations, after taking the quotient by a gauge group action, will consist of
finitely many points. We show that a suitable count of these points only depends on

the Kéhler structurd’] and voila, we have cooked up an invariant!

We begin our story by establishing our main protagonists in the first chapter;
after recalling some facts about Riemannian manifolds, we take a closer look at
Kéhler manifolds, which lie in the intersection of Riemannian, symplectic and complex
geometry, and therefore bring into being a rich variety of interesting properties. Going
from the complex world to the quaternionic, we introduce hyperKéahler manifolds
and their role in the generalization of spinors.

We then set the scenery for our tale in the second chapter, defining the generalized
Seiberg-Witten equations and making a couple of basic observations.

One of the ingredients of these equations will be a fixed hyperKahler manifold
M, and we will restrict ourselves to the simplest case with dim M = 4. In the third

chapter, we explore how these arise via the Gibbons-Hawking construction.

ITechnically, it will be an invariant of a connected component in the space of all Kihler structures,
but of course this will be explained later.



In the fourth chapter, we analyze the resulting solution space, computing its
dimension and dealing with compactness and orientation issues. Ultimately, this
will lead us to the of well-defined invariants of the underlying Kéhler manifold X by
counting solutions. These invariants are characteristics of the solution space that
remain consistent even when subjected to variations in the Kéhler structure.

The final chapter is dedicated to the computation of these invariants, which can
be realized as a combinatorical count of certain configurations of complex curves in

the underlying Kéahler manifold X.



1 Preliminaries

“The beginner ... should not be discouraged if ... he finds that he does

not have the prerequisits for reading the prerequisits.”

- Paul Halmos

This chapter serves as an introduction to the basic concepts and tools necessary
to understand the setup of the generalized Seiberg-Witten equations. It is by no
means a complete overview and only touches on what is needed later on, therefore it
assumes some familiarity with the topics of differential geometry, gauge theory and

algebraic geometry.

In the following, if not stated otherwise, X will be a smooth, compact, oriented,
simply-connected four-dimensional manifold, also referred to as the source manifold.
For a comprehensive review of the basic notions regarding smooth manifolds, see .
We will work our way through the forest of structures one can impose on manifolds,

going ever deeper, stopping once in a while to investigate the scenery.
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1.1 Riemannian and Spin Geometry

In this chapter we explore the notion of a Riemannian metric on a smooth man-
ifold. A Riemannian metric endows the manifold with a notion of distance and
angle, and introduces the L? scalar product and the Hodge operator on differen-
tial forms. Additionally, we will introduce the concept of Spin/Spin®-structures

on manifolds. For in-depth textbooks on Riemannian manifolds, see [13], [16] and [30].

Definition 1. A Riemannian metric g is a smooth section of S?T*X, such that for
every X € X, gy : X X T,X — R is positive-definite. In other words, it is a smoothly

varying scalar product on the tangent spaces. We call (X, g) a Riemannian manifold.

The Riemannian metric is frequently used to identify the tangent bundle TX with
the cotangent bundle T*X via

g : X = T*X,v = g(v,-). (1)
In particular, g also induces a scalar product on T*X.

A Riemannian metric g on a manifold X with dim(X) = n induces a volume
form dvoly in the following way: For x € X let ey, ..., e, be an oriented orthonormal

basis of T; X, then dvolgy(x) is given by
dvoly(x) = ey A... Nen. (2)

One checks that this definition is independent of the choice of basis and varies
smoothly in x, therefore gives rise to a globally defined volume form dvoly €
O™(X,R).

Furthermore, g induces a scalar product on the exterior algebra A*T*X := @p_, A*T*X
in the following manner: For x € X let ey, ..., e, be an oriented orthonormal basis of

17X, then we define a scalar product on A*T;X by demanding that
{ei1 /\.../\Cik,i] <. < ik,kzo,...,n} (3)

is an orthonormal basi. This gives rise to a L? scalar product on the space of

2By convention, A°T*X is the trivial bundle X x R, and the orthonormal basis vector spanning
this space is given by the constant function 1.
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differential forms Q°(X,R) :=T'(X; A*(X,R)) by integrating over the manifold:

(0B i= | (o B2) dvoly(x) for o, B € Q7(X,RY (1)

Recall the Hodge star operator "x" on a Riemannian manifold X, which is defined by

the property
[ ocrsp= @By, @B e QX R (5)
X

In particular, it is a linear map % : Q¥(X,R) — Q" *(X,;R) satisfying x1 = dvol,. If
n =4, the Hodge star operator maps two-forms into two-forms, and satisfies +* = 1.

We can thus decompose
Q*(X,R) = Q% (X,R) @ Q? (X, R) (6)

into the eigenspaces of the eigenvalues 1 of x, which we call Q% (X,R), or the space

of self-dual/anti-self-dual two forms respectively.

Given two-dimensional submanifolds C, C’ of X which meet transversally []

C-C'= ) &I (7)
xeCNC’
where the £1 depends on the orientation at the intersection points. If the subman-
ifolds do not meet transversally, one can deform one of them slightly to achieve
transversality and then still define the intersection form. In particular, we can define
the intersection of a two-dimensional manifold with itself. We can make this more
precise: Denote by PD(C) € H?(X,Z) the Poincare dual of C. Then

C~C’:JMPD(C)/\PD(C’). (8)

Thus the intersection form can be computed using integer cohomology, and is therefore
purely topological data.

Another important result which we will use later is the Hodge decomposition:

Theorem 1 (Hodge Decomposition). Let X be compact. Denote the adjoint of the
deRham differential d with respect to the scalar product on Q®*(X,R) by d* and define
the Laplacian A = dd* + d*d. Further denote by H*(X,R) :=ker A C Q¥(X,R) the

3This means their intersection is a finite set of points, and their separate tangent spaces at that
point together generate the tangent space of the ambient manifold at that point.
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space of harmonic k-forms. Then we have an orthogonal decomposition
O (X,R) = d(Q*'(X,R)) & H*(X,R) & d*(Q*"(X,R)) (9)

1.1.1 Spin and Spin®(4) Structures

We will look at yet another viewpoint of a Riemannian geometry using the language
of principal bundles, which will lead us to the notion of Spin/Spin® manifolds. For
a general overview, see [3], [5], for the material on Spin®-structures and their use
in Seiberg-Witten theory, consult [22]. In the following we assume the reader is
comfortable with the concepts of frame bundles, reductions of princial bundles and

associated fibre bundle constructions.

Denote by G1(X) the bundle of frames of X, which is a Gl(n)-principal bundldﬂ,
where n = dim X. A choice of Riemannian metric (and orientation) is equivalent to
a reduction of G1(X) to a SO(n) frame bundle.

Definition 2. Let SO(X) — X be the bundle of oriented orthonormal frames of X.
If dim(X) =4, then the structure group of this principal bundle is SO(4).

Lemma 1. The group SO(4) is isomorphic to (SU(Z) X SU.(Z))/ZZ, the quotient
of SU(2) x SU(2) by the normal subgroup < (1,1),(—1,—1) >.

We notice that SU(2) ~ Sp(1) ={q € H, |q| = 1} is the group of unit quaternions
and simply-connected, therefore it is also apparent that SU(2) x SU(2) is the Spin(4)
group, the double covering of SO(4).

Definition 3. A Spin-structure on a Riemmanian manifold X of dimension n is a

Spin(n) reduction Spin(X) — SO(X), with respect to the double covering
Spin(n) — SO(n). (10)

Although the notion of spinors is absolutely vital for what is about to come,
unfortunately not every four-dimensional manifold carries a Spin structurd’} But

not all is lost, one just has to adjust the group slightly:

4Recall that a frame at a point x € X is a choice of linear isomorphism R™ — T, X. The group
Gl(n) of linear isomorphisms R™ — R™ acts via precomposition.

5In fact, the obstruction to the existence of a Spin structure is the vanishing of the second
Stiefel-Whitney class w, € H?(X, Z/27Z).
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Definition 4. The group Spin®(4) is defined as the quotient of S' x Spin(4) by
the normal subgroup < (1,1,1),(—=1,—1,—1) >, or in other words:

Spin®(4) = (51 x SU(2) x su(Z))/Z2 (11)
We have a natural homomorphism
Spin©(4) = SO(4), A, q+,q9-]1 — [q1,q-] (12)

and therefore we give the following definition analogous to a Spin structure:

Definition 5. A Spin®(4)-structure on a Riemmanian manifold X is a Spin®(4)-

reduction £ — SO(X), with respect to the map above.

Spin®(4)-structures are not unique if they exists. This is summarized in the next

two lemmas:

Lemma 2 ([22]). A simply-connected four-dimensional Riemannian manifold always

admits a Spin®(4)-structure.

Lemma 3 (|22]). The additive group H*(X,Z) acts on the isomorphism classes of
Spin®(4)-structures on X in the following way: For w € H*(X,Z) there exists a
complex line bundle L on X admitting a hermitian form such that ¢1(L) = w. Given
a Spin®(4)-structure £ — SO(X) on X, define a new Spin®(4)-structure L @ £ as
the bundle £ xs1 Pr, where Py is the S'-bundle of unitary frames on L. This action

is free and transitive.
Here our convention is that

Y xq1 P = (Z X PL>/ ~ with (p,q) ~ (e''.p,e *.q)
and p, q project to the same point in X.

In other words, the set of isomorphism classes of Spin®(4) classes on X is a
H?(X, Z)-torsor, meaning it is non-canonically isomorphic to H?(X,Z), in the sense
that the "difference" of two Spin®(4) structures is an element in HZ(X,Z)ﬁ. In

particular, usually there is no "canonical" Spin®(4)-structure on a manifold.

The groups above have some interesting representations which give rise to associ-

ated vector bundles, which we will now investigate.

6Notice the similarity to affine spaces.
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Lemma 4. Let £ be a Spin®(4)-structure on X. We define the following representa-
tions of the group Spin®(4):

(1) The positive/negative spinor representations:
ps:Spin®(4) A~ WE ~H, A, qy,q] — (h - qih7\>
giving rise to the positive/negative Spinor bundles S*(X) := L x,, W%,
(2) The determinant representation:
Paet : Spin®(4) = U(1) ~ C, A\, qi,q_] — (z — ?\zz)
giving rise to the determinant bundle det(X) =X %, C.
(8) The canonical SO(4)-representation:
pc : Spin(4) = SO(4) A R* ~ H, [\, q4,q-] = (h+— q,hq")
giving rise to the tangent bundle TX = L x,, R*.
(4) The self-dual/anti-self-dual two form representations:
As 1 Spin(4) = SO(3) ~ ALR* ~ Im(H), I\, q4,q ] — (h— qhz)

giving rise to the bundle of self-dual/anti-self-dual two forms ALT*X =
)X XAt /\iR4

Notice that the last two reprentations factor through SO(4), which is not surpris-

ing, as the associated bundles can be defined without a choice of Spin®(4)-structure.
Lemma 5. Let X be as above.
(1) The map
Spin®(4) — U(1) x SO(4), I\, q+, q4-]1 — (A%, [q4,q-]) (13)
15 2:1.
(2) Given a Spin®(4)-structure L — X over X, we have an induced 2:1 map

= — det(Z) xx SO(X) (14)
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(8) Given a connection a on det(X), and a connection Ay on SO(X), there exists

a unique lift of a @& Ay to a connetion A on X.

It is also interesting on how the associated bundles change when we change the

Spin®(4)-structure:

Lemma 6 ([22]). Assume L is a Spin®(4)-structure on X, and S*(X) are the
associated spinor bundles. Let L — X be a complex line bundle and L e X the

corresponding twisted Spin®(4)-structure. Then we have
e SH(LeX)=SH(I)®L

e det(LeX)=det(Z) ® L2

1.2 Symplectic and Kahler Geometry

If Riemannian geometry is the study of a certain symmetric non-degenerate bilinear
form on the tangent bundle, then symplectic geometry is the study of a certain
anti-symmetric non-degenerate bilinear form on the tangent bundle. It turns out
that these two concepts together are intricately related to complex geometry. For

more details on symplectic geometry, see [18], for complex geometry refer to [12].

Definition 6. A symplectic form on a X is a closed non-degenerate two form w, i.e.
dw = 0, and for every point x € X the skew-symmetric pairing on the tangent space
T, X defined by w is non-degenerate. We then call (X, w) a symplectic manifold and

w a symplectic structure on X.

Definition 7. An almost complex structure | on a manifold X is an endomorphism
] € End(TX), such that J*> = —id. We call an almost complex structure ] compatible
with a symplectic form w on X, if w(Jv, Jw) = w(v,w) for all x € X and v,w € T, X|

and w(v, Jv) > 0 for all non-zero tangent vectors v € TX.

Notice that if | is compatible with w, then the bilinear form g(v,w) := w(v, Jw)

defines a Riemannian metric on X.

Definition 8. We say that (X, g, w,]) is a compatible trz’pleﬂ if | is compatible with
w and g(v,w) = w(v,Jw). A manifold X endowed with such a structure is called

an almost Kdahler manifold.

"The triple (g, w, J) satisfy the so called 2 out of 8 principle, meaning that two of these structures
always define the third. This stems from the fact that the pairwise intersection of Gl(n,C), Sp(2n)
and SO(2n) in G1(2n,R) is always U(n).
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Theorem 2 ([18], Prop 4.1). Let (X, g) be a Riemmanian manifold, and let w be a
symplectic structure on X. Then there exists a canonical almost complex structure |

compatible with w, such that | is skew-symmetric with respect to g.

Notice that in theorem above, in general g(v,w) # w(v, Jw) =: g;(v,w), but the

triple (w, J, gj) defines an almost Kéhler structure on X.

Given an almost complex structure J on a four manifold X, it is natural to ask
the question whether we can cover X by charts, such that in each chart | corresponds

to the canonical complex structure on R* ~ C2.

Definition 9. We call an almost complex structure ] on X integrable if the above

condition is satisfied.

Definition 10. Given an almost complex structure J on X, we define the Nijenhuis

tensor
Ny (X, Y) == X, YT+ JX, YT+ JIX, JY] = [JX, JY] (15)

for two vector field X, Y : M — TM.
Theorem 3 ([12]). An almost complex structure is integrable if and only if Ny = 0.

Theorem 4 ([12]). Let w be a non-degenerate two-form on X compatible with J,
and denote by V'C the Levi-Civita connection associated to the Riemannian metric

gj( -, ) :==wl(-,]-). Then the following are equivalent:
(1) V] = 0.
(2) ] is integrable and w is closed.

Definition 11. A Kdhler manifold (X, g, ], w) is an almost Kéhler manifold, such

that the complex structure | is integrable.

1.2.1 Canonical Spin®(4)-structure and U®(2)-structures

Before delving into the details of complex geometry, lets first appreciate the interplay
between symplectic manifolds and Spin®(4)-structures; again in the language of

principal bundles:

Corollary 1 ([3]). Let (X, g) be a Riemannian 4-manifold with an almost complex

structure J. Then

u(X) := U{s] := (s1,82,]s1,]s2) | 87 is an orthonormal basis of T, X}  (16)

xeX
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defines a U(2)-reduction of SO(X).

Lemma 7 ([22]). The map

j:U2) ~ (8" x su(Z))i — Spin®(4), ]\, q] — A A, gl (17)

makes the following diagram commute, where the map i is the natural inclusion.

u(2) —— Spin€(4)

P

SO(4)
Proof. The natural inclusion is given by t([A, q]) = (H Sh— qh?\>, which is equal
to the composition [A, q] — A, A, q] — (H Shw— qh7\). O
This has an important consequence:

Corollary 2. Let (X,g) be a Riemmanian manifold. Assume that there exists a
U(2)-reducion U(X) of SO(X). Then X carries a natural Spin®(4)-structure, given
by Lean = W(X) x; Spin®(4). In particular, a symplectic manifold always has a

canonical Spin®(4)-structure.

Notice furthermore that by Lemma , up to isomorphism any Spin®-structure

is given by L @ X .4, which we can also construct in the following way:

Definition 12. The group U®(2) is defined as the quotient of S' x S' x SU(2) by
the normal subgroup < (1,,1,1),(—=1,—1,—1) >, or in other words:

US(2) = (8" x ' x SU(2)) /2, (18)

This group should be understood as the little brother of the Spin®(4)-group, the
only difference being that we replaced the first Sp(1) factor by the smaller group S'.
In analogy to the map Spin®(4) — SO(4), we have the map

s:U%(2) — U(2), A, Az, q] — [Az, q] (19)

Definition 13. A U%(2)-structure on a Riemmanian manifold X is a U%(2)-reduction

Q — SO(X) with respect to the composition
u®2) 3 u(2) = so(). (20)

Lemma 8. Assume there exists a U(2)-reduction U(X) of SO(X).
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(1) X carries a natural US(2)-structure, given by

Qean = (" x U(X)) /Zy, (21)

where we identify (1,p) ~ (=1, (=1).p),p € U(X).

(2) In analogy to Spin®(4)-structures: The group H*(X,Z) acts on the isomorphism
classes of UC(2)-structures on X in the following way: For w € H*(X,Z) there
exists a complex line bundle L on X admitting a hermitian form such that
c1(L) = w. Given a U%(2)-structure Q — SO(X) on X, define a new U(2)-
structure L e Q as the bundle Q x¢1 Py, where Py is the S'-bundle of unitary

frames on L. This action is free and transitive.
(3) We have L ® .o, = (L ® Qean) X Spin®(4), where
k:U2) — Spin®(4) (22)
is the inclusion.
We also get the analogue of Lemma (j5)):
Lemma 9. Let U(X) be U(2) reduction of SO(X).
(1) The map
US(2) — U(1) x U(2), My Az, q-] = (A7, A2, q-]) (23)
15 2:1.
(2) Given a U(2)-structure Q — X over X, we have an induced 2:1 map

Q — det(Q) xx U(X) (24)

(3) Given a connection a on det(Q), and a connection Ay on U(X), there exists a
unique lift of a @ Ay to a connetion A on Q.
1.2.2 Complex Differential Forms

Next up, we investigate the complex geometry arising on the differential forms of an

almost Kédhler manifold.
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Let (X,g,w,]) be an almost Kéhler manifold. Let T¢X := TX ®g C be the
complexified tangent bundle. We can extend ] C-linearly to an endomorphism of

TcX, and since J2 = —1, it has eigenvalues i. We can therefore decompose
TeX =T¥X @ TO'X (25)

where ] acts on T'°X as multiplication by i and by —i on T®'X respectively. This

induces a decomposition of complex forms on X:

APIX = AP(T'OX)* @c A(TOTX)F, (26)
AEX = AMTeX) = P APIX. (27)
p+q=k

We denote the spaces of sections with QP9(X) and Q*(X, C) respectively.
We also can extend the deRham differential d : Q*(X,R) — Q*'(X,R) C-linearly

to the deRham differential on complex forms.

Definition 14. We define the maps

0 :=Prpi1,q0d: QPIX) — QPTH(X), (28)

0 :=Pprpqe1 0 d: QPI(X) = QPIT(X) (29)
In general, the deRham differential is a map
d: Q" (X) — Q*°(X) @ QM (X) @ Q%% (X),

where the first two components are given by 0 and 9. But what about the third?

Lemma 10. The map proz o d: QM0(X) — Q% (X) is given by the conjugate of the

Nijenhuis tensor Ny.

Corollary 3. The complex structure ] is integrable if and only if
prosod =0 on Q"(X) or equivalently, d = d + 9. (30)

In this case, 0* = 3’ =0 and 39 = —d9. Conversely, if = 0, then ] is integrable.
We also have a complex version of the Hodge decomposition:

Theorem 5 (Complex Hodge decomposition). Let X be compact. Let 0* and " the
adjoints of 0 and O respectively, and define the Laplace operators Ay = 00* + 0*0,
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A; = 90" + 970 and denote their kernels with H3*(X) and H$*(X). Then there are

orthogonal decompositions

QP9(X) = 9(Q" (X)) @ HyI(X) @ 9*(QPTI(X)) (31)
and

QP4(X) =3(QM (X)) @ HEI(X) @ 0" (QP (X)) (32)

Theorem 6. On a Kdhler manifold, we have

;A =Ny = Ay . (33)

In particular
HE(X,R) @ C =~ H5(X) = H5(X) . (34)

In other words, complex harmonic forms agree with holomorphic forms. We will
switch back and forth between those two notions without a lot of care in the following

chapters.

1.2.3 Holomorphic Line Bundles

Let us briefly recall some results about holomorphic line bundles, following [28].

Definition 15. Let L — X be a complex one dimensional bundle, also called a line

bundle. A Dolbeault operator is a C-linear operator
oL :T(X, L) = Q% (X)® (X, L) (35)
satisfying
(1) 0, =0

(2) For any section s € I'(X, L) and function (X, C), one has
Or(f-s) =0(f) - s+f-0(s).

One calls (L, dy) a holomorphic line bundle.

Let (L, d1) be a holomorphic line bundle. Assume h is a hermitian form on L, and

let Pb be the corresponding bundle of unit length vectors of L. We call a connection
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A on P holomorphic with respect to Oy if the induced covariant derivative VA on L
fulfills ' o VA = 9;.

Lemma 11. Let (L,01,h) be a hermitian holomorphic line bundle over a Kdihler
manifold X. Then there is a unique holomorphic hermitian connection NV on L, called

the Chern connection.

Lemma 12. Let (L, h) be a hermitian line bundle over a Kahler manifold X. Given a
hermitian connection A on Pb , the induced Cauchy-Riemann operator 0p := ™' o VA
defines a holomorphic structure on L if and only if F4* = 0, where F4? denotes the
Q%% (X)-part of the curvature Fa.

Notice that if X is a (real) four dimensional Kéhler manifold, the 0 operator

induces a holomorphic structure on AP9(X).

Definition 16. We call the complex holomorphic line bundle
Kx := A*°(X) = detc(AM(X)) (36)

the canonical bundle of X.
Notice, that holomorphic sections of Ky are prescisely harmonic (2,0)-forms.

Definition 17. Given a holomorphic line bundle L over X, we denote the vector

space of holomorphic sections of L by H%(X, L), and define its linear system
L] = P(H(X,1)) (37)
as the complex projectivization of this vector space.

1.2.4 Self-Dual Forms Revisited

To examine the interplay of self-dual forms with complex forms, it is worthwhile to

look at the local picture and introduce a basis.

Let ej, e, e3,e4 be an orthonormal basis of (RY)*, and dz; = e; + iey, dz, =
e3 + ie4 be the complex basis obtained by complexifying. Recall that the space of

self-dual forms A2R* is spanned by the forms

m =e;/\Ney+es3/\ ey, (38)
m =e Nes—e/\ey, (39)
n=e Nes+er/\es. (40)
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We identify ImH ~ A2R* by ai + bj + ck — any + bz + cns. Let us take a

closer look at the decomposition
AL (RN ® C C A*RY) ® C =~ AP(RY) @ AV(RY) @ A% (RY). (41)
Lemma 13. We have an isomorphism
ANRHYCAPRYOR - wa A (RY), (42)
where w = %(dm A dz; + dz, /\ dz,) is the canonical Kdihler form on R*.

Real self-dual two-forms are of the form
s-w+p+p, wheres € CP°(X,R), p € A*°(RY). (43)

Proof. The statement follows directly from expressing the complex forms in terms of

the real ones:

dz; ANdz; = (61 —i—iez)/\(eg—f—i&;) =€ /\63—62/\€4+i(€1 /\&1—{—62/\63)
=1 + ins.
Similarly we obtain dz; /A dz; =1; —inz and w =n;. O

Corollary 4. Let H (X, R) := PTaz oH%(X,R) be the space of real self-dual, harmonic

two forms. Then
HIXR) ~R- w o HE. (44)

Proof. The symplectic form w is self-dual and closed, therefore harmonic. The rest

follows from the above Lemma and the Hodge decomposition. O]

Using all the identifications above, we can now express an element in ImH as

ai+ (b+ci)j = ai+ bj+ ck ~ any + bn, + cn; (45)
1 1
~a-w + E(b—iC)dZ] AN dz; + E(b+iC)d21 N dz,. (46)

The identification sp(1) ~ A2 (R?*) goes even deeper; in fact they are isomorphic

as Sp(1)-representations H

8Recall that the representation on /\EL]R4 is given by (q,h) — g hq; = q.h(q, )", which is
precisely the Adjoint representation of Sp(1) on its Lie algebra.
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1.3 HyperKahler Geometry

“Where i-squared equals negative one, and j-squared equals negative

one, and k-squared equals negative one, which equals I-J-K!!”
- A Capella Science, William Rowan Hamilton

Definition 18. A hyperKdhler manifold is a Riemannian manifold (M, g)ﬂ admitting
three skew-symmetric endomorphisms Iy,I; and I3 € End(TM) fulfilling I7 = I =
2 = —1and [1-1, = I3, which are covariantly constant with respect to the Levi-Civita

connection, i.e. VFI, =0 for 1 = 1,2, 3, called complex structures.

For three complex structures fulfilling the relations above, a sufficient condition to
being covariantly constant is that the induced forms w(-,-) = g(+, [} -) are closed for
L =1,2,3 meaning they are symplectic forms with respect to the complex structure
I, [ In particular, the complex structures are integrable and M is a Kihler manifold
with respect to any of them.

The complex structures define a scalar multiplication:

S:H—T'(M,End(TM)), (47)
h=(a+bi+cj+dk)— Sp:=a+bl;+cl,+dl; (48)

inducing
[:ImH ~sp(1) = "M, End(TM)), (— S;. (49)

Note that given ¢ = ai + bj + ck € ImH with |(|* = 1, I; is a covariantly constant
complex structure, i.e. we have a two-sphere S? C Im H of complex structures.
Define w € sp(1)* ® Q*(M) by w(Q)(X,Y) = w¢(X,Y) := g(X,1;Y). For any
¢ € sp(1) we have V*w(() = dw(¢) = 0, in particular if [([* = T then w(() is a
Kahler form.

From now on M is a hyperKéahler manifold if not stated otherwise.

Definition 19. A permuting action of Sp(1) on M is an isometric action satisfying

dLy o I; 0 dLg = Iycg = Laay (0 (50)

9We will refer to a hyperKihler manifold M usually as the target manifold for reasons that will
become apparent soon.
10Unlike the Kdhler case, where this condition is not sufficient!
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meaning the induced action on the two-sphere of complex structures is the standard

action of SO(3). Equivalently, an action is permuting if and only if
(Lg)"we = wqeg = wag, (g for all ¢ € ImH, q € Sp(1). (51)

Definition 20. A group action of S on a hyperKéhler manifold M is called permuting
if there are complex structures Iy, I; and I3, such that I3 = I;1,, and the group action
fixes I, while acting in the 2-plane spanned by I; and I3 by the standard action of
S' on the 2-plane composed with the map S' — S', z — 22.

For example, given a permuting Sp(1) action, the circle group fixing a complex

structure I; inside Sp(1) acts permuting in the definition above.

Definition 21. An action of a Lie group G on M is called hyperKdihler if it leaves
the metric and the symplectic forms invariant, i.e. Ljg = g and Liw = w for all
heG.

Definition 22. A hyperKdhler moment map u for a hyperKahler action

G ~ M is a G-equivariant map
w: M — g ®sp*(1), (52)
which satisfies du = yw. Here G-equivariance means
poly =Ad; 1+ ®idsy)op for all h € G. (53)

This is a generalization of moment maps on symplectic manifolds:

Definition 23. A moment map of a symplectic action G ~ M on a symplectic
manifold (M, w) (where the action being symplectic means it preserves the symplectic

form, i.e. Ljw = w) is a map p: M — g* satisfying du = yyw.

A hyperKéhler moment map is therefore a moment map for any Kéahler form we,
¢ € sp(1), |¢)* = 1. With the identification sp(1)* ~ Im(H) one usually writes

pH=1i-w+j-m+k-w3=1i-yw+j- e, (54)

where we = Wy 4 iyz is complex valued.

Lemma 14. If M is a simply-connected hyperKdihler manifold admitting a hyper-

Kahler G-action, then this action admits a hyperKdhler moment map \.
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Proof. The form yw is closed, and since M is simply-connected, also exact. O

It is also worthwhile to consider the interplay between a hyperKéahler moment

map and a permuting action:

Lemma 15. Let M be a hyperKdhler manifold with a hyperKdhler G-action admitting

a hyperKdhler moment map W.

(1) Assume there is a permuting Sp(1)-action on M. Then

n(q.x) = qu(x)q = Adqu(x) for all g € Sp(1),x € M. (55)

(2) Assume there is a permuting S'-action on M. Then

wAX) =1 w(x) 45 - nelx) A for all A € S',x € M. (56)

The last lemma is the key to relate spinors to self-dual two forms; In the standard
example M = H with the permuting Sp(1) acting from the left and the hyperKéhler
S' from the right, the moment map of the S'-action is a map of representations
i H — AZR

1.3.1 HyperKahler Reductions

One way of obtaining new hyperKéhler manifolds from old ones is via the hyperKéahler

quotient construction, which is described by the following theorem:

Theorem 7. (|11]) Let M be a hyperKdihler manifold admitting a hyperKdhler action
of a Lie group G with a hyperKdhler moment map n: M — g* ® sp(1)*. Let A be
a fized element of the coadjoint action of G on g* ® sp(1)*. Suppose A is a regular
value of w, meaning w'(A) is a manifold. Assume further the orbit space w='(A)/G
is a manifold (for example if G acts freely and properly on w™'(A)). Then u™'(A)/G
is a hyperKdhler manifold with hyperKdhler structure induced from M via inclusions

and projections.

We give a short sketch of the construction:

The projection map 7 : u='(A) — p'(A)/G turns u'(A) into a G-principal
bundle, which carries a connection defined by taking the horizontal subspaces to be
the orthogonal complements (w.r.t. the induced Riemannian metric on u='(A) € M)
of the vertical subspaces (which are spanned by the fundamental vector fields of
the G-action). We denote a horizontal lift of a tangent vector v in T(u="(A)/G) to
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Tu"(A) by v*.

The complex structures are given by Iv := Iv*, where I is the corresponding com-
plex structure on M. Furthermore, the metric is given by g(v, w)(x) = gm (v, w*)(y),
where gy is the metric on M restricted to p™'(A), x € w'(A)/G and y € u'(A)
any point projecting onto x. Consequently, the symplectic form is defined by
P(v,W)(x) := wj,—15) (v, Ww*)(y), where w is the symplectic form on M. It turns out
that to define the symplectic form one does not necessarily need to take horizontal lifts;
any lift will do. This follows from the fact that for any fundamental vector field KM,
¢ € g and tangent vector X € Tu™'(A) = ker dp one has w(KM, X) = (du(X), ¢) =0,
so changing a lift by a vertical vector and inserting it into the symplectic form
does not change its value. In other words, p is uniquely defined by the property
TP = W1 -

Note that since p~'(A) has dimension dim M —3dim G, uw'(A)/G has dimension
dim M —4 dim G, which is a multiple of 4, as required for a hyperKéhler manifold.

We will look at concrete examples later on, when discussing MEH spaces.

1.3.2 Clifford Multiplication

The tangent bundle of a hyperKéhler manifold carries a quaternionic structure, as
we have seen. We will not develop the whole theory of Clifford algebras here, only

what is need for our purposes. For a more detailed account, see |19].

Definition 24. Let (V, q) be a finite dimensional vector space with quadratic form
q over a field k. Then the Clifford algebra CL(V, q) is defined as the associative (but
not necessarily commutative) algebra over k, which is generated by V and a unit

element ¢y, satisfying
v-v=—q(v)l¢ forallveV. (57)

Note that one has an inclusion i: V — Cl(V, q).

Proposition 1. The Clifford algebra satisfies the following universal property:

Let A be a unital associative algebra over k and j : V — A be a map such that
jv)-jv) = —q(v) - 1o for allv e V. (58)

Then there is a unique algebra homomorphism f : Cl(V,q) — A such that the

following diagram commutes:
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Example 1. The map j_ : V — Cl(V, q),v — —v satisfies the Clifford property,
and therefore there exists an algebra homomorphism « : CL(V, q) — CL(V, q) with
kK(v)=—viorallveV.

Definition 25. Define Cly(V, q) = ker(id — k) = im(id + ), the even part and
ClL(V,q) = ker(id + k) = im(id — k) to be the odd part of Cl(V,q). Note that
ClV,q) = Cl(Viq) & CL(V, q).

Let qst be the standard quadratic form on R™.

Example 2. One has Cl(3) := Cl(R% qs) = H @ H with generators fi, s, 3
satisfying
i =—1, fi-fio=—fic- i, (fi-f)>=—1, (f1-f2-f3)7 =—1

1

Example 3. One has Cl(4) := CL(R*, q5;) = M;(H), the quaternionic 2 x 2-matrices,
with generators eq, e;, e3, es. In particular one has Cl(4), = Cl(3), generated by

f] = €1€4, fz = €&, and fg, = €3€3.

Note that Spin(4) = Sp(1)+ x Sp(1)_ C Cl(4), with the inclusion given by

q+ O
(qeyq-) = (0 q)-

Lemma 16. The Spin(4) representations on W+ ~ H can be extended to a Clifford

module structure on W*. Furthermore, the map
R* x WH — W~ (59)

given by the composition of the inclusion R* — Cl(4) and Clifford multiplication is

Spin(4)-equivariant.

Given a hyperKéhler manifold M, recall the map
[:ImH— I'(M,End(TM)), (+— S¢.
This map satisfies the property of Proposition (I]), therefore it extends to a map

Cl(3) — I'(M, End(TM)) (60)
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or in other words, it endows TM with the structure of a Cl(4)y ~ Cl(3)-module.

Therefore we can define a Cl(4)-module bundle

—

™ = Cl(4) Qci4)o ™ ~ C1(4)0 Q) ™ & C1(4)1 Rcud), ™ (61)
= \T?\/lJr = ?I'rM_

Notice that the bundle TM™ is isomorphic to TM as a Cl(4)o-module, and the bundle
TM™ is isomorphic to TM as a vector bundle, but carries a different C1(4),-module

structure.

Definition 26. We define the Clifford multiplication as the composition
R* x TM 24 Cl(4) x (TMT @ TM™) = TM™ @ TM* (62)

where the second map is just given by multiplication, as TM™ @& TM ™ is a Cl(4)-
module. Usually we will be more interested in the restriction to the first factor, i.e.

the map cl: R* x TM+ — TM .
We can make this purely algebraic construction a little more explicit:

Proposition 2. Denote by W+ ~ H the representations of Spin(4) ~ Sp(1), x
Sp(1)_ on H defined by (g, q-).v = q+v. A hyperKéhler manifold M with permut-
ing action of Sp(1) and a hyperKéhler action of S! has an induced action on TM of

Spin®(4) via differentials, i.e.
Ay qe,q )v=Tq,TA-v, veETM. (63)

where we introduced the notation Tq := dL, for the differential. Further let E be
the vector bundle TM, but equipped with the action of Spin®(4) given by

Agy,q)v=1I3 Tq.Th-v, veT™M (64)

(which is well-defined because Sp(1); acts permuting). Then we have the following

isomorphism of equivariant vector bundles:
M™MerC~EQcW', vz vRz—I)v®ijz

Proof. The complex tensor product is defined via the relation [v®z=v®1i-z. It is
sufficient to check the statement for ¢ = 1i,j,k € Sp(1).. For simplicity we omit the

trivially acting Sp(1)_ factor, and do the proof for q = i, the other proofs are similar.
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(LA).vez) =TI\ -v@z— HITA vez—LTATA - vR®jz =
L(-L)TTA - v®z+ THIAL - v® =

(—I)TATA - v @ zi+ () TATAL - v ®jzi =

([ TTA - veiz— (I;)TTTAL - v®ijz =
(LA).vez—1Lvejz)

]

Equivalently, the identification ;v ® 1 =v ® i corresponds to the isomorphism

T™ ~ T/*°M, v = 7"%(v). Thus the isomorphism above is just given by
™M@C~TP*MeaWvio V) @1 —nr"Lv) ®j.

Corollary 5. If we denote by R* the Spin(4)-representation given by (d4,q_).v =
q_vqy, the well-known Clifford multiplication is given by R*@W™ — W~ | hi®@h; —
hi-hy. Thus we can define a Clifford multiplication R* @ TM®C ~ R*QE, @c W+ —
E, ®c W~. Notice that the homomorphism defined above induces a homomorphism

of the real parts of the representations, we therefore have a map
Cl: R4 ® TxM = [R4 ® TXM ® C]real part — [F—x Q¢ Wﬁ]real part-

We denote TM as TM* and the bundle [E @¢c W™ lreatpart by TM™. As a vec-
tor bundle it is isomorphic to TM, but the group action of Spin®(4) is given by
(A d4,9-).v = I4_IgTq, TA - v. Clifford multiplication is then just given by the map

0 —I-
R* S End(MMT @ TM™), h — (1 oh) .
h

1.3.3 Clifford Multiplication in the Kihler Case

Recall that on a Kéhler manifold X there is a canonical Spin®(4)- structure Z o,

induced by the homomorphism:

u(2) ) Spin®(4)

ek

SO(4)
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where

Pt [(A g4, g-)] = (x = g-xq.), j: [(A, q)] = [(AA, q)], (65)

and t: [(A, q)] — (x — gqxA) is the inclusion of U(2) in SO(4).

Recall that the positive and negative spinor bundles for some Spin®(4)-structure
¥ are given by S*(X) = £ x,, C?, where

P+t [(A g4, q-)] = (x = gexA). (66)
We have for the canonical Spin®(4)-structure L qn:
Si = Si(Zmn) = Pu(z) Xpioj (Cz, (67)

where p; 0j([(A, q)]).x = AxA. Writting C? ~ C+jC, wee see that the representation
is trivial on the first C-factor, while acting via multiplication of = det([(A, q)])!
on the second factor. Thus St splits into the direct sum of the trivial line bundle

and the inverse of the complex determinant bundle:
St = A(X,C) d A% (X,C). (68)
Similarly,
S™ =A% (X,C). (69)

Furthermore we have that T*X = Py) X (pzoi) R?, where p% : SO(4) ~ R? is the dual
of the standard representation.

The Clifford multiplication is then induced by the quaternionic multiplication
R* x H — H, identifying H ~ C?:

T*X % ¥ = Pugz) X (proija(proj) R @ C2 = Pyg) Xpo C* =57 (70)
In more explicit terms, Clifford multiplication with a one form « is given by

c(o)s = V2(m () A s — 1™ () Zs) (71)
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where / denotes the contraction with s:

P
oaZog N N\ o, = Z(—Ui’qhx(oq, oo A Ao A A g (72)

i=1

hx denoting the hermitian product on X, defined to be complex-antilinear in the

second component.

1.4 Interlude: Algebraic Geometry

As the realm of complex geometry lies very close to the one of algebraic geometry,

we introduce some new language, following [12].

Denote the sheaf of holomorphic functions on a complex manifold X by Oy, the
sheaf of invertible holomorphic functions by Oy and the sheaf of invertible (non-zero)

meromorphic functions by K.

Definition 27. An analytic subvariety Y of a complex manifold X is a closed subset
Y C X such that for any point x € X there exists a neighborhood U, such that
Y N U is given as the zero set of finitely many holomorphic functions fy,...f, € O(U).
We say an analytic subvariety Y is irreducible if it cannot be written as the union
Y = Y; UY; of two proper analytic subvarieties. We define the dimension of an
irreducible analytic subvariety to be the dimension of the subset Y,eq C Y, where
Yreq is @ complex submanifold of X and is maximal in the subsets of Y with respect
to that property. We call an irreducible analytic subvariety of codimension 1 an

irreducible hypersurface.

One can show that a hypersurface is locally always given by the zero set of a

single holomorphic function.

Definition 28. A divisor D on a complex compact manifold X is a formal linear
combination D = }_ a;[Y;] with Y; C X irreducible hypersurfaces and a; € Z with
only finitely many a; non-zero. A divisor D is called effective if all a; > 0, we then
write D > 0. We call the group of all divisors Div(X).

Assume that Y C X is an irreducible hypersurface and that around a fixed point

x €Y, Y is given by the zero set of an irreducible element g € Ox.

Definition 29. Let f be a meromorphic function defined on a neighborhood of x € Y.
Then the order ordyy(f) € Z of f in x with respect to Y is given by the equality
f = g4 . h with h € O% x- One can show that such a point always exists and the
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definition of the order is then independent of the choice of a point, thus we define the
order along an irreducible hypersurface Y, given by ordy(f) for a global meromorphic
function f. Notice that the order satisfies ordy(f;f;) = ordy(f;) + ordy(f;). We
associate to a global meromorphic function on X the Divisor (f) = Y ordy, (f)[Yi]
where the sum is taken over all irreducible hypersurfaces of X. We call a divisor of
this form a principal divisor. We can write every divisor D as the difference of two

effective divisors Dy — D, respectively the zero set and pole set of the divisor D.
Lemma 17. There is a natural isomorphism Div(X) ~ H°(X, K%/O%).

Proof. An element f € H°(X, K%/O%) is given by non-trivial meromorphic functions
f; on open subsets U; covering X such that on the overlaps f; - fj_ is a holomor-
phic functions without zeros. Hence on these overlaps, one has for an irreducible
hypersurface Y C X that ordy(f;) = ordy(fj), thus we can associate to f the divisors
> ordy, (f)[Yi]. Using the additivity of the order, we actually see that this is a group
homomorphism. Define the inverse map as follows: For D = ) a;[Yi] there exists an
open covering of X = {JU; such that Y; N'U; is defined by some g;; € O(U;) which is
unique up to elements in O*(U;). We then define f; = []; g5' € K% (U;). Since gy
and gy define the same hypersurface in U; N Uy, they differ by an element in O,
thus the fj define an element f in H(X, K%/O%). The constructions are inverse to
each other. O]

Denote by Pic(X) the group of holomorphic line bundles on X up to isomorphism,

where the group action is given by the tensor product.

Lemma 18. The short exact sequence of sheaves
0—- 05 = Ky = K{/Ox — 0 (73)
induces a group homomorphism
Div(X) ~ H°(X, K}/0%) — H' (X, O%) ~ Pic(X). (74)

We denote the image of a divisor D under this homomorphism by O(D). A divisor
defines the trivial line bundle if and only if the divisor is principal, and two Divisors
D; and D; define isomorphic line bundles if and only if their difference D1 — D3 is

a principal divisor. We then say the divisors are linearly equivalent.

This group homomorphism can be given more explictly:
For f € H(X, Kx/O%) locally given by f; on Uy, the functions f; - f; ! are invertible

holomorphic functions satisfying the cocycle condition and thus define a line bundle
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L. It turns out that f carries even more information, it defines a meromorphic section
of L! The f; and fj are locally meromorphic functions such that their difference
on overlaps is precisely given by fi - f; ! which is the cocycle of the line bundle L.
When f is an effective divisor, meaning it is actually locally given by a holomorphic
function, it defines a holomorphic section.

On the other hand, given a meromorphic section of a line bundle L (i.e. locally
defined meromorphic functions such that their difference on overlaps is the cocycle

of L), we can associate to it a divisor. We thus have the following lemma:

Lemma 19. o Given a holomorphic line bundle L, there is a one-to-one corre-
spondence between divisors D such that O(D) = L and meromorphic sections

of L up to scalar multiples.

o Given a holomorphic line bundle L, there is a one-to-one correspondence between
effective divisors D such that O(D) = L and holomorphic sections of L up to

scalar multiples.

The statement about scalar multiples follows from the fact that a divisor
f € HY(X,K%/O%) is determined up to global invertible holomorphic functions,

which on a compact manifold are precisely the constant functions.

Notice that we can still make sense of the intersection form for divisors on a two
dimensional complex manifold[if], although they are not necessarily smooth. More

precisely, for two divisors D, E:
D~E:J &/ (O(D)) A ey (O(E)) (75)
M

where ¢; denotes the first Chern class of the corresponding line bundle. We usually
abreviate the self-intersection D - D by D?.

We conclude by stating two theorems for complex two-dimensional projective

varietied| which will come in handy later on.

Theorem 8 (Hodge-Index Theorem). Let X be a complex projective variety. Let D
and E be divisors on X satisfying D* >0 and D - E =0. Then E* < 0 with equality
if and only if E = 0.

Hence, a real four dimensional manifold.
12A complex projective variety is a complex submanifold of CP™ inheriting the standard Kahler
structure.
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Theorem 9 (Adjunction formula). Let X be a complex projective variety. Let C be

a complex curve on X. Then
C- (Kx+C) =2pq(C) -2 (76)

where po(C) is the arithmetic genus of C.
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2 Generalized Seiberg-Witten Equations

Before diving into the technicalities of the generalized Seiberg-Witten equations, we

will take a quick peek at the well-understood linear case.

2.1 Linear Seiberg-Witten Equations

Introduced in [25], the (linear) Seiberg-Witten equations revolutionized the game of
finding invariants of smooth four-dimensional manifolds. We give a brief overview of

the construction and a couple of results. We mainly follow [20] and [22].

Let X be a smooth compact oriented four dimensional Riemannian manifold, and

let £ — X a Spin®(4)-structure over X.

Let S*(X£) = £ x,, H be the associated positive and negative spinor bundles
respectively. We notice that H is a hyperKéahler manifold with the usual left

multiplications by quaternions, and in the representation
p. : Spin©(4) = (" x Sp(1). x Sp(1)_)x ~H, A\ q4,q-] = (h= g hA) (77)

the S'-action is hyperKahler (it is acting via right multiplication, which commutes
with the complex structures acting from the left), Sp(1), acts permuting (via left
multiplication) and Sp(1)_ acts trivially. By Lemma , the S'-action admits a
hyperKahler moment map p: H — ImH ~ /\i]R4 and by Lemma it induces a
map of bundles ST — A2 T*X, which by abuse of notation we also denote by p.

Let a be a connection on det(X) and denote by F} € Qi(X, R) the self-dual part
of its curvature. Let Ay be the Levi-Civita connection on SO(X). By Lemma (5)),
given a connection a on det(X), we obtain a connection A on X as the lift of a & A,.

Such a connection gives rise to the twisted Dirac operator
DX, ST) IS X, TX @ ST) <5 T(X,S7) (78)
as the composition of the covariant derivative V5 and Clifford multiplication.

We throw all these ingredients into a big pot: Let u € I'(X,S™) be a spinor and

a a connection on det(X).
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Definition 30. The Seiberg-Witten equations are defined to be

Bru=0 (79)
Fr=pou (80)

The Gauge group G := Map(X,S') acts on spinors via

(guw)(x) = g(x) - u(x) (81)

and on connections via gauge transformations:

g.a=g(a)=a+(g)n (82)

where 1 denotes the Maurer-Cartan form on S'. The Seiberg-Witten equations are
equivariant with respect to the action of the gauge group, therefore the gauge group

acts on the space of solutions, and we can form the moduli space
Msw(Z) :={(u, a) is a Sol. to the SW equations}/G (83)

Theorem 10 ([22]). For a generic choice of Riemannian metric on X, the moduli

space Mgy is a compact, orientable, finite dimensional manifold.

By integrating certain universal differential forms on the moduli space one obtains
a number, which in nice cases is independent of the choice of Riemannian metric,

therefore one obtains an invariant of the underlying smooth manifold X.

In the general case, the moduli space is very hard to describe explicitly, but more

can be said when we confine ourselves to the world of complex geometry.

Assume the source manifold X is Kéhler. Then, by Lemma (2), X carries a natural
Spin®(4)-structure L o, and any Spin®(4)-structure is ismorphic to L e L., for
some complex line bundle L — X. Using the results of Section (|1.3.3]), we observe
that

S'(LeX)=LaL®A%X (84)
and thus a spinor splits as

u= (o, p) € Q°X, L) & Q*(X, L) (85)
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Definition 31. Define the degree of a line bundle L — X over a two-dimensional

Kaéhler manifold with symplectic form w as
deg, (L) = J ci(L) A w (86)
X

where ¢q(L) denotes the first Chern class of L.

Theorem 11 ([25]). Let X be a Kihler manifold and £ = L e L. a Spin®(4)-

structure on X, where L — X is a complex line bundle.

(1) If deg,, (L) > 0, then

Msw(Z) = |L| = P(H(X, 1)) (87)

(2) If deg, (L) < O, then
Msw(Z) =L@ Ky'| = P(H*(X, 1)) (88)

where HO(X,L) denotes the vector space of holomorphic sections of L and

H%2(X, L) the vector space of anti-holomorphic two forms with values in L.
For reasons that will become clear later, we also consider the following:

Definition 32. Let ¢ € Q% (X, R).
The perturbed Seiberg-Witten equations are defined to be

pMu=0 (89)
Ff=poutd (90)

As before, we form the perturbed moduli space
M?W(Z) :={(u, a) is a Sol. to the SW equations with perturbation ¢}/G  (91)

Theorem 12 ([22],3.2.13). Let X be a Kihler manifold and £ = L e L 4, a Spin®(4)-
structure on X, where L — X is a complex line bundle. Assume that ¢ € H%’O, with
the inclusion into Qi(X, R) given as discussed in corallary . Then

M?W(Z) = {[oc] e P(H%(X,L)), B := b/« is a holomorphic section of Q*°(X, Lq)}
(92)

In other words: The moduli space consits of all possible factorizations ¢ = « - f3,
oo € HO(X,L),B € H2°(X, L") up to scalars. As the divisor (¢) has finitely many
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irreducible components, this is a finite number of points! This simplifies matters a
lot; for example the integral over the moduli space becomes a simple count of the
number of (oriented) point{™]

According to Lemma , when considering the Seiberg-Witten equations on a Kahler
manifold X, we could work with U®(2)-structures instead of Spin®(4)-structures.
We then would not consider the whole permuting Sp(1)-action on H, but instead
restrict to a permuting S'-action, where we consider S' as a subgroup of Sp(1). In the
following we would like to replace H with a hyperKahler manifold M, which admits
a permuting S'-action, but NOT a permuting Sp(1)-action in general, therefore

restricting ourselves to a source almost-Kéhler manifold X is necessary.

2.2 Non-Linear Dirac Operator

One very important ingredient to the Seiberg-Witten equations is the Dirac oper-
ator, a differential operator on the spinor bundle involving covariant derivatives
and Clifford multiplication. In the next section we describe how to generalize these
concepts to the non-linear case, e.g. fiber bundles (not necessarily vector bundles)

with hyperKéhler manifolds as fibre.

2.2.1 Covariant Derivative

Let Q be a U®(2)-structure over a Kéhler manifold X induced by Q = L ® Q.qn for
some line bundle L , and M a hyperKahler manifold with a permuting S'-action

together with a S' hyperKahler-action. We form the associated fibre bundle
Fi=Q xucp M, (93)

where when writing U®(2) ~ (S' x S' x Sp(1))x, the first S! acts hyperKihler, the
second S! acts permuting and Sp(1) trivially. We identify sections of the fibre bundle
F with U®(2)-equivariant maps from Q to M, i.e.

r(X,F) ~ Map(Q,M)""? (94)

We call these sections generalized spinors.

13To be more precise: We assign to each positively oriented point a +1 and to every negative
oriented one a —1, and sum over all points.

Bwriting U(2) x ST = (S" x SU(2))+ x S', the first ST acts permuting, SU(2) acts trivially and
the second S' acts hyperKéhler.
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Definition 33. Given a connection A on Q and a section u € Map(Q, M)¥ @ we

define the covariant derivative of w with respect to A as
(VAW)(v) = du() + KX}, = dio prigra(v) € Map(TQ, TM)? | v € TQ, (95)

where KM is the fundamental vector field of the hyperKéhler S'-action.

Notice that VAu vanishes on fundamental vector fields, thus the map is horizontal.
Making use of the isomorphism Ty X ~ (horA),, where (horA), is the horizontal
subspace in T,Q defined by the connection A, we can regard the covariant derivative

as a map

VAu € Map(Q, (RY)* @ TM)U @), (96)
where VAu(p)(w) = Tu(];(\\;)) for p € Q,w € R*, with m being the unique
horizontal lift of p(w) with respect to the connection A. Notice the subtle abuse of
notation, we identify p € Q with its image under the map Q — SO(X), which gives
us a frame p : R* — T X.

Yet another perspective is to view the covariant derivative of a spinor as a section
VA € Map(Q, (RY)* @ wTM)Y @ ~ (X, T*X @ mu*TM), (97)

where mu*TM is the pushdown of u*TM — Q to a bundle on X by taking of the
quotient of U®(2). Note also that the Riemannian metrics on X and M give rise to a
metric on the bundle T*X ® mu*TM over X, allowing us to integrate the expression
Vi

In the following we will be mostly interested in connections which are lifts of the

Levi-Civita connection Ay on X and a connection a on L.

Definition 34. Denote by A(Q) the space of connections on Q and by A(L) the
connections on the bundle of unitary frames of L. We further denote the Levi-Civita

connection on X by A, and define
Ao = {AEA(Q); A is a lift of Ao@a,aEA(L)}. (98)

The attentive reader will have noticed that, by Lemma @, we can technically

only lift connections on det(Q) = L?, but any connection on L induces a connection
on?=L®L.
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2.2.2 Generalized Dirac Operator

We now have the tools to define the generalized non-linear Dirac Operator:
Given a generalized spinor u € Map(Q, M)uc(z) and a connection A € Ay we
define the Dirac operator as the composition of covariant derivative and Clifford

multiplication, namely

D" :u s Map(Q, M)™'? T2 Map(Q, (RY)* @ wTM)Y'® & Map(Q, w'TM )4 ™
(99)

For u € Map(Q, M)“" @ we will have B™u € T(X, 7w TM ™), where as before,
7tlw*TM™ denotes the quotient vector bundle w*TM~/U%(2). We observe that the
space in which the section B™u lives in depends on the spinor u, so the Dirac

operator should be understood as a section of an infinite dimensional vector bundle
£ — Map(Q, M)¥ @ (100)
where the fibre & over u € Map(Q, M) @ is given by Map(Q,w*TM)U"2),

2.2.3 Weitzenbock Formula

A very useful formula for computations involving the Dirac operator defined above is
the Weitzenbock formula. We will in fact only use a simplified form, assuming the
base manifold is Kéahler. Denote the Kahler form on X by wx and the Kahler form
on M which is fixed by the permuting S' action by wy. Further let pc = W + i be
the complex moment map of the hyperKahler action of S' and A € A,.

Theorem 13 (Weitzenbock formula).
J B w2 1 = J IVAUP 5 1 4+ wi (VAU VAU A wx + (g ou, (Fa)20) x 1
M M

Proof. See Appendix. O

2.3 Generalized Seiberg-Witten Equations

Let X be a compact, simply connected, four dimensional Kahler manifold, which will
be referred to as the source manifold, and Q — X a U®(2)-structure on X, given by
Q = L @ Qcqn for some line bundle L — X. Here Q.qn denotes the canonical U®(2)
structure on X.

Let M be a hyperKihler manifold carrying a permuting S'-action and a hyperKéahler
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S'-action with hyperKahler moment map p, which will be referred to as the target
manifold. Although the following exposition can be done in arbitrary dimensions, we
will focus on the simplest case, namely dim M = 4.

Recall that a connection A € Ay is given by a lift A = Ay @ a, where Ay is the

Levi-Civita connection and a € A(L). Furthermore, call to mind the identification
in corollary :

R-w x H2(X) =~ H2(X,R), (101)
(s-w,d) = (s-w+d—P). (102)

Definition 35. We define the Seiberg-Witten map

sw: Map(Q, M)¥"® x Ay — Map(Q, wTM )" @ x 0% (X), (103)
(w,a) - (B, Ff—pow) (104)

and the enhanced Seiberg-Witten map

swy : Map(Q, M)Y" 12 x Ay x H2 (X, R) = Map(Q, w*TM )V @ x 0% (X), (105)
(u)a>5'w+¢_$)'_>(w/\u) Fﬁ—uou+5'w+¢—$) (106)

We call the parameter (s, ) € Rx H%’O(X) a perturbation and for a fixed perturbation
define the perturbed Seiberg-Witten map

sws e - Map(Q, M)UC(Z) X Ay — Map(Q,u*TM_)uc(z) X Qi(X), (107)
(w,a) = (B, Fi—pou+s w+¢—9) (108)

The target of the maps depends on the input (namely the bundle u*TM™~ depends
on the spinor 1), and should be interpreted as sections of certain vector bundles.
Notice that pou € Map(Q,R ® sp(1 )*)uc(z) so we use the identification sp(1)* ~
sp(1) = AZR* using the Killing form on sp(1) to identify it with a self-dual two
form.

The Gauge Group G := Map(X,S') = Map(Q, )% € Maps(Q, UC(2))4" @ acts

on pairs of generalized spinors and connections via

g.(w,a) =(g-u,a+(g")n) (109)
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where 1 denotes the Maurer-Cartan form on S'.

Lemma 20. The (perturbed) Seiberg- Witten map is equivariant with respect to the

action of the gauge group.
Proof. Since the gauge group is abelian, the moment map is invariant with respect
to the group action. On the other hand, we have

Fa+(g*‘)*n =Fa (110)

so the second equation F! = pou is invariant under the gauge action.

Furthermore, since X is simply connected, there exists a function f : X — R such
that g(x) = e'f™ and (g7")*n = g - dg~' = —df, where we again identify i- R ~ R.

We compute
Dyalg-u) =cloVagle-u)=clo (T(e” ) + KM (e u) — K (et - u))

= clo (KM - u) + et Tu+ KN (e - u) — Kl (et - w)

=clo (e” STu 4 K (et - u)) =e' . cloVau=-¢e' - Dru=g0,u

O

We can thus form the Moduli Spaces
M= sw' ({0))/G (111)
M = sw, L ({01)/6 (112)

which will be the main subject of our further investigations.

2.4 Simplifiying The Equations

Consider a permuting S'-action on a hyperKéhler manifold M, leaving the complex
structure I; invariant while rotating I, and I3. Consider the element g = etz € S,
which acts on the complex structures via I; — I;, I, — —I, I3 — —I3, and induces
the map g : M — M, x — e'Z.x. Further we assume there is a hyperKéhler action
S" ~ M with hyperKéhler-moment map p = pi + ucj, where pe = W + pki. In
the case where the base manifold is Kéhler, the second equation F{ = pou can
be further decomposed into (F)*° = pc o, (FS)M = pyou. We then have the

following;:

Lemma 21. For all spinors w and connections A € A we have:
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(a) IVMgouw)f = [VAuf
(b) mog =

(c) beog=—nuc

(d) Lg*wr, = wy,

Proof. We use that the two group actions are isometric and commute, as well as the

permuting/hyperKéahler properties:

(a) [VA(gouw)]* = [Tg o Tu o pragral* = [Tu o prigral? = VAU, since g is an

isometry of M.

(b) For € i-R, Y e€T'(M,TM) we have

(d(pr0g)(Y), &) = (dur o dg(Y), ) = g(KM, Lidg(Y)) = (113)
gm(dg "KM IY) = gm(KM LY) = (dw(Y), Q) (114)

where we use that dy; = yrwy and that g is an isometry and commutes with
I;, and that the two S' group actions commute. Thus dy; o g = dy; and hence
uog =y +c. Using g* =1id, we see that uy = wyog* = +4c,s0oc =0
and puy = p o g.

(¢) The proof for puc is similar, using that I;dg = —dgl;, 1 = 2, 3.
(d) This follows directly, since g leaves the complex structure Iy invariant.

]

Lemma 22. Assume the UC(2)-principal bundle Q is given by Q = L ® Qcan, where
Qcan is the canonical US(2) bundle and L a hermitian line bundle. Assume further
that L admits a holomorphic structure, i.e. there is a connection a on Pb with
F20 = 0. Then for any connection b on P&, the (2,0)-part of its curvature F§° lies in

the orthogonal complement of H%’O(X).

Proof. Any other connection b on P§; differs from a by an imaginary one form
a’ € iQ'(X). In particular, if b = a + a’, we have F, = Fo + da’. Projecting onto
the (2,0)-factor, we have F2° = pr*® o da’ = 9 (a’)"?, using that X is Kéhler and
the deRham differential therefore splits into d = 0 + 0. We thus have shown that
the (2,0)-part of the curvature of any connection on P, lies in 90"°(X), which by
Hodge decomposition is orthogonal to H3°(X) = H%’O(X) in Q*°(X). ]
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We assume from now on that L admits a holomorphic structure and deal with

the general case later.

Lemma 23. If L admits a holomorphic structure and (u,a,is - w, ) is a solution

to the perturbed Seiberg- Witten equations, we have:

B u=0 (115)
F20=F22 =0 (116)
Hcou=¢ (117)
wou=(F)M +is - w (118)

Proof. We only need to show F2° = 0 since F&? = F20 and the other equations are a
consequence of the decomposition Q, (X) = Q°(X) - w 4+ Q*°(X).

Solutions to the perturbed Seiberg-Witten equations are minima of the functional

S(u,a,is - w, ) = (119)
1 )
J B )P + E’!(Fa)z’o —pcou+ dIF +I(FHI" —mou+is-wl* = (120)
M
1 1 1
J I3 u)? + Ell(Fa)z’oll2 + illu«: oull* + §||d>||2 —((F)**, uc o) (121)
M
—(neou, d) +I(FO" —prou+is- wlf*. (122)

where we used that ((F,)*° ¢) = 0 by the previous lemma.
Using the Weitzenbock formula (Theorem we obtain

S(u,a,is - w,P) = (123)
1 1 1
[ 19+ (VP T Ao SIFIE + Slhc o ulf + 510 (120
M

— (e o, &) +I(FOM —pou+is - wlf? (125)

Using g = e'? from the previous lemma, we see that every term in S(u, a,is - w, ¢)

is invariant under the transformation
(w,a,is - w,P) — (gou,a,is - w,—d). (126)

Therefore (g ou, a,is - w,—a¢) also minimizes the functional and is a solution to the
perturbed Seiberg-Witten equations. In particular we have (Fo)*° = pcogou-+¢ =
—(ue ouw— @), while the perturbed Seiberg-Witten equation for (u,a,is - w, ¢)
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yields (Fq)?® = pe ouw — ¢, and thus (Fg)?° = 0.
]

To understand the implications for the first equation in the Kéhler case, namely
3™ =0, we follow [28]:

Theorem 14. Let Q — X be a principal G-bundle over an almost complex manifold
(X, 1) and let (M, 1) be another almost complex manifold with a left G-action which
commutes with the almost complex structure 1. Furthermore, let A be a connection
on Q. Then the associated bundle F := Q xg M 55 X carries an almost complex

structure
I(A):=1®1; on TF =hora F® VF ~ 7*(TX) & VF (127)

If T and I are integrable, and F4* = 0, then I(A) is integrable. We say a section
s : X — M is holomorphic if

Tsol=1(A)oTs (128)
or equivalently, if s is determined by the equivariant map us € Map(Q, M)°€,
T |nor, 1 © I=To0 TuglhoramQ (129)

where 1(V) = IT\T) Notice that in the case where M is a vector space and F is an
associated vector bundle, this coincides with the usual definition of holomorphic
sections.

Applying this to our set-up we immediately get:

Corollary 6. If (A,u) is a solution of the generalized Seiberg- Witten equations over

a Kahler manifold X, then the connection A induces an integrable complex structure

I(A) on the bundle F = Q xycp M.
It turns out that the harmonic spinors are precisely the holomorphic sections:

Theorem 15. o If (A u) is a solution of the generalized Seiberg- Witten equa-
tions over a Kdhler manifold X, then w is holomorphic with respect to the

complex structure I(A).

« IfA € A is a connection with F2 =0 and u € Map(Q, M) ™) is holomor-
phic with respect to 1(A), then T 'u = 0.

Proof. See [28]. O
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We quickly glance over the non-holomorphic case: Assume the line bundle L over
X is not necessarily of type (1,1), i.e. does not admit a holomorphic structure.
The fibre bundle F = Q x g M still admits a (non-integrable) almost complex structure

Ja depending on a connection A, by splitting
TF=hor A& T™M (130)

and the almost complex structure on the vertical space is induced by the complex
structure of M, while the almost complex structure on the horizontal space is induced

by the isomorphism hor A ~ TX and the complex structure on X.

Proposition 3. A section uw € T'(X,F) satisfies P*u = 0 if and only if u is a
Ja-holomorphic map, i.e. if it satisfies 9j, (u) = du+ Ja o duoj =0.

Proof. See [10], [2§]. O
Corollary 7. If u € T'(X; M) satisfies Dy = 0, then uc ou is a holomorphic form.

Proof. Since puc : M — C is holomorphic, the induced map M — Ky is holomorphic.
So we have d(pcou)oj =ducoduoj=7Jxoducodu.

Notice here that Jo on Kx does not depend on the L-component of the connection
A. m

Therefore a solution (u, a) to the gSW-equation satisfying the equation
F20 = pcou+ ¢ (131)

further implies that F2° is holomorphic. Unfortunately, we cannot use the Weitzen-
bock formula technique here to obtain further constraints, as in the integrable

case.

2.5 Linearization

Notice that for u € Map(Q, MY @ the tangent space T,Map(Q, MY @ can be
identified with equivariant sections I'(Q, w*TM)4" @ ~ M(Q, w*TMH)U" @ while A,
is an affine space over Q'(X).

The linearization of the Dirac operator at some pair (u, a) is therefore a map

B T(Q, wTMH YD % Q'(X) — T(Q,w TM)U°®@ (132)

(wa)
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It was shown in [24] that this is indeed a geometric linear Dirac operator in the usual
sense:

On the other hand, R - w, ’H%’O(X) and Q2 (X) are vector spaces, so we can identify
the tangent space at a point with the space itself.

Let uw, € T'(Q, M)uC(z) be a curve with uy = u representing a tangent vector
P = %\tzou“t € F(Q,u*TM*)uC(Z) and « € Q'(X). We then compute:

d A+to d A d

i - = Hog — — clo(d KM+t KM= (133
dt o W= e tte VT e = g o e R4 K (133)
clo ((d + KM + cU(KM) = (B e b + cL(KD) (134)

In conclusion:
Linearizing the enhanced Seiberg-Witten map at a point (u,a,s - w, ¢) yields the

map
DiwaswesW: N(Q, wTMM )Y@ x Q'(X) x H2(X,R) — N(Q,wTM )V @ x 02 (X),

given by

lin

(ll—’> x,t-w, (b,) = (m(u,a)ll) + CI(KZ[)) d"o— dH © 1b +t-w+ (I), —@) . (135)

Lemma 24. Assume that the set of fized points set of the hyperKihler S'-action
on M is a finite set of points, called the singularities. Then the linearization of the
enhanced Seiberg- Witten map at a solution (u,a,s - w,d), where u is non-constant,

1S a surjective map.

Proof. Let C € F(Q,u*"ﬂ\/l*)uc(z) be L2-orthogonal to the image of

lin
(11)) CX) — D(u,a)ll) + C],(Kg/l) (136)
. . ¥y Oz = 0, 50 ¢ L TmB"™, implying
¢ € Coker B'™ = ker(I3"™)*, where (I3"™)* is the adjoint Dirac operator. By the

unique continuation property of elliptic operators ( is either constantly zero or there

In particular for « = 0 we have (IJ

is no open set on which ( vanishes identically.

Assume that ( is not trivial. Since u is holomorphic, there is no open set on which
u = a; constantly for some fixed point of the S' actions a; € M. This means that
we can choose x in X such that ¢ does not vanish in a small neighborhood U around

x and u(p) is not a singularity for all p € U. We claim that there is a locally defined
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one-form o € Q'(U), such that cl(KM) = ¢ on U. Indeed, Clifford multiplication

induces a pointwise isomorphism
TX~muTM,,a— cL(KM) (u(p)) (137)

using that the fundamental vector field KM does not vanish at u(p), since u(p) is
not a fixed point. But extending this one-form by multiplying it with your favorite

bump function non-vanishing on U yields a one-form «; such that
(B + LK), Q2 = (l(KE), Oz > 0, (138)

giving a contradiction. Therefore, ¢ must vanish identically, establishing surjectivity
onto the first factor.

The surjectivity onto the second factor follows from the fact that
Q% (X) = d"(Q'(X)) ® H2(X)

]

In the following we compare the linearization of the generalized Seiberg-Witten
map with the linearization of the linear Seiberg-Witten map.

Assume from now on that dim M = 4.

Notice that the vector bundle myu*TM carries a Clifford structure inherited by the
Clifford structure on TM. By the classification of Clifford bundles, mu*TM ~ Ly®S*

for some complex line bundle Ly, where ST = Qcan Xy, C? is the canonical spinor

bundle. Writing Qr, = Qcan Xx Pr,, we can identify
N(Q,wTM) @ ~ (X, mu*TM) ~ Map(Qy,, CH)V"? (139)

Denoting the space of connections on Qp,, which are lifts of the Levi-Civita connection

by Aéo, we also have the linear Seiberg-Witten map

sSWi, Map(QLO,Ci)Sme(‘” X Aé" — Map(QLO,CZ_)Sme(‘” X iQi(X), (140)
(W, A) = (BN, FE — plo o) (141)

and also the corresponding perturbed version. Naturally, the question arises as to
how the linearization of the non-linear equations compare with the linearization of
the linear equations. For this, we first notice that DEEA) is a geometric Dirac operator

on u*TM. Therefore it differs from (wun)A/ only by a zero order perturbation. In
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the the other factor, the only term which is not of order zero is d*«, which agrees in

both cases. Therefore we have:

Corollary 8. The linearization of the non-linear Seiberg- Witten map and the lin-
earization of the corresponding classical Seiberg- Witten map coincide up to a homotopy

of order zero terms.

This crucial fact will be important later when we speak about orientations of the
spaces involved. The bundle mu*TM™ carries an interesting section given by the

fundamental vector field of the hyperKéahler S' action:
K(x) := [p,K{w(u(p))] e X, muwTM"),p e ' (x). (142)

In other words, it is given by the equivariant section Q — wW*TM, p — KM(u(p)).
This is well-defined, since u and fundamental vector fields are equivariant.
We end this chapter with a small lemma, which at first glance seems to make

strong assumptions on the target manifold M, but just you wait for the next chapter!

Lemma 25. Assume (u, A = a® Ay) is a solution to the generalized Seiberg- Witten
equations with perturbation &, and assume M is covered by holomorphic charts
M; ~ C?, which are equivariant with respect to the S' hyperKdhler action on M
and the standard S' action on C*. Furthermore assume, that the complex symplectic
form we = wy + iw; in these coordinates is given by dz; /\ dzy. Then, there exists
a connection A’ and a (real) gauge transformation g, such that (g - K,g.A’) is a

solution to the linear Seiberg- Witten equations with perturbation ¢.

Proof. First, we observe that

_ 4
~ dtpeo

d A

A it _ v
Detulp) = dtjt=o

(Bia))K(x) u(p.e ™) =0,

since DAu(p) =0forallp € Q. Since B isa geometric Dirac operator, there exists
a connection A’ on QM such that B™ = (B™)A. Next up we show u oK = peou.

Locally, u is given by maps
Uprvy) S U (M) = Cuign) = (o, By)
and by our assumption that the hyperKahler action is the standard one,

Kiw-1vy) : w (M) = C Kyorgwy) = (1 o, =1 By)
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Since we = dz; /A dz; locally, the complex moment map is locally given by
},L(LCO(Z1,ZZ) = 21 - 22, so we can conclude ué’ oK =« - Bj = uc ou. We know

that a solution to the generalized Seiberg-Witten equations with perturbation ¢
must satisfy pcou = ¢. We conclude that K satisfies (')A = 0 and u ok = .
From classical Seiberg-Witten theory one knows (see for example ([22])), that there ex-
ists a real gauge g, such that (g-K, g.A’) also satisfies the (Fg_A,)” = },LILO og-K+is-w

equation and thus defines a solution to the linear Seiberg-Witten equation. O
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3 Gibbons-Hawking Spaces

“Wettschulden.”
- Paul Middelanis

In this section we describe four dimensional hyperKéhler manifolds obtained from
the Gibbons-Hawking-Ansatz, which admit certain symmetries. In fact, these are

ALL four dimensional hyperKéahler manifolds suitable for our purposes:

Theorem 16. Let M be a simply-connected, complete four dimensional hyperKdhler
manifold. If there exists a hyperKdihler S'-action on M admitting a hyperKdhler
moment map, then M is obtained by the Gibbons-Hawking Ansatz.

Proof. See [14]. O
We follow the exposition in [21].

Example 4. (Incomplete Gibbons-Hawking Space)

We begin with an open subset U of R® and a harmonic, positive function

V:Uu-— R>o, (143)
i.e.
3
AV =dxdV=> 9}V-vol=0. (144)
i=1
In particular, for F = —27t %+ dV, we have dF = 0. Assume now there is a U(1)-

principal bundle 7t : M — U with a connection ® whose curvature is F, i.e. a one-form
® € Q'(M,R) with d® = 7*F (We identify iR ~ R). Recall that U(1)-principal
bundles over U are classified by their first chern class [c;(M)] € H?(U, Z), and that
for any connection on M with curvature F, we have [c;(M)] = [%], hence such a
principal bundle exists exactly when - lies in the image H*(U,Z) — Hig(U,R).
Denote by 9¢1 the fundamental vector field on M associated to i € Lie(S') ~ iR.

Since ©(051) = 1, in a local trivialisation of M over a patch U, C U we have
O = T Ay + dxa, (145)

where x4 is the fibre coordinate and A, is a one-form on U, with dA, = F. For
convenience, define © = %. The manifold M carries a hyperKéahler-structure, defined

as follows:
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From now on we denote pulled back forms on M by the same symbol, for example
we abbreviate dx; := m*dx; for the form living on M. We do all the manipulations
on R3 and then pull back to M, for example the Hodge Star operator "+” in the

following will be the one on R3. Define three symplectic forms

w; = O Adx; + V xdx (146)

These are indeed closed, since dw; = — * dV /A dxy + dV A xdx; = 0 and all these
forms are pulled back from R?, where we have ot /A *f3 = *a /A B for one forms «, f3.
Define

0O = w;y +iw; GQz(M,C) ( )
z1 = x; +ix3 € Q°(M, C) (148)
o = V'O +idx € Q'(M,C). (149)

(150)

We calculate

Q, =0 Adz; + V*d(x; +ix3) (151)
= O Adz; + V(dxs A dxg + idxg A dxy) (152)
= O Adz; +iVdx; A dz (153)
= Vg /\ dz; (154)

Thus, ker Q is spanned by 0, + 103 and 27tVds1 + 19, where 0; is the horizontal lift

of 9; with repect to ©. We use the following lemma:

Lemma 26. Suppose M is a 2n-dimensional manifold and there is Q € Q*(M, C)
such that AQ =0 and TcM = ker Q @ ker Q. Then there is an integrable complex

structure I on M.

Proof. Define I¢ on T¢cM via multiplication on ker QO with —1 and multiplication
with i on ker Q. Since I¢v = IV, I¢ is the complexification of a real operator I on
TM. The integrability of the distribution T'"M = ker Q then follows then from
dQ =0. O
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In our case, QO defines a complex structure Iy. Furthermore,

Q; = Vu, A dzy, where z; = z3 + 1z and «; = v'e + idx; (155)
Q3 = V(Xg A\ ng, where Z3 =21+ iZz and X3 = V_]é + idX3 (156)

define complex structures in the same manner.
For the global frame (27tV0, =: 0y, 91,95, 03) of TM, the complex structures are
given by:

in particular
(3¢, 01,02, 03) = (B4, 134, 1Dy, 1304). (161)
We can recover the metric from I; and w;j. Since
w; = VReo; Alm oy +VRedz; A lmdz, (162)

the metric is given by

g = V((Reo)? + (Im oy)?) + V((Re dz;)* + (Im dz))? (163)
= V(V 7?20 + dx}) + V(dx3 + dx3) (164)
=V70? + V||dx|? (165)

Notice that the principal U(1)-action on the fibres is hyperKahler, since the

action leaves the forms wj; invariant. Its moment map is given by the projection
w: M — UCR>. (166)

Example 5. (R"\{0} as a Gibbons-Hawking Space)
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Consider U = R3\{0} with spherical coordinates

X7 =T1-cos 0 (167)
Xy =T7-sin 0 cos ¢ (168)
x3=T-sin 0 sin @ (169)
and the harmonic function
v (170)
47r

Then we have F = %sin 0 dO A do, satisfying Isz % = 1. Thus the integrability
condition is satisfied and the U(1)- principal bundle is the Hopf fibration

2,2
|Z41] |2,] z 2). (171)

RO} - RO (21,22) = (2

Remark 1. We will make the transformation x; — —x;, which will be useful for

calculations later, changing the Hopf map to

4 3 |2,|* — |z
R \{O} — R \{O}) (ZHZZ) — (f)z1zl) .

Notice that this corresponds to changing the order of the variables z; and z; and the

moment map Wy = X1 changes sign under this transformation, which will be important

later.
Notice further that x = (M,zﬂz) satisfies |x| = r = M, SO we can

write
lz1] = (X —x1)%, |zal = (Ix] +x1) "% (172)

Write z = x; +ix3 = |z| - €'*. We have the following trivialisation of the Hopf bundle

on R3\{(x1,%2,0),%, < 0}, or equivalently on the domain where —7t < ¢ < 7
D:(x,et) — (z1,22) = ((Ix! —x1)1/%el?/2elt (|x| -l—x])]/zei‘p/ze_“) (173)

A lengthy computation shows (see [17]) that this trivialisation is holomorphic with

respect to all three complex structures and the metric is given by

g = Re(dz;)? + Im(dz;)* + Re(dzy)? 4 Im(dz,)?, (174)
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which is just the standard hyperKéahler structure on H\{O}! In particular the hyper-
Kahler structure extends over the singularity at x = 0, thus we can add a single

point to obtain a complete hyperKéahler manifold.

We want to generalize the potential above to potentials of the form

1

where ¢ € R,y is a constant, and we assume that all singularities a; lie on the
X2 = x3 = 0 line (This is needed to have a well-defined permuting S' action later on).
Furthermore, we assume from now on that the singularities {a;}ic; are ordered, i.e.
a; < aiy1, where we denote the point and its x; coordinate both by aj.

We will also consider the case where the sum above is infinite and discuss when this
is actually convergent and well-defined.

Near a singularity ao, such a potential is of the form V(x) = m + Vieg(x), where
Vieg(x) is a harmonic function which is also defined at a. We will show now that in
such a case the hyperKahler structure can be extended over the singularity. From
now on we use 27V instead of V as our potential to make computations easier. We

start by constructing holomorphic functions with respect to the complex structure
I;.

Lemma 27. Using polar coordinates on R® around a singularity ay of the harmonic
function V, fix a trivialisation of M on a simply-connected set Uy C R3, such that
ao gets mapped to the origin. Then there exists a function h € C*®(Uy) which is
invariant under rotation in the @-direction in the spherical coordinates defined in
equations , such that the connection form can locally be written as

®=dx+h-de € Q'(M,R)*, (176)

where X is the circle coordinate and as before and h- de is pulled back to M.

Proof. Using polar coordinates on R? around a singularity a of the harmonic function
V, fix a trivialisation of M on a simply-connected set U C R3, such that a gets

mapped to the origin. Since the harmonic function V is invariant , we have

dV(d,) =0 (177)
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Thus
F=-2nxdV = (f(x)dr + g(x)d0) A de for some f,g € C*(U). (178)

In particular, it contains no dr /\ d6-term, and furthermore the functions f and g do

not depend on ¢. Since dF = 0, we compute

0 = dF = d(f(x)dr + g(x)d0) A de + (f(x)dr + g(x)de) A@ (179)
=0
= d(f(x)dr + g(x)d0) A\ de (180)

and since the term f(x)dr 4+ g(x)d0 does not depend on ¢, it is closed, and because

U, is simply connected, exact on Uy. Let h(x) be a function with
dh = f(x)dr + g(x)do, (181)
then the connection form can be written as
®@=dx+h-de € Q' (M,R)% (182)

]

Again, we fix a trivialisation around a; without the negative x; line, i.e. —1t <
@ < 7t such that a; gets mapped to the origin.

We would like to construct holomorphic coordinates on M, which are compatible
with the S'-action, or in other worlds, a holomorphic coordinate function \ : My, —
C of the form

q)((XhXZ)XS)X = eit)) = f((X],Xz,Xg)) e, (183)

Recall that in our trivialisation, ©® = dx +h- d¢, in particular ©(d;) = 0, so 9; = 0,

is parallel. Thus the complex structure I; restricted to (9y, 01) is given by (compare

to ((157))
(] 07] _ZWV). (184)
Ly 0

Choosing polar coordinates on C, the standard complex structure I¢ is given on
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coordinate vector fields (0, 0;) by

0 r!
) -

The differential dip maps the span of (9, 0;) to the span of (94, 0,) , and restricted
to those vectors dip has the form
-1 0
) .
dxq

Thus 1V can only be holomorphic if dip commutes with the complex structures, i.e.

[c-dy =di-I;. Plugging in the matrices above, this is exactly the case when

df
— =1f.2nV, 1
. 13'A (187)
which is solved by:
X1
f(X],Xz,Xg) = GW,W = ZWJ V(q,Xz,X3)dq (188)
0

We now transform back to cartesian coordinates, such that
© = dx + adx; + azdxs;. (189)

The relation of the curvature of @ and V gives

da; av

b R 190
dx; dx; (190)
dC13 dv

therefore the horizontal lifts are given by d; =0, — a0, and 03 =03 — az0y. Since
1,0, = 03, ¥ is holomorphic with respect to I; when g—;l; + i(‘i% = (a + iag)%.

Applying this to the function constructed above, we get

dp . d w—it, AW dW .
— we " ) = — 192
a0 +1dx3 e’e (dXz +1dx3) P(az —iay) (192)
. . dy .
=—iP(a; +1ia3) = d—X(aqulag) (193)
So 1P; = ee " is holomorphic with respect to I;. Similarly, 1}, = e We' is

holomorphic aswell.
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Lemma 28. Following the construction above, the functions
Py =s(z)ee ™, = s(z)e Vet

are holomorphic with respect to 1y, where s is a holomorphic function depending on

zZ =Xy + 1x3.

Proof. Recall that z=x; + ix3 is holomorphic with respect to the complex structure
I;, so the claim follows from the fact that compositions and products of holomorphic

functions are holomorphic. O
We can now prove:

Lemma 29. Let Uy be a small punctured ball around 0 in R3, and M the hyperKdhler
manifold over Uy obtained by taking a potential of the from V = # + Vieg, where
Vieg is a harmonic function which can be extended over x = 0. Then M can be

extended to a hyperKdhler manifold M by adding the single point at the origin.

Proof. First we notice that the curvature splits as F + F,eg, where F is the curvature
associated to the 4]? term. We have
F F
J :1+J Treg _ 949 (194)
g2 2T g2 2T

where we integrate around a sphere centered at zero with a radius small enough
to be contained in Uy. The equality above follows from the fact that F.eq extends
over the point x = 0, thus is a closed form on a simply-connected domain, and then
applying Stokes theorem.
Therefore, M is the (to R3\{0} extended) Hopf bundle, and we can choose the

trivialisation
D:(x,e") = (z1,22) = ((le —x;)"2et®/2elt (x| +x1)1/zei“’/ze“> (195)

Now, applying the previous lemma with s(z) = 1/z, we calculate:

X1

b 1
V(q,x2,x3)d :J ———— 4+ 21V,eo(q, X2, x3)dq = (196
d,x2,x3)dq Ry e o(d,x2,x3)dq (196)

X1

]
S(Log(xi + /2 +x}) — Log(lz])) + sz Vieg (4 X2 %3)dg (197)

0

W(x) =2m L
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so we obtain holomorphic maps

- ~ - 1 .
z1 = s(z)e Vel = /[ze'? - \/|z]l ——=e"Wrese" = e W9 . z (198)

v IxI+x
. . 1 )
7 =s(z)eWe ™ = \/Qe“"/z . \/HMX' + xjeWrese it = Wrea . 2, (199)
z

where we used the notation W,y = 27 fg] Vieg(dyX2,%3)dq. Or in other words, we

have holomorphic coordinates
V(z1,22) = (21,22) = (z1,22) + ((e W9 = 1)zy, (€9 — 1)z)) (200)

which are the usual Hopf coordinates "perturbed" by a factor vanishing at x = 0.
One then calculates that the metric and the Kéhler forms are of the form gy + 8g
and w; + dwj;, where gy and w; are the standard metric and Kahler forms on H,
and dg and dw; vanish in x = 0 Thus the Kahler structure can be extended over
the singularity. This involves very technical and lengthy calculations, so we refer to
(7). =

Notice that the coordinates (Z,2;) defined above are equivariant with respect to
the standard left multiplication of ' on H ~ C @ j - C and the principal S'-action
on M. Furthermore, since in the standard coordinates the moment map is just the

Hopf map, we obtain

Helz,z) =z1 20 =21 - 2 (201)

2 2 ~Wieg s |2 Wregs 2
lF — |z e Wreaz, |4 — |eWreaz
wi(z1,22) :a0+|2|2|1|:a0+ | 2 7 | 1 (202)

How does the change of coordinates look like, when we define these coordinates
around different centers?
By abuse of notation, we denote the singularities by ay = ay - (1,0,0) = ax - 7 (so

ay is a point in R? defined by the multiple ax € R of the standard vector e; D.

Introducing
V.. =V-— ] — 1 and W, = 27 Jak V! (203)
reg Arillx — ar - el Amlhx — i - el . Y

we have:
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Lemma 30.

1
Wil oy : (e Wreak . zp, eWreak . 25) 1y (e Wreak Wi . 22 5, eWreadt Wi . 1y (904
k+1 1 2

Proof. See Appendix B. ]

This is precisely the standard change of charts of the bundle T*CP' (up to the
perturbing factor e*)! This is not suprising as the Gibbons-Hawking space with two
singularities is isomorphic to T*CP'.

Let us look at some examples next.

Example 6. (Multi-Eguchi-Hanson Spaces) These are the hyperKéahler manifolds
obtained by taking potentials of the form

i 1
V(x) = ; e (205)

The case n=1 yields the model hyperKéhler manifold H. The unperturbed generalized

Seiberg-Witten equations for these spaces were studied in [28] and [4].

Example 7. (Multi-Taub-NUT-Spaces) These are the hyperKéhler manifold obtained
by taking potentials of the form

L 1
V(x) =1+ ; o (206)

Also allowing infinite sums, one has to be a bit careful with convergence issues, so

we do not allow the sequence a; to have an accumulation point. If a; is unbounded,

1

then V(x) converges at a point x € R3\{ai}icz if and only if the series 2 iz Tal

converges. Therefore, choosing the a; to be equidistant is also problematic.

Example 8. (Ooguri-Vafa Space) To obtain a harmonic function with singularities

at equidistant points, we try to renormalize the divergent potential

1
= 2
Vix) é 47tl|x —ne - eq]| (207)

where e; = (1,0,0)7.

Lemma 31. Let

1 1
L _  _a, 2
Vi 47TZ<Hx—ne~e1H a|> (208)

n=—j
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where

o — 1/ne n#0 (200)
2(—y + log(2¢))/e n=0

and vy is Euler‘s constant. Denote the open unit disc in R?> as D. Then:

o The sequence {Vj} converges uniformly on compact sets
in R x D\(eZ x {0}) to a harmonic function V.

o Forz:=(x2,x3), Vo has an expression valid when z # 0:

1 5 1
V, = _ﬁlog(m ) + me;\{o}zmcos(ZNmm/e) -Ko(2mmz|/e)  (210)

where Ky is the modified Bessel function.
Proof. See [9]. O

Although the explicit form of the potential V, looks quite scary, we have good news:
For the following calculations it is sufficient to know that in a small neighborhood of

! + Vieg, Where Vg is a

a singularity ag, the potential V; is of the form V, = Tlagl

harmonic function which can be extended over the singularity. Also note that for

convergence reasons we have to impose an upper bound on the z-coordinate.

3.1 The Permuting S'-Action

From now on, we assume that M is one of the hyperKahler manifolds defined in
the previous examples. We need a permuting S' action on M fixing the complex
structure Iy and rotating I; and I3. The first idea that comes to mind would be to lift
the action ' ~ R ~ R x C, e'.(x1,z) = (x1,e *'z), z = x, + ix3, to the principal
bundle 1: M — U C R3 i.e. e.p =P, y(p), where

v(t) : [0,271] — R3 y(t) = (x5, e 2'z) (211)

and Py is the parallel transport from P, ) to Py along the path y(t) defined by
the connection ©. But this is not a well-defined group action, since ©® has non-zero
curvature, so Py(n) is not necessarily the identity map. Thus, we need a "correction”

term: Recall the function h defined in equation (|181])).

Lemma 32. For each | € Z define locally around a singularity the action S' ~
M\{z = 0}, e''.p = p(e!"" NP P (p)), where L € Z, p is the principal S'-action
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and

1 1
h(x) = J O = J F 212
)= 2020 o, © = 2l e (212)

where S} is the circle {(x;, e"'z);e € ST} C R | x = (x1,2) and : M — R denotes
the projection. This Lie group action fizes the complex structure 1y and rotates I,

and Is.

Proof. Using the function h defined in Lemma , we compute, that indeed

1 1 1
— | ©=—| h(x)-de==——2nr-h(x)=h 213
2mr L; 2nr Ll (x) - de 27r mr - hix) () (213)
Using that parallel transport commutes with the principal action and satisfies

P,(1) © Py(s) = Py(tss) , and that h is constant along the circle S!, we get
eit.(eis.p) — p(ei(l(t+s)*(t+s)2h(ﬂ(P)))) Py(t—i—s)(p)) — ei(t+5).p

In the choosen trivialisation, the path y(t) = (r,0, @ — 2t) is lifted horizontally
to the path y*(t) = (x + 2ht, 7,0, @ — 2t), because O(y*) = O(2h - 9, — 20y) =
2h—2h = 0. In these coordinates the action is therefore just given by e'.(x, 1,0, @) =
p(el=2M) (y + 2ht, 7,0, @ — 2t)) = (x + lt,T,0, @ — 2t), which also shows that the

action is smooth. In particular we see that e?™

.p =P, so the action is well-defined.
To see that it fixes the complex structure I; and rotates I, and I3, we recall that
w; = O A dx; + Vdxi 1 A dxiys. For a fixed et € S', the diffeomorphism q(t) : p —

e''.p leaves © and dx; invariant, while rotating dx, and dx;. To be more explicit,

q(t)'© =0 (214)
q(t)*dx; = dxg (215)
q(t)"dx; = cos(2t)dx; + sin(2t)dx; (216)
q(t)*dx; = cos(2t)dx; — sin(2t)dx,, (217)

where the first statement follows from the fact that locally, ® = dx + hde and h
is independent of ¥ and @, and the fundamental vectorfield for this action is given

by KM =% -9, —29,. Recalling the definition of the symplectic forms in equation
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(146)), plugging in the above yields:

q(t) wr = w; (218)
q(t)*w, = cos(2t)w; + sin(2t)w; (219)
q(t)*w; = cos(2t)w; — sin(2t)w, (220)
which is precisely the condition for the S' action to be permuting. O]

To extend the action over the points at z = 0, we apply the Riemann extension

theorem:

Theorem 17. (Riemann extension theorem) Let M be a complex manifold, and
A C M the zero set of a holomorphic function g : M — C.

Let £ : M\A — C be a bounded holomorphic function. Then f has a unique
holomorphic extension f:M—C.

Lemma 33. The permuting action of Lemma @) extends locally to a permuting

group action on the subset z = 0.

Proof. For a fixed q € S', consider the map
q: M\{z =0} = M\{z=0},x — q.x (221)

Since z is a holomorphic map, we can apply the Riemann extension theorem to
construct a unique holomorphic map q : M — M. To be more precise, using a local

chart (P, U), the map P o q : M\{z = 0} — C? can be extended componentwise to a

map P o q and we define ¢ =P ~'o 1|)/E>/q. The uniqueness of the extension shows
that this is indeed independent of the chart, hence glues to a global map.

For two elements e',e® € S' the maps el o e and el coincide on the set
M\{z = 0}, so by the uniqueness of the extension they coincide on the whole of M.
Similarly 1 = e2m = idpm, so this is a well-defined group action. To show smoothness,

we use the holomorphic charts constructed in Lemma (28):

Wreg WTEQ

€ Z14€ . Zz) =

(e WTeg |X| )1/2 (9—2s)/2 i (t-H-s)) eWTEg“Xl + X])1/261(@—23)/Ze—i(t+1~s)> —
(e Wreg |X| ])1/Zeim/zei(t+(l—1)~s), eWreg (|X| + X )1/Zei(p/ze—i(t+(l+l)-s)> —
(e Wreg | z - el i(1-1)s eWTeg Zy- e*i(l“r])s)
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which is clearly smooth.

The holomorphic extension on {z = 0} is given by

e.x = (222)

]

Notice that we obtain the usual permuting action on H when V = -~ by choosing

47r?
=1

Lemma 34. The locally defined permuting actions above patch together to a permuting

action on the whole of M.

Proof. In the coordinates around a singularity a; the permuting action is given by

eis.(e—Wreg -z, eW*eg . Zz) — (e—WTeg zr - ei(l—])s) ewreg 2z - e—i(H—])S) (223)
while around the next singularity ai,q, it is given by
: _ - S i
ets'(e Wieg | z1, eWTeg . ZZ) — (e Wreg | z - e1(1 1)5) ewreg 2y e il +1)5) (224)

Changing charts to coordinates around the next singularity a;,; transforms the
angular coordinate as e — e (it is in fact the change of the trivialisation of the
Hopf fibration S* — S? from the north to south pole), and interchanges the z; and
z; coordinate, so the locally defined actions agree if and only if L+1 =1 —1. In
other words, " must differ from 1 by 2. So, choosing a singularity ay and defining
the permuting action there with an integer k gives rise to the whole of M, where
for every singularity to the right we "twist" by letting 1 go to 1 4+ 2 and for every
singularity to the left letting 1 go to 1 — 2. m

3.2 The Niveau Set ug ({0}

For a complete hyperKéahler manifold obtained by the Gibbons-Hawking-Ansatz with
a potential of the foom V=c+3 ,, m,
hyperKéhler S'-action is given by u; = x; and pe = x; + ix3. Over the points with

recall that the moment map of the

x; = x3 = 0, M has the following structure:

Lemma 35. o For two adjacent singularities ay,1, ay, the set uy'([axsr, i) in
us' ({0}) is a complex submanifold of M with respect to the complex structure

Iy, which is biholomorpic to S*. We denote this submanifold by S%k—&-])‘
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o If an is the "leftmost" singularity, i.e. there is no a; with a; < ay, then the set
u ' ((—oo, anl) in ug' ({0}) ds a complex submanifold of M with respect to the
complex structure 1y, which is biholomorpic to C. We denote this submanifold
with Cg.

o If ap is the "rightmost” singularity, i.e. there is no a; with a; > ao, then the
set 1y ([agy 00)) in ug' ({0}) ds a complex submanifold of M with respect to the

complex structure 1y, which is biholomorpic to C. We denote this submanifold
with C,.

pe = a2 +ixg =0

i "nx\‘

llll 'JHI’

S S?

Proof. To see that these are complex submanifolds, recall that z = x; 4+ ix3 is a
holomorphic coordinate for the complex structure I; and the above sets are just
given by z = 0. The only singular values of z are the singularities, so we are left with
finding suitable holomorphic charts around the singularities.

From Lemma we have holomorphic coordinates away from the singularities of

the form
(67Wreg Z e reg . Z’Z) — (eWreg (|X’ — X7 )1/261@/26‘1’[, eWreg UX’ + X1 )1/Zei(p/zeit>
(225)

And the niveau set z = 0 consists of precisely the points where either z; = 0 (the
points "right" of the singularity) or z, = 0 (the points "left" of the singularity).
In particular around ay, the "leftmost" singularity (if it exists), the biholomorphism

from C,4 to C is explicitly given by

ll)oc : ((X],0,0), eit) = e_WTEg “Z1 = e_Wreg ' Z(CIN _Xl)eit (226)

|,1LI = I
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For the "rightmost" singularity ay, we have the map from C, to C given by
u’w : ((XHO»O)) eit) = eWTeg “Zy = eWreg ' 2(X1 - aO)e_it (227)

For singularities ax and ay.q, and the two-sphere S%k 1) between them, we have the
map

X1 —ax
e 1t

S%k+])\{ak+1} - (Cal-l)l(\]iH) : ((XhO)O)) eit) = ewéeg “1/2 (228)

Ag+1 —Xq

corresponding to the trivialisation of CP'\{[1,0]} — C, [z;,1] — z; where we use

X1 X1 ] )
Wieg = Lk Vieg(4,0,0)dq = Lk m + Vieg(q,0,0)dq
X
= log((arpr —x1)7?) + log((ar — a)"?) +J Vieg(d,0,0)dq
ak

= log((akJﬂ - x1)71/2) + Wieg

Similarly we get the map

. RV a — X i
e+ S\t = C, ((0,0,0),€%) e Mo 250 Het - (220)

which corresponds to the trivialisation CP'\{[0, 1]} — C, [1, 23] — z,.
We obtain the induced biholomorphism

W) : St = CPLp = [ (p)y Wi (p)] (230)

We will refer to these submanifolds as generalized spheres in the future.

Notice that with these explicit biholomorphisms we can directly read of the
induces group actions: We define the permuting action by fixing a singularity and
defining the local permuting action around it with the choice 1 = 1. If there is a
'rightmost" singularity we set it to be ap, otherwise, if there are infinitely many

spheres we fix an arbitrary a,.

Remark 2. Notice that all possible choices to define the permuting action differ
by a "twist" by an integer L € Z. We will see later later that this is equivalent to
"twisting” the UC(2)-structure by k copies of the line bundle Ky, when we glue M
into a U(2)-bundle over a Kihler manifold X.
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Corollary 9. Denote the S' x S' group action by p — (e, e'*).p, where the first
factor is the hyperKdhler group action given by the principal action and the second
factor is the permuting action, and assume there is a finite number of singularities

n € N given by ag, ..., an_1. Then we have:
« Forp € Cq, ha((e,e).p) = e el (p).
« Forp e Cy, Vo((e",e®).p) = ey (p).
« Forp e S )\{ah, Wi (e, e).p) = ette 2:Usys 1 (p).

In particular, we have for some U®(2)-structure Q = L @ Qcan over a Kdhler four
manifold X:

. Q XUC(Z) C* = K;((@n (29 I_i] .
. Q XuC(z) Cw =1L

o Qxuc) Sty =P @ LT @C) , k=0,..,n—2

3.3 Multi-Eguichi-Hanson Spaces as HyperKahler Quotients

Here, we give an alternative construction of Multi-Eguichi-Hanson spaces as hyper-
Kéhler quotients due to Gibbons and Rychenkova([8]).

Let H" be equipped with three complex structures defined by the standard left
multiplication on the quaternions. Together with the flat metric, this turns H" into
a hyperKéahler manifold. Sp(1) acts permuting on H" via left multiplication, and
the action of Sp(n) via right multiplication commutes with the complex structures,

is therefore hyperKéhler. This induces hyperKahler actions of the subgroups

SU(n) Cc U(n) C Sp(n) . (231)
Let T*' € SU(n) be the maximal torus given by the embedding

n—1
@ elfs (6191 , el(02-0 )) vy el(enq—enfz)’ e On-1 ) . (232)
s=1

The moment map

WH S ImH @ (233)
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of the induced action given by restricting the Sp(n) action is given by
W™ (h) = (o(h) = o(h), ooy 0(hy) — 0(hy 1)), h= (i, oy he) € HY, (234)
where o is the moment map of the standard S'-action on H:
o(h) = hih. (235)
Writing InH =1-R +j - C, we can choose a point
e=(e1,entn1) €L-ROICTCImH® ! (236)
such that (—1) - e, > 0 for all s. The action of T*' on the level set
(™) o) = {h EH" | o(heyt) —o(hy) = €5 = 1,11 — 1} (237)
is free, so we can form the hyperKéhler reduction
Me= (k™) o) /T (238)

Theorem 18. The hyperKdihler manifold M is triholomorphic to the Multi-Equichi-
Hanson space with n singularities, with distance between the s-singularity and the

(s + 1)-singularity given by n - (—1) - €.

Triholomorphic here means isomorphic as hyperKéahler manifolds, i.e. there exists
a diffeomorphism between them preserving the metric and the complex structure.

We can make this more explicit:

The S' action on H" via diagonal matrices induces a hyperKéhler action on M,

with n fixed points given by
{[h] eMc| [Th = o} (239)
s=1

a1y —T
where [h] is the equivalence class of h = (hy,...,h,) € (uT ]> (e). In other words,
the singularities are given by the orbits of points where one of the entries is zero.

The moment map of this hyperKéhler S'-action is given by
wl([) = Y ofh,). (240)

Furthermore, let S' C Sp(1) be the subgroup of the permuting Sp(1) preserving the
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complex structure I; on H"™. This induces a permuting action on the quotient, since

the singularities are invariant under this S'-action.
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4 Analysis of the Moduli Space

In this section, we solve the perturbed generalized Seiberg-Witten equations with
a Multi-Eguichi-Hanson space (or short, MEH space) M as the target manifold
explicitly and analyze the resulting moduli space.

We assume that our source manifold is a Kéhler manifold X equipped with a
U®(2)-structure given by Q = L @ Q.qn for some complex line bundle L, and that L
admits a holomorphic structure. As before, u will be a section u € I'(X, F), where
F = Q Xyc) M is the associated fibre bundle using the permuting and hyperKahler

actions on M, and a denotes a connection on L.

4.1 The unperturbed Equations

The case when ¢ = 0 was solved in [4]: Let M be the MEH space with n singularites
Qg ...y An 7 labeled from right to left. Let

M={DBau=0, F, =pou}/g

As in the classical Seiberg-Witten equations, the moduli spaces depends on the

line bundle L, or more specifically on the number

degwy (L) == JM ¢ (L) A wyx . (241)

Theorem 19 ([4]). A solution (u,a) satisfies uc o u = 0, and the image of w is

contained in precisely one generalized sphere, depending on degw, (L):

o Ifdegy,(L) > %ao, then the image of W is contained in the "right" copy of

C, and we have:

M ~ {eﬁective divisors D, such that ¢1(O(D)) = c1(L)} (242)

o Ifdegy(L) < %anq, then the image of w is contained in the 'left" copy of

C and we have:

M ~ {eﬁectz’ve divisors D, such that ¢c1(O(D)) =n-¢;(Kx) — ¢ (L)} (243)

o Ifdegy(L) € %(ﬂw(akﬂ, ay) for some 0 <k <n—1, then the image of w is
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contained in the sphere S%kﬂ) and we have:

M z{dz'vz'sors D =Dy — D,
such that DN Dy =0 and ¢;1(O(D)) = ¢1(L) — (k+ 1)¢y (KX)}

In other words, the first two cases are similar to the classical Seiberg-Witten case,
the moduli space given by the projectivization of the vector space of holomorphic
sections of L and K™ ® L~ respectively. The more interesting is the last case, where
the space is given by certain meromorphic functions. Here the moduli space is usually
non-compact in several ways. It might have infinitely many different components of
increasing dimension, which themselves are not compact, thus it is hard to do the

usual business where one obtains invariants by integrating over the moduli space.

One reason this problem occurs is because the Seiberg-Witten map defined in
equation (|103]) is not surjective if we do not include the perturbation parameter
¢. Therefore, the equations do not cut out the moduli space transversally, and the
actual dimension of the space is bigger then expected.

Since our eventual goal is to define invariants and need a compact moduli space
for this, we will consider only perturbations ¢ # 0, which allows us to use the regular

value theorem, as we will see in the next chapters.

4.2 Solving the perturbed Equations

Let (u,a,is - wx, d) be a solution to the generalized perturbed Seiberg-Witten
equations with target hyperKéahler manifold M, where s € R and ¢ # 0 is a
holomorphic section of Kx. Then by theorem the connection a induces a
holomorphic structure on L, and u is a holomorphic map with respect to that
holomorphic structure. We assume in this section that M is a MEH space with
n singularities ayg, ..., a,_1 labelled from right to left. We decompose M into the

following open sets:

Mo = 1 ((ay, 00))
My =i ((arn, ax)) for O <k <n —1

Mnfl - H;1 ((—OO, an—1 ))

We may set a_; = 00, a, = 0o to make the notation consistent.
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| R | W |
My Mo My
S e e ——
M3 M,y

Each of these sets is biholomorphic to C? 2 (My, I;), and by Lemma , the

coordinate changes are precisely the ones of T*CP', up to a perturbing factor:

! ! ]
11’111 oy : (z1,22) — (efwk . Z% zy, e Z—) (244)
1
where
ax
W, = ZﬂJ Viegx(dyx2,%3) dq (245)
Ak+1
Viegk =V — ( ! + ] ) (246)
reak Arllx — axprerll  47dlx — agedl| /)’
X, +1ix3 =212, (247)

Furthermore, the S' x S' action p on My described in corollary @ is precisely such
that

Q %o Mic 2 Q X(pyop) C 2 KT @ LT @K ® L (248)

while the components of the moment map are given by equation (201]), using the

changed sign convention introduced in remark :

He(zi,2z2) =217 22 (249)
|eWreg‘kZZ|2 — |e_Wreg‘kZ] 2

2

Hi(z1,22) = ax + (250)
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where
X1
Wreg,k - ZNJ vreg,k(q) X2, X3)dq ) (251)
Ae+1
1
Vi =V 252
o =V dlk— avel 2%

Remark 3. Notice that the functions W.egx and W, are defined on open subsets of
the MEH space, but we will use them as functions on C* by precomposing with a

coordinate chart. So if we write Uregx we actually mean the function

(z1,22) = Wiegx (ﬂ)k(ZhZz))- (253)

Given a generalized spinor u: Q — M, let Qi C Q be defined by Q¥ =u'(M,),
and let U} := mt(Q}), where t: Q — X is the projection.

We now give an explicit description of the space of solutions.

Lemma 36. The map u: Q — M determines a holomorphic section « of L, such
that % is a holomorphic section of Kk @ L™, where K§ = Ky @ Kx ® ... ® Kx.

n times

Proof. On Uy, the restriction ug := wyy defines a local section of the bundle

KMo LT o K ® L, ie. w = (Br, ) with By - o = &, so we may write
¢

w = (oTk’ o) on the set where oy #£ 0. Define a section « of L locally by setting
Oqulki = e(_ Z{:‘; W{)d)k © Xk (254)

Notice that W{(p) = Jﬂztﬁ Vieg1(d, d(p)) dg only depends on ¢(p). This indeed

glues to a global section, since for o # 0 we have

w9 w Xy ¢

o ¢
o —, ) = (e e — K1) 255
ll)k+] lI)k( (Xk’ k) ( (xk) d) et ) k+1) ( )
So we have on Uy, ; N Uy:
e~ Xl WO T oey1 = el” Tio WO kT . ewéﬂ EENCD S WO ¥ - o (256)

¢

establishing that « is a global section up to the set where o, = 0. Furthermore it is

holomorphic, since the the map obtained by

(95" 01 00 (Wil y 0 1) © (Wi, owk)(i, ) (257)
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composed with the projection onto the second component yields P Wk oy, so
we obtain oyuu as a composition of holomorphic mapﬂ. By the Riemann extension
theorem, this section can be extended over the set where o = 0, by setting o = 0.
We can use the same argument (by using the change of coordinates into the "other"
direction) to establish that %1 is a well-defined holomorphic section of Kf @ L=, [

Definition 36. Let f be a meromorphic section of some line bundle over X given
globally as a quotient f = g/h for holomorphic sections g, h which do not share a

common non-invertible factor. Then, the indeterminacy set of f is the set
N¢ = {x € X: g(x) =h(x) =0}. (258)

This is precisely the set where f cannot locally be written as a function with values
in CP'.

Notice that ﬁ has an empty indeterminacy set for all 1 = 1,...,n, since locally

we can write

k—1 /
- W) 4k
o elm 2o Wk . oy

a(x) = ]

(x) (259)

depending on which U} the point x lies in. But this is either always holomorphic ( if
4

1 < k) or k < 1, in which case we know that o% has no pole set in UY, so also ¢t <"1 -

3
d)l—k
we write Uy instead of U}, and keep in mind that the definition depends on the map u.

will not have one in Uy, and therefore has no indeterminacy set. From now on

It turns out that we can reconstruct u from «. To do this, lets start with a

technical lemma:

Lemma 37. Let u be a solution, which determines a section « of L as described
above. Using the hermitian metric hy on the line bundle L and the induced metric on
Kx, we have, setting N :={x € X: (ac- ¢)(x) = 0}, we can describe the sets Uy above

as follows:
o« U\N = {x € X: X Mo Weeo|p(x)* < |x(x)]*}

« WAN=
{xeX: e X0 Wi Wreg, k1) | dh (x) 2R3 < (x| < 2150 Wi Waeg k1) [y (x) 2T}
for0<k<n-—1

o+ U \N = {x € X: ()2 < @2 T Wi Wreom2l]p (x) 223

The maps 11);1 01j1 are precisely the holomorphic changes of coordinates.
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Proof. The first and third claim are similar to the second, which we prove in the
following:

We make use of the decomposition

Mg = (M N M) U MieNn M) U (M N N) (260)

In My,1, a point p belongs to My if and only if pi(p) > axy. If we assume that
p= (oci] o) = (e Tt W{%jz, eXioW o) and use the local expression for pi,
we obtain that u(p) > a1 is equivalent to the condition

ez(z{;o “W[~W,eg k11) |¢ (x) |2k+3 < |(X(X) |2 (261)

In a similar fashion we obtain the second inequality, using the local expression of
in Mk_] . ]

Given a holomorhpic structure 0 on L, and a holomorphic section « of L, such

that £~ is holomorphic and all & have empty determinancy sets for k = 1,...,n,
04 04

how do we construct a solution to the perturbed gen. SW equations? The idea is to

reverse the above construction:

Lemma 38. Given a holomorphic section « of L, such that 4’7? is holomorphic and
d%: has an empty indeterminacy set for all k = 1,...,n, there is a holomorphic section
u, € I'(X,F), such that uy determines the section « as described above.

Furthermore, if w € T(X, F) is a holomorphic section determining the holomorphic

section « € T'(X, L), then u = u,.

Proof. W .l.o.g. we assume |p(x)| < 1 for all x € X.
If the section % is holomorphic it has no pole set, therefore x(x) = 0 implies
¢"(x) = 0 which implies ¢(x) = 0.

Away from N:={x € X: (- d)(x) =0} ={x € X: d(x) = 0}, we set
o Up\N = {x € X: e Wo|dp(x)P < |au(x)*}

e UNN = {x € X: X0 Wp(x)P < |a(x) < e2Zi0 Mp(x)P< T} for
O<k<n—1

« W _\N= {x € X :|(x)]* < e2 X155 - {|¢(X)|2n—3}

Since e2Xi-o W (x) [P < e? X1 M| (x)[** for each x € X\N (] are positive
functions), these define a partition of R.y and therefore each x € X\N is contained
in one W \N. On W\N, we define u, locally by uy = (o%, o) mapping into My,

where oy == elXiso W{)d)%. By the same computation as above, these local definitions
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agree on intersections (U N U ;)\N. By the Riemann extension theorem, we can
extend this section over N, or more explicitly, for x € N, we set x € Uj if and only
if k € Np is the smallest natural number s.t. %(X) < o0. This exists, since % is
holomorphic. Also it is important here that d’% has an empty indeterminacy set.
It is clear from the construction that u, determines the holomorphic section « as
described above. On the other hand, if « is determined by a holomorphic section u,
then u, and u agree on the open sets U, \N (Notice that Ui \N C U \N), and by

the identity theorem for holomorphic functions they agree everywhere. O]
The previous discussion also holds true in the smooth category:

Corollary 10. Given a smooth section & € T'(X,Kx), then there is a one to one-

SpinC(4

correspondence between maps w € Map(Q, M) ) satisfying uc ouw = ¢ and

sections o € T'(X, L), such that % is smooth and d’% has no indeterminancy set.

Proof. Follow the steps of the previous proofs, and observe that w and u, agree
everywhere on X\N. Finally, a small compututation shows they actually agree on
the whole of X. O

We now know how to deal with the map u, but we are still left with the equation
(FOM +is-wyx =pou. (262)

We follow the Ansatz one uses in the linear Seiberg-Witten theory, i.e. we extend
the Gauge group from Map(X,S') to Map(X,C\{0}) in order to solve equation
. For this, recall that L is a hermitian line bundle, so it comes equipped with a
hermitian metric hg. Any other metric h; differs from hy by a positive function, i.e.
h; = e - hy for A € C*(X,R). To construct the holomorphic section u, from o, we
used the metric hy. Denote the holomorphic section using the metric hy = e - hy by
uh.

Lemma 39. Let « be a holomorphic section of L with respect to the holomorphic
structure 0 induced by a connection A. Then there exists a unique hermitian metric

hy = e hy, such that the Chern connection B uniquely defined by the triple (L, hy, 04)
fulfills

(F)M +is- wyx = woud (263)

Proof. A quick calculation (see [22]) shows that if B is the unique holomorphic
connection determined by (L, hy,0 := 04), then

Fg = Fa + 00A (264)
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so hy fulfills the above equation if and only A satisfies
(Fp) " +1s - wx = 2(FH)P 4+ 2(00AN)N +is - wx =1 yrou) - wy (265)
which, since Q% (M, C) = wy N QM(M,C) C QM(M, C), is equivalent to
2FA A\ wx + 200A A\ wx +1is - wx A wyx =1i-proud - wx A wy. (266)

We can now make use of the relation 00A A wx = —21A(A) dvol to rewrite the above

equation as

1 1
(A(?\) + Fhr 0 uﬁ) dvol = {FA /\ wx + %dvol (267)

The next theorem asserts that this differential equation indeed has a (unique) solution.

Theorem 20. Given a compact Riemannian manifold X, the differential equation
AN(x) + F(x, A(x)) = g(x) (268)
where g : X = R and F: X x R — R are smooth functions, has a unique solution

A € C®(X) if F satisfies the following conditions:

1. F(x,-) : R = R is strictly increasing for all x € M besides on a null set, in

which we assume F only to be increasing.

2. We have

lim F(x,A) =00 and lim F(x,A) = —o0

A—o0 A——o00

for all x € M besides on a null set.

Proof. See Appendix C. O

Thus, we are done if we prove that A — o u} satisfies these two conditions.
Recall the sets Uy (A) := Uy defined by the section u). If we pick a point x € Uy (A)\N,

which means that x satisfies
X0 W (x4 < eMalx)2 < eZi Wi (x) [, (269)
we have the local description

1
Iy o ui\((x) _ E(eZWreg,k . eA’o(kIZ o efZWTeg,k . e?\’il,Z) (X) (270)
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For a small variation of A + 0A of A, the point x will still be in Uy (A 4+ 8A) and the

local description is still valid. The function Wieqyx is the integral over a positive

A A

function up to py ouj. From this we see, that p; o uj, cannot be constant if one

varies A, otherwise Wiq would be constant as a function of A, but the terms eMoy|?

A

% would be increasing,

and —e_klo%!z would be increasing if A increases, so py o w
giving a contradiction. So either it is strictly increasing or decreasing. For A big
enough, we have e ™Wo|dp(x)]® < e*a(x), meaning p; o u} > ao, while for A small
enough Ly o uﬁ < an_1, which means the function must be strictly increasing. With
the same argument, using the local description for p;, we also see that the second
condition is fulfilled on X\N.

]

Now given a pair (0, &) of a holomorphic structure on L and a section « of L which
is holomorphic to 0, such that %‘ is holomorphic and % has an empty indeterminacy
set, it determines a solution (A,u}) to the perturbed generalized Seiberg-Witten
equation up to Gauge equivalence. Two such pairs determine the same solution up
to Gauge equivalence if and only if the holomorphic structures are isomorphic and
there is a holomorphic isomorphism of L mapping one holomorphic section into a

scalar multiple of the other™ In conclusion:

Theorem 21. There is a bijection between the Moduli space
M? = { Solutions to the perturbed gen. SW with perturbations (¢,is - wx)}/G for
the target manifold a MEH space with n singularities and the set

{eﬁective Divisors D on X, s.t. ¢;(D) = ¢ (L),

n-(d))—D20,(k~(¢)—D)om(k-(q))—D)oo:(Z)forauk:1,...,n}.

4.3 Solving the perturbed Equations Part 2

We give an alternative description of the solution space, arising via the description
of the MEH-spaces as hyperKéahler reductions. The following considerations are due
to V. Pidstrygach.

Recall the description of MEH- spaces as a hyperKéhler reduction

Me= (1™ ") o) /T (271)

15This is a similar argument to the one used to solve the unperturbed equations, see [28].




78 4.8 Solving the perturbed Equations Part 2

We denote
n— -1 T
Y. = (ﬂ ‘) () &5 M, (272)

which is a T" ' prinipal bundle over M., carrying a natural connectio induced
by the surjective submersion. We will now relate solutions to the generalized
Seiberg-Witten equations with MEH spaces as a target space to solutions to the
gSW equations with target space H", where the generalized spinor takes values in
Y. C H".

Let Q be a U®(2)-structure over X and let (u,a) be a solution to the GSW

equations with target space M.. We have the following diagram:

wY, —— Y,

Jﬂz Jm

Q LN M.
The bundle u*Y, is a UT" (2)-prinical bundle over X, where
uf™(2) == (T™ x U(2)), . (273)

Denoting the connection on Y, induced by the Riemannian metric by A+, and the
connection on Q obtained by lifting a together with the Levi-Civita connection by

A, we obtain a connection on w*Y, by
A:=m(A) QU (A). (274)

We write (i, ..., ay) for the T™-part of A, and U = (U1, ..., Un).

Theorem 22 ([23]). Solutions to the perturbed GSW equations with perturbation
¢ and target space M. up to S'-gauge equivalence are in 1-1 correspondence with

solutions (U, A) of the system

D=0 (275)
W) = e (276)
W (@) =prsi o FL + & (277)

up to T™- gauge equivalence.

16To be more precise, this connection is given by taking the orthogonal complement of the vertical
subspace.
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The above system of equations reads in components:

Dau,=0, s=1,..,n (278)

oug1) —o(us) =es-w , s=1,..,n—1 (279)
Y FL=) ofuw)+d (280)
s=1 s=1

where A; is the lift of ag together with the Levi-Civita connection, and o is the
moment map of the standard S'-action on H. Writing us = (s, B5), one can solve
these equations more explicitly. In fact, it turns out that (s, Bs) are holomorphic

for all s, therefore the moduli space can be identified with certain divisors:

Theorem 23 ([23]). Solutions to the system above up to T"-gauge equivalence are

in 1-1 correspondence to the following space:

n k—1
{eﬁectwe Divisors (o4 )o Z Ai, (Br)o = Z A, k=1,..,n
i=k i=0

S Ac= (@), (oir)o N (Bido = 0 for all k=1, .m, 3 c1la) = cm}
k=1

i=0

Unsurprisingly, we can relate those two descriptions of our moduli space:

Theorem 24. Fiz ¢ € H°(X,Kx). The systems
{eﬁective divisors D, ¢;(D) =¢;(L), D < n- (¢),
(k- (p)—D)oN(k-(d) —D)o =0 for all k = 1,...,n}
and
n k—1
{eﬁectwe Divisors (o4 )o Z Aiy (Br)o = Z A, k=1...,n
i=k i=0

D A= () (ouin)o N (Bido =0 for allk =1,..m, Y crlow) = cm}
- k=1

are equivalent.

Proof. Given D, it defines a holomorphic section ¢ of L such that Tn is holomorphic
and (£)oN ()0 = 0. Set (oo = (5w )o— (3 )o and (Bio = (£ )o— (£ )o. The
condition (ock+1 )o N (Br)o = 0 is clearly satisfied, also ) 1y Ai = (o + (Bi)o = ().
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A small calculation shows that the divisors Ay are effective and give decompositions
of o and Py as desired.

On the other hand, given a collection of divisors o and Py satisfying the conditions
above, define (Q)o = > 1_; &. This defines a holomorphic section of L, since
c1(€) =Y 1 cilon) = ¢i(L). Furthermore Y ¢ 1 (Bi)o — (oo = Yy Ai =1 (),
SO Y 1 Br = % is effective as well. We are left to show that

K@) == k-Aj=> ox=) k-Aj=> j-Aj=
j=0 k=1 j=0 j=1

D (k=j)-Aj= 3 (KA,

j<k—1 i>k+1

But since (oge1)o N (Br)o = (ijkH Aj> N (ngk—l Aj) = () the A’s are all effective

divisors, also their positive weighted sums do not intersect, so indeed,

(k- (¢) =D)oN (k- (¢) — D) = 0.

]

This gives a nice geometric description of our solutions: A solution is equivalent to
decomposing (¢) into n+ 1 divisors Aj, i =0, ..., n such that each A; only intersects
Ai 7 and Ai;;. The map u is then constructed in such a way that these divisors are
mapped into the pg' (0) variety, where Ay and A,, are mapped into the outer copies

of C respectively, and each A; is mapped into the i-th sphere.
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4.4 Virtual Dimension

We now have an explicit description of the points in the moduli space, but we are
also interested in its topological structure. For further investigations, recall how the
moduli space was constructed}

For u € Map(Q, M)*" 2 we label the following Banach manifold

X == Map(Q, M) @ x A, (281)
Y i=Map(Q,wTM ) x Q% (X) (282)

We then defined the perturbed Seiberg-Witten map
swiy X X HE(X,R) — V. (283)

The gauge group G acts on its zero set, and thus we can define the parametrized

moduli space
PM = sw | ({0})/G. (284)

This contains all possible solutions for all possible perturbations modulo gauge

ITThe following discussion is very similar to the linear case, for more details see .
18 Again, technically the second space depends on some element in the first space, but this is not
important for the considerations here.
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equivalence. It has an obvious projection onto the last component
p:PM - H2XR), [, ays - w, b)) = (s - w, ¢) (285)

and the preimage of a fixed perturbation is precisely the moduli space we have

investigated so far:

P (s - w, d)}) =M (286)

By Lemma , the differential Tsw( of the perturbed Seiberg-Witten map is
surjective for all solutions, so we can use the infinite dimensional version of the
regular value theorem to give sw(f)] ({0}) the structure of an infinite dimensional
manifold. Away from p~'({0}), the action of the Gauge group is fre, SO we expect
PM to be a smooth manifold there. Its dimension is equal to the dimension of its

tangent space, which is given by
TPM =~ ker Tsw(,)/imTG (287)

By Sard’s theorem, for a generic perturbation (s-w, ¢), the preimage p~' ({(s-w, $)})
will either be empty or a smooth manifold of dimension dyi, = dim PM — dimbj,
called the wvirtual dimension of the moduli space. We compute dim PM:

Denote by Ly the line bundle such that mu*TM =~ LO@L0®K§17 whereu: Q - M
is an equivariant map, Q — X a U®(2)-structure given by a line bundle L. As noted
in corollary , the linearizations of the generalized Seiberg-Witten equations and
the linearization of the linearized equations agree up to order zero terms. Hence we

obtain the following result:

Lemma 40 ([22], p. 229). The virtual dimension of the Moduli space of the linear
Seiberg- Witten equations with U®(2)-structure Ly ® Qcan is given by

vam = 3 (2L = K)? = 2x(X) + 3¢(X)) (289)
— l<(4L§+K§(—4LO-KX) —Ki) =Lo- (Lo —Kx) (289)

Here, x(X) and t©(X) are the Euler characterstic and the signature of X respectively.

Proof. We would like to compute the dimension of

TPM =~ ker Tsw(,)/imTG . (290)

9A fixed point of the gauge group action must satisfy u = 0.
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Notice that T;G ~ Q°(X,R) and the differential of the gauge group action is

given by an operator K, which is the sum of the deRham differential
d: Q°(X,R) — Q'(X,R) (291)

and a term of order zero in the first factor?%l

Assuming the spinor u is non-constant, the kernel of K is injective. Using the
adjoint, we can characterize im TG as the kernel of K*, which is given by d* plus a
term, which is the adjoint of an order zero operator, which again is of order zero.
Furthermore, K* is surjective. We therefore only need to compute the dimension of

the kernel of the map
Tswi) + K" = 3" 4 d* + d* + terms of order zero. (292)

This is a surjective Fredholm operator, therefore the dimension of its kernel is equal
to its index. The index is invariant under perturbation of terms or order zero, and

therefore
dim TPM = index(B"™" + d* + d*) + b (293)

The last term comes from the fact that we have artifically enlarged the domain of
the map from & to X x Hi(X,R). The index can be computed using the Atiyah-
Singer index theorem, which, as noticed, gives the same dimension as in the linear

Seiberg-Witten case, which is computed in ([22], 3.2) and gives the number above. []

Notice that the virtual dimension can be computed as Ly-(Ly—Kx) = ¢z (mu*TM) =
e(mu*TM), the Euler class of the vector bundleE]. It turns out that we have an

explicit section of this bundle:

K(x) = Ip, KM (u(p))] € T(X, mu*TM) ~ T(X, Q xy uTM) ,p € Q,i(p) = x
(294)

where KM is the fundamental vector field of the hyperKihler S' action on M. Now,
let u be defined by a collection of divisors (Ag, Aq, ..., Ay), such that they are the
components of ¢ € H°(X, Kx), or, equivalently, u is defined by a section o € H°(X, L)
such that o divides ¢™.

We distinguish between two cases:

20The first factor is given by the fundamental vector field, described by the vector field K(x)
below.
21To be precise, we identify top differential forms with numbers by integrating over M.
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Case 1: All the divisors meet transversally and IC meets the zero section transver-
sally.

In this case we can compute the Euler class by counting the zeroes of K with suitable
orientations. We observe that the zeroes of KC are prescisely those points, where
u(p) = a; for some singularity a;, since these are the fixed points of the S' action.
On the other hand, u(p) = a; & 7t(p) € AN Ai.

Case 2: Not all divisors meet transversally (i.e. some of them have a common
component), or K does not intersect the zero section transversally.

We notice that the isomorphism class of the vector bundle mu*TM depends only
on the homotopy type of u. We therefore perturb u to a smooth section u' such
that both conditions are guaranteed. The divisors A; are perturbed into zero sets
of smooth sections, which we will denote by Af. To achieve this, we look at the
local picture. The map u can locally be given as u = (a,b) for maps a,b: U — C
on some neighborhood U C X, such that a '({0}) = Ayy and b'({0}) = Aiu.
Consequently, the intersection (Ai N Am)lu corresponds to u = 0, or equivalently
a =0and b = 0P If the intersection is not transversal, we perturb a and b
into smooth maps a’,b’, such that the intersection of their zeroes is transversal.
Changing u locally in this fashion yields a smooth section u’ with all corresponding
intersections being transversal.

As above, K(u')(x) vanishes if and only if x € A{ N Al ;. We use the fact here
that the intersection number is really a topological invariant, and can be computed
using the intersection of generic smooth sections which zero sets meet transversally,
in particular we have

Ai A =A-AlL, foralli=0,..,n—1. (295)

i+1
We determine the corresponding orientations at these intersection points:

Lemma 41. The orientation of some point x € A{N AL, is always (—1). Therefore

the Euler class and hence the virtual dimension is given by
n—1
Vdim = — Z Ai- A (296)
i=0

Proof. Let x € Al N A} Denote L; ;== O(A;) and Liyy := O(Ai1). By the

i1
transversality assumption A{ and A{,; are two dimensional submanifolds of X around

22Geometrically in the local picture, the divisors A; and Aj,1 are mapped to the two coordinate
axes in C?, and their intersection is precisely what is mapped into zero.
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the point x. They inherit orientations from A; and A;,q, by parallel transport via the
perturbation (although A; and Ay might have singularities, these are isolated, so
the orientations can be lifted at these points, as soon as they are perturbed to smooth
points). Take a small neighborhood V ~ C? around the singularity a; € M, on
which we have holomorphic coordinates and u’ ‘_V]{ai} = x, and let U be the connected
component containing x of the preimage 1/ ~'(V). Then, on U, the map 1’ is given
by

(a,b) € MU, (L; ® L;r]] Ju), such that (297)
a'({0}) = Al and b ({0}) = AL ;. (298)

Now, Ky = (ia,—ib), and the point x is precisely where a and b vanish simulta-
neously, therefore we have we can compute the intersection number at x via the

—1

eulerclass of L @ Li

e(“—i S Lil]])lu) = CZ((Li S Lij])\u) = Liju - (— Lm\u) =—Ayu-Aiau - (299)

[]

The previous lemma actually gives us a lot of information about the moduli space:

Assume for a moment that all the intersection numbers A; - A;,; are non-negative.
Then the virtual dimension of the Moduli space is non-positive, and it is only equal
to zero if all the intersections satisfy A; - Ai;;; = 0. When the virtual dimension
has negative dimension, we know the moduli space must be empty for a generic
perturbation ¢, therefore we could conclude that the moduli space is always zero
dimensional (which also concides with the actual dimension) or empty, and this only
happens when all the A/s are non-intersecting. But what if the intersection number
Ai - Aiyq is negative for some 1, so A; = Am?[g_gl It turns out that this can never

happen:
Proposition 4. Every intersection number A; - A, is non-negative.

Proof. Indeed, assume Ay and Ay, have negative-self intersection. Then they

contain a maximal common component C with negative self-intersection. Since Ay

23This is a feature of complex algebraic geometry: Transverse intersections are always positively
oriented, so negative intersections can only occur if one intersects the curve "with itself". One
example of this is the exceptional divisor of a blow up, which has negative self-intersection.
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and Ay.1 are both components of (¢p), we write

Ak = A{( + C, Ak_H = A;GH + C and (300)
(@)= >  Aj+AL+A, +2C. (301)
Ak kAT

We know A; does not intersect Ay for j < k—1, in particular it does not intersect C.
Also A; does not intersect Ay for j > k + 2, so it does not intersect C. Furthermore,

by the maximality of C,

Al-AlL, >0.
By the Adjunction formula
2p4(C)=2=C-(Kx+C)=C-((¢p)+C) =C-(D_A;+C) = (302)
C (Ac+ A +C) =2C7+C- AL+ C- AL, +C2J§ (303)

Al Al + C+ C- AL+ C - Al +2C7 = A Ay +2C7 < =3 (304)

implying that 2p,(C) < —1, which is a contradiction, as the arithmetic genus is a

non-negative number. Therefore such a curve cannot exist. O

What might happen though is that A; = A;;; = C with C> = 0. This case also
deserves special attention, as by varying the perturbation ¢, this solution might
"bifurcate" into two different solutions, giving rise to compactness problems. This

will be considered in the next chapter. We summarize:

Corollary 11. If the moduli space for a generic perturbation & is non-empty, then
the virtual dimension is zero. Furthermore all the divisors A; are (algebraically)

disjoint.
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4.5 Orientation

“One does not speak about orientations in public.”
- an anonymous mathematican

Since we model our moduli space as a manifold, and we would like to extract
invariants by integrating over our moduli space (in our case, since the Moduli space
is always zero dimensional, it comes down to counting the number of points), we need
to assign them orientations ( in our case, a 1 for each point). This is done in the
following, more general framework: Assume we have a (maybe infinite dimensional)
Frechet manifold X, and a possibly infinite dimensional Lie group G acting on X.
Now assume that we have a map F: X — ) to another possibly infinite dimensional
Hilbert space, such that 0 is a regular value of F, F is G-invariant, and the G-action
is proper and free on F~'(0), so the quotient F~'(0)/G is a manifold. Linearizing this
equation at some x € X with F(x) = 0 gives the following complex, where Lie(G)
denotes the Lie algebra of G:

0— Lie(¢) ™ T.x &y 50 (305)
or if we dualise the complex by using the adjoint map:

dFx®(Kx)*
—_—

TX Y @ Lie(G)" — 0 (306)

The tangent space of the quotient manifold F~'(0)/G at the point [x] is modeled as
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the kernel of the map dF, & (K,)* @ In our explicit setting, given a solution to the
perturbed Seiberg-Witten equations (u, a,is - w, ®), this is given by

Swlin .
Q°(X,AR) & T(Q, w'TMHU @ x QT (X, iR) — bl (307)
FQ,u"TM )Y@ x 0(X,iR). (308)

or if we wrap the complex:

wlin )@K*

F(Q, W' MU % Q1(X, {R) iz (309)
MQ,u"TM )Y@ x O(X,iR), x Q°(X,iR) (310)

where

F = SW}H,IA,dJ,is-w) ® K (ll)) (X) = (Dun’All) + Cl(Klo\c/[)) d o — d}’L © ll)’ d o+ <K{\A’¢>)
(311)

One observes that by getting rid of the zero order terms, the map will be given by
Fy = (Dlm’A, dt @ d*). The kernel of this can be described very explicitly: It is given
by ker B e (X,iR). Furthermore the cokernel is H2 (X, iR) & H°(X,iR). All

these spaces carry canonical orientations ]

The idea is now to "transport" orientations from these well known spaces via a
homotopy between Fy and F; to orientations on the kernel of F;. This can be done

using the following Theorem:

Theorem 25 (22|, Corollary 1.5.7). Let F, t € [0,1] be a continiously varying

family of Fredholm operators, and denote
det F; := det(ker F;) ® det(coker F;) (312)

Then det(Fy) ~ det(Fy), and any orientation on det(Fy) induces canonically an

orientation on det(Fq).

Usually, finding this orientation transport means going into the nitty-gritty of
the case at hand. Luckily, most of the work has been done for us already. But

first, lets simplify a little bit: We write @ = u; + pc as before, and observe that

24The regular value theorem is applied here.

25The kernel of Dﬁn carries a complex structure, which induces a natural orientation. H°(X) is
the space of constant functions, so we just choose the constant 1-function to be positively oriented,
and Hi(X) splits as the real span of the symplectic form and a complex vector space.
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du o = wi(KM ), duc o = we(KM ). Further we identify 1-R- wx ~1-R
and view the latter as a subbundle of the complexification of R. Also, we identify
Q'(X,R) ~ Q% (X) and muw'TM* ~ Ly @ Ly ® A%?*(X) and denote the section
KM = (K;,K,) € r(x, Lo Lo @/\O»Z(X)), similarly P = (P1,1,). Last but not least,
let B be the connection on Ly satisfying Bl = EEO —= Op @ 0p. Putting all this
together we get:

Fi(b, o) = (B + cl(KY), d* e — du o, d o+ (KM, 1)) (313)
1 + 0p2 + V2(ax A Ky — @/K;)
= doc — we (KM, ) (314)
9 o+ h(KM, )

We simplified the last term using the hermitian form h(-,-) = (-, -) +iw;(-,-) on TM.
In this form, the linearization of the generalized equation take the same form as the
linearization of the linearized equationg?]

Thus, we can save us some work and use the same technique as in ([22], 3.3),

where the linear case is proven:

Lemma 42. Given a U®(2)-structure on X defined by a line bundle Ly and a solution
(u,a,is - w, d) to the linear Seiberg- Witten equations defined by some « € |Ly,

then the orientation of the corresponding point in the moduli space is given by

(—1) (dimHO(X,Lo) 1).

The idea of the proof of the lemma above is to notice that

Y1 + 5,
Fo(, o) = oo (315)
'

and then split the path to F; into one where one only has complex linear operators,
which preserve the orientation, and one involving only complex antilinear operators
which "flip" the orientation depending on the dimensions of the spaces involved, and

compute these dimensions explicitly. For more details, consult [22].

Corollary 12. Given a U%(2)-structure on X defined by a line bundle L and a

solution (u, a, d,is- w) to the generalized Seiberg- Witten equations, let Ly be the line

26The only difference being that we use the hermitian form h and the fundamental vector field
on M, not the standard one on C2.

2"In the reference, the proof is only given for elliptic surfaces, but the proof can easily be
generalized for arbitrary projective surfaces.
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bundle such that mu* TM' ~ Ly, ® W*. Then the orientation of the corresponding

imHO _
point in the moduli space is given by (—1)<d HY(X,Lo) 1).

4.6 Compactness

In the following section, we take a closer look at the topology of the moduli space
with respect to variations of the Kéahler structure.

Fix a smooth manifold X and a smooth path of Kahler structures (g, I;), t € [0, 1]
on X. Let L be a line bundle over X, such for each complex structure I; it admits
a holomorphic structure 9 , or equivalently, a path of connections a; such that
F‘Zl’tO = 0, where the (2,0)-part is with respect to I;. Furthermore we fix a path of
perturbations ¢, € I'(X,Kx), t € [0, 1], such that ¢, is holomorphic with respect to
the complex structure I;. Recall that for a fixed t, we identified the solutions to the
generalized Seiberg-Witten equations with di-holomorphic sections of L (denoted by
IL|;) dividing ¢} and satisfying certain restrictions on indeterminacy sets. Denote
by |Ll,1 := Useo1ILl¢ the collection of all the I-holomorphic sections with varying
complex structures and endow it with the topology on I'(X, L) given by the supremum-
norm.@ As this is precisely the moduli space of the linear Seiberg-Witten equations
with perturbation ¢ = 0, we can use the following crucial fact from classical Seiberg-
Witten theory:

Theorem 26 ([22]). The space |L|pqy is compact.

Now, fix the metric on M induced by the Riemannian metric. Define a topology
on the space of solutions via the metric induced by the supremum norm, i.e. the

metric is given by
d((u, a), (1, ') = supxexiu(x) — w'(x)| + |(a — a’) (x)| (316)

This topology does not depend on the specific metric on X and M, respectively.

Furthermore, it defines a topology on the moduli space via

d([u, al, W, a']) = infy, y,eq { supgex [v1(x) - ulx) —y2(x) - W (x)| + [(via — yia) (x)[}
(317)

Proposition 5. The moduli space equipped with this topology is homeomorphic to
the subset |L|j 1) described above, equipped with the usual subset topology. In order

to prove this, we need the following two lemmas:

28For this, we need to fix a metric on L, but the resulting topology does not depend on the choice
of the metric.
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Lemma 43. Let oy be a sequence of 0.-holomorphic sections satisfying the conditions
on the indeterminacy set described in Lemma (@, converging to «, also satisfying
the conditions. Then the maps w, into M defined by o as described in Lemma @
converge uniformly to w, the map defined by «x. On the other hand, if i — u is
a sequence of O¢-holomorphic maps, then the corresponding sections o converge

uniformly to «, the corresponding section to .

Proof. For each x € X, we know that x € Uj, for some k = 1,...,n, where U} is
defined as in Lemma for the section . Since o converges uniformly to «, for 1
big enough, there is a neighborhood around x which is inside the set U | := Uy (e
defined by oy as. It follows directly from the local description of w; that w; — u
uniformly on this local neighborhoood and by compactness 1; — u on the whole of

X. The other direction is similar. Il

Lemma 44. Assume w — w uniformly, where w, is holomorphic with respect to Oy,
while w is holomorphic with respect to 9y, and they satisfy the complex moment map
condition nc ow = Py, and pc o u = Py, respectively.

Then the unique real gauge transformation Ay taking (W, ay,) to a solution to the
perturbed GSW converges to A smoothly, the unique real gauge transformation taking

(u, ai) to a solution.
Proof. See Lemma in the Appendix. O
We can now prove the proposition:

Proof. Assume a sequence of elements o € |Ljp 1) converges to o«. Then & defines a
map 1, into M as described in Lemma converging smoohtly to u, and there exists
a unique real gauge A; such that (Aj.w, Afay,) defines a solution to the perturbed
GSW. By the previous lemma, A; — A smoothly, where A is the unique real gauge
transforming (u, ay,) into a solution.

For the other direction, given a sequence of solutions (u, a;) — (u, a), we know that

o — o« by the penultimate lemma. O

From this we see that the moduli space is not necessarily compact; The condition
on the indeterminacy set is an open one. Indeed, it might happen that by varying
¢ the zero set of i—f tends toward to the zero set of g—% and if they intersect in the
limit, it seizes to be a solution.

Let us be more precise: Assume that a collection of divisors (Ao, ..., Ay) define
a solution for the perturbation ¢y, and assume they are pairwise disjoint. Further,
let L' be a line bundle over X and assume that O(A;) = O(A;) = L’ for some

i #j. Let v : [0,1] — [L| be path with y(0) = A;,y(1) = A;j such that y(t)
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does not intersect A; and A; for all t € (0,1). Now, the collection of divisors
(Agy .oy A1, Y(t), Aif1y ...y Ay ) defines a solution for a perturbation ¢, where ¢y
is defined by replacing the A; component by y(t). But by switching y(t) and Aj;,
i.e. taking the collection (Ag, ..., Ai_1, A, Ait1y ey Aj1, Y1), Ajiry oy An) we also
obtain a solution for the perturbation ¢;. In the limit t — 1, these two different
solutions either do not define a solution anymore (when i and j are not adjacent) or
come together and define a solution given by (Ao, ..., Ai, Ay, ..., An) when i and j are

adjacent. Both cases give rise to compactness problems.

But this can be dealt by using only perturbations ¢ which are "generic enough":

Corollary 13. The set

{(43) € [Kxl, (¢) = i Ai: Ay = Aj for somei#j with dimH°(X, O(A;)) > 2}
i=0
(318)

has real codimension at least 2 in |Kx].
Proof. This follows directly from the fact that the diagonal in |[O(A;)| x |O(A;)] is

at least a complex codimension 1 submanifold, so at least real codimension 2.  [J

Now, we only allow perturbations ¢ in the complement of this subset, and since
it is of codimension 2, any generic path between two such perturbations will also

miss the subset.
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If (¢) has a fixed multiple component, i.e. there is some A; which appears twice
and has dim H°(X, O(A;)) = 1, we allow all corresponding solutions where A; appears
twice, as this component cannot bifurcate into different divisors by definition.

We can apply the whole discussion to the case where we vary the Kéahler structure,
with one small caveat:

Can we guarantee that for a path of perturbations ¢y = > I ,(Ai)¢ the numbers
dim HO(X, O((A4)¢)) stay constant? Because if dim HO(X, O((Ai)¢)) > 2 for all t < to
and dim H°(X; O((Ai),)) < 1, then the case described above is unavoidable!

As we will see in the next chapter, by looking at every possible case, this can not

happen by examining each case individually.

We are now ready to define the invariants:

Definition 37. Let M/ the moduli space of the perturbed generalized Seiberg-
Witten equations with target space a MEH space with n singularities. We define the
generalized Seiberg-Witten Invariants of the Kéhler manifold X by

swa(X,Q) = ) &L
PEM}, orientation of P

if Kx admits a non-zero holomorphic section ¢, and set it to zero otherwise.
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5 Invariants

In this chapter, we will explicitly compute the invariants arising from all the machin-
ery we have developed so far. Again, we fix a simply connected, four dimensional,
projective Kahler manifold X, where projective means it arises as a complex sub-
manifold of some projective space, and the Kéhler structure is the one induced by
the standard Kéhler structure on projective space. Such manifolds are also interest-
ing from the viewpoint of algebraic geometry, since these are precisely the simply
connected, two dimensional, complex, projective, smooth varieties. For the general
facts stated in this chapter, we refer to [1] and [6]. It turns out that we have a rough

algebraic classification of those, using the so called Kodaira dimension:

Definition 38. Denote by P, = dim H(K{™) the n-th plurigena of X. If P, = 0 for

all n € N we set the Kodaira dimension x(X) to be —oo, otherwise it is defined by

Pn
k(X) = the smallest k € N such that X is bounded. (319)

In fact, surfaces can only have Kodaira dimensions equal to —o0,0,1,2. The
restriction to simply-connected ones leaves us with a rather concrete picture, as we
will see in a moment.

We call a complex surfaces minimal if it contains no smooth complex submanifolds
biholomorphic to CP' with self-intersection —1. These are precisely the surfaces

which cannot be obtained as a blow-up of another surface.

Theorem 27. ([22], 3.1) Every complex surface S with «(S) > 0 has a unique
minimal model M, i.e. there exists a minimal surface M with k(M) = k(S), such

that S is obtained by finitely many blow-ups of M.

Therefore it makes sense to restrict ourselves to minimal surfaces first, and then

see how blow-ups change the game.

5.1 Rational surfaces

Simply-connected surfaces with k(X) = —oo are called rational surfaces.

These are surfaces which are birationally equivalent®] to CP?, for example the
surfaces CP? and CP' x CP'. Since we demand that h®(Kx) > 1 for our deformation
of the generalized Seiberg-Witten equations, we cannot define invariants in this case,
as these have h®(K{™) = 0 for all m € N.

29Two surfaces are birationally equivalent if they are algebraically isomorphic up to a lower-
dimensional subset.
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5.2 K3-surfaces

A minimal simply-connected surface of Kodaira dimension zero is called a K3-surface.
These satisfy Ox ~ C which make the invariants very simple. Since the only
holomorphic sections of the trivial bundle are constant, we choose the perturbation
¢ =c, ¢ #0. The only possibilty for a section of some line bundle L to divide ¢ is
if L is trivial itself, since ¢ does not have a zero set. therefore the invariants for a

K3-surface are

1ifL=Kyx=C
sw(X,L) =
0 else

5.3 Elliptic Surfaces

We follow [6]: An elliptic surface is a complex surface X together with a proper
morphism 7t: X — C, where C is a curve and the generic fibre is a smooth curve of
genus one, aka an elliptic curve. The simply-connected condition gives us a direct

classification:

Theorem 28. A minimal elliptic surface X is simply connected if and only if C = P!
and there are at most two singular fibres which are multiple fibres, and if there are

two multiple fibres, their multiplicities are coprime.

A multiple fibre can be characterized as follows: Let X, := ' (t) be a singular
fibre, and write X; = )_n;E; as a divisor. We call the fibre X; a multiple fibre if the
greatest common divisor of the coefficients n; is m > 2, and then m - X; = f, where
f is a generic fibre, and m is called the mutliplicity of the fibre X;. For the reader
who does not like to involve themselves in the language of algebraic geometry, the

following picture suffices:

Consider the map z +— z™ in the complex plane; a generic fibre is just a point

with multiplicity 1, but the fibre at 0 has multiplicity m.

Furhermore, the canonical bundle can be described explicitly:

Lemma 45. For an elliptic surface over P! with at most two multiple fibres F1 and
F, with multiplicities my, m, respectively, and denoting by f the generic fibre, the

canonical bundle is given by
Kx = Ox((pg — Df + (my — 1)F; + (mz — 1)F,) (320)

where pg = h*%(X) = 22 5
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A general fact about such simply-connected elliptic surfaces, which we will need

later:

Theorem 29 (22|, 3.3.11). There exists a primitive class F € Hy(X;Z) such that
f= my sz, F] = sz, Fz = m,y F. (321)

As discussed in the previous chapter, we choose

Pg—1

(d) = Z (b)) + (my — 1)Fy + (M, — 1R (322)
-

where b € P! are distinct points such that 7t~ (b;) are regular fibres, and F; and
F, are the two multiple fibres respectively.ﬂ Any other choice for (¢) is equivalent
to choosing different (py — 1) regular fibres, which does not change the invariants.
It is clear that all possible solutions which might appear for any line bundle are
decompositions of ¢ into (n+ 1), possibly empty, algebraically disjoint pieces. To
get all these possible configurations, notice that we can map the regular fibres
us (b;) arbitrarly into any of the generalized spheres, because they are set-wise
disjoint to all the other divisors. For the multiple fibres, as discussed in the previous
chapter, the only possibility is that A, = bjF; and Ay, = byFy for some 1;, where
b} + by = (my — 1), similarly A;, = b5F, and Ay, = b,F; for some 1, and with
54+ by =(my —1). Thus, in total there are

(n+1)Ps V. nmy - nm,
(a) (b) (c)

solutions, where

(a) is the number of possibilities to distribute the (pg — 1) regular fibres given by

(b)), ..., (bp,—1) into 1+ 1 generalized spheres.

(b) is the the number of possibilities to distribute the my; — 1 singular fibres F,

into two neighboring generalized spheres [’}

(c) is the the number of possibilities to distribute the m; — 1 singular fibres F,

into two neighboring generalized spheres.

Now, to compute the invariant for a fixed line bundle L turns out to be quite the

combinatorial exercise: Knowing the explicit form of ¢, we know that L must be of

30dim HO(X, Ox(F1)) = dim HO(X, Ox(F2)) = 1, so there is no freedom of choice.
31There are n of them, each pair intersecting in one of the n singularties.
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the form
L= Ox(C . F),

where ¢ € N and F is the primitive class. Using the defining properties of the primtive
class, we see that

Kx = Ox(((pg—T)mym,+2mym,; —m; —my)F) = Ox(((pg+1)mymy—m; —m,)F),
therefore we know that

0<c<n: (pg+ 1mm —my; —m,. (323)

Suppose we have some solution for some U®(2)-structure defined by a line bundle L.
We then denote by ay the number of regular fibres which are mapped into the k—th
generalized sphere. Since there are py — 1 total regular fibres, we have a partition
(aoy @1y .oy @n) Of pg— 1, 1e. Y 1 5 ax =pg — 1. Furthermore, assume that b} of the
(my — 1) singular fibres F; are mapped into the 1l — th generalized sphere, and the
remaining b; = (my; — 1) — b} are mapped into the (1; + 1) — th sphere, similarly
denote the same numbers for F, by 1, b5 and b, respectively. The corresponding line

bundle L will then be given by

L = Ox(c - F) where (324)

C = Zk Qg - mm, + <l1(m1 — 1) —l—b1)m2 + (lz(mz — 1) —i—b2>m1 y (325)
k=0

where we have simplified 1; - b{ + (1; + 1)b; = 1; - (m; — 1) + bj for j = 1,2. Putting

all this together, we have

Corollary 14. Given ¢ € N with
0<c<n: (pg+ mmy —my —my,

the number of solutions for the line bundle L = Ox(c - F), where F is the primitive
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class, is given by the number of solutions to the following system:

Clk,bj,l]' e N, k=0,...,nj=1,2 (326)
0<ax<pg—1 0<b;<my—1 (327)
OszSTﬂz—] OS],],]QSTL (328)
Y ae=py—1 (329)
k=0

c = il« Qi - mym; + (h(ml -1+ b1)m2 + (lz(mz 1)+ bz)m1 (330)
k=0

As this involves counting numbers of partitions satisfying certain further relations,

we stop here and leave more explicit computations to the future.

5.4 Surfaces of general type

We begin with a couple of useful properties:

Theorem 30 (([1], 2.2)). If X is a minimal surface of general type, then X% > 0.

Proposition 6 ((|1], 6.1)). If X is a minimal surface of general type and () € |[Kx|,
then (¢) is 1-connected, i.e. it cannot be written as as sum of effective divisors

((b) = D] + Dz such that D] . Dz = 0.

This means that the only possible decompositions of (¢) into non-intersecting
divisors is Ay = (¢) for some 1, and A; = 0 for j # 1. Therefore, there are precisely

n + 1 solutions for a minimal surface of general type:

PO L =K 1=0,...,n
SW(X,L)Z ( ) X ) )
0 else

5.5 Blow-Ups

Taking into account blow-ups, we have to distinguish between two cases:

1. |Kx/| is not base point free, i.e. there is some xy € X such that ¢(xo) = 0 for all
¢ € |[Kx| and we blow up at this particular xo. For example, this happens if X

is elliptic and X, lies in one of the singular fibres.

2. We blow up at any point yo not lying in the base locus of |[Kx|. Then for a
generic ¢ € [Kx|, ¢(yo) # 0.
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In both cases, we have the following:

Proposition 7 ([6]). The canonical bundle of the blow-up 7t: X — X is given by
Ky = 7K + O(E) (331)

where E denotes the exceptional divisor, satisfying E? = —1. Furthermore m*D-E = 0,

where D is any divisor on X.

We also have to take care of the sign in the invariants, which is determined by

the underlying surface:

Proposition 8 ([6]). Let 7t: X — X be a blow-up at a single point, then one has for
nenN:

RO KE™ = hO(X,KEY) (332)

Furthermore O(mE) only has one section for all m € N.
Now in the second case mentioned above, let (¢) be any divisor representing Ky.
Then Ky can be represented by (7*¢)+E, which is a decomposition into disconnected

components, therefore all solutions are of the following form@

. swX,)if L=m"l'® O(mE), m=0,...,n
sw(X,L) =
0 else

In the first case we have a restriction: Although their algebraic intersection is zero,
the set theoretic intersection of (m*¢) and E is always non-empty. Let C be the
component of (7t*¢) intersecting E. We only obtain solutions if C and E are mapped
into neighboring spheres, or in other words, if there is a solution which contributes
to the count sw(X,L’) and C is mapped into the U'th sphere, then this solution
contributes once to each of the counts for sw(X, 'L’ ® O(mE)) with m =1—1,1, 1.
If C is mapped into the rightmost copy of C, then it contributes to sw(X,7*L’) and
sw()A(, L' ® O(E)) once, and if its mapped to the leftmost copy of C, it contributes
to sw(X, 'L’ ® O((n+ 1)E)) and sw(X, "L’ ® O(nE)). For general type surfaces,
this count is quite straightforward, while for elliptic surfaces this involves some

combinatorics again.

32We take a decomposition of (¢), and then we have the freedom to map the exceptional divisor
to any of the (n + 1) spheres.
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Conlusion and Outlook

We have finally computed the invariants, which essentially depend on the Kodaira
dimension, the multiplicity of the fibres in the elliptic case, and the number and type
of (—1)-curves in the surface, or equivalently, the information on how to obtain this

surface from a minimal model by iterative blow-ups.

Of course the story does not end here; one of the crucial assumptions was that our
line bundles L carry a holomorphic structure. A first step would be to generalize the
results above to non-holomorphic line bundles, entering the realm of non-integrable
complex structures. Another step in this direction is to consider not only Kéahler
manifolds, but symplectic ones carrying a non-integrable complex structure. It was
shown by Taubes (see [29]) that in the linear case, one obtains substantially the same
result for symplectic manifolds when considering a limiting case of the perturbations

we are using. Therefore, it is not a long shot to speculate a little bit:

Conjecture 1. Let X be a symplectic manifold with a compatible almost complex
structure J, and let Kx be the corresponding canonical bundle. If C is any pseudo-
holomorpic curve™| representing Ky, then the number of decompositions of C into

algebraically disjoint components is an invariant of X.

The results by Taubes are obtained by proving certain estimates on the curvatures
and derivatives of spinors involved, which is hard to do in the non-linear case. This
is related to the compactness problem; in fact we have proven compactness of the
moduli space by explicitly computing it and going through every single possible case.
It would be nice to have a more general abstract argument as in the linear case(
where compactness is proven by showing that the norm of the spinor is bounded by
the scalar curvature, and then applying a bootstrapping argument), shedding more

light on what is happening in the symplectic case as well.

Yet another avenue which can be explored is the one of Furuta-Bauer invariants,
see |7] and [2]:

Instead of only focusing on the solutions space, which is given by sw='(0) and
trying to extract information from it, one can investigate the map sw itself. Again,

the non-linearity makes this Ansatz much more delicate compared to the linear case.

33A pseudo-holomorphic curve C C X is an embedded complex surface f : C — X such that the
embedding map f commutes with the complex structures.
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Another interesting consideration arises if one views the MEH-space as a hyper-
Kahler quotient. As we have seen, the solutions we obtain correspond to particular
solutions of the multi-spinor Seiberg-Witten equations. As the overall solution space
and its compactness problems in the multi-spinor case are not well explored yet, it

would be interesting to investigate this correspondence further.
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Appendix A: Weitzenbock Formula

We follow [4]:

Let us compute the Dirac operator locally in the Kahler case. Let e, e, e3,e4
be an local orthonormal frame of TX, {e'}i—1,34 the corresponding dual frame such
that dz; = e' 4 ie? and dz; = €* + ie*. Let {€}i—1234 be the unique lifts to
TQ with respect to a connection A € A. Given a generalized spinor u, we have
VAu = Z;; e' ® Tu(é;), which we identify with

Au = Ze ® ( (Tu(é)) @1 —m" (IzTu(el))> ®dz; Ndz; . (333)

Then applying Clifford multiplication yields

pru = Zn (Tu(é)) @ V21l (eh) - 1+ (L Tu(é)) ® v2rn®' (e') Zdzy A dz, .
(334)
Using
' (e") 1d21, (e?) 1idz1, (e} 1dzz, (eh 1idzz (335)
2 2 2 2

we compute:

1 1
°(Tu(é;)) ® —=dz; + °(LTu(é7)) ® —=dz,+
(Tu(er)) N/ (I, Tu(er)) 797

- 1 o ~ 1 B
0 (Tu(é)) ® ﬁdm — (L Tu(&)) ® ﬁdzﬁ—
1 1
0 (Tu(é;)) ® —=dz, — (L Tu(é;)) ® —dz;+
(Tu(és)) N (L Tu(és)) Mok
TOTu(é)) ® ——dz, + mO(LTu(é) ® ——dz .
(Tu(és)) N (I Tu(és)) Nk

To obtain a norm estimate for the Dirac operator, we pull the hermitian prod-
uct h = gm + iwy, on TM back to Tf]’OM. Using the local description of the
Dirac operator and abbreviating x; := Tu(é€;), while making use of the relation

7OV ®@i-z=1L"0WV) ®z=n"I;v) ® z, we obtain:
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Notice that we made use of vol(X) = 1iwx A wyx in the last line. To further
simplify the above expression, we take a closer look at the terms w](VAu, VAu) and
wi(VAu, VAu). Since we might not have a permuting action of Sp(1), the total

hyperKéhler-form might not be exact, but a permuting S' action will at least yield

A 1
[iv. UHﬁ@gX = E(HX] + Ixg — Ixa + Ixa[l7 4 %3 + Tixs + Ixy — Iixa|[7)
1 1
:§||X1 + Iy — Inxs + Iaxalf + 2” —L(xs + Iixa + Iy — Iixa) |5

1 1
=§||X1 + I]Xz — Ing + 13,764”%l + EH)(] + I]Xz — Ing + 13,7(4”%L

=gm(x1 + Lixa — Ixs + Isxa, %1 + Lixa — Lixs + I3%x4)

4
:(Z gm(xi, Xi) + 2wi(x1,%2) 4+ 2w1(x3,X4) — 2wj(x1,%3) + 2wy (Xx2, X4)

i=1

+ 2w (x1,X4) + 2wk (x2,X3))
4
=|| Z Tu(€) ® €3 0, + 2((w1(V U, VAU), wx)ae )+
i=1

2({wy(VAu, VAU), —n2) e x) + 2((wi (VA VAU, M3) pe x)
=[|VAu|? + 2001 (VA VAU) A x(wx)—

2 Re({wy (VA Vi) 4 iwk (VA VAW, mz + ins)asx,c))
=[|[VAu||? + wi (VA Vi) A wx—

2Re((wy(VAu, VAU + 1wk (VA VAW, dzi A dza)aexc))
=V Aul* + wi(VAu, VAW A wx—

2Re((wj(V*u, VM) + iwk (VA Vi) A dzy A dzy)

exactness of wj and wy.

Lemma 46. For (,n € sp(1), such that C induces the fundamental vector field of

the permuting S' action, we have

Liwy = Wigy) -
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Proof.
ﬁcwn = altzo(eXp(_tC))*g(_, In‘)
d
= T g(dexp(—t()-, I,dexp(—t()-)
d

et alt:o g() Iexp(t(_).n.exp(_tc).) = g('ICLd(C)T]') — w[C,T]]

]

In particular we have %Eiw] = wg and %E(_i)wk = wy. Thus we compute with

the Cartan formula:

Wy = ;Liw] = ;(dL(KN)wJ + KM dwy) = ;dL(KN)w] . (337)
Similarly, wy = $duKM)wy, so for yx = Ju(KM)wy and y; = Ju(K™)wyk we have
dyx = wg, dy; = wy. We can now compute w;(Veu, Viu).
Therefore, choose normal coordinates at some point p € U C X and denote the
corresponding frame by {ei}i—1,34, and a corresponding section h: U — Pua).
Choosing a section g : U — Pg, we can lift the section h x g to a section h: U — Q.
Further we denote the invariant extension of Th(e;) on Q with &, i.e. é(h(p).g) =
TRy (Th(e;)(h(p)). We will use the following lemma.

Lemma 47. For « € Q'(Q), Y and Z vector fields on Q, we have

do(pThora (Y)y PThora (Z)) = d(x 0 priora) (Y, Z) + ;(—Kgm (a(PpThora(Z)))

+ K?\(Z) (“(prhor}\ (Y) )) + ‘X(prhorA ( [Y) Z]) - [prhorAX) prhorAY] ))

Proof. On the one hand,

A (PTiora V), PThora(2)) = 3 (PTiors (V) (@(pTira (Z))

— PThora (Z) (ot(PThora (Y))) — ot [pThora (Y), PThora (£)]))

On the other hand,

d(OC o pThorA) (Y> Z) - ;(Y(Cx(prhor/\(z))) - Z(o‘(prhorA(Y))) — o pThorA([Y, Z]))

Further using Y — priora(Y) = K/(%(Y) yields the above formula. ]
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We can now compute

h*wy(Viu, Véu) (p) = dyj(Tuo pruoraThie:), Tu o prigraThie;)) (u(h(p))) =

d(u™yy) (prhora Thei), prnora Thie;)) (h(p)) = d(u™y; o priora) (Th(es), Thie;)) (h(p))

+ ;(_K?\(m(ei))(u*Y] (PrhorA(m(ej))) + Kg(m(ej))(u*Y](pThorA(Th(ei)))(h(p)H‘

LL*'Y] (prhorA [Th(ei)) Th(ej )] - [prhorATh(ei)) prhorATh(ej )] ) (h(P))

In the last term, ['I'h(ei),Th(ej)] = Th([ei, e]’]) = 0 and since prhorA(Th(ei)) = éi,
where €; is the unique horizontal lift of e; with respect to A, and priora([€;, &) =

lei, ;] = 0 we get that ([prhoraTh(ei), prnoraTh(ej)]) is vertical, thus its equal to

—KM
FA(Th(eq),Th(e;))"
Studying the next term, we see:

KRmnieo)) (WY1 (PThora (TR(€5) ) (h(P)) = KRy (W1(6)) ((p))

d _
= Jr W Yi(E) (h(p).exp(tA(Th(e))))
[t=0
d * 5. d * * ~
" dtpo ¥y (Rexpiia(mie)) &) (h(p)) = Qo NexplEA e V(&) (h(p))
d *1* 5. * ~
= Ttpso® Fort-tamie) Y1 (&) ((P)) =W Lamie (&) (R(p))

=W Liaymee))Yr(€)(h(p)).

Where 1- Ay is the (permuting) iR part of the connection A and the last line follows,
since 7y is invariant under the actions of Sp(1)_ and G. Using Lemma we get
Liag(Me))Y] = 2A0(Th(e;)) - vk, but A is induced by the Levi-Civita connection and
the e; are normal coordinates in p, thus the connection term vanishes.

To conclude, we have simplified:

hwi(Veu, Veu)(p) A dzi Adz, =

d(h*u*yj o priora) (i, €) A dzy A dza(p) + ;h*u*y](K?ﬁ(ebej)) A dzy A dz;(p) .
We can simplify wK(Vé u, Véju)(p) in the same manner. Notice that the forms are
actually independent of the choice of normal coordinates, so they are defined globally.
Further investigating the non-exact term, we notice that (y;+iyx)(Tu(KM))(u(p))A
dz;A\dz; = (Y]"‘i‘}/K)(—KSA)(u(P))/\dzl/\dzz = (ucou, —F)gecNdZ Adzs (p) =
—(uc o, (Fa)*%)gec - volx(p), where (-, -)goc induces a scalar product by taking its
real part and a is the (hyperKéhler) i-R part of the connection A. Integration
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yields the Weitzenbock formula, using Stokes theorem:

Theorem 31 (Weitzenbock formula).

| D1 = | R T (9, TR Ao+ (e o, (Fo)2) ¢
M M
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Appendix B: Coordinates in Gibbons-Hawking Space

For the coordinates 1, around the singularity ay and the coordinates . ; around

ax.1, we compute the change of coordinates:

Lemma 48.

1
Wik oics (et 2y, etneok - 2g) iy (&7 2 gy, etneo L ),
1

Proof. Given a trivialisation (xi,X2,x3,e't) of the S' principal bundle around ay

inducing coordinates
(z1,22) = <(|X —ay-erl — (x1 — ak))]/zei(p/zeit> (x —ax-el| +x1 — Clk)vzewze_it)

. 3 . . . . 14/
where we used z = x; + ix3 = |z| - €'? and a trivialisation (x7,x2,x3, €' ) around ay

inducing coordinates
(7«/1»2/2) - <(|X — Qpr -1l — (x1 — ak+1))1/2€i(p/2€it/» (Ix — axer - er] +x1 — akH)]/zeiwzeitI)

Using the standard trivialisations, we find that et = e!*+®) as this is the change of
coordinates of the Hopf bundle from north to south pole.

We make the following computation:
(z1,23) = <(|X — Quyr - €1 = (%1 — )2 e, (Ix — g - el +xq — 0k+1)1/zew/zeit>

3 . -1 .
= <(|X — iyt - el — (x1 — arg1))2ez el (Ix — aryr - el +x1 — ak+1)]/2€_12(p€_1t>

Z-Zn

_< 1/2)
(= @t - erl + (31 — @) - (x — @ - el = (x1 — @)

1/2
(k= @t -erl+ (1 — @) - ((x—ax- el = (g —a)) -z

z
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1/2
So using b = ((|X— At - €1l + (X1 — Q1) - (Ix —ay - eq[ — (%1 — ak)) , We compute:

12
b= ((|X— At el + (g — agsr) - (Ix—ax - e] — (% — Clk))

1 1
= exp(iln(!x — Qg1 - er] + (g — @) + sInflx —ag - el — (%1 — Clk)))

2
X1 ‘l X1 ‘I
= exp(J' dq — J dq)
o 2(dy X2, X3) — aiyr - el sy 2lak - er — (g, %2, x3)]|
X1 X1 Ak
! !/
= exp (J Viegrdq — J Vieg i1 + J Vregdq) = exp( — Upegkt1 1+ Wregk + uk)
(¢33 Ay+1 Ak+1
! _ _ 1 - 1 I Ak ! :
where we use Vi, = V el — Fae and w, = 27 fak+1 Vieg 8O In
conclusion:
- U1 —Uk =, (s 1wl | 22 Uep1—U—ly | 2 —(ug1—u—wy) 1
(thz):(e + k-Zy-2,€ + k.z):(e + k. Z7]-22,€ k/ . )

Z1

Using the holomorphic charts Py : My — C2, (z1,2;) +— (e Wreakzy, etreakz;) we

compute the change of charts:

IPEJH oy = (e Mreakzy, etreakzy ) 1 (21, 22)

1 1
<eureg,k+]_ureg,k_u{< . Z% . Zz, e_(ureg,kwq_ureg,k_u{() . Z) — <e_ureg,k_u{< . Z% . Zz, eureg,k“"u{( . Z) .
1 1

]
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Appendix C: Non-Linear Elliptic Equation

We are considering a nonlinear- partial differential equation on a compact Riemannian

manifold of the form
AN(X) + F(x, A(x)) = g(x) (338)

where g: M — R and F: M x R — R are smooth functions. We make the following

assumptions on F:

1. F(x,-) : R — R is strictly increasing for all x € M besides on a null set, in

which we assume F only to be increasing.

2. We have

lim F(x,A) =ocoand lim F(x,A) = —o0

A—0o0 A——00

for all x € M besides on a null set.

We denote the mean of a function g by g = [}, Wl?mdvol. We notice that we can

simplify the differential equation above:

Let v be a solution to Av =g —g. Assume A solves (338). Then we have A(A+v) =
g—F(x,A) =g — G(x,A +v), where we define G(x,u) = F(x,u—v). The function
G also satisfies the two conditions above, so it is sufficient to find solutions for the

equation
AN+ G(x,A) =c¢ (339)

where ¢ € R is now a constant. We use the following tools from [22]:

Theorem 32 (Method of lower and upper solutions). Suppose there are functions

smooth functions u and U on M such that

o u(x) < U(x) for all x € M.
o Au<c—G(x,u(x)) for all x € M.
o AU >c— G(x,U(x)) for all x € M.
Then there exists a solution a solution A to with u < A < U.

Theorem 33 (Comparison principle). Suppose G satisfies the first property above,

i.e. 1s strictly increasing in the second argument for almost all x € M. Then

Au+ G(x,u) > Av+ G(x,v) = u>w.
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We can now show:

Lemma 49. Let G be as above, then the problem ) has a unique solution A.

Proof. The function h : A +— G(x,A) = I'm b

dvol is continuous and satifies
vol(M)

limy_,0 N(A) = 00 and limy_, o h(A) = —oo (by the second property of G above).
By the intermediate value theorem, there is a Ay € R such that ¢ = h(Ay) = G(x, Ag).
Let v be a solution of Av = G(x,Aq) — c. Further, choose A* € R such that
v(x) + AT > Ay and A~ < AT such that v(x) + A~ < A for all x € M. Then
uy = v+ AT satifies

Auy +c—G(x,ur) = G(x,A9) — G(x,v +A%)

which is, since G is increasing everywhere, bigger (respectively smaller) or equal to
zero, which means that w, is an upper solution, u_ a lower solution, which satisfy
u_ < u,. Therefore, there exists a solution to (339).

Its uniqueness follows directly from the comparison principle. m

We also would like to have some sort of continuity of the solution A depending

on the function F:

Lemma 50. Assume F, — F uniformly, where each F,, satisfies the conditions above.
Then the unique solution A, to the differential equation defined with F,, converges to

A, the unique solution of the differential equation defined by F.

Proof. This follows from the implicit function theorem: Define
TAF) =AM) +F(x,A) =g

Then 2 (7\’ 0) = AN ) —I— -A'. By assumption, we have aF > 0. Asumme there is

() such that @ L Im 2L but this would imply

o
B oF B , OF ,
0= L(p (A((p) e ¢@)dvol = J Vol + n lp|~dvol

oF
oA

onto, and by the implicit function theorem for (A, F) a solution to T(A, F) = 0, there

which implies @ = 0, since %5 is non-vanishing up to a null-set. Therefore the map is

is a neighborhood such that A = A(F) is continious. In particular if F, — F, then
Ap — AL O
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