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1. Introduction

1.1. Motivation

Atoms absorb and emit electromagnetic radiation at well-defined frequencies which
are characteristic for each element. It has been one of the great successes of quantum
mechanics to accurately explain these spectral lines as transitions of bound electrons
between discrete energy levels in the attractive potential of the atomic nucleus (see for
example Dirac [Dir10])). The occurring transition frequencies w,, (or photon energies
E = hw,) span the entire electromagnetic spectrum. Prominent examples are the
21 cm hyperfine-line of hydrogen (E ~ 6ueV) in the radio frequency range, the
3.26 cm hyperfine-line of caesium-133 (E = 38 ueV) in the microwave regime, the
yellow 589.29 nm sodium D lines (E = 2.1eV) in the visible light spectrum, and the
tungsten Ka lines (E = 59 keV) in the hard x-ray regime. Other objects such as ions,
molecules, quantum dots, atomic nuclei, and many more, have their own distinct
spectral lines. Conceptually, we may consider all of them as abstract quantum systems
with a discrete set of intrinsic quantum states and corresponding energy levels.
Atomic nuclei are rather extreme quantum systems. They are very small in size,
in the order of 1071 m and thereby 4 to 5 orders of magnitude smaller than atoms,
which have radii in the order of the Bohr radius a, = 5.29 X 10~} m. They are also
highly symmetric so that their metastable quantum states are accurately described by
eigenstates of the angular momentum operator, |I m), with nuclear spin I, magnetic
quantum number m, and well-defined parity. Hyperfine-transitions between states
with different m but identical I (the ground state) typically lie in the radio frequency
range and are the basis of nuclear magnetic resonance (NMR) spectroscopy and
magnetic resonance imaging (MRI). They do not concern us here. Transitions to
metastable states with differing I, nuclear isomers, on the other hand typically lie
between 1 keV to many MeV. The only isomers below 1keV known to date are ”"Th
(E ~ 8eV)and **™U (E ~ 76 eV) [Wen+16||. Nuclear states and their transitions have
some favourable properties. Due to their size and symmetry, they interact only rather
weakly with the environment. Bound in a solid, they do not experience collision
broadening or Doppler broadening and can absorb and emit photons without recoil
even at room temperature — the famous Mossbauer effect [M6s58]]. The transition
lines are well isolated, with often 100 keV between them. Finally, the natural lifetimes
7 of isomers can be very long, in the order of 100 ns or even seconds in some cases,
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corresponding to ultra-narrow natural linewidths I' = 1/r. Combined, this leads
to extremely high quality factors, Q = wy/T, such as 10'? for *’Fe or 10'° for **Sc
[Shv+23] - in the order of or even exceeding those of optical atomic clocks [Lud+15].
Since Mossbauer nuclei constitute exceptionally clean quantum systems, they are a
cornerstone of the emerging field of x-ray quantum optics [Ada+13; RES20; RE21]].

While radiative excitation of nuclear isomers is hampered by their extremely nar-
row linewidths and the limited spectral brightness of x-ray sources, many Mdssbauer
nuclei with E < 100 keV can nowadays be resonantly driven by third- and fourth-
generation synchrotron light sources [R6h05; RC21]]. Modern x-ray free-electron laser
(XFEL) sources extend this to even more isotopes with even narrower resonances (see
for example Ref. [Shv+23]]). Synchrotron (or XFEL) light sources generate broadband
pulses with pulse lengths of about 100 ps (in the order of femtoseconds for XFELS),
which is much shorter than the lifetimes of the driven nuclear isomers (7 = 141 ns
for *’Fe). In this way, the ultra fine energy scale, way beyond the resolution of x-ray
detectors or monochromators, is translated to a temporal response on a time scale
that can be conveniently resolved by appropriate detection electronics. The nuclear
resonant scattering contribution can, on resonance, far exceed the otherwise domi-
nating electronic Thomson scattering. While the scattering amplitude for (electronic)
Thomson scattering is —Zr,, where Z is the atomic number (electrons/atom) and
r. = 2.82 x 1071 m is the classical electron radius, the on-resonance scattering ampli-
tude is (approximating the cross section with the natural dipole cross section) in the
order of 1/4r ~ 107! m (compare Ref. [HT99]]). For the 14.4 keV-resonance of >’Fe,
the real part of the nuclear resonant scattering amplitude varies between =~ +220r,
around the resonance, illustrating how on resonance the nuclear interaction greatly
dominates the weak non-resonant photon-matter interaction. Notably, the delayed
temporal response is coherent on the order of the isomeric lifetime. This results in
narrowband x-ray pulses with extreme longitudinal coherence lengths I, = c7, approx-
imately 40 m for °’Fe. Combined, these features enable some unique applications,
which we classify into three categories.

(i) Sensing and metrology: Already in 1960, Pound and Rebka measured the gravita-
tional red-shift — the “apparent weight of photons” - by observing the shift in photon
energy due to the change in the gravitational potential over 22.5 m meters using the
14.41 keV-transition of >’Fe [PR59;|PR60]. Nowadays, the prospect of “nuclear clocks”
promises to improve upon the precision of optical atomic clocks [WS20], which already
corresponds to less than 1s deviation in the estimated age of the universe [Lud+15].
This would, for example, enable new tests for fundamental physics [Pei+21[]. The
most promising candidate for such a nuclear clock is 229Th [WS20; Thi+24; Tie+24]).
Recently, also **Sc has been radiatively excited for the first time [Shv+23]. Its ex-
tremely high quality factor could enable measuring gravitational red-shifts on the
millimeter scale [LA15;|LAL25]. Aside from these prospects in metrology, nuclear
transitions have been used for many decades in Mossbauer spectroscopy. There, the



1.1. Motivation 3

effects of hyperfine interactions on the transition lines of Mdssbauer nuclei, most
prominently *’Fe, are being used to obtain detailed information about samples with
diverse applications in chemistry, earth sciences, biology, and materials science (see
Refs. [YL13;|YL21]).

(ii) Observing collective dynamics: Ensembles of nuclei that are coherently illumi-
nated by short pulses exhibit collective temporal responses fundamentally different
from those of the individual constituent nuclei. The photon emission originates from
the spontaneous radiative decay of the collective many-body excitation of the nuclear
ensemble and distinctly depends on the geometry and spatial distribution of the nuclei.
A thick homogeneous foil illuminated in normal incidence exhibits clean dynamical
(propagation) beats in its temporal response [Biir99;|Smi+07]. Thin films of nuclei
embedded in appropriately designed layer systems, illuminated in grazing incidence,
can produce a wide variety of responses in the direction of specular reflection, such as
superradiant speedup [[Roh+05], a shifted resonance frequency [Roh+10], collective
oscillations [Hab+17], or subluminal propagation [Hee+15].

(iii) Coherent control: The sensitivity of the resonance lines to (magnetic) hyperfine
fields and Doppler shifts allows to dynamically control and shape the coherent tempo-
ral response either magnetically or optomechanically. This has been demonstrated
with magnetic switching [Shv+96], transient magnons [Boc+21], piezo-induced mo-
tion [Hee+21], and acoustically induced transparency [Rad+20; Kha+21] - along
with theoretical proposals [LPK12; KP16]. Moreover, the polarization-dependence of
hyperfine-split resonance lines makes a sample with well-defined magnetization axis
strongly birefringent [Smi99|]. This can be exploited to separate the rotated nuclear
response from the driving pulse using high-purity crossed polarizer-analyzer pairs
(see for example Refs. [Hab+16; Hee+15]]). In principle, such a sample could also
function as a strongly dispersive waveplate for narrowband light.

All these experiments are realized with either bulk samples or translation-invariant
thin-film systems, both being macroscopic and involving large numbers of nuclei.
This bears the question: can we scale this down? In the optical regime (here referring
to light with lower frequency), photonic components such as beam splitters, gratings,
couplers, polarisers, interferometers, among others, can be connected with optical
waveguides and integrated into microchips, forming photonic integrated chips (see
the textbook Ref. [Lif05]]). They are nowadays ubiquitous, for example in modern
telecommunications infrastructure, in optical sensors, and are being developed also for
quantum technologies [[Pel+21]]. Waveguides and nanofibers are used to controllably
couple individual atoms that are precisely localized in lattices (see the reviews Ref.
[She+23; Tiir+19; |Cha+18])) - a field of research becoming known as waveguide
quantum electrodynamics. To what extent can any of this be realized in the x-ray
regime?

Integrating Mossbauer nuclei into x-ray waveguides could have some promising ap-
plications. The gravitational red-shift could potentially be measured on the millimeter-
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scale [[LAL25]. Tapered waveguides could funnel the available photons to a smaller
spot and facilitate transient nuclear inversion [[Che+22f. Some of the aforementioned
coherent control schemes could be integrated on a chip, in particular by exploiting
precisely controllable magnetic properties of thin films. This could enable on-chip
devices for magnetic control of the temporal response, phase-shift, and polarization
of narrowband x-ray pulses. Generally, the Mossbauer nuclei affect the temporal
dimension, while waveguides primarily affect the spatial dimension.

Irrespective of such potential nanophotonic devices, Mossbauer nuclei coupled
to x-ray waveguides are also an opportunity for basic physical research. Placing
nanoscopic ensembles of Mossbauer nuclei in or close to x-ray waveguides potentially
allows to couple the nuclei to one or a few propagating photon modes. The coupling
strength can be controlled by engineering the waveguide geometry. One can study the
collective evolution of the coupled many-body system consisting of nuclei and photons
by observing the temporal response to impulsive excitation. The variety of temporal
responses that can be realized already by reflection from translation-invariant thin-
film systems (see Ref. [RE21]]) highlights the potential of this approach. While the
reflection-geometry has been restricted to samples with practically infinite extent,
waveguides are bounded and break this translation invariance. They effectively have
an additional spatial dimension. Finally, the waveguide boundaries can be used to
couple light into and out of the waveguide, which enables to observe the transversal
field distribution inside the waveguide through its angular emission patterns.

1.2. X-ray waveguides

Compared to the optical spectral range, x-ray waveguiding is much less prominent and
common. As aresult of the refractive index taking values n = 1-§+if (with §, § < 1),
x-ray waveguiding is based on total external reflection and appears when a “core” of
low electron density is surrounded by a “cladding” of high electron density. It seems to
contradict the fact that x-ray wavelengths, 1 ~ 10710 m, are at the scale of individual
atoms and smaller than typical interatomic distances. However, while waveguiding
in the optical regime emerges at length scales of or below the optical wavelength, for
x-rays, the minimal mode confinement is about [, ~ +/7/(4r.Ap.), Where r, is the
classical electron radius and Ap, is the contrast in electron number density between
core and cladding [BKVO03]|. This length interestingly is independent of the photon
energy and between about 7 nm for platinum and 20 nm for silicon cladding (assuming
an air core). It expresses that x-ray waveguides are weakly confining (or weakly
guiding), since [ > A. X-ray waveguiding was first demonstrated five decades ago by
Spiller and Segmiiller [SS74], leading to further advancements of planar waveguides
since the 1990s [Fen+93;[Lag+97; Zwa+99; Bon+02; [Fuh+04] and the development
of channel waveguides since the early 2000s [Pfe+02;Jar+05].
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Figure 1.1.: Intensity in x-ray waveguides in the (a and b) resonant-beam-coupling (RBC) and
(c and d) front-coupling (FC) geometries. a A collimated Gaussian beam from the left impinges
in grazing incidence onto a thinned cladding and couples evanescently into leaky modes, while
some of the beam is reflected. c A tightly focussed Gaussian beam from the left illuminates the
front face of the waveguide and couples into guided modes, while the non-guided components
are rapidly absorbed in the cladding. The lower panels show the waveguide of the respective
upper panel in more detail. The color encodes the intensity relative to the illumination. Finite-
difference frequency-domain simulations (2-dimensional) using the Fresnel library [Sol+21|.
Parameters: 0.5 um (RBC) and 0.1 um (FC) beam waist diameter; 14.41 keV photon energy; Mo
cladding, B,C core.
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Early (planar) x-ray waveguides were illuminated in grazing incidence so that the
field could evanescently couple through a thin top cladding layer into the core — the
so-called resonant beam coupler (RBC) geometry (see Fig. ) [Fen+93|. With the
advancement of x-ray sub-micrometre focusing optics (see Ref. [SO20]), it became
possible to couple into the front face of the waveguide - the front-coupling (FC)
geometry (see Fig.[1.1c) [Fuh+04]. Nowadays, FC-waveguides are routinely used as
optical elements to provide highly coherent and clean secondary sources of radiation
(“coherence filters”) for phase-contrast imaging and tomography (see for example Ref.
[Sal+15b]). In the last two decades, x-ray waveguides have undergone some significant
developments, mostly driven by the group of Tim Salditt in Gottingen, resulting in two
main designs and fabrication methods: (i) Planar waveguides, fabricated by thin-film
deposition [Sal+08;|Krii+10;[Krii+12|] and (ii) air-core channel waveguides, fabricated
by lithographic techniques [Jar+05;[Neu+14;|CHS15;[Bar+15; HS16; Hof+16].

The channel waveguide design can not only generate clean wave fields but also
allows flexible routing on the wafer. A number of layouts beyond straight channels
have been demonstrated so far: off-axis holography with a double-waveguide device
[FOSO06|), curved channels down to relatively small radii of curvature [Sal+15a], and
beam splitters [HS16/]. The main limitation of the design is its reliance on wafers as
the single-material cladding. To date, silicon [Neu+14; Hof+16|, germanium [HS16;
Hof+16|, silica (SiO,) [Hof+16] (and to some extent tantalum [Sal+15al]) have been
used. These materials lead to unfavourable performance for E > 10keV, however,
either due to the low electron density of silicon, or the high absorption of germanium
(and tantalum). Yet, moving to other materials is challenging because it requires the
appropriate lithography protocols and adaption of the wafer bonding process.

Planar waveguides, on the other hand, are substantially simpler to fabricate and
allow a much broader range of materials for better performance at higher photon
energies. While they do not allow flexible routing, multiple planar waveguides can be
stacked with precisely controllable layer thicknesses, which has for example been used
to tailor the optical near field [Zho+17]. The layer structures can be freely designed
from a broad range of materials.

X-ray waveguides distinctly alter the spatial modes of the electromagnetic field
on the nanometer scale. On the one hand, the incident field in a waveguide under
grazing-incidence illumination at a resonant angle is amplified (see Fig. [1.1a) and
consequently also the fluorescence rate of embedded atoms [Jar+99;|Sal+03]]. On
the other hand, the emitted fields are affected, too. In Ref. [Jia+20], directionally
structured fluorescence from gold atoms inside a waveguide was observed. Similar ob-
servations were made with characteristic radiation due to irradiation with an electron
beam [Jon+02]. Vassholz and Salditt even observed emission into resonant modes
of a waveguide [VS21]). It has even been argued that an x-ray waveguide could sig-
nificantly alter the density of photon states [Roh+05], leading to a Purcell-enhanced
spontaneous emission rate [VS21]]. (This is not the case, however, as we will clarify in



1.3. Outline 7

this thesis.) To precisely control the coupling of emitters to the spatial field modes
requires a theoretical model of the mode structure. This is challenging, because (i) the
fields experience substantial material absorption (which can usually be neglected in
the optical regime) and (ii) the weak confinement hampers numerical mode-finders.

1.3. Outline

In this thesis, we explore and investigate the physics of Mdssbauer nuclei in planar
x-ray waveguides. The principal structure of this thesis is a compilation of three
journal articles (two of which are not yet published at the time of writing).

Chapter 2] presents the basic physical background and introduces the fundamental
theories and experimental techniques that are used throughout this thesis. It is
divided into three sections covering x-ray optics, Mdssbauer nuclei, and collective
excitation dynamics. A theoretical description of the coupled system of nuclei and
electromagnetic fields in inhomogeneous materials based on classical electromagnetic
Green’s functions is introduced. It is kept on a rather general level without going
into more specific geometries such as x-ray waveguides. The chapter is intended as
a self-contained reference and can be considered a supplement to the cumulative
dissertation.

Chapter [3|presents a Nano-optical theory of planar x-ray waveguides [LA24]]. The
theory in particular formalizes the notion of guided and resonant modes in absorbing
waveguides. The most relevant results in the context of this thesis are (i) asymptotic
expansions of the electromagnetic Green’s functions for planar x-ray waveguides
into resonant modes, together with (ii) a recipe to numerically compute all relevant
coefficients for arbitrary layer structures. Based on these explicit expressions for the
Green’s functions, the theory also quantifies the emission rate from dipole emitters
into the resonant modes, thereby clarifying that Purcell enhancement is negligible in
x-ray waveguides.

Chapter[d] Collective nuclear excitation dynamics in mono-modal x-ray waveguides
[Loh+24], reports on two experiments with Mdssbauer nuclei in x-ray waveguides.
They demonstrate for the first time (i) front-coupling into thin film x-ray waveguides
with Mdssbauer nuclei and (ii) detecting the delayed photons that leave the waveguide
at its back end. The dynamical evolution of the collective nuclear excitation after
impulsive illumination was investigated in the experiments. In the first experiment,
the waveguides were illuminated in front-coupling geometry, in the second one in
resonant-beam-coupling geometry (see Fig. [1.1). Depending on the geometry, two
very distinct temporal emission characteristics were observed. These are explained by
a unifying theoretical model, based on chapters[2.3]and[3} that also sheds new light
on previous observations in reflection geometry.

In chapter[6] a Direct measurement of resonant nuclear phase shift with a Young
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double-waveguide nano-interferometer is being reported. While usually only the trans-
mitted intensity can be measured and the phase shift is lost, here it was observed
interferometrically. To that end, a nanoscopic double-waveguide interferometer, remi-
niscent of Young’s double-slit experiment, was implemented. A Bayesian optimization
approach was devised to quantitatively recover the phase shift from sparse interfer-
ence pattern, each containing just a few photons. While chapter[considers impulsive
broadband illumination and time-resolved measurements, here the waveguide is illu-
minated with highly monochromatic light and the measurements are energy-resolved.
Chapter[7]summarizes the results and gives an outlook.
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2. Background and fundamentals

This chapter lays out the physical background and introduces the fundamental theories
and experimental techniques that are used throughout the thesis. In section [2.1]
we introduce some aspects of x-ray optics, in particular the scattering problem in
inhomogeneous media (without nuclear resonances). In section 2.2} we first give an
overview of Mdssbauer nuclei and experimental techniques, then derive a theoretical
description of nuclear resonances in inhomogeneous media, and finally discuss some
collective resonant phenomena that arise in nuclear resonant scattering. Finally in
section 2.3 we analyze how the nuclear excitation amplitude of an extended sample
evolves in time and space in a nuclear forward scattering experiment and discuss
its relation to certain quantum-theories of collective spontaneous decay and single-
photon superradiance.

2.1. X-ray optics

2.1.1. General aspects

X-rays are electromagnetic radiation like visible light, just with shorter wavelengths
A ~ 0.1nm. As a form of light, they adhere to the same physical principles and are
commonly described by Maxwell’s equations (see for example Ref. [Jac09]). Prominent
differences to the visible spectrum arise in the interaction of x-rays with matter. With
wavelengths shorter than interatomic distances and comparable to the radius of the
hydrogen atom (a, = 0.05nm), the internal structure of matter becomes relevant and
gives rise to diffraction peaks in coherent x-ray scattering. Moreover, the energy of an
individual x-ray photon, #iw ~ 10keV, is in the order of the binding energy of atomic
inner-shell electrons so that even weak x-ray beams can ionize atoms.

Compared to visible light, the interaction of x-rays with matter is weak so that
lighter elements appear to be transparent to x-rays. In the hard x-ray regime (here:
hw 2 5keV), refractive indices are typically expressed as

n=1-08+ip, 1)

where §, f < 1 due to the weak interaction strength (see Fig.[2.1)). Since the x-ray
energies are higher than typical material resonance energies, the real part of the
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Refractive index n=1-6+iB at hw =14.41keV
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Figure 2.1.: Refractive indices of some elements at a photon energy of 14.41 keV, using densi-
ties of solid at 20 °C (data from Ref. [HGD93))).

refractive index is less than unity. While the weak interaction and the corresponding
high penetration power of x-rays is a blessing for many applications, it comes with a
cost and makes focussing of x-rays very challenging [SO20]). The best focus that can
theoretically be achieved (disregarding near-field optics) is given by Abbe’s diffraction
limit I > /(2 NA), where the numerical aperture (NA) is essentially equal to half the
opening angle of the converging beam. While the x-ray wavelength 4 is favourably
small, it is difficult to produce strongly focusing large-diameter x-ray optics, so that
the numerical aperture limits the focus in practice. Notwithstanding these difficulties,
several groups have demonstrated extreme x-ray focusing below 10 nm using various
approaches, from parabolic total-external reflection mirrors, over Fresnel zone plates,
to multilayer zone plates and multilayer Laue lenses [Dre+24] (see Ref. [SO20] for an
overview). So-called compound refractive lenses (CRL) [[Sni+96] routinely provide
moderate focusing down to below 100 nm [|Sei+18]).

X-rays make it seem particularly obvious that light is quantized - a single 10 keV
photon produces about 2.8 x 10° electron-hole pairs upon absorption in a silicon sensor
(3.6 eV electron-hole pair creation energy at room temperature), which can easily be
registered and discriminated from thermal noise. The vast majority of experiments,
however, involve purely classical light in the sense that the measured photon statistics
can be accurately described by classical (statistical) optics and photodetection theory
(see for example Ref. [MW95]]). This can be explained by the fact that the already weak
linear interactions in the x-ray regime imply even weaker non-linear interactions,
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making the generation of entangled photons pairs very inefficient. Yet, facilitated
by the availability of x-ray free-electron lasers, the field of x-ray quantum optics is
rapidly emerging (see the reviews [[Ada+13[] and [RES20]).

For a modern introduction to x-ray physics, refer to Als-Nielsen [Als17]]. Paganin de-
rives coherent x-ray optics in a refractive index formulation [[Pag06]. X-ray diffraction
is presented by Authier [Aut02] and in the classical textbook by James [Jam62].

2.1.2. X-ray interaction with matter

We briefly recall the theory of x-ray interaction with matter in the framework of
classical electrodynamics, losely following Authier [Aut02] but in a slightly more
general way to accommodate for the optical anisotropy and magnetic nature of nu-
clear resonant scattering. Throughout this chapter, we consider complex Fourier
components of all involved signals at frequency w, so that the time dependence has
the form exp(—iwt). Note that this is the usual convention in modern optics but differs
from the classical x-ray optics literature, where typically exp(iwt) is assumed.

Susceptibilities

Matter is described by its electric polarization P(w) and magnetic magnetization M(w).
We assume a linear and causal response to applied fields E and H via [Jac09]

P() = oz (@) E(@). M@=z @ He. @2

The coefficients are the usual electric and magnetic susceptibility tensors y (w) and
—-e
X (w). The fundamental electric and magnetic fields E and B are related to the

m
auxiliary fields D and Hvia D = ¢4E + P and H = B/u, — M. Here ¢, is the vacuum
permittivity and p, the vacuum permeability. Inserting (2.2)) yields the constitutive
relations

D(w) = €,E(w) + P(w) = ¢ [1 + )_(e(co)] -E(w), 2.3)
B(w) = koH(®) + #oM(®@) = o [1+ 1 ()] H@). 24)

The terms in brackets are the relative permittivities and permeabilities (tensors)
e=1+y and u =1+ y . Most materials are isotropic, such that the susceptibility
—e - —m

tensors simplify to scalars. Moreover, magnetic interactions are typically much weaker
than electric interactions (at least with the atomic electrons) and typically neglected
by setting y,, = 0.
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The vector wave equations

The fields are related by Maxwell’s equations [Jac09|
V X E(r,w) = iwB(r, w), V X H(r, w) = —iwD(r, w). (2.5)

These are often referred to as the macroscopic formulation, because they involve the
auxiliary fields. Note, however, that von Laue’s dynamical theory of x-ray diffraction in
crystals — which is clearly not macroscopic - is based on (2.5), assuming a continuous
(periodic) distribution of electric dipoles (see the discussion in Ref. [Aut02])). Taking
the curl and inserting and yields the vector wave equations (see Ref. [Che99])

V X ﬁ(r)‘lv x E(r) — Cz—zzg(r) -E(r) =0, (2.6a)
V X e(r)"'V x H(r) — Cz—jg(r) -H(r) = 0. (2.6b)

For isotropic media, multiplying both sides with u and ¢, respectively yields

uV x u(r)7'V x E(r) — C::—Zzn(r)2 -E(r) =0, (2.7a)
eV x e(r)”1V x H(r) — Cg—zzn(r)z -H(r) = 0. (2.7b)

where
=14+ e+ Xm (2.8)

defines the refractive index and ¢ = 1/4/€pio is the speed of light. Here, we have used
that the susceptibilities are small compared to unity and neglected the second-order
contribution in the refractive index. It immediately follows that

1
2

1 1
N1+ Ye+ Xml z1+§)(e+§)(m (2.9)

The vector wave equations are rarely needed in their full generality in x-ray optics and
we will simplify them, shortly.
Dyadic Green’s functions

While the vector wave equations model free fields in the absence of source terms,
fields produced by sources can be expressed in terms of dyadic Green’s functions (see
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for example Refs. [Che99; NH12; Buh13|)), solutions of

KV X HEIY X 6 (1)~ L n@PC (nr) = k@S- )L (2102
eV X e(r)~1V x G (rr)- Cz—zzn(r)zgm(r, r') = e(r)d(r — 1)1, (2.10b)

together with boundary conditions. We follow Buhmann’s convention [Buh13] but
other authors use slightly different ones. The magnetic Green’s function is much
less prevalent in the literature but is useful for magnetic dipoles. It is related to the
electric Green’s function through a duality transformation [Buh13|]. The fields due to
an oscillating dipole at ry can be compactly written as

1w

2
B(r,@) = - 56,50, @) ple) @11

for an electric dipole moment p(w) or

2
H(r.) = G, (.10, ) - u(ro)m(w) (2.12)

for a magnetic dipole moment m(w) (see Ref. [Buh13]]). Here we assume r # r.
The Green’s functions have singularities at the diagonal (r = r’) that demand special
treatment [|[Che99]. The equations (2.10a)) and (2.10b)) can be greatly simplified in the
macroscopic approximation, similar to the vector wave equations as we will discuss
shortly.

Atomic scattering amplitudes

The photon interaction with matter is contained in the susceptibilities in the formal-
ism discussed here. Their exact values and frequency-dependence can be relatively
complicated, because electrons bound to an atomic potential are a rather complex
many-body quantum system, in particular close to electronic transitions or binding
energies. Refractive index and electric susceptibility are typically obtained from the
atomic scattering amplitude f, which relates an incoming plane wave with amplitude
Ay, wavevector kg, and polarization vector €, to an outgoing wave, via

eikr
Af = f(kf, éf; ko, éO; w)TAO’ (213)

where r is the distance from the atom. In general, f depends on polarization and
wavevectors of incoming and scattered field. The polarization-dependence can in
many cases be simplified to the factor & - ;. The scattering amplitude has the
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dimension of length. The refractive index depends only on the forward-scattering
amplitude with ky ~ k;, which we simply write as f(w). The susceptibility becomes

2
Xe@) = 4750 (@), (214)

where p the atomic number density (assuming a single species). The atomic scattering
factor is usually written as

fl@)=f2+ f'(w) +if"(w), (2.15)

where f° corresponds to Thomson scattering from free electrons and f’(w) + if” (w)
are known as dispersion corrections. The (electronic) Thomson scattering amplitude is
f° = —r.Z, where Z is the atomic number (= electrons/atom). This result can also be
obtained by taking the high frequency limit w > w,, in the classical forced-oscillator
model for the atomic susceptibility (the Lorentz model) [Jac09].

Photon-matter interaction is mostly dominated by interactions with the atomic
electrons, while nuclear Thomson scattering is extremely weak and typically neglected
[HT99]. The electronic Thomson scattering amplitude can be written as —Zr, =
—Ze*/(4meyc*m,). Thus, nuclear Thomson scattering is about m,/m, ~ 1836 times
weaker, corresponding to the ratio between the proton mass m,, and the electron
mass m, (see Ref. [HT99]). Close to nuclear resonances however, nuclear resonant
scattering can be very strong, since it does not depend on the mass. We will discuss

this in detail in section[2.2]
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Figure 2.2.: Atomic scattering amplitudes for the elements carbon and molybdenum. The
shaded area indicates the “dispersion correction” to the Thomson form factor. Steps in the
imaginary part and cusps in the real part are clearly visible, which correspond to the inner-shell
electron binding energies. (Data from Ref. [HGD93|)
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The dispersion corrections to the atomic scattering factor can be computed numeri-
cally and generally do not take a simple analytical form. A theoretical introduction
within non-relativistic (Coulomb-gauge) quantum electrodynamics is given in Ref.
[San08]]. Experimental methods to measure the dispersion corrections are discussed
in Ref. [Aut02]. In practice, one can use systematic tables of scattering factors for all
relevant energy ranges and elements, based on numerical simulations [[CL70;/Cha95;
Kis00] and experimental absorption spectra [HGD93|], and also in the form of data
libraries using multiple sources [CHK97]. Figure[2.2]shows exemplary values of f(w).
Measuring (or computing) f’(w) directly is challenging, nevertheless, so that its value
is often evaluated indirectly from tabulated values of the imaginary part f”(w), which
can be much easier obtained from attenuation measurements or simulated absorption
cross sections.

Causality and Kramers-Kronig relations

The real and imaginary parts of the susceptibility depend on each other, simply because
it describes a causal response of the medium to an input field. This is formalized in
the Kramers-Kronig relations (see Ref. [Ste23] for a detailed derivation),

Re {x(e)} = %P.V. /0 " dw’%. (2.16)

The integral is meant as a Cauchy principal value. An identical relation can be derived
for the dispersion corrections under certain assumptions [Jam62; Als17;[HGD93),

w/f//(w/)

i (2.17)

2 (o)
f(w) = —P.V./ do’
T
0
It is sometimes called “dispersion formula” [Jam62].

2.1.3. Macroscopic refractive optics

We will now go into a macroscopic picture, assuming that any changes of the suscep-
tibilities occur on length scales much larger than the x-ray wavelength. For a detailed
presentation, refer to Paganin [Pag06].

The scalar Helmholtz equation

The vector wave equations (2.6a)) and (2.6b)) are somewhat cumbersome, since they
each involve three cartesian components of the fields, which are even coupled. Luckily,
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we can drastically simplify them in the x-ray regime. Applying a series of vector cal-
culus identities and assuming that € and u vary slowly with respect to the wavelength
yields

uV x 4~V x E ~ —V?E, (2.18)

so that (2.7a)) simplifies to the scalar Helmholtz equation
{V2 + k*n?(r,w)} U(r,w) = 0, (2.19)

with k = w/c, for each of the 6 cartesian components U of the fields (Ej, H; for
j € {x,y,z}). Since the components decouple and all obey the very same differential
equation, one can transition to a scalar theory.

The paraxial regime and numerical solutions

Assuming that the field can be written as a slowly varying perturbation (again, with
respect to the wavelength) of a propagating plane wave permits further simplifications.
We express the field as a plane-wave factor and an envelope,

U(r, w) = e**u(r, w). (2.20)

Inserting (2.20) into (2.19), and invoking the “slowly-varying-envelope approximation”
|02u| < |kd,u| yields

{2ik% + V3 + k*(n? - 1)}u =0, (2.21)
where V3 = 8} + 82 denotes the transverse Laplacian.

This paraxial wave equation is ideally suited to describe forward-propagating beams
but it does not permit counter-propagating solutions [ exp(—ikx)] and thereby fails
to model back-reflection and standing waves. In the optical regime, it is hence of
limited use in the analysis of scattering problems and mainly used to model beams in
homogeneous media or the propagation in dielectric waveguides. In the x-ray regime,
however, back-reflection is virtually non-existent (except for Bragg), inhomogeneous
material distributions only weakly perturb an incident field, and this approximation
hence has far greater applicability.

It is particularly well suited for numerical simulations of scattering problems.
Equation is of first order in the propagation direction, in contrast to (2.19)), which
is of second order. This allows to compute the entire field u(r) from only the value of
the complex wavefront uy(y, z) given in some plane, u| x=x, = Uo- Based on this, we
have developed a software library, named “Fresnel”, for the numerical propagation of
x-ray beams through arbitrary spatial distributions of complex refractive indices, using
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a finite-difference frequency-domain approach. The name is motivated by the fact
that corresponds to the Fresnel diffraction regime and the Fresnel propagator
formally describes an exact solution in vacuum. The simulation framework is detailed
and benchmarked in Ref. [Sol+21]], where we have applied it to numerically investigate
x-ray multilayer optics for nanometer focussing.

2.2. Mossbauer nuclei

2.2.1. General aspects

Certain isotopes exhibit rather long-lived nuclear states (isomers) that are relatively
low-lying above the nuclear ground state. Low-lying here means excitation energies
from a few keV to 100 keV — much lower than the typical nuclear transition energies
in the MeV regime. Long-lived means lifetimes in the order of a few ns, corresponding
to linewidths in the order of neV. The 14.41 keV-level of *’Fe, for example, has a
linewidth of Al' = 4.7 neV, corresponding to a lifetime of 7 = 141 ns. An extreme
example is *°Sc with a transition energy of E, = 12.39keV but a linewidth of only
Al = 1.4feV [Shv+23]]. A tabulated list of Mossbauer isotopes can be found in
Ref. [Roh05]]. Note that electronic transitions in the hard x-ray regime typically have
linewidths in the order of 1 eV. This drastic difference is commonly attributed to a
size effect by the following argument from Ref. [HT99|]. The radiative decay rate
I',q of an electric dipole (E1) transition is proportional to the square of the electric
transition dipole moment, which is roughly proportional to the radius of the charge
distribution. With nuclear and atomic radii being different by a factor of about 10%,
nuclear transition lines must be about a factor of 10® sharper than electronic ones
[HT99]]. This reasoning is persuasive but fails to explain the lifetime for the very
common magnetic dipole (M1) transitions. Those do not depend on the nuclear size
and scale with the magnetic transition dipole moment, which is in the order of the
nuclear magneton uy = #e/(2m,) with proton mass m,, (see for example appendix
B in Ref. [RS04]]). Comparing E1-allowed and E1-forbidden transitions shows that
the interaction matrix elements are often in the same order magnitude for similar
transition energies [PEKOS]|, unlike the electronic case.

The ultrasharp lines can be observed due to the recoil-free absorption and emission
of photons interacting with nuclei that are bound in a solid — the Mdassbatuer effect,
named after Rudolf Mdssbauer, who discovered it in 1958 during experiments with
cooled "'Ir [M6s58a; M6s58b]. An unbound atom in a gas experiences a recoil
upon absorption or emission of a photon due to momentum conservation, |Ap,iom| =
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|pph| = Ey/c, which leads to a shift of the photon energy,

2
_ |Apat0m| _ Eg

AErecoil - Zma - zmaCZ’ (222)

where m, is the atomic mass. For *’Fe, this recoil energy is E,eqo = 1.9 meV, roughly
10° times larger than the natural transition linewidth. If the atom is bound in a solid
on the other hand, the recoil can be absorbed by the entire solid so that m, in is
replaced by the mass of the solid and the recoil energy becomes negligible. However,
the photon can still couple to vibrational modes of the solid - phonons. The probability
of a recoil-free event, the zero-phonon probability, is called the Lamb-Mdssbauer factor
fim and can be defined as

Sfim = exp {—kz <x2>} ) (2.23)

where k = Ey/(hc) = 2m/A, is the resonance wave number and x the vibrational
amplitude in the photon propagation direction [HT68; [M0s76]. The notation (-)
indicates an ensemble average. Equation illustrates that recoilless events rapidly
become less probable with increasing photon energy and temperature. For this reason,
only nuclei with nuclear levels below 100 keV are candidates for Mdssbauer isotopes
[RC21]]. The 14.41 keV-resonance of *'Fe exhibits the rather large value of fy ~ 0.8
in the solid matrix of bce-iron at room temperature.

The radiative decay competes with non-radiative decay via internal conversion (IC),
where an orbital inner-shell electron interacts with the nucleus, absorbs the excess
energy and is emitted. The electronic core hole subsequently relaxes accompanied by
emission of a fluorescence photon or an Auger electron. The ratio of the two decay
channels is tabulated as the branching ratio (also internal conversion coefficient or
electron conversion coefficient) a = I';c/T'.q- The total decay rate is I' = T'j¢ + [pg, SO
that T',q = /(1 + «). Internal conversion typically dominates substantially and ¢ can
be very large. For *"Fe, it takes the relatively small value a = 8.56 [Bha98]|, while for
#3Sc it becomes as large as a = 424 [Shv+23] (other sources give a = 632 [Bur08]).

The nuclear transitions have well-defined multipolarity. Most Mossbauer tran-
sitions are electric dipole-forbidden (with some exceptions, such as *'Ta) because
ground and excited state have the same parity. Consequently, the transition is ei-
ther a magnetic dipole (M1), electric quadrupole (E2), magnetic quadrupole (M2),
or in some cases a combination of two (M14E2) transitions. The *’Fe transition is
tabulated as M1+E2 but commonly considered as a simple M1 transition, since the
E2-contribution is negligibly small (mixing ratio § = 2 x 10~ [Bha98]|). We discuss
the transitions in more detail in section[2.2.3]

The nucleus is a highly complex many-body quantum system (see for example Ref.
[RS04]). In the absence of external (to the nucleus) fields, however, the nuclear energy
levels can be characterized by a small number of quantities: energy E,, nuclear spin
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I, parity 7, magnetic dipole moment y, and electric quadrupole moment Q. Each
energy level is further split into 2I + 1 quantum states distinguished by the magnetic
quantum number m. The energy degeneracy of these states is lifted through hyperfine
interactions of the nucleus with external hyperfine fields — via magnetic Zeeman
splitting and electric field gradients (EFG). In the presence of such hyperfine fields,
the single transition line is split into a multiplet structure. Precise measurements of
this multiplet structure are used in Mossbauer spectroscopy to extract the strength and
orientation of the hyperfine fields and thereby obtain information about the magnetic
and chemical environment of the nucleus (see for example Ref. [GG71])).

2.2.2. Experimental techniques

The ultra-narrow width of Mossbauer transition lines, many orders of magnitude
sharper than anything else at these photon energies, are arguably their greatest
strength, but also pose significant practical challenges [RC21|]. The only source
of such highly monochromatic radiation are the nuclei themselves. An alternative
method to probe these extreme energy scales is based on broadband excitation with
short pulses of synchrotron radiation, causing a temporal response on the time-scale
that corresponds to the linewidth, the lifetime T = #/I" (141 ns for *’Fe), which can be
resolved rather conveniently.

Energy-domain techniques

Conventional Mossbauer experiments utilize a radioactive parent isotope that decays
to the Mossbauer isomer, which subsequently decays to the stable ground state by
emission of the desired y quant. For *’Fe, a convenient parent isotope is °’Co (see Fig.
[2.3p). The photon energy can be tuned by controlled application of the Doppler effect.
To that end, the source (or the sample) is mounted on a highly stabilized velocity
transducer (the “Mossbauer drive”) that is undergoing periodic motion with typical
peak speed in the order of v,,,, ~ 10mms~!. This results in shifts of the photon
energy of AER(t) = Eyu(t)/c that can be conveniently registered by synchronizing the
photon detection events with the instantaneous speed of the velocity transducer (see
Fig. ). The natural linewidth corresponds to ' ~ 0.1 mm s~ for E, = 14.4keV. A
rather contemporary introduction to classical Mossbauer spectroscopy can be found
in Ref. [YL13]. A modern perspective is given in Ref. [YL21|]. The y-ray source is
typically used to illuminate a sample and measurements are taken as a function of
“detuning” A = w — w,; (With respect to the resonance w,; of some reference absorber
such as a-iron). Different channels can be detected:

« Transmission spectroscopy, measuring the transmitted y-photons (see Fig.[2.3).



26 2. Background and fundamentals

a b
—_— 3024 ¥Co Source Sample Detector
57Co collimator
electron capture s .
'
|=5/0 —e= 13646keV H — .
- : T=13ns ' I 5 neV
oy o ' — '
9% 91% L )~ n
1 - S R ik ]
: Doppler Ay :
3/2 ; 14.41 keV 1 shift !
: T=141ns H !
i W\ synchronization !
1/2 ——— () o\
57Fe stable
c
c T T T T T T T T T T T T T T
o 1.0
N RERREE
@2
£08 1 F ]
@
c
©
=06 41 F , ]
° isotropic T
= 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4
-75 50 -25 0 25 50 75 -75 50 -25 0 25 50 75
detuning A/T”

Figure 2.3.: Principle of conventional Mdssbauer spectroscopy, at the example of *’Fe. a The
parent isotope decays via electron capture to the short-lived 136.5 keV-level of *’Fe. Subse-
quently, it decays to the 14.4 keV isomer through emission of a 122 keV photon. This finally
results in isotropic emission of 14.4 keV y-rays with energy bandwidth of the natural linewidth
T (if the source is sufficiently clean). b The radioactive source is mounted on a velocity trans-
ducer to shift the photon energy via the Doppler effect. A setup in transmission geometry is
shown. ¢ Absorption spectrum of a-iron, magnetically split by the ferromagnetic hyperfine
field of 33 T. The left panel shows the spectrum for unpolarized light. The right panel shows
the hypothetical spectrum corresponding to well-defined y-ray polarization and hyperfine field
magnetization axis (7°-configuration).

« Conversion electron Mdssbauer spectroscopy (CEMS), measuring the electrons
ejected by internal conversion.

« Fluorescence spectrosopy, measuring for example the fluorescence photons
radiated by the relaxation of core-hole states produced by internal conversion.

A useful side-effect of the cascaded decay is that the second y-photon emission
(14.4keV) can be heralded by detection of the preceding y-photon (122 keV) [Vag+14;
HHW71].
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Figure 2.4.: Sketch (simplified) of the Synchrotron Mdssbauer Source at the Nuclear Resonance
beamline ID18 (now ID14) at ESRF [Pot+12]. It consists of a high-resolution (~ 10 meV
bandwidth) monochromator (HRM), a deflector, and the iron borate (IB) crystal (isotopically
enriched in *’Fe), which filters the broadband synchrotron radiation to the natural linewidth.

The radioactive sources need to be rather large (millimeters) to produce sufficiently
high count rates, making it very challenging to efficiently focus the radiation to the
micrometer scale [Yos+08|| or below, due to the low transversal coherence. This
limitation was overcome by so-called Synchrotron Méssbauer Sources, which have
been implemented at a few synchrotron beamlines [Mit+09; Pot+12]. Instead of a
radioisotope, they use a nuclear monochromator based on a so-called pure nuclear
crystal reflection (electronically forbidden but nuclearly allowed; see for example
[Smi+11]) to filter a beam of synchrotron radiation down to a bandwidth in the order
of the natural linewidth (see Fig. . Iron borate (*’FeBOj, isotopically enriched in
>"Fe) single crystals are the current state of the art. Synchrotron Méssbauer sources
produce highly monochromatic and collimated x-ray beams with practically zero
background, which can be reliably focused to spot sizes below 0.5 um (see chapter 5).
A contemporary perspective on the technique is presented in Ref. [RC21].

Nuclear forward scattering

Short pulses of synchrotron radiation, provided by modern synchrotron storage rings,
enable a complementary experimental method to probe Mdssbauer resonances: nu-
clear forward scattering [Has+91; Biir+92] (see Ref. [R6h05] for a comprehensive
introduction). The method harnesses that (i) nuclear lifetimes are in the order of
100 ns, which can be conveniently resolved by dedicated x-ray detectors and electron-
ics, and (ii) present-day synchrotron light sources are pulsed with pulse durations in
the order of 100 ps and repetition periods longer than the nuclear lifetime (for certain
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filling patterns of the electron storage ring). The principle can be readily explained in
terms of a response function (see Ref. [Smi99]]). The sample corresponds to a dispersive
complex transmission function K(w), which alters an incoming field by

Eyu(@) = K(w)Ej,(w). (2.24)

The synchrotron pulse has a bandwidth in the order of 1 meV minimum, which is 10°
times wider than T, but 103 times narrower than the scale of variations in the electronic
refractive index. In the time-domain, this corresponds to a response function

E () ~ f " K(t — t")E;, (tHdt', K@) = f ooK(w)e—iw‘g—z, (2.25)

where the response kernel can be written as
K(t) = Koo(t) + Kes(1)O(2). (2.26)

The first term describes a non-resonant (constant within the pulse bandwidth) con-
tribution and the second term the resonant one. As the response must be causal,
the resonant response function contains the unit step function ©(t). Equation
illustrates how the illuminating x-ray pulse is split into an instantaneous prompt
response and a delayed response, which is caused by the nuclear resonances.

The prompt response is many orders of magnitude more intense than the delayed
one, proportional to the ratio of illumination bandwidth to resonant bandwidth
AE;,/(AT). Typical monochromators that are installed at synchrotron beamlines have
an energy resolution of AE/E ~ 10~%, providing a bandwidth in the order of 1eV
at 14.4keV photon energy. For nuclear forward scattering, however, special high-
resolution monochromators (HRM) are employed [R6hO05], which filter the radiation
down to a bandwidth of less than 1 meV and thereby reduce the prompt intensity by
a factor of 10%. Such a highly monochromatic 1 meV-pulse typically contains about
103 photons (assuming 5 x 10° s~! average photon flux and a pulse spacing of 192 ns),
which corresponds to an average of 5 x 10~3 photons within the natural linewidth T
of *’Fe in each pulse. This, in combination with fast silicon avalanche photo diode
(APD) detectors (see Ref. [Bar00]) and dedicated timing electronics, ultimately makes
it possible to measure the delayed response with high temporal precision (sub-ns
resolution) and very low noise (below 0.1s71). As an alternative to APDs, time-
resolving pixel detectors based on the Timepix4 chip [Llo+22]| are currently being
developed and tested [[Cor+24], which provide spatial (55 um pixel pitch) in addition
to the temporal resolution.

Another perspective onto the underlying physics of nuclear forward scattering is
provided by the nuclear exciton picture. Since the timescale of the exciting pulse is
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significantly shorter than the lifetime of the isomer, excitation and relaxation can
be considered as separate processes. Thus, the short synchrotron pulse coherently
prepares a delocalized excited state of the nuclear ensemble - the nuclear exciton
(see Ref. [[Smi96] for a historical perspective). After the impulsive excitation, the
nuclear ensemble collectively evolves, free of external driving, and subsequently
undergoes spontaneous decay. The delayed photons thus result from the collaborative
spontaneous emission of the nuclear exciton. This is discussed in more detail in
section This excited state is commonly expressed as [HT99;|R6h05;|Smi+07|]

N

1 _

$(ko)) = N D "0 g gy gi 181 8N) (2.27)
=

where Kk, is the wave vector of the excitation pulse, r; the position of the jth nucleus
and

2182 -+ gj-1€i&+1 -+ &N) (2.28)

denotes the state where the jth nucleus is excited and all other nuclei are in the ground
state. Equation is misleading, however, since it does not describe the state of a
nuclear ensemble after excitation by a synchrotron radiation pulse [Ada09;|Scu07]
(also see section[2.3). It describes a dipole-moment-free non-classical state, as it might
be prepared by a single photon source (see for example Ref. [Scu07]). Synchrotron
pulses, on the other hand, should be considered classical fields and can be described
as thermal light (see for example Ref. [Kun+97|)). This issue will be discussed in more
detail in section[2.3]

2.2.3. Basic theory

A theoretical model for the interaction of x-rays with Mdssbauer nuclei requires two
components. First, a description of the nuclear quantum states and energy levels
under the influence of hyperfine fields, and second, a description of the coherent
interaction of incident photons with a spatial ensemble of nuclei. The former problem
is at the very heart of MOssbauer resonant absorption spectroscopy and thoroughly
discussed in textbooks [[GG71[]. A compact and self-contained derivation can be
found in Ref. [VRO6]]. The latter problem is of less relevance for classical MGssbauer
absorption spectroscopy but vital for experiments with coherent synchrotron light,
where it accounts for a rich variety of phenoma that are unique to Mossbauer optics.
We will come back to both after a brief historical account.
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Figure 2.5.: Experimental principle of nuclear forward scattering. a Simplified setup, consist-
ing of high-resolution monochromator (HRM), sample, and APD detectors. The time structure
corresponds to the 40-bunch mode of PETRA III (DESY, Hamburg). b “Time-spectra” - delayed
intensity |Kres(t)|2 for an a-iron foil with isotropic (left) and aligned (right) magnetization.

Historical account

The first theories for Mossbauer diffraction have been developed in the 1960s by
Afanas’ev and Kagan [AK64;|AK65; KAK79; Kag99|| and by Hannon and Trammell
[HT68; HT69]. In the latter papers, the single-photon scattering problem is rigorously
solved within the framework of (Lorenz-gauge) relativistic quantum electrodynamics,
first for a single atom, an ensemble of atoms, and all the way to dynamical diffraction
from crystals [HCT74a; HCT74b|. A comprehensive review is given in Ref. [HT99].
In principle, the coherent elastic scattering amplitude,

f(ef’ kf; €o, kO; CU) = fe + fn’ (2~29)

for scattering from the electronic shell (f,) and the nucleus (f,,) is derived. Impor-
tantly, the basic optical equations for coherent x-ray and y-ray optics in the theory of
Hannon and Trammell are “identical in form to the semiclassical equations used to
develop the dynamical theory of x-ray diffraction” [HT99], but are in fact the exact
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single-photon coherent scattering equations from a collection of scatterers.

This microscopic scattering picture is readily translated to a macroscopic refractive
optical model (see for example Refs. [BK68;/Stu04]]). Building on this, the reflectivity
from stratified media containing Mossbauer nuclei under grazing incidence illumina-
tion has been derived [R6h99; R6h05]. The theories of Hannon and Trammell were
implemented in the software package “CONUSS” [SG94;|Stu00] and, more recently,
in “Nexus” [[Boc23]]. The formalism accounts for electronic scattering, the relevant
nuclear multipolar scattering terms, as well as interference between electronic and
nuclear contributions. The “time-and-space picture”, developed by Shvyd’ko [Shv99;
Shv00], gives a time-domain formalism and allows to model time-dependent changes
of the sample, such as magnetic switching or velocity variations on the same time
scale as the nuclear lifetime. Theories for incoherent scattering have been developed
in parallel (see for example Refs. [SK99; |Stu04] and the references therein). These
theories combined provide a comprehensive account of nuclear resonant scattering
processes [[Stu04]] and have been employed to describe a plethora of experiments
with highest accuracy (see for example Ref. [R6h05])). Nevertheless, the scattering
formalism has some limitations. First, it does not explicitly account for the nuclear
excitations — the intermediate state in the scattering picture — so that modeling the
nuclear excitation dynamics requires a different approach (see for example Refs.
[SK95;|Smi+07]). Second, it is conceptionally limited to single-photon scattering and
a rigorous generalization to the multi-photon case is impractical.

A number of quantum-optical theories have recently been developed [Len+20;
KCP20], which overcome these limitations, in particular for cavity-like thin-film sys-
tems probed in reflection geometry (see Ref. [Len21] for a comprehensive overview).
One particularly promising approach is based on the Gruner-Welsch quantization of
the macroscopic formulation of Maxwell’s equations [GW96/], also known as macro-
scopic quantum electrodynamics (MQED) (see Refs. [SBO8; [Buh13]]). The central
object in these quantum-optical theories is the excitation state of the nuclear ensem-
ble. Interactions between individual nuclei are modeled as dipole-dipole interactions
(see Ref. [DKWO02]), which are quantified by the classical electromagnetic Green’s
functions of the (absorbing) cavity-like dielectric environment.

While the underlying formalism is rather general, the particular theories are for-
mulated in a “spin-wave” basis using the full translation invariance of dielectric
environment, fields, and collective excitation states, as it is approximately realized
in thin-film systems illuminated by a plane wave in reflection geometry. As a conse-
quence, however, the theories are not applicable for propagation problems such as
“forward-scattering” from a foil, and also not for resonant propagation in waveguides.
To address this, Andreji¢ recently developed a theory [[ALP24;/And23] to model propa-
gation problems, specifically in x-ray waveguides. The theory is derived ab initio from
the Gruner-Welsch quantization [GW96[| but explicitly models the field operators
throughout, instead of eliminating them in favor of dipole-dipole interactions between
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the nuclei. It utilizes asymptotic expansions of the waveguide Green’s function in
terms of its spatial coordinates as derived in Ref. [LA24] (chapter [3|of this work) to
obtain analytic solutions of the resonant propagation problem.

In the following, we present yet another theory that can be considered a semi-
classical version of Ref. [ALP24]]. We first solve the single-nucleus problem in a
quantum-optical formalism and then consider the classical many-body problem (with
classical fields and neglecting quantum correlations between the nuclei).

Nuclear Hamiltonian and hyperfine splitting

unsplit levels magnetic splitting
m,=3/2 T
1.=3/2 12 E I"ev
° /2 : 2 o m ot
X =
Fe -3/2 i %
hw, = 14.41 keV ]
il =4.7 neV %
m =-1/2 — S 1 1
’ : 8
=172 A . 2
1/2 B 2 _ detuning A/T’
o o

Figure 2.6.: Nuclear energy levels of the Mdssbauer isotope *’Fe and selection rules for M1
transitions. (left) Unsplit levels in the absence of hyperfine fields. (center) The levels are split
by an static magnetic field. The M1-allowed transitions are also shown. (right) Absorption
spectrum as a function of detuning A = w — wq. The color indicates the 3 possible polarizations
corresponding to the change in magnetic quantum number.

The quantum many-body problem of the atomic nucleus is rather complex [RS04].
Luckily, the excitation states of the nucleus are highly rotationally symmetric and
hence well described by their nuclear spin I, which corresponds to eigenstates of
an angular momentum operator (see Ref. [Ros95]). We consider a ground level g
and an excited level e with transition energy #w, and nuclear spins I, and [, re-
spectively. Each level corresponds to a degenerate multiplet that differs in their
respective magnetic quantum numbers m, and m,. The nuclear states are |Ig mg>
where my € {—I =l +1, ... ,Ig} and |I, m,) where m, € {-1,,—I, + 1,...,1,}, denot-
ing states in the angular momentum basis. The unperturbed nuclear Hamiltonian, in



2.2. Mossbauer nuclei 33

the absence of hyperfine fields, can then be written as

I,
Hr?uc = Z hawg I, meXI, me| . (2.30)

me=—I,

The nuclear states are generally perturbed by hyperfine interactions. Because of
the rotational symmetry of the nucleus, the hyperfine interactions can be expanded
in a multipole series and only the first 3 terms are kept: the hyperfine fields are then
quantified as an electric monopole &;¢, a magnetic hyperfine field By, and the electric
field gradient V, .. The perturbed nuclear Hamiltonian can be written as [GG71]]

Hnuc = ﬁguc + th(ahf: By, Yhf)' (2.31)

A detailed discussion of the hyperfine Hamiltonian is out of scope here but can be
found in Refs. [GG71;[YL13||. Figure[2.6 exemplifies the nuclear energy levels under
a magnetic hyperfine field. Importantly, the hyperfine Hamiltonian can be readily
expressed in the angular momentum basis, (I m|H,,|I m’), and the perturbation acts
separately on the ground and excited states so that it does not introduce coupling
between the two. As a result, the perturbed nuclear Hamiltonian H,,, is no longer
diagonal in the angular momentum basis. The new eigenstates, however, can be
readily obtained by diagonalizing the perturbed Hamiltonian. This can be done
separately in the subspaces of the ground and excited states. From this procedure, we
obtain the perturbed eigenstates, which we denote by latin letters, |j), for the ground
states and greek letters, |u), for the excited states. In this new basis, the perturbed
Hamiltonian becomes

Hye = 3 @y + 8y) luXpl + 3 1y Xl (2.32)
K J

with the transition matrix

|;u> = Z |Ie me) <Ie mel:u> (2.33)

me

and accordingly for the ground states. The A, and A; denote the hyperfine shifts of
the nuclear levels.

The magnetic dipole operator

Having established the nuclear Hamiltonian, we now turn our attention to radiative
transitions. Without hyperfine interactions, this becomes a textbook problem making
heavy use of rotational symmetry (see Refs. [Ste23;Ros95]).
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We consider a magnetic dipole interaction Hamiltonian,

Hj, = —-1h - B, (2.34)

corresponding to, for example, the M1 transition of *’Fe. Here i denotes the magnetic
moment operator and B the rapidly oscillating magnetic field (it is irrelevant whether
the field is classical or quantized). Importantly, both operators are vectors (spherical
tensors of first order). First, we separate the magnetic moment operator into the
different transition terms. To that end, we define the projection operators

E = liXil, B = luXul, (2.35)
J Iz

which project onto the ground and excited subspaces, respectively. Then, we write

= (B + )ik + E)
= BB, + BRE, + BP + Bk, (2.36)

— 1 S Sb L gaa—
=g, + M, + ' +h™.

The diagonal elements do not vanish here because we are dealing with the magnetic
dipole operator, which couples states with equal parity. The diagonal elements de-
scribe static magnetic moments and radiofrequency hyperfine transitions, which
we are not interested in. In the following, we will be concerned with the operator
mediating the coupling between ground an excited state, m* = BmkE.
By virtue of the Wigner-Eckart theorem it follows that (the details are worked out
in Appendix|[B.1)
tt = mg ) |jXul digs (2.37)
Moj

with some yet to be specified dipole amplitude m, and normalized dipole moments

dy, =V3),C0q,j < wés, (2.38)
q
where
cliqjew= ), (L melm(jlfgmg)(—l)‘mg(;fe _i*jlg ;) (2.39)

Mmg,Me

and fq are the spherical basis vectors, fo =2 and fﬂ =3+ iy)/\/i [Ste23]. The
term in parentheses denotes Wigner’s 3j symbols. In the absence of hyperfine splitting,
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the coefficients reduce to

o em (e I 1
Claqumg = m) =)o e L), (240)

which mathematically describes the selection rules (see Fig. 2.6).
The definition of d;,, in (2.38) ensures normalization so that

Z |d,]° =3, (2.41)
JoM
24,04, =1 (242)
JH

as shown in Appendix[B.1] The symbol “®” denotes the dyadic product (or tensor
product) of the two vectorsand1 = X @ X+ ¥y ® ¥ + Z ® Z the unit dyad (identity
matrix in a matrix representation). Taking the orientational average yields

" 1 2
(A, ®d;,) = gldm| 1. (2.43)

For vanishing hyperfine splitting, this can be further evaluated to
1. ¢ I, 1, 1\
Zld., |° = e ‘g
31 zq]{(# # q)} , (2.44)

giving values listed in Tab.

Table 2.1.: Relative dipole moments |dj Mlz/ 3 for vanishing hyperfine fields, j = mg, 4 = m,
(Ig = 1/2, I, = 3/2) . Only 6 out of the 8 possible transitions are realized as a result of the
selection rules for M1 transitions.

mg\m, | -3/2 -1/2  1/2 3/2

-1/2 1/4 1/6 1/12 0
1/2 0 1/12  1/6 1/4

Note how we have obtained an explicit expression for the transition dipole mo-
ment operator rht in only from symmetry considerations — without having to
integrate over any charge or current densities within the nucleus. Importantly, the
nucleus “looks” like a set of dipoles to the electromagnetic field, the orientations dj "
of which we can readily compute via for arbitrary hyperfine fields. The only
undetermined quantity is the dipole amplitude m,. In principle, it is tabulated in
terms of so-called “reduced transition probabilities” for various nuclear transitions,
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but we can readily translate it to the lifetime.

Decay rates and dipole amplitude

The dipole amplitude is related to the spontaneous emission rate. As we have just
established, each individual transition between an excited and a ground state is
nothing more than a simple magnetic dipole transition — which is a solved problem.
For a specific decay, the spontaneous emission rate is [Ste23]|

Hok? 2
Ty = 50| (il 1. (243)

To get the total decay rate, we average over initial and sum over final states, resulting
in

1
ot = 757 2T

3

uokd 1 s
= S o T 2| il (2.46)
¢ Mo

ok 1

_ 2
=Tk a1l

Here we have used the normalization of d;,. The transition dipole amplitude is thus
[using ['yq = T/(1 + )]

2 co
v (21 +1) (2.47)

2 I nh
mal® = —Q2I,+1) =
| 0| 1 al,{okg( e )

with the natural dipole scattering cross-section (see for example Ref. [Ste23])

27 27mc?

Op=—=—".

2.48
e (248)

In the nuclear resonant scattering literature one often finds the effective radiative
Cross section

o 2I,+1
= — 2.4
O = 3o 4 1 (2.49)
in terms of which the dipole amplitude becomes
Opah T
Imo|* = ‘ad 7 QI +1). (2.50)
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As usual, the phase can be chosen arbitrarily, so we define m, to be real.

We amend these definitions to phenomenologically take into account the non-zero
probability of inelastic scattering. The value of the radiative decay rate I',,4 on the left
hand side of corresponds to its value at cryogenic temperatures, where fiy = 1.
In general, the observed (elastic) decay rate would be smaller by f1,; < 1, since some
of the spontaneous decay events involve phonon creation or annihilation and do
not contribute. Substituting I'..g = fimIraq @ccounts for this and yields the correct
expressions. As a consequence, the dipole amplitude will be redfined as m3 — fym3.
For brevity, we absorb this factor into the cross section, so that it becomes

o 20, +1
1+a2l+1°

Orad = fLM (2-51)

In the following we will drop the tilde but keep the definition (2.51)) in mind.

Nuclear excitation amplitudes

We model the nuclear excitation using nuclear transition operators &, = |jXu| in
the Heisenberg representation. This rather abstract object corresponds to a physical
quantity. From (2.37) we have

mt =mg Y 6,d;,. (2.52)
Hj

The expectation value of the transition operator thus corresponds to the (magnetic)
transition dipole moment,

(o[t [1ho) = mg Z (YolGiultbo) djps (2.53)
IZ8)

where |1),) describes a state of the nuclear ensemble. For a single two-level system,

consider the weakly excited state |€) = V1 — €2 |g) + € |e). In this state, the expectation
value of the transition operator evaluates to

(€l6gele) = € + O(€?). (2.54)

The expectation value thus corresponds to the excitation amplitude e.

Excitation and nuclear Bloch equations

To describe how the nuclear states evolve under x-ray illumination, we consider an
x-ray field B(¢) tuned close to the resonance energy #w, of the nuclei. Separating the
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positive and negative frequencies, we write
B(t) = B*(t)e~ %0t 4+ B~(t)el®o!, (2.55)

In the rotating frame of the nuclear transition frequency (factoring out the e~ot
oscillation of §;,,) and under the rotating wave approximation, the transition operators
obey the optical Bloch equations [ALP24]

dgt%(t) - [i(Aj —Ay) - g Gu() = im70 [Z Gyu(D, = 3 i, | - BH(D). (2.56)
v k

The ground state 6j, and excited state 6, operators follow similar equations. Here,
assumes a classical field, which is sufficient for our purposes. The equations for
field operators are formally identical and can be found in any quantum optics textbook
for the case of a single transition (for example Ref. [Ste23]]). Refs. [ALP24;/And23)]|
contain a detailed derivation of within macroscopic quantum electrodynamics,
all the way from the nuclear many-body and field Hamiltonians. For the current
discussion it suffices to consider the expectation values, i, = () Ouy = (6> and

%k = (Gjk)-

Weak excitation approximation

The nuclear resonances are so narrow that synchrotron pulses are too weak to excite
them with appreciable probability, even under ideal focussing. In the weak excitation
regime, we can approximate &, ~ 0 and ;. = Jji/(2Ig + 1) in the right hand side of
(2.56), resulting in the linearized Bloch equation

d r img
—a, ()~ |i(a =AY — = |0 ——C0 _d* - BH(0). 2.
This weak-excitation approximation is conceptually very different from the single-
photon assumption that underlies the scattering theories [HT99]. In fact, equation
(2.56]) does not include any notion of photons. The relevant quantity is the pulse area

(see for example Ref. [AE87])), which can be defined as
—_ M g .+
A= RGL + D) fdm B*(t)dt, (2.58)

where the integral goes over one pulse. The approximation is justified aslongas A <« 1.
For a tightly focussed synchrotron beam, we estimate A ~ 1x1075 (see Appendixfor
a derivation). A few theoretical studies have been published, laying out experiments
with the aim to excite a sizeable fraction of nuclei [Che+22] using x-ray free electron
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laser pulses as well as methods to detect signatures of the weakly nonlinear regime
[WE23;HKE16|. Nonlinear optics with two-level system in general is also well-known
in the literature (see for example the textbooks by Allen and Eberly [[AE87] or Boyd
[Boy20])). However, no experimental signatures of nonlinear effects with Mossbauer
nuclei have been reported to date. It is even unclear to what degree remains
applicable in the nonlinear regime, because the extremely high intensities necessary
to excite the nuclei will rapidly ionize the atoms, alter the hyperfine fields, and might
have other side effects that are not captured by this simple model. That said, the
weak-excitation approximation is very well justified for the present discussion.

Comparison to classical damped oscillator

The semi-classical optical Bloch equation is closely related to a classical damped
harmonic oscillator - the Lorentz model (see for example Refs. [Jac09;|Ste23])). Let
X(t) = éx(t) be the position of an electron bound to the nucleus by a linear spring
and p(t) = —eX(t) the atomic dipole moment. Separating the positive and negative
frequency components, we have

d* _

d . . e’ .. -
@er(t) + F& P + g pr(t) = ae* -ET(p). (2.59)

Factoring out the rapid oscillation of the resonance frequency (going to the rotating
frame) via E*(t) = E*(t)e”of and p*(t) = p*(t)e”'?o! and making the slowly-
varying envelope approximation yields

d 2

ap

e
2wom

o) = —g PO + =S —e* - B+ (1), (2.60)

which has the same form as (2.57). This illustrates that the quantum two-level system,
governed by (2.57) in the linear regime, is formally identical to the fully classical
Lorentz model (as discussed for example in Ref. [[AE87])).

Magnetic polarizability

Equation (2.57) can be readily solved in the frequency domain. Fourier-transforming
both sides yields

1 my
w— (A, —A) +il/2 A2 + 1)

Gju(w) = — dj*ﬂ - B (w), (2.61)

showing that gj,, is proportional to the magnetic field. Since g, is related to the
magnetic dipole moment through (2.52)), we can express the proportionality constant
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as the magnetic polarizability & .

m(w) = a (o) - B* (), (2.62)
which becomes
d, df
@ (@)= 2 ikt
m h(ZI +1) CO—AM+Aj+lF/2
(2.63)

— Orad r Z jl*‘ ®
T Uoke 2 A w — Ay + A +lF/2

Magnetization and susceptibility

In a homogeneous medium with nuclear number density p, the microscopic quantities
are readily translated to the macroscopic magnetization

M* = pm* (2.64)
and the (macroscopic) magnetic susceptibility
X (@) = ppox (). (2.65)
—m

Note that we assume a simple linear relation between polarizability and susceptibility.
Lorentz-Lorenz corrections (see for example chapter 2.3 in Ref. [BW19])) can safely be
neglected because of the small value of «,,. The magnetic susceptibility relates the
magnetization to the magnetic field via

M*(@) = 1 @H (@) = -2 (@B"(@) (2.66)

where we have used H* = B*/u,, assuming an (otherwise) non-magnetic environ-
ment. The susceptibility then becomes

_ porad r .l" ®
x @ == 2L 0—R, A i (2.67)
which simplifies to
parad I/2
x, (@)= w+il/2- (2.68)

in the absence of hyperfine splitting [see - ]. While (2.68)) is diagonal, hyperfine
fields can turn the nuclei optically active, which is expressed in the tensorial form of
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the susceptibility in (2.67).

We have obtained an optical model of nuclear resonant media in terms of a (mag-
netic) susceptibility, which can be plugged into the Helmholtz equations or the vector
wave equations and to solve, for example, transmission through resonant
media as outlined in Ref. [[Stu04]]. In the isotropic case, the magnetic susceptibility can
readily be absorbed into the complex refractive index of the non-resonant environment
n, so that

es(@) = M@ T + (@) % (@) + 3 (@) (269)

This result is identical to the refractive index [|Stu04] obtained from QED-derivations
of the nuclear scattering amplitude [SG94||]. We were able to avoid the QED-formalism
entirely, because the resonant interaction with the nuclei are very accurately described
as simple magnetic dipole transitions, for which the interaction can be modeled with
optical Bloch equations.

In principle, this provides a complete theoretical foundation to model a wide range
of nuclear resonant forward scattering problems, including reflection from stratified
media in a matrix formalism [R0h99], as well as propagation through general inho-
mogeneous media using the finite-difference frequency-domain approach mentioned
in section[2.1.3|(see Ref. [Sol+21])).

2.2.4. A Green’s function perspective

There are good reasons not to absorb the nuclear resonance into a strongly dispersive
refractive index, but to separate resonant and non-resonant solutions. First, the
nuclear resonance linewidth is many orders of magnitude narrower than any changes
in the electronic refractive index. This suggests to solve the non-resonant scattering
problem once and then model the resonant response separately. Second, the refractive-
index formulation obscures the nuclear excitation state.

Both can be addressed by a Green’s function approach. The general idea is to find the
classical electromagnetic Green’s function of the non-resonant dielectric environment
and use it to describe the fields emitted by the nuclei. Finding the Green’s function is
equivalent to solving the non-resonant scattering problem.

Emitted field

Suppose that we have solved the non-resonant scattering problem and have found
gm (r,r', w), the magnetic Green’s function of the (dielectric) environment without
the nuclear resonances as defined in (2.10b). The field that is emitted by the nuclei
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through their magnetic transition dipole moments can be written as [see (2.12))]

Br(r,0) = ok Y. G_(r,1;,0 + wp) - mi (@), (2.70)
i

where k = (w + wg)/c. Interestingly, can be derived consistently within macro-
scopic quantum electrodynamics, so that Bt and m* can be replaced by their corre-
sponding operators [ALP24;/And23]. A general solution for the magnetic field can
then be written as

BT = B{ + B, (2.71)

where B{ denotes a free (unaffected by the nuclei) solution of the vector wave equa-
tions or the Helmholtz equation, which is subject to boundary conditions.

The resonant scattering problem

Equation (2.70)) provides an alternative formulation of the resonant scattering problem.
Substituting the polarizability (2.62) into (2.70) yields the Lippmann-Schwinger-type
equation

B*(r.w) = B{(r.0) + uok 3. G_(r.rw+wp)- @ (@) B*(r,w).  (272)
i

It is particularly useful when the geometry allows an analytical solution (or approxi-
mation) of the Green’s function.

To illustrate the approach, consider a homogeneous slab of isotropic resonant
material, which is illuminated by a plane wave as sketched in Fig. Assuming an
average nuclear number density of p, we can describe the ensemble as a continuum,
so that

Bi..(r, w) = uopk? P.V. / dr'G_(r,r,w+w) - a (@) B (', )

L (2.73)
= kZ/ dx' GP(x, x", @ + @) - ¥ () - B (x', ).
0 —m
where (see Appendix[B.2.1])
’ ' 30 / in ; —x'
GP(x, x', 0 + wg) = /dy dz'G_(r,r',w+wg) = ﬁe‘k'ﬂx x |1J_’ (2.74)

which is the Green’s function of a planar source at x’, extending coherently over y
and z. The symbol 1 L =Y®V+I®12 denotes the transversal unit dyad. Crucially, we
can use the bulk Green’s function here (for a medium stretching to infinity) because
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reflection at the interfaces (x = 0 and x = L) is practically non-existent in the x-ray
regime. Assuming an isotropic resonance yields

; L

iknym(w ;

Buc(x, @) = me() f dx’ elknlx=x'|p+(x’ o). (2.75)
0

The field at depth x in (2.75) contains upstream (0 < x’ < x) and downstream

(x £ x' £ L) contributions. We make the forward-scattering approximation to neglect

the downstream contributions (see Ref. [And23]]). Consequently,

; iknyn(@) [~ ;

e~iknxpt (x,w) = —sz( ) [ dx’ e~tknx'B+(x' ). (2.76)
0

Inserting the free solution By (x, ) = Bj,(w)e’ ™ and recalling that B* = Bf + B/,

we obtain

; x
e~tknxp+(x, @) = B, (w) + w f dx’ e_iknx/B"'(x', w), (2.77)
0

which is solved by

(2.78)

B*(x, ) = Bjy(w)e’*"* exp [W] _

2

Equation (2.78)) is identical to the solution one obtains by assuming the resonant
refractive index n,. (w) = n[1+ y,(w)/2]. This Green’s-function approach, however, is
readily generalized to more complicated dielectric environments, such as waveguides
[ALP24].

Nuclear excitation dynamics

Instead of solving for the field, one can consider the nuclear excitations Tge and
eliminate the field into dipole-dipole coupling terms. To present the essential features
of this approach, we neglect the magnetic states and consider a single transition
between g and e (thus, a spin-1/2 system). We again split the field into nuclear and

free components [see (2.71)]. Fourier-transforming (2.57)) and inserting (2.70)) yields

. r . im
—iw0ge(w) & —=0ge(w) + —d* - Bt (w)

2 h

2 . (2.79)
= =3 05e(@) + i0(1, @) + 1Y) 8i)()he(®)
J
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Figure 2.7.: A homogeneous slab of resonant material is illuminated by a short pulse of plane
waves in normal incidence (resonant forward scattering).

with dipole-dipole coupling terms
,uom% k2d* -

gij(w) = 7 G (rr,w+aw)-d 2:50)

= 0uik5d -G (1,0 +a) - d

and the free (driving) field is expressed as a Rabi frequency Q(r;, t) = (my/h)d* -
B{ (x;, t). The free field is a solution for the non-resonant medium.

This perspective is particularly well suited for nuclear resonant scattering with
short synchrotron pulses, because the driving field can be approximated by a delta-like
pulse so that Q vanishes for t > 0 and effectively governs the free dynamics.
We are going to develop this further in section[2.3]

The dynamical equation can be derived from an effective atom-atom
Hamiltonian in a quantum many-body theory using the field-quantization scheme of
Welsch and colleagues [GW96; DKWO02; Buh13]. It has been used to describe atom-
light interactions in waveguides [Ase+17] but also underlies the quantum optical
theories developed for Mossbauer nuclei in cavity-like systems in reflection geometry

[KCP20;|Len+20]]. This quantum-optical approach goes beyond (2.79) and can provide
insights also into the spectrum and dynamics of strongly coupled atoms [DKWO02].
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For the present purpose, however, the semi-classical dynamical equation suffices.

2.2.5. Collective resonant phenomena

Ensembles of resonant atoms can exhibit peculiar collective phenomena upon coher-
ent interaction with light. The propagation of coherent light pulses through resonant
media is for example discussed in the textbook by Allen and Eberly [AE87], yet mainly
focused on strong pulses. Mdéssbauer nuclei, in particular in combination with short
pulses of synchrotron radiation, allow experiments in a rather unique parameter range:
Negligible inhomogeneous line-broadening, coherent excitation with bandwidths
many orders of magnitude broader than the linewidth (corresponding to almost in-
stantaneous excitation) on the one hand, but restricted to extremely weak small-area
pulses on the other hand. Here we discuss non-crystalline ensembles in the con-
tinuous approximation. Coherent phenomena in resonant crystals are extensively
discussed in Ref. [HT99].

Dynamical beats

A short pulse propagating through resonant media induces beat patterns in its tempo-
ral response — so-called dynamical beats. The phenomenon is ubiquitous in nuclear
forward scattering experiments. A detailed review is given by van Biirck [Biir99|.
Such dynamical beats (also called propagation beats) have also been observed in other
physical systems (see the historical references in [Biir99]), and recently in an optical
nanofiber coupled to an ensemble of **Cs atoms [Su+23].

The phenomenon is readily explained using the resonant susceptibility defined in
(2.68). Here we assume an unsplit resonance. References [SB99; [Shv+98] discuss
dynamical beats for hyperfine-split resonances. Consider a homogeneous slab of
material of thickness L and an incident pulse B;,(x = 0, t) = ByII(t), where T1(t) is the
normalized pulse envelope with f II(¢)dt = 1. The linear energy-domain response
(in the weak excitation regime) can then be written as

ik} (w)L ]

B(L, w) = ByI(w)e™L exp [ >

(2.81)

= ByII(w)e*"L exp [—i I/ ] ,

27 o5 @ + IT/2

where A = 1/(00.,4) i the on-resonance attenuation length and I1(w) the Fourier-
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transform of I1(¢). The temporal response is obtained via Fourier-transform,

B(L,t) = f g—iB(L, w)eiwt

T o, 20, (m) (2.82)

— BoeiknL Ze ,
4 TtT

H(t) - 1—‘Tpulse

where T = L/A.es = Lpo,,q is the on-resonance optical depth (known as “effective
thickness” in the nuclear resonant scattering community) and 7, = Il(w = 0)
is the duration of the incident pulse. This was derived in similar form by Kagan,
Afanas’ev, and Kohn [KAK79||. The integral can be computed by series-expansion of
the exponential function, contour-integration of the individual terms, and identifying
the resulting series with the Bessel function of first kind J; (x). Equation displays
the two contributions, the prompt and delayed pulse that were introduced in (2.26).
Figure|2.8|shows the delayed pulse for different optical depths T.
The last term in is normalized so that

B oz ofsd),
\x 8

For optically thin samples (T < 1), the oscillations are not observable in a finite
observation window, because they would only set in long after the natural lifetime
1/T (see Fig.[2.8p). For short time delay, the oscillating term can be approximated
as ~ exp(—T'tT/4), leading to an apparent initial decay « exp[—(1 + T/2)['t/2] - a
collective initial speedup of the decay rate (1 + T/2)T.

Several physical interpretations of the dynamical beats have been discussed, from
interference of two polariton branches [Biir99], interference of bright and dark radia-
tive eigenmodes [[RE21]], repeated absorption and reemission of the resonant photon
[Smi+07], to emissions from a so-called nuclear exciton-polariton [Smi+07]. Some
quantitative insight is provided by the microscopic theory. The expectation value of
the nuclear transition operator at depth x and time ¢ can be written as (ignoring time
retardation)

(2.83)

Oge(, 1) = iAeiknxe=Tt2] (\/ rtT) , (2.84)

where A = myByTp./f < 1 is the pulse area, as we are going to show in section
It has been derived in similar form by Smirnov [Smi+07]. The rather abstract quantity
is proportional to a magnetization M = pm0g.. Figure shows the envelope
of this magnetization without the rapidly oscillating term e!*"* . The synchrotron
pulse intially excites the entire sample homogeneously, but the excitation amplitude
then develops a depth-dependency and slow spatio-temporal oscillations. This can be
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Figure 2.8.: Dynamical beats in nuclear forward scattering. a Dynamical beats in the delayed
emissions following impulsive excitation of slab/foil samples with different on-resonance
optical depths T = L/A,. b Envelope of the local magnetization M (excitation amplitude) as
a function of time and sample depth (relative to its maximum). In both panels, off-resonant
absorption is neglected.

interpreted as a boundary effect: Every nucleus experiences the field produced by all
other nuclei upstream of its position. Since the boundary at x = 0 breaks translational
symmetry, the field at each depth is different, causing the oscillations.

Thin-film structures

More complex geometries give rise to a wider variety of phenomena. Thin film
structures and multilayers, probed in 6-20 reflection geometry (see Fig. 2.9), have
proven particularly fruitful. This geometry is still rather simple because it is to a good
approximation fully translation invariant in 2 dimensions and can be thought of as an
effective Fabry-Pérot cavity (see Fig. ). Ref. [RE21]| gives a comprehensive review.

Rohlsberger and coworkers demonstrated a speedup of the decay rate without
dynamical beats from a thin layer of >’Fe embedded in a planar waveguide structure
[R6h+05]). The speedup is tuneable by changing the incidence angle. They went on
to demonstrate a corresponding shift of the resonance frequency in a similar sample
[ROoh+10]). Two thin layer of resonant material can be placed in such a way that the
reflectivity spectrum R(w) exhibits a narrow dip [[Roh+12f]. This can be related to the
concept of electromagnetically induced transparency, if the excitation states of the two
nuclear layers are interpreted as states of an effective three-level atom. This concept
is further discussed in Refs. [HE15;|RE21;|Len+20|]. In a similar sample consisting of
two stacked waveguide layers with a thin resonant layer each, a collective harmonic
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oscillation between the two layers was demonstrated [Hab+16].

Figure 2.9.: Schema of a resonant thin-film “cavity” probed in reflection geometry. a The
layer system contains one or more thin films of resonant nuclei (red). It is illuminated at an
incidence angle of 6 with a short pulse of synchrotron radiation and the delayed emission into
the direction of specular reflection is observed. b Due to translation invariance, the system can
be considered as a 1-dimensional Fabry-Pérot cavity. Each film of nuclei can be considered as a
single atom and the cavity is illuminated with wave vector k,, = |kq| cos 6.

2.3. Excitation dynamics

2.3.1. Nuclear excitation in forward scattering

We analyze the nuclear excitation dynamics - the time-evolution of the nuclear
excitation amplitude o,4(x, t) - in nuclear forward scattering from a simple slab. We
employ the formalism of to familiarize ourselves with the approach, again in
the simplified model of a (spin-1/2) two-level system. Similar considerations were
made by Smirnov and coworkers [Smi+07|] (see also Ref. [Smi+03]).

Consider once again the simplest conceivable geometry, the homogeneous slab
illuminated by a plane wave (Fig.. The (free) synchrotron pulse B{ (r, t) propagates
through the slab as dictated by the (non-dispersive) complex refractive index n. We
express this excitation pulse in terms of the Rabi frequency [Q(r, t) = mod-B{ (x, t)/A]

Q(x, 1) = QoI(tre e om, (2.85)

where TI(¢) is some dimensionless pulse envelope and t,; = t — nx/c the retarded
time. We assume that the pulse II(¢) is temporally supported on ¢ € [0, t,] and is
considerably shorter than the natural lifetime, t; <« 1/T.
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The continuous one-dimensional equation

Going to continuous variables and integrating (2.79) over y and z yields
I L
—iw0ge(x, w) = —Eoge(x, w)+iQ0x, w) +ip f dxg(x — x', 0 + w)Tge(x’, w) (2.86)
0
with

T
glx —x' 0+ wy) = aradkzd* : gf;(x —x',w+wy)-d

inogyT (2.87)

2

eikn|x—x’|‘

Substituting the coupling term in (2.86)) leads to

nI’

L
fdxeik"|x_x,|age(x',w). (2.88)

r
—iW0ge(X, W) = —=0ge(X, W) + IQ(X, @) —
2 res Jo

Fourier-transforming finally yields

dt 4o c

(2.89)
We have obtained a one-dimensional integro-differential equation that describes the
nuclear excitation amplitude after interaction with a pulse of synchrotron radiation. A
three-dimensional version (with 1/|r — r’| dependence) is discussed for example in Ref.
[SZS15] in the context of single-photon superradiance. Equation appears a bit
cumbersome because of the time-retardation in the coupling term. For certain initial
conditions, the retardation, in fact, produces interesting non-local dynamics [Svi12]].
In the present case, however, the time-retardation can be effectively eliminated, which
considerably simplifies the dynamics, as we will see in the following.

d r nr [* [x —x']|
) , —
—0ge(X, 1) = —Eoge(x, ) +iQ(x,t) — f dxeikon|x—x |0ge <x’, t— n—).
0

Impulsive excitation and the nuclear exciton

The excitation pulse depends on the retarded time. We therefore define 6,.(x, ) =
Ogel X, tag(x)], with the advanced time t,4,(x) = t + nx/c. The nuclear excitation
immediately after the synchrotron pulse can then be written as

Tpulse . X
Goo(x, tg) = i [QO f H(t)dt] etkonx — jppikonx (2.90)
0
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so that A is the pulse area. Equation (2.90) describes the nuclear exciton in terms of
the transition-operator. After the synchrotron pulse has passed (¢t > t,), the dynamical

equation (2.89) simplifies to

!

nr [t enlx—x!| < [x —x'| x' —x
daxeikon|x—x |c7ge x',t—n -n .
4Ares ) ¢ C(z 91)

d . r_
ao'ge(x» t) = _zgge(xa t) -

The forward-scattering approximation

We can effectively neglect the downstream-contribution (x < x" < L) in the integral.
To that end, consider only the integral term

L ’ ’
/ dxeikonlx_x'|5ge (x',t _ =X nZ x)
A c c

x' -

bY L
= f dxeik()"(x_x')ége ', 0)+ f dxeikon(x,_x)ége (x’, t—2n x) . (2.92)
0 x

Initially, 6(x, t,) is prepared with the spatial frequency of the excitation pulse, so that
6(x) x exp(ikynx). Consequently, the second integral in is rapidly oscillating
with twice the spatial frequency, whereas the first integral fully cancels these high-
frequency oscillations. Thus, similar to the rotating wave approximation, we neglect
the second integral. Since this amounts to neglecting the downstream-contributions
we call this the forward-scattering approximation (see Ref. [And23])).

Initial value problem

Making this forward-scattering approximation yields the following initial value prob-
lem for the nuclear excitation dynamics,

d r r (*. . )
0o 1) = =5 Gge(x, 1) — % f dxetkon(x=xg  (x',1), (2.93a)
res 0
Gae(x, o) = iAeikonx, (2.93b)

This problem is not only significantly simpler than but also structurally very
different. Neglecting time-retardation, is essentially a Fredholm integral equa-
tion (with respect to the spatial variable). This particular equation is commonly
approached as an eigenvalue problem, to find the radiative eigenmodes of the atomic
ensemble (see Refs. [[SC08}[SCS10; [FM08b; [RE21]]). Equation however, is a
Volterra integral equation. As such, it does not have any eigenvalues and the concept
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of radiative eigenmodes therefore no longer applies. Instead, (2.93a) has a rather
simple analytical solution:

Gge(, 1) = 1Aeom¥e~ T2, (\[Ttx/ ). (2.94)

where J, is a Bessel function of first kind. We have already discussed (2.94) in the
context of dynamical beats.

2.3.2. Collective spontaneous emission

The cooperative decay of excited Mdssbauer nuclei is closely related to the concept of
superradiance (see for example Refs. [Ada09; Roh+10;|Chu+17]]). The details of this
relation, however, are subtle and have been vividly debated [Scu07]. The concept of
superradiance was introduced by Dicke in 1954 [Dic54] and concerns the collective
spontaneous emission from an ensemble of excited atoms. It has been the subject of a
plethora of experimental and theoretical investigations since then. A comprehensive
review was presented already four decades ago by Gross and Haroche [[GH82] but
there are still new aspects to it (see for example Ref. [MA22]).

Dipole moments

Before diving in, let us briefly consider the dipole moment associated with a two-level
system with ground state |g) and excited state |e). The dipole operator can be defined
in this basis as [|Ste23]]

d = (gldle) (IgXel + leXg]) = dge (Ge + G ) » (2.95)

where dg, is a real vector. Importantly, in the fully excited state |e), the dipole moment
vanishes, since
(e|d|e) = 0. (2.96)

On the other hand, in the weakly excited state |€) := V1 —€2|g) + €|e), which is a
superposition of ground and excited state, the transition dipole moment is

(e|de) ~ 2d,, Refe}, (2.97)

for |e| < 1. Classically, this weakly excited state corresponds to an oscillating dipole,
since the charge density oscillates between the two states with the transition frequency
wq (corresponding to the energy difference of the two states). The fully excited state,
on the other hand, has no such dipole moment and does not correspond to a classical
oscillating dipole.
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Superradiance and single-photon superradiance

Perhaps the simplest case of superradiance corresponds to a cloud of N atoms, pre-
pared so that all of the atoms are initially in their excited state. This state of full
population inversion but no optical dipole moment is highly non-classical. When the
atoms decay spontaneously, the collective decay rate can scale as N> - much faster
than the scaling of N that would be expected from independently decaying atoms.
Note that the radiation from N coherently oscillating classical dipoles also scales as N2.
The significance of superradiance hence lies in the fact that the independent (sup-
posedly incoherent) spontaneous emission undergoes spontaneous “phase-locking”
throughout the medium [[GHS82].

Yet, what is super about superradiance is a matter of perspective. In an article titled
“The Super of Superradiance”, Scully and Svidzinsky argue “the greatest radiation
anomaly” to be an enhanced single-photon emission rate [[SS09al. They consider
the following. An ensemble of N atoms is excited by a single photon, so that exactly
one atom is excited but it is unknown which one. The decay rate is then N times
the single-atom decay rate even though only a single atom is excited [[Dic54]. The
initial state again has no dipole moment and is highly non-classical. That aside,
however, the decay rate is exactly what to expect from N classical oscillating dipoles
[Ebe06]. Distributing a single excitation coherently over N atoms would allocate a

dipole moment of 1/\/N to each atom. The total dipole moment is then \/ﬁ and the
decay rate « N.

This single-photon superradiance has received considerable interest in the early
2000s [Ebe06;|Scu+06; [FMO08b; SCS08]]. In particular, the evolution of the so-called
timed Dicke state [|Scu07]] of an atomic ensemble after absorption of a single photon
with wave vector k, has been investigated. It is defined as

N
1 iko 1
l(ko)) = \/_JTJ Z o g, g, -+ gi-1€8j+1 &N) (2.98)
i

where |g;g, - gj-1€8j+1 gN> denotes the state where the jth atom is in its excited
state and all other atoms are in their ground states and the field is assumed to be in its
vacuum state (no photons). In contrast to the situation considered by Dicke [Dic54]],
here the atoms can be spatially separated by more than the wavelength. The state
exhibits directed spontaneous emission [Scu+06;|Ebe06] and a collective Lamb shift
of the transition energy [Scu09]]. Moreover, for spatially extended atomic ensembles,
collective Rabi oscillations, harmonic absorption-emission oscillations of the coupled
atom-radiation system, were predicted [SCSO08]. This was argued to be “a new kind of
cavity QED” [SS09a]].
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Quantum states in nuclear resonant scattering

The timed Dicke state is formally identical to the nuclear exciton state (2.27),
which is commonly employed in the theory of nuclear resonant scattering of syn-
chrotron radiation pulses [HT99;|Smi+07; RE21[]. However, as pointed out earlier,
equation does not at all describe the state of the nuclear ensemble after in-
teraction with a synchtrotron pulse. A better (but still oversimplified) description
is

N c

etk = [T (VI=lg) + e o)

j=1 VN
N (2.99)
~ |gnd) + \/%\r Dot |g gy gi_ieigiin - gn) + O(€?),

j=1

where |gnd) denotes the state where all atoms are in their ground states. For the lack
of better words, we call a timed dipole state. It has an associated dipole moment
and is conceptually very different from the timed Dicke state (2.98). Consequently,
it was pointed out [Scu07; Ada09]] that nuclear resonant scattering of synchrotron
radiation does not implement the situation considered in single-photon superradiance.

That said, the two states and radiate identical intensities for N > 1 (dis-
regarding difference in photon statistics) [Ebe06]. Moreover, the quantum-mechanical
treatment of spontaneous emission in weakly excited atomic ensembles is analogous
to the emission of ensembles of classical harmonic oscillators [[SCS10;SZS15]] and
obeys identical dynamical equations. Therefore, from a practical perspective and
leaving the subtle conceptual differences aside, it should be possible to reproduce
the theoretical predictions experimentally with nuclear resonant scattering. The
correspondence between the transition-operator formalism employed here and the
state equations of the single-photon superradiance literature are further explored in
Appendix[B.3]

Indeed, some theoretical predictions have been reproduced experimentally in this
way. Rohlsberger and coworkers observed collective shifts of the resonance energy
as well as a collective speed-up of the temporal response from a thin ensemble of
>’Fe embedded in a cavity-like environment in reflection geometry [R6h+10] - corre-
sponding to the collective Lamb shift and single-photon superradiance predicted by
Scully [Scu09]]. Note that the so-called collective Lamb shift is a shift in the frequency
of the radiative eigenmodes of the atomic ensemble (see Refs. [SC08; FM08a; FM08b;
FM10;/SCS10])) and, despite the name, an effect that identically emerges in ensembles
of classical oscillators. Oscillations in the temporal response are also well known as
dynamical beats in nuclear resonant scattering. While Ref. [SCS08] incorrectly states a
linear time-dependence of the oscillations, this was later amended in Ref. [SS09b] (see
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also Refs. [SC08; [FM08a; FM08b; [FMO08c; SCS10]). The amended time-dependence
matches and the experimentally observed behaviour.

We conclude that the discussion about “single-photon superradiance” being intu-
itive [[Ebe06| or not [SS09a] revolves around the conceptual differences between the
the quantum states and (2.99). In nuclear resonant scattering, we do not control
the exact quantum state of the nuclear ensemble and currently do not have the means
to prepare the timed Dicke state (2.98)). Thus, for the purpose of modeling the nuclear
exciton dynamics in nuclear resonant scattering, we have chosen a description based
on expectation values of single-atom transition operators [see (2.79)] that is manifestly
independent of the many-body quantum state because we have neglected quantum
correlations in the linear approximation. It entirely circumvents the subtleties that
arise in the discussion of collaborative spontaneous emission due to the interpretation
of quantum states. Finally, while originating from a fully quantized formalism, the
linear dynamical equations and our observables exclusively depend on the expectation
values and are thus equally applicable to mixed states.
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Abstract

X-ray waveguides are routinely used at synchrotron light sources in imaging setups
and as a platform for experiments with quantum emitters, providing nanometer-sized
confinement - even x-ray optics on a chip has been showcased. X-ray waveguides are
weakly guiding and experience significant material absorption, such that the estab-
lished waveguide theory is not immediately applicable. Here, a general self-contained
nano-optical theory of planar waveguides is derived, which is appropriate for hard
x-ray energies. Solutions of the electromagnetic fields and its Green’s functions are
derived in detail. Asymptotic expansions into resonant and non-resonant modes
are derived, which are particularly useful in the presence of strong material absorp-
tion. A method to reliably find the resonant modes of x-ray waveguide structures is
presented. Based on the general theory, certain common experimental geometries,
namely evanescent coupling in grazing-incidence, front-coupling in forward-incidence
and radiation from buried emitters, are discussed in more detail. Complementing
the analytic discussion, numerical tools are provided and applied to quantitatively
extract the main figures of merit. The theory provides an analytic foundation for the
interpretation of past and future experiments and, combined with the numerical tools,
will facilitate the computer-aided design of x-ray waveguides.

Subject to slight adjustments of the notation and minor corrections.
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3.1. Introduction

Half a century after the first demonstration of x-ray waveguiding [SS74], x-ray waveg-
uides have been advanced [Fen+93;|Zwa+99; [Pfe+02] to the point that they can now
be routinely used as optical elements for imaging [|Gie+10;/Sal+15b]. They can bend,
split and recombine x-rays on chips [HS16}[Sal+15a]], and they are employed as cavity
resonators for quantum-optical experiments [Roh+10; Hab+19;|Ma+22; RE21[. And
soon, due to the increasing availability of x-ray free electron lasers, new kinds of
phenomena that require extremely high intensities facilitated by x-ray waveguides,
such as transient nuclear inversion [[Che+22]|, might come into reach.

X-ray waveguides and cavities have enabled a multitude of experiments in different
fields. For phase-contrast imaging and tomography, x-ray waveguides provide highly
coherent [Bon+02; |Sal+08; (OS11} |[PP14; |SO20] nanometer-sized secondary point-
sources [Car+08;|Gie+10; Sal+15b;Zho+17]. These are used to acquire 3d images
with resolutions well below 100 nm for research ranging from medicine, biology to
chemical catalysis. Recently, Vassholz and Salditt have demonstrated the effective
generation of x-rays inside a multilayer waveguide [VS21]] which could lead to more
brilliant x-ray sources for the laboratory. For fundamental quantum-mechanics, x-
ray waveguides provide one-dimensional confinement and enhanced coupling to
atoms embedded into the waveguide, thereby forming a cavity resonator. Exploiting
this, Rohlsberger and coworkers embedded Mdssbauer nuclei into a waveguide and
reported the first observation of the collective Lamb shift [R6h+10]. This paved the
way for many more demonstrations of quantum-optical phenomena in the hard x-
ray regime with Mdssbauer nuclei (see the review [RE21]]) and atomic resonances,
including on artificial two-level systems and demonstrating spectral control of inner-
shell resonances [Hab+19; Ma+22]. In front coupling, Lee, Ahrens and Liao [LAL25]|
have proposed using the longitudinal Rabi oscillations between two modes coupled to
Maossbauer nuclei as a sensitive measure of the gravitational red-shift, while we have
proposed using a similar setup as a platform for implementing geometry-dependent
super-radiance in Mossbauer nuclei [[ALP24]].

Ongoing developments promise to reach new regimes with the help of x-ray waveg-
uides. X-ray free electron lasers are much brighter than synchrotron sources so that
multi-photon phenomena with resonant nuclei [RE21]] or non-linear phenomena with
resonant inner-shell electrons [[Che+22] become feasible. Moreover, beam-splitters
and curved waveguides [Sal+15a;|Pel16] combined with resonant nuclei could lead to
more complex quantum-optical experiments on millimeter-sized chips.

A sound theoretical foundation facilitates interpretation of results and the design of
new experiments. Diffraction of hard x-rays, electromagnetic waves with wavelengths
in the order of 107!%m, largely follow the same principles as light in the visible
and infrared wavelengths and can be well described in terms of refractive indices n.
Theory for dielectric waveguides, mainly focussing on optical wavelengths, has been
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extensively studied already in the 1960s (see for example [Mar74]]). Nowadays, also
due to their important applications in telecommunication, dielectric waveguides are
well-understood by the optics and electrical engineering communities.

However, x-ray waveguides have important differences to their longer-wavelength
counterparts, because the refractive indices, typically written as

n=1-6+ip, 6&,f51073, (3.1)

in the x-ray regime, are generally very close to unity. As a first consequence, the index
contrast is tiny so that x-ray waveguides are generally only weakly guiding resulting in
the extent of guided modes being many times larger than the wavelength. Second,
absorption due to photoionization is appreciably large, Im{n} = 8 > 0, and the mean
free path of photons typically ranges from a mere micrometers in heavy materials up
to a few millimeters in lighter materials.

For longer wavelengths, absorption is mostly of little concern because other losses
dominate. As a result, the theory of optical waveguides has largely been formulated
for real refractive indices and losses are considered separately — notable exeptions
are [Vas79; |Bur70;|Che99; |SHB97||]. The restriction to real indices has tremendous
advantages because the theory can now be formulated in terms of self-adjoint Sturm-
Liouville theory, closely related to potential scattering theory in quantum mechanics.
For x-ray waveguides, the existing theory of waveguides with real indices has also been
the method of choice and absorption has been included ad hoc [Bon+02; JD04;(Pel+06;
Lag+08;|0S11;Buk+13al]. In addition, semi-analytical calculations [OS11] and numer-
ical finite-differences propagation have been performed [FS05;|[FS06; Pel+07;|Sol+21]]
to accurately simulate the performance of waveguides. Notably, semi-analytical calcu-
lations based on the full complex refractive indices have also been reported [TPP13].
The design and optimization of parameters for x-ray waveguides has also been stud-
ied from the perspective of applied mathematics [[Sch11]]. In that work, important
theorems about the existence of resonances and their dependence on the refractive
index profile have been rigorously proven. Several other papers covering specific
theoretical aspects of x-ray waveguides have been published, including dispersion in
3-layer waveguides [Pel+06] and wave-field formation in front-coupling geometry
[Buk+06].

Waveguiding is closely linked to a material structure supporting guided modes, so
one of the main tasks has been to find those guided modes for given parameters. For
simple 3-layer waveguides and negligible material absorption, the modes can readily
be written down analytically [Mar74]. This becomes unfeasible for more complicated
layer structures and is no longer possible when absorption is included. For optical
wavelengths, various analytical approaches and numerical techniques have been
developed that can reliably find and characterize the modes both for 1d (planar) and
2d confinement (see for example [[Che+00]) for (in principle) arbitrary layer structures.



66 3. Nano-optical theory of planar x-ray waveguides

a) b)
ZSI’C

[TH]

 —

X

Figure 3.1.: (a) Evanescent coupling in grazing incidence. (b) Front-coupling in forward-
incidence. (c) Emission from a dipole within the waveguide.

In the x-ray regime, however, the aforementioned weak guiding and finite absorption
poses its own challenge and the established techniques can not trivially been applied.
Here, the guided modes have been characterized with finite-difference propagation
simulations and with Numerov’s method [0S09).

Planar waveguides that are probed in grazing incidence, historically referred to
as resonant beam couplers, are much simpler to describe because, assuming that
the incoming fields are plane waves, fields and refractive indices are translationally
invariant and the problem becomes effectively one-dimensional. The field profiles
and reflected intensities for arbitrary complex layer structures can then be readily
computed with transfer matrix calculations [Abe50]. Based on this method, a number
of software packages have been developed to cater the popularity of x-ray reflectivity
measurements (see for example [Tol99]).

When classical or quantum scatterers that are not modeled macroscopically by
the complex indices are embedded in a waveguide, the system can no longer be
described purely in terms of the fields resulting from the index profile. However,
these scattering problems can be formulated [Len+20;/AP21;|KCP20] in terms of the
classical electromagnetic Green’s function (see for example [Buh13]), which is fully
determined by the refractive indices. This is also being used in the emerging field of
waveguide quantum electrodynamics (see for example [Ase+17]). Several authors
have derived algorithms to compute the Green’s function for arbitrary complex index
profiles [Tom95; Joh11;[Buh13]].

Notably, the importance of the characteristic Green’s function of waveguides has
already been discussed in the electrical engineering literature (see for example Vassallo

[Vas79], Chew [[Che99], van Stralen [[SHB97], and the references therein). In fact,

the mode structure of the fields in a waveguide naturally emerges from poles and




3.1. Introduction 67

branch cuts of the in-plane spatial Fourier transform of its time-harmonic Green’s
functions. The Green’s function is thus closely connected to the source-free solutions
of the electromagnetic field equations.

While waveguide theory has been extensively studied in the past, the focus has been
on longer wavelengths and the results applicable to - or relevant for — x-ray waveguides
are sparsely scattered throughout the literature. On the other hand, the unavoidable
material absorption prevalent in x-ray waveguides means that the usual Hermitian
mode expansions and orthogonality that are commonly used in the non-absorbing
case do not apply, and the non-Hermitian generalisations of these mode expansions
have received little attention so far.

In this paper, we give a revised self-contained presentation of the nano-optical
theory of planar x-ray waveguides. To that end, we present the theory from the ground
up, giving derivations where appropriate and also translate some key results from
the electrical engineering literature with application to the hard x-ray spectrum. The
basic theory is universally applicable to short and longer wavelengths with the most
notable features that it consistently assumes complex permittivities and arbitrary
layer structures. We derive asymptotic expansions of the electromagnetic Green’s
functions in terms of resonant modes using a novel generalised bi-orthogonality
relation, which is particularly useful in the presence of strong material absorption.
We then apply this general theory and discuss three common experimental geometries
for x-ray waveguides (see figure [3.1)), namely front-coupling in forward-incidence,
evanescent coupling in grazing indicence, and emission from buried dipoles. Using
the mode expansions yields compact expressions for some key quantities, such as
absorption length, wavelength, and coupling coefficients. In addition to the analytical
discussion, we also present numerical code to find resonant waveguide modes and the
corresponding coefficients as well as to compute the full Green’s functions in stratified
media. The code is made publicly available under the GPLv3 license [[LA23|.

After this introduction, the paper is structured as follows. Section3.2]introduces
the vector wave equations and Green’s functions in inhomogeneous media. In section
we derive solutions to the vector wave equations in the absence of sources and
discuss their classification into resonant and non-resonant modes. In section[3.4lwe
derive and discuss the fields caused by line sources. Point sources are considered in
section[3.5] In section|3.6] we discuss a matrix formalism and our numerical approach
that can be used to compute the fields and Green’s functions in layered media. In
section[3.7] these general results are then applied. For three important geometries
corresponding to prototypical experiments with x-ray waveguides, we derive analytical
expressions and present numerical calculations. We conclude the paper in section 3.8
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3.2. Equations for the electromagnetic fields

Starting from Maxwell’s equations, we remind ourselves of the derivation of the
time harmonic vector wave equations and their solutions in terms of electromagnetic
Green’s functions within macroscopic electrodynamics. We then discuss transverse
solutions in translationally invariant stratified media.

3.2.1. Vector wave equations

Consider linear, isotropic, and possibly lossy materials characterized by their position-
dependent complex relative permittivity e(r) and permeability u(r). For electromag-
netic fields with harmonic time dependence e~'*!, the macroscopic Maxwell equations
read

VXE=-J, +iwB, (3.2)
VxH=1J,—iwD. (3.3)

Here, J. is the electric and J,, the magnetic current density. The latter is commonly
introduced to make the equations symmetric from a mathematical viewpoint (see for
example [Che99| or [HY02])). Even though there are no microscopic magnetic charges
or true magnetic currents, magnetic dipoles due to microscopic electric current loops
or atomic or nuclear transitions can be described by this magnetic current density.

In linear and isotropic media, we have the constitutive relations D = ¢,€E and
B = uouH. Substituting the constitutive relations into the Maxwell equations and
taking the curl gives inhomogeneous equations for the electric and magnetic fields,
the vector wave equations

{/xV X iV X —kznz}E = iwugud, — uV X ng, (3.4a)
{eV X %V X —kznz}H = iweyel, +€V X %, (3.4b)

where k = w/c = w\[ugeo and n? = eu is the complex refractive index. Noting the
symmetry of (3.4a)) and (3.4b), a manifestation of the duality principle of electric and
magnetic fields, we write

{saV X SlV X —kznz}Ua = 5,F,, (3.5)
a
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with fields U, = E, U, = H, source terms

F, = ioug. — V X =T, (3.6a)
F,, = iwegJy, + V x 717, (3.6b)

and s, = u and s, = €. In the following we omit the field index a whenever the
meaning is clear.

3.2.2. Green’s functions

The field produced by a source F can be solved in terms of the dyadic Green’s functions,
U,(r) = fd3r’§a(r, r') - F,(r) (3.7)

with the Green’s function being a solution of the vector wave equations for a point

source,
1

Sa(r)
where a = e, m. The Green’s functions are unique when boundary conditions are
specified. In an unbounded and absorbing medium, the solutions must vanish at
infinity. The validity of can be easily verified by inserting into (3.5) and
using (3.8)). Note that is only valid for r not lying in the support of the source
term F, because the Green’s function has a singularity at r = r’ that requires special
treatment [HY02; |Che99||]. To simplify the discussion, we assume here and in the
following that the observation point lies outside the source region.

The dyadic Green’s functions for the electric and magnetic field are not independent,
but are related by

{Sa(r)V X V X —an(r)Z}ga(r, r') = s5,(r)6(r — 1)1, (3.8)

S S VAN S o1

Ge(r,r) = e(r)k25 (r—r') e(r)kv XG XV K (3.92)
, 1 3 , 1 s, 1

G (r,v)= _—(r)k25 (r—r)-— _(r)kv X Ge XV —(r’)k (3.9b)

(compare [Buh13]], eq. 2.204). While many authors focus on the electric Green’s
function for that reason, both have their use in the present discussion.

The fields can be expressed in terms of the electric and magnetic currents. Here,
we consider the electric field caused by an electric source current. The general case
is derived in appendix[3.D} Substituting F in (3.7), assuming a purely electric source
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current, yields
e

E(r) = =

/ d3r'ge(r, r)-J.(@). (3.10)
This allows to directly compute the electric and magnetic field caused by oscillating
dipoles, such as J,(r) = —iwpd3(r — ry).

3.2.3. Transverse solutions in stratified media

The equations simplify significantly in stratified media, and even further for fields
that are constant along y.

Consider a stratified medium in a coordinate system where the relative permeability
¢ and relative permeability u depend on z only. Further, assume that the fields are
constant along y. In this case, the term in curly braces in and becomes

—s0,5710, 0 50,5710,
0 —02 — 59,5719, 0 — k?n? (3.11)

3.0, 0 —52

so that the y-component decouples from the x and y components. In source-free
regions, since the fields are coupled by and (3.3)), only 2 out of the 6 components
of E and H are independent. A solution for Hy, and E), fully specifies the solution for
the remaining components. Solutions with H, = 0 and E), are often called transverse
electric (TE) and transverse magnetic (TM), respectively. The derivatives for the two
polarizations are summarized in Tab. Since the two polarizations decouple, we
can analyze them independently.

Table 3.1.: Transverse field components and their derivatives.

polarization U o,U o,U
TE E, ikuZoH, —ikuZyH,
™ H, —ikeZy'E, ikeZy'Ey

3.2.4. Power flow
Power flow is given by the real value of the Poynting vector, which is defined as

1 — —i
S=-EXxXH-=
27" 5T 2omn

E x (V X E). (3.12)



3.3. Free fields in stratified media 71

For fields with 6yE = 0, it separates into TE and TM contributions like

—i _ _

STE = soneg ErOEy& + E,0,Ey2} (3.13)
—i _ - = 5 \a

STM = m {Ez(asz - azEx)X - Ex(asz - azEx)z} . (3'14)

They can be expressed in terms of Uy, using Tab.

3.3. Free fields in stratified media

We discuss the structure of solutions for the source-free case of the vector wave
equations (3.5). Suppose that permittivity and permeability independent of x and y
and take constant valuese_, u_ and €, u, when z < z_ and z > z,, respectively, for
some positions z_, z, in bottom and top half-space.

3.3.1. Separating the dimensions

The TE- and TM-polarized components of (3.5) decouple as in (3.11), so that the
y-component simplifies to

{s0,571(2)d, + 8% + k*n*(2)} U, = 0. (3.15)

The components E, and H, as well as E, and H, are continuous across interfaces,
which implies that U, and s719, U, with U, = E,, (TE) and U, = H,, (TM) are continu-
ous.

We use separation of variables on (3.15]) and write U,(x, z) = u,(x)u,(z), obtaining
a pair of eigenvalue problems for each polarization,

—02u,(x) = k*v%u,(x), (3.16a)
{s0,5710, + k2n*(2)} u,(z) = k*v*u,(z), (3.16b)

such that u,, (u,)’, u,, as well as s~1(u,)’ are continuous, complex-valued functions.
The unit-less quantity v € C is known as the effective (refractive) index and the wave-
number q = kv as the propagation constant in the context of waveguides. The general
solution for u, is easily found to be a superposition of forward-propagating exp(ikvx)
and backward-propagating exp(—ikvx) components. The transversal equation will
occupy us in the following section.
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3.3.2. The transversal eigenvalue problem

While the longitudinal eigenvalue problem has a continuous spectrum, the
transversal eigenvalue problem is of Sturm-Liouville form and generally has a
discrete and a continuous spectrum of eigenvalues [HY02]. The discrete spectrum
of proper solutions correspond to the guided (or surface-wave) modes, whereas the
continuous spectrum of improper solutions correspond to the radiative modes in the
context of classical waveguide theory.

It is worthwhile to take a closer look at the operator on the left-hand side of (3.16b)),

L = 53,5719, + k*n?. (3.17)

Importantly, L is generally not self-adjoint because the refractive index n is complex-
valued. While self-adjoint Sturm-Liouville operators were extensively studied in the
literature, among other things due to their manifold applications in quantum mechan-
ics, the non-self-adjoint theory is much less developed (see for example [Zet12]). In
particular, analagous to the situation occuring in the eigensystems of non-symmetric
matrices, many tools of self-adjoint operator theory such as the [?>-orthogonality of
eigenfunctions cannot be applied. Nevertheless, we can find similar relations in many
cases.

Analagous to non-symmetric matrices having distinct left and right eigenvectors,
the eigenfunctions and adjoint eigenfunctions of L are distinct. In the case that the
following integrals converge, integration by parts gives

<S—1u,Lv> = <S—1v, Lu> + [s7H v’ — u’v)]o_o00 , (3.18)

where (f, g) denotes the usual I? inner product with complex conjugation in the first
argument. If v and its derivative vanish sufficiently rapidly compared with u and
its derivative, and/or vice versa, the boundary term vanishes. Thus, for for a given
eigenfunction u with eigenvalue 4, the corresponding adjoint eigenfunction is s—1u,
in the sense that for any sufficiently rapidly decaying test function ¢ we have

(s~1u, Ly = (s~ 19, Lu) = As~ 19, u) = As~1u, ). (3.19)

In particular, taking u, v in (3.18]) to be two normalizable eigenfunctions u;, U with
eigenvalues 4;, /1j we can show the following relation,

(A; = (s Yy, up) = 0. (3.20)

Thus, (normalizable) eigenfunctions are orthogonal to adjoint eigenfunctions corre-
sponding to distinct eigenvalues, and we will choose to normalize these eigenfunctions
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such that
(s uy, Up) = Spum- (3.21)

This biorthogonality replaces the usual orthogonality of the eigenfunctions. It should
be noted, that this fact is well-established, also in optics (see for example [Sie79]), yet
not relevant for non-absorbing waveguides. An alternative way to formalize is
the introduction of 2-form such that the eigenfunctions are orthogonal with respect
to this form [LLY94].

In general, not all (generalized) eigenfunctions are I*-normalizable, and the inte-
grals may fail to converge. Nevertheless, we will demonstrate that a suitable generaliza-
tion of exists that allows to normalize certain non-normalizable eigenfunctions.

3.3.3. Resonant modes

Any formal solution to (L — k*»*)u = 0 can be written for z < z_ and z > z,, for
some points z, in the bottom and top layer respectively, as

u(z) = a,efP=(Z=22) 4 p, emikp(z-22) (3.22)

where p2 = n% — 2. The coefficients a,, b, € C depend on the boundary conditions.
An important class of solutions are those that can be written as a single exponential
function in both of the regions, so that a_ = 0 and b, = 0. Equivalently, for some

points z_ and z, in the bottom and top layer, respectively,

u'(z) = —ikp_u(z), forallz < z_, (3.23a)
u'(z) = ikp,u(z), forallz > z,. (3.23b)

We call the solutions satisfying both (3.23a)) and (3.23b]) resonant modes. They are
equivalent to the "resonances” that have been studied by Schenk [Sch11].

Note that, since p.. are complex numbers with arbitrary sign, the resonant modes
are not necessarily bounded at infinity, and not all resonant modes are normalizable.

3.3.4. Modified inner product

We can modify the inner product to be applicable to functions belonging to the solution

class of resonant modes and to avoid the divergences at infinity. Inspired by a similar

definition for quasi-normal modes [LLY94], we define

i ]Z+
zZ_

ST (3.24)

(W,0)5 := fz+ @v(z)dz - [
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More generally, merely requires the functions u and v to satisfy and
and not necessarily requires them to be solutions of (3.16b). For convenience,
we will refer to as the modified inner product, although we emphasize that it is
not, strictly, an inner product. Equation naturally emerges in the semi-spectral
representation of the Green’s function in section3.4.5/and appendix[3.C] Given (3.23a))
and (3.23D)), this definition does not depend on the choice of z. as long as they are
points in the bottom and top layer. Moreover, if both u and v decay for |z| — oo,
definition (3:24) reduces to the standard I? inner product, as the boundary terms
correspond to the integrals from z.. to +oo.

In appendix[3.Alwe show for any functions u, v which can be written as an exponen-
tial function in the top and bottom layers, the following integration by parts identity
holds,

(U, v)y + (U, "), =0. (3.25)

Thus, the adjoint of L is well defined with respect to the modified inner product, and
in particular every resonant mode has a corresponding adjoint eigenfunction with
respect to the modified inner product,

(T L), = 2 (T ). (3.26)

This in turn shows that even for divergent resonant modes, we have the following
bi-symmetry relation

<s—1um, Lun>a = <s—1un, Lum>a . (3.27)
The bi-symmetry relation guarantees that resonant modes, even diverging ones, are

bi-orthogonal with respect to (3.24), and thus we can normalize all resonant modes
to obey

<s—1un, um>a = Om.n- (3.28)

3.3.5. The Wronskian resonance condition

Next, we present a practical method to classify whether a given complex number
v € C admits a resonant-mode solution with that eigenvalue v. To that end, we use
a relatively general method (see [GGO1]|, Ch IV.6) to relate the resonance condition
(3.23a)) and (3.23b)) to a condition about the solutions of a regular Sturm-Liouville
initial value problem on the compact interval (z_, z, ). It leads to a one-to-one corre-
spondence of the complex roots of a holormorphic function, and the set of resonant
modes.

There are at most a discrete set of resonant modes, and possibly none at all [Sch11,
Thm. 2.12]. Certainly, it is clear that (3.23al) and (3.23b)) can only simultaneously
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be fulfilled for special values of v. However, since the initial value problem on the
interval (z_, z, ) has a solution for all possible initial values and this solution is unique
[Zet12], we can always find unique solutions up to a global scale that satisfy either

(3.23a) or (3.23b)). We construct solutions u, (z; v) and u_(z; v) by setting

{ui(zi;v) =1 (3.29)

Oyu(z43v) = ikpL(v).

These solutions are resonant modes if and only if they are linearly dependent, that is,
if their Wronskian vanishes,

ou,(z) B ou_(z)

Wron {u_(z), u,(z)} = u_(z) 3 3

u,.(z) =0. (3.30)

Here, the identically vanishing Wronskian implies linear dependence because the
solutions are different from zero throughout the interval (z_, z, ) (see [B6c01]). Instead
of the bare Wronskian, it is useful to work with the weighted Wronskian defined as

augz(v) ~ aua_Z(V)”+(V)>’ (3.31)

W(v) = %(u_(v)

which is independent of z, as can be easily shown by inserting (3.16b).

We thus have a one-to-one correspondence between the set of resonant modes and
the complex roots of the weighted Wronskian W(v).

The weighted Wronskian takes particularly simple forms at z_ or z,,

W = s~ (z,)ikpu_(z,) — 57 (z4)0,u_(z4)

3.32
= sz )ikp_u,(z_) + s71(z_)d,u,(z_). (3.32)
We will see in section how it can be readily computed in the transfer matrix
formalism.
A resonant mode u.. for fixed v,,,, with W(,,,) = 0, is unique up to a global prefactor.
We normalize the solutions by setting

u.(2)

= ui>a. (3.33)

Un(z) =

Note that (3.33) may give a different overall sign for u, and u_, so a choice has to be
made for consistency.
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3.3.6. Riemann sheets and branch cuts

The choice of sign in the mappings v — p.(v) thatsolve n2—v? = p3 for the resonance
condition (3.23a)) and (3.23b) dictates the asymptotic behavior of the corresponding
modes and thereby what kind of modes are found when solving W(v) = 0. Each of
the two quadratic expressions has a 2-valued solution set for every complex number
v, the Riemann surface of the complex square root. In the same way, W(v) can be
seen as a 4-valued Riemann surface, discriminated by the two signs for p, (v) and
p_(v). As a consequence, the complex function W(») has 4 algebraic branch points
where the mode index coincides with the material index of the bottom or top layer,
v € {£n(z_), £n(z,)}. In general, resonant modes can be located on all 4 sheets of the
Riemann surface. A single-valued function W is obtained by choosing a single-valued
complex square root, which introduces 4 branch cuts, as shown in Fig.[3.2]

a b
) 2 T T ) T T T
1_ ~ - ~
=
E Of 1F ]
-1 F — - —
_2 1 1 1 1 1
-1 0 1 -1 0 1
Re(v) Re(v)

Figure 3.2.: Sketch of branch points (stars) and branch cuts (lines) for non-degenerate outer
layer indices. (a) Natural branch cuts for bounded solutions. (b) Vertical branch cuts. The
branch points, which are the refractive indices of the outer layers, would be indistinguishable
from 1 at this scale for hard x-rays.

Clearly, a resonant mode is normalizable if and only if Im{p_} > 0 and Im{p,} > 0.
Setting py = Paec(v; 1y ), Where

Paec(v; ) = iVv2 — n? (3.34)

with the principal complex square root, ensures that Im{p.} > 0.

Each single-valued mapping v —» W(») is a holomorphic function in the entire
complex plane C except for the two branch cuts. This is guaranteed because solutions
of the regular Sturm-Liouville initial value problem are complex differentiable every-
where as a function of their data and initial values [Zet12]]. The branch cuts enter
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through the initial values in (3.29).
In addition to the decaying choice of branch cut made in (3.34)), there are other

useful choices.
Pout() :=Vn2 —»2 (3.35)

with the standard choice of complex square root guarantees Re{p} > 0, so that the
corresponding modes are outwards-propagating. It is easy to see that for absorbing
materials, Im{v} > 0, both definitions coincide on the real axis so that p,, (V) = Pgec(V)
for Im{v} = 0.

Neither definitions, and (3.35)), are ideal for numerical purposes, because
they define branch cuts which are curved in the complex v plane. The inverse Fourier
integral along the branch cut involves a plane-wave factor of the form e*”*, and a
curved branch cut will result in a rapdily oscillating integral, which is challenging to
numerically evaluate.

Setting

Peert(®) 1= i —i(n — vV —i(n + v) (3.36)

results in branch cuts that are parallel to the imaginary axis. Along such a branch
cut, the real part of v is constant, and thus the plane wave factor etk in the inverse
Fourier integral will be purely exponentially decaying, and the integral will rapidly
converge.

Finally, the Riemann surface can be unfolded to eliminate the branch points using
conformal mappings [SFH93; BAG97]. Setting

nt —n?
p+(§) =&+ 4—§, (3.37)

eliminates the branch cuts [SFH93|| for W(§) = W(v(§)). The other quantities then

become
p(E) = iy P2 () — (2 — ), W& =/n2 - p2(). (3.38)

Using the mapped coordinates, W(&) = 0 will be solved by all resonant modes.

3.3.7. Guided and leaky modes

In the literature, the resonant modes are classified into guided and leaky modes (see
for example [HMO09] for a recent discussion). Guided modes are the normalizable
resonant modes. In contrast to guided modes, leaky modes are diverging for either
z — —oo (bottom-leaky), z — oo (top-leaky), or both (double-leaky).

Depending on the choice of branch cuts, the complex roots of W(v) correspond
to different types of resonant modes. For the "natural” choice defined in [see
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Fig.[3.2[a)], the transversal solutions are bounded and the roots hence only correspond
to guided modes. For other branch cuts, such as (3.36)) (see Fig.[3.2(b)), on the other
hand, the solution set in general consists of both guided and leaky modes.

3.3.8. Radiative modes

The non-nomalizable but bounded improper solutions of (L — k?v?)u = 0 form the
set of radiative (or radiation) modes. As discussed by Vassallo [Vas79], they can
be divided into two groups that are either radiative in the top or bottom layer. The
groups become degenerate when top and bottom materials are identical, which can
be avoided by changing one of the indices by an infinitesimal imaginary amount.

A solution is radiative in the top or bottom layer, if Im{p,} = 0 or Im{p_} = 0,
respectively. Setting p, = pou(v) ensures that Im{p,} = 0 when

v € {v : Im{»?} = Im{n3}, [Re{v}| < Re{n,}},
and p_ accordingly. The mode indices v of radiative modes have
Im{v} = Re{v} Im{n..}/ Re{n.}.

For any such v, the radiative modes are simply given by u, as defined in (3.29)), and
using (3.34) for the non-radiative layer. If n, # n_, no solution can be radiative in
the top and bottom layer simultaneously.

3.3.9. Mode dispersion

So far we have looked at the strictly monochromatic case only. X-ray light sources
such as synchrotrons and x-ray free electron lasers, however, produce pulsed light,
which has a finite bandwidth, typically in the order of 1 eV. When discussing pulses,
it is important to know how the mode indices depend on the angular frequency w.
The group velocity is approximated to first order by

c C

Re {Vm + cua;—c:"} ¥ Re{vy,}’

U, =

g (3.39)
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In appendix[3.B] we show that
o, 1/dIn(s), , > c? <61n(s)>
YmBe T2 < dw (i — %) oy, t 22\ 5w Bty

2_ .2
+<n 7}’"> +<na—n> , (3.40)
w ow
Um Um

for any resonant mode with index v,,,(w). Here, the ‘expectation value’ is defined as
(A),, = (s71u, Au)y. For TE-modes, we have s = u = 1 so that the first 2 terms vanish.
Using v,, ® n = 1, this can be well approximated by

V(@) ~ /'{Z(n —) N on(z, co)} U (2, w)? dz

dw w dw s(z,w)

(3.41)

As a consequence, the mode dispersion is on the scale of the material dispersion and
hence small in the absence of absorption edges or other resonances. Corrections to
the group velocity can be computed using (3.41)).

It should be noted that the decomposition into guided and leaky modes is only valid
locally in the frequency spectrum. For broad-band pulses, or in the vicinity of strong
material resonances, the mode classification is no longer unique [SHB97].

3.4. Line sources

The fields in the presence of sources can be conveniently solved in terms of the
dyadic Green’s functions, defined in (3.8). An important special case are line sources,
which extend homogeneously along one dimension, here y. This case was previously
discussed in [[Vas79].

3.4.1. The two-dimensional Green’s function

When the source terms are constant over y, the integral over y in (3.7)) can be performed
and the Green’s function for line sources can be defined as

gls(x —-x',z,z") = fdy/g(x -x,y—-y,z72). (3.42)

While the 3-dimensional Green’s functions have the dimension of inverse length,
these 2-dimensional Green’s functions are dimensionless. By integrating both sides of
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(3.8) over y and using the fact that the functions vanish at infinity, it follows that

{D(2) - Kn(@)?} G(r, 1) = s4(0)8(x — x)8(z - 2')1, (3.43)
with
—s0,5719, 0 50,5719,
D(z) = 0 —02 — 50,5710, 0 (3.44)
3,0, 0 —32

Consequently, the yy-components decouple as in (3.11)) and we can analyze the two
scalar yy-components independently. Defining g, = gg Ly We obtain

{02 + 50,5510, + k*n?(2)} go(x — X', 2,2') = —54(2)8(z — 2')6(x — X').  (3.45)

This shows that the yy-components of the Green’s function for line sources are simply
the two-dimensional Green’s functions of the medium. In the following, we will
discuss solutions of (3.45). We will drop the index a for convenience and keep in mind
that the expressions are valid for both electric and magnetic Green’s functions.

3.4.2. Homogeneous Green’s function

We start by deriving the two-dimensional Green’s function for homogeneous media
g0 (x — x', z—z'). Writing the Green’s function as a Fourier transform and exploiting
its rotational symmetry, we obtain

d’q

(0) = —_ela (0)
) = [ 551700 .
o0 d .
= fo %Jo(qp)qg(o)(q),

where J; is the Bessel function of first kind. Inserting (3.46) into (3.45)) and using that
s and n are constants, we immediately obtain the spectral representation

s
g%q) = et (3.47)
Inserting into yields
is
g0(p) = ZHg" (nkp), (348)

where H((,l) is the Hankel function of first kind.
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3.4.3. Semi-spectral representation

The general stratified medium can be solved similarly using Fourier transforms. While
the solution is well known, we briefly remind ourselves of its construction. Taking
the one-dimensional Fourier transform of (3.45]) with respect to x — x’ yields

{0,578, + k*n*(z) — ¢*} 8(q.z,2") = —s(2)é(z — 2'), (3.49)

where g(q,z,z') is a continuous function of z. Identifying q> with k?v2, equation
becomes identical to the source-free eigenvalue problem (3.16b)), except for the
S-contribution at z = z’. As a consequence, we can construct a bounded solution
piece-wise for z < z’ and z > z’,

8(q.2,2') = a_u_(z,q)0(z" - 2) + a,u,(z;,9)0(z - 2'), (3.50)

where we have inserted the solutions defined in (3.29). The symbol ©(z) denotes the
unit step function. It remains to find the two coefficients a,. In the following the
g-dependence is not displayed. Integrating from z’ — 0 to z’ + 0 and using that
g(q, z) is continuous yields

0,8(q,z' +0,z")—3d,8(q,z' — 0,2") = —s(z’), (3.51)
which, using (3.50), becomes
a,0,u,(z')—a_du_(z')=-s(z'). (3.52)

Moreover, we have from continuity that a_u_(z") = a,u,(z’), so that

—a_a,

s(z")

We obtain a,. = —u(z')/W, where we have inserted W as defined in (3.31)), which is
independent of z. Inserting the coefficients into (3.50) finally gives

(u_(z")ou,(z") —u,(z")ou_(z") = a,u,(z') =a_u_(z'). (3.53)

8(q.z,2') = —“i,{m(z’)u_(z)@(z' —z) +u_(z)u.(2)0(z - z')}, (3.54)

which we call the semi-spectral representation.
As an example, consider a homogeneous environment with refractive index n.
Equation (3.54) then yields

g9(q,z,2") = %e”‘ﬂz—z", (3.55)
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the Fourier-transform of (3.43).

3.4.4. Derivation of real-space solutions

The real-space form of the Green’s function can be written as

[Se]
gx—x',z,2") = f %eiqu—x')g(q, z,z"). (3.56)
—0o0

Numerical integration is difficult due to the rapidly oscillating integrand. We can how-
ever extend the integral over a closed contour and exploit the structure of g(q, z, z").
The Fourier-space Green’s function is given as a rational function (3.54), where the
numerator u,(q)u_(q) is holomorphic everywhere and the denominator W(q) is
holomorphic everywhere except at its 4 algebraic branch points. Since W(q) is the
denominator, its complex roots produce poles in g(q).

For x > x' (x < x'), we close the contour in the upper half (lower half) of the
complex q plane (see Fig. such that that arc portion of the integral vanishes due
to the exponential decay of exp(ig(x — x")). We must, however, be careful to choose
the contours in a way to avoid the poles and branch cuts of the integrand.

Note, however, that the branch cuts can be chosen (compare Section and its
choice influences which poles are exposed. The branch cut corresponding to decaying
solutions is curved and only exposes the poles corresponding to guided modes, a finite
number Ng;geq- We deform the contour so that it runs next to the branch cut from
infinity to the branch point and back to infinity on the other side (see Fig. [3.2). We
obtain

Nuided
gx—x,z,z")=i ) Res{giq= kyy,lekrml*=~
m=1
+ Fiop(X = X', 2,2") + rpo(x — X', 2, 2).

(3.57)

The non-resonant terms ry,, and ry, correspond to the parts of the contour wrapping
around the branch cuts caused by the top and bottom layer, respectively. Since the
branch cuts coincide with the radiation modes, these terms can be understood as
contribution by radiation modes. Performing the integrals for these non-resonant
terms is non-trivial, because the branch cuts run almost parallel to the real axis,
causing rapid oscillations. However, in many cases the guided modes alone provides
good asymptotic approximations of the Green’s function.

But not all systems even support guided modes. To obtain asymptotic expressions
for those systems, we deform the branch cuts to be parallel to the imaginary axis. This
does not change the value of the integral, because it leaves the real axis unaffected.
It changes, however, the non-resonant contributions to the integral and exposes the
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poles corresponding to leaky modes, if they exist. We obtain

glx —x',z,2') = i y, Res{g: q = kv, Jelkvmlx=~
m (3.58)
+ Frop(X — X', 2,2") + Fyop(x — X', 2, 2"),

where now m runs over the (possibly infinite) number of exposed guided and leaky
modes. The non-resonant terms 7., and 7y, now correspond to the contour integrals
following the deformed vertical branch cuts, which makes them easier to compute
numerically. Due to the change of branch cut, these non-resonant modes are diverging
for |z|] - co. We call them diverging radiation modes. Given that the total Green’s
function decays at infinity and the deformation of the branch cuts does not change
the value of the integral (3.56), the leaky modes and diverging radiation modes must
interfere destructively outside the central layers in such a way that the total Green’s
function does not diverge [HMO09].

3.4.5. Computation of the residues

The residues in (3.58)) can be expressed in a more useful way. From (3.54) and using
that numerator and denominator are holomorphic functions of g, we can read off

u,(zu_(2)

AT (3.59)

Res{g; q = kvp} =
where we used that u, o« u_ for zeros of W. As derived in appendix[3.C} we obtain
I W) = —vak<s—1u_,u+>a, (3.60)

where (-, -) 5 is the modified inner product as defined in (3.24). It then follows that

Res{g;q = kv,,,} = u+(zii(z) . (3.61)
2vmk<s— u_, u+>a
Using u, « u_, we can insert the normalized modes to obtain
Res{g; q = kvy,} = Um(Z Jim(2) (3.62)

2v,,k

Inserting (3.62)) into (3.58) or (3.57)), we have

u,,(zu,,(z) ;
gx—x',z2")= iz Me‘k”m|x‘x/| + non-resonant, (3.63)
~ 2v,,k
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where the sum goes either over the guided modes or all the resonant modes and
the non-resonant part changes accordingly. Knowing the resonant terms, the semi-
spectral representation of (3.63) is easily seen to be

g(q,z,z") = Z % + non-resonant, (3.64)
m m

where the non-resonant terms are the Fourier-transforms of the non-resonant terms in
(3.63). Note that due to its branch points, g(g, z, z") is not meromorphic as a function
of g so that Mittag-Leffler’s theorem is not applicable and the non-resonant terms are
in general not holomorphic.

3.4.6. The dyadic Green’s functions for line sources

From (3.43) it follows that the dyadic Green’s function for line sources has 5 non-
vanishing components,

) ngs,xx 10 G;S,xz
"= o ck), o | (3.65)
thzs,zx 0 Gclzs,zz

The index a indicates the electric (a = e) and magnetic (a = m) Green’s functions.

While we have derived the yy-component in the previous section, G}f,yy = g4, We
can express the remaining components of in terms of g,. Integrating both sides
of over y and inserting gi = g ¥y, we obtain, neglecting the deltas,

0,0, 8m(x —Xx',2,2")

Gerx(x—x',2,2") = ) (3.662)
GBy(x — X',2,2") = —azax'i‘;e(é )_e é:’)z’zl) (3.66b)
GSx(x —x',z,2") = —axazri?e(é)_eéi’)z’ z) (3.66¢)
GS,,(x — x',2,2") = axax'i;‘le(é )_e é)z ) (3.66d)

and accordingly for gi.
Taking the Fourier-transform with respect to x — x’ yields, separating the TE and
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TM components,

G*(q) = g.(9¥y (3.67)

G Mg = 0,0,/ %X + iq0,%2 — 10, 2% + q*22} g (q). (3.68)

1
k2e(z)e(z") {

We can read off the residues of the remaining components, complementing (3.62)),
at the resonances q = kvl

Res{GB,\;q = kv m} = kZe(zl)e(z’) az’um,mz(j;l)’iz; mm(2) (3.692)
Res{GY,,:q = kv m} = kze(zi)e(z’) um,m(Z’)izum,m(z) (3.69b)
Res{GS,x;q = kv m} = — kze(zi)e(z’) az’um"”(zzl)um’m(z) (3.69¢)
Res{GY,,;q = kvy ) = kZEg’ZI(Z,) um""(zgum’m(z), (3.69d)

and accordingly for gﬁ.

To compute the semi-spectral representation of the full dyadic Green’s function,
one can first compute Gy, ,,(q) and G, ,,(q) and insert them into and (3.68).
To compute asymptotic expansions for the real-space Green’s functions, the following
strategy can be used. First, find the complex roots of W,(v) corresponding to the
guided modes and as many of the leaky modes as needed for both E and H. Second,
compute the corresponding residues for the 5 non-vanishing components. Finally,
substitute the residues into (3.58).

3.5. Point sources

The Green’s functions for line sources is useful to describe 2-dimensional problems.
‘We now discuss the 3-dimensional Green’s function, the solution of , which
describes the fields due to a point source. It can be computed from the 2-dimensional
one by exploiting the cylindrical symmetry [Joh11]. Similar to the 2-dimensional
Green’s function, we start with the semi-spectral representation and proceed with
asymptotic expansions of the real-space function.
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3.5.1. Symmetry considerations

The 3-dimensional Green’s function takes the form G(r, ") = G(r — r|’| ,Z,2") because
of the in-plane symmetry. Writing the in-plane difference vector r; — r in polar
coordinates (p, ¢), we obtain

G(p,$,2,2") = R,($)G(p, ¢ = 0,2,2")R,(¢), (3.70)
with rotation matrix

cos¢ —sing O
) 6

RZ(¢)=(sin¢ cos$¢ O0].
0 0 1

We write the Green’s function as a Fourier transform with respect to r —r|, assuming
it exists,

d’q
n)?

® dq o d¢q igp cos ¢ ’
= [ S| Gmewtig gz

Substituting (3.72) into (3.8) yields

{R2(¢)D(QR,(3y) = K*n*(2)} G(q, ¢, 2,2") = 5(2)6(z — 2'), (3.73)

—s9,5710, 0 59,5 tiq
D(q) = 0 q* — 59,5719, 0 (3.74)

iqé, 0 ¢

being the Fourier transform of (3.11)). Applying the rotation matrix to both sides of
the equation, we obtain

G(p.0.2,2) = eI TG(q, ¢y, 2, 2')

(3.72)

with

{D(q) — k*n*(2)} G(q. ¢4 = 0.2,2") = 5(2)8(z — 2'). (3.75)
So the rotated Fourier-space equation is just the equation for the line source (3.43)),
and consequently G(q, ¢4 = 0,2,z') = g‘s(q, z,2").
3.5.2. Derivation of the 3d real-space Green’s function

We can thus insert the known expressions for the 2-dimensional Green’s function
into (3.72) and perform the integral. The Fourier-space Green’s functions have 5
non-vanishing components (3.65). Computing the matrix-product and performing
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the angular integrals in yields [Joh11]]

, * dq Ni(gp)
Cuulorz. )=/ 491 o) - B (q.2.2')
poz)= | 271,{[‘10%0 5 ] q.2.2

+ hiap) 2Gy(q, 2,2 )} (3.76)
Ie}
Gxz(p,2,2') f —qfl(qp) Gy.(q,2,2") (3.77)
0
Gyz(p,2,2") f —qu(qp) 5.(q,2,2). (3.78)
0

The remaining components can be obtained by replacing x with y in the indices.

Computing the integrals involving the Bessel functions is difficult due to their rapid
oscillations and the divergence of the Bessel functions for complex q complicates
contour integration. This can be avoided by splitting the Bessel function into Hankel
functions [Joh11]. Using

1
W@ =3 {H(l)(z) + H(Z)(z)}, (3.79)
the reflection formula, H(ze=i™) = —einmH{(z), and the symmetry and anti-

symmetry with respect to q of the diagonal and non-diagonal elements of the Green’s
tensor, respectively, we obtain

* (1)
’ 1 d H
Gxx(Pa Z,z ) = z/ —q{ [qul)(qp) _ 1 (qP)

o 0 G}csx(q’ z,2")
-0

(1)
H
+ 4 (qp)

5 Gy(q. z, z’)} (3.80)

N0 f%d
ze(P,z,Z)=—f qu?)(qp) Gx.(q,2,2") (3.81)

d
Gusp.2.)= 4 [ Sq (aIG8 022, (382

The path of integration adopted by Sommerfeld runs slightly above the negative, and
slightly below the positive real axis.



88 3. Nano-optical theory of planar x-ray waveguides

Even though the expressions look relatively complicated, the trace takes a much
simpler form,

*d
= 2 f SLqHs (a0)Gl}(a.2,2)). (3.83)
Jj=x,y,z Y~

Moreover, two of the three terms of the xx and yy-components decay with 1/p and
can be neglected in many cases.

Similarly to the 2-dimensional case, we use contour integration to expand the
integrals in terms of their residues. Here we give the derivation for the zz-component.
Closing the contour in (3.82), the integral has two contributions: due to the poles and
due to the branch cuts. We obtain

Gzz(p,2,2") Z kaH( )(kap) ReS{G;Sza q = kvy}
(3.84)

+ Efbot(p) + Eftop(p)

where 7, are the contributions due to the branch cuts. Inserting the residues for the
electric Green’s function, we are left with

Gezz(p,2,2') = )va S KV, 10tk (2 Ytk (2)

4€(z)<—:(z (3.85)

+ Efbot(p) + Eftop(p)-

The other integrals can be expanded similarly.

3.6. Transfer matrix formalism for layered media

For piece-wise continuous media, the solutions of (3.16b)) can be conveniently for-
mulated in a transfer matrix formalism closely related to the Abelés formalism for
reflectivity [Abe50]. Here we follow the convention of Chilwell and Hodgkinson
[CH84].

3.6.1. A single layer

First, we bring the second-order equation (L — k?v?)u = 0 into first-order form, setting

V= <k 1u—1 /) (386)
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so that
. _ 0 ks
V' =QV = (—ks-l (- 0 ) V. (3.87)
Note that V(z) is manifestly continuous. Diagonalizing Q gives

i 1 1
Q(z)=A(z)(lk%(Z) _l.k(;(z))A—l(z), A=<%p —_p) (3.88)

where p? = (n? — v?). The sign of p is arbitrary, as long as it is consistent in all 3
matrices. For constant n and s, we read off that

eikpd 0
V(z+d)=A(z+d) ( 0 e_ikpd) A(2)V(2). (3.89)

This immediately generalizes to piece-wise constant media as follows.

3.6.2. Multiple layers

oo z
Z3
nI! SY Zo
n21 SZ
z Zs
ZN-3
Nn-3; SN-3 Zno
Nn.2; Sn-2
ZN-1
Nn-15 SN-1
--------------------------- Z4
—_—
X

Figure 3.3.: We consider a layer system with piece-wise constant refractive indices n; and
relative permeabilities and permittivities s; indicated by the colors. Outside the interval (z_, z,.),
the quantities are constant.

Let N > 2 be the number of layers and let n € CN and s € CN denote values of n,
and s; in each layer. Moreover, let z = (zg, 2}, 2y, ..., ZN) € RN-1 denote the interface
positions as shown in Fig. Then

V(zi41) = Mi(z141 — 2V (2)), (3.90)
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where, with A; = A(z)),

drd ) cos(pikd) l? sin(p;kd)
M(d)=A ; T = ! . 91
() l( 0 e‘lpld> ! —lsﬁsin(plkd) cos(p;kd) (391)

1

The transfer matrix from z, to z,, > z, can be seen to be the matrix product
M(Zp, 24) = My—1(Zs Zm—1) = Mp(Zpa1, 20, (3.92)

as well as M(z,,z,,) = M~Y(z,,,z,). Note that when allowing arbitrary position
arguments, M(z,z"), for fixed z’, is a fundamental matrix of , since its two
columns are linearly independent solutions.

The two decaying solutions can be computed as

(12, o) =Mz vim(p B ) G

+ip.s~(24))
The Wronskian function can be computed via

W=k(is'(z.)py, —1)M(zy,z )V

= k(is7'(z-)p-, 1)M(z_,z)V;. (3.94)

3.6.3. Numerical solutions

Having formulated matrix expressions for the solutions . (z; v) and the Wronskian
W(v), it is straightforward to numerically compute the semi-spectral representation
of the Green’s functions G(q, z, z'). For the asymptotic expansions of the real-space
Green’s functions and to find the resonant modes, we need the complex roots of the
Wronskian.

Since W() is holomorphic up to 4 algebraic and possibly degenerate branch points,
Cauchy’s argument principle can be employed to count and localize the complex roots.
This approach, commonly known as Cauchy’s integration method or the argument
principle method, has been used in numerical waveguide mode finders for many years
(see [[Che+00]] and the references therein).

Since W(v) continuously depends on the parameters of the layer system such as
layer thickness, refractive indices, and wavenumber, the location of the roots of W (v)
does, too. As a consequence, the roots can be conveniently tracked. This has been
formally proven for this particular problem [Sch11f]. A rootv,, € C that is known for
a certain configuration can be easily found by local root-searching methods such as
Newton’s method for a slightly changed configuration.

We have implemented the transfer matrices in C++ with bindings to the Python
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language to efficiently compute the semi-spectral Green’s functions as well as the
Wronskian function. We use the open source software package cxroots [Par18] to
find all roots within a given complex contour. These are then used to compute the
transversal mode profiles as well as the asymptotic expansions of the Green’s functions.
The code is available at Ref. [LA23)]].

3.7. Applications

3.7.1. Grazing incidence

We discuss the scattering of a plane wave illuminating a layer system in grazing
incidence. The geometry is translationally symmetric and as such reduces to a one-
dimensional problem. By convention, we chose the coordinate system so that z is
pointing "down” and the "top” layer extends to z — —oo (see Fig. [3.1p). We derive
the fields generated by a horizontal sheet of source currents embedded into the top
layer, which would produce a plane wave in a homogeneous environment. The fields
can be expressed in terms of the semi-spectral representation of the two-dimensional
Green’s function evaluated on the real axis. Resonant modes manifest as damped
resonances.

Consider an electrical current distribution generating a y-polarized plane wave
incoming under the angle 6 € (0, 7r/2) with respect to the x-axis,

Jo(x,2) = 8(2 = 241 )e!"-* <5 4(0)3), (3.95)

where n_ is the refractive index in the top layer. This current generates the electric
field

E(x,z) = iwu, /gis(x —x',z,2")J.(x',z")dx'dz’

(3.96)
— 60T, 0(©) [ gl = ¥, 22K d,
The integral takes the form of a Fourier transform and can be rewritten as
i2kp_Eq ;
E(x,z) = l/f—_oem-kcosexg(q =n_kcosb,z,z4.)y, (3.97)

where Ey = —uou_Je oc/(2p_), p— = n_|sin 6, and p_ is the permeability of the top
layer.



92 3. Nano-optical theory of planar x-ray waveguides

In a homogeneous medium we obtain, using (3.55),
Einc(x» Z) — Eoein_k(x cos 0+(z—2zg) sin G)y’ (3.98)

which is a plane wave propagating in k = cos 8% + sin 62. An arbitrary layer system
can be readily computed by using (3.54) to compute g in (3.97). Substituting (3.54)
and using (3.32)), we bring (3.97) into a more explicit form,

U_(Zge; QU4 (Z; q) .

E(x,z) = i2kp_Ejeln-kcosox _ , : 3.99
(2) = 2kp-Fy TR T ETA D) N A

where we have assumed that z > z.. For points z in the top layer, we can further
simplify the expression. Rewriting u, (z) using (3.89), we obtain

E(x,z) = Eipo(x, 2) {1 + re~2in-ksin0(z-z)} (3.100)
with ) ,
_ tkp_u,(z_59) —ui(z_5q)
tkp_u(z_3 @) + Ul (Z5 DLy ecose
The second term in (3.100)) represents the reflected part of the field. For completeness,

let us remark that the amplitude reflection coefficient r can be readily computed using
the transfer matrix formalism,

(3.101)

_ G

r= =2, <C1> =AYz )M(z_,z,)V,, (3.102)
G

G

using the definitions from section[3.6] This is equivalent to the popular matrix method
proposed by Abelés [Abe50].

Figure shows the mode structure and electric field amplitude in an air/-
Pt(2.6 nm)/C(16 nm)/Fe(0.6 nm)/C(16 nm)/Pt layer system at a photon energy of
14.4 keV. The photon energy £ is converted to the vacuum wavenumber via k = £/(ch).
The layer structure corresponds to a cavity used in an experiment reported in [Roh+10].
Here, we are interested in non-resonant scattering applications, and ignore the reso-
nant nuclear contribution of the Mdssbauer isotope >’Fe to the refractive index. The
refractive indices were taken from [Sch+11f]. Since the refractive index of carbon is
lower than that of air, the system does not permit guided modes but only negative and
double leaky modes, as can be seen in panel (a). In panel (b), the squared modulus
of the 2d Green’s function is plotted as a function of v = q/k on the real axis, which
corresponds to the incidence angle via v = cos 6. The Green’s function |g(kv)|” is
proportional to the local intensity |E|2 based on (3.97). It shows pronounced reso-
nances around the real values of the resonant mode indices, v ~ Re{v,,}. The vertical
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Figure 3.4.: Mode structure and field amplitude of the layer system shown in (c) at 14.4 keV
photon energy. (a) Mode indices in the complex plane. (b) Squared modulus of the 2d Green’s
function, which corresponds to the electric field as a function of height and incidence angle
v = cos 6. The dashed lines indicate the interfaces between platinum and carbon. (c) Layer
system and transversal profiles of the negative leaky modes (squared modulus). The profiles in
(c) correspond to the mode indices in (a) of matching colors.
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profiles in b) for real v ~ Re{v,,}, closely resemble the vertical profiles at the complex
resonances v,,, shown in panel (c), up to the divergence for z < 0. Hence, one can get
a good understanding of field within the waveguide from just the resonant modes.

3.7.2. Waveguide propagation

Let us now discuss the propagation of x-rays in a waveguide layer system. To that end,
we derive the fields generated by a vertical sheet of source currents that would generate
a plane wave in a homogeneous medium. This situation closely corresponds to a plane
wave that is coupled into the front face of a waveguide, as long as back-reflection can
be neglected. Having a plane of origin perpendicular to the layer interfaces breaks
the translational symmetry and makes this problem inherently two-dimensional. The
fields in the waveguide can be computed using the two-dimensional Green’s function,
and we will see that the resonant modes emerge as an asymptotic approximation for
longer propagation distances.
Consider a vertical sheet of electric currents at x = x,. with a linear phase shift,

Jo(x,2) = 8(x — Xg)eoSNOZT ((0)y. (3.103)

This current generates the electric field

E(x,z) = ico/xo/gl:(x —x',z,z") I (x',z")dz'dz’

(3.104)
= iw:uOJe,O(e) f 8(x — Xges Z, Zsrc)ein0 sin QZIdx,}A"
For brevity, we set Xy, = 0.
In a homogeneous medium with refractive index ny,, we get
E,o(x, z) = Eyelmonkkr (3.105)

with k = cos 6% + sin 6z and E, = —toJe 0/ (2kny,m, cos 8). For stratified media, we

use (3.63)) to obtain

E(x,z) = E, Z Cpe'*’m*y,, (z)y + non-resonant, (3.106)
m
where 6
C, = / dz'u,,(z)elmo?’ Sin@nh‘“‘;ﬁ (3.107)
m

is a complex coefficient that quantifies how the incoming field couples into the modes.
The sum goes over all guided modes and the non-resonant part is the integral over the
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radiative modes. Note that for this infinitely extended source sheet, leaky modes are
of little use due to their divergence. The coupling coefficients are determined
by the integral over the mode profile u,,.

All relevant information is contained in the mode indices v,,, and the mode profiles
U,,(z). A single mode decays like

|E(X, 2)m|” = 1B Conl [ (2)Pe~ 2K mm}x (3.108)

so that the 1/e-length is given by 1/(47 Im{v,,}). Two or more contributing modes
interfere with period 1/ Re{v,, — v/}
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Figure 3.5.: Mode structure and mode transmission of a Mo/B,C/Mo waveguide at 13.8 keV
photon energy. (a) Mode and material indices, including guided modes (filled circles), double
leaky modes (empty circles) and radiative modes (dotted line). (b) Transversal mode profiles
(squared modulus) corresponding to the mode indices in a. (c) Mode attenuation lengths (1/e)
for the waveguide as a function of the B,C guiding layer thickness. The drawn through and
dashed lines correspond to guided and double leaky modes, respectively.

Figure[3.5(a) shows the mode indices for a Mo/B,C(20 nm)/Mo waveguide and a



96 3. Nano-optical theory of planar x-ray waveguides

photon energy of 13.8 keV, (b) shows the corresponding transversal mode profiles of
the 2 guided modes and the first 3 double leaky modes. Here, the leaky mode indices
have significantly larger imaginary parts compared to the guided and radiative modes,
where the guided mode indices have the smallest imaginary parts because of the weak
absorption of B,C compared to molybdenum.

Figure 3.5(c) shows the attenuation lengths of the resonant modes as a function
of the B,C core layer thickness. It demonstrates that the number of resonant modes
stays invariant, while leaky modes turn into guided modes for increasing thickness.

guided modes

zZ (nm)

0.0 0.1 0.2 0.3 0.4 0.5-2.0 - -1.0 -0.5
X (mm) v-1 le- 5
0 1 2 3 1077 1075 1078 107!
intensity rel. intensity

Figure 3.6.: Electric field in the waveguide for an incoming plane wave at 0° incidence angle
computed from only the guided modes (top) and the full field (bottom), as a function of spatial
coordinates (left) and Fourier-transformed with respect to x (right).

Figure[3.6]shows the electric field modulus inside the same waveguide, irradiated
by a y-polarized plane wave under normal incidence. The top row shows only the
guided mode contributions computed with while the bottom row shows the
full solution, obtained in a finite-difference simulation of the paraxial Helmholtz
equation (see [Sol+21] for details). Due to the normal incidence and symmetry,
only the first guided mode contributes. The full field shows some interference in
the first few 100 um, which is caused by the radiative modes interfering with the
guided modes (compare [Buk+06]). This is more evident in the Fourier-transformed
fields. The full numerical solution (bottom right) shows background contributions
that peak around the refractive index of the cladding material, molybdenum, in
addition to the resonance of the guided mode (top right). Evidently, the non-resonant
contributions decay on significantly shorter length scales, so that the field after ~
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300 um is accurately described by only the guided modes. This highlights the validity
of the guided-mode approximation as an asymptotic expansion of the field for large
propagation distances, which is possible because of the large material absorption.

So far we have considered strictly time-harmonic fields. X-ray free electron lasers
produce pulses of a few femtoseconds, so the questions arises if waveguides introduce
dispersion. The bandwidth of hard x-rays produced by synchrotron or x-ray free
electron laser sources is generally in the order of 1eV. The change of refractive
indices in this energy bandwidth is generally negligible, as long as the photon energy
is far from absorption edges and resonances. We can thus approximate the refractive
index to be independent of frequency. The wavenumber k = w/c, however, enters
W(v) and in principle causes a frequency-dependence of the mode indices v,,, = v,,(w)
and u,,(z) = u,,(z, w). Consequently, there is in principle intra-mode dispersion due
to the frequency-dependence of v,,(w) as well as inter-mode dispersion due to the
difference in v,,,. Since k only changes on the order of the relative bandwidth, which is
typically 1x 10~4, the change in u,,, and v,,, (compare (3.41))), and thus also intra-mode
dispersion, are typically negligible. Neglecting the time-dependence of u,, and v,
and splitting the real and imaginary part of v, becomes

E(x,z,t) ~ yz Eo(t — Re{w,}x/c)Cppe2koimivmixy (7)) (3.109)
m

where k, = wg/c is the central wave number. Pulses of length At thus separate on
length scales of Atc/ Re{v,, — v }. For At = 1fs and Re{v,, — v,,»} ~ 107> this disper-
sion length is 3 cm. Conversely, for longer pulses or shorter waveguides, dispersion
can be neglected (compare [Pel+06]).

3.7.3. Dipole emission into waveguide modes

Finally, we discuss the fields produced by a single dipole buried in a waveguide
layer structure. This corresponds to, for example, fluorescence or characteristic x-
ray emission into a waveguide, as it was experimentally observed recently [VS21].
The fields can be described using the three-dimensional Green’s function, which
asymptotically reduces to its guided modes.

For simplicity, consider a vertically oriented dipole, p = |p|Z, so that the problem is
rotationally symmetric. Using (3.10)), the electric field produced by the dipole can be
written in cylindrical coordinates as

E(p, ¢,2) = w?1oG (0. ¢, 2.2") - P. (3.110)

The field is then TM-like in the sense that the electric field is oriented in the §-Z plane
with EP = wZIuMOze(p’ 0,z, Z/)lpl and Ez = a’zluluOGzz(p’ 0,z, Zl)lpl' USing "
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and neglecting the non-resonant contributions, we have

Moa’2|P|

_ _Mo% 1Pl (1) ’
Ep(P»Z) - 4€(Z)€(Zl)k ; Vm,mHl (kvm,mp)um,m(z )azum,m(z) (3111)
. How? ,
Ey(p.2) = 19 PS5 0 O e ot (2 it (). (3.112)

4e(z)e(z") ~

Note that p only appears in the Hankel functions. They have the asymptotic expres-

sions
HOE) ~ /%e—i(l+2n)ﬂ/4ei§ (3.113)

for |£§] — oo0. Although both field components decay similarly, the global magnitude
of the radial component is generally a lot smaller. For kp > 1, the absolute square of
an individual mode becomes

to@* 1P [t(2)I (2" exp{—2kp Im{v,,}}
87 e@))® ez kp ’

Ezm(p, 2)|” ~ (3.114)

where we have approximated v, ~ 1.

We can read off several characteristics. The absolute square decays hyperbolically
due to the planar geometry and exponentially due to material absorption, which is
quantified by the complex effective index. The coupling into the mode scales with the
mode function |um(z’)|2. If more than one mode is populated, the fields interfere on
the length scale p ~ A/ Re{v,,, — v, }.

Let us now compute the total power flow into a given mode m. The radial compo-
nent of the pointing vector is given by

—i _ _
3 E2OoFz = 02Ep). (3.115)

p-S(p,z) =

Inserting (3.112)) and neglecting the second term, we obtain

& pPpon(@) 4y 1) 2{up(2))” [tm(2)[*
— | kD, | Hy (kv e)| —2 n . (3.116)
el e S e
Integrating over the cylinder surface and inserting (3.113)) gives
3| pl* _ U@ [ lupm(2)ulz
B.(p) ~ %wmﬁvmexp{—zkplm{vm}}' m( )2| [un(2)] ‘2‘( )iz (3.117)
le(z)I" Voo e(2)]
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The remaining integral evaluates to a number close to unity. We obtain the estimate
for the total radiated power

w|p’K’ Aum(z")*
B,(p) prey exp{—2kp Im{v,,,}} ) . (3.118)
Compared to the total radiated power of a dipole in vacuum [NH12],
_ @lpl’k
Phom = 127ey (3.119)

we notice the scaling with the coupling coefficient |um(z’)|2/1. Since u,, is bi-normal-
ized, it takes values in the order of the reciprocal mode width I. We obtain the simple
result that the radiated power scales effectively with the geometric factor ~ A/I. For
hard x-rays, [ is typically at least 2 orders of magnitude larger than the wavelength, so
that the coupling efficiency is in the order of 0.01.
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Figure 3.7.: Fields produced by an electric dipole buried in a waveguide at the iron K« fluo-
rescence energy 6.4 keV. (a) Layer structure and transversal profiles (squared modulus) of the
guided modes. A dipole in the central layer couples to the 1st and 3rd (solid lines) but not to
the 2nd and 4th (dashed lines) guided modes. (b) Electric field amplitude produced by an iron
atom in the central layer, considering only the two contributing guided modes.

As a numerical example, consider a Ni/C(24.5 nm)/Fe(1 nm)/C(24.5 nm)/Ni layer
system, in which one of the iron atoms in the central layer undergoes a radiative decay,
emitting a 6.4 keV Ka fluorescence photon. This structure corresponds to a sample
used in experiments by Vassholz and Salditt [VS21]]. We model the steady-state case
by a classical electric dipole. Figure a) shows the transversal guided mode profiles
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in the layer structure. The system admits 4 guided modes but only two of them couple
to the dipole. Panel (b) shows the transversal field computed with up to a
global scaling and compensated by the geometrical 1/p-decay. It shows pronounced
interference between the two contributing modes as well as an overall attenuation
due to photoelectric absorption. This interference has been experimentally observed
by Vassholz and Salditt (see Fig. 4 in [VS21]]). In their original interpretation, however,
the oscillations would be caused by a change of the emission process itself due to
the position of the emitter within the waveguide. Our theory clearly indicates that
the oscillations can be caused by the interference of the two populated guided modes
alone, without assuming a modification of the emission process such as the Purcell
effect.

10 20 30 40 50 60
core thickness (nm)

Figure 3.8.: Attenuation length (a) and mode coupling coefficient (b) as a function of waveguide
thickness for an electric dipole buried in a waveguide at the iron Ko fluorescence energy 6.4 keV.
The layer structure is Ni/C(x)/Fe(1 nm)/C(x)/Ni and the core thickness 2x + 1 nm is varied.

Next, we analyze how the waveguide thickness affects some emission character-
istics. Figure|3.8|shows the 1/e attenuation length and coupling coefficient of the
guided modes as a function of overall waveguide thickness. Increasing the thickness
converts more leaky modes into guided modes and increases the attenuation length
of each individual mode. Less desirably, increasing the thickness also decreases the
coupling strength of each individual mode slightly on a linear scale. The first guided
mode has a pronounced optimum between 5nm to 10 nm, below which the coupling
coefficient rapidly drops to 0. Since the coupling coefficients are approximately in-
versely proportional to the square root of the mode spread, the optimum coupling
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corresponds to the minimum mode spread. Smaller waveguides cannot effectively
contain the modes due to the weak index contrast.

3.8. Conclusions

In summary, we have presented a self-contained nano-optical theory of planar x-ray
waveguides combined with numerical code, that allows for the modelling of fields in
arbitrary layer structures while fully including material absorption. As one of the main
results, we have use a novel generalised bi-orthogonality relation to obtain asymptotic
expansions into resonant modes that are particularly useful for x-ray wavelengths
due to the presence of significant material absorption. Our theory allows to model,
in a unified framework, both the “classical” geometries of x-ray waveguides, front-
coupling and evanescent coupling geometries with their main figures of merit, as well
as atom-light interactions with buried dipoles. In addition, we have discussed how
interference patterns emerge in the fields caused by buried emitters, offering new
interpretations of recently published experiments.

In more technical terms, we have shown how the solutions of the frequency-space
vector wave equations of lossy stratified media, which are describing the elec-
tromagnetic fields in x-ray waveguides, can be decomposed into resonant and non-
resonant modes, solutions of the transversal eigenvalue problem, and we have derived
asymptotic expansions of the corresponding dyadic Green’s functions in terms of
the resonant modes. The modes of the free solution naturally reappear in the semi-
spectral representation of the Green’s function, where the resonant modes manifest
as pole singularities.

The presence of material losses makes the underlying equations inherently non-
hermitian and causes the resonant modes to violate the usual orthogonality property,
which is replaced by a bi-orthogonality property (3.28]). Due to the dielectric boundary
layers, the mode cut-off is soft, and in general an infinite number of modes are
supported. However, material losses in many cases rapidly attenuate all but the lowest
order resonant modes so that the asymptotic mode expansions give accurate results
on relevant length scales.

The resonant mode expansion is similar to but distinct from so-called quasi normal
mode expansions (see for example [KH13; [LLY94]). While quasi-normal modes
usually refer to complex-frequency resonances of the time-dependent solution, the
resonant modes discussed in this paper correspond resonances of the monochromatic
frequency-space solution with respect to the complex longitudinal wavenumber q. In
particular, we note that the 3-dimensional vector wave equations for stratified media,
as they were discussed here, do not have resonant frequencies, because the system is
translationally invariant.

We have applied the theory to important experimental geometries, including ir-
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radiation by a plane wave in grazing incidence, propagation of a plane wave inside
a waveguide, and emission into waveguide modes from a dipole embedded inside
the waveguide. The unified theory highlights the similarities in the underlying mode
structure of the 3 geometries but also elucidates important differences due to the
different dimensionalities, symmetries, and boundary conditions.

The results presented in this paper have further applications. First, the theory
together with our numerical solvers allows us to efficiently optimize layer designs for
specific experimental needs. Important figures of merit such as attenuation length
and coupling efficiencies are immediately obtainable from the the mode indices and
profiles. This facilitates the computer-aided design of x-ray waveguides for imaging,
where previously one mainly relied on finite-difference propagation simulations,
which are relatively complex and provide little structural insight. Another example
is the design and optimization of structured multilayer x-ray sources as proposed in
ref. [VS21]].

Second, the dyadic Green’s functions and their asymptotic mode expansions can
be used for quantum theories of, for example, coupled quantum systems in x-ray
waveguides, since the classical Green’s function enters the quantization of the electro-
magnetic field in the framework of macroscopic quantum electrodynamics [Len+20;
AP21;|KCP20;Buh13]. Our analytic theory, in particular the resonant mode expansion,
will help to clarify the structure of the electromagnetic fields in x-ray waveguides.
In addition, our numerical tools will complement current efforts [DLE22] to design
waveguide structures for quantum-optical experiments.

3.A. Integration by parts for the modified inner
product

We will demonstrate that for the class of function that are of the form
u(z) = ugetk=? (3.120)

in the top (+) and bottom (-) layer, that our modified inner product obeys the following
integration by parts law,
(U, v)y + U, ")y =0. (3.121)

Using the definition (3.24)), we have

v+ av
w/u+v/v

W, vy + U0, = f ' ' (2)v(z) + u(z)v'(z)dz — [ ]Z+ , (3.122)
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where we have used the property that evaluated at z, we have
u'/u =u'/u, V"/v=1"/v. (3.123)

We may use ordinary integration by parts to evaluate the integral, giving

, n - a'v+av |
W, v)y + (U, V"), = [av wit o), =0, (3.124)
since the right hand term can be simplified to
wv+a’  _d@/ua+uv /v
aaroio Cuiaronp MY (3.125)
3.B. Derivation of mode dispersion
We derive identity for the resonant modes.
Beginning with the eigenvalue equation
Lu = Au, (3.126)
we take a frequency derivative to obtain
WL P LY (3.127)

%u dw Odw Ow

As u can be written as an exponential function in the top and bottom layers, so can

oL ou . . . . .
U and P and our modified inner product remains valid to use. Thus, we project
w w

onto the adjoint eigenfunction s—1u with the modified inner product, to obtain

<S—1u,a—Lu> +<s—1u,La—u> =a—/1+/1<s—1u,a—u> . (3.128)
dw /4 dw/y OJw dw/ 4

We can then note that as we have the differentiation by parts identity (3.25)), s~1u
acts an adjoint eigenfunction with respect to our modified inner product, and thus

we have 3 3
<s—1u,L—u> =/1<s—1u,—u> . (3.129)
dw/4 dw/ 4

‘We obtain the result

a1 /oL
2 <%>u (3.130)



104 3. Nano-optical theory of planar x-ray waveguides

where for an operator A we denote the ‘expectation value’ with respect to u as
=(s1y
Ay, = (s u,Au>6 . (3.131)
Evaluating the frequency derivative of L, we have

oL

ds , _ _
% = %6zs 162 — SaZS 2

awaz+ 2 \z 25 (3.132)

ds 20? (nz n 6n)
The rightmost terms of (3.132)) are straightforward to compute with respect to the
expectation value, but care must be taken when evaluating the first two terms. Taking
an expecation value with respect to u gives for the first term

08 o _ /108 ., ‘U_Z 2 _[—195,, “’_2 2
<6w S 62>u = <s 6w(L an )) ={(s aw(/l an )) . (3.133)
u u
For the second term we have
ds — as _ ds
—2098 _ (1 2098 — 2098
<s62s 3% 52>u <s u, s, 3% 6Zu>a <u, 9,8 0 azu>a, (3.134)

where we have used the antilinearity of the inner product. We can then use integration
by parts to obtain

s — s s
2 - -1 122 =—(s12=
<sazs 3 6z>u <s o U, s 3 6zu>a <s 3 >azu' (3.135)

Putting it all together, we have

o1 [ _,0s w? _,0s 202 [ [ n? on
% = <S %(/1 - C—zn )>u + <S %>azu + 7 Z . + <n£>u . (3136)

Finally, we have

A= C(‘:—sz, (3.137)
oA 2w? (v? ov
2o (Z v%), (3.138)

giving us for the mode dispersion

dv _1/dIn(s), , 2> c_2<61n(s)> n? —1? < 6_n>
V@co_2<—6cu (v n)u+2w2 30 6zu+ - u+ "Im u.(3.139)
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3.C. Derivation of the Wronskian derivative

We derive the identity (3.60). The derivation is inspired by a similar derivation for
quasi-normal modes of the vector wave equations [LLY94]. We have, using (3.15),
that

K =) /‘Z+ sTlu_(u,(v)dz = [s7 (u_(u(v) — u’_(vj)u+(v))]§:z_ . (3.140)

Using that u’_(v,z_) = —ikp_(V)u_(v,z_) and u, (v, z,.) = ikp,(V)u (v, z,), as well
asu_(v, z) «x u, (v, z), the right-hand side of (3.140) becomes

ik[s™ (p+ () = Py ) u_uyM]___
— [s7 (U ) —uL P )] _ - (3.14D)

Taking the derivative with respect tov atv = Y, the left-hand side of (3.140]) becomes

Z4
2vjk2f s~hu_(y)u,(y)dz (3.142)
zZ_
and evaluates to
_19p ou’_ ou_ ,
lk[ 1—+u u+:| . aVW(Vj) - [ < av W‘M,_‘_):L_ s (3143)

where we have substituted the expression for the Wronskian function (3.31). To
simplify the last term in (3.143)), we use that u_(z_) = 1 and v’ (z_) = —ikp_u_(z"),

which implies
ou’ ou_ . op_
-1 "= _ I =y —— 17—
[s ( 3, YT 5, u+>]z_ lk[ 3, U u+] (3.144)

zZ_

Solving for the Wronskian function yields

Z4
W) = —21ﬁk2f sTlu_u,dz
z

+lk[ —lﬂu u+] + ik [S_la&u_m_] . (3.145)
2 ov z

Finally, for both the decaying choice of branch cut, p = pye., and the vertical choice
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of branch cut, p = pyer, We get 0, p+ = —v/p4, so that

Zr u_u
W) = —Z%k/ slu_u,dz — i%[ S_ +] -
Z_ z

2]
‘l{]. —_—
P+ SP- 1z_ (3.146)

= —21ﬁk (E_, u+>a .

3.D. Computing the scattered field

A common problem is to evaluate the total field in the wave-guide given the specifica-
tion of an incident beam in free space. This can be done using virtual sources.
The fields can be expressed in terms of the electric and magnetic currents. Substi-

tuting Fin and integrating by parts yields for the electric field,

B = 20 f EPG (7)) - f EPG 77X T - g V@), (3147)

where we have assumed the boundary terms to vanish. Taking the curl of (3.9b) and
inserting (3.8)), it follows that

G (* )X Vu(@)™! = e(P)1V x G (* ). (3.148)

Equation ([3.147) then becomes

E@F) = “% f &G (7 7) - T(7) - ﬁv X / EFG (77) - Tn(@). (3149
A similar relation can be derived for the magnetic field.

Let us suppose that the free-space incident beam E| is specified within some con-
nected volume V with boundary dV. We may then use Stratton-Chu equations to

relate the electric field at a point 7 in the interior of V to the electric and magnetic
fields on the boundary via (see [[Che99], ch. 1.4)

By = f & RGO - Ho® x #6) ~ GO - Bo®) x @) (3150)
14

where g“’) denotes a free-space Green’s function. Comparing with (3.149), we can
see that this is equivalent to the field emitted by virtual electric and magnetic currents
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given by

o) = Ho(P) x 8(7) (3.151)

Tmo(P) = Eo(P) x S(P), (3.152)

where S is the surface normal distribution for 3V, equal to the product of the indicator
distribution and the field of normal vectors of dV.

This can be used to obtain the scattered field as follows: suppose V completely
encloses all scatterers, and that the Green’s function taking into account the scatterers
is known. Then the scattered field can be determined in terms of the incident field by
treating the free-space field values along 6V as virtual sources via (3.151)) and (3.152)),
and propagating their field using the full Green’s function, including the effects of
scattering. Using (3.149), it is then straightforward to show that the total field E,
including the scattered field, is given in terms of the incident field EO, §0 by

= > iwe - =
E(F,w) = C—ZO f d2sGE (7,5, w) - Hy(5, w) x A(3)
oV

~ Ly / d25GH (7,5, w) - Ey(5, ) X AG), (3.153)
5(7) £

where G refers to the full Green’s function.
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4. Collective nuclear excitation and
pulse propagation in single-mode
x-ray waveguides
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Abstract

Waveguides offer a means to controllably couple atomic ensembles to the electro-
magnetic field therein. Here, we demonstrate x-ray propagation in planar thin-film
waveguides coupled to Mdssbauer nuclei under collective resonant excitation by short
pulses of synchrotron radiation. We record x-ray photons that have been emitted into
resonant modes of the waveguide. Depending on the geometry and mode of excitation,
two fundamentally different signatures of the collective emission are observed, for
which we present a unifying theoretical model. Our results form a new platform for
waveguide quantum electrodynamics in the hard x-ray regime with the potential to
provide a coherent narrowband source of x-rays on the nanometer scale.

When interacting with radiation, ensembles of identical quantum optical systems
exhibit collective dynamics which is fundamentally different from that of the individ-
ual constituents [Dic54f]. Collective effects such as directed emission [Scu+06; Ebe06],

ISubject to slight adjustments of the notation and minor corrections.
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collective frequency shifts, superradiant decay [[Scu09], and collective oscillations
emerge already in the regime of weak excitation from as little as a single photon [SS09].
Furthermore, in spatially extended ensembles, the geometry and spatial distribution
distinctively affects the dynamics [[SCS10; Man12]. These effects have been observed
over various platforms, including one-dimensional chains of atoms coupled to optical
waveguides [Ase+17;|Sol+17;[Kum+20; [Pen+22; |Car+23;|Su+23] and Mossbauer nu-
clei in solid-state systems driven by hard x-rays [AK65}|Ger+85; Biir+87;|SS89; HT99;
Smi99; Biir99; Roh+05; Roh+10; [Hab+17; |Chu+17|]. The latter are a particularly
well-suited platform to observe and harness collective effects, since nuclear transi-
tions resonant to hard x-ray frequencies have extremely narrow linewidths [R6h05]],
rendering exceptionally clean quantum-optical systems [RE21;|Ada09], such that
Moéssbauer nuclei were among the earliest systems to investigate collective radiative
phenoma (see Refs. [AK65; KAK79;[HT99; Smi99] and the references therein).

The experimental platforms available so far for quantum optics with Mdssbauer nu-
clei have been either nuclear forward scattering (NFS) from unstructured foils [Biir99],
nuclear Bragg diffraction (NBD) from crystals [AK65; Ger+85}SS89; |Chu+17], or
grazing-incidence reflection from thin-film structures [RE21]. Depending on the
experimental geometry, the collective nuclear excitation—also known as nuclear exci-
ton [[AK65;[HT99;[Smi99]—has a different temporal dynamics. In NFS, i.e., a thick
slab or foil illuminated in normal incidence, the nuclear exciton exhibits so-called
dynamical beats and emits into forward direction [Biir99;|Smi+07|]. In contrast, a thin
film embedded in an x-ray waveguide (WG) and excited in grazing-incidence illumina-
tion decays exponentially and emits into the direction of specular reflection—which
we call reflection geometry—with superradiant speedup and a shifted resonance
frequency compared to the single atom [[R6h+10J], similar to NBD [AK65; KAK79;
SS89]. Still unexplored is a waveguide geometry, where identical nuclei are coupled to
photons that propagate confined in a waveguide. The waveguide allows some control
over the modes of the photon field and their dispersion. Such systems have attracted
a lot of attention recently in the emerging field of waveguide QED [She+23], yet so
far restricted to longer photon wavelengths.

In this Letter, we demonstrate the excitation and collective dynamics of Mdssbauer
nuclei coupled in forward incidence to a single-mode nanometer-thin x-ray waveguide,
resolved in both time and position. We present two experiments, in which we excite
the sample either in front-coupling (FC) geometry [Fig.4.1(a)] [Fuh+04] or resonant-
beam-coupling (RBC) geometry [Fig.[4.1{b)] [Fen+93|]. Our experimental technique
combined with optimized WG designs and fabrication allows to observe the photons
that have been emitted into resonant modes of the WG leaving its back end. Depending
on the way of excitation, the decay of the nuclear exciton either exhibits dynamical
beats as in NFS or it decays exponentially with superradiant speedup. We explain our
observations by a unifying theoretical model based on a recently introduced approach
based on a real-space Green’s function formalism [[ALP24]. Our results shed new
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light on earlier experiments in reflection geometry and open new ways to design
spatio-temporal properties of the nuclear exciton based on hard x-ray waveguiding,
thus benefiting the emerging field of waveguide QED [She+23|.
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Figure 4.1.: A short excitation pulse (blue) couples into a planar WG and creates a nuclear
exciton in the *’Fe layer (red) that radiatively decays (green). (a) FC excitation creates an
exciton that emits pronounced temporal beatings. (b) RBC excitation of a long WG: the exciton
decays exponentially. Superradiant speedup and shifted resonance, compared to the natural
exponential decay with rate y (dotted green line), depend on the incidence angle 6;,. The plots
on the right show exemplary theory calculations.

Hard x-rays are an extreme regime for waveguiding. In the energy regime above
10keV, refractive indices are written as n = 1 — § + i, where 6,8 < 107°. X-
ray waveguiding manifests when lighter core materials are surrounded by denser
cladding materials. Because of the small contrasts in n, x-ray WGs are weakly guiding
(modes typically extend over a few 100 wavelengths in the transversal direction) and
cause significant photo-electric absorption in the dense cladding. Consequently, the
Purcell enhancement is negligible and coupling to resonant modes is small [LA24].
However, dense cladding strongly attenuates everything but the lowest few resonant
modes [[OS11], so that fields generated by emitters in the WG can be asymptotically
approximated by only their resonant components [LA24].

‘We have prepared two planar x-ray WGs, both containing a few-atomic-layers-thin
iron film, to 95 % enriched in *’Fe, in the center of its guiding layer (see Supplemental
Material on p. . The *’Fe does not develop long-range magnetic order in this thin
film and hence exhibits essentially a single resonance line. The experiments were
performed at the dynamics beamline P01 at PETRA III (DESY, Hamburg). The samples
were illuminated by 100 ps-long synchrotron pulses with photon energy 14.4 keV
(monochromatized to 1 meV bandwidth) at a repetition period of 192 ns, creating
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nuclear excitons. The photons leaving the WG at its back end were detected with a
stack of avalanche photo diodes (APDs). By temporal gating, the (delayed) emissions
of the nuclear exciton are detected independently from the (prompt) synchrotron

pulse.
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Figure 4.2.: Layer design and experimental data for FC excitation. (a) Transversal mode profiles
U, (2) of the 2 guided modes supported by the WG. (b) Experimentally observed emissions as a
function of delay ¢ after excitation for different WG lengths L (colored points). The intensities
are normalized and vertically shifted. The dashed lines show simulations of NFS through
*"Fe-foils, using hyperfine parameters and resonant optical depth £ that were estimated from
the experimental data. (c) Extracted resonant optical depth ¢ for different L (diamonds and
discs indicate 2 independent measurements).

First, we have prepared a layer system optimized for FC excitation, consisting of a
0.6 nm-thin layer of *’Fe, embedded in a planar x-ray WG with 20 nm B,C core, and
symmetric 30 nm-thick Mo cladding as sketched in Fig.[4.2{a). The layer structure
was deposited onto a 1 mm-thick Ge wafer and capped with a second Ge wafer after
deposition as detailed in Ref. [Krii+12]]. The synchrotron beam was focussed with
two elliptical mirrors in Kirkpatrick-Baez geometry to a spot of about 7 um diameter
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into the WG entrance at the focal position. The Ge wafers were used to absorb the
tails of the focus to reduce background signal, but they do not affect the resonant
mode structure due to the thick cladding [Sal+08]. The wafer sandwich was cut
to triangular shape, allowing us to change the effective WG length L by translating
it along y transversal to the beam (see Supplemental Material on p. . The WG
length was calibrated by measuring the absorption in the wafer as a function of y-
translation. Figure[d.2]b) shows the temporal evolution of the emitted x-rays for several
WG lengths up to 2 mm (limited by off-resonant absorption). The emissions clearly
exhibit dynamical beats resembling those known from NFS through a homogeneous
single-line resonant absorber. The dashed lines show simulations of NFS through a
thick foil of enriched *’Fe including inhomogeneous hyperfine-splitting in the order
of 6 natural linewidths, in a 4-parameter model (see Supplemental Material on p.
[127), which accurately describes the data. The optimal parameters were found using
a maximum-likelihood estimation assuming Poisson statistics. The magnitude of
hyperfine splitting is expected from similar amorphous thin films [R6h+10;Sah+11].
The extracted optical depth £ (also called “effective thickness” [Biir99]) [Fig.|4.2(c)] is
strictly proportional to the WG length L.
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Figure 4.3.: Off-resonant intensity of the RBC sample, illuminated at an incidence angle of &;,
and recorded 3 m downstream of the sample with a pixel detector. Vertical cuts correspond to
observed far-field patterns. The 4 resonant modes, which are supported by the layer structure,
are clearly visible in the region between the primary beam (6;, + 6,,; = 0) and the specularly
reflected beam (8,,, = 6;,). The modes are well separated in 6;,.

For the second experiment, we have prepared a layer system optimized for RBC
excitation [Fig. b)], having a 40 nm-thick B,C core and, in contrast to the FC
experiment, a top Mo cladding layer of only 8 nm to allow incident light to evanescently
couple into the WG. We used a 10 mm long Si wafer as substrate, so that the WG is



118 4. Collective nuclear excitation and pulse propagation

significantly longer than the attenuation length of the resonant modes and thus
has effectively infinite extent. The back end of the sample was broken off after
deposition to create a clean exit face. The sample was placed onto a goniometer
stage for tuning the incidence angle 6;,. Figure[4.3|shows the off-resonant far-field
intensity distribution, detected 3 m downstream of the sample by a time-insensitive
pixel detector as a function of 6;,. We then aligned the APDs with the WG exit
[6ou: ~ 0°, see Fig.[4.1(b)] and collected the emitted photons for several values of 6;, in
the vicinity of the third resonance 6; = 0.203°. We selected the 3rd mode for practical
reasons, because the divergence of the incident beam was 0.002°, which is wider than
the resonance of the 1st mode. Figure[4.4(a) shows the emitted intensity as a function
of time for three different 6;,. The intensity exhibits an initial superradiant decay and
a slow-down for longer delays, which is caused by a residual hyperfine splitting of the
nuclear levels. The initial decay is plotted in panel (b), showing a decay rate of 30y at
6, which gradually diminishes as 6;, moves away from resonance. Similar behaviour
was previously observed with NBD [SS89|] and thin films in reflection geometry
[R6h+10]. The solid line shows a simulation in reflection geometry [see SM] that
considers divergence of the incoming beam and hyperfine splitting of the transitions.
The hyperfine parameters for the simulation were extracted from measurements at
6in = 0.5°, far from the WG modes, and are consistent with the FC experiment [see
SM].
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Figure 4.4.: Experimentally measured emissions of the nuclear exciton in RBC excitation. (a)
Decay pattern for 3 angles in the vicinity of the 3rd resonant mode and initial exponential decay
(black dashed line). (b) Initial decay rate as a function of angle detuning: extracted from the
experimental data (black diamonds); calculated with the simplified ideal model (dashed
line); simulation including hyperfine splitting of the transition energies as well as the angular
divergence of the experiment (solid line).
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To qualitatively model the experimental observations, we employ the theory de-
veloped in Ref. [ALP24]] based on macroscopic quantum electrodynamics, which
describes the atom-light interaction using the classical electromagnetic Green’s func-
tion. Importantly, it explicitly models the propagating field modes in the dispersive
waveguide environment with spatial dependency, which has not been relevant for
the existing theories of NFS [Smi+07;|Shv99], NBD [HT99; KAK79], or the reflection
geometry [HE13; Len+20; [Len+23]. Here, we neglect the nearly degenerate sub-
levels of the ground (I; = 1/2) and excited (I, = 3/2) state of *’Fe (hw, = 14.4keV,
hy = 4.7neV, Ml1-transition) and describe the nuclear state by a single nuclear transi-
tion operator for each atom oﬁée = |gXe|. The excitation pulses have very small pulse
areas so that the nuclear excited states remain unpopulated (<6eie> ~ 0) and the re-
sponse is linear. The expectation values of the transition operators O'gie i= <a§e> evolve,
in the rotating frame of the nuclear transition frequency w,, according to [Ase+17]

—iwok(w) = —gaée(w) + iQ(r;, w)

+iy gij(w)cée(w),
J#i

4.1)

where Q(r, t) = my - By, (x, t)/% is the propagating excitation pulse expressed as a Rabi
frequency, m,, the magnetic dipole moment of the transition and g;; are dispersive
coupling coefficients. The total single-atom spontaneous decay rate y includes self-
interaction and is equal to its value in a homogeneous environment (negligible Purcell
factor). Note that By, is the free incident magnetic field and scattering from the nuclei
is fully accounted for by g;;. The coupling is mediated by the WG environment via

2

k
gij(w) 1= 'uoh 0 m; -gm(rl-,rj,coo + ) - my, 4.2)

where u is the vacuum permeability, ko = wq/c, and G the Green’s function for the

magnetic field in the WG (see Supplemental Material on p. . While the oée are
defined in the rotating frame, this Green’s function depends on the absolute frequency
wo + w.

‘We convert into a one-dimensional macroscopic equation. To that end, we
assume homogeneously distributed nuclei in a single thin layer, insert the analytic
expression for the Green’s function, and assume interaction via a single resonant
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mode. We obtain
. 4 .
Uge(xa t) - _zo'ge(x’ t) + lQ(x9 t)

0
- _{mV / dx'eikov'"'x_x,'O'ge(x,’ t—|x —x'|vy/c). (4.3)
A res L

Here, A, is the on-resonance attenuation length (61 nm for bulk *’Fe), v,, is the
complex effective refractive index of the mode [[LA24], and ¢,,, the dimensionless
coupling-coefficient of the WG mode. The latter effectively rescales A, and is given
by &, = du,,(zo)?, where d and z, are thickness and position of the >’Fe-layer,
respectively and u,,(z) is the complex transversal mode profile, described in Ref.
[LA24], which is bi-normalized to f[u,,(z)]*dz = 1. The field radiated by the nuclear
exciton is obtained via

Bl (r, @) = uok3 ). G_(r,1;, w0 + @) - my0ge(w), (4.4)
J

corresponding to the field radiated by the oscillating magnetization
M = mp0g, exp(—iwyt) + h.c..

Note that not only describes planar WGs (after integrating out y) as discussed
here, but also one-dimensional channel WGs, and furthermore homogeneous slabs
(foils) with translational symmetry in y-z [[FMO8]], with different values for v,, (= n
for slab) and ¢, (= 1 for slab).

Equation is often treated as an eigenvalue problem, decomposing o, into radia-
tive eigenmodes [Ase+17;/SCS10;|Man12|). Instead, we employ a forward-scattering
approximation that allows us to solve analytically for the two experimental
settings sketched in Fig. The rapidly oscillating phase factor in strongly
suppresses the back-scattered field [ALP24]]. Hence, we change the upper limit of
integration in (4.3) to x.

In the FC geometry [Fig.[4.1(a)], the only surviving component of the excitation
pulse is the fundamental guided mode, so that Q(x, t) = Qg exp(ikyVy, X)) (), With
some slowly varying envelope I1(t) where t,o = t — kqV,,,X/c. Note that the excitation
pulse decays with x, as Im{v,,,} > 0. For finite L, becomes a Volterra integral
equation due to the forward-scattering approximation and hence has no radiative
eigenmodes. Its exact analytical solution for the given Q(x, t) is

Oge(X, 1) = iAetkovmX—rtel/2]) [\ / ytretxg”mA,‘els] , (4.5)
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for t,; = 0, where J, is a Bessel function of the first kind and A = Q, f II(¢)dt the
pulse area. This is the well known solution for NFS [Shv99; Smi+07]] with A, rescaled
by ¢,,. Computing the emitted field from is straight-forward (see Supplemental
Material on p.[127). The exciton emits directionally and purely into the WG mode. The
emission undergoes the dynamical beats, well known from coherent pulse propagation
through resonant media [KAK79; Biir99]—and clearly observed in our experiment.
From the experimental data, we obtain an estimate for the coupling coefficient |,,,| =
EA/L ~ 0.029, slightly smaller than the theoretical value (from design parameters)
of 0.038.

In the RBC geometry [Fig.[4.1[(b)], the incidence angle 6;, fixes the in-plane wavevec-
tor to k;, = kg cos 6;,. The excitation pulse can be written as

Q(x7 t) = Q0 exp(ikinx)n<tret)9

with here t,, = t — kj,x/wy. Assuming that L is significantly larger than the off-
resonance attenuation length of the mode, A,, = (2k, Im{y,,)~}, (typically a few
100 um) we can extend the lower boundary of integration in to —oo. This elimi-
nates the boundary effect in the forward direction. The linear spatial phase in Q(x, t)
corresponds to a radiative eigenmode of the exciton, so that the exciton evolves har-
monically with shifted frequency and enhanced decay. We obtain (see Supplemental

Material on p.[127))

Oge(X, 1) = iAexp [ikox cos 6;, — (g — in) tret] , (4.6)

_Smbm 17
n(ein) B Aves 2Amq — i 2’

4.7)

with q = kg cos 6;, — ko Re{v,,} = —ky(6i, — 6,,,) sin 6, and pulse area A as previously
defined. The mode angle is defined via cos 6,, = Re{v,,}. Similar to NBD [KAK79;
SS89]), the exciton decays superradiantly with peak speedup of 1 + ¢, A,/ Ares depend-
ing on ratio between off- and on-resonant attenuation lengths, as well as the mode
coupling coefficient ¢,,,. Note that A,,;/Aes = PAOres (Ores: TESONANE Cross section,
p: number density of nuclei) gives the number of nuclei within the off-resonant
absorption length (compare Ref. [[Ada09]), clearly demonstrating the collective su-
perradiant nature of the speedup, contrasting earlier interpretations based on an
increase of the photon density of states [R6h+05]. Figure[4.4(b) shows the speedup
from calculations (dashed line) with using the design parameters as well as the
speedup from the experimental data (diamonds). This simple single-mode model
already explains the observed peak speedup. It does not fully account for the increased
angular resonance width, which can be attributed to the residual hyperfine splitting
and angular divergence observed in the experiment [see SM]. Thus, we see that
qualitatively reproduces both experiments. Notably, similar eigenmodes are
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observed in crystals [SS89] and waveguides in grazing-incidence reflection geometry
[RE21]].

In summary, we have demonstrated the excitation and collective dynamics of
Mossbauer nuclei in x-ray waveguides for two different modes of excitation. In the
FC geometry, we have observed dynamical beats emitted by WGs with a 20 nm-thick
guiding core and varying lengths from about 0.1 mm to 2 mm into the fundamental WG
mode. In the RBC geometry, we have observed exponential decay into the resonantly
excited WG mode with tuneable superradiant speedup. Our theory consistently
describes the observations of both experiments in a one-dimensional waveguide
picture. When a single mode dominates, the equation of motion is formally identical
to that of a homogeneous slab with length (thickness) rescaled by a nucleus-mode
coupling constant ¢,,. Depending on the off-resonant optical thickness of the WG, two
regimes are realized. For optically thin WGs, the finite integrated nuclear density gives
rise to dynamical beats. The grazing-incidence geometry allows the study of optically
thick WGs, where off-resonant absorption suppresses boundary effects, establishing
translation invariance and permitting radiative eigenmodes, so that the exciton evolves
harmonically with resonant dispersion relation.

Our results open up a number of promising future directions. We demonstrated
how to “harvest” the propagating beam at the exit of the WG, forming an extremely
coherent narrowband source of 20 nm cross section, albeit with low brightness. Both
the spatial diffraction patterns and temporal dynamics can be readily resolved at these
scales. The FC geometry allows to simultaneously and coherently couple into multiple
guided modes in one or several WGs. A multi-mode WG could be used to implement
effective two-beam control techniques for the x-ray frequency regime. The spatial
coherence allows to spatially separate individual modes and permits new approaches
for narrowband x-ray control via the engineering of collective radiation patterns. The
source may be utilized for investigations at the nanoscale that leverage both spatial
and temporal coherence.
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5. Supplemental Material to:
Collective nuclear excitation and
pulse propagation in single-mode
x-ray waveguides

5.1. Theory

5.1.1. Detailed derivation of the equation of motion

We derive the equations of motion from the main manuscript using the approach
detailed in Ref. [ALP24]. It is based on the Gruner-Welsch quantization of the macro-
scopic Maxwell’s equations [GW96]|, which expresses the electromagnetic field in
terms of the classical dyadic Green’s function of the medium. We use an asymptotic
expansion of the Green’s function in terms of its resonant (guided and leaky) and
non-resonant modes, derived in Ref. [LA24], to obtain tractable, yet quantitative,
analytical expressions for the coupling terms. Refer to the references given in the
introductions of Refs. [ALP24; LA24]| for an extensive list of related works.

The 14.4 keV resonance of the °’Fe nucleus corresponds to a magnetic dipole (M1)
transition between one of the ground and excited states with nuclear spins I, = 1/2
and I, = 3/2, respectively. For the purpose of this letter, we neglect the 2I + 1 sublevels
and consider only a single ground |g) and a single excited state |e), with a magnetic
transition dipole moment that is aligned with the polarization of the excitation pulse.
The full picture is discussed in Ref. [ALP24|]. We write the nuclear transition operator,
in the rotating frame of the nuclear transition frequency, as &g, := |gXe|, so that the
magnetic dipole moment operator is

il = mo(Gl,e=@0t + Glel@ot), (5.1)

with magnetic dipole moment m, and transition energy #iw,. The diagonal operators
for the excited and ground states are written accordingly. Similarly, we separate the
magnetic field operators into components with positive and negative frequencies,
such that

B(t) = B*(t)e™ @0t + B (t)e!®ot, (5.2)
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The nuclear transition operators then fulfill [ALP24]]

d,; N i i i .
$508e(0) = =L k() — [64() — Sfg()] i - B¥(xi, ), (53)
under the rotating wave approximation. Since the pulse areas of the synchrotron
pulses are tiny, even under extreme focussing, the excited state populations will be
very small and negligible in (5.3). We make the approximation [62,(t) — 65,(t)] ~ —1.
Taking the expectation values on both sides yields

y . i
51e(t) = =L 0le(t) + mi - B (ry 0). (5.4)

The field consists of the incoming field and the field emitted by the nuclei, B =
B;, + B,,.- The nuclei emit the field [ALP24]]

BLu(r0) = o 252) 36, (0 + 0) - (m)* (@)
_ w + W 2 G i (53)
= 0< c ) Zi:_m(r’ I, + wO) s My o:ge(c‘))’
where
{e(r)V x eir)v x —[n(r)a)/c]z}gm(r, r') = e®(r — )1 (5.6)

defines the magnetic Green’s function. Here ¢ is the relative electric permeability and
n the refractive index of the layer system, excluding the nuclear interaction. Inserting
(5.5) into the Fourier transform of ([5.4)), we obtain

—iwok(w) = —gaée(w) +iQ(r;, @) + 1 ), gj(@ + wo)oge(w), (5.7)
J#i
where Q(r,w) = m} - Bf (¥, w)/h is the time-dependent Rabi frequency produced by
our propagating excitation pulse and coupling between the nuclei is mediated by

2

w
gij(w) = Mf(z)cz

mj - G_(r. 1) - my. (5.8)

The waveguide contains a large number of nuclei that are homogeneously dis-
tributed in an amorphous thin layer at height z = z,. Let d denote the layer thickness
and p the nuclear number density within the layer. Going to continuous variables
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and integrating out the transversal dimensions y and z, we obtain
— iw0ge(x, w) = —gage(x, w) + iQ(x, zg, w)
+ipd P.V.f 8(x — X', + w)Tg. (X', @) dx’, (5.9)

with

, w
g(x - X ,CL)) = #’126_2 mz;

mzd(x X', 2, 29, @) - My (5.10)

where G m2d is the Green’s function corresponding to a line source extended along y

(see Ref. [LA24] for a detailed discussion). For x-ray waveguides, it is approximately
transversal and can be expanded into its resonant and non-resonant modes, giving

i Zwemux—x'

Ivm/¢ 4 non-resonant, (5.11
1L o , (5.11)

_mzd(x x',z,z',w) ~ 1

where v, are the (complex) effective refractive indices of the corresponding resosonant
modes (in short: mode indices), 1 L =y®Yy+iQz the transversal unit tensor, and
u,,(z) are transversal mode profiles as defined in Ref. [LA24]). They are bi-normalized

according to
[um@)* . _
/ ) dz =1. (5.12)

The expansion in particular uses the fact that transverse magnetic and transverse
electric modes are approximately degenerate in the hard x-ray regime due to the
small refractive index contrasts, so that the polarization-dependence simplifies to the
transversal unit tensor.

We make the crucial approximation to neglect the non-resonant modes, since they
are strongly attenuated, and obtain

— lw0g(x, w) = —gage(x, w) + iQ(x, w)

uolmol pw+ Cvo Z{ f dx’ ell@r@ol=—xmleg (x' @), (5.13)

Since w <« wy, we neglect the frequency detuning in the prefactor. Fourier-transform-
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ing finally yields

Gge(X, 1) = —goge(x, £) +iQ(x, )

0
__r > g“mf dx’ eikovmlx—x'loge(x’, t—|x—x'|v,/c), (5.14)
A res m _L
where kg = wy/c and
1 kotolmo|* 2 _
An ~PT Ry TP (5.15)

is the reciprocal on-resonance attenuation length.
Making the forward-scattering approximation and assuming that only a single
mode contributes gives

Gge(, 1) = —goge(x, £) +iQ(x, £)

X
y{m 1 ik —x' ’ X —
— dx’ etkovmG=xg (' ¢y
A res -/L & "

’

X ) (5.16)

5.1.2. Frequency shift and superradiant speedup

The resonant-beam-coupling geometry permits an analytical solution of (5.16]), which
we briefly discuss here. The incidence angle 8;, fixes the in-plane wavenumber to
ki, = kg cos 6;,. The excitation pulse can be written as Q(x, t) = Qg exp(ikinX)TI(¢ ),
with ¢ = t — kj;x/wy. Note that such an excitation pulse is made possible by
the RBC geometry, where the incident plane wave is propagating in air/vacuum and
therefore not attenuated. Other geometries will unavoidably introduce an off-resonant
attenuation due to material absorption.
Taking the Fourier transform gives

Q(x, w) = Qe TI(w), (5.17)

with ky,, = (0 + wg)/c - cos 8;, Fourier-transforming (5.16) and inserting (5.17), we
obtain

X
—i(w + 1y/2)0g.(x, w) + 43//%" f dx’ etkmC=xDg (X', @) = iQoII(w)e ¥, (5.18)
Tes —L

with k,,, = (0 + wp)/c.
The key to solve (5.18) is that, for L — oo, the right-hand side is an eigenfunction
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of the integral operator on the left-hand side. One readily obtains

—QI(w) -

O'ge(x, Cl)) = m exp(ikinx) (519)

where
gmy 1 -1

5.20
4\ s (wo + w)/c vy, — oS By (5.20)

7i(w) =

is the complex frequency shift. Since w <« w,, we can neglect the frequency-depen-
dency, setting 7 : = 7j(w = 0). We write

Y SmAm 1
== - (5.21)
7 2 Ares 2Amq6 -1

with qg = ko(cos 6;, — Re{v,,,}). Fourier-transforming the solution gives

dw _;
Oge(X, 1) = f Py “o(x, w)
= lQOH(5 - iy/z)e)(tret) exp[ikinx - (]//2 - in)tret]'

(5.22)

Finally, we approximate QyI1(n — iy/2) = A to be the pulse area, taking into account
that the frequency detuning is small compared to the bandwidth of the excitation
pulse.

5.1.3. The emitted field

To compute the field emitted by the nuclei, we use (5.5) and apply the same assump-
tions as before, in particular the asymptotic expansion of the Green’s function. We
obtain

W+ @
C

2
Bl (x,z,0) = Mopd( ) fgm 2d(x = X', 2,29, + wp) - My O'ge(x/a w)dx’

U (2)uy,(2p) o ,
~ ik,uopdm—momof elfmP=*lg, (x', w) dx’.
-L

2V,
(5.23)
The constant factor can be brought into a more expressive form, so that
uy(z) yr 1 0 i /
B/ (x,z,w) = =B{ ¢, — etkm|x—x |Gge(x’,w) dx’, (5.24)

um(zo) 4Ares iA —L
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where 7 = II(w = 0) is the length of the excitation pulse and the field amplitude is
B = myQuh/ |m0|2. To compute the field inside the sample, we can again employ the
forward scattering approximation or integrate numerically. In the experiment,
we measure the far-field pattern of the field at the back end of the waveguide (x = 0).

The integral can be readily evaluated analytically for the two cases discussed in the
letter. For the FC geometry we obtain

2 (VT el s
eXp(ikOVmL)] eXp(—ytret/z) 1( 14 tgm )

(5.25)

L
B} (0,2,t) = —BJ U(2) yr[g’m

“m(zo) Z Ares

For the RBC geometry, we obtain

+ Um(2) T [ 26mAm —i
0 um(Zo) 4 Ares quAm =i

Bl(0.2,0) = B exp =72 = it 526
retaining the frequency shift and superradiant decay. Here, the overall intensity
decreases when the 6;, is detuned from the mode resonance due to the wavelength
mismatch.

5.2. Samples and experiment

5.2.1. Layer design

The waveguides were designed using the xwglib software described in Ref. [LA24]].
The materials were chosen for minimal mode absorption while being suitable for
sputter deposition. The cladding thickness was set to 30 nm, which is thick enough
to fully contain the resonant modes (effectively infinite) but still relatively thin to
minimize roughness build-up. Table[5.1]lists the model parameters computed for the
two final layer designs, assuming perfectly sharp interfaces.

5.2.2. Sample preparation

The two samples were fabricated by magnetron sputter deposition, using an argon
plasma at a pressure of 5 x 10~3 mbar at a target-to-substrate distance of about 7 cm
with sputtering guns from the A300-XP series (AJA International, Massachusetts,
USA). The residual base pressure prior to deposition was typically less than 4 X
10~7 mbar. Molybdenum and the *’Fe-isotope-enriched iron (97 % enrichment) were
deposited using targets with diameter 3.81 cm at 12W DC, and B,C using a target
with diameter 5.08 cm at 53 W RF power. The deposition rates were calibrated based
on x-ray reflectivity measurements.
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m  , (107%) 1 — Re{v,,} Im{v,,} Ay, (mm)
FC

1 3.8 3.8 x107° 2.8 x 1078 0.25

2 0 6.8 X 10° 6.8 x 1078 0.11
RBC

1 2.1 2.9 x107° 1.3x 1078 0.51

2 0 3.9 x107° 2.2 %1078 0.31

3 2.3 5.9 x 107° 7.5 %1078 0.09

4 0 8.2x107° 1.6 X 1077 0.04

Table 5.1.: Model parameters for the resonant modes m of the two waveguide designs: coupling
coefficient ¢,,,, effective mode index v,,, and (off-resonance) mode attenuation length A,,, for
the supported resonant modes.

To block the overilluminating part of the x-ray focus in the FC experiment, we
bonded a second 1 mm-thick germanium wafer on top of the layer structure, as
detailed in Ref. [Krii+12]. Figure[5.1(a,b) show photographs of the final FC sample
after bonding and cutting it to shape. To verify the layer structure of the FC sample, we
acquired high-resolution cross-sectional SEM images. To that end, the layer structure
was exposed with a Helios G4 focussed ion beam system (Thermo Fisher Scientific,
Massachusetts, USA). The SEM images were acquired with an eLiNE system (Raith
GmbH, Germany). Panels (c) and (d) show such images at different magnification.
At highest magnification, the individual films are clearly distinguishable.

5.2.3. Experimental setup

Figure|5.2[shows the setups of the two experiments performed at PO1. The undulator
radiation is monochromatized to about 1 meV by a high-resolution monochromator
(HRM). In the front-coupling experiment, the beam was focussed by two mirrors
in Kirkpatrick Baez geometry to about 7 um in focus diameter. A pair of slits was
used to cut off the outer tails of the focus that were not blocked by the 2 mm thick
waveguide assembly. A stack of four avalanche photo diodes (APDs), mounted on a
translation stage, approximately 1 m downstream of the waveguide was used to detect
the photons exiting the waveguide. In the resonant-beam-coupling experiment, the
beam was mildly focussed by a beryllium compound refractive lens (CRL) down to
about 100 um diameter. The CRL stack was placed immediately after the monochro-
mator to maximize the focal distance and minimize angular divergence of the beam,
which was about 0.002°. The beam was cut in vertical direction to about 20 um using
a slit placed immediately in front of the sample. The angular acceptance of the APDs
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Figure 5.1.: The FC waveguide assembly: (a) top view, showing the sample along the y-direction to change the propagation length

L of the x-rays in the WG; (b) Front-view; (c) the two wafers were bonded with an InSn alloy,
magnification; (d) high-resolution view of the layer structure.

visible as a horizontal stripe at medium
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was adjusted with a pair of slits mounted in front of the APDs. In both experiments,
a time-insensitive pixel detector, a LAMBDA 750k (X-Spectrum GmbH, Hamburg,
Germany) with 55 um pixel size, was placed about 3 m downstream of the sample to
measure the off-resonant (prompt) photons exiting the waveguide.

Figure|5.3|shows far-field diffraction patterns, acquired with the LAMBDA 750k
pixel detector in front-coupling geometry. Panels (a) and (b) illustrate how the pri-
mary beam is absorbed by the waveguide so that only the coherent guided mode
is transmitted. The one-dimensional far-field pattern (c) is consistent with a fully
transversally (in the vertical direction) coherent Gaussian mode with FWHM 19.8 nm
at the end of the waveguide, as discussed in Ref. [OS11]].

5.3. Data analysis

5.3.1. Approach

The theory presented in the Letter captures the central features of the exciton dynamics
and spontaneous photon emission and illustrates the qualitative behaviour. To obtain
analytical solutions, we neglected the energetic sublevels of the nuclei, which will be
slightly perturbed in the presence of hyperfine interactions. Even very weak hyperfine
interactions affect the observable time-dependence and need to be taken into account
in the analysis. In principle, the theory can be readily extended to include the full
hyperfine structure of the nuclei and then solved numerically [[ALP24].

However, our theory shows that the time-dependence of the emitted fields is for-
mally equivalent to that known from established experimental geometries. In FC
geometry, if only a single guided mode contributes, the time-dependence resembles
NFS through a foil with rescaled thickness. In RBC geometry, the time-dependence is
the same for the emission into the mode and into the direction of specular reflection—
the well-known grazing incidence reflection geometry [R6h99]]. This allows us to use
available and tested software for simulation and data analysis of nuclear resonant
scattering to model the experimentally observed temporal emissions. We emphasize
that only the time-dependence is equivalent, whereas the spatial emission structure
is clearly different.

Hyperfine parameters

The iron films in the samples are too thin to develop magnetic order so that we can
neglect magnetic hyperfine splitting. However, variations in the electric field at the
positions of the nuclei may cause inhomogeneous line broadening. An electric field
gradient couples with the non-vanishing quadrupole moment of the excited state and
may cause a splitting into two lines. Since the thin iron layer is likely amorphous,
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Figure 5.2.: Experimental setups at the high resolution dynamics beamline P01 for realization of the front-coupling and the grazing-
incidence geometries. Only the relevant components are sketched. In both experiments, a time-insensitive pixel detector was
mounted 3 m downstream of the WG (not shown). The APDs were moved out of the beam to acquire images with the pixel detector.
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Figure 5.3.: Off-resonant far-field diffraction patterns in the front-coupling geometry, acquired
with time-insensitive pixel detector. (a,b) diffraction pattern for waveguide lengths L = 0.1 mm
and 0.8 mm, respectively. The primary beam is fully absorbed for the longer waveguide (b) but
still visible in the shorter one (a). (c) Vertical profile [dotted line in (c)] through the diffraction
pattern in logarithmic scale with a Gaussian fit that corresponds to a fully vertically coherent
exit beam with FWHM 19.8 nm.

there is no overall directional dependence and we can take the isotropic average. We
assumed a normal distribution for the line broadening, parameterized by its full width
at half maximum wyp. The quadrupole splitting is parameterized by the distance
between the split lines syp.

Data regression approach

We used the Nexus library to implement the forward model for the delayed
intensity f(t, p) and inferred the model parameters p by numerically finding the
maximum likelihood estimator (MLE), given the data (histogram of counts over time
delay) and assuming Poisson statistics.
The log-likelihood for Poisson-distributed data f=(ty,..., ty)and ¥ = (1, ..., YN)
can be written as
(B) = = D [£(t, D)~ y; - log f (5, )], (5.27)

J
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where here y; denote the number of counts in bin corresponding to time ¢. We
computed the MLE by numerically optimizing (5.27), pyg = argmax, ., {—l(ﬁ)}
within a reasonable domain D.

5.3.2. Front coupling

We modeled the FC waveguide as a thick slab/foil of *’Fe (isotopically enriched to
95 %, density 7.874 gcm™3) in a nuclear forward scattering geometry. The density and
abundance are only relevant to relate the optical thickness £ to the geometrical thick-
ness d of the slab—they do not enter the model. With no magnetic hyperfine splitting
and isotropically averaged hyperfine interactions, we optimized for the following
4 free parameters: intensity scale I, optical thickness &, line broadening FWHM
wyr, and quadrupole splitting syr. This was done for each each waveguide length
independently. The results are listed in Tab.

Parameter FC RBC
Broadening FWHM wyr (y)  6(2) 4
Quad. splitting syg (¥) 6(1) 7

Table 5.2.: Hyperfine parameters inferred from the experimental data, assuming normally
distributed broadening and quadrupole splitting of the transition lines. For FC, the parameters
were extracted from each WG length independently. The number in parentheses gives the
standard deviation. For RBC, the parameters were extracted from a single measurement in
reflection geometry at 6, = 6,,, = 0.5°.

5.3.3. Resonant beam coupling
Extraction of initial decay rate

To extract the initial speedup of the emissions in RBC geometry, we assumed a simple
exponential decay f(t, p) = p, exp(—p;yt) and inferred the optimal parameters (scale
Po and speedup p;) by numerically computing the MLE based on the data in the time
interval 13ns < t < 30ns.

Estimation of hyperfine parameters

To estimate the hyperfine parameters (wyr and syg) of the RBC waveguide, we mea-
sured the delayed photons in reflection geometry at 6;, = 6,,; = 0.5°. This angle is
far from the waveguide resonances to ensure that the time-dependence (up to a global
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scaling) is to a good approximation unaffected by the waveguide structure, yet still
sensitive to the hyperfine interactions.

We modeled the experiment numerically, using ideal geometrical parameters (de-
sign layer thicknesses and densities, perfectly sharp interfaces). Similar to the FC
geometry, we optimized for the following 3 free parameters: intensity scale I, line
broadening FWHM wyg, and quadrupole splitting syr. The results are also listed in

Tab.[5.21

Full simulation of speedup

To explain the values of the speedup in the RBC geometry, we simulated the emission
from the layer system as a function of time in reflection geometry, 8,,, = 6;,. To that
end, we exploit that the time-dependence is the same for the emissions out of the back
end of the WG and for the field that evanescently couples through the top cladding and
is emitted into the direction of specular reflection. We used Nexus [Boc23]| to simulate
the time-dependent field in reflection geometry, assuming an infinitely extended layer
system. Note, however, that the angular dependence is different between the two
geometries, so that the simulated intensity scale is meaningless. The results, without
hyperfine interactions, with hyperfine interactions (extracted from independent data
as detailed above), and including a uniform angular divergence of 2.1 mdeg (FWHM),

(@108 | ' - .
. 61 - B3 = ~0.002 —— o hyperfine
100 Mt —y—— i with hyperfine
— = with hf. and div.
@ 3 } t b T
510° 61 - B3 = ~0.001° ®)
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Figure 5.4.: Simulated emission in reflection geometry (6;, = 6,,) to describe the time-
dependence in RBC excitation. (a) Time-dependence and (b) speedup. Without hyperfine
splitting (blue), the simulation is in perfect agreement (up to global scaling) with the predictions
of the simple theory. The additional beating due to the hyperfine interactions (red) results in
increased (apparent) speedup. Close to resonance, this effect is partially reversed by the angular
divergence of 2.1 mdeg FWHM (green), which is assumed to be uniform and incoherent.
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are presented in Fig.[5.4(a). The angular divergence is modeled as an incoherent
average with uniformly distributed angles (arithmetic mean).

From these simulated curves, we extracted the initial decay rate, using the same
procedure as for the experimental data. The results are shown and discussed in
Fig.[5.4[b). The simulation without hyperfine splitting, on the one hand, accurately
matches the simple single-mode model. The full simulation including hyperfine
splitting and divergence, on the other hand, explains the experimental data (see main
text). We conclude that the deviation from the simple model is indeed mainly caused
by residual hyperfine splitting and beam divergence.
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Abstract

The phase shift of an electromagnetic wave, imprinted by its interaction with atomic
scatterers, is a central quantity in optics and photonics. In particular, it encodes
information about optical resonances and photon-matter interaction. While being a
routine task in the optical regime, interferometric measurements of phase shifts in the
x-ray frequency regime are notoriously challenging due to the short wavelengths and
associated stability requirements. As a result, the methods demonstrated to date are
unsuitable for nanoscopic systems. Here, we demonstrate a nanoscale interferometer,
inspired by Young’s double-slit experiment, to measure the dispersive phase shift due
to the 14.4keV nuclear resonance of the Mdssbauer isotope *’Fe coupled to an x-ray
waveguide. From the single-photon interference patterns, we precisely extract the

ISubject to slight adjustments of the notation and minor corrections.
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phase shifts in the vicinity of the nuclear resonance resolved in photon energy by
using Bayesian inference. We find that the combined information from phase shift
and absorbance reveals microscopic coupling parameters, which are not accessible
from the intensity data alone. The demonstrated principle lays a basis for integrated
x-ray interferometric sensors.

6.1. Introduction

The phase of an electromagnetic wave is shifted upon scattering from an atom, a mi-
croscopic effect which adds up coherently and determines the macroscopic properties
of wave propagation, as described by the index of refraction n. Near atomic transitions,
resonant effects become particularly pronounced and a wealth of information about
the photon-atom interactions and the involved atomic energy levels is encoded in
the optical response. Both for the resonant and non-resonant case, wave propagation
phenomena are relevant for nearly all methods for the manipulation of light. Exam-
ples are plenty: from passive shaping with lenses and phase plates, guiding of light in
fiber optics and waveguides, all the way to the precise active control, for example in
liquid crystal displays, electro-optical modulators, and integrated photonic devices.
These optical properties and functionalities crucially rely on precisely known and
controllable phase shifts. At the same time, when a wave propagates through an
object with a spatially dependent index of refraction n(r), the local variations in the
accumulated phase shifts reflect its internal structure, offering a contrast mechanism
for phase-sensitive imaging. Note that phase contrast can not only be significantly
more prominent than attenuation contrast [HS19], for example in X-ray imaging of
biological matter, but also more dose-efficient [Spi+23], because the underlying elastic
scattering process does not deposit any energy in the specimen.

Guided modes offer a particular benefit to control light propagation and phase
effects. In optical waveguides, photons can be coupled to individual quantum emitters
such as resonant atoms, in a controllable manner. This is exploited in the emerging
field of waveguide quantum electrodynamics in order to investigate quantum many-
body physics and to develop integrated functional quantum technologies, see [Tiir+19;
She+23]| for a review. The resulting quantum-optical systems are often non-linear
[Tiir+19], and can become increasingly complex so that refractive index models are
no longer valid. Yet the phase shift imposed by individual emitters remains a central
quantity, which can even become a function of the number of photons [Sta+24].
Further, the phase shift can be manipulated, for example, in quantum phase switches
with single atoms [Tie+14; Vol+14]], a building block that may pave the way to photon-
photon quantum gates. To observe any of this experimentally, one crucially relies on
methods for precise and accurate measurements of phase shifts.

In the optical regime, instruments such as the Mach-Zehnder interferometer are
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readily available to measure phase shifts. They can be assembled on optical tables from
discrete components, but are also routinely realized in integrated photonic devices.
In the x-ray regime on the other hand, the situation is quite different, because the
short wavelengths require extreme stability and translation precision in the order of
picometers. Bonse and Hart realized the first interferometer for hard x-rays [BH65|,
a Mach-Zehnder-type setup, achieving the necessary stability by cutting the entire
interferometer from one solid single crystal. This principle based on crystal reflections
[[Col96; Bow96; |Lid14]] has enabled the design of interferometers that have been
used to measure refractive indices and dispersion corrections to the atomic form
factors close to absorption edges [BH69; Tem+80|]. In most cases, however, refractive
indices in the hard x-ray regime are obtained indirectly from absorption spectra based
on Kramers-Kronig relation [HGD93;; |[Len94]], a method which relies on precisely
measured absorption spectra over a wide frequency range. Unfortunately, neither
bulky crystal interferometers nor any of the other methods [Len94] are suitable to
measure phase shifts at the nanometer scale.

This limitation is particularly regrettable, since x-ray photon-matter interaction
within nanostructures exhibits many interesting phenomena [Shi+24]. These in-
clude x-ray generation in nanostructures [VS21[], Purcell-enhanced x-ray scintillation,
and enhanced interaction in waveguide-cavities [LKE24|]. Nanometer-sized x-ray
waveguides have been realized for double-waveguide phase-contrast imaging [FOS06],
curved x-ray waveguides [Sal+15|], and integrated x-ray beam splitters [HS16], repre-
senting first steps towards “x-ray optics on a chip”. Recently, ensembles of Mdssbauer
nuclei coupled to an x-ray waveguide were experimentally investigated with syn-
chrotron radiation, demonstrating a platform for waveguide quantum electrodynamics
in the hard x-ray regime [ALP24;|Loh+24]]. Such Md&ssbauer isotopes constitute ex-
ceptionally clean quantum systems due to their extremely narrow resonances [RE21],
making them a particularly successful experimental platform for quantum-optics
in the hard x-ray frequency regime [Roh+10; [Hee+21}; [Kha+21; Boc+21} [Shv+23}
Vel+24]). Despite the tremendous importance of the phase shift in these examples,
however, it has been elusive to direct measurement.

In this work, we interferometrically measure the phase shift that an ultrathin layer
of 3"Fe Mossbauer nuclei coherently imprints onto photons propagating through
a single-mode x-ray waveguide. To that end, we have devised a nanoscale double-
waveguide interferometer, reminiscent of Young’s celebrated double-slit experiment
[You02]. It coherently superimposes the exit fields of the signal waveguide (SWG) and
a reference waveguide (RWG) which is free of resonant nuclei, and directly converts
the resonant phase shift in the SWG into a measurable lateral shift of the far-field
interference pattern (see Fig.[6.1b). This allows to extract the nuclear phase shift from
just a small number of detected photons. The isotope >’Fe has a low-lying nuclear
resonance at hw, = 14.41keV with a linewidth of only #T' = 4.7 neV (Fig. [6.1}).
While several methods to measure the phase shift induced by macroscopic samples
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Figure 6.1.: Principle of the double-waveguide interferometer. a A resonant atom (here,
the nuclear resonance of >’Fe between states with nuclear spin I, =1/2 and I, = 3/2) causes a
phase shift depending on the detuning A = w — w, of the light frequency w to the resonance w,.
This is described by the real part of the complex susceptibility y. b An ensemble of resonant
atoms (red) in a nanoscopic waveguide coherently shifts the phase of photons propagating
through this “signal waveguide” (SWG) compared to a reference waveguide (RWG) without the
atoms. ¢ The phase shift results in a shift of the far-field double-slit interference pattern (filled
blue curve) of the two exit waves compared to the unshifted pattern (dashed line). Blocking
the reference waveguide results in a single-slit diffraction pattern (green filled curve) that is
unaffected by the phase shift.

containing resonant nuclei have been proposed [Stu01]] and demonstrated [[SLT04;
Cal+05; Hee+15;|Goe+19;[WE23;[Yua+25; Neg+25], they are all indirect methods
that rely on computational reconstruction of the spectral phase shift from measured
time-domain response functions, which requires a large number of detected photons.
To that end, the sample and a resonant reference absorber are usually illuminated
with short broad-band pulses and temporal interference patterns are recorded. By
contrast, here we directly measure the spectral phase shift ¢$(A) resolved in detuning
from the resonance A = w — w, using monochromatic narrowband illumination by
coherently interfering individual photons. The measured phase shifts unambigously
reveal the value of hyperfine broadening and the coupling strength between the nuclei
and photons propagating in the waveguide, beyond the information that is accessible
from absorption measurements alone.
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6.2. Results

To implement the nano-interferometer, we have fabricated a pair of 0.5 mm long
planar x-ray waveguides, stacked on top of each other, one of which (the signal waveg-
uide) contains a 0.6 nm-thin film (about two atomic layers) of isotope-enriched >’Fe
(see Fig. [6.1). The waveguides consist of a 20 nm-thick boron carbide (B,C) guiding
core surrounded by 30 nm of molybdenum cladding, resulting in the interferometer
baseline of 50 nm. The design ensures that only a single guided mode of the electro-
magnetic field is transmitted by each waveguide. The waveguides are enclosed in
1 mm thick germanium wafers to block the tails of the illuminating focus [Krii+12].
In addition, as control experiments, we have prepared a double-waveguide without
the resonant nuclei, as well as a single waveguide containing resonant nuclei. The
latter conceptually corresponds to blocking the reference “slit”.

The experiment requires a beam of hard x-rays at photon energy #iw, = 14.4keV
which is both highly monochromatic, on the order of the natural linewidth of >’Fe,
and tightly focused, to couple efficiently into the front face of the two single-mode
waveguides [Fuh+04]]. To this end, the experiments were performed at the nuclear
resonance beamline ID18 [RC96]| of the European Synchrotron Radiation Facility
(ESRF), utilizing the “Synchrotron Mdssbauer Source” (SMS) [[Pot+12] to provide a
monochromatic beam, which is subsequently focused to a spot of about 0.5 um in di-
ameter by a pair of elliptical focusing mirrors in Kirkpatrick-Baez geometry [Kup+24].
A sketch of the experimental setup is shown in Fig. The SMS employs an elec-
tronically forbidden but nuclear allowed Bragg reflection of an isotopically enriched
iron borate (*’FeBOj3) crystal to extract a bandwidth of a few neV with practically
zero background [Smi+11]. To tune the photon energy over the target resonance,
the iron borate is mounted on a Doppler velocity transducer, which is harmonically
oscillating (the motion is harmonic for optimal stability), thus periodically shifting
the energy via the Doppler effect. The photons transmitted by the waveguides are
detected by a time-resolving pixel array detector based on Timepix3 [TIS16]. The
detector is synchronized to the velocity transducer so that the photon time-of-arrival
encodes the transducer oscillation phase and thereby the detuning of the photon
energy. The detector is installed 1 m downstream of the waveguides, where the 55 um
pixel pitch provides an angular resolution of the interference pattern of about 0.003°,
with a total photon detection rate on the order of 105!,

Figure[6.3|shows the measured far-field interference patterns as a function of photon
energy detuning (see Methods for a detailed account of the data pre-processing)
for the three interferometer configurations: a with resonant nuclei in the signal
waveguide, b with nuclei in the signal waveguide but reference waveguide blocked
(no reference), and ¢ both waveguides without resonant nuclei. Hence, b and ¢ can
be considered “control” experiments to the case of interest a. The lower panels show
the corresponding absorption spectra, obtained by summing the interference pattern
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Figure 6.2.: Experimental scheme of the waveguide nano-interferometer. a The broadband undulator radiation, pre-
monochromatized to about 2eV with a high heat load monochromator (HHLM), is further monochromatized to the nuclear
linewidth by the Synchrotron Mdssbauer source, then focussed by elliptical mirrors in Kirkpatrick-Baez (KB) geometry and front-
coupled into the double-waveguide (WGs). The far-field pattern of the double-waveguide is observed by a time-resolving pixel
detector (Timepix3). Internally, the SMS consists of a high-resolution monochromator (HRM), a deflector and the iron borate (IB)
crystal. The IB is mounted on a velocity transducer, which periodically Doppler-shifts the photon energy, controlled by a function
generator (FG). The detector is synchronized to the IB oscillation so that the photon time of arrival encodes the instantaneous
frequency detuning. b Cross-sectional scanning transmission electron microscopy image of the double-waveguide.
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column-wise. The single waveguide e exhibits a broadened resonant absorption dip,
which is reproduced by the interferometer d with a unit offset due to the reference
waveguide. Note that the interference patterns encode the phase difference between
the fields at the exits of the two waveguides, including shifts accumulated within the
waveguides as well as phase differences already present at the waveguide entrances.
In particular, a slightly tilted wave front results in a frequency-independent shift of the
interference pattern, a global offset. This effectively limited the maximum acquisition
time and consequently the total number of detected photons in the interference
patterns, because of gradual drifts of the wave front of the illuminating focus, likely
due to the ambient temperature (see Methods).
The far-field interference pattern can be modeled by (see Methods)

16) = Io(9)[1+ T + VT eos(g + kb)| (6.1)

where I(£) is the far-field diffraction pattern of a single waveguide mode, £ is the
observation angle, b the baseline (waveguide separation in z), ¢ the phase shift between
the two waveguides, k = wy/c the on-resonance wavenumber, and T the intensity
transmission coefficient of the SWG. The parameter 1, < 1 accounts for a global
loss of fringe visibility. On resonance, the nuclei fully absorb the photons (T =
0) which results in 0% and 50 % transmission in the single and double waveguide,
respectively. Further away from resonance, the interference pattern is clearly visible
and continuously shifts with varying detuning.

From the measured interference pattern, we have extracted the phase shifts ¢(A)
induced by the nuclear resonance, using Bayesian inference [[Gel+04] taking the
Poissonian probability distribution of the data into account. To that end, we have
computed the full posterior probability density of the phase shift p(¢ | data), condi-
tional on the respective observed interference pattern, using a Markov Chain Monte
Carlo ensemble sampler [For+13]], independently for each frequency detuning A.
This approach gives us not only the most likely value of the phase shift but its entire
probability distribution and hence a robust estimate of the uncertainty.

Figure6.4]shows the resulting probability densities for the phase shift. For larger
detunings, the phase shift is precisely localized (standard deviation of 0.13 rad) and
exhibits the expected resonance. On the other hand, within 6T of the resonance,
the visibility is practically zero (compare Fig. [6.3p) so that the interference pattern
contains no information on the phase shift. As can be seen by the values of I, in Fig.
[6.3d, the phases were extracted from interference patterns with less than 300 photons
each.
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Figure 6.4.: Extracted phase shifts. Phase shift ¢ extracted from the data shown in Fig.
by the Bayesian phase retrieval procedure. The color encodes the posterior probability density
for ¢(A) given the measured interference patterns at a certain detuning A. Due to the strong
absorption, the phase is undetermined in a frequency band of +6T around the resonance
frequency. Outside of that band, the phase is well determined.

Connecting the phase shifts to photon-matter interaction

The phase shift contains information about the photon-nuclei coupling and helps to
disambiguate parameters that lead to similar absorption spectra. Based on a recently
developed theoretical model [ALP24], the harmonic components of the field which is
propagating (along x) through the waveguide while coherently interacting with the
nuclei can be written as

E(w, x) = Ey(w, x) exp [ik&,, x(w)x/2], (6.2)

where E| is the reference field without nuclei and ¢,,, quantifies the coupling be-
tween the single guided mode and the nuclear layer (see Methods). The bare nuclear
resonance corresponds to the magnetic susceptibility

Orad F/2
k w-— () + lF/2

Xo(@) = —py (63)
(01aq: radiative cross section, k = wy/c: wavenumber, p,: number density of resonant
nuclei) as shown in Fig. . The nuclear levels are generally split due to electric and
magnetic hyperfine interactions, leading to a modified susceptibility y. Since the thin
iron layer, which is only about two atomic layers thick, does not develop long range
magnetic order at room temperature, we do not expect magnetic hyperfine splitting
here. Yet, even small differences of the environment and electric field gradients of
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the nuclei in the thin iron film lead to inhomogeneous line broadening and possibly
a quadrupole splitting of the resonance line. We assume a Gaussian broadened
susceptibility y governed by two effective hyperfine parameters—net central shift
and line broadening (see methods).

2 656

C

>

Q

R

s

‘@ 328 .

g ¢ experiment

a —— combined

£ —== optimal transmission ]
0 1 1 1 1 1

b

phase shift ¢ (rad)

-20 -10 0 10 20 30 40
frequency detuning A (I")

Figure 6.5.: Absorption spectra and phase shifts. a Measured intensity transmission as a
function of detuning A = w — w, together with two model curves (see main text). b Extracted
phase shifts (first moment of the posterior probability density) together with the corresponding
model curves from a. The red area indicates the +6 I" band of nearly full absorption, for which
the data does not contain any phase information.

Figure[6.5p shows the measured absorption spectrum and two theory curves based
on (6.2), for which the hyperfine parameters and coupling strength |¢,,| were found
with maximum likelihood estimations with respect to either the absorption spectrum
alone (dashed line), or the absorption spectrum combined with the phase shifts (solid
line). More precisely, the former shows the model for which the measured absorption
spectrum is most likely, with no regard for the phase shift. For the latter, on the other
hand, the two hyperfine parameters were optimized with respect to the absorption
spectrum and the coupling strength with respect to the phase shift. In both cases,
only the modulus |{,,| of the complex coupling coefficient ¢,,, = |{,,| exp [i arg ¢, | was
varied and the complex argument was fixed at the value arg {,;fq = 0.03, which was
obtained from simulations using the design parameters of the layer structure.
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Table 6.1.: Hyperfine parameters and coupling strength extracted from the data. The
parameters (|, |: coupling strength, wyg: line broadening (FWHM), and &y;: central shift
with respect to a-iron) were found numerically via maximum likelihood estimation from the
absorption spectrum alone, or the absorption spectrum combined with the phase shifts (see
main text).

model |ml Wyr  Our

absorption 4.5x 1073 11T 16T
combined 7.1x1073 9I' 16T

The parameters extracted in this way are listed in Tab. The coupling strength
of the combined model closely matches the design value from theory calculations
of ’Q’Jn‘ = 7.1 x 1073 (see methods), while the absorption model corresponds to
substantially smaller coupling of 4.5 X 1073. Both models describe the absorption
spectrum (Fig. [6.5p) well, which is the result of line broadening and the coupling
strength being anticorrelated with respect to the absorption spectra. In the phase
shifts (Fig.[6.5b), however, we can clearly disambiguate the two models. It is evident
that the first model does not reproduce the phase shifts at all, while the second model
does. Thus, only the combination of the two observables allows us to uniquely extract
the model parameters and in particular quantify the coupling parameter.

The higher sensitivity and information content of the phase compared to the ab-
sorption signal can be attributed to the fact that the phase shift asymptotically decays
like ¢ x A~!, whereas the absorbance decays like 4 « A~2. Consequently, even noisy
measurements of the phase shift reveal quantitative information over a frequency
range much wider than the width of the absorption line.

6.3. Discussion

In summary, we have directly measured the resonant phase shift imprinted onto
photons that propagate through an x-ray waveguide, while coherently interacting with
an ensemble of nuclear resonances, using a nano-interferometer operated in the single
photon regime. The method is based on two-path interference of individual photons
and has allowed us to accurately extract the phase shifts from only on the order of 100
detected photons (for each energy detuning value) by employing Bayesian inference.
Using the extracted phase shift, we were able to quantify the coupling strength between
waveguide mode and the nuclei, which was not possible from the absorption spectrum
alone, since line broadening and optical thickness lead to ambiguous signatures (see
Fig.[6.5). The observed phase-shift and absorption spectra are consistently described
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by a recently derived theoretical model [[ALP24; LA24].

Our results demonstrate the interferometric measurement of phase shifts in the
x-ray regime on the nanometer scale, using a few individual photons. The technique
is not restricted to nuclear resonances but can analogously be applied to electronic
resonances. This paves the way for a new generation of “x-ray photonics on a chip”,
combining curved waveguides [Sal+15], beamsplitters [HS16], and x-ray sources
[VS21]] with integrated interferometric sensors.

Having accurately measured the phase shift, one can envision its control. A thicker
layer of resonant iron nuclei will develop long range magnetic order so that the de-
generate resonance splits into a sextet. The phase shift for a fixed photon energy
could then be tuned by controlling the magnetic hyperfine spectrum, either by ap-
plying a static magnetic field or transiently with RF pulses as demonstrated in Ref.
[Boc+21]). This would enable active control of the phase for narrowband pulses in a
nanophotonic device in the hard x-ray frequency range.
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6.4. Methods

Waveguide design

The waveguides were designed using the xwglib software from Ref. [LA24]]. Materials,
layer thicknesses, and length was chosen to effectively absorb everything but a single
guided mode of the electromagnetic field. The iron layer was dimensioned to produce
a resonant phase shift in the order of 7.

Waveguide fabrication

The waveguide samples were fabricated via magnetron sputter deposition, using
an argon plasma at a pressure of 5 X 1073 mbar at a target-to-substrate distance
of about 7 cm with sputtering guns from the A300-XP series (AJA Inter- national,
Massachusetts, USA). The residual base pressure prior to deposition was typically less
than 4 x 10~7 mbar. Molybdenum and the >’Fe-isotope-enriched iron (97 %) were
deposited using targets with diameter 3.81 cm at 12 W DC, and B,C using a target
with diameter 5.08 cm at 53 W RF power. The deposition rates were calibrated based
on x-ray reflectivity measurements. The waveguides were deposited onto 1 mm thick
polished germanium wafers. To block the over-illuminating part of the x-ray focus. A
second 1 mm-thick germanium wafer was bonded on top of the layer structure, using
soft alloy bonding as detailed in Ref. [Krii+12].

High-angle annular dark-field (HAADF-STEM) imaging was performed in an FEI
Titan 80-300 E-TEM using an acceleration voltage of 300 kV and a convergence semi-
angle of 10 mrad yielding a probe size of approximately 0.14 nm.

Event-based detection

To detect the photons in the far-field, we used an AdvaPIX TPX3 (ADVACAM s.r.0.,
Czech Republic) with a 500 um-thick silicon sensor (70 % efficiency at 14.4 keV photon
energy). We operated this Timepix3-based [TJS16;[Poi+14]] detector in event-based
mode, so that it produces a list of detection events with pixel coordinates, time-of-
arrival (ToA), and time-over-threshold data. The velocity transducer of the SMS was
controlled by a DFG-1200 digital function generator (Wissenschaftliche Elektronik
GmbH, Germany) set to sinusoidal mode. We fed the TTL output of the DFG through
a custom-built signal converter into the external synchronization interface of the
AdvaPIX. In this way, we set the detector to reset its ToA counter in each oscillation
period of the velocity transducer. The temporal resolution of the synchronization
was limited by the detector clock frequency of 40 MHz—significantly exceeding the
resolution required for the 10 Hz oscillation of the velocity transducer. As a result, the
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ToA data of the detected photons encodes the velocity of the transducer and thereby
the energy detuning.

The total number of detected photons is limited by the fact that the interference
pattern is highly sensitive to small relative changes in the wave front (phase) of the
illuminating focus. It could only be kept stable for about 1 h because the beamline
optics had to be periodically realigned due to temperature drifts in the building, which
slightly altered the wave front in the focus and shifted the interference patterns. We
remark that this instability has been substantially reduced shortly after our experiment,
as the beamline has been moved into temperature-controlled hutches.

Photon energy calibration

The photon energy detuning was calibrated based on the absorption spectrum of a
natural a-iron reference absorber foil used for synchrotron and conventional M&ss-
bauer spectroscopy. Zero detuning (A = 0) corresponds to the center of the a-iron
absorption spectrum.

Data preprocessing

Several preprocessing steps were applied to the data to generate the interference
patterns.

1. Apply a photon-energy filter to reduce spurious events due to environmental
and cosmic radiation as well as charge-sharing events. For this, events outside
a time-over-threshold range were discarded.

2. Select data from a time window during which the beam was most stable by
visual inspection.

3. Select a horizontal range of the data that is as homogeneous as possible by
visual inspection. This was necessary because the illuminating wave field had a
visibly tilted phase gradient.

4. Project the detection position onto the vertical axis.

5. Convert ToA data to energy detuning based on the calibration and vertical pixel
position z to raw observation angle, i.e. &,,,, = arctan(z/D) where D = 1.18 m
is the distance between waveguide and detector and z the vertical position on
the detector.
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Interference pattern

Two (partially) coherent wave fields E;(xy, z) = Ag(z + b/2) and E,(xy, z) = Ag(z —
b/2\/Te'® with wavelength A centered at z = +b/2, where Ay(z) describes a complex
amplitude with finite width w, produce a far-field Fraunhofer diffraction pattern
that can be described by equation (see Ref. [Sal19], for example). The fringe
visibility parameter 1} € [0, 1] accounts for the partial coherence [BW19] and I,(§)
is the Fraunhofer diffraction pattern of Ay(z). Setting Tz = 1 + Tand Vg = \/7"%
yields

1(£;6) = Io(&)Tege [1 + Vegrcos(¢ + kbE)] , (6.4)

with model parameters 6 = (¢, Tetr» Vo) and global (constant) parameters: wave
number k = 27/1, mode width w, waveguide separation b, central angle &, total
intensity I;,;. We approximate the exit field of the waveguide to be Gaussian, so that
its far-field intensity distribution is

Io(8) = ;ﬁ exp|—(& — £0)2/0?] 6.5)

where o = 2.355/(kw).

Statistical model

We employ a statistical model to implement phase retrieval from the sparse inter-

ference patterns. The model parameters 6 will be extracted for each detuning A
independently. The probability to measure y; counts at angle §; conditional on certain

values of § is p( | 6) = Pr(Y; =y | /1)]/1_1(§ 2y where
=I(¢;;
A}’e"l
Pr(Y =y | ) = (6.6)
!

is the Poisson distribution. Since measurements for different angles are independent,
we have p(y | 6) = Hj p(y; | 6). Bayes theorem implies for the posterior distribution

p(6 |3 « p(8) - p(F | 6), (6.7)

where the proportionality constant only depends on the data y and is independent of
the parameters 6 [Gel+04]). We use the “emcee” Markov Chain Monte Carlo (MCMC)
ensemble sampler [For+13]] to compute the posterior as detailed below.

The MCMC sampler is based on the logarithm of the right hand side of (6.7), which
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can be computed as follows. The log-likelihood for a given angle & is

€,(6;y) =log p(y | 6)

- - (6.8)
= —I(§;6) + ylogI(§; 6) — log(y).
The total log-likelihood is therefore
€(6:5) = ), |15 6) + y10g (& 6) | + const. (6.9)
J

We assume uniform prior distributions as follows: ¢ ~ U(—7x, ), Vg ~ U(0,1), and
Ter ~ U(0.3,1.3). While the real part of the exponent in can take any value, the
interferometer signal is 27 periodic and hence, the phase is only uniquely retrievable
within an interval of length 27.

Phase retrieval
Phase retrieval proceeds as follows.

1. Estimate &,, w and I, from the interference patterns on resonance with Vg = 0
and Teff =1.

2. Estimate b from a narrow range of off-resonance interference patterns, using
the parameters from step 1.

3. Compute a sample ensemble of 6 given the data y with “emcee”, using the global
parameters of step 1 and 2.

4. Estimate the probability density of the phase shift parameter ¢ from a marginal
histogram of the ensemble.

5. Shift the phase shift globally such that E[¢(+A)] = — E[¢(—A)] for A =20T.

Coupling constant
The coupling constant ¢, in is defined as

[ (20)]?

Ym

$m = d, (6.10)
where v, is the (complex) effective refractive index of the mode, d the thickness of the
iron layer, z, the position of the iron layer, and u,,(z) is the transversal profile of the
guided mode, which is bi-normalized to f[u,,(z)]*/e(z)dz = 1 (e(z) being the relative



References 157

electric permeability at height z in the layer system) [LA24]. It can be computed
numerically, for example with the xwglib library (see Ref. [LA24]).

Hyperfine splitting

The 0.6 nm-thin iron layer is amorphous and too thin to develop long range-magnetic
order. Thus, it does not exhibit magnetic hyperfine splitting. However, the individual
nuclei can generally experience different isomeric shifts and possibly quadrupole
splittings, due to their inhomogeneous environments in the film, which is only about
two atomic layers thick. We account for this by introducing an effective Gaussian line
broadening and a net central shift,

X(e; 8yp, onp) = f(w; oup) * Xo(@ — Sur) (6.11)
with ,
flw;oyp) = 1 exp{—% (ai) } (6.12)
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7. Summary and outlook

This work has explored the physics of Mdssbauer nuclei in x-ray waveguides experi-
mentally and theoretically. In the following, we will briefly recapitulate what we have
done and what we have learned - to then suggest what could be done next.

Spatial modes in x-ray waveguides

In Chapter 3} we have derived a theory to describe the resonant modes of the electro-
magnetic field in arbitrary planar waveguide structures. After defining and classifying
the resonant modes, we have presented a recipe (and implementation) to find these
modes and to compute the numerical value of all relevant coefficients. This mode
finder works reliably in the x-ray regime. We have shown how the modes emerge in
the fields generated by oscillating dipoles embedded in the layer structure and have
derived asymptotic expansions of the electromagnetic Green’s functions (for large
spatial distances) in terms of the resonant modes. We have also discussed dispersion
and that it can be neglected in most cases. The theory is based on the full vector
wave equations and omits approximations specific to the x-ray regime, which makes
it applicable to a wide range of the electromagnetic spectrum.

One important application is the computer-aided design of waveguide structures.
The theory gives explicit analytical expressions for key figures of merit, such as atten-
uation lengths, propagation constants, transverse spatial confinement, and coupling
coefficients, all in terms of the effective refractive indices of the modes — which can
be readily computed with the mode finder. We have made heavy use of this to design
the waveguide structures for the experiments that are featured in chapters[4and [}

The Green’s functions allow to quantify the coupling strength between emitters that
are embedded in a waveguide structure and the field modes. The partial spontaneous
decay rates correspond to the relative power that an oscillating dipole (embedded in
the waveguide) radiatively emits into each of the resonant modes (see Chapter 8 in
Ref. [NH12]). Our calculations clearly show that the partial emission into the modes
is neither Purcell-enhanced nor particularly strong. On the contrary, the partial
decay rates into the resonant modes are relatively weak due to their weak spatial
confinement: the decay rates are in the order of 1/l < 10~2 where [ is the linear spatial
confinement. Their exact values depend on the normalized transversal mode profiles
U,,(z) and the emitter position.
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The total decay rate in an x-ray waveguide is also not significantly different from
its value in free space, as can be seen rather intuitively. The Purcell effect can be
classically understood as an interference phenomenon [Ryb+16|. In a high-finesse
resonator, the field radiated by an oscillating dipole is back-reflected by the resonator
mirrors and thereby modifies the field at the dipole position, which alters the emission
rate. In this case, the Green’s function evaluated at the emitter position, G(ry, ry, @),

can differ substantially from its value in free space g(o)(ro, Iy, ®). In the x-ray regime,
however, reflectivities are appreciably different from zero only for very small incidence

angles (with respect to the interface), 8 \/% and normal-incidence back-reflection
is practically non-existent (apart from Bragg reflections). As a consequence, the field
generated by an emitter within the waveguide is, to a very good approximation, purely
outward-propagating so that the field at the emitter position is essentially the same
with or without the waveguide environment, G(ry, ry, @) ~ Q(O)(ro,ro, w). In this
sense, x-ray waveguides are no actual cavity resonators! While they can act like a
cavity resonator for translation-invariant collective spin-wave states (see Refs. [RE21}
Len21])), this does not apply to localized atoms.

Yet, x-ray waveguides do alter the fields substantially for large spatial distances,
so that G(r,ry, w) can be expanded into the resonant modes and the non-resonant
components for large |r — ry|. This asymptotic expansion is not restricted to the x-
ray regime but particularly useful there, because strong absorption in the cladding
efficiently attenuates the non-resonant components of the field. Substituting this
mode expansion into the formalism presented in chapter |2, has allowed to derive
analytical solutions for pulse propagation in x-ray waveguides containing Mdssbauer
nuclei [ALP24]], and similarly for the nuclear exciton dynamics after impulsive driving
(see chapter [4).

Several interesting questions are still open and provide promising avenues to gener-
alize and advance the theory.

Bragg-multilayer waveguides: Waveguides with Bragg-reflecting multilayers instead
of homogeneous cladding layers have been considered in the past [Pru03; [Pru05;
Hab17]. They promise tighter mode confinement and thereby stronger coupling, from
which experiments with Mossbauer nuclei could benefit in particular [Hab17]. The
present theory assumes homogeneous and semi-infinite outermost layers, but could
in principle be adapted for periodic multilayers.

Channel waveguides: One can expect similar asymptotic mode expansion in channel
waveguides (or more generally, any structures with two-dimensional confinement).
The main challenge is to develop or identify a suitable two-dimensional mode-finding
algorithm, either in a suitable finite-element approach or assuming, for example,
cylindrical symmetry. To that end, it is particularly important to find appropriate
boundary conditions that work well with the extremely small refractive index contrast.
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Planar x-ray waveguides for nuclear resonant scattering experiments

In chapter 4] we have presented two nuclear resonant scattering experiments with
x-ray waveguides that contained thin layers of the Méssbauer isotope >’Fe. We have
demonstrated for the first time (i) front-coupling into thin film x-ray waveguides with
Mossbauer nuclei and (ii) detecting the delayed photons that leave the waveguide at
its back end. In particular, we observed the delayed photons after propagating through
a 2mm-long and 20 nm-thick waveguide (10° aspect ratio) containing a 0.6 nm-thin
layer of *’Fe.

The experiments represent the culmination of our quest for suitable waveguide
designs and experimental parameters. While the chapter only features the data from
one specific sample for each of the two experiments, we have fabricated and screened
a significant number of different sample designs. In the end, the best were a com-
bination of the planar waveguide designs and fabrication protocols that had been
developed by the group of Tim Salditt in Gottingen (see Ref. [Sal+08; Krii+12]]) and
the thin-film cavity designs [Roh+10;Hab17|] and sputter-deposition protocols (see
for example Ref. [Wil20]) that had been developed by the group of Ralf RShlsberger
in Hamburg. Material-wise, the combination of boron carbide (B,C) for the waveg-
uide core and molybdenum for the cladding performed best. Molybdenum leads to
substantially increased mode attenuation lengths compared to a platinum cladding,
as it is popular for experiments in reflection geometry. Using germanium wafers to
block the overilluminating beam in the front-coupling geometry as detailed in Ref.
[Krii+12]] was vital to detect the weak signal.

The layer systems are still not ideal, though. This leaves potential for improvement.

Stress: The B,C layers develop appreciable stress so that thicker layers would reg-
ularly peel off the substrate. This could potentially be mitigated by annealing the
layer system after deposition [BB11[]. Alternative light materials such as pure boron
or carbon could also be reconsidered.

Hyperfine parameters: The resonance line of the ultra-thin >’Fe layers in the B,C
core repeatedly displayed inhomogeneous broadening and quadrupole splitting in
the order of 5 to 10 natural linewidths. This effect is well-known [[R6h+10};/Sah+11]]
but its microscopic origin is still unclear. In our case, it is generally undesireable
since it results in a “less clean” quantum system and introduces additional parameters
that need to be taken into account during data analysis. In the future, we wish to
either significantly reduce this effect or to precisely characterize it — for example via
conversion electron Mdéssbauer spectroscopy. One promising option to reduce this
effect would be using ''°Sn as an alternative Mossbauer isotope, in particular in form
of a thin layer of '*°Sn0O, embedded between magnesium oxide (MgO) layers [Vel22].
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Nuclear excitation dynamics

In Chapter[4} we have investigated how the collective excitation of a nuclear ensemble
in an x-ray waveguide evolves in time after impulsive driving - in the two geometries
front-coupling and grazing-incidence (resonant-beam-coupling). In other words,
the nuclear ensemble was coherently excited by a short synchrotron pulse and we
observed its subsequent collective spontaneous emission. The two cases generate
fundamentally different dynamics of the delayed collectively emitted photons that
leave the waveguide at its back end. In front-coupling, they clearly exhibit dynamical
beats, identical to those emerging in nuclear forward scattering from a homogeneous
foil (see chapter[2). In grazing-incidence, however, they exhibit a simple “superradiant”
exponential decay with a “speed-up” that depends on the angle of incidence of the
driving pulse.

We have modeled these observations using a theoretical approach based on Ref.
[ALP24], which was developed in close collaboration with the group of Adriana Palfty
in Erlangen (at the time). The observations in both geometries are well reproduced by
a single equation of motion for one temporal and one spatial dimension. They are well
described assuming that the nuclei are coupled only through a single resonant mode
of the fields - even though the coupling between an individual atom and the mode is
very weak. The two geometries realize different regimes of the (off-resonant) optical
thickness of the waveguide L/A,,, which is quantified by the waveguide length in
units of the attenuation length of the resonant mode. In optically thin waveguides, the
boundary causes the dynamical beats, while optically thick waveguides are effectively
semi-infinite and free of this boundary effect.

The dynamics in the single-mode waveguide is formally identical to the dynamics
in a homogeneous slab, which we have discussed extensively in section 2.3} This is
evident since the Green’s functions of the two systems are identical up to rescaled
coefficients. The equation of motion is commonly treated as an eigenvalue problem,
which leads to radiative eigenmodes (certain spatial distributions of the excitation
amplitude that decay exponentially). Instead, we have solved the dynamics by exploit-
ing a forward-scattering approximation, which enables an analytical solution (see
section 2.3)).

The theoretical model suggests that the delayed response is temporally coherent
in the order of the nuclear lifetime (r ~ 100 ns) — even though the driving pulses are
highly incoherent with coherence times of < 1 ps (see for example Ref. [Kun+97|] and
Appendix[A). This is because the driving pulse is quasi-instantaneous on the time
scale of the nuclear decay so that the collective excitation depends only on its integral
(the pulse area A). The “randomness” of the driving pulse is thus transformed into a
global complex prefactor that merely fluctuates from pulse to pulse. Consequently, the
delayed radiation from the waveguide has near perfect coherence both longitudinally
and transversally [OS11]].
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Nuclear phase shift interferometry

In chapter [6] we have measured the phase shift imprinted onto a resonant quasi-
monochromatic field that propagates through an x-ray waveguide containing Moss-
bauer nuclei. To that end, we have devised and implemented a nanoscopic double-
waveguide interferometer consisting of one waveguide with and one waveguide with-
out resonant nuclei. It translates the relative phase-shift between the waveguides into
a spatial displacement of the far-field interference pattern — which we have observed.

We have formulated a statistical model for the sparsely sampled interference pattern
and have employed Bayesian inference to extract the phase shifts. In this way, we have
obtained precise measurements of the resonant phase shift from only in the order of
100 photons per photon energy. In principle, even the first measured photon contains
some usable information about the phase shift and every additional photon improves
the precision.

The phase information is not resolved in typical experiments, but it carries ad-
ditional quantitative information, particularly for resonant scattering. While the
absorption contrast falls of with 1/A%, (where A = w — @) the phase shift only falls of
with 1/A. This has allowed us to quantitatively discriminate between sample thickness
and resonance broadening, even though the two parameters are anticorrelated in the
absorption contrast.

We have experimentally measured the resonant phase shifts and transmission
coefficients as a function of photon energy. The experimental data is consistent with
our theoretical models derived in chapters[2} ] and [4} which further verifies them.

The experimental technique is not restricted to nuclear resonances but can be
used with electronic resonances just as well. In fact, we have already carriedout
an experiment to measure the resonant phase shift of “white line” close to the L3
absorption edge of tantalum (Aiw, = 9.88 keV), inspired by the seminal work of Haber
and colleagues [Hab+19]]. Given the much broader width of electronic resonances in
the order of 1 eV, they can be resolved with regular silicon crystal monochromators,
which considerably simplifies the setup. However, the evaluation is still ongoing at
the time of writing.

The main experimental challenge is the extreme sensitivity of the interferometer
to phase shifts at its entrance. The two waveguid entrances are illuminated by a
focussed beam with diameter of less than 1 um. Small changes of the wave front, for
example small displacements of the focal position, lead to relative phase shifts. In the
experiment at ID18, small temperature drifts made it necessary to regularly realign
parts of the beamline optics. The interference patterns before and after alignment
have an uncontrolled global phase difference and hence can not be combined without
substantial effort. For that reason, datasets had to be acquired within about 1 h. Since
then, the beamline has been moved to ID14 which has much better temperature
stabilization and could allow for longer acquisition times. A single-mode waveguide
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with an integrated beamsplitter (see Ref. [HS16] for a multi-mode demonstration)
could overcome this limitation entirely. Here, the illuminating beam would couple
into the only available mode, so that phase and amplitude changes affect both of the
interferometer legs equally.

Event-based pixel detectors at the synchrotron Mdssbauer source

The overall photon count rate in the double-waveguide experiment has been very low
due to the highly monochromatic illumination and the low front-coupling efficiency.
This, combined with the limited acquisition time and the required spatial resolution
prohibits the use of the APD detectors that are normally used at the beamline (see
Section[2.2.2)). Scanning the detector position with a narrow aperture to spatially
resolve the interference pattern wastes the majority of photons and takes too long.
For that reason, we have used an event-based pixel detector using the Timepix3 chip
in place of the APDs.

Once in place, we took the opportunity to test the potential of the detector for
full-field imaging applications. We placed different samples slightly downstream
of the focus, thus implementing a full-field spectral x-ray microscope with nano-
eV energy resolution for spectral imaging and spectroscopy with spatial sensitivity.
We acquired full-field images of microstructures in ultra-thin iron films as well as
magnetic domain structures of iron foils. This approach could in particular benefit
Mdssbauer spectroscopy in high-pressure applications. The experimental data is not
fully evaluated at the time of writing, though. Both experiments, the interferometer
and the microscope, crucially rely on the event-based detection mode of Timepix3
and synchronization to the oscillating synchrotron Mossbauer source.

Outlook

We have demonstrated nuclear resonant x-ray propagation in planar x-ray waveguides
in several complementary experiments. We have also provided a unifying theoretical
model that reproduces the experimental results and allows for their interpretation.
This opens up promising new avenues for future experiments.

Conceptually, “Mdssbauer nuclei in x-ray waveguides” realize a very large number
of very clean quantum emitters that are weakly coupled to one or more waveguide
modes. As such, they constitute an experimental platform for the emerging field of
waveguide QED. It realizes the regime of very low coupling efficiency and extremely
high number of emitters compared to other platforms (see the review [[She+23])). It
also allows for very large optical depths in comparison (see Ref. [Cha+18]]). However,
realizing a wider range of phenomena requires one to go beyond the single-mode
designs that we have investigated here. For example, waveguides supporting two



References 169

resonant modes and containing a longitudinally microstructured layer of resonant
nuclei could give rise to a phenomenon similar to selective sub-radiance [[ALP24]].

With planar waveguides, one could already realize some of the more elaborate
ideas that were mentioned in the introduction. Coupling a magnetic layer of Mdss-
bauer nuclei to a waveguide mode, one could control the coherent radiation from
the waveguide by changing the magnetization. Another proposal aims to measure
the gravitational redshift on the millimeter scale [LAL25]]. While this is undoubtedly
ambitious, the idea is more general: interference between waveguide modes can
translate miniscule changes of the hyperfine structure into macroscopic changes of
the far-field diffraction pattern.

In the future, waveguides with two-dimensional confinement hold the prospect
to integrate such functionality onto a chip - integrated x-ray photonics. The biggest
challenge is the fabrication, however. State-of-the-art x-ray channel waveguides (see
Ref. [Hof+16])) consist of air cores surrounded by a single homogeneous material. This
hampers embedding of resonant nuclei and leads to unfavourable performance for
hw > 10keV. Hence, new fabrication techniques are required that allow to combine
different materials.

In any case, current technological developments will greatly facilitate future experi-
ments with x-ray waveguides. Future detectors such as the Timepix4-based TEMPUS
[Cor+24]] will provide nanosecond temporal resolution as well as spatial sensitivity
and therefore allow to record time-resolved far-field diffraction patterns without scan-
ning. Finally, the advent of 4th generation (diffraction-limited) synchrotron light
sources such as Petra IV (see Ref. [Sch+22]) promises greatly increased focusing
capabilities — and hence superior front-coupling efficiency.

To conclude, we have demonstrated that x-ray waveguides with Mdssbauer nuclei
are a versatile experimental platform. Yet, we have only scratched the surface of
what might be possible, and more elaborate designs paired with current technological
developments promise to push the boundaries in metrology, the investigation of
collective dynamics, and coherent control of narrowband radiation on the nanoscale.
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A. Figures of merit

A.1. Synchrotron radiation and pulse area

We calculate and discuss some figures of merit of pulsed synchrotron radiation and
how they quantitatively translate to driving of the nuclear excitation state.

Synchrotron radiation is typically characterized by its photon energy E, photon
bandwidth AE, photon flux Ry, pulse repetition rate Ry, pulse duration 7, and
focus size a. Parameters for the PO1 beamline are listed in Tab. These parameters
can readily be converted to the more useful quantities, photons per pulse Ny, pulse
power P, and pulse intensity I, via

Nph ~ Rph/Rpulse’ (A1)
P~ ENph/Tpu1569 (AZ)
I~ Pla. (A3)

Table A.1.: Typical operating parameters (upper section) and derived estimates for some figures
of merit (lower section) of a focussed synchrotron beam at the PO1 beamline.

Photon energy E 14.4keV
Bandwidth AE 1meV

Photon flux Ry, 0.5x 100571
Pulse repetition rate Ry 1/192.125ns
Pulse duration 7, 100 ps

Focus size a (1 um)?

Photons per pulse Ny, 960

Pulse power P 22mW

Pulse intensity I 2.2 X 10 W cm™—2
Temporal mode number M, 152

Peak magnetic field amplitude (coherent) B 1 mT
Peak electric field amplitude (coherent) £ 3kVem™!

Synchrotron pulses have a low temporal coherence, evident from the fact that
Tpuise > 7/AE. This can be quantified by the temporal coherence mode number M.,



174 A. Figures of merit

defined as

7"pulse

n/AE"

Equation (A.4) is to be understood as an order of magnitude, as the actual mode
number depends on the exact spectrum. The intensity is related to the magnetic field
amplitudes via

M, ~

(A.4)

I~ SZoMJHP, (A5)

(Z,: impedance of free space) so that

(A.6)

Table[AI]lists numerical values for these derived estimates.
The interaction of the synchrotron radiation with the nuclei is quantified by the
Rabi frequency
Q = myB/h, (A7)

where the dipole amplitude was defined in (2.50)) to be

o'rad r o'radh r

2.

fLM (A.8)

(ZI +1) ~ fLM

The pulse area is approximately A = Q7. Substituting our explicit expressions
yields the estimate

22 N Urad ]5
a
(A9)

Q>< AE a

1
N [ 1 Epulse Orad ] 2
’

where Q = @,/T is the quality factor of the nuclear resonance and E ¢ = AN,y the
pulse energy. The estimate should be quantitative up to a factor in the order of
1 due to the exact spectrum of the driving pulses. For the given parameters and Q of
the >’Fe resonance, we have A ~ 1 x 107°.

Table lists parameters of the Mdssbauer transition of *’Fe in pure enriched
bee-iron. The on-resonance attenuation length is defined as

1

Apes = .
f LMOradP

(A.10)
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Table A.2.: Parameters of the Mdssbauer transition of pure 3’Fe (upper section) and derived
figures of merit (lower section). The resonance attenuation length assumes 100 % enrichment
of *'Fe. Data from Refs. [Bha98;[R6h05].

Nuclear transition energy E, 14.41 keV
Effective resonant cross-section o.,q 2.465Mb

Total nuclear spont. decay rate I' 1/141ns ~ 7MHz
Number density of nuclei p 8.3x 102 cm™3
Lamb-Mdssbauer factor fy 0.8

Magnetic dipole moment my/h 8.5MHz T~}

Resonance attenuation length A 61 nm
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B. Detailed derivations

B.1. Nuclear magnetic dipole operator

The magnetic dipole operator rh is an irreducible spherical tensor operator of rank 1.
We expand it in the basis of the nuclear states, eigenvalues of the perturbed nuclear
Hamiltonian, only using symmetry considerations. A derivation for the unperturbed
case can be found in textbooks such as Ref. [Ste23)]].

B.1.1. Basic definitions

We are using the conventions of Steck [Ste23]. A detailed discussion (using slightly
different conventions) can also be found in Rose [[Ros95]|. The dipole operator rh is
actually a set of 3 operators that requires two definitions of basis: for the quantum
states and for the spatial dimensions.

The spherical basis is defined as

N

£ =12, = F—=&xiy). (B.1)

&=

We analyze the dipole operator by its action on the angular-momentum states |I m).
These states transform under rotations as

I
RO)|[Imy= > |Im')DL,,(6), (B.2)

m'=—1I

where
D!, (6) = (Im'|R(O)|I m) (B.3)
are Wigner D-matrices and 6 parameterizes a rotation (for example in terms of Euler
angles).
An irreducible spherical tensor operator of rank k, T®)_ is defined as a set of 2k + 1
operators, {Tq(k) | —k < q < k}, that transform among themselves under rotations in
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the same way as the angular-momentum states |I, m), where I = k,

k
RETORIE) = Y, 17Dk, (6). (B4)

m'=—k

Finally, we will need the Wigner-Eckart theorem (WET). For the gth spherical
component of an irreducible spherical tensor of rank k, it says that a complex number
I T®|I'y exists such that

~(k !’ ’ ’ ’ s ’
Am| TP m'y = (I m|l m' k @) (1| F®|1), (B.5)

where the other term on the right hand side are Clebsch-Gordan coefficients. The
number (I||T®|I) is called the reduced matrix element (I|T™||I'). In other words,
the WET states that the dependence on the angular momentum orientation is entirely
captured by Clebsch-Gordan coefficients.

Note that (Im|I' m' k q) = (I’ m’ k q|I m). Replacing the Clebsch-Gordan coeffi-
cients with Wigner’s 3j-symbols yields

(k) 71 i I k I A ,
@, m| T, m'y = 2 + 1(=1)1! ’"(m, 0 _m)<IIIT(")III>

, (B.6)
=2 + 1(—1)2+k=m ( an _I S) I T©).

m

B.1.2. Matrix elements of the nuclear magnetic dipole operator

In the following, we will be concerned with the operator mediating the coupling
between ground an excited state, fa™ = B, F,. We expand it into the spherical basis

1
mt = g€l (B.7)

q=-1

Expanding the matrix element in the angular momentum basis yields

<J|mq|:u> = Z (Ie, me|u) <j|1g’ mg> <Ig’ mg|mq'Ie’ me> . (B.8)

mg,me

Using the Wigner-Eckart Theorem with k = 1, we write

(lmgluy = C(Aq, j < W/ 2Ig + Ul 1), (B.9)
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where

, . _ I 1 1
Cqj =)= ¥ toml) (im0 (e 2 1) ®10)
mgme e g 4

Here we have used that 21, + 1 is always even for half-integer spin. Plugging the result

into (B.7)) yields

1
mt = 3 > (lriglu) LiXel & = mo D LiXel di, (B.11)
q==—1pj 78
with
d, =3 Cq.j < W, (B.12)
q
1 "
my = ﬁ 2 + W[l 1L,). (B.13)
Importantly, the angular dependence is fully contained in the transition dipole vectors
d,.
K

B.1.3. Orthogonality and normalization

We show the normalization identities (2.41)) and (2.42).
To that end, we write

d,®d;, =3 CUq,j < W CAq,j — W, ® & (B.14)
a.q’

Summing over initial and final states yields

Y.CAq,j « w*CAq, j < p
Msj

, I, 1\(L I 1
= ( ¢ 8 )( o ,)A(mg,me,m’g, mg)B(mg, my),
/ m, _mg q q
Mg, Me,mg,me

(B.15)
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where

A(mg, me, mlg, mg) = Z (I, mg|u) < | m:g> (I mé|/vl>* <j|Ig’ mg>*

Z g ) (jlIg mig) X 3 (Lo el (il m)
u
=5mgmg5me -
and ,
Bmg, ) = (=1)7")" (~1)%.
It follows that
I I 1\ (I I 1
cugmprcagiow= % (o 5 o) i q)
% m§ne me —mg qj\Me —Mg q

We use the following orthogonality relation of the 3j symbols,

Zjljzjsjljzh 15
m, m, mgl\m; m, m; 2j3+1 ms,ms?

my,my

for when j,, j,, j; are physical. We arrive at the orthogonality relation

2, C0q,j < w*CAq’,j < 1) = 3844
7

It immediately follows that

dd,ed, =23 (Z CQgq,j < w*cQq,j < u)) £, @&
My

a9 \Wj

= Z 5q,q’§q ® f:zk’ =1
a9

proving (2.42). Moreover

Z| ,u| —Z3ZC(1q,] —wW*CAq,j«u) = Z5q,q/=3,
a9 a.q'

proving (2.41).

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)
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B.1.4. Rotational averaging
We use the shorthand
Rotation acts like
R(O)d;, ® %RT(Q) = Z {Z D}q(G)D},q/(G)*qu/ }’; Q. (B.24)
rr' q.q’
Taking the rotational average thus evaluates to
(d,®d:)=>" )Z (D}q(6)D},(6)") qu,};s &
r,r' \q,q’
=2 )Z ﬁ%qﬁrr( qu’}‘? ®
rr' Lq.q’ (B.25)
1 >
- §{Zqu}Z:®r
q r
1
= 3 Tr {dju ® dj,}1
with X
Tr{d,; @ d;;} = |dl" (B.26)

B.2. Green’s functions

B.2.1. Homogeneous environment

In a homogeneous environment (1 = const. and € = const.), the defining equations

(2.10a)) and (2.10b)) simplify to

2
N N o
VxVxGe(r,r)——CznG(r,r)_ué(r r)l,

2
’ @ 2 AN -
VXV xGm(r,r)— ik Gm(r,r) =ed(r—1r)l,

(B.27)

(B.28)

so that the two Green’s functions become proportional to one another (for r # r’),

Qm(r, r')= (e/,u)ge(r, r’). We just drop the subscript for brevity.
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B.2.2. Planar sources

A particularly simple solution exists for planar sources. Consider a source at x’ that
is coherently extended along y' and z’. The corresponding Green’s function can be
defined as

GP(x,x") 1= fdy’fdz’g(x,x’,y,y’,z,z/). (B.29)

The left hand side of simplifies to (integrating both sides by parts and dropping
the boundary terms)

2
—(671 )G™(x, x') — cs—znzgps(x, x') = pud(x — x1, (B.30)
wherel =y ®Y¥+2Q 2, from which we can immediately read off the polarization
G (x,x") = GP(x = x)1 (B.31)
and the scalar equation
w?
<8,ZC + c—2n2> GPS(x) = —ud(x). (B.32)
Its solution is easily found to be

GPS(x — x) = U eikn|x—x'|

R B.33
2kn ( )
where k = w/c. We finally obtain
PS(y — v/ ) = i ikn|x—x'|
ge (x—x";w) 2kne ll, (B.34)
PS(v — /- _ i ikn|x—x'
gm(x xsw) = T ® | |1¢' (B.35)

B.3. Correspondence between transition-operators
and timed Dicke states

The excitation-dynamics approach described in section[2.3leads to identical dynamical
equations as the theories for collective spontaneous emission. This becomes more
clear when we establish a correspondence between the two formalisms.

The mentioned theories for collective spontaneous emission consider the time-
evolution of the atomic excitation state (see Refs. [Scu07; |SCS10; [FM08b|| and the
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references therein). In contrast to that, here we consider the time-evolution of the
transition operators &g, = |gXe|. The two representations are related through expecta-
tion values. The following observations can be made. For the timed Dicke state, the

expectation value of 6§e vanishes,

(P(Ko)|6Zelp(ky)) = O, (B.36)

reflecting the vanishing dipole moment. Consequently, the linearized transition-
operator approach is not applicable to describe the evolution of timed Dicke states.
For the timed dipole state (2.99)), on the other hand,

(e (ko)|62e e (ko)) ~ \/%eiko-rf, (B.37)

which is proportional to the nuclear exciton in nuclear forward scattering (2.90). The
timed dipole states thus correspond to

Oge elKoxj (B.38)

in the discrete, and
Tge(X) o etkox (B.39)

in the continuous case.

Equation is formulated for vector fields and general Green’s functions. In-
serting the vacuum Green’s function leads to relatively complicated coupling terms,
which are given in Ref. [FM08b]. Other papers consider scalar fields which leads to
very similar equations but considerably simpler coupling terms [SC08; FMO08a]]. Going
to the continuous formulation with full y-z symmetry simplifies the coupling terms
significantly and lead us to (2.89), which is identical to the corresponding equation
(3.8) in Ref. [FMO08D]. The latter was derived in a quantum electrodynamics formalism.
This shows that both approaches lead to identical dynamics of the expectation values
and further underlines the analogy [SCS10; |[Ebe06; |SZS15] between quantum and
classical description (if we recall that the theory is equivalent to a classical oscillator
model).
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