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ABSTRACT

In applications such as nondestructive testing, geophysical exploration or medical
imaging one often aims to reconstruct the boundary curve of a smooth bounded
domain from indirect measurements. As a typical example we concentrate here on
inverse obstacle scattering problems.

We introduce a class of shape manifolds for describing admissible obstacles and
we allow the reconstruction of general, not necessarily star-shaped, curves. By
applying the bending energy as regularization term the Tikhonov regularization gain
independence of the parameterization.

Moreover, the structure of the shape manifold is investigated. It turns out to
be a infinite-dimensional Riemannian manifold and therefore, geometry provides
several tools, such as Levi-Civita connection, geodesics, Riemannian exponential
map, Riemannian Hessian of a functional and parallel transport. One construction,
we focus on, is the second fundamental form for which we give explicit formulas and
prove local bounds.

Furthermore, we introduce an iteratively regularized Gauss-Newton method on
Riemannian manifolds. In each step we compute an update direction as an element
in the tangent space using the derivative of the forward operator, the gradient
and the Hessian of a regularizing functional. This update direction is mapped by
the Riemannian exponential map onto the manifold. Under a general framework
we prove convergence rates of this algorithm for exact and perturbed data. The
assumptions appearing in the proof are discussed and mostly verified for inverse
obstacle scattering problems.

Numerical simulations demonstrate the benefits of the geometrical approach
by using shape manifolds and bending-energy-based regularization to reconstruct
non-star-shaped obstacles.
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INVERSE OBSTACLE
SCATTERING PROBLEMS

“Begin at the beginning,” the King said, very gravely,
“and go on till you come to the end: then stop.”

— Lewis Carroll, Alice’s Adventures in Wonderland

This thesis is motivated by inverse obstacle problems, which is a class problems
arising in real life, where one seeks to reconstruct information about an obstacle
from physical measurements. Here we only consider scattering problems as a generic
example, but the principles investigated in the following should also be applicable to
other inverse obstacle problems, for example in potential theory (see e.g. [22] 50]).

In inverse obstacle scattering problems one tries to reconstruct the shape of
an obstacle from measurements of scattered waves. Such problems, occurring for
example in nondestructive testing, geophysical exploration, structural health mon-
itoring or medical imaging, have been studied intensively, see the monographs
[8l 9,32, [48] and references therein.

In practice objects in R? are more relevant, but nevertheless we consider only
the two-dimensional case in this work. Both it is a more simpler test problem and in
parts it can be seen as the limit case of an obstacle in R®. One example is a three-
dimensional shape, which does not change in one coordinate direction. Then a cross
section approximates such a cylindric obstacle in IR?,

We start by briefly recalling the physical background for the mathematical for-
mulation of the direct and inverse scattering problems. Assume that the object can
be described by a bounded, connected, and simply connected Holder C#-smooth
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domain Qi (B > 0). Then its unbounded complement ©Q := R? \ Qint is connected,
and the boundary curve will be denoted by I' = 02 = 0Q;,;. The propagation of
an acoustic wave in a homogeneous, isotropic and inviscid fluid is approximately
described by a velocity potential U(x, t) that satisfies the wave equation

1 0°U
— = = AU,
¢z Ot?

where c denotes the speed of sound and p = —%—[{ the pressure. In the monograph [9]
one can find more information about the physical background. We consider only the
time-harmonic case, i.e.

U(x,t) = Re (u(x) e_i“’t),
for w > 0, and the spatial complex valued function u satisfies the Helmholtz equation
Au+Kk*u=0 in Q, (1.1)

where k := ¢ is the wave number. Depending on the physical context the total field
u satisfies some boundary condition at I". We consider in our generic problem only
so-called sound-soft obstacles, i.e. the pressure p vanishes on the boundary I', which

(a) (©)

Figure 1.1: Example for a total wave (a) with incident wave (b) and scattered wave (c) which is
scattered by the obstacle indicated by the red line. For more details of the numerical simulations we
refer to the Section[6.2]
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can be written as a homogeneous Dirichlet boundary condition
u=0 onTl. (1.2)

Motivated by experimental setups we are interested in case, where we decompose
the total field u into a known incident plane wave u;(x) = e’ % coming from the
direction d € §!, and a scattered wave ug € leoc('Q)’ i.e. the total wave u = u; + ug

solves with (L.2). Additionally the scattered wave satisfies the Sommerfield

radiation condition 3
lim x| ( us(x) _ ikus(x)) = 0 (13)

|x|—0 [9|x|

uniformly for all directions. This condition is on the one hand reasonable to assume

from the physical point of view since it means that energy is carried away from the
scatterer and on the other hand guarantees uniqueness of us. An example for an total,
incident and scattered wave is shown in Figure

We recall that solutions to the Helmholtz equation which satisfy the Sommerfield
radiation condition have the asymptotic behavior

e1k|x|

Vixl

(see [} Sect. 2.2 and 3.4]). The function u.(:, d) is analytic on $! and known as the
far field pattern of the scattered wave us. Often the far field pattern ue, € L%($! X S!)
can only be measured on some submanifold M c $!' x §!, e.g. M = §' x {d} for
one incident field or M = {(d, —d): d € $'} for backscattering data. In Figure
we illustrate two full far field patterns of the obstacle shown in Figure [1.1| for two
different wavelengths.

us(x) = (uoo(gx',d) + O(ﬁ)), |x| — o0 (1.4)

Using the notions introduced above, we can state the direct problem of obstacle
scattering:

Problem 1.1 (Direct obstacle scattering problem). For given I' and u; compute the
far field pattern u, of the scattered wave ug, such that u = u; + ug solves the Helm-
holtz equation with boundary condition and the scattered wave satisfies the
Sommerfield radiation condition (1.3).

This problem is well studied (see e.g. [40]). Numerically, it can be solved for
example using a boundary integral equation ansatz (see [9]]).

However, in applications the boundary I' is usually unknown while the far field
pattern can be obtained from measurements. Therefore more relevant task is the
corresponding inverse problem:
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Problem 1.2 (Inverse obstacle scattering problem). Given the incident wave u; and
either the exact far field pattern u., or perturbed measured data ul,, compute the
corresponding boundary I' of an obstacle or an approximation to it.

Solving this problem is challenging by the nonlinearity and ill-posedness. In
this thesis we concentrate on so-called parameterization-based methods. For these
one seeks approximate parameterizations of the unknown shape within a chosen
class of boundary curves. One frequently used class in the literature are star-shaped

0.8

-0.8

angle of measurement angle of incident wave

(@)

0.8

-0.8

angle of measurement angle of incident wave

(b)

Figure 1.2: The real parts of the far field pattern for the scattered wave in Figure |11 under two
different wavelength - in (a) we used a shorter one and in (b) the same one as in Figure[L.1} For more
details of the numerical simulations we refer to the Section
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obstacles with respect to a known point such that the boundary can be described by
a positive, periodic radial function. In this manner, one can formulate the inverse
problem as an operator equation in Hilbert spaces, see Chapter 2| The problem can
be solved for example using a Tikhonov regularization penalizing Sobolev norms of
the parameterization, see e.g. [9] 24].

To understand this state-of-the-art approach in detail, we will recall some known
facts from the literature concerning regularization theory in Chapter 2| In particular
we highlight the theory of convergence rates in a general setting both for linear and
nonlinear problems. At the end of the chapter we point out how to apply this general
setup to inverse obstacle scattering problems.

Note the following: The Sobolev norms or any other regularizing term defined
in terms of the radial functions crucially depend on the choice of the parameteriz-
ation and thus disregard the geometry of the shape to be reconstructed. Indeed, a
single curve §! — R? admits a continuum of possible parameterizations and there-
fore, parameterization-dependent norms break symmetry in an unnatural manner.
Moreover, the assumption of star-shaped obstacles is severely restrictive.

In Chapter [3| therefore we introduce a space describing the set of admissible
boundaries as a shape manifold from a purely geometric point of view. In the context
of shape spaces it is mandatory to consider a set of curves as geometric objects,
independent of any particular parameterization. It is shown by Michor and Mumford
in [41] that the space of closed and sufficiently regular curves carries a Riemannian
manifold structure. Our shape manifolds carry also a natural Riemannian metric and
in the rest of the chapter we investigate this structure and state new explicit formulas
for the curvature of these shape manifolds.

The following Chapter[d]introduces the scaling invariant bending energy of bound-
ary curves as a regularizing term. This continues the purely geometric approach,
which guarantees independence of the choice of any parameterization. The bending
energy is a second order curvature-based formulation. It has been considered in
order to get physically plausible simulations of thin elastic rods and threads [3, 5} 52]].

In particular the use of shape manifolds in combination with the bending energy
as regularization is preferable over parameterization-dependent methods to overcome
the restriction to a subclass of boundary curves and the dependencies arising within.
In Chapter [4 we focus on Tikhonov regularization and show that a penalty functional
based on shape manifolds and the bending energy is regularizing. However the
resulting optimization problem is nonconvex due to the nonlinearity of the forward
operator and the bending energy. Hence we do not get a numerically robust algorithm.

This motivates to consider iteratively regularized Gauss-Newton methods as an
alternative. Thus we introduce a general algorithmic framework to solve a nonlinear
ill-posed operator equation on an infinite-dimensional Riemannian manifold by such
an approach in Chapter 5| The main contribution is to prove convergence rates of
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the algorithm if a source condition is satisfied.

Afterwards we discuss in how far the required assumptions for the general
convergence result can be verified for the considered inverse obstacle scattering
problems.

Finally in Chapter [6| we give a discretization of the setting in order to solve the
problem numerically. The shapes are discretized using polygonal (piecewise straight)
curves. Convergence in Hausdorff distance of the resulting minimizers (under suit-
able boundary conditions and a length constraint) to their smooth counterparts
was recently proven in [55], which shows the validity of the chosen discretization
approach.

In the second part of the chapter we illustrate practical benefits of our geometrical
approach for solving inverse obstacle scattering problems by numerical simulations.

The necessary background from infinite-dimensional Riemannian geometry is
provided in the Appendix [A]



ON REGULARIZATION
THEORY IN HILBERT SPACES

The formulation of the problem is often more
essential than its solution, which may be merely a
matter of mathematical or experimental skill.

— Albert Einstein, The Evolution of Physics

2.1 Inverse problems and regularization

The concept of calling two problems inverse to each other was introduced in [31].
Following this definition one calls a problem inverse to another one if the first
problem contains the solution to the second one. Such kind of problems arise in
various applications in physics. There one usually wants to determine a cause from
an observation. In most cases the other problem - predict the observation from a
cause - is better understood and hence it is called the direct problem.

Hadamard suggested (see [19]]) the following definition to classify problems.

Definition 2.1. A problem is called well-posed if

1. there exists a solution.
2. the solution is unique.

3. the solution depends continuously on the data.

A problem that is not well-posed is called ill-posed.
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Either for historical reasons or because of a better understanding of one problem,
usually this one is chosen to be the direct problem. In applications it turns out that
this one is well-posed most of the time while a corresponding inverse problem is
ill-posed. Concerning the ill-posed character of a problem the existence and the
uniqueness of a problem is often controllable by either shrinking or enlarging the set
of possible solutions, whereas the discontinuous dependence, often referred to the
term of stability, is the crucial issue of solving an ill-posed problem. In practice every
kind of measurement is affected by noise and therefore data errors have to be taken
into account for reconstructing a cause.

In the following we always assume that the forward problem can be written as
an operator equation

F(f) =g, (2.1)

where F: dom(F) ¢ X — Y is called the forward operator between the topological
spaces X, Y. Using this formulation the criteria for well-posedness can be written as

1. F is surjective,
2. F is injective,

3. Flis continuous.

If F! is not continuous, small perturbations of g may lead to arbitrarily large per-
turbations of f. Theoretically one could choose either a finer topology in Y or a
coarser topology in X to gain continuity of F~!, but in actual applications this does
not solve the problem of instability. By choosing different topologies one has to
measure the corresponding errors in X and Y with respect to these constructed
topologies. In applications, the natural choice usually arises from a metric or even a
norm. Boundedness of the error can usually be only obtained in certain metrics or
norms determined by the measurements process or model. Stronger metrics - which
lead to finer topologies - on the other hand lead to unbounded errors.

Therefore one inverts the operator F approximately by a family of continuous
operators {R, },>¢ such that

Ry (9) = FXg) as a—0

if the right-hand side is well-defined. For a more general notion of an inverse operator,
we use the following definition.

Definition 2.2. Let F: A — B be a mapping between sets. A mapping G: 8 — A
is called generalized inverse of F if

FoGoF =F, (2.2a)
GoFoG-=0G. (2.2b)
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This enables the definition of a regularization method as follows.

Definition 2.3. Let (X, dx), (Y, dy) be metric spaces, F: dom(F) ¢ X — Y aforward
operator and F': dom(F') ¢ Y — dom(F) a generalized inverse of F. A pair
({Ra}a>0, @) of a family of continuous operators R, : Y — X and a parameter choice
rule a: (0,00) X Y — Ry is called a (deterministic) regularization method if

lim sup {dx (Rus 409, F1(9) | ¢° € Y. dx(g.9) < 6} = 0 (2.3)
—0

for all g € dom(FY). « is called an a-priori parameter choice rule if & only depends
on &, otherwise it is called an a-posteriori choice rule.

In the definition above is assumed to hold true for each g € dom(F"). The
next theorem shows that cannot be formulated uniformly and there is no uniform
convergence rate. This means the convergence in can be arbitrarily slow. For a
proof see for example [13| Prop. 3.11].

Theorem 2.4. Let F: X — Y be injective. Assume for a regularization method
({Ry}a>0. @) of F' that there is a continuous function ¢ [0, c0) — [0, 00) with ¢(0) = 0
such that

sup {dx (Ry(5,40)(9°). F'(9)) |9° € Y. dv(g".g) < 8} < (&) (2.4)
forall § > 0. Then F' is continuous.

One of the most prominent examples of a regularization method is Tikhonov
regularization. Since it is also the starting point for our approach it will be studied
briefly in the following.

2.2 Tikhonov regularization

In this part X, Y are assumed to be Hilbert spaces and the forward operator to be
an injective linear map. To highlight this restriction - also in notation - the forward
operator is denoted by T, whenever F is assumed to be linear. The operator equation,
to be solved is given by

Tff =4 (2.5)

with the assumption g' € ran(T). Here f' always denotes the exact solution in X
and g' its corresponding data. In this setting the ill-posedness, i.e. discontinuous
dependence on the data, is characterized by ||T™}|| = co. Throughout this thesis the
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data is assumed to be affected by noise. The standard model is to assume the observed
data ¢° satisfies

lg° = glly <6, (2.6)

where § > 0 is some error bound. Solving the equation (2.5) with perturbed data is
equivalent to finding the minimum

f € argmin ||Tf — g5||3¥.
fex
This problem is clearly still ill-posed. It corresponds to solving the normal equation
T*Tf = T*¢°. A well-known idea to stabilize this problem is to add a penalty term

in the variational formulation, which goes back to Tikhonov and was proposed in
[57, 58]:

ﬁeaﬁgp:@ﬂqx with T (f) = ITf - @12 +allf - il (@7)
€

Today the functional s , is known as Tikhonov functional and « as the regularization
parameter. The first term, also called the data fidelity term, measures how close one
approximates the data, whereas the second term, known as regularizing term, imposes
a-priori knowledge of the problem - here one computes a smooth solution that is close
to a given point f;. The minimizer fa is only an approximate solution to the problem
(2.5), but it turns out that for &« — 0 the sequence of minimizers can converge to the
exact solution f7.

The rest of this section is concerned with proving that the approach forms a
regularization method.

The following theorem is well-known in the literature and states that the approach
is well-defined and a stable approximation. A proof can be found for example in
[13, Thm. 5.1].

Theorem 2.5. The Tikhonov function Jys , has a unique minimum ﬁ; foralla > 0,
g° € Y and fy € X, and it is given by

j‘; = (al+ T*T)_1 (T*g° + afy). (2.8)
Furthermore j?a depends continuously on the data ¢°.

The next theorem verifies that this forms indeed a regularization method in
the sense of Definition [2.3| with the following generalized inverse. The operator
T%: dom(T") ¢ Y — Xis called the Moore-Penrose inverse of T if it is a generalized
inverse of T and satisfies

(TTH =TT, (2.9a)
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(T =T T. (2.9b)

A proof for the theorem can be found in [13} Thm. 5.2].

Theorem 2.6. Letg' € dom(T") C Y be given, where T is the Moore-Penrose inverse of
T, and denote fT = TTgT. Let (6,)nen C Ry be a given sequence such that lim,_,« &, =
0 and (¢°")new C Y a corresponding sequence of perturbed data satisfying @) Assume
that the regularization parameters are chosen such that

)
lim o, =0 and lim — = 0.
n—oo n—co /oy
Thenforﬁ = fan the minimizer of Jyon 4, it holds that
lim|Tf =g/l =0 and  lm|f~ flx =0 (2.10)

and therefore forms a regularization method.

In recent years various kinds of approaches came up to generalizes Tikhonov
regularization, for example with different regularizing or data fidelity terms as well
as extensions to more general spaces such as Banach spaces or even in parts locally
convex vector spaces.

For this thesis we want to point out one variation of Tikhonov regularization,
since it will play a role in the later work: using weighted norms. Consider the
minimization problem

fuw € argmin j?/a(f), with J?’a(f) =T = ¢°I3 + allW(f - fo)ll3y (2.11)
fedom(w) 9 g~

for a linear operator W on X into a Hilbert space W. One standard choice for W is a
differentiation operator, for example the gradient or Laplace operator. Already from
the example it highlights that W does not need to have a trivial null space, which
makes this approach challenging. In [13] the theoretical foundations can be found. A
necessary assumption is the so-called complementation condition (see [43]): There is
a constant ¢ > 0 such that

ITFI + IW £l = ell flix
for all f € X. Further the minimizer for has the form

faw = (@WW +TT) /(T*¢* + a W*W ). (2.12)
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2.3 Convergence rates theory

In Theorem [2.4]it was shown that for an ill-posed operator equation there can be
no uniform convergence rate in the noise level §. Therefore the approximation by
a regularization method, i.e. the convergence in , can become arbitrarily bad
without additional a-priori information.

This motivates to investigate properties of elements f" in the solution space to
the equation for which one can control the rate of convergence.

Definition 2.7. A function ¢: [0, c0) — [0, ) that is continuous and monotonically
increasing with ¢(0) = 0 is called an index function.

An element fT € X is said to satisfy a spectral source condition if there is an index
function ¢ and an element v € X such that

1 =T T. (2.13)

Here ¢(T*T) is defined by the spectral calculus, see e.g. [49]. In literature the two
most commonly used index functions are on the one hand

o) = A" (2.14)

with v > 0 is called Hélder source conditions and on the other hand for the logarithmic
source conditions the index functions

_ % -P
o) = {( log max{A, Ao}) A >0, (215)

A=0,

with p > 0 and some A, € (0,1).

If X is a function space the condition together with or can often
be interpreted as a smoothness condition on f7. In [26] with the forward operator
T solving a heat equation it was shown that f' € ran(g,(T*T)) if and only if f Tis
in a Sobolev space of smoothness 2p for all p > 0. There are also other examples of
operators for which one can prove such a statement, see for example [39].

The following notion defines a quasiorder on the set of index functions.

Definition 2.8. An index function ¢, covers an index function ¢ if there is a constant
C > 0 such that

go(@) _ of @o(4)

¢ (o) ~ a<i<t p(A)’

for all a € (0,1].

In this case one writes ¢ > o.
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In this way one sorts the index functions by their behavior around zero, i.e. ¢
covers ¢ if ¢y decays faster to zero than ¢.

The next theorem is the main result of this section. Under a source condition one
gets a rate of convergence of the approximation to the exact solution. The proof can
be found in [39, Thm. 5.2].

Theorem 2.9. Let f satisfy for some index function ¢ andv € X with ||v|lx < p.
Assume ¢ > id and denote ¥(1) := VAp(A). If & is chosen by the parameter choice rule

a = W‘l(g), (2.16)

then there is a constant C > 0 such that the minimizerﬁ, of the Tikhonov functional
with fo = 0 satisfies the error estimate

1= £l < Copr7(2)) @)

forall§ € (0, p].

The main idea how to prove this is splitting the error into

1o = £Flx < 1 fe = fllx + 11 = £TlIx

where f, is the minimizer for the noiseless Tikhonov functional J: .. The terms on
the right-hand side are called the propagated data noise error and the approximation
error respectively. One can estimate these two by

1B~ fullx < c%

and
Ife = fTlIx < Cpo(ar)

under the assumptions of Theorem[2.9] Then the parameter choice rule e from above
balances the two terms, which yields the estimate above.

Note that the index function ¢, in satisfies ¢, > idif and only if v < 1.
Recall that in the case v > 1 the additional smoothness will not improve convergence
rates by the saturation limit of Tikhonov regularization (see [46]]). If one wants to get
faster convergence rates, other methods have to been used, which are not covered
here.

Concerning the logarithmic source conditions ¢, from the covering ¢, > id
is true for all p > 0 and A, € (0,1).

From Theoremthe natural question arises whether all elements f' € X satisfy
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a source condition. In the case of injective operators the proof for the following
theorem can be found in [23].

Theorem 2.10. Let T be injective and f' € X be given. Then there exists an index
function ¢ and an element v € X, such that (2.13) holds true and ||v||x < 2| f7|lx.

To conclude this section we shortly come back to the case of Tikhonov regulariz-
ation with a weighted norm (2.11) with f; = 0. Assume W is self-adjoint on a dense
domain dom(W) c X and there is a positive constant ¢ > 0 such that

W £l = el £l
for all f € dom(W). Then we define the weighted forward operator
L=Tw™! (2.18)
and write for the minimizer ﬁ(’w of the Tikhonov functional with fo =0
fow =W (al + L*L) 7 L*g. (2.19)

We can prove an analog to Theorem[2.9]

Theorem 2.11. Let f' satisfy a source condition
fr=wleL Ly =W lo(WTT W) (2.20)

for some index function ¢ and v € X with ||v|[x < p. Assume ¢ > id and denote

W(2) := VAp(A). If & is chosen by the parameter choice rule

a = q/‘l(g), (2.21)

then there is a constant C > 0 such that fo w satisfies the error estimate

| forw = fTlIx < Cpqo(‘I/_l(g)) (2.22)

forall § € (0, p].

Proof. First denote
faw =W al + L'L) (L TFT + Wafy)
and decompose into approximation and noise error

I faw = £ lIx < W faw = fawlix + Il faw = flIx-
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1

2e

For the noise error one can estimate using |[(al + L*L)"'L*|| <

0
2o’

Concerning the approximation error denote g4(4) := —5 and ry(1) := 1 - Ag(2). By

I faw = fuwllx = [[W (@l + L) " L (¢° = Tl < W7

the assumption ¢ > id it follows (see [39]) that there is a constant C, < max{1, %},
where C is given by the covering ¢ > id, such that

sup |re(A)] @(1) < Cy () forall0 < a < A. (2.23)
2€[0,A]

Therefore with the functional calculus it follows that

I few = fTlx = IW™ (@ + L°L) " L T = £Tlx
= W (qu@ D) LW T = WfT)|x
= W ro(L*L) p(L"L)olIx
< Cy W7 lollx ¢(a).

The application of the parameter choice rule (2.21) yields the assertion. ]

2.4 Iteratively regularized Gauf}-Newton method

In this section it will be discussed how one can extend some tools and parts of the
theory for linear operators T to nonlinear forward maps F: X — Y.

Whenever the forward operator is differentiable a widely used approach to solve
the operator equation is via an iterative linearization. In one step one solves the
linear equation

F(f) ~ F(fy) + DF(fi) (f - f) = ¢°

to get fy+1 = f with DF(f): X — Y the Fréchet derivative of F at f. This linearized
equation is in general still ill-posed and can be treated as (2.5).

If one applies Tikhonov regularization with parameters ax > 0 to this linearized
equation one obtains iterations (fi)ren given by

fes1 = fi + (ol + DF(f)" DF(fi)) " DF(fo)" (¢° — F(fi))- (2.24)

By reformulating it as a minimization problem one can write it as

fiar = argmin TR (f) (2.25a)
fex g%
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with
TEI() = IFR) + DGR (f = fo) - I + aallf = il (2.25b)

This method is known as Levenberg-Marquardt algorithm.
A related algorithm, which was suggested first by Bakushinskii in [4]], is given by

fr+1 = argmin jfkfo(f) (2.26a)
feX
with
TERE) = IF(f) + DF (f = £i) = ¢ + el f = follk (2.26b)

Today this algorithm is known as iteratively regularized Gauss-Newton method. To
ensure convergence the regularization parameters oy must tend to zero as k — co.

One further ingredient to prove convergence or even rates is the notion of a
stopping rule k(8, g°) = k. The presence of noise in the data makes it appropriate
to stop the iteration at some point, since otherwise the impact of the noise would
become dominant. Therefore if one deals with the noise-free case, i.e. § = 0, usually
K = 0. If K does not depend on ¢° it is called an a-priori stopping rule and otherwise
an a-posteriori stopping rule.

The spectral source condition that is typically assumed for the above linearized
problems has the form

"= fo = o(DF(f7) DF(f"))v (2.27)

for some v € X.

In order to prove convergence one needs a nonlinearity condition for the forward
operator to guarantee that the local linearizations describe the problem well enough.
In the literature there are several approaches. In principle it depends also on the
index function in the source condition how restrictive the nonlinearity condition has
to be. Using general source conditions of the form one needs the following:

Assumption 2.12. Letf feB,(fN)={f e X|lIf - fTllx < o} There are operators
S(f f) e L(Y) and Q(f f) € L(X,Y) and constants Cs,Co > 0 such that

DF(f) = S(f, f)DE(f) + Q(f, ), (2.28)
11— S(f, Nl < Cs, (2.29)
1Q(F, NIl < ColDF(FHY (F = F)lly. (2.30)

In principle one assumes that the derivative of the forward operator at two points
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differs only up to an operator S, which is not far away from the identity and an
additional deviation operator Q, which will be assumed to be sufficiently small.

One can formulate simpler and less restrictive nonlinearity conditions if one deals
with less general source conditions. For example if one only assumes a Holder source
condition with v > % then it suffices to assume Lipschitz continuity of DF
instead of Assumption [2.12]

The next theorem contains the main convergence statement for the iteratively
regularized Gauss-Newton method. The proof can be found in [37].

Theorem 2.13. Let f — f; satisfy for some concave index function ¢ > Vid and
an element v € X. The sequence of regularization parameters are chosen such that

[04
1<Z <., lima=0 >0 (2.31)
k41 k—co

with some C, > 1. Moreover the a-priori stopping rule k(5, g°) is given by the first index
k such that

tvVarp(ax) < 8 < tvarp(ar),  0<k<k, (2.32)

for some t > 0. Then in the noiseless case we have

Ifi = filx = O(p(ar)),  k — co. (2.33)
Furthermore in the case of perturbed data one gets the convergence rate

I1fie — fMlIx = O(‘I/‘l(g)), §—0 (2.34)

with ¥ (1) := VAgp(A).

Let us sketch the proof of this result. In analogy to the case of linear Tikhonov
regularization the main idea how to prove this is to split the error in different types:
The error exy1 = frs1—f Tis decomposed into approximation, noise and nonlinearity

errors by

i 1
lesllx < llehlix + llegsylix + llegs,llx

with

ezlﬁ = —ap(ogl + T*T)™? fT,
el = (I + Ty To) ' T (¢° — F(FT)),
el = (ol + T T) ' T (F(FT) = F(fi) — Trex)
— gl + T Te) ™ (T (T = Te) + (T =T T) (el + T*T) 7 7,
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where Ty := DF(f), and similarly for the image space errors

i 1
I Tk 11ek11lly < ||Tk+1ezl_£”Y + ||Tk+le]r<1$11”Y + ||Tk+1e]r:+1||Y-

Further estimating these different errors leads to an inequality of the form

. - N Teell3
I Tks1ekslly < avearp(ar) + b||Treklly + ¢ ,
VK

where the coefficients @, b and ¢ depend on the constants Cs, Cp, ||v||x and o which
can be chosen small enough if one starts at f; close enough to the exact solution f7.
From this one can now derive conditions (see for details [37]) to obtain an image
space rate

| Tirrerlly < CVarp(ar)

and therefore get the convergence rate for noiseless case in the theorem. By applying
the stopping rule one gets directly the rate with respect the noise level.

2.5 Application to inverse obstacle scattering prob-

lems

In this section we describe how one can apply the general framework of regularization
theory to inverse obstacle scattering problems described in Problem|[1.2]

A common and crucial assumption is that one restricts the set of admissible
obstacles to star-shaped domains. For every star-shaped obstacle Q there is reference
point x, and a positive periodic radial function r: [0, 27] — R, such that

va(t) = xo + r(t) (Cf’s ! ) (2.35)
sint

forall ¢t € [0, 2], is a parameterization of 0€2. For a sake of simplicity one can always

assume that xo = (0,0)" by a shift of coordinates if x; is known. In this manner

we identify the admissible obstacles with the positive periodic radial functions with

respect to the origin. One chooses the solution space X ¢ C#([0, 27]) to be subspace

of sufficient regularity.

Under this assumption one can define the forward operator

F: dom(F) c X — L(S}), r = Ueo (2.36)
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mapping a radial function to the solution of the corresponding direct problem
This approach is intensively discussed in [9]. There it is shown that F is compact,
continuous and Fréchet differentiable and even that the derivative DF(r) is injective.

These properties allows to apply the iteratively regularized Gauss-Newton method
to solve the nonlinear ill-posed operator equation.

Apart from the applicability of the algorithm the more interesting part is again
the question of convergence, convergence rates and source conditions. It is well-
known that this problem is exponentially ill-posed. That means that the only source
conditions one can expect to be satisfied for a sufficiently general class of objects
are of the logarithmic form (2.15). In [25] it is proved that these source conditions

(c) (d)

Figure 2.1: Reconstruction of a star-shape domain with respect to different origins with 1% Gaussian
white noise. We use in all examples 8 equidistant incident waves, where the half of a wavelength is
illustrated by the black plotting scale. Red dotted lines indicate the exact solution, blue solid line the
reconstruction and yellow dashed lines initial guesses and the black cross highlights the origin of
the radial functions. The radial functions are represented by their first 64 Fourier coefficients. For
more details about the simulations itself we refer to the Section[6.2] The reconstruction in (a) is very
good and in (b) it becomes worse at the boundary. But the examples in (c) contains unreasonable
deformations and (d) is even a complete Failure as the computed curve contains a self-intersection.
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imposed on fT — f; roughly correspond to a Sobolev smoothness. The index function

used in the proof of [25] is equivalent to
o(A) = (log(3+ A7) (2.37)

for some p > 0.

Nevertheless this whole approach for inverse obstacle scattering problems con-
tains two major disadvantages. The first is the dependence on the parameterization.
For one reconstruction process fix the origin or the point xy and then compute the
unique parameterization given by (2.35). Such an approach necessitates a-priori
knowledge: One needs to know an appropriate inner point of the obstacle to be
able to state the mathematical model in the above sense. Note that the numerical
reconstruction can fail if the origin is chosen badly. For an illustration see Figure
We can observe unwanted deformations in the reconstruction or even a failure if
the center point is chosen too close to the boundary of the exact domain. This is
expected since the penalty term corresponding to the exact solution explodes as the
origin tends to the boundary.

Second it is obvious that the assumption on the domains to be star-shape is too
restrictive. In Figure [2.2| we shown that one cannot compute the shape of a nonstar-
shaped domain using this approach. The exclusion of many interesting classes of
domains, which are not star-shaped limits the usage for practical purposes.

Therefore it is preferable to establish a new approach to model a space of admiss-

Figure 2.2: Failure of reconstructing a nonstar-shape domain by using radial functions. Parameters,
line styles and colors are chosen as in Figure[2.]}



2.5. Application to inverse obstacle scattering problems

ible curves to overcome these disadvantages.
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A CLASS OF
SHAPE MANIFOLDS

We become what we behold. We shape our tools and
then our tools shape us.
— Marshall McLuhan, Understanding media

In this chapter we introduce a new shape space emerging from the geometrical
description of curves in IR?. As a preliminary result we introduce the construction of
shape manifolds of closed curves. Moreover we give the definition of the attached tan-
gent spaces including their Riemannian metric. Furthermore, the extrinsic curvature
of the shape space is given explicitly. This is the second main result of this chapter,
enlarging the investigation of shape manifolds in Section[3.1] It is known that from an
extrinsic description of the curvature one can deduce the intrinsic curvature tensor.
Nevertheless we prove also a bound on the curvature tensor without using a bound
on the second fundamental form in Section 3.4l

In the following many notions and constructions from Riemannian geometry play
a major role. We refer the reader for details to the Appendix [A] where the needed
concepts are recalled.

3.1 Construction of shape manifolds

The main parts of this section are published in the article [12]].
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LetI' c R®bea regular, closed curve of class H 2 of length L. That is, there is
a parameterization y € H%([0, 1];R?) satisfying y’(t) # 0 for all t € [0,1] and the
closing conditions

y(0)=y(@ and y'(0)=y'(D. (3.1)

Without loss of generality, we assume that y is of constant speed, i.e., |y’(¢)| = L for
all t € (0,1). This parameterization is well-known as arc-length parameterization.
Thus, we represent y by a triple m = (0, L, p) with a base point p = y(0), curve’s
length L, and angle function 0 € H'([0,1]) via

t

y@) =ym(t) =p+ [) Y(t)dr =p+ L/o (cos(6(1)), sin(0(r))) dr. (3.2)

In order to meet the closing conditions (3.1), 6 needs to satisfy
1 1
/ cos(6(t))dt =0, / sin(0(t))dt =0 and 6(1)-06(0) e 2xZ. (3.3)
0 0

The number

w is called the turning number of y (not to be confused with the

T
winding number). The map y is an embedding of I' if it is a diffeomorphism onto I" and

a necessary (but not sufficient) condition for I" to be embedded is that y has turning
number +1, see [1I, Sec. 5.7, Thm. 2]. Since our application focuses on boundary
curves of simply connected domains, we restrict the curves turning number to be +1
and define the space:

0 := {0 € H'([0,1])| fo1 (cos(0(1)), sin(0(1))) dt = 0, (1) — 0(0) =27}.  (3.4)

The nonlinear equations in the definition of © prevent any kind of linear space
structure. Nevertheless, O is a manifold as we show in the next theorem.

Theorem 3.1. The space © is an embedded submanifold of H([0, 1]).

Proof. First we define a constraint mapping ®: H*([0,1]) — R? x R given by

D(0) := (Pc1d(0), Pper(0)) (3.5a)

where

1
_— o R? . / cos(0(s)) ds
Paa: H([0,1]) = R%, 0 (/((’)1 Sin(0(s)) ds) (3.5b)

Ppert H'([0,1]) > R, 6 — 0(1) — 6(0) — 27. (3.5¢)
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Using this notation we rewrite © as follows
©={0eH(0,1]) | D) =0}.

By the implicit function theorem we have to show that @ is a submersion to show
that O is a submanifold. That is, D@(6) admits a bounded linear right inverse for
each 6 € &71(0) (see sectionor (36} I1.2]).

First, we calculate derivatives of the functions ®.jq and ®p; used in the definition
of ®. Let § € H'([0, 1]) be given. Then for u € H'([0, 1]) we deduce

Do) - (_/01 sin(0(t)) u(t) dt) _ (_<36,u>L2)

/01 cos(O) u(t)de| \ (co, u)rz
and
Dgpper(e) u = u(1) — u(0).

Here we used the notation
sp(t) = sin(6(t)) and co(t) = cos(0(t)) fort € [0,1]. (3.6)

To prove the subjectivity of D®(0) for 6 € O it suffices to construct a function
u € H'([0,1]) such that it solves D@®(0) u = A and depends linearly on A € R3. For
this define

u(t) == asg(t) + bey(t) + ct.

For 6 € &7(0) the function u is a pre-image of A, if the coefficients a, b and ¢ solve
the linear system

_<39’ SQ)LZ _<39’ C9>L2 _<39’ t>L2 a /‘ll
DO(O)u = (cpsoyrz  (co.coyrz  {co. )z || b|=|A2]-
0 0 1 c A3
The determinant D of the matrix given by D = —||sg ||f2 [|coll EZ +|(sg, co)2|? is negative

by the Cauchy-Schwarz inequality. It attains zero if and only if sy and ¢y are linearly
dependent. This is a contradiction since § € ~'(0) is continuous, but never constant.
The result follows because this proves surjectivity of D®(0). O

As pointed out in the Appendix [A] the tangent space of a manifold is essential for
differential geometry. The tangent space 79O of O is given by

n this thesis we use calligraphic letters as M, 7, & or exp to denote sets, functions or constructions
arising from differential geometry to incorporate well-established notations from the two fields of
Riemannian geometry and regularization theory.
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790 = {u € H([0,1]) | D®(0) u = 0}.

The family of inner products (gy)peo defined by

go(u,v) = /01 (u(t)v(t) + u'(1)V'(t)) dt  foru,v € T9O

turns (6, g) into a infinite-dimensional Riemannian manifold (in the sense of [36]],

see Section [A.]|for details).

Remark 3.2. From the proof of Theorem 3.1 and the construction of the constraint
mapping @ one can see that the structure of O is almost only influenced by the closure
constraint @4. Indeed we can describe the manifold structure also slightly differently.
Note that

@,2(0) = {0 € H'([0,1])| 6(1) — 6(0) = 27}

is an affine subspace in H'([0, 1]). Thus, it suffices to consider the constraint mapping

1
O: Hly([0,1) > RE, 01> (ﬁl zzég jﬁ) (3.7)
0

with
Hio([0.1]) = {u € H'(0.1]) | u(0) = u(D)}.

Especially for the tangent space the equivalent description is useful

750 = {u € H},([0,1])| D&(6) u = 0}. (3.8)

er

For a compact, convex set of base points B C IR? and for bounds of acceptable
curve lengths Ly, L,, we define the space of feasible curves by

M =6 X [L, Ly] XB.
Then M is a smooth submanifold with corners in the Hilbert space
X = H'([0,1]) x R x R?
and its tangent space at an interior point m = (6, L, p) is given by

TuM =T50 &R & RZ.
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3.2 The second fundamental form

The following sections are dedicated to the investigation of the constraint function

OF Hll)er([o, 1]) — R? defined in l) The main result of this section is the proof of an

explicit formula for the second fundamental form of the submanifold © in H'([0, 1]).
By the proof of Theorem 3.1 and Remark[3.2|© is given by the submersion @. It is a
well-known fact from Riemannian geometry that in this case the second fundamental
form 19 is given by the formula in terms of derivatives and a Moore-Penrose
inverse.

The next lemma shows the smoothness of the constraint operator @.

Lemma 3.3. The map ®: Hll)er([o, 1]) — R? is a C™ operator and for n € Ny the
derivative of an odd order

D2"19(): (Hlo([0, 1) — R?

is given by

D2n+1@(9) (ug, ..., Uops1) = ((_1)n+1 fOl so(D)ur(t) -« tzna(t) dt) .

(1" [ co(®us(t) - - - tanan(t) dt
In the even case, the derivative
D ®(6): (Hpe,([0,1])*" — R?

is given by

D¥®(0) (g, . . . , tzy) = (=1)" ( S eo(tyun(t) -+ uznra(2) dt).

/01 so()ur(t) - - - ugner(t) dt

Furthermore,
IDX®(0) (ur, . . . i) lre < Mlwallen -+ - ot (3.9)

foralluy, ..., ux € Hy([0,1]) and all k € Nﬂ

Proof. The stated formulas are proven by a straight forward calculation. We prove
for k odd. The even case can be proven analogously. Let n € INy, then it follows

1 2
D 000) (.t = | [ o))
0

Note that in this thesis norms and inner product in Hilbert spaces X are denoted by ||-|[x and
(-, -)x, where we use the notation |-|g» and (-, -)r» for norms and inner products in R".
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| [ entonat® o a

! 2
< / (S2(0) + (D) (w(t) - -~ men(D)? dt
0
< Mol - tzm

and by taking the square root on both side one can deduce |[D*®(0)|| < 1 for all
k e IN. O

Next, we prove an expression for the Moore-Penrose inverse of the derivative
Do.

Lemma 3.4. The Moore-Penrose inverse D&(0)': R? — H!_([0,1]) for 6 € O is given

per
by
—(llgollZ, x1 + (fo, go)m x ,
Da@) (x) = — 190l i fogihwxe) o o fodn o+ Wfoln e oo
0 Dy
forx = (x1,x2)7 € R?, where
Dy = ||J‘9||§1||99||§1 — 1{fa, go)I? (3.11)

with fo, go € Hi([0,1]) = {f € H'([0,1])| f(0) = f(1), f'(0) = f'(1)} solving the

ordinary differential equations

fo— 1y =s0 (3.12a)
and
9o — 9y = Co- (3.12b)

Proof. In the following we need the existence of the functions fy, gy € ngr([o, 1]) as
solutions of the ordinary differential equations (3.12). At the end of the proof we give
the explicit formulas for them, but first we construct the generalized inverse. We

compute the adjoint operator D@(9)*: R? — Hrl)er([O, 1]) satisfying the equation

(DP(O) u, x)rz = {u, DO(O)* x )

forallu e Hll)er([O, 1]) and x € R% Note that by and integration by parts for

ue Hrl,er([O, 1]) it follows that

(fo.wmn = (fo, uypz + <f9/, uye = (fp - fgﬁ’ Uz

= (s, u>L2
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and analogously (gg, u)1 = {cg, u);2. Therefore with x = (x1, x;)T € R? we get

(u, DP(O)" x)p = (DD(O) u, X)gz = (g, u)2 %1 + {co, )12 %2
= —(fo, u)gn x1 + (go, u)pn x2

= (u, —fo x1 + go X2)

and thus
. [X
DP(6) (x;) = —fy X1 + gg x2. (3.13)

Since D@(0) is surjective as seen in Remark [3.2] we can compute the Moore-Penrose
inverse via

DP(0)" = DP(0)* (DP(0) DP(6)*) . (3.14)

This formula is true for all linear surjective operators and can be found for example
in [45]. DP(0) DP(0)*: R? — R? is given by the matrix expression

o (x) _ | Csos fodiz —(se. 90012\ (%1

D(6) D2(6) (Xz) - (-(Ce,fehz <CG’99>L2) (xz)
:( (fo, fo)mn _<f9’99>H1) (xl)
(90, foymr (90> 90)m1) \x2

with the identities as above. The determinant Dy of this matrix is given in (3.11). Note
that Dy > 0 by the Cauchy-Schwarz inequality. To prove that it never attains zero
assume the contrary. Then fy and gy have to be linearly dependent, i.e. there is a
A € R\ {0} such that fy = Agg. Plugging this in the equations (3.12), we deduce linear
dependence between sg and ¢y, which cannot be the case, since 6 € © is continuous
and not constant. Therefore, Dy > 0 and the inverse matrix is given by

a-1 (X)) _ 1 ({90,900 (fo.goden) (%1
(D2()D2(6)') (xz)_De (<ge,fe>H1 <f9,fe>Hl) (x)

By combining this matrix with the adjoint operator we obtain the stated formula for
the generalized inverse.

For the sake of completeness we give here explicit formulas for fy and gg, which
solves the equations (3.12). We consider the function

fo(t) = asp(t)e’ + bsg(t)e™ (3.15a)

with

-1

Goo(1)  and  byg(t) i= byg(t) + ——byp(1) (3.15b)

1—e 1—e¢7!

as,e(t) = ds,@(t) +
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where
dsg(t) = —% /0 e ts(£)dé and  bge(t) ::% /0 efsp(£)dE. (3.15¢)

We verify that this function indeed solves the equation 1) Note that a; ’e(t) =
3so(t)e™ and b/ /(1) = —3s9(t)e’. Using this we deduce for the first derivative

£(8) = d y(De + agg(t)e! + b, y(e™ = byg(t)e™ = agp(t)e’ = byp(t)e™
and for the second derivative
HOE a;g(t)et +asg(t)e’ — b;e(t)e_t + bsg(t)e™ = fo(t) — sp(2),

which shows that fp is a solution of the ordinary differential equation (3.12al).
To verify that this function also satisfies the periodic boundary condition we
compute directly

-1

)as,g(ne + (1 + ¢ 6_1)155,9(1)63—1

fo(1) = asp(1)e + bs,e(O)e_1 = (1 + - €

e -1

= T as() + T bas()
—e 1—e
= as,@(o) + bs,@(o) = fg(O).

Thus fp solves equation and satisfies the boundary conditions. Completely
analogously it holds that

go(t) = acg(t)e’ + beg(t)e™ (3.16a)

with

ac,@(t) = dc,@(t) +

Goo()  and  aelt) = —% /0 e tep(E)dE. (3.16b)

1-e
and
5 el . 3 1t
beolt) = beo(t) + ——beo(®)  and  Bo(t) = / efep()de.  (3.160)
—e 0
By an analog argument one verifies that gy solves (3.12b). O

In order to derive a concrete bound of the Moore-Penrose inverse D(ID(Q)T, which
will play a major role in later computations, one needs to bound Dy from below. This
is done in the following lemma.



3.2. The second fundamental form 41

Lemma 3.5. For0 € © and fp, gp € ngr([o, 1]) defined in Lemma it holds the lower
bound

1
Do = 1 foll2Ngoll2: = 1< fa, godin|? > —— 1
o = I follzllgollz: = 1<fo- go)rnl @ (3.17)
with 16 )
Cp(0) = — 10112, (1+ 116 1l;2)* (1 + == (1+1|0'||;2))%. 3.18
p(®) = — 16°ll; (@+1002)" ( +\/§( +110'1112)) (3.18)

Proof. From (3.12a) we deduce by integration by parts

2 2 2 2 2 2
sl = lfoll> + 211 fgll + LA Il = 1 follg + N fg - (3.19)

By leaving out the last term on the right-hand side implies immediately the upper
bound

1 folle < llsollz < 1. (3.20)

Furthermore, by using again once more integration by parts and Cauchy-Schwarz
inequality we arrive at

I follEn = (S foduz + Sy fi e (3.21)
= (fo's —Jfo + fi e = ={fg s sodrz = (fg. O'codre < || fgll2ll6collzz.

Thus, we deduce

Isollz> < I follz + ANz 10"l < (141107 11z2) Nl follen-

By (3.12) cg and gg are connected by an analogous equation than sp and fp. This
implies that an analogous result holds true by exchanging sy with cp and fy with gp.
Because of the identity

1
lIsllZ, + llcoll, = /O (sin(0(t)))” + (cos(6(1)))” dr = 1 (3.22)

one of the summands on the left-hand side of lb has to be larger than % Thus,
we assume without loss of generality that ||s(9||§2 > % Otherwise we change in the
following the roles of cg and sp respectively gg and fy. Therefore we get the lower
estimate

| foller = 2 (3.23)

1+ [167]12)°
On the other hand by and it holds that || 99”12{1 < ”C9”E2 < % Next, we
define

1lP, (.24



42 3. A class of shape manifolds

Then by straightforward computations and (3.23) we can estimate

g0 — AfollZs = llgollZn — 2240, foden + A2 Il foll 2,
[Fo godeal” [<for goda

|2

= |lgoll?, — 2
H 1 foll2, 1 foll2,
2
ligollZ. 11 foll%, — | fo. go)en| Dy 2
= —fL = 0 < 4(1+16'll2)" De.
Il follz;: Il follz;:

To continue with a lower bound of ||gg — Afp||y: we use the same strategy as in (3.19)
to get

llco = Asoll> = lgo = Afallfy + llgh = AfylI7n-
In analogy to
g5 = Afyllfn = (g5 — Af. 6 (= s0 — Aco))re < ligo = Afoller 16/ llz> (1+2).

Further, it follows from 1) and ||g|| 12{1 < % that

_ o900 _ ligollr _ 2
Ifollz, — Nfoll — V2

The bound implies ||gg — Afy|lz < 1+ A and therefore

(1+16"I2)- (3.25)

llco = Asollf, < (1+110"ll2) (1 + A) ligo = Afolln
4 2 4
< (14 1100e) (1+ G (1+110'1Iz2)) lige = Afollen-

Next, we continue the estimate from below and derive a lower bound on ||cg — Asg||;2.
Thus, define ¢ € (0, 7) such that

cotp = A. (3.26)

Denote the bound on the right-hand side in (3.25) with Cy. Since 0 < || < Cp < o0 it
is |¢| < arccot(Cy) < co. Further by [sin ¢| < 1it is |ST1¢| > 1. By applying (3.26) and
an angle addition theorem for the sine one obtains the estimate

1
||co — )Lselliz = / |cos 0(t) — cot ¢ sin 0(7,‘)|2 dt
0

_ 1
B |sin ¢|?

1
/ | cos O(t) sin ¢ — cos ¢ sin 9(1‘)|2 dt
0
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1
> / | cos O(t) sin ¢ — cos ¢ sin 0(1,‘)|2 dt
0
! 2
= / |sin (6(¢) — )| dt
0
Next we introduce a shifted version : [0, 1] — [@, ¢ + 27) of 0 such that 6(t)-0(t) €
277 for all t € [0,1]. Since 8 € O, i.e. 8 € H'([0,1]) and 0(1) — 8(0) = 27 there exist
to < t; such that

~ T 3
Q(t) € [(p + Z, ¢+ T] forallt e [t(), tl]

and O(ty) = ¢ + Z and 0(t;) = ¢ + 2. It holds that §'(t) = ¢'(¢) for all ¢ € [0,1] and
by fundamental theorem of calculus and Cauchy-Schwarz

> =18t - bceo)| =

noo ho 3
[ rewa]svimn( [wora)
to

to

<Vt — to]|€]] 2.

By the choice of the interval one can bound from below |sin(¢ — 0(1))| > % for all
t € [to, t1] and we can use the above to estimate

h 2
. 1 — 1y T
|sin(p — 6(t))|* dt > > .
[0 2 8o

Further there exists also t; < t3 such that

7

~ 5
0(t) € [q) + Tﬂ o+—| forallte ]

and now analogously as above it holds that t; — t, > 7%/ (4||9’||§2) and also the
corresponding lower estimate for the integral over the interval [;, t3]. Now the

combination of the last arguments yields

2

51 13
lle — Aspll2 > / Isin(p — 6(1))[? dt +/ [sin(p — 6(1)[2 dt > ——.
to ta 4”0 ||L2
By putting the above estimates together we obtain the assertion. ]

Using the last lemma one proves a bound of the operator norm of the Moore-
Penrose inverse.

Lemma 3.6. The map D®(0)": R? — H'([0,1]) is bounded in terms of 0, i.e. it holds

IDP(0)" ()l < 2V2 Cp(0) || (3.27)
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forall x = (x1,x2)T € R?, where Cp(0) is defined in .

Proof. Plugging in the formula (3.10), we obtain by straightforward manipulations
and || follz, llgollm < 1 that

1
IDBO)" ()l < Dy (NgollFy x1 + for goden x| Il follen

+ (g0, fode x1 + Il follf 2| l1goler)

2
< D_g (|x1| + |x2|).

Using that |x;| + |x2| < V2 |x|g2 together with Lemma the statement follows. O

For the description of the extrinsic curvature of a submanifold the notion of the
second fundamental form is essential. We apply the formulas from Section and
and results above to get the following theorem.

Theorem 3.7. The second fundamental form ]Ig) at 0 of the submanifold © in H([0,1])
is given by

190117, {co, uv)12 + {fo, go)en (s0, V)12

Ig (1, v) = Dy fo
(90> for {co, u )2 + || foll2, (s, uv)p2
+ - 9. (3.28)
9
and it holds that
LG (w, )l < Ca(O) Nl |0l (3.29)
with
Ci(0) = 2v2Cp(0), (3.30)

for allu,v € T9O, where Cp(0) is defined in (3.18).

Proof. Since © is an embedded submanifold of H'([0, 1]) we can apply the character-
ization (A.26) of the second fundamental form by the submersion @. This gives

I (u, v) = ~D®()" D*®(0)(u, v). (3.31)

From Lemma [3.3] we know that

D23(6)(u, v) = — (<c"’ ‘“’)Lz) .

(sg, uv)r2

Substituting this into the formula (3.10) yields the statement (3.28).
The inequality (3.29) follows by applying the bounds in the Lemmas [3.3]and3.6]
to (3.31), which finishes the proof. O
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As an immediately consequence the next corollary provides a local bound on the
curvature tensor.

Corollary 3.8. Let 0 € © and u, v € T9O. Then it holds that
(R, ), )z < 2 (C(0)) [ullZ 1011 (3.32)
Proof. Recall the Gauss equation
(Ro(u, v) w,v) = (T (u, ), Tg (0, u)p = (I (u, w), I (v, ).

By using Cauchy-Schwarz and Theorem [3.7] the statement follows. i

3.3 Lipschitz-type properties

In this part we prove some properties and estimates as preparations for later usage.
Mostly they are local Lipschitz continuity properties. For this we use geodesic balls
in ©. That is, for § € © and p > 0 the geodesic ball B?(Q) at 0 of radius p is given by

B?(Q) = {y(l) € O | y is a geodesic, y(0) = 6, |ly'(0)lly0) < Q}. (3.33)

For a sake of simplicity we always assume that p is sufficiently small to guarantee
the existence of minimizing geodesics between 0 and 6 for all 6 € Bg(@).

Lemma 3.9. Let0 € ©,p0 > 0 and 0 B?(@). We denote the parallel transport along

the minimizing geodesic between 0 to 0 by Pg: T9© — T50. Then there is a bound
Cp depending on 6 and o (explicit formula given in the proof), such that

|u— Pl < Cp(6,0) dist(6,0) llullys  for allu € T46. (3.34)

Before we prove the statement it is to emphasizes that the left-hand side in (3.34)
is a difference of elements in the surrounding space H'([0, 1]).

Proof. Let y be the minimizing geodesic connecting 6 and 0 with y(a) = 0 and
y(d) = 0, where its length L is given by L = fa b||y’(t)||H1 dt. It follows immediately
that y(t) € Bg(@) for all ¢. Furthermore we can assume that it is parameterized by
the arc-length, i.e. ||y’(t)||;p = 1for all ¢ € [a, b]. Therefore, it holds that

b
L= [ IOt =1b-al (335)
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Let u € 79O and define the tangential vector field V

V() = P

V(o) ¥ €Ty1©

along y. For a normal field N along y, defined by N(y(t)) € Ny»© = T, O+, it
holds therefore that

(V(y(®), N(y(®)))mn =0
for all t € [a, b] and by taking the derivative with respect to t, one gets

(SO NG D) 10 = (VD). SN 336)

The expression %V(y(t)) is a short version of the derivative DV (y(t)) (y’(t)) of V
along the direction y’. Since V(y(t)) is y-parallel it holds that

<%V(y(t)), W(y () =0 (3.37)

for all vector fields W(y(t)) € 7,(+)©, which is equivalent to %V(y(t)) being a normal
field. Define for 6 € O the orthogonal projection Py: H'([0,1]) — 756 and note that

V(1) = Py (V(y(1)). (3.38)

Combining these facts with (3.36) and using that the projection is idempotent and
self-adjoint, we can conclude

d2
SV O = (B (VO@0). P (V0 0))
2
< VO [Py (S5V (O (339)

Recall that the derivative of a normal field corresponds to the Weingarten map given
by (A.22). Furthermore the equation (A.23) connects it with the second fundamental
form. Using those, Cauchy-Schwarz and Theorem [3.7)it follows that

d2
By ¥ (O = 1 50100 Ol
d
= (VOO O S gy 1))

d
< A [V T 1S 25000 O

where ||y’(t)||;n = 1 holds by construction as the arc length derivative. Dividing by
the norm of the Weingarten map gives the bound for the left-hand side. The parallel
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transport maps isometrically through the tangent spaces and thus

VG| = 1P7E ulls = Nl
y(a)

By combining this with the last two inequalities gives

|| V(y(t))||H1 < Cn(y(t))||—V(y(t))||H1 IV ()|

= Gy (1)) ”EV(Y(t))”Hl [l (3.40)

which can divided by the norm of %V(y(t)) to obtain a bound for the left-hand side.
Now by using the above constructions we deduce

= Pully = 1P}y u = Pl
= V@) - V@)

b d
S/ =V ®)||;dt < sup {Caly)} 16— al lullp.  (3.41)
o dt te[ab]

Since y connects 6 and 0 as a geodesic path of length L it is by
|b—a| =L = dist(6, 0). (3.42)

Only the consideration of the term Cy(y(t)) is left. Recall the definition of this bound

Ci(y(t)) = 2V2Cp(y(1)) in . The term Cp given in can be written as a
polynomial pp in [|0’||2 by pp(||€’|l;2) := Cp(8). The derivative of pp

D(t)— — 2t (V2t+V2+1) (4\/_1‘ +(3+5\/_)t+\/_+1)(1+t)3
in monotonous increasing in the positive reals and thus we can estimate
Co(y(®)) = Cp(6) + po(lly’ ()lz2) = po(1l07]I12)

Iy’ @l 2
— Co(0) + / Py (&) dE

0'll2

<Co@+( sup  pp®) YOl = 10l
EefllO]l 2. lly ()l 2]

for ||0’||zz < |ly’(t)l|2. In the other case we obtain the analog inequality by exchanging
the roles of ||0’||;2 and ||y’(¢)||2. Since y is parameterized by the arc-length and thus
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Iy’ Iz < ly’ (W)l < 1, it follows that

max{ sup  ph@).  suwp (O] < max {pp(10/1)e), 1),
EelllO’ [l 2. 1ly" (Dl 2] Eellly’ 2,101l 2]

By using that the norm difference in the surrounding Hilbert space is always a lower
bound on the Riemannian distance and that y(t) € Bg)(@) we deduce

Iy Olle = 10 llze| < 1l (8) = €'llz < Ny (@) = Oller < dist(y(2), 0) < o.
By combining with the estimates (3.41), and
Cp(0,0) = 22 (Cp(0) + max { ply(10'l12). 1} ) (3.43)

the statement follows. O

We use now the last lemma to prove in the following local Lipschitz continuity
of D*@.

Lemma 3.10. The operator D*®: © — L(TOXT O, R?) is locally Lipschitz continuous,
i.e. for all 0 € O and sufficiently small o > 0 there is a bound Cp24(0, o) > 0 depending
on 0 and o (explicit formula in the proof) such that

ID*®(0)(u, u) — Dz@(g)(f"gu, Plu)lr: < Cnza(6, 0) dist(6, 0) lJull2, (3.44)
for allu € T40 and all § € BE(0).
Proof. Let 0 € O, 0 ¢ B?(Q) forap > 0 and u € 79O be given. Then it is
ID2®(6)(u, u) — D*B(B)Pu, Plw)s
1 ~ 2
- / cols) u(s))? = e5(5) (PRu(s))” ds) (3.45)
0
1 —~ 2 2
+ ( / s0(s) (u(s))? = s5(s) (Plu(s)) ds) .
0

Here the first term can be bounded as follows:

(/1 co(s) (u(s))2 - c(;(s) (7"5711(3))2 ds)2

0

< /0 (co(s) (u(s))® — c5(s) (?’gAu(s))z)2 ds

<2 / 1 (co(s) = c5())* (u(s))* ds +2 / 1 (c5(9))? (13(s) — (Plu(s))?)*ds.  (3.46)
0 0



3.3. Lipschitz-type properties 49

Recall the Morrey embedding ngr([o, 1]) = C°([0,1]), see for example [33, Thm.
8.4]. Therefore, there is a constant C., such that

[9]lo < Coollvllpm (3.47)
forov e H;er([O, 1]) . The first term on the right-hand side of can be bounded
using standard estimates, s;q(¢) = sin(t) and by

1 1 —
/0 (co(s) = c5(5))” (u(s))* ds < [lulld, /0 (cos(6(s)) — cos(0(s)))” ds

. . 1 0Gs) 2
<c ||u||H1/ (/g() sin(£) dz) " ds
0 s

1
< ¢4 llullt, / Isiall2, (6(s) = (s))? ds
0
= C4 lull, 10— A1,

< C4, dist(6,0)? |lull},.

In the last step we used that the norm distance in a submanifold is always a lower
bound to the Riemannian distance, i.e. |0 — 0| < dist(0, 0). Further we use 1i
from Lemma[3.9]to obtain

1 _ _ _ _

/0 (05(5))2 (uz(s) - (SDgu(s))z))2 ds < ||c§||§0 ||(u - Pgu)u + (Pgu) (u - Pgu)”iz
< 2wl + 1P5ulls) | w - Pgu .
< 4C2(Cp(6.,))’ dist(6, 6)° I|ull -

The sum of the last two estimates provides a bound of the first term on the right-hand
side in (3.45). For the second term one proves the analogous estimates by replacing
cosine with sine. Therefore, by using

Coza(6. ) = |/Ch + BCL(Cr(6.0) -

we obtain the statement. m|

Before we can prove a Lipschitz property of D&(9)" we need the following pro-
position as preparation.

Proposition 3.11. The maps g: © — H_.([0,1]), 0 > g and f: © — H!_([0,1]),

per per

0 — fy are differentiable and the derivatives can be bounded independently of 0, i.e.
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there is a constant C. > 0 such that for all0 € ©

IDg(6) Wl < Ce [ullmn (3.48)
and

IDFO) @l < Ce [|ullm (3.49)
forallu € 750.

Proof. Recall that
t 1
)= 3 ( [ Faoar+ = [ Faw a)e

-1

= /0 (@) d + /0 1e§c9<§>d§)e‘f-

1—e¢!

This is clearly differentiable in 6 with derivative

t 1
Dg(0) )0) = 3( [ @t + 5 [ s ag)e
-1

=y efspEuld) de)e

-1
1—-e 0

([ e

and its derivative with respect to ¢ is given by
t 1
g @) = 3( [ moueae + 1 [ Faou a)e

-1

([ s

2\ J, 1—e¢!

[ ésone aeer.

Using (a + b)* < 2a* + 2b®, we can derive bounds for these expressions:
1 t e 1 2
D@ @i <2 [ ( [ etsaemerae + - [ e st ) e ar
o ‘Jo —eJo
-1

o [([ s £ [ oo e a

1—e™1

< z(1+ (ﬁ)z)/ol (e—-fsg(g)u(g))zdgfole” dt

1

+ 2(1 + (1 i_l)z) /0 1 (efsp(£)u(£))? dé /0 et dy

e \2 el \2
< 2+( ) +( ))e‘zsuz.
(2+ (=) + (=) ) llsoull

By using |[|sgullzz < l|sglleo [|#]lzz < |||z bound in the statement follows with the
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constant

2 -1 2
Ce::e\/2+(i) +( ¢ )
1-e 1—e!
By complete analogous computations for fy one obtains the same bound, which
finishes the proof. O

In the last lemma of this section we prove that the Moore-Penrose inverse of D®
is also locally Lipschitz continuous.

Lemma 3.12. The operator 0 +— D®(0)' is locally Lipschitz continuous, i.e. for all
0 € © and sufficiently small o > 0 there exists a positive bound Cpp+(0, 0) > 0 such
that

ID2(6)"(x) ~ DE(O)" () [|,11 < Coai(6. @) dist(6. H) || (3.50)

for all x € R? and 0 € Bg(@)

Proof. Let 0 € ©,0 > 0, 0 e BS(@) and x = (x1,x2)" € R? be given. From the
expression (3.10) we add suitable zero terms and obtain a decomposition for the
estimate as follows:

[ID2(0)7 (x) - DE(O) (x)),1

_(”99”12_[1 x1 + {9, fo)m x2) (fo, 99)mr x1 + ||f9||1‘9}1 X2
Dy Dy

9o

~(llggllZax1 + g5 fpm x2) S ggdem %1 + 11 5115 x2
- D, 0~ D, 95

H1
§21+22+23+24+Z5,

where we define

1 1
%= Dy~ E‘ (190117 %1 + go» fode x2) fo = ({for godrr x1 + Il follZ x2) G|
0
1
%2 1= = [|((lg 12 1+ (o fodan x2) = (lggllZn 31 + <95 Fhem x2) foll
0
1
23 = D- ||((<f9,99>H1 X1+ ||f9||12ql xz) - ((fg, 9§>Hl X1+ ||f§||12ql xz))%”Hl,
0

>y = %\ ||(||g§||12{1 x;+ <_6]§, f§>H1 x2) (f9 - f§)||H1’
0

1
%5 1= == (5 g5)mm 31 + 1l %2) (96 = 95) -
0
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In the following we estimate all five summands X; such that
3 < Cs,(6, 0) dist(8, 0) |x|g:
Starting with the first it is

11 ‘_ |Dg — D|
DgDé‘

Dy D§ a
1
= 55 Wl lgglls = 1 953
0
= folizallgoliZs + 1<for godrn
1
< 55 Il = o il + 1ol gl ~ o]
0
+ | godem + (S ggdrm| < fos go)in = (S g -

Here we can use || fp||g: < 1to obtain that

1
Il = 1ol = | [ G0 = Gato) + (12007 = (£ o

= )/O (f5(0) = fo) (D) + fo()(f5() = fo(t))

+ (U0 = OV + HOEE - F(0) di]
< g5 = Sollee (Wl + Wfollzz) + 15 = Fyllee (151l + 1151l
< 2|1 f5 = follr-

Now we can apply Proposition [3.11| as follows: using y(t) := expg(texpgl(a)), we get

1 —~ —~
2|l f5 = foller < 2/0 IDF(y (1)) (exp, (0))lle: dt < 2Ce |lexpy' (0) |

= 2C, dist(6, 0),
where the inequality follows by Proposition [3.11 and the equality is due to (A.9). The

analog estimate holds true for the terms with gy and g: Similarly to above, it holds
that

llggllZ: = llgollZa| < 2Ce dist(6, 6).
Similar to above it is

[(fo. 900 — (S5 9m| < |{fo = f5 900 | + [{f5 90 — 95)mm]
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< |lfa = fllin + llgo — gglln < 2Ce dist(6, 6).

The other part of X; can be estimated using || fy||[;: < 1and ||gg||ls; < 1by

| (gollZ: 1 + (Gos foden x2) fo — ({for g x1 + Il follZ x2) G| < 2 (11| + |x2)
< 2\/E|X|]R2

Thus we define

16V2 C.
Dy Dy’

Cx,(0,0) =
The side computations for X; can also be used in the following estimates. We obtain

1
%o = = [((1gol 31 + gos faden x2) = (ggll3 31 + <95 o x2) ) foll

0
1

< — (IggllZs = lgollZs| sl + g, fodes = (g fydum | Ixal)
0
1 . ’*

< o 4C. dist(0. 0) (Ioc1| + |x2)
0

and thus we define

-~ 4\/5 Ce
Cs ((9, 9) = .
2 D§

The computations for X3 work completely analogously and we define the same
constant

Cs,(6,0) =

42 C,
Dy

Also for the last two terms X, and X5 the estimates are straightforward and by
applying the above estimates one obtains

412, ~
V2 and Cs,(0,0) = .
Dg Dg

M2,

Cx,(6.0) =
Now we can apply the lower bound from Lemma [3.5/to obtain
C(6,0) = 16V2 C. (Cp(6) + 1) Cp(0). (3.51)

As last step we estimate the term C D(g). Recall the notation at the end of the proof
of Lemma 3.9|and write pp(]|&/||;2) = Cp(B). Analogously to the proof of Lemmal3.9]
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we deduce

—~ 19712 1071,
co® = o) emax | [ "o, [ o]

1071l 2 110711, 2

< Cp(8) + max {pp(10'll2), P16 ll2)}-

From
16]1z2 = 11012 < 116" = &'ll2 < 110 = Bl < dist(6,0) < o (3.52)
and the monotonicity of p}, in the positive real numbers we follow that

Cp(6) < Cp(6) + max {pp,(116'l112), P (16 l12 + 0)}
< Cp(9) + pp(116"llz2 + o). (3.53)

Therefore, the combination of the inequality with and
Cpai(0, 0) = 16V2Ce (Cp(0) +1) (Cp(6) + p(110lIz2 + ©)) (3.54)

proves the statement. O

3.4 Intrinsic curvature

In the last section of the chapter we derived a formula for the second fundamental
form, which measures the extrinsic curvature of a submanifold. The well-known
Gauss equation is a formula for the intrinsic curvature tensor R on the manifold
in terms of the extrinsic curvature. Therefore by Theorem [3.7| one can derive an
explicit formula for R. Nevertheless in this section we derive a bound on the curvature
tensor without using the second fundamental form. Recall first the definition (A.10)
for0 e ©
Ro(u, v)w = VyVyW(0) — VyVyW(0) — Vv W(0)

and u,v,w € TpO and their corresponding U, V, W vector fields with U(f) = u,
V(0) = v and W(0) = w, also shortly written as Uy = u. Furthermore from

VyW(8) = Po(DW(0) (V(0)))

where Py: H([0,1]) — 7O is the orthogonal projection. In the article [17] it was
already shown that in this case the curvature tensor can be written as

Ro(u, v)w = (DP(6) (Vo) DP(0) (Up) — DP(0) (Uy) DP(0) (Vp)) Wp (3.55)
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where we defined the map P(0) := Py. The idea to handle this expression is to find a
suitable way to express and estimate the derivative of P.
Recall that the tangent space can be written as

T30 = {u € Hiey ([0, 1) | (50, ubzz = (ca, u)ye = o} (3.56)

where sg(t) = sin(6(t)) and cy(t) := cos(6(t)). The expression above is written using
the orthogonal projection Pé = Py: H'([0,1]) — 756 with respect to the H! norm.
Instead of using this we define a projection operator with respect to the L? norm and
show afterwards how one can use it to estimate the derivative of P.

First we derive a formula for the orthogonal projection Py : Hp,,([0,1]) — 756
with respect to the L? norm. Remark that intuitively such kind of an operator does
not need to exists, since 7y O is not closed with respect to L%. Nevertheless we can

define it as follows.

Lemma 3.13. The orthogonal projection Pg: Hll)er([o, 1]) — T9O with respect to the L*

norm exists and is uniquely given by the following formula

ng = v+ agsp + Poco (3.57a)
where
(co, s0)12{co, V)12 — llcallZ, {s0, V)12
ap = - L (3.57b)
DG
and
(s, codrz(se, V)12 — llsall?, {co, V)12
g = (3.57c)
8 Du(0)
with
Dy = Isoll72llcoll. = I¢so, coyre . (3.57d)
Proof. Let

Up = {u € L*([0,1]) | (s, u)z = {co, u)r> = O}

First we check that this is a closed subspace. From the linear condition the subspace
property is clear. For the closeness let (u,),en C Up a convergent sequence with
respect to L? with limit u € L?([0, 1]). We verify that (sg, u);2 = 0. Remark first that
(sg, u)r2 = (s, u — up)2 for all n € IN, since u, € Up. Now by Cauchy-Schwarz

(50, w)r2| = |{s0, u — un)r2| < llsollzz|lu — unllg2.

The right-hand side is always bounded since sy € H'([0,1]) and § € H'([0, 1]). Since u,
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converges to u with respect to L? it follows that the right-hand side converges to 0 and
therefore the left-hand side has to be zero independently of n. Thus (sg, u);2 = 0. Ana-
logously, {(cg, u);2 = 0 and we conclude that u € Uy and hence Uy is closed. For every
closed subspace the orthogonal projection exists and we define Py, : L*([0,1]) — Up
the orthogonal projection with respect to the L? norm.

Let v € L([0,1]) be given. We define
w =0+ asy + fcp (3.58)

with some constants a, f € R. Obviously w satisfies the orthogonality property of a
projection onto a subspace:

(w—o,u)z = alsg, u)z + p{co, uyrz2 = 0

for all u € Ug. Now we choose the constants @ and  such that w € Uy and then
w is the orthogonal projection of v onto Uy, i.e. Py,v := w. Thus w has to satisfy
(sg, w)r2 = (cg, w)r2 = 0, which can be written as the linear system

(sg,s9)1z  {so, C9>L2) (a’) __ ((39’ U>L2) . (3.59)

(co, 8002 {co,co)2) \B (co, V)2

The matrix is invertible since the determinate Dg given by

Dy = llsoll 2 llcall. = I<s0, codrz I, (3.60)

is never equal to zero. We have already seen this in the proof of Theorem 3.1 Then
the solution of the system (3.59) is given by

(Of) _ 1 ( (co, co)r2 —<59,09>L2)(<30,U>L2)_ (3.61)

B) ~ DY \~(co. 5002 (sor0)12) \{co, )2
This proves Py,v = w with w given in together with (3.61).
From 0 € O it follows that
sg(1) = sin(6(1)) = sin(6(0) + 27r) = s9(0)

and thus sy € H._,([0,1]). Analogously cg € H:_ ([0,1]). Therefore if v € Hrl,er([O, 1])

per per

one can conclude from the expression 1) that even Py,v € Hrl,er([O, 1]). Using this
we define
Py = Py, | (3.62)

per

the projection in H' just as a restriction of the L? projection. O
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To shorten the notation we write in the rest of this section H := Héer([O, 1]). Now

we consider the operators
P/:© — L(H, H), 0P, j=01 (3.63)

which maps 6 to the projections with respect to L? respectively H! norm on the corres-
ponding tangent spaces. From the expression it is clear that P° is differentiable.
Concerning P' recall form the last section that on the one hand 756 = ker(D®(6))
and the projection onto it is given by P'() = I-D®(6)" D&(0), which is differentiable
as one can directly see from the Lemmas 3.3/and [3.4]

Knowing the differentiability of the two families of projection operators the next
lemma provides a formula for combining their derivatives.

Lemma 3.14. The derivative of P' at @ € O into the direction u € H evaluated at
v € H is given by
DP'(0) (Pyu) = (1— P,) DP°(0) (Pyu). (3.64)

The explicit formula for the derivative P° on the whole space is given in the proof. For
u,v € T9O it furthermore holds that

1
(DP°(0) )0 = 5 ((lsoll: (5ot 0 + s o) o vhr2)en
0

= (lleallZ (com 0z + {cos sodizGsom ©hz)so)  (3:69)

Proof. Recall that both projections map onto the same space 7 © but with respect to
different norms. From this analogously to the facts already used in [17] it is

Py=PjPy and P, =P,P) (3.66)
and thus
DP°(6) = D(P' P°)(6) = DP'(6) Py + P, DP°(0).

After rearrangement and multiplying both sides from the right with Pg we obtain

the formula (3.64).
The derivative can be computed straight forward from the expression (3.57):

(DP°(O)u)v = ((Dag u)v) sp + agcou + ((DPgu) v) co — Po so .

Here we used that the derivative of sy in the direction u is given by (Dsp u)(t) =
cos(0(t)) u(t) and analogously (Dcy u)(t) = — sin(6(t)) u(t). Further by writing oy =
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N,(0)/D°, where N,(6) is the numerator in 1) and , we get

1
(Dy)?

(Dagu)v = (((DNa(e) 1) v) DY — Ny (6) (DD u) v))

where

(DN (0) u)v = ({cou, co)rz — (sou, sp)12) {ca, V)12 — {cg, )12 (Sou, V)12

+ 2(sgu, co)rz(s9, V)12 — llcoll {cou, v)r2
and
(DDyu)v = 2(llcall?, — lIsollZ) (sous codrz — 2(so, co)rz ({cou, co)rz — (sou, s)12).

Now we write ffp = Ns(0) /Dg analogously as in (3.57b) and l) and compute

1
(Dy)?

(Dfyu)v = —— (((DNy(6) w) v) Df — Ny(6) (DDjw) v) )

with

(DNg(O) u)v = ({cou, co)rz — (sou, so)12) (Sp, V)12 + (S0, co)rz{cou, V)2
— 2(cqu, so)rz(co, V)12 + llsoll7 (sou, V)12
Remark that this function is indeed an element of H. Since u, v € H = Hrl)er([O, 1])
it is (spu)(0) = sin(6(0))u(0) = sin(6(1) — 27)u(l) = (spu)(1) and analogously
cou € H and thus (DP°(Q)u)v € Hrl)er([O, 1]).
Now let u,v € T9O. From this we know {cg, v);z = (sg,v);2 = 0. Then N,(0) =

Njp(0) = 0 and hence ap = fy = 0. By leaving out all zero terms we get the formula
in (3.65). O

By applying the Lemma to (3.55) the next lemma follows.
Lemma 3.15. Let 0 € © andu,v € T9O. Then it holds that

(Ro(u, v)u, v)p = <(1 - Pé) (DP°(O) u)u, (1 - Pé) (DP°(0)v) U>Hl
- (@ - Py (DP’ () v)u,(1 - Py) DP’ (D) w)v),,.  (3.67)

Proof. The derivative DP'(0) u inherits the self-adjointness of the projection operat-
ors: by taking the derivative of the equation (Péu, wm = (u, PéW)Hl one gets

((DPY(0) u) v, W) = (v, (DPYO) u) w)g.

The formula (3.67) follows by combining this self-adjointness with (3.64) in (3.55). O
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Before we can prove a bound on the curvature tensor we need the following
lower bound.

Lemma 3.16. Let 0 € ©. Then the lower estimate

71,2

810”117,

Dy = llsoll7 llcall7. — (e, codrz|* = (3.68)

holds true.

Proof. Note that the main idea of this proof is similar to the proof of Lemma[3.5] By
the identity

1
: 2 2
||s(9||i2 + ||ca||i2 = / (sm G(t)) + (cos Q(t)) dt =1 (3.69)
0
we can assume without loss of generality that ||sg]| ]%2 > % By setting

_ {so,c0)1
lIsollZ,

we obtain

llco = Asolly> = Ilsell7 — 2A(cq. so)rz + A solly

0
[{co, so)r2|? Dy
= Isell?. - = < 2Dj. (3.70)

IsolZ,~ Tsoll%

Next we introduce ¢ € (0, ) such that
cotp = A.

By Cauchy-Schwarz and it follows that || < 1and hence ¢ € [Z, 2Z]. Thus on

44
the one hand sin¢ > % and on the other > 1. Therefore by an angle addition
theorem for the sinus

Ism(qo)l

1
llco — )Ls(9||§2 = / |cos O(t) — cot ¢ sin O(t)|* dt

lsmqolzf|c039(t)sm(p—cosq)smG(t)lzdt

Z/O|sin((p—9(t))| dt.

Next we introduce a shifted version 6: [0,1] — [@, ¢+ 27) of 0 such that 6(t)-0(t) €
277 for all t € [0,1]. Since 8 € O, i.e. 0 € H([0,1]) and 0(1) — 8(0) = 27 there exist
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tp < t; such that
~ T 3
0(t) e [(p + 20 T] for all ¢ € [to, 1]

and 0(ty) = @+ 7 and 0(t;) = @ + 2Z_ Tt holds that 0'(t) = 0'(¢) for all ¢ € [0,1] and

by the fundamental theorem of Calculus and Cauchy-Schwarz, it follows that

/1 9’(t)dt V=1 ( /l@'(t)| dt)?
to

<Vt —to [|0]]12

= =10(1) - 0(to)| =

By the choice of the interval it holds that |sin(¢ — 6(1))| > 1/V2 for all t € [, ] and
we can use the above to estimate

h t—to ?
|sin(p — 6(t))|* dt > > .
</t0 2 8[10"]17,
Further there exists also t; < t3 such that
5r 7
0(t) € [q) + —,(p + —ﬂ for all t € [ty, 3]

and now analogously as above it holds that t3 — t, > 7°/(4[|¢’||?,) and also the

corresponding lower estimate for the integral over the interval [t,, t3]. Now the
combination of the last arguments yields

2

||C9—/159||§2 > / |sin(p — 0(t))|* dt + - / |sin(p — 0(t))|* dt > 8||9’||

By putting the above estimates together we obtain the assertion. O

The main result of this section is the following theorem. We prove an alternative
local bound on the intrinsic curvature in © without using the bound on the second
fundamental form in Theorem [3.71

Theorem 3.17. Let 6 € © and u,v € TyO. Then there is bound Cg(0) depending only
on 6 (explicit formula in the proof) such that

[(Ro(u, ), v)| < Cr(O) Ilullfy ll0lI7- (3.71)

Proof. First we denote (DP°(0)u)v = ¢; sy + ¢ cg with ¢1, ¢ € R the values in the
formula (3.65). Then the following holds:

[DP(O) u) vl = llerso + ez collf, + ller 6 co — ¢z 6" soll7
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2 2 2 2 2 2
<2 (Il (IsollZ, + 10°col) + leaf? (llcol, + 16/ss 12

JIENE: (leal® + leal?).

IA

2(1+ !
(27)?

Here we used the Almansi inequality (see [42]]),

IIsollzz = /lsm@(t)l2 dt < —— /l@’(t) cos 0(t)|? dt,

()2

which holds since sy € Hrl,er([O, 1]) and /01 sin0(t)dt = (sp,1);2 = 0. Clearly it is

llcgllo < 1and so ||9’c(9||L < ||9’||§2. The analog estimate for ¢y holds true.
We estimate

1 2
e 2pl? = [ cos@uputon de) < floll o)l
0
< ullZllollf < Nullf ol
and analogously |{(sgu, v);2|? ||u||l[27[1||v||12_11 Next we apply this together with

”09”12} < |legll2, < 1 and {cg, sp)r2 < |lcollzzllsgllz < 1 and combine it with 1}
to get

|01|2

2 2 8 m2 \2 2 2
o0 )2(||C(9||Lz<09uav>L2+<CG’39>L2<SGU,U>L2) 32(; 10°1172) " Nl ol

By the same approach, we obtain the estimate

2 2 2 8 2\2 2 2
|ca|” = (IIsoll > (sou, vYr2 + (s, codr2{cou, v)12) s2(; 16°1172) " Nl ol

(D )?
Finally, by substituting all of the above estimates into and defining

Cul0) = 8 (1+ ) (5 10U 101

the assertion in (3.71) is proved. O
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BENDING ENERGY
REGULARIZATION

You get tragedy where the tree, instead of bending,

breaks.
— Ludwig Wittgenstein, Culture and Value

This chapter is dedicated to energy functionals for measuring geometric prop-
erties. We focus on the bending energy or elasticae, but we take also the M&bius
energy into account. Some properties are investigated, especially on shape manifolds
as constructed in Chapter 3| Furthermore, as a preparation for the next chapter, we
take a closer look at the intrinsic Hessian of bending energy.

Subsequently to this we consider a Tikhonov regularization approach to inverse
obstacle problems on shape manifolds penalizing with energy functionals. The
fundamental regularizing property is shown and afterwards we prove applicability
of the concept to inverse obstacle scattering problems.

4.1 Elastic and Mobius energy

Most parts of this section are published in the article [12]].
Recall that the Euler-Bernoulli bending energy (see [14]]) of a planar curve I is

/ 2 ds,
r

given by
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where ds is the line element and k denotes the (signed) curvature of I'. The bending
energy, or more precisely the curvature, is a geometrical invariant of the curve I" and
thus we gain independence under reparameterizations, which is the main benefit of
our approach. The bending energy models the stored deformation energy of I" under
the assumption of an undeformed straight rest state of the same length as I.

Let I" be parameterized by y that is represented by m = (6, L, p) € M as in (3.2).
Then we have k(t) = @ and ds = L dt. This shows that bending energy scales with
1/A when I is re-scaled by a factor A > 0. Thus, without any additional constraints,
minimizers of this energy do not exist (the energy of y,, converges to 0 for L — o).
We therefore consider the following scale-invariant version &,: M — [0, o) of

bending energy which is simply the H!-seminorm:

1
Ep(m) = /0 (0'(t))* de. (4.1)

As mentioned above, &, (m) describes the energy required to deform a straight
elastic rod of length L into I'. More generally, consider an undeformed rest state I,
of non-vanishing curvature (i.e., if I, is pre-curved). Assuming that I'. is deformed
into I" by a diffeomorphism ¢: I'. — I that does not change the line elementﬂ the
bending energy is given by

JRCOEETEIRS
F*

Representing I', by m.. = (6., L, p.) as above, the scale-invariant version of this energy
is given by

1
Ev(m,m,) = /0 (6'(t) — 6.(1))° dt. (4.2)

This formulation is useful when I’ represents a reasonable initial guess that is further
optimized in order to obtain the desired solution.

While reconstructing a domain, one requires a boundary curve that is free of
self-intersections. In this context, the following lemma is useful.

Lemma 4.1. The set of non-self-intersecting curves is open in the X-topology.

Proof. First notice that curves of finite bending energy correspond to elements of
the Sobolev space H?([0,1];R?). Furthermore, by construction, each point of M
represents a Cl-immersion y : §! — IR?; indeed, due to periodic boundary conditions
we can take §! as the domain for y. Since injective immersions of compact domains

Notice that for any two (sufficiently regular) planar curves of the same total length L, there exists
a diffeomorphism between them that preserves infinitesimal length at every point. In particular, such
a mapping is not necessarily a Euclidean motion.
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are embeddings, we may employ Theorem 3.10 from [44]], stating that the set of C!-
embeddings is open in C}(8'; R?). Now, the fact that H*(S!; R?) embeds continuously
into C1($'; R?) implies the result. o

Remark 4.2. If a sufficiently good initial guess m. € M of the true solution is available
and if m, is free of self-intersections, then Lemma [4.1 ensures that we can choose

Moy ={meM||m-mx <6} (4.3)

containing only non-self-intersecting curves.

Although we have not encountered the problem of self-intersections in practice
for our method, we briefly outline how to avoid this issue whenever needed. A popular
and widely studied energy that is self-avoiding (i.e., finite energy guarantees that the
curve is free of self-intersections) is the so-called Mobius energy defined as

1 1
Em(T) = /F/F (|x WE - it (v ds(x) ds(y), (4.4)

where dist' (x,y) denotes the geodesic distance between x and y along the curve I

as a one dimensional manifold in IR? and integration is performed with respect to the
line elements. This parameterization-invariant energy was introduced by O’Hara [47]
and its analytical properties have been studied by several authors [6} 7, 16| 20} 34} 35]).
The self-avoiding property is ensured by the first summand of the integrand, while
the second summand is introduced in order to remove the singularity along the
diagonal x = y. The Mdbius energy is invariant under Mdbius transformations (i.e.,
under conformal transformations of C = IR?) and thus in particular scale-invariant.
We will show in Section [4.4that using the M6bius energy as an additional penalty
term ensures that minimizers of the regularized problem are indeed free of self-
intersections.

4.2 Properties of the energy functionals

Most parts of this section are published in the article [12]].

The analysis of well-posedness and convergence properties of Tikhonov regular-
ization in Section 4.4/ requires some properties of the energy functionals &, and Eu
on the Riemannian manifold M. For showing existence of solutions via the direct
method of the calculus of variations, weakly sequential lower semi-continuity of the
objective functional is a desirable property. Weak convergence, however, is a concept
that is not invariant under nonlinear changes of coordinates. Since we parameterized
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M as in (3.2), the bending energy becomes a convex quadratic functional, enabling us
to derive the following result.

Proposition 4.3. Let & € { &y, Ey(-, m.) }. With respect to the X-topology, we have:

(i) M c X is weakly sequentially closed.
(ii) & is weakly sequentially lower semi-continuous.

(iii) Modulo shifts by elements of 2 & Z. , the sublevel sets E7([0, a]) ¢ M are weakly
sequentially compact.

Proof. We proceed in the usual manner of the direct method of calculus of variations.
In order to show (i), consider a sequence (m, = (0, L,, pn))nen in M that converges
weakly to some m = (6, L, p) € M. By the Rellich compactness theorem, H([0, 1]) is
compactly embedded in C([0, 1]) equipped with the supremum norm. Thus, weak
convergence of 6, — 6 in H'([0, 1]) implies strong convergence in C([0, 1]). Since the
closing conditions are continuous on C([0, 1]), this implies that § € 6 and thus
me M.

In order to show (ii), notice that & is defined in terms of a squared seminorm on X,
which is a continuous and convex functional, whose sublevel sets are therefore
sequentially closed and convex. The fact that sequentially closed convex sets are
weakly sequentially closed implies (ii).

For showing (iii), we first observe that for each z € 2 7 Z, the curve represented by
(0 + z, L, p) is the same as the one represented by (0, L, p). Now let m,, = (6,,, L, pn)
be a sequence in a sublevel set §7}([0, a]). Modulo shifting by z, € 2 7 Z, we may
assume that 6,(0) € [0,27]. We may define an equivalent norm on H'([0,1]) by
[|10]]« == 10(0)| + ||6’||;2. We then either have ||0,||;: < 271 + /E(,) (for the case of
E =&p)or |0, — 0.l < 27 +10.(0)] + VE(D,) (for the case of & = &Ep(+, my)). In
either case, the sequence (m,)nen is bounded in H, and hence it has a subsequence
(0n,) converging weakly to some 6 € H'([0,1]). Moreover, [L, L] X B is compact
so that we may find a further subsequence so that m,, converges weakly to some
m = (0, L, p) € H'([0,1]) X [Ly, Ly] X B. Because of (ii), we have &(m) < a and because
of (i), m is indeed an element of M. O

Lemma 4.4. The Mobius energy Eyi: M — [0, oo] defined by is weakly sequen-
tially lower semi-continuous with respect to the weak topology of X.

Proof. Recall that constitutes a smooth mapping from M to H?(S';IR?). As
shown in [7], the Mobius energy is continuously differentiable (and thus continuous)
on the space of embeddings of class C*(8!; R?) N H3/?(5'; R?). Now the statement
follows from the compactness of the embedding of H*(S!;IR?) into this space. More
precisely, let m,, m € M with m, — m. We have to show that Ey(m) < ¢ =
liminf, . Em(my,). In the case of ¢ = oo, there is nothing to show, so assume that
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¢ < oo. Since &y is invariant under scaling and translation, we may assume that
L, =L =1and p, = p = 0. Denote by y,, y € H*(S';R?) the corresponding
parameterizations. Due to the Rellich embedding, we may pick a subsequence such
that ¢ = lim_,c Em(my, ) and such that y,, — y strongly in C®' N H3/2. The latter
shows that

En(m) = lim Enilmn,) = .

which proves the claim. ]

4.3 Hessian of the bending energy

In this section we investigate the Hessian of the bending energy. Recall that the
Hessian of a functional is the covariant derivative of the gradient field, see Chapter@
for details. Furthermore we prove that this Hessian is locally Lipschitz continuous.

In the following lemma we compute the first and second derivative of the bending
energy (4.2). Recall that the energy for a curve m = (0, L, p) is given by

Ex(m. m.) = /0 Os) - 0.5) ds.

Lemma 4.5. The first and second derivative of E(-, m.) at m are given by

1
D&y(m, my) (v) = 2 /0 (6(s) — 6.(s))) ¥'(s) ds, (4.5)
D&y (m, m.) (v, v) = 2 /01 (v’(s))2 ds (4.6)

with v = (v, vL, vy) € T M and they are bounded operators on T,, M and the bound
only depends on 0, i.e. it holds that

IDEY(m, m.) (v)| < 210" = Izl 2]lm (4.7)

and
ID?Ep(m, m..) (v, v)| < 2||v|13 (4.8)

forallv € Ty M.

Proof. The formulas for the derivatives as well as the estimates are straightforward
to compute. O

The next theorem states an explicit formula for the Hessian of the bending energy.
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Theorem 4.6. Letm = (0,L,p) € M andv = (v,v1,vg) € Ty M be given. Then the
intrinsic Hessian of the bending energy at m is given by

Hess Ep(m, m..) (v, v) = D Ey(m, m.) (v, v) — DEY(m, m.) DH(8)" D?P(6) (v, v).
(4.9)
Here the second fundamental form D®(0)" D2®(0) (v, v) = ]Ig (v,v) as an element of
HY([0,1]) (see Theorem is canonically embedded into X.

Proof. From basic Riemannian geometry it is known that the intrinsic Hessian of a
functional on a submanifold can be expressed using the second fundamental form.
The general equation (A.25) is in this case given by

Hess Ep(m, m,) (v, v) = D2Ey(m, my) (v, v) + DEL(m, m..) I[%(v, v).

Recall that M = ©X[Ly, L,] X B. Here [L4, L,] is a trivial submanifold (with boundary)
in R. Since we always assume L € [Ly, L] to be an inner point, the curvature vanishes
there. One can see this as follows: Since the tangent space at any inner point is
isomorphic to R itself, the orthogonal space is just zero and therefore the second
fundamental form as an element in the normal bundle is always zero. For B with
nonempty interior with any inner point the argumentation works analogously. Thus
we have

I[/n\f(v, v) = (]Ig)(v, v),0,0).

By applying the results of Theorem 3.7 we obtain the statement. O

By combining Lemma [4.5|and the Theorems 3.7 and [4.6| one can derive upper and
lower bounds as follows.

Lemma 4.7. The bilinear form Hess Ey(m, m.) on Ty M is bounded and the bound
only depends on 0:

Hess Ep(m, m,) (v,v) < 2(1+ |0/ = 0.]|12 Cu(9)) |Iv]lZ, (4.10)
forallv € T,y M. Furthermore we can also bound the operator from below by
Hess Ep(m, m.) (v,v) 2 2(1- 210" - 6.I|2 Ca(9)) |2l (4.11)

forallv e T, M.

Proof. Both statements follows directly by applying Cauchy-Schwarz and then using
Theorem For the second one we also used ||v||z2 < ||v’||§2. O

In the assumptions of the convergence analysis in the next chapter we need local
Lipschitz continuity of the Hessian. As preparation for it the corresponding local
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Lipschitz property is proven for the first and second derivatives of the bending energy
in the next lemma.

Lemma 4.8. Letm = (0,L,p), o > 0 and Bé\’((m) be a geodesic ball (in the sense of
3.33)). For i = (6, LD e Bé\"(m) denote the parallel transport along the minimizing
geodesic connecting m and m by PI'. Then the first and second derivative of &y, are
locally Lipschitz continuous with respect to m. That is, for allm = (0,L,p) € M and
sufficiently small o > 0 it holds that

|D8b(m, m..) (v) — DEy(m, m..) (7’,’,?0)| < 2(1+Cp(0,0)) dist(m, m) ||lv|lm  (4.12)
and

ID2E(m, m..) (v, v) - D*Ey(, m.) (Phv, Piiw)| < 4Cp (6, o) dist(m, m) ||v|2,
(4.13)

forallv e T,Mandallm € Béw(m), where Cp(0, o) is defined in in the proof of
Lemmal(3.9

Proof. By plugging in the explicit formulas and using standard estimates we get

[D&,(m, m.) (v) - D&, m.) (Prio)|
=2[(0" - 0, V)12 — (0 = 6L, (P{v) )iz
<20 = 0, — (O - 0), 0 )| + 2|8 = 0,0 — (PDoY)p|
<216’ = &' llpz 1/ llp2 + 116" = O%lIp2 1o — (PgoY lIzz).
Note that ||0" — 0’ 2 < dist®(6, 5) < dist™(m, m), where dist® indicates the Rieman-
nian distance only on the submanifold 6 in H([0,1]) and ||2'||;2 < [[©llg < ||©|lm. By
using the result of Lemma [3.9| we obtain the statement.
Concerning the second derivative we can estimate similarly to the above:
ID2&p(m, m..) (v, v) — DXEy(, m.) (Piio, Plio)|
=2|Ilv'|I% - ll(PgoY|I%|
<2 (0" = (PJo), )| + 2 [{(PIvY, 0" — (Pv) )1z

<2 (|[ollgr + 1P 0llm) llo = (Pgo) -

Using that Pg is an isometry (see Section|A.3)) and Lemmathe bound (4.13) follows
as well. ]
Theorem 4.9. Letm = (p,L,0) € M,0 > 0 andm = (ﬁf, 5) € Bé"‘(m) and Pn’? be
the parallel transport along the minimizing geodesic connecting m and m. Then the
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Hessian on M of &y, is locally Lipschitz continuous with respect to m. That is, for all
m € M and sufficiently small o > 0 it holds that that

|[Hess E(m, m.)(v, v) — Hess E(7i, m.)(Piv, Pv)| < Cpess(m, 0) dist(m, m) ||v]1%
(4.14)
with
Cress(m, 0) = 2(1+ Cp(0, 0)) + 4Cp(0,0) C1(0) + 2 (/10" — 0|12 + 0) (4.15)
X (Coor(6.0) +2V2 (Co(6) + py(16/ll:2 + ) Coza(6:0))

forallv e TyMandm € BZ,V‘(m).

Proof. It holds that

| Hess En(m, m.)(v, v) — Hess Ep(i, m.)(Plv, Pliv)|
=[D?Ep(m, m.) (v, v) — DEL(m, m,) DO(O)' D*®(0) (v, v)
— D2&y (7, m..) (PP, Pv) + D&, m.) DB(0)' D*®(8) (Plv, PLv)|
<[D%&y(m. m.) (v, ) - D*Ey(7, m.) (Piw, Piv)|
+ |(DEy(m, m.) — DE(m, m)PT) DP(O)" D?*®(0) (v, v)|
+ D&Y, m)PE (DB(B)' — DB(8)) D?*®(6) (v, v)|
+ [DE (i, m)PT D) (DXD(0) (v, v) — D*d(B) (Plo, Plv))|.

The first term on the right-hand side can directly be estimated by Lemma [4.8 via
(4.13). The second term is controlled by the same lemma using (4.12) together with
the upper bound for the second fundamental form (3.29). For the third term we use

the Lemmas [3.3||3.12[and [4.5| and the fact that Pg is an isometry. To estimate the last

expression we apply the Lemmas and

Therefore one obtains the bound

C:= 2(1 + C;D(Q, Q)) + 4Cgo(9, Q) C]I(Q) (4.16)
+ 218" - 0.2 (Coat(6; 0) + 2V2 Cp(B) Cnaa(6, 0)).

By It holds that it
16" = 0.1l < 16" = Oz + 167 = &' |l2 < 116 = 6.]I12 + o

By using the notation pD(||5’ Il;2) = CD(§) from the proof of Lemma we can use
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the estimate given by
Cp(®) = Cp(6) + (116l + 0)

to obtain the statement. m|

4.4 Tikhonov regularization

The main parts of this section are published in the article [12]].
In this section we consider a general injective operator

FMocM—->Y

mapping a set of embedded curves M, into a Hilbert space Y. The unknown exact
solution will be denoted by m" € M,. Noisy data is described by a vector y° € Y
satisfying

ly” = F(m")lly < 6.

In order to approximately recover m' from the data y°, we use Tikhonov regular-
ization with some regularization parameter a > 0:

mg € argmin [||F(m) - y5||§ + a Ey(m, m*)] ) (4.17)

meM,

Here m, denotes an initial guess of m" and may be set to 0 if no such initial guess is
available. If no appropriate submanifold of embedded curves M, containing the true
solution is known, we may choose M, by setting M, := {m € M | Eq(m) < ¢ } for
sufficiently large ¢ > 0 or alternatively consider Tikhonov regularization of the form

m{ € argmin [||[F(m) — y°|12 + & Ep(m, m.) + a En(m)] . (4.18)

meM
Since Epm(m) = oo if m is self-intersecting, Ey acts as a barrier function: Only
the values of F on the set of embedded curves are relevant and each curve y, s is
guaranteed to be embedded.
With the properties of the energy functionals established in the previous section,
the following convergence properties follow from the general theory of nonlinear
Tikhonov regularization.

Theorem 4.10. Assume that M, C M contains only non-self-intersecting elements
and let m" € My. Suppose that F: My — Y is weakly sequentially continuous (with
respect to the topologies of X and Y ) and injective and M is weakly closed in the case

of (1D,
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1. (existence) The minimum of the Tikhonov functionals in (4.17) and (4.18) is
attained for any a > 0.

2. (regularizing property) Suppose that F is injective. Moreover, consider a sequence
of data (y°) with ||y’ — F(m")|| < 8, — 0 asn — oco. Assume that the
regularization parameters are chosen such that

Sn
Van

Then for any sequence of minimizers of the Tikhonov functionals we have

— 0.

a, — 0 and

tim [~ = lim [l 1ol = 0. (419
tim |[F(m) — F(m)y = o (120

3. (convergence rates) Suppose in the case of (4.17) that there exists a loss function
I: M X M — [0, 00) and a concave, increasing function ¢: [0, c0) — [0, co) with
@(0) = 0 such that m" satisfies the variational source condition

I(m,m") < &y(m, m.) - Ep(m’, m.) + p(||F(m) - F(m")[13) (4.21)

forallm € M,. Then the reconstruction error for an optimal choice o of « is
bounded by
l(mg, m') < 2 p(6%). (4.22)

Proof. We define a functional &: X — [0, o) by

or
00, else

Em) — {abon, m.), ifme M,

&E(m) = {Sb(’”’ m,) + Em(m), ifme M,

0, else

in the case of or (4.18), respectively. We show that in both cases & is weakly
sequentially lower semi-compact, i.e. sublevel-sets of & are weakly sequentially
compact. In the first case this follows from Proposition part and the
assumption that M, is weakly sequentially closed. In the second case this is a
straightforward consequence of Proposition [4.3] part and Lemma [4.4]
Extending F to an operator F: X - Yinan arbitrary fashion, we can formally
write the Tikhonov regularizations and as a minimization problem over

X,
5

My

€ argmin [||F(m) - yéll,?[ + aS(m)] .

meX
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and apply standard convergence results for generalized Tikhonov regularization. The
first statement now follows from [53, Thm. 3.22] or [15, Thm. 3.2].

To prove the second statement, let m" = (67, L7, p7) and mi’; = (0, Ly, pn) and
recall from [53] Thm. 3.26] or [15, Thm. 3.4] that holds true, and for an injective
operator we have weak convergence of mg’; to m' as well as limy,_, o a(mﬁ; ) = &(mh).
Since &, and &)y are both weakly sequentially lower semicontinuous it follows that
limy e (16 = 0,112, = 1167 — 6.)||%,. This implies

1(6n = O7Y 117, = 11(6n = 0. 112, = (67 = 0112, + (07 = 6.)', (6, = 07 )12

— 0 asn — oo,

Modulo shifts in 2 7 Z, we may assume that 6,(0) € [-x,7]. By passing to a
subsequence, we may assume that 6, (0) — 67(0). Using the equivalent norm
16]|.. := 16(0)| + ||6’||zz on H'([0,1]) this yields strong convergence of (6,,) to 6" in
H'([0,1]). As weak convergence in R? is equivalent to strong convergence, (Ly,, pn,)
also converges strongly to (L', p). As this holds true for any subsequence, the whole
sequence (mjfg; ) converges strongly to m' in X. This implies strong convergence of
the corresponding curves in the supremum norm.

The third statement follows from [18] or [15, Thm. 4.11]. O

We point out that the variational source condition is related to stability
results as worked out for inverse medium scattering problems in [28] where such
conditions with logarithmic functions ¢ hold true under Sobolev smoothness con-
ditions on the solution. However, for inverse obstacle scattering problems no such
verifications of variational source conditions are known so far.

Remark 4.11. It can be seen from the references cited in the proof of Theorem[4.10|that
the results can be extended to the case where Y is a Banach space and ||F(m) — y° ||§,
is replaced by more general data fidelity terms S(F(m), y°).

4.5 Application to inverse obstacle scattering prob-

lems

In this section we model the Problem[1.2]on the shape manifold introduced in Chap-
ter [3{and apply the regularization approach using the bending energy discussed in
the last section. One may describe the inverse problems as operator equation: We
introduce the operator F: M — L*(IM) mapping m € M to the far field pattern u,
of the scattered field in Problem [1.1] for the domain 2 corresponding to m. More
precisely, the boundary I is given by the image of the curve parameterization y,,(5')
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and Q is the unbounded component of R? \ y,,($'). The inverse problem is described
by the operator equation
F(m) = teo. (4.23)

By Schiffer’s uniqueness result ([9, Thm. 5.1]) F is injective if M = §! x §!, and by
the uniqueness result of Colton and Sleeman ([9, Thm. 5.1]) it is also injective if M is
the product of §! with some finite set and if all curves y,, for m € M are contained
in a ball of a certain size. (Both results are stated in [9] for R3, but also hold true in
R?%)

Let us show that the operator F also satisfies the remaining assumptions of
Theorem

Proposition 4.12. The operator F maps weakly convergent sequences in M, (with
respect to the topology of X) to strongly convergent sequences in L*($*) and is continu-
ously Fréchet differentiable.

In particular, F is strongly and weakly continuous.

Proof. Notice that the linear mapping X — C!($;R?), m +— y,, defined by
is compact by embedding theorems for Sobolev spaces, and hence it maps weakly
convergent sequences to strongly convergent sequences. Moreover, the forward scat-
tering operator C1(S!;R?) — L%($'), ym > ueo is continuously Fréchet differentiable,
and in particular continuous by [25) Thm. 1.9]. Therefore, the composition of these
two mappings is continuously Fréchet differentiable and maps weakly convergent to
strongly convergent sequences. O

Notice that by the last proposition the operator equation on an infinite-
dimensional manifold M is ill-posed in the sense that there cannot exist a strongly
continuous inverse of F. Otherwise every weakly convergent sequence in M, would
be strongly convergent.) This implies the need for regularization to solve this equa-
tion.

It has to be remarked that on the one hand this proves a new geometrically
conform regularization method for solving inverse obstacle scattering problems, but
on the other hand solving the minimization problem is a challenging task. The
functional is smooth, but nonconvex and therefore an algorithm to compute (4.17)
can easily get stuck in a local minima. This motivates to develop and investigate an
algorithm, which can overcome such difficulties.



ITERATIVELY REGULARIZED
GAUSS-NEWTON METHODS
ON MANIFOLDS

Few ideas work on the first try. Iteration is key to
innovation.
— Sebastian Thrun

In the last chapter we introduced a variational regularization approach on shape
manifolds based on the bending energy for penalizing. Unfortunately, using this
approach one has to solve a smooth, but highly nonconvex optimization problem
on a manifold. The numerical minimization is challenging because of local minima.
This motivates to investigate an iteratively regularized algorithm in analogy to
the iteratively regularized Gauss-Newton algorithm introduced in Section [2.4 for
nonlinear operators on Hilbert spaces.

A general framework for such algorithms is introduced in the following. Further-
more, the assumptions on the space, the operator and the regularization term are
presented and discussed. Moreover, we prove convergence rates of the algorithm for
exact and perturbed data.

Finally the general framework is applied to inverse obstacle scattering problems,
using shape manifolds and the bending energy introduced in Chapters [3|and [4] The
assumptions made in the general case are discussed and partly verified. Unfortu-
nately, the assumption to control the nonlinearity of the forward operator could
not be verified. The analogous assumption in the Hilbert space setting described
in Section could not yet be proven, either. Nevertheless, this drawback in the
theory is discussed in Section[5.5] We emphasize that all assumptions can be verified,
which arise newly from the generalization of the algorithm from Hilbert spaces to
Riemannian manifolds.
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5.1 A general Newton-type algorithm

Let F: dom(F) ¢ M — Y be a general Fréchet differentiable operator with injective
derivative DF(m) for all elements m € dom(F). Denote an unknown exact solution
by m" € dom(F) and let the noisy data y° € Y satisfy

IF(m") = ¢°lly < & (5.1)

with an error bound § > 0.

Let &: M — R be a C? functional incorporating a-priori information. In the
following, we will examine an iteratively regularized method given by a sequence
(mk)kem- In each Newton-type iteration we solve the minimization problem

vy = argmin J ;¢ () (5.2a)
vekaM Y%

with

2
jy;"’;k (v) = ||F(mk)+DF(mk)v—y5||Y +ag <7{ess E(my)v, v)mk +ag (grad E(my), v>mk

(5.2b)
in order to obtain the update direction vy € 7,,, M and compute the next iterate

Mit1 = expmk(vk)’ (52C)

by the Riemannian exponential map (see Section[A.3|for details). Here, 75, M denotes
the tangent space of M at the point m € M, the Riemannian metric is denoted by
(-, -)m and the induced norm by |||,

In addition, we choose a sequence of regularization parameters (¢ )xeny € R such
that

Ak

ar > 0, 1< < Cy, lim ai = 0. (5.3)

X +1 k—oo

This is a generalization to infinite-dimensional manifolds of the iteratively regu-
larized Gauss-Newton method (IRGNM), which was first introduced by Bakushinskii
[4] in the case for Hilbert spaces. Assuming that the Hessian of & is positive definite

(see Assumption [5.8) the minimizer of (5.2a) is given by

O = ((xk Hess E(my) + DF(my.)* DF(mk))_l (5.4)

X (DF(mk)* (y® — F(my)) — ax grad 8(mk)).

Remark 5.1. In comparison to the iteratively regularized Gauss-Newton method
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on Hilbert spaces, in the algorithm both the data fidelity term and the
regularization term is replaced by a Taylor approximation. This arises naturally
by the generalization to the manifold setting and will play a role in the following
convergence analysis in the Sections5.3|and

5.2 Spectral source conditions

As in Section [2.4| we will prove convergence rates using a-priori knowledge about
the solution decoded by source conditions. In this section we generalize the notion
of source conditions to manifolds.

We will use the following notation

g=grad&m’) e T,y M, H:=Hess&Em'): T, iM— T, xM, W= H3
and
T:=DF(m'): T,y M =Y, L :=TW.

We generalize the notion of source conditions to the context of Riemannian
manifolds as follows:

Assumption 5.2. There is somev € T,,: M such that
9= W1le(Ll*L)v (5.5)

for an index function ¢ (in the sense of Definition[2.7).

In [38] it was shown that an index function of the form always exists. Recall
that in the case of mildly ill-posed problems the index function can be expected to be
of Holder-type

oy(A) =AY (5.6)
for v > 0, and in the case of severely ill-posed problems of logarithmic form

(=InA)7P, 0<A<exp(-1)

5.7
0, A=0 7)

%(A) = {

with p > 0, which was already discussed in Section Here we will assume that
IT* T|| < exp(—1), which can always be achieved by rescaling the norm ||-|ly. In

general we can assume without loss of generality that

p(A) <1 forall Ae(0,|L]%]. (5.8)
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Remark 5.3. One can see that is a natural choice for generalization into a
manifold setting. Consider the special case that the manifold is itself a Hilbert space,
i.e. M = X. Then every tangent space can be identified with the model space. If
we use the variable transformation x — X = H~Zx or the weighted inner product
(x, y)m = (x, Hy)x then the source condition is equivalent to

T=o(H 2T TH )0,

which coincides with the known source conditions for weighted operators over
Hilbert spaces (see (2.20) in Theorem [2.11).

In order to prove convergence of the algorithm[5.2]using general source conditions,
we apply additional assumptions used in the literature for the index function ¢, see
[39.138]. For this, denote the filter functions corresponding to Tikhonov regularization

by
1

ak+/1

qr(A) = and ri(A) = 1- Agr(A). (5.9)

In the following, we only consider filter functions which are covered by the identity,
ie. ¢ > id with some constant C > 0 as used in the Definition [2.8] In [39] it is shown
that in this case there is a constant ¢, > 0 with ¢, < max{1, %} such that

sup [re(AD)] (1) < ¢y p(ak), k € N. (5.10a)
0<A<||L|12

If, in addition, ¢ > Vid is satisfied, then it holds that

sup VAWl o(A) < cp Vax p(ew). ke N. (5.10b)
0<A<||L||2

Provided the index function is concave (which is the case for Holder index functions
with v < 1 and logarithmic index functions), we get by

o0 = (3 (€02) + (1= ) o) = - olCud) + (1= ) o0

and the fact that ¢(0) = 0 in addition the estimate

2Ced) o porall ae 0. ILI12/Ca]. (5.11)
@(A)

As in Chapter [2] we use the a-priori stopping rule (see (2.32): the iteration stops
at the first index k = k(a, §) such that 7+/ag¢(ay) is less or equal than §, for some
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T >0, ie.

tVarp(ax) < 6 < tyarp(ar),  0<k<k. (5.12)

5.3 Spatial and nonlinearity assumptions

Being able to change between different tangent spaces is necessary to prove con-
vergence rates. We will use two slightly different maps which encode this behavior:
the parallel transport and the derivative of the exponential map (see Section
for details). These maps are closely related and in parts they map identically. From
now on, we denote by P,’nﬁ : TmM — T5 M the parallel transport along the unique
geodesic from m to m. Uniqueness is guaranteed by restricting to a sufficiently small
set, as discussed below. In our setting P,’nﬁ becomes unitary, i.e. the inverses and
adjoint mappings satisfy
n = (P = P

Here, P transports vectors along the geodesic starting from m to m, the reversed
geodesic ([51, Sec. 2]). Furthermore, we use the derivative of the exponential map
Dexp,,(v): TmM — Tz M with v := exp,l(m) € 7., M. Note that the derivative of
the exponential map and the parallel transport coincide along the direction v:

Dexp,,(v) (v) = Pio.

In section [5.4| we prove convergence of the algorithm under the source
condition and the stopping rule introduced in (5.12). This is done locally in a
neighborhood of the exact solution m". In fact, we consider a ball BQ(mT) ={me
M | dist(m,m") < o} of radius ¢ > 0 contained in dom(F). In the following we
need the crucial assumption that the curvature of the manifold is bounded in the ball
BQ(mT).

Assumption 5.4. There is constant Cyy > 0 depending on o and m' such that
[Rm(, V)Wllm < Co [[tllm 1]l [[Wllm (5.13)

for allm € B,(m') and u,v,w € T, M. For all m € By(m") the map exp,, is a
diffeomorphism.

On finite-dimensional manifolds the first part of this assumptions is always
satisfied. To see this, note that the ball is compact on finite dimensional manifolds.
Therefore the curvature tensor can be bounded uniformly in this ball. In infinite
dimension one cannot expect to get a uniform bound and has to verify the assumption
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locally. The second part of the assumption guarantees that for every two points
in the ball BQ(mT) there exists a unique connecting geodesic. By choosing o small
enough we can always guarantee the existence of a minimizing geodesic between
two points in the ball.

From literature (see e.g. [30]) we know that the replacement of the data fidel-
ity term by a Taylor approximation implies the need for a condition to treat the
nonlinearity of the operator F.

Assumption 5.5. There are mappings S(m,m) € L(Y,Y) and Q(m,m) € L(T;m M,Y)
form, m € BQ(mT) and constants Cs, Cg > 0 such that

DF(m)Dexp,,(v) = S(m, m) DF(m) + Q(m, m) (5.14a)
I = S(m,m)|ly < Cs (5.14b)
1Q(, m)|| < Co|[DF(m") Dexp,,(exp;,(m")) (v)lly (5.14¢)

for allm, m € By(m") where v := exp, (i) or equivalently exp,,(v) = m.

Remark 5.6. Note that if M is a Hilbert space X, then (5.14) reduces to a widely used
nonlinearity Assumption [2.12] see also [29][30]]. In the flat space the exponential map
is given by the translation operator whose derivative is the identity mapping.

Remark 5.7. The operator Dexp,,(v) is a map from one tangent space to another,
which is called a vector transport. The choice of Dexp is not arbitrary and arises from
using exp in the algorithm as update step. Although we know from differential
geometry that the parallel transport map behaves identically to the exponential
map in one direction, see (A.13). By applying Assumption 5.4 and Lemma|[3.9 the
difference of the operators is controlled by a bound on the curvature. Whereas we
cannot exchange the choice of vector transport when it is composed with an ill-posed
operator.

We illustrate this fact in the following example. Consider a linear, injective,
compact and exponentially ill-posed operator T: X — Y between Hilbert spaces.
Assume there is a linear operator J: X — X satisfying ||J — idx|| < ¢ for ¢ small. In
general, there does not exist an operator A: Y — Y such that

AT =T]

with ||A — idy|| < C for a constant C > 0. One can see this as follows: Denote with
(fu> gn» on) the singular system of T (see [13]]) and assume that T is exponentially
ill-posed in the sense that o, = exp(—n”) for some p > 0. Consider the operator

B {fzn'—>fzn+%fn,

2n+1 2n+1 9 Jn
fons1 > fone1 + 3 f
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which satisfies ||/ —idx|| = % Assume that a operator A satisfying the above identity
exists, then it follows

A: {an = an + %%gn

1 _0n
Gon+1 7> Gon1 + 55—

9n-
As one gets

on _ exp(-nf)

om  exp(—2pnp) P (22 —1)nP)

the right-hand side tends to infinity for n — oco. Therefore, the operator A is unboun-
ded, which contradicts the assumption.

This shows that one cannot simply replace Dexp,, with the parallel transport in the
decomposition (5.14), just because their difference is small in a small neighborhood.

To ensure the existence of the direction vy given by (5.2a), we assume that the
Hessian of the bending energy is bounded, boundedly invertible and strictly positive
definite:

U

o8 CfH > 0, such that the family of operators

Assumption 5.8. There are constants C
Hess E(m): TyyM — Ty M satisfies

1
| Hess E(m) vllm < Cyllolln  and  ((Hess E(m))v, v)p > C—Lllvllﬁ1 (5.15)

H
for allm € By(m") and v € T,, M and define the constant
Cy = max {\/CTI, @}
We will use the notation
gk = grad 8(my) € T M, Hy .= Hess E(my): Ty M — Ty, M
and
Wi = H_ %, T := DF(mg): Ty M — Y, Ly = Te W,.

Note that the Assumption [5.8]is necessary for defining ‘W and W} and in this case
we can rewrite (5.4) as

v = W ((XkI + Lz Lk)_l (LZ (y(S - F(mk)) - akagk). (5.16)

Likewise, note that the regularization functional & is nonlinear. Similar to the
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assumption for the forward operator, we need to impose a condition & to control the
nonlinearity.

Assumption 5.9. The Hessian of & is locally Lipschitz continuous, i.e. there is a constant
Cg > 0 such that

[P Hess &) PR o - Hess Em) o], < C dist(m. @) ol (517)

forallv € TyM andm, m € B@(mT).

5.4 Convergence analysis on infinite-dimensional

manifolds

In the following we will use the notation:

eZ = exp,‘,}k(mT) € T M, el,; = expr_nlf(mk) € T M.

Note these two tangent vectors are elements of different tangent spaces and connected
by the identity

e’; = —P,’,';Ze,i. (5.18)
The main strategy for the proof of local convergence is based on the proof of local
convergence in the Hilbert space setting, see Theorem|[2.13] In the first four lemmas we
establish bounds for the distance between the exact solution and the (k + 1)-th iterate
in terms of the k-th iterate. Using general source conditions this is not sufficient
to prove convergence rates, which is discussed for the Hilbert space setting in [30]].
We examine the corresponding errors in the observation space as well. From these
recursive formulas, we prove convergence rates first for exact data and afterwards
for noisy data.

Lemma 5.10. Suppose the Assumptions and hold true and my € B,(m"). Then

KX
]

]. BN
k
leF™ It = e llmen < (1+ Co lleln) 1ok = €fllm, + 5 Co lloe = €Il (5:19)

Proof. The tangent vectors above measure the distance between the k-th iterate and
the exact solution in different tangent spaces, i.e.

e, = dist(my, exp,, (€))) = dist(my, m") = dist(exp,i(ef), m") = [le s,
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due to 1mb On the other hand, the distance between my4; = exp,, (vx) and m' =
exp,, (e,) is given by the infimum of the length of all path connecting these two
points. Therefore, we choose the path y(t) = exp,,, (ez + t(v — eZ)) and estimate

dist(my1,m') = dist(exp,y, (VF), €xp,, (e]))

1
< / IDexpy, (¢ + t(or - e)) (0 — e}l o dr.
0

Using wy, == ez +t(vg — ez) we apply (A.18), Assumption and the isometry property
of parallel transport (see Section[A.3) to get

1
t
IDexpy, (wi) (@ = eDllyy < 190 @k = Dl + 5 1R, (wie 01 = ) Wil
1
< llok = efllme + 5 Collok = el lIwell7,

Since (a + b)? < 2a? + 2b?, it therefore follows that

1

dist(mics,m) < 1ok = efllng + 3 Co [0k = €], / 2(lleg 7, + £ low = eI, ) dt
< (1+ CollefI1, ) 1ok = ¢fllm, + 3Co llox = €I,

and together with the above identity we deduce (5.19). ]

Lemma 5.11. Suppose the Assumptions and hold true and my. € BQ(mT). Then

1+ 1Collvk — €Il
1-Cs = 3Collef |t

1T ly < ((+ Tk = eDlly + Collo — €] lm, I1Tek )

(5.20)
if Cs + 3Collef | < 1.

Proof. The proof of (5.20) in analogous to the proof of (5.19). We start by estimating
the distance in Y by two different integrals. Firstly, for the lower bound we use the
nonlinearity decomposition li of F using the path t — F (exme(te’;“)):

[|F(mies1) = Fm")ly
1
|| [ DFeapyrek ) Dexpy ek ek ]
0

1
:H / Sexp (te), m") Tk + Q(exps (tek™), m') ek dtHY
0

1
> (1= Cs = SCollek ™l ) ITef -
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The positivity of the right-hand side is guaranteed if Cs + %CQHe’;“HmT < 1 holds
true.

We deduce the upper bound using the path y(t) := exp,,, (wk(t)) with wi(t) =
ez + t(vg — ez) by

1
|F(mear) — Fm|, < /0 IDE(y(£)) Deapy, (wi(t) (o — D], dt
1
- / (S (8), me) Tie + Q(y (2), i) (x — €D}y, dt
1
< / 1G5, me) TeCoe = €D, + 100 (). me) (o — €D i
< (14 Cs) ||Ti(ve — €Dy

1
+ Collor = ¢l [ [TDexpy, (e xpi (r o))y .
0

Note that exp,‘nlk (y(t)) = wi(t) and by 1) and we conclude that

Dexpmk(ez) (eZ) = P,'n”;ez = —e;‘.

Using this together with (5.14) we obtain for the last integral

1 '
/0 ITDexp,, (eh) (wi)ly dr

1
<ITedly + [ ¢TDenp, (e) v - )l de
0
1
< ITefly + - (|7 = S, mo) Te (o = Dl + [1S0m" s mo) Ti (o = ey
+ [lom’, mi) @i = e, )

1
<ITeklly + - ((1+ Co) ITi(ox = eDlly + Co ITek 1ok = el )
_ 1+ Cs
2

1 Kk
ITior = el + {1+ SCollow = efllm, ) ITef -

Combining the lower and the upper bound yields the stated inequality (5.20). O

We denote

Dz = Dexpmk(eZ) and Zﬂ‘ = Dexpm-l-(e’;).

Then due to (A.16) and (5.18) the identity (Z)if)* = Z)g holds true. By (A.18) and (5.13),
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we can derive a bound for these operators:
i 1 12
|Djw |, < (14 5Collelin, ) 1wl (5.21)

Concerning the invertibility of these operators note the following: Similarly as above,
we can derive the lower bound

1
| Dl = (1= 5Collel 2, ) il

forwe Tp M. If my € BQ(mT) and p are sufficiently small this guarantees invertibil-
ity and bounds the norm. The estimates for D;‘ work analogously.

Recall that is given by qx(L*L) = (oI + L*L)™! using the functional calculus.
Then from we obtain

vk — e = Wiqe(LiLo)L; (y° — F(m")) + Wiqr(Li L)Ly (F(m") = F(my) — Tee])
— o Wiqi(Li L) Wi gk — ot Wieqr(Li L) Wk WkeZ-

Furthermore, recalling that ri(1) = ax qx(1), we can write

Wirr(L L) Wiegk = D$ Wri(L*'LYWg + Wieri(Ly L) Wi (g — D? 9)
+ Wegr(LiLe) Wi (z)$ Wl + L'L)y W (DF)
— W Nl + L;Lk)wk-l)@$ Wri(L'L)Wg
= Df Wri(L'L) Wy + Wir(LiLy) We(gk — D5 9)
+ e Wegr(LLLe) Wi (D’;?{(D’;)_l - ﬂk)@;C Wri(L*L) Wy
+ Wegr(LiLe) Wi (D’;T*T(z)’;)‘l - T;Tk)z)’; Wri(L*L)Wg.
From this decomposition we can distinguish general types of errors: approxima-
tion, noise, nonlinearity and Taylor remainder. Both of the latter two are split further

into terms arising from the forward operator and the regularization functional. We

denote them by

: : i + \nl-F " F & &
Uk — eli = (eli+1)app + ( 11-+1)rlOl + (ell+1)n + (ell+1)tay + (ez+1)n + (eZ+1)tay ’
(5.22a)
where
(ef,,)™" = —DE Wri(L"L) W, (5.22b)

(ef, )™ = Wige(LiLLi (v — F(m"), (5.220)
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(ef)"™" = Wegr(LiLo)Li (Fm") — F(my) = Tie]). (5.22d)
(el )" = —Wiqe(LiL) Wi (Z)';T*T(Z)';)_l - T,j:rk)z)§ Wri(L*'L)Wg, (5.22€)
(el )™ = Wir(LiLo) Wi (ﬂi‘g — gk — ”er,i), (5.22f)

(e, )" = —Wirk(LiLo) Wi (@ﬁﬂ(@ﬁ)‘l - wk)@§ Wr(L'L)Wg.  (5.22g)

Note that since vy — ez € Tm, M also the error pieces are elements of the tangent
space 7, M. In general the terms (eZ PP, (e,iﬂ)IlOi , (ellrl)tay'F , (eZJrl)nl'F , (ezﬂ)tay'a
)™€ do not form a decomposition of eZ 1 € Tmy, M. Although this is true

T
k+1
if M is flat as for example a Hilbert space.

and (e
Moreover, we denote
(e];”)app = Wri(L*L)Wa.

In the following lemma we derive error estimates using this decomposition.

Lemma 5.12. Suppose the Assumptions with ¢ > Vid hold true and

assume and my € BQ(mT). Then we obtain

n 1
(el )™, < (1 gcollellli) ([Chaug hu | W08 (5.23a)
R (523)
_ 1/3 |Tef|
(e, )™, < Cw;(gcglle$||m+ +20y) V;—kY, (5.23¢)
N [T (el )™l
lets)™ ll, < Cros—— 2= (5.23d)
ey, - Il
2 m N Var
" 3 1
(el ™, < 5C5 (Ce + CoCallvlle ) lefll, (5.23¢)
l(eb )™, < €2 (Co + CoCollelhm, ) 1521 e, (5.23f)
and
(52| < Cot pllvllms p(ee). (5.23g)

Proof. In the following we use the standard estimates as already used in Section

||(ozk1+L;Lk)‘1||si and ||(ak1+L’,;Lk)‘1L’;; <

1
ax 2\/(1_]('

(5.24)
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The estimate (5.23a) follows by (5.21) and (5.23g) from (5.5), (5.10a) and (5.15). The
inequality (5.23b) can be derived from (5.1), (5.15) and (5.24).

Now let us study the errors arising from the nonlinearity of F. First the Taylor
remainder:

||TkeT + F(my) — F(mT)”‘Y

< [ el + D (expyceh) Dexpy e e
= /O |DF (exp,,:(tef)) Dexp,: (tef) (€f) — Tk Deap,y:(ef) (e dt

1
= /0 H(S(expmf(tef:), m') — S(my, mT)) Te’TC

+ Q(exp,(tek), ek = Q(my, mhyek| v

1
<acs [ty + [ (colted)ly Ikl + ol e )

3
< (5Colletl + 26s) [kl

(5.25)

Inequality (5.25) provides the estimate for (5.23c). For the nonlinearity error we use
the identity

DT*T - Ty Ty Of = (TD))'T - Ty Tk Df
= T(S*(m", mi) = S(mye, m" )T + Q*(m', m)T + T, Q(my., m").

By straightforward computations using (5.10) and (5.14) we obtain the estimate (5.23d).
Next we consider the errors arising from the approximation of &. Using (A.18)

and (5.13) we get

IDexp,, (ef) (w) = Pt Wil

1
< SColleg i 1wl (5.26)

Recall that the Hessian is given as the covariant derivative of the gradient field (A.4)
and that the covariant derivative can be written as a limit of difference quotients
using parallel transport (A.6). Due to this, the fundamental theorem of calculus and

using the path ¢ — exp,, (tez) implies

1P g = g = Hielll,,.

1
= " ess t Ty (ot i
_‘ i pexl;mk(tff,i)ﬂ S(Mpmk(tek))Dexpmk(tek)(ek)—?{kek dt

mg

exp,, (te]) d

mp

:
/H expmk( WessS(expmk(tek))P ﬂ—lk)ek
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1
<Collfl, | distlm exmy,(re))de
1
= ~callll,

Thus, together with (5.5), (5.8) and since (1) < 1 we derive the estimate (5.23€) for
the Taylor remainder arising from the regularization functional. Only (5.231) is left
to show. By the decomposition

(DEH(DE)™ = ) DE = PIEH = HPT + (DE - P ) H - 9 (DE - 7%

mt

and (5.10a), (5.17) and (5.26) the inequality (5.23f) follows. O

The next lemma provides us error estimates in the observation space under
DF(my).

Lemma 5.13. Let the same assumptions as in Lemmal5.14 hold. Then

ITelef )™l < @+ CollTel) ™l + Coll( ) ™l [7ellly — G2)
[7ite )™l <8 (5:27b)
Il )™l < (5Co el +25) ekl (5.270)
Ielef )™y < 265 [lr(es =) ™l (5.27d)
:
‘ cg(%cﬂ% #eE )2 ) ety
[T el )™l < %Cw (Ce + CHCpllvll) Varllef 1, (5.27)
[Tl )™ lly < 5Cn(Ce + Cocollefl,,) Varlles) ™, eill,, G270

and
() < collvll varp(e). (5.28)

Proof. (5.28) follows from (5.10b) and (5.5). To prove (5.27a), we apply (5.14). By

Lk (eI + LiLy) 'L

<1

we have (5.27b). Next we can combine again (5.24) with (5.25) to obtain (5.27c].

For the nonlinearity error with respect to F we apply the same decomposition as
above and obtain the estimate (5.27d). The combination of the estimate for the Taylor
remainder of the bending energy with induces (5.27€). The nonlinearity error
from the bending energy can be estimated by (5.10a)), and to conclude
(5.271). O



5.4. Convergence analysis on infinite-dimensional manifolds 89

We combine the Lemmas and in the next result to sort the upper bounds
as preparation for the main theorem.

Lemma 5.14. Let the assumptions of Lemmal5.14 hold true. Then using the stopping
rule the inequalities

T k
el <ot 22l + ¢ ol 529
Itior - lly < avawotan + avalill,, bl 530

follow, where

1 2 2 1
= Cy ((1 +5Cpe%) +C5 (Ce + CDC‘HQ)Q) +Cs | egllolly +5Cur

a

N P

a.= ZCﬂ (Ce + CoCrllvllmi) 0

o1 3

& = 5C ((5Cg0 +2C5) + CuCo(2 + Crcyllolly
— . 1 o

a = ((1 +3Cs) + EC(H(CS + CHCDQ)Q) Collollyr + 7
~ 3 5

b= 2Cs + ECQQ + ECQC“H%”U”mT-

Proof. We sum up the estimates in Lemma and and apply (5.10) and (5.12) to

obtain the stated formulas. O

Now we are able to state the main result of this chapter and prove convergence
rates for exact data.

Theorem 5.15. Suppose the Assumptions with concave ¢ > Vid

hold true and assume . Assume Cs, Co, Cq, T and ||v||,,+ are sufficiently small and
ay sufficiently large as specified in the proof. Then there exits o > 0 such that the iterates
my, 0 < k < k, defined by are well defined for every my € D(F) satisfying

dist(mo, m") < oplav), (531)
if the stopping index k = k(8,y%) is given by . Moreover, it holds that
dist(mi, m') < og(ay), 0<k<k. (5.32)

Ifé6 =0andk = oo, holds true for all k € IN.
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Proof. The combination of the Lemmas and provides the estimate

1+ 1Collvk = €] llmg
T 1-Cs - 3Collekl,

(1+ 3Collvr = eflme) (1 + CoITe(wk = eDlly + Collor = eflmgITek v )

ITeE* v

(@ + CMTeter = eDlly + Collok = ef lm ITek v )

IA

1= Cs = 1Co ((1+ Co llefli3,) 1ok = eflm, + 3 Co llox = {13, )
if one can guarantee that
Cs +Co ((1+ Co I3, ) lox = efllm, + 5 ol — €fll3,) <1 (639
In this case we denote

1+ 1Collvk — eIl

1= Cs = 1o ((1+ Co llefI3,) llok = eflm + 4 Co llox = €] I3,

& =

and by application of Lemma we obtain

ITef  ly < & ((1 + Co) | Te(vr — eD)lly + Collox — e;nmknTeﬁnY)
< & (1+ Cs) (aVarp(a) + ava lef],, + 5 [Tek]y)
|| fly

+ & Co (a olex) + 2 el ) 1Tk . (5.34)

Using the notation

L L
= an a) = Vap(a
we prove by induction that
Xk < Cy (5.35a)
dist(mi, m') < op(a) (5.35b)

for 0 < k < k for some C, > 0. We will show in Proposition below that there
exist positive constants Cy, a, b, ¢, C, satisfying the system of equations

2
Cy = max {)(0, a }, (5.36a)

1-b++/(1-b)? - 4ac

a = c,(1+ Cs)(a + do). (5.36b)
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b = c,((1+ Cs)b + Co(a + 2dp)), (5.36¢)
¢ = ¢,Coc, (5.36d)
1+ 1CoCy
¢, = VCoC 2 , (5.36€)
¥ 1 Cs - 1Co((1 + Cpo?)Cy + 1CpCY)
Cp =a+2dp +cCy (5.36f)
with the constants from Lemma [5.14] as well as the inequalities
1 2 1 3
Cs + 5CQ((l + Cpo?)Cy + gcz)cb) <1 (5.37a)
b+ 2+vac < 1, (5.37b)
1-b++/(1—-b)? - 4ac
Yo < 2o , (5.37c)
1
(1 +Cpo® + ECD Ci) (@ +2do+¢Cy)Cy < 0. (5.37d)

By construction (5.35), for k = 0, follows from (5.31) and (5.36a). Assume now that
(5.35) is true for some k < k. Thus the assumptions of the Lemma 5.10| are satisfied

and by the choice of Cp, it holds that ||vx — elemk < Cyp. Therefore, (5.33) is satisfied

by and ¢, > 0.
From dS.SSa[) and (]5.35bb we have my € BQ(mT) and by it holds that

Ve plak) _ ¢(Cops1)
Vk+1 = \/C_a, @0tk +1) : p(agi1)

and therefore with (5.36€) it is

lef 1l < op(ax), < C,

&k < Cx
lI/(Ofkﬂ) B lp(ak)

By combining these with (5.34) and (5.36) we get the recursive error inequality

Xk S a+ by +cxp.

Denote by t; and t, the solutions to t = a + bt + ct?, i.e.

2a _1-b++(1-b)* - 4dac

1)

_1—b+\/(1—b)2—4ac’ 2¢ ’

where the expression for t; follows by a binomial identity (x — y)(x + y) = x* — y°.
By (5.37b) the values #; and t, satisfy #;, & € R and t; < t,. By construction of C; and
(5.35a) either 0 < yx < tyort; < yx < yo. If 0 < yx < t; holds true, then a,b,c > 0

5]
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In the second case (5.37c) and a + (b — 1)t + ct? < 0, for t; < t < t, implies

Xk+1 < a+b)(k+0)(,f < xk < Xo-

This proves (5.35a) in the induction step. Now (5.19) and (5.29) imply

1
e+ 55 o= eIl Jloe =<l

leg il < (1+CZ> &
| Tef|y )
Verp(ak)
o(a)

1
< 1+ Cpo® + =Cp C? (d + 2ap + ¢C ) ——— (A +1)
3 b & @(0tr41)

1
< (1 +Cpo® + 2Co cg) (d + 24 + 6C,)) Cap(prr).

1 - . .
< (1 +Cpo® + ECD Cz) (a(p(ak) + 2a||e;:||mlC + co(ax)

This together with the smallness condition (5.37d) show (5.35b) and in total (5.32). O

Proposition 5.16. There are positive constants satisfying and if one assumes
Cs, Co, ||vl|,n+ and o to be small enough and ay to be big enough.

Proof. We can replace (5.36a) by
2a

_1—b+\/(1—b)2—4ac

since yo is smaller than the right-hand side of (5.38) if « is sufficiently large. Therefore
we start showing that there are constants solving (5.36) with (5.36a) replaced by (5.38).
To prove the existence of such a constant one has to solve the equation with respect

c, (5.38)

to C, and show that this solution is a positive real number. Define

A 1= \J[C,Co(1 + Cs)(a + o),
B := \JCoCu (1 + Cs)b + Co(a + 230)),
C = [C,CaCpé

and functions for the nominator and denominator of the fraction in (5.36€) with Cp

replaced by
1 . R 1 .
N(Cy) =1+ ECQ(a + 2dp) + ECQCCX

D(Cy) =1 Cs - %CQ ((1+ Cog?) (@+ 200 + iCy) + %cﬂ (a+ 2d0 +Cy)°).
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We may write D in the form
1
D(C,) =1-Cs = 5Co (do +diCy +dyC + dgcj)
with coefficients

do = (1+ C@QZ) (a + 2dp) + %C@ (a+ 2&9)3,

dy = (1+ Cpo?) &+ Cp (a + 2d0)° ¢,
dy = Cp (d + 2d0)&,

1

d3 : gCZ) 63.

Note that d;, j = 0,1,2,3, tend to 0 as Cs, Cp, ||v]|,,+ and o tend to 0. Using this
notation, we choose

N(Cy) B N(Cy) . N(Cy)

D(C,)’ D(Cy)’ D(Cy)

Now we can reformulate the equation (5.38) by multiplying with the denominator,
substracting C, (1 — b) and squaring the equation to obtain

C2 ((1-b)* - 4ac) = 4a® — 4aCy(1 - b) + C5(1 - b)*. (5.39)

Note that by squaring we enlarge the solution set of the equation by allowing the
right-hand side to become smaller than zero, i.e. 2a — C,(1 - b) < 0. Plugging in the
notation for a and b and multiplying with the denominator function we obtain

0 < Cy (D(Cy) — BN(Cy)) — 2AN(C,)
For the right-hand side we get a polynomial expression such that
0<qo+ q1CX + qZC)z( + q3C§( + q4C;1(
with coefficients
1. s
qo = —2A(1+ ECQ(a +2dp))
1 1 . R 1.
g1 =1- Cs — ECQ do - B (1 + ECQ((J + ZCZQ)) - ZAECQC
1 1 .
Q2 = —ECQ d1 - EB CQC

1
q3 = —ECQ d2
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1
q4 = _ECQ dg.

For Cs, Cg, ||v]|,,+ and o tending to 0 the coefficients qo, g2, g3, g4 are all negative and
tend to zero and on the other hand ¢ is positive and tend to 1. Therefore the only
real solutions of the inequality are in the negative axis for choosing the parameters
small enough, which consequently cannot be a solution of the whole system.

Back to the equation (5.39), which is equivalent to
0 = 4(a® + acC)Z() —4aC,(1-D).

We divide this equation by a, since a = 0 if and only if N(C,) = 0 and this is only the
case for
—2(1+ 3Cp(a + 2dp))
- y <0
CZ)C

X

Using the representation of a, b and ¢ by nominator and denominator functions, we
multiply equation with D(C,)/4 and obtain

0 = N(Cy)(A + CC3) = C,(D(Cy) = BN(Cy)).
As above using the expression for N(C,) and D(C,) we get the polynomial equation
0 = po + piCy + p2Cy + psCy + paC,,
with coefficients

1 ~ oA
(1 + ECQ (a + ZaQ))A

po =
1 . 1 - . 1
p1 = ECQCA + (1 + ECQ (a + ZaQ))B + CS + ECQdO -1
1 . R 1 1.
p2 = (1 + ECQ (a + ZGQ))C + ECle + ECQCB

1C cC + 1C d

= = c -

ps =500 5 Q%2
1

P4 = 5CQd3

Now if the polynomial on the right-hand side has a root in the positive real numbers,
we can choose this point as the constant C,.

Note that the coeflicients py, p2, p3 and p4 are positive can be chosen arbitrarily
small by sufficiently decreasing Cs, Cp, ||v||,,+ and o. In this case the last coefficient
p1 becomes negative and tends to —1. Hence, the polynomial on the right-hand side
is monotonically decreasing in a neighborhood of 0 for positive real numbers so that
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it has a zero if Cs, Cp, ||v||,,+ and o are chosen sufficiently small.
Now we consider the inequalities (5.37). By choosing Cs, Cp, [|v||,,+ and o small
enough the conditions (5.37a), (5.37b) and (5.37d) follow and selecting «( big enough

one can satisfy (5.37c). ]

In the case of noisy data for a-priori stopping rules: the algorithm has the following

convergence rate.

Corollary 5.17. Let the assumptions of Theorem[5.15 hold true. Then the convergence
rate of the algorithm

dist(m, m’) < o ¢(W-1(§)) (5.40)

in the noise level § follows, where (1) = VAp(2).

Proof. From (5.12) we obtain the estimate
(0
ar < 14 (—)
T
From this, (5.32) and the monotonicity of ¢ the statement follows. o

Remark 5.18. Under the above assumptions with source conditions of the same form in
our case and in the Hilbert space case (2.27), our iteratively regularized algorithm
has the same convergence rates as the iteratively regularized Gauss-Newton method
in a Hilbert space setting, as discussed in Theorem[2.13]

5.5 Application to inverse obstacle scattering prob-
lems: the BERGN method

In Section [4.5 we proved that the forward operator F defined by the Problem [L.1)is
continuous and compact. Furthermore, in [25, Thm. 1.9] it is shown that this operator
is differentiable on general non-self-intersecting C? curves, which includes the class
of shape manifolds M introduced in Chapter 3| Besides this the injectivity of DF(m)
was proven in [25, Lem. 1.25].

Recall that by Lemma[4.5] the bending energy functional &}, is twice continuously
differentiable on M. Hence, we can apply the algorithm to our setting using
&E() = &p(+, my) for a given initial curve my € M. In this context we call the algorithm
iteratively bending energy regularized Gauss-Newton method (BERGN method).
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In this section we discuss the assumptions we made for the general framework to
conclude that the convergence statements of the last section applies to the BERGN
method. In fact, all assumptions arising by the generalization from Hilbert spaces to
Riemannian manifolds are verified.

Concerning Assumption As already mentioned in Section [2.3|it was proven
in [23]] that there always exists a source condition. It is known that inverse obstacle
scattering problems are exponentially ill-posed and as pointed out in Section
One observes heuristically that for these problems a source condition of logarithmic
type is typically satisfied. The weight operator in is less important in this
context, since we assumed (see discussion below) that W is boundedly invertible.

The a-priori stopping rule we used in the theory has a major drawback in
applications: one needs to know the index function from (5.5). One can interpret
this as the a-priori knowledge of the smoothness order of m (or more precisely of
grad &,(m', m)). Unfortunately, in application the smoothness of the obstacle to be
reconstructed is typically unknown. To prevent this disadvantage we may exchange

the stopping rule by the discrepancy principle
To <90 < Ty, 0<k<k. (5.41)

Here, no prior knowledge of the index function is needed anymore, which improves
the usability of this stopping rule. Assuming that a logarithmic source condition with
index function ¢ is satisfied we obtain finiteness of

V2
Yo = Sup —— <0 (5.42)
" oaasine @A)

which implies an estimate § < 7y, ¥(a). Using this inequality, we can prove results
similar to the ones in the previous section. In analogy to Corollary we obtain the
convergence rate

dist(my, m') < o (p(q’_l(g)).

One key ingredient in the general framework is Assumption that one can
bound the curvature tensor in a ball BQ(mT). From Theorem [3.7) we know that the
second fundamental form I can be bounded by Cy(6), which is by construction
bounded in BQ(mT) in terms of o and ||m"||zn. Then by applying the Gauss-equation
one gets a local bound on the curvature tensor. Alternatively we can apply
Theorem which directly gives a bound of R, in BQ(mT) in terms of p and ||m"||z.

We could not verify Assumption dealing with the nonlinearity of F by a
decomposition of DF. Even in the case of star-shaped obstacles and F operating on
Hilbert spaces (compare Section|2.5) the original nonlinearity assumption could not be
verified yet. This is discussed in [24] 25] for inverse obstacle scattering problems. In
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the case of nonlinear ill-posed operators on Hilbert spaces there are many interesting
forward mappings arising from applications for which there is no verification of
such an assumption available. But there are also forward operator, which satisfies
a nonlinearity condition. A list of examples can be found in [27, Ex. 2.8]. At least
empirically one can observe the theoretical convergence rates under the nonlinearity
assumption in simulations, see [24]. Even it could not yet be verified, this kind of
assumption is widely used in the literature and accepted by the community.

The local bound on Hess &, (m, mg) on BQ(mT) in Assumption is satisfied by
Lemma Moreover, if one chooses o small enough and my = (6o, Lo, po) close
enough to m' such that

216" = Gyllr2 Ca(6) < 1 (5.43)

forallm = (0,L,p) € BQ(mT), then the operator Hess Ep(m, my) is positive definite
on B,(m") by the second part of Lemma If this holds, Assumption [5.8]is satisfied.

Assumption [5.9]to controlling the nonlinearity of the regularization term follows
from Theorem Here the function Cyegss(m) is bounded in BQ(mT) in terms of p
and ||m || following from its definition in the theorem.

Summarizing this discussion, all assumptions are verified, which arise new in
our framework on shape manifolds with bending-energy-based regularization in
comparison to standard concepts in Hilbert spaces.



98

5. Iteratively regularized Gauss-Newton methods on manifolds



IMPLEMENTATION
AND NUMERICAL RESULTS

Today’s scientists have substituted mathematics for
experiments, and they wander off through equation
after equation, and eventually build a structure
which has no relation to reality.

— Nikola Tesla

In the first part of this chapter we establish a discrete version of our setting
introduced in Chapter [3|and explain how one can find minimizers to the Tikhonov
functional proposed in Chapter [4 By small changes one obtains directly the discrete
version of the BERGN method introduced in Chapter

We demonstrate on simulations that the geometrical approach for solving inverse
obstacle scattering problems using the bending energy functional works for several
examples of shapes. The two major benefits of our concept in comparison with the
star-shape approach (see Section[2.5), i.e. the independence of the parametrization and
the extension to nonstar-shape obstacles, are emphasized by examples. Furthermore
we highlight the convergence behavior of our algorithm with on the one hand exact
data and on the other hand different noise levels.

6.1 Discrete setting

The main part of this section is published in the article [12]].
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In order to treat bending energy computationally, we represent closed curves
by closed polygons. To this end, consider an arbitrary (but fixed) partition (0 =
70 < 71 < -+ < 7, = 1) of the unit interval and let the angle variable be given by a
piecewise constant function represented by a vector 8 = (6,,. . ., 0,), i.e. (t) = 0; for
t € (60j-1, 6;]. In perfect analogy to (3.2), we then define a polygon of length L by

y(t) =p+L ‘/Ot (cos(0(1)), sin(6(r))) dr. (6.1)

Analogously to the smooth case, in order to fulfill the closing conditions (3.1), 6 needs
to satisty

®(0) =0, where @(0)= /0 (cos(6(1)), sin(6(t))) dt. (6.2)

Define the turning angles by [0]; := (0;+1 — 6;), where indices are taken modulo n and
[0]; is shifted such that [0]; € (-, 7] for all i. The number (}};[0];) /27 is known as
the discrete turning number of y.

Let ©, := {0 € R" | ®(0) = 0} and define the space of discrete curves by
M, =6, %x[L,L:]xB c X,:=R"xRxXxR?

for a compact, convex set of base points B C IR? and minimal and maximal acceptable
curve lengths 0 < L; < L, < co. On this space, the scale-invariant version of discrete
bending energy for a curve m € M, is readily defined as

n 1\ 2 n 32
Epn(m) = ) ([‘Z]) hi = Z(w% (6.3)
i i=1 i

i=1

see, e.g. [21]. Here the dual edge lengths are given by h; = (141 — 7-1)/2 for
i € {1,...,n}, where we set 7,41 = 1+ 71. This expression provides the natural
analogueﬂ of the smooth version (4.1). It goes back to the work of Hencky in his
1921 PhD thesis [21] and is in the spirit of discontinuous Galerkin (DG) methods (see
[2]). A completely analogous discrete version of this energy can be defined for open
polygons. In this case, for clamped boundary conditions and under the constraint
of fixed total curve length, the set of minimizers of this discrete energy converges
in Hausdorff distance to the corresponding set of smooth minimizers under mesh
refinement, see [55]. More specifically, the angle variables converge in L™ and in W'?
for p € [2, c0) under a suitable smoothing operator for the angle variables. Finally, a

Notice that discrete bending energy corresponds to its smooth counterpart in the sense that turning

. . . i+ i)/2
angles at vertices correspond to curvatures integrated over dual edges, i.e., [0]; = (il:;:);g k(s) ds.

This perspective naturally leads to formulation (6.3).
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discrete analogue &y ,(m, m,) of the smooth pre-curved energy Ep(m, m,) is readily
obtained by replacing [0] by ([6] — [0].) in (6.3).

For convenience, we briefly sketch here the implementation of an algorithm
arising from Tikhonov regularization (see Section [4.5), which will turn out to be
applicable to the BERGN method (see Section[5.5). The regularized functional that
we seek to minimize on the space M,, C X, is of the form

T My >R, ms H[Fm) - g|fy, +a&n(m). (6.4)

Here, F, : M, — Y, is some discretization for polygonal closed curves of the forward
operator F, the term y° € Y, represents the measured data in some finite dimensional
Euclidean space Y,, the scalar @ > 0 is the regularization parameter, and &, = &p
or &, = Epy + Emn With a discrete approximation Ey, of the Mdbius energy Ep.

Remark 6.1. We skip the requisite details on the definition of &y, since our numerical
experiments show that in practice the tracking term %”Fn(m) - y5||in (see below)
is sufficient to prevent iterates from developing self-intersections. Notwithstanding,
for details on discrete Mobius energy, see [34], 35], and for I'-convergence to the
smooth case see [54]).

The discrete nonlinear Tikhonov regularization on M, may then be written as
the following constrained minimization problem:

Minimize J%(m) subjectto &(m) =0 and (L,p) € [Ly, Ly] X B. (6.5)

We will ignore the inequality constraints (L, p) € [Ly, Ly] X B for simplicity, although
it would not be difficult to include them. In particular, these constraints never became
active in our numerical experiments. We only require these constraints for the
theoretical analysis in Section

Since F, does not have a natural extension outside the discrete shape space
M, = {m|®(m) = 0}, standard methods of constrained nonlinear programming
are not applicable. When using iterative methods for minimizing J %, we require
an intrinsic stepping method on the constraint manifold M, in order to supply the
forward operator F,, with meaningful input. Prominent examples of such methods
are intrinsic Newton-type algorithms on Riemannian manifolds, see, e.g. [51]. In
such methods, one determines the update direction u € X, by solving a saddle point
system of the form

( H(m) D@T(m)) (u) _ (—DJ “<m>) (6.6)

D®(m) 0 Jl; 0

where H is (a surrogate for) the Hessian of the objective functional, the manifold M, is
given by the constraint equations (6.2)), which we encode by a function @ : X,, — R?,
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and p € R? denotes a Lagrange multiplier. The resulting linear systems have roughly
the size n X n and can be solved using a direct solver. In our implementation, we
usually use n = 150.

A first example is the full intrinsic Hessian, which can be obtained from the

Lagrange function £(m, ) := J%(m) + AT ®(m) of as
H(m) = D2, L(m, A,,) = D*J%(m) + A} D*®(m). (6.7)

The requisite Lagrange multiplier A}, € R? is obtained by multiplying the equation
Dy L(m, 2) = 0 by D®'(m) from the right, i.e.,

Al = —DJ%(m) D' (m).

Here D®'(m) denotes the Moore-Penrose inverse with respect to a finite difference
approximation of the H'-inner product.

Notice that assembling the system with the full intrinsic Hessian contains a
contribution of the form (F,(m) — y°, D*F,(m)(-, -))y,, which is dense and costly to
compute. We therefore use a Gauf-Newton inspired surrogate, which is given in
bilinear form as?]

H(m) = (DF,(m) -, DF,(m) - )y, + aHess E,(m), (6.8)

where we identify matrices with bilinear forms and where the intrinsic energy Hessian
has the form

Hess E,(m) = D*E,(m) — DE,(m) D' (m)D*d(m). (6.9)

Notice that the second term on the right-hand side of this equation arises from the
second term on the right-hand side of (6.7). In the language of differential geometry
(see Section , the term D®'(m) D*®(m) encodes the second fundamental form of
the discrete constraint manifold. In the continuous case we computed this explicitly
and proved local bounds, see Section [3.2] The quantities on the right-hand side of
are easy to assemble for &, = &y, due to the quadratic nature of &y .

Another attractive alternative is to use

H(m) = (DFy(m) -, DFy(m) - )y, + a (-, -)x.

This way, H(m) is always positive definite on the null space of D®(m) and the saddle-
point matrix from is guaranteed to be continuously invertible. Thus, in this case,
the method boils down to a gradient descent in the manifold M, with respect to the

ZNotice that in this formulation we have also dropped the additional term of the form (F,(m) —
y%, DF,(m) D' (m) D?®(m))y,, since it does not lead to improved convergence rates.
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Riemannian metric induced by H.

Once an update direction u has been computed in the above fashion, the next
iterate is found by first setting xo = m +t u for some small ¢ > 0. Restoring feasibility
(i.e., ensuring that the next iterate resides on the constraint manifold) is then achieved
by iterating

Xs1 = X — DO’ () D), (6.10)

until @(xy) is sufficiently smallE] The step size t can be determined by a standard
backtracking line search, while the matrix-vector product # = D®'(x) @ is computed
by solving the saddle point problem

Gx, D®'(x)\(u\ (0
loay ) (i) = )

Here Gy, is the Gram matrix of the discrete H!-inner product on X, the upper left
nxn block of which is a finite-difference Laplacian. Analogously, D&y, ,(m) D®'(m) =
(D®'(m))" D&y, ,(m) can be computed this way by utilizing the dual saddle point
system. Finally, one updates m to the last iterate x.

In this discrete setting the BERGN algorithm can be computed analogously
as above. The update direction is computed using with @ = ai in each step

k. The evaluation of the Riemannian exponential map (5.2c) is simulated by the
projection on the constraint manifold, which can be computed as above by (6.10).

6.2 Numerical simulations

In this section we demonstrate the benefits of our geometrical approach in numerical
experiments for inverse obstacle scattering problems introduced in Section [4.5/and
The forward scattering problems were solved by a boundary integral equation
method using a Nystrom method with n points as described in [9] Sec. 3.6]. To
this end we interpolated the polygonal curve approximations described in Section
trigonometrically. Both the evaluation of discrete forward operator F, and the
evaluation of its Jacobian DF, as described e.g. in [25] require O(n®) flops.

We always use 8 equidistant incident plane waves and n = 150 points for the
reconstructed curves; the far field pattern is measured at 16 equidistant measurement
directions. The wavelength is chosen of the same order of magnitude as the diameter

Notice that the Newton-type method (6.10) for underdetermined systems would correspond to a
nearest point projection if the constraint were linear.
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Figure 6.1: Reconstruction of a smooth nonstar-shaped domain (a) by Tikhonov regularization (dark
green line) and the BERGN method (blue line) with exact data after 100 iterations. The light green
plot (nearly identical to the blue one) indicates the reconstruction of Tikhonov regularization after
100 times decreasing « in 537 iterations. We use 8 equidistant incident waves, where the half of a
wavelength is illustrated by the black scale bar. Red dotted lines indicate the exact solution, blue and
green solid lines the reconstructions and yellow dashed lines initial guesses. In Panel (b) the error
||Fn(my) — y'lly, in the observation space (y-axis) is illustrated in the iterations k (x-axis). In Panel (c)
the error in the solution space: on the y-axis the Hausdorff error disty(my, mT) over the iterations k
(x-axis).

of the obstacle highlighted in every plot by a black scale bar, which highlights always
the half of the wavelength.

For the following experiments we use simulated data, which is produced by
evaluation of the forward operator described above. To make our numerical examples
reliable we use a different discretization for the integral equation and therefore
prevent an inverse crime.

The computation with Tikhonov regularization we do as follows. We first minim-

ize the Tikhonov functional for a large « by an intrinsic Gauss-Newton-type method
as described in Section[6.] with update direction u defined by (6.6), (6.8), (6.9). The

Gauss-Newton iteration is stopped when ||u|| or the norm of the gradient of the
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(a) (b)

Figure 6.2: Reconstruction of a smooth nonstar-shaped domain by Tikhonov regularization (a) and
the BERGN method (b) with 1% Gaussian white noise. We use 8 equidistant incident waves, where the
half of a wavelength is illustrated by the black scale bar. Red dotted lines indicate the exact solution
and yellow dashed lines initial guesses. The green line indicates in (a) the local minimum of 7 * (m)
and the blue line the minimum of 7 *°(m). Note that independent of how long we continue this
iteration the lower concave part of the obstacle is not reconstructible. In (b) analogously the green
solid line illustrates m; and the blue line the reconstruction myg.

Tikhonov functional ||D.J %(m)|| is smaller than 10™°. Then we decrease « by a factor
of 2/3 and minimize the Tikhonov functional for this smaller & using the previous
minimizer as an initial guess.

Moreover, the BERGN method is computed as described in the last section by using
ar = ag - (2/3)F (if not stated otherwise). In Figure 6.1 we demonstrate the behavior
of the algorithm with exact data. We can achieve a reasonable good reconstruction of
a nonstar-shape domain by both algorithms, but the BERGN method is much faster
than iteratively minimizing the Tikhonov functional. Note that (b) illustrates the
good reconstruction in the observation space and from (c) one sees that the error
in the solution space decreases over the iterations. Here the distance between two
discrete curves is measured by the Hausdorff distance of point clouds.

In the rest of our examples we add independent, identically distributed, centered
Gaussian random variables to the simulated far field data at each sampling point
such that the relative noise level in the [?-norm is 1%. Only in Figure We use the
higher noise levels 10% and 20%.

For the Tikhonov regularization the regularization parameter o was determined
by the discrepancy principle. More precisely we iterate as described above as long
as the condition ||F,(my) — y°|| > 78 was satisfied. In most of the experiments 7 is
chosen to be 1.1.

In Section it is already mentioned that purely minimizing the Tikhonov
functional has the drawback that one can get stuck in a local minima. This is
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(@) (b)

Figure 6.3: Reconstruction of a smooth non-star-shaped domain by BERGN method with 1% Gaussian
white noise. Red dotted lines indicate the exact solution, blue solid lines the reconstructions and
yellow dashed lines initial guesses. The half of the used wavelength is illustrated by the black scale
bar. Panel (b) shows a magnification of reconstructions for different numbers of points (n = 60, 80,
100, 150, and 200) illustrating the asymptotic independence of the results on the choice of n.

illustrated in Figure Using the wavelength and initial guess in Panel (a) by
finding the minimum of ¢ for a fixed @ one cannot compute the lower concave part.
On the other hand in Panel (b) of the same figure the reconstruction by the BERGN
method under the same parameters works out.

As a last part of the comparison between Tikhonov regularization and the BERGN
method we point out the large number of iterations one needs for iteratively min-
imizing the Tikhonov functional compared to BERGN. In Table [6.]] the number of
iterations needed by these algorithms is shown stopped by the discrepancy principle
above. The BERGN method is clearly faster than the other one where the quality of
the results are of the same order.

In Figure we show a reconstruction of another non-star-shaped domain.
Moreover, we demonstrate in (b) that the reconstructions are almost independent of
the choice of the number n of points on the curves as long as n is large enough. Also
the number of Gauf3-Newton steps and the regularization parameter a determined
by the discrepancy principle do not depend on n. Note that concave parts of the
boundary where multiple reflections occur in a geometrical optics approximation are
more difficult to reconstruct than convex parts.

In view of the fact that we use only one wave length which is almost of the size
of the obstacle and a noise level of 1%, these reconstructions for this exponentially
ill-posed problem are already remarkably good. The reconstructions could be further
improved by using shorter wave lengths as illustrated in Figure[6.9|(b).

Figure [2.2| already illustrated the obvious limitation of the commonly used radial
function parameterizations to star-shaped domains. In Figure 2.1 we demonstrated
a further disadvantage of such parameterizations, which is the dependence on the
choice of the center point. In comparison to this the BERGN method is independent
of the parameterization of the curves. Indeed this is illustrated in the Figures
and In both figures we computed for two different obstacles the reconstruction
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from respectively the same initial curves, but we used different parameterizations.
Through all examples we gain the same quality of reconstructions.

In the theoretical investigation of the algorithm in Chapter [5| all statements
are only locally and the assumption of starting close enough to the exact shape is
elementary for the convergence analysis. Nevertheless, in Figure [6.6]it is shown that
to some extent one can get the same quality of reconstruction for different initial
guesses. Of course this will not hold true for arbitrary initial guesses.

Up to now all computations are done either without noise or with a relative noise
level of 1%. It is reasonable to show the abilities of the BERGN method under idealized
conditions. To be slightly more realistic in Figure 6.7 we demonstrate our algorithm
performing with 10% respectively 20% relative noise. For illustration of the effect of
the noise to the reconstruction we computed for each noise level and different domain
the algorithm ten times and plot in all cases the best and the worst reconstruction.

(a) (b) (c)

Figure 6.4: Comparison of reconstructions of a star-shaped domain by BERGN method with 1%
Gaussian white noise using the same initial curve, but with different parametrizations. Parameters,
line styles and colors are chosen as in Figure The colored cross indicates the basepoint of the

corresponding parametrization in the sense of (3.2).
—_— i [S— —_— + i
+

(a) (b) (©

Figure 6.5: Comparison of reconstructions of a nonstar-shaped domain by BERGN method with 1%
Gaussian white noise using the same initial curve, but with different parametrizations. Parameters,
line styles and colors are chosen as in Figure
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Tikhonov regularization BERGN method

iteration ai decreased iteration
letter C 479 22 28
letter S 271 25 25
letter M 324 18 20

Table 6.1: Comparison of number of iterations needed for reconstructing by iteratively minimizing
the Tikhonov functional and BERGN method with 1% Gaussian white noise for different nonstar-shape
obstacles. The reconstructed obstacles are plotted in the Figures and[6.6] In the first and the
last column the number of iterations steps needed to reach the stopping criteria is written down. For
Tikhonov regularization every step is counted independent if ones decreases « or not. The second
row shows how often « is decreased while reconstructing.

One can see a significant difference to the quality of the reconstructions from less
perturbed data, but by using such high noise levels the computations are exceptionally
good.

In the Figures|6.8|and [6.9| further reconstructions of more complicated domains
are shown. Even for these example the BERGN method is able to calculate very
precise and detailed reconstructions.

We summarize that the proposed approach for solving inverse obstacle problems
on a shape manifold with bending energy penalization provides considerably better
reconstructions than radial function parameterizations even for star-shaped obstacles
and allows the reconstruction of more complicated curves.

(@) (b) (c)

Figure 6.6: Comparison of reconstructions of a nonstar-shaped domain by BERGN method with 1%
Gaussian white noise using different initial guesses. Parameters, line styles and colors are chosen as

in Figure
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(© (d)

Figure 6.7: Comparison of reconstructions of different nonstar-shaped domains by BERGN method
with higher noise levels. Parameters, line styles and colors are chosen as in Figure In the Panels
(a), (c) and (e) we used 10% and in (b), (d) and (f) 20% Gaussian white noise. Each reconstruction is
simulated ten times and the blue line indicates the best reconstruction of them and the green the
worst one out of the ten times.
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(@) (b)

Figure 6.8: Reconstructions of nonstar-shaped domains by BERGN method with 1% Gaussian white
noise. Parameters, line styles and colors are chosen as in Figure[6.3] For the reconstruction in Panel
(b) we used ax = 0.01- (5/6) .

(b)

Figure 6.9: Reconstructions of a nonstar-shaped domain by BERGN method with 1% Gaussian white
noise but different initial guesses and wavelengths. Parameters, line styles and colors are chosen as in
Figure The reconstruction in Panel (b) used aj = 0.0001 - (.97)% and stopped with 7 = 9.



TOOLS FROM
INFINITE DIMENSIONAL
RIEMANNIAN GEOMETRY

There is no royal road to geometry.

— Euclid of Alexandria

In the following appendix we give a brief introduction to the essential basics and
tools from Riemannian geometry used in this thesis. For more details we refer to the
monographs [10 36]].

A.1 Riemannian manifolds

Let ({Ui}tier, {@i}ier) be a CP-atlas on M over some index set 7, where {U; };c7 forms a
cover of M and ¢; maps U; bijectively onto an open subset ¢;(U;) of some Banach space
X for all i € I. Further ¢;(U; NU;) is open in X and ;0 ¢;': ¢;(UiNU;) — ¢;(U;NUj)
is a CP-isomorphism for any i, j € Z. Each pair (Uj, ¢;) is called a chart.

A set M with a CP-atlas ({U;}ier, {¢i}ier) is called a CP-manifold. Moreover the
manifold M is said to be modeled on X. This structure describes the set M locally
since a chart U; inherits the properties of the model space X.

The notion of differentiability in M carries over from finite dimensional geometry.
A path y: (—€,€) > M with y(0) = x is called differentiable if it is differentiable
in the local structure, i.e. if p o y: (—¢,€) — ¢(U) is differentiable where (U, ¢) is a
chart with x € U. The element (¢ o y)’'(0) in X is called a tangent vector and the
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space of all such tangent vectors at x forms the tangent space 75 M. The tangent
bundle 7"M is the set of pairs (x, v) with x € M and v € T, M.

A function f: M — N between manifolds is called differentiable if the composi-
tion with the corresponding charts is differentiable. Therefore one can introduce the
derivative of f by the linear map Df(x): 7x M — 7 f(x) N between the corresponding
tangent spaces.

One standard way for proving that a set has a manifold structure is characterizing
it by a submersion. A function f: M — N is called a submersion at x € M if
the derivative D f(x) is surjective and its kernel splits, which means that one can
decompose 75 M into the splitting ker(D f(x)) X W for some subspace W or in other
words D f(x) restricted to W is an isomorphism. In this case for all y € f(M) the set
U = f~Y(y) is a submanifold in M and the tangent space equals the kernel of D f(x),
ie. T U = ker(Df(x)) (see [36} I1.2] and [59, Thm. 73.C]).

In the infinite dimensional setting a manifold is called Riemannian if it is modeled
over a Hilbert space X and the topology on the tangent space 7, M is induced by
a nonsingular symmetric bilinear positive definite inner product g, (-, -) or (-, -)x for
all x € M. Such a family of inner products is called the Riemannian metric. The
corresponding norms are denoted by ||-||,.

The major advantage of having an inner product is the ability of measure distances
and angles. The length of a curve y: [0,1] — M on a Riemannian manifold is given

by

1 1
Ly) = / V@, )y dt = / Iy )llye d. (A1)

This endows M with a distance function dist™: M x M — R via
dist™M(x, y) = inf { L(y) | y is a path with y(0) = x and y(1) = y } (A.2)

It is a well-known fact that M with this distance function becomes a metric space.

For a mapping f as above if N = Y is itself a Hilbert space, one can give a
definition of Fréchet differentiability using curves in M as follows. A function
f: M — Y is called Fréchet differentiable at x if there exists a linear operator
Df(x): 7x M — Y such that

y I1f (ro(®)) = f(y2(0)) = Df(x) (y5,(0)lly
im sup

=0 o)l =1 t

=0 (A.3)

where the paths y,: (—€,€) — M satisfy y,(0) = x and y,,(0) = v.



A.2. Vector fields and covariant derivatives 113

A.2 Vector fields and covariant derivatives

One key benefit of Riemannian geometry is that one can define a gradient. For a
real valued differentiable function f on M the derivative Df(x): 7xM — Risa
bounded linear map on a Hilbert space. Consequently by the Riesz theorem there is
an element grad f(x) € 7x M such that Df(x) v = (grad f(x),v) for all v € T, M.
The gradient field grad f: M — TM, x — grad f(x) is one example for a vector
field on M. In general a vector field is a map of the form V: M — 7 M and for
convenience write V. € 7, M for V(x). Let I'(M; 7 M) denote the vector space of all
smooth vector fields on M into the tangent bundle 7M.

Furthermore, one can define a derivative of a vector field into a direction of a
vector field. A mapping V: T'(M; TM)XT(M; TM) = T(M; TM), (W, V) > ViV
is called an affine connection if

1. VfW+gUV = fVWV+gVUV
2. Vw(aV+bU) = aVWV+bVwU

3. (Leibniz’ law) Viy(f V) = (W )V + f ViV,

where V,W,U € T(M;TM), f,g: M — R and a,b € R. The expression W f is a
short notation for the real valued function (W f)(x) := Wi (f) = (grad f(x), W) on
M. The vector field Vy/V is called the covariant derivative of V with respect to W for
the affine connection V. For a real valued function f and vector fields W, V define
the vector field [W, V] by evaluation [W, V] f := W (V f) -V (W f). It can be shown
that this defines a derivation of real valued functions, i.e. it satisfies the Leibniz’ Law
(W, V](fg) = f(W,V]g) + ([W,V] f)g for f and g real valued functions on M
(see [36] Prop. V.1.3]).

Theorem A.1([36, Thm. VIIL.4.1]). On a Riemannian manifold M there exists a unique
affine connection V that satisfies

1L VyV - VyW = [W, V] (symmetry)
2. UW,V) =(VygW, V) + (W, VyV) (compatibility with the Riemannian metric),

where V,W,U € I'(M; T M). This affine connection, called Levi-Civita connection or
Riemannian connection, is characterized by the Koszul formula

2UVyW, V) = UW, V) + W(V,U) — V(U, W)
- <U’ [W’ V]> + <W’ [V’ U]> + <V’ [U’ W]>
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For a real valued smooth function f on M the Riemannian Hessian of f at x in
M as the linear mapping Hess f(x): Tx M — T, M by

Hess f(x) (v) := V,grad f(x) (A.4)

for all v € 7, M, where V is the Riemannian connection on M. For the sake of
simplicity of notation in this thesis this operator is identified with the corresponding
bilinear form Hess f(x): Tx M X T M — R given by

Hess f(x) (v, w) = (Vygrad f(x), w)y

forallx e Mand v, w € T, M.

A.3 Parallelism and the exponential map

Let y: [0,1] — M be a C? curve. We call a map 8: [0,1] — 7'M a vector field along
y if B(t) € TyyM for all t and V € I'(M; T M) can be restricted to a vector field
along y by B(t) := V(y(t)). A vector field V along y is called y-parallel if V,,»nV = 0
for all t, where y’(t) € 7,(;) M. The definition of parallel transport along a path y is
given as follows. Let v € 7(9) M be given. There is a unique y-parallel vector field
t — {(t,v) along y with {(0,v) = v. The parallel transport map is defined by
® (t)
Pl oM = TyoM, P () = {(tv). (A5)
The map v — P;/((é;(v) is a linear isometric isomorphism between the tangent spaces
(see [36, Thm. VIIL3.4]).
This vector transport is even connected to the covariant derivative. For U,V €
I'(M, T M) and a path y with y(0) = x and y’(0) = U, and # maps along y then
Px Vo) — Vi
C Tyr T Y d
VuVi(x) = }E}% — =3 P;f(t)Vy(t) o (A.6)
(see [10, Ch. 2, Ex.2]). In this manner, given the parallel transport of a manifold, the
covariant derivative is reobtainable from it.
A curve y on M is called a geodesic if it solves the differential equation

v,y =o. (A7)

Therefore these objects have zero acceleration and in this sense they are the natural
generalization of straight lines to nonlinear spaces.
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Recall the construction of the exponential map which turns out to be one of the
key tools in defining and analyzing algorithms on manifolds. For every v € 7, M
there exists a unique geodesic y, such that y(0) = x and y’(0) = v. The Riemannian
exponential map is defined by

exp,: TxM — M, v exp,(v) == y(1) (A.8)

(see 36, Cor. VIIL5.2]). It is a well-known fact that locally the unique geodesic given
in the construction of the exponential map is also the geodesic which minimizes the
Riemannian distance. That means if for x, y € M there is exactly one v € 7, M such
that exp,(v) = y, then the distance between x and y is given by the norm of v:

1
dist(x,y) = dist(x, exp,(v)) = L(y) = /0 1Y (Dl dt = [o]lx, (A.9)

where the last identity holds since geodesics have a vanishing second derivative and
therefore a constant first derivative, which is here given by the initial direction v.

A.4 Curvature

The notion of curvature arises from investigating how the covariant derivative is
influenced by the geometry of the manifold. Let V, W, Z € I'(M; 7 M) be vector
fields. The operator

RV, W): TIM;TM) - T(M;TM), RV,W)Z=VyVwZ-VywVvZ-VywZ
(A.10)
is called the curvature tensor and measures how curved the manifold is. If v, w,

z € T3 M then this simplifies to
Rx(v, w) z = R(V(x), W(x)) Z(x) = (R(V, W) Z) (x)

for any vector fields V, W, Z which satisfy V(x) = v, W(x) = w and Z(x) = z. The
functional

Ry(v, w, z,u) = (Rye(v, W) 2, U)y, u,w,z,u € T, M (A.11)
is called the Riemannian 4-tensor. This tensor satisfies the four identities

L Rx(v’ w, z, u) = _Rx(wa v, Z, u)

2. Rx(v, w, zZ, u) = _RX(U’ w, U, Z)
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3. Ry(v,w, z,u) + Re(w, z, v, u) + Ry(z, v, w,u) = 0 (Bianchi identity)

4. Ry(v,w,z,u) = Re(z,u, v, w).

Lety: [0,1] — Mbeacurveand W be a vector field along y,i.e. W: [0,1] — T M,
W(t) = W(y(t)). Then W is called a Jacobi field if it satisfies the Jacobi differential
equation

2 _ ’ ’
VW =Ry, W)y (A.12)

If y is a geodesic, then for any v, w € 7,() M there exists a unique Jacobi field
W = Wy, such that W(0) = v and V,»W(0) = w (see [36, Thm. IX.2.1]).

Let v € 7, M be given and consider the construction above using the geodesic
y(t) = exp,(tv). Then y(0) = x and y’(0) = v by definition. If w € 7, M is an
additional tangent, denote W,, as the Jacobi field with W,,(0) = 0 and V,/ W,,(0) = w.
In the special case w = v it follows immediately that

Wo(t) = 1y (1) = tP%;v, (A13)

since y’(t) transports v parallel along y. Therefore the Jacobi field corresponds to the
parallel transport in at least one direction.

For a given v € 7, M every element w € 7, M can be decomposed orthogonally
by w = cv + w with (w, v), = 0. From this one obtains the decomposition

Wy (t) = cty’(t) + Wi (t), (A.14)

where (Wy(t), y'(t))y ) = 0 for all ¢.
By keeping the notation above the Jacobi field is equivalent to the derivative of
the exponential map

Deap,(10) (w) = 7 Wit (A.15)

for t > 0 (see [36l Thm. IX.3.1]). For y = exp,(v) the operator Dexp,(v) maps
from 7, M to 7, M. Thus a notion of an adjoint operator is applicable and its
characterization is as follows. Let z € T,M, w € T, M and v* = —y’(1) = ~Plo,
where P} maps parallel along y. Then the equation

(Dexp,(v) (W), z)y = (w,Dexp,(v") (2))« (A.16)

holds true (see [36, Lem. X.3.5]).

A Taylor expansion of the Jacobi field can be given as follows. The proof can be
found in [36] Prop.IX.5.3]. For y(t) = exp,(tv) and w € 7 M denote again W,, as
the corresponding Jacobi lift. Then

t3
W, (t) = P (wt + Re(o, w)v;) Loty t—o. (A.17)
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The Jacobi field and the parallel transport can map between tangent spaces,
but they do it in different ways. The difference between these two different vector
transport mappings can be controlled by the curvature tensor.

Lemma A.2. Forallv,w € T, M and y(t) = exp,(tv) the inequality

v 1
[ Dexp, () (w) — 7w > IR0, w) 0]l (A.18)

lesp, ) <
holds true.

Proof. By using Dexp,(v) (w) is equal to the Jacobi field W,, on the curve y and
applying the defining differential equation (A.12) it is

y(0) ¥(0)

1 pt
< [ [ I, wa

1
< S IR0, Wl

1
W (D) = Wiu(0) = P10 w]| ) < /0 1P1V, Wa() = PYOV, W (O] dt

which proves the statement. m]

A.5 Covariant derivatives on submanifolds

Let X be Hilbert space and 1: M — X be a submanifold. For x € M let P,: X —
7+ M be the orthogonal projection. Then the Levi-Civita connection V on M is given

by
VwV(x) = Px(DV(x) (W(x))) (A.19)
for V, W € I'(X; 7X), where 7X = X X X. Denote the normal bundle N M of M
component wise via Ny M = T, M+.
The second fundamental form 1 is a symmetric bilinear map I: TMXT M — N M
given by
I(V, W) (x) = [(V(x), W(x)) = (I - Py) (DV(x) (W(x))). (A.20)
For v, w € 7, M such that V(x) = x and W(x) one can write the fundamental form
tensorial by

L(v, w) = IV, W) (x).
The Weingarten equation is the combination of (A.19) and (A.20) given by

VwV(x) = DV(x) (W(x)) + LV, W) (x). (A.21)
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Closely related to this is the so-called Weingarten map S, which is a bilinear map
S: NMXTM — TMwith

Sn(V) (%) = Sn)(V(x)) = Px(DN(x) (V(x))) (A.22)

with N € I'(M; NM) and V € I'(M; T M) or respectively for vectors n € Ny M
and v € T, M such that N(x) = n and V(x) = x one writes it tensorial by S,(v) =
Sn(V)(x) (see [36, Thm. XIV.1.1]). These two maps are related through the equation

(Sn(0), wix = (n,Ic(v, w))x (A.23)

foralln e NyMand v,w € T, M.

The operator I measures the curvature of the manifold from an outside or ex-
trinsic point of view and there is a well-known connection to the interior or intrinsic
perspective: The so-called Gauss-equation connects I with the curvature tensor R by

(Rx(v, w) z,u)x = (Ix(v, u), Ly(w, 2))x — (Ix(0, 2), Le(w, u))x (A.24)

for all u, v, w, z € T, M (see [36, Thm. XIV.5.1]).
Let f: X — Y be a smooth function with values in another Hilbert space Y. Then
the Hessian of f at x € M is given by

Hess f(x) (u,v) = D* £(x) (u, v) + Df(x) I (u, v) (A.25)

for all u, v € 7, M (see [36 Prop. XIV.2.1]).
In the following lemma the second fundamental form is characterized in the case
that M is given by a submersion.

Lemma A.3. For an open neighborhood U C X of M and a submersion®: U — Y
such that M = ®71(0). Then

L (u, v) = -D&(x)" D*®(x) (u, v) (A.26)
holds true for allu, v € T, M. Here D&(x)" denotes the Moore-Penrose pseudoinverse.

Proof. By using with @ one gets
Hess D(x) (u, v) = D P(x) (u, v) + DO(x) Ly (u, v).

Since M = &~1(0) the map @ restricted to M is constant and therefore Hess ®(x) = 0
for x € M and obtain the equation

DP(x) L(u, v) = =D*®(x) (u, v).
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Recall that for a submersion the tangent space is given by the kernel of D@, i.e.
T M = ker(D®(x)). From I, (u,v) € Ny M = ker(D®(x))* and the fact that the
Moore-Penrose inverse is an isomorphism from ker(D®(x))* onto Y one gets the
statement. O

Under the assumptions of Lemma [A.3|for a smooth real valued function F on M
one obtains the expression

Hess f(x) (u,v) = D f(x) (u,v) — Df(x) DP(x)" D*P(x) (u, v) (A.27)

for the intrinsic Hessian of f at x € M in terms of extrinsic operations in the Hilbert
space X.

A.6 Optimization on manifolds

Let M be a Riemannian manifold and f a smooth positive real valued function. The
problem of finding a minimum of

looks similar to known smooth optimization problems in Hilbert spaces and even
the principle ideas for solving it carry over to curved spaces. Assume for a moment
that M = X is itself a Hilbert space and recall that the most common algorithms
can be written as follows: Starting at some point x in each iteration one chooses an
update direction vx € X and computes the next iterate by xx; = X + tx v with an
appropriate step size t; > 0.

Back to the case of M a general Riemannian manifold. The concept above can be
formulated also in the language of differential geometry. Let xo € M be given. In
each iteration k = 1,2, 3, ... one chooses an update direction

Uk € Ty M (A.29)
and compute the next iterate via
Xk+1 = €xpy, (fk Vk). (A.30)

Of course there are a lot of possibilities how to choose the update direction in a
suitable way depending on the problem. One typical example would be to take it as
the solution of a Newton equation

Hess f(xi) (v,v) = —(grad f(x), V)x, (A.31)
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with v € 7, M. There is a large amount of literature dealing with such kind of
optimization algorithms. For example the monograph [1] gives an extensive overview
on different types of algorithms on finite dimensional manifolds, including proofs
of convergence and possible modifications. In the paper [56] some Newton-type
algorithms are also presented on infinite dimensional Riemannian manifolds applied
to shape optimization.

One important new feature in the theoretical convergence investigations of
algorithms on Riemannian manifolds is the incorporation of the curvature. Especially
on infinite dimensional manifolds most of the interesting examples do not have a
uniform bound on the curvature. In the paper [51] convergence of two Newton-
type algorithms on infinite dimensional Riemannian manifolds is shown under local
bounds on the intrinsic curvature.

This motivates the investigation in the second fundamental form in Chapter
such that we can obtain local bounds on the extrinsic curvature which are used in
the convergence analysis in Chapter
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