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1 Introduction

Algebraic topology means to use algebraic tools to answer topological ques-
tions. We take some description of a topological space, often in combinatorial
or geometrical terms, and turn it into an algebraic structure. That structure
tends to be large and unsightly at first, but the algebraic machinery will even-
tually distill it down to succinct statements about the topology of our space.
And hopefully, the result will be independent of the choice of the description
we gave in the beginning or the algebraic detours we took in between.
Homology theory is one of the two most important such machines.! Most
topological spaces can be considered as cell complexes: they can be built up
from vertices (0-cells), edges (1-cells), faces (2-cells), etc. Let £;X be the set
of j-cells of a space X, and C[€;X] be the abstract vector space they generate.
Then, the geometric description of X translates into a series of boundary maps

o ClEX] 2 6 X] 2 e X] 2 ClE X

where 0; sends each j-cell to the sum (or, depending on the orientations, the
difference) of the (j — 1)-cells that make up its boundary.
Let us combine the boundary maps into Laplacian operators:

Aj = 8]*3] + 3j+18;-‘+1: C[SJX] — C[(c;]X]
The kernels of these operators are the homology groups of X:

These are not only much smaller than the vector spaces C[£;X], but also inde-
pendent of the precise geometric description of the space — they only measure
topological properties. Their dimensions are the Betti numbers of X:

B;(X) = dime H;(X; C) = dimg/(ker Aj).

L?-invariants are an approach to homology for spaces with infinitely many
cells. Completing the vector spaces C[E;X] yields Hilbert spaces ¢%(&;X),
and the Laplacians extend (under certain conditions) to bounded operators
on these spaces. Unlike in the finite case, these new Laplacians usually have
a continuous spectrum, and it turns out that the entire spectrum — not just
the size of the kernel — can carry topological information. To measure this, we
require a spectral density function?®, which, for any A > 0, quantifies the size
of the largest subspace on which the operator’s norm is bounded by A.

Defining such a function poses one main challenge: to describe the size of
infinite-dimensional spaces with finite numbers.

IThe other being homotopy theory.
20ften also called the integrated density of states.



Periodic spaces

Let us call a complex X periodic if there are a finite subcomplex K and a
group G acting freely and cellularly on X such that G- K = X. Then the
infinitely many cells of X form finitely many G-orbits, and each ¢%(&;X) can
be identified with a space (£2G)" for some n € N.

For any G-equivariant operator T' € B((*(€;X)), the value of (5, To) (for
o € &;X) is constant along any G-orbit! Taking the trace over only one
representative per orbit yields the von Neumann trace

tixe(T) = Y. (0,T0).

[ole(€;X)/G

The Laplacian is G-equivariant, since it only depends on the geometric struc-
ture of the space that is preserved by the G-action. Furthermore, the G-
equivariant operators form a von Neumann algebra (that is, a weakly closed
C*-algebra), so any spectral projections x[o\(4;) are G-equivariant as well,
and we can define the desired spectral density function as

F(A;)(N) = trae) (X (4;)).

Especially, its value at zero measures the size of the kernel of A;, and consti-
tutes the j-th L?-Betti number of X:

b (X) = F(8,)(0) = trie) (Projiee ).

This is the starting point of the theory of L2-invariants, invented by Atiyah
[Ati76].

Novikov and Shubin [NS86] found a topological invariant that quantifies
the “almost-kernel” (the part of the spectrum very close to zero):

o Jog(F(A)(A) — F(A)(0))
a;(X) = lim log(\) |

Finally, the spectral density function allows to define a determinant in the
sense of Fuglede and Kadison [FK52] for such operators.

L?-invariants have been studied in great detail (see [Liic02] for an extensive
treatment, and [Kam19] for an overview). However, their construction relied
heavily on the existence of a suitable group action on the space — in other
words, on periodicity.

However, there is a completely different approach to these invariants, in
which the group structure fades into the background: approximation.

Let us again write X = G - K with a compact subcomplex K. At first,
the L2-Betti numbers of X have little to nothing in common with the Betti
numbers of K or the quotient space X/G: Evaluating the Laplacian on a cell
near the boundary of K will produce drastically different results depending
on whether crossing that boundary will lead into another copy of K (when
we are working on X), or back into K itself (when we are working on X/G),
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or into nothingness (when we are working just on K). Thus, if we want to
“approximate” X by a finite subcomplex K, the boundary of K will be where
the similarities end. Consequently, K will only show similar properties to X
if its boundary is insignificant compared to its interior!

This is one of the many definitions of amenability: A space X is amenable
if there is a Falner sequence of finite subspaces

KyCKiCK;CK;C...CX, | JEn=X,

such that, in some suitable measure, the share of points in K, that are close
to its boundary converges to zero.

In such an amenable periodic space, Dodziuk and Mathai [DM98] proved
that the L?-Betti numbers can indeed be obtained from ordinary Betti numbers
of larger and larger subspaces: If n,, counts how many representatives of each
G-orbit lie in K,,, then

0P (X;G) = lim Piln) (%)
m—o0 N,
and their proof can be extended to approximate not just L?-Betti numbers,
but whole spectral density functions.

In this final formula, the group structure barely appears any more (only in
the normalization factor n,,, which could be replaced by e.g. the number of
cells in K,,). Thus, we can begin to ask the question: Can this limit exist if
there is no group action on X7

Aperiodic spaces

The existence of the limit () depends mainly on two factors. On the one
hand, it needs amenability: For example, any d-regular tree with d > 3 has
a positive first L2-Betti number, while each finite subtree of it has 3; = 0.
On the other hand, it requires that finite subcomplexes are in some sense
“representative” for the whole space: any structure that can be found in the
space must be found at a similar frequency in every sufficiently large finite
subspace. Periodic spaces certainly satisfy this condition — but they are not
the only ones.

A first such observation was made by Geerse and Hof [GH91], who studied
self-similar tilings of R™ (such as the decidedly non-periodic Penrose tilings)
in an effort to model the physical properties of quasicrystals, and proved the
existence of various thermodynamic means.

Kellendonk [Kel95] studied the same tilings from a mathematical point
of view. He used the geometry of the tiling itself to define a C*-algebra of
operators, and established the existence of a spectral density function for such
operators.

Cipriani, Guido and Isola [CGI09] constructed self-similar complexes:

Beginning with a finite CW-complex K, define a sequence of complexes
K,,, where each K, is the union of several copies of K,, 1, glued together



along a small number of overlapping cells. Identifying each K,, with one part
of K,,11, one then obtains the self-similar space as the union

X:GKm.

m=0

Under the condition that (K,,) is a Fglner sequence in X, Cipriani, Guido
and Isola were able to define traces for “geometric” operators on such spaces.
However, geometric operators do not form a von Neumann algebra, and their
spectral projections are not geometric. Thus, with no access to spectral density
functions, Cipriani, Guido and Isola defined Betti numbers as

B(A) = lim tr(e‘m)

t—o0

and Novikov—Shubin invariants as

o log(tr(e™*?) = B(A))
A) = 21;1;1?0 —log(t)

They proved that the Euler characteristics of K, converged to that of X, and
calculated Novikov—Shubin invariants for certain complexes.

Meanwhile, Elek [Ele06] gave a precise definition for aperiodic order on
general graphs (that is, one-dimensional complexes): In a graph, let the r-
pattern of a vertex v be the isomorphism class of the (rooted) graph spanned
by all the vertices that are at most r steps away from v. Then a graph has
aperiodic order if every such pattern appears at a well-defined frequency: in
any Fglner sequence, the share of vertices with this pattern converges to the
same number.

Elek then defined the algebra of pattern-invariant operators on the space
(% (vertices), whose values on a vertex only depend on the pattern of the vertex,
and proved that their spectral density functions can be obtained as a uniform
limit over finite subgraphs — provided that the graph has aperiodic order. (The
pattern-invariant operators do not form a von Neumann algebra either; Elek
avoided this problem by passing to the Gelfand-Naimark—Segal construction
— an abstract algebra based on the representation of an algebra on “itself”.)

In a second paper [Ele08], Elek found a large class of graphs that actually
satisfy this condition by relating it to Benjamini—Schramm convergence of the
graphs themselves.

Content and results of this thesis

In this thesis, we combine and expand the ideas of Elek and Cipriani-Guido—
Isola to define and study L2-invariants for self-similar complexes.

In Chapter 2, we extend Elek’s framework of aperiodic order to higher-
dimensional complexes. This includes the existence of a trace for geometric
operators on such complexes, and the extension of the trace to a suitable von



Neumann algebra, which allows us to define spectral density functions for any
such operators.

In Chapter 3, we show that Cipriana—Guido—Isola’s self-similar complexes
always have aperiodic order, and prove the approximation theorem for spectral
density functions:

Theorem (3.5 and 3.11). Let X be a self-similar complex with Folner sequence
(Ky), and let T € B((*(&;X)) be any geometric operator. Then the renor-
malized spectral density functions of Tk, converge uniformly to the spectral
density function of T'.

In Chapter 4, we define L2-Betti numbers and Novikov—Shubin invariants
for self-similar complexes, and we study their properties. Especially, we show
that the L2-Betti numbers of a self-similar complex are approximated by those
of its subcomplexes and discuss this possibility for Novikov—Shubin invariants,
and we prove that both of these are indeed invariant under self-similar homo-
topies:

Theorem (4.13 and 4.14). Let X and Y be self-similar complexes that are
self-similarly homotopy equivalent. Then we have

b)) = e b7 (Y) and 0y(X) = ay(Y) for all j

J

where the constant

adjusts for the number of cells used in the specific cell structure of each complex.
It is independent of the choice of self-similar Folner sequences (K,,) for X and
(Ly,) for'Y, as long as they fulfill K,, ~ L., for all m € N.

In Chapter 5, we discuss Fuglede-Kadison determinants of geometric op-
erators. We can prove that these determinants in general share many of the
properties of their classical equivalents, especially multiplicativity, and that
the Laplacians of self-similar complexes are of determinant class; this lets us
also define L2-torsion for self-similar complexes. Whether the determinants or
the torsion can be approximated in general remains an open question, but we
can show convergence for the Laplacians of some self-similar CW-complexes.

In Chapter 6, we show that the cartesian product of self-similar com-
plexes is again such a complex, and we prove product formulas for all three
L?-invariants:

Theorem (6.3, 6.5 and 6.6). Let X and Y be self-similar complezes, and
normalize every trace by the numbers of vertices. Then we have:

(a) L2-Betti numbers fulfill the Kiinneth formula:

DX xY) = > b (X) b2 (Y).
Jj+k=¢

10



(b) If X andY have the limit property, then so does X XY, and in this case,
the Novikov—Shubin invariants fulfill

(X xY)= min({ozj(X) +ap(Y)|j+k=1}
U {aj(X) ) b (Y) > o} U {ak(Y) ( b (X) > o})

(c) Let p'® denote L*-torsion and x® denote the L?>-Euler characteristic.
Then

PP (X xY) = xP(X) p? (V) + x?(V) p?(X).
Finally, a short appendix summarizes the most important facts about the

Borel functional calculus that is necessary to define and work with spectral
density functions.
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2 Pattern-invariant operators and traces

Throughout this thesis, we aim to use geometrical (or topological) properties
of spaces to ensure the analytical convergence of algebraic properties. In this
chapter, we will lay the groundwork for all of that.

First, we will look at the geometric structure of regular CW-complezxes and
how it translates into algebra. Then, we will define the concept of geometric
operators, that is, operators on the L?-chain groups whose values only depend
on the geometric patterns of the space.

The most important geometric operators are the Laplacians of the space,
and every L?-invariant will later be derived from their spectra. We therefore
turn to functional analysis to construct a tool that measures these spectra,
namely, the spectral density function (or integrated density of states). This
function is usually defined as the trace of the spectral projections of the op-
erators — which poses two challenges: There is a priori no trace on the set
of operators on an infinite-dimensional space, and spectral projections of geo-
metric operators are in general not geometric.

Constructing a trace for the geometric operators themselves requires to take
a mean over the infinite set of cells. To ensure such a mean is well-defined, we
will make use of the concept of aperiodic order: We will consider only spaces
where every pattern appears with a well-defined frequency. (We will show in
the next chapter that self-similar complexes do indeed have this property.)
In that situation, the defining property of geometric operators ensures the
existence of the trace.

The trace is unfortunately not weakly continuous, and it therefore does not
simply extend to the weak closure of the algebra of geometric operators (which
would contain the spectral projections we are interested in). Instead, we will
construct a different von Neumann algebra containing all geometric operators
to which the trace can be extended. This will finally allow us to define the
desired spectral density functions.

2.1 Preliminaries

As a compromise between the algebraically simple, but rigid structure of sim-
plicial complexes and the flexible, but algebraically complicated structure of
CW-complexes, we will be using reqular CW-complezes. Let us briefly look at
their definition and most important properties.

Unless otherwise noted, every map of topological spaces will be assumed
to be continuous.

2.1 Definition. Let X be a CW-complex, and denote by £;X the set of j-cells
of X. As a special case, if X is one-dimensional, it is a graph with vertex set
EoX and edge set & X.

X is the disjoint union of its cells. Denote by XU) the j-skeleton of X,
that is, the union of all cells of dimension < j.

12



For any cell ¢ € &X, let f,: 971 — XU~ be the attaching map. It
extends to a map F,: DI — X such that F,(D’) = o. Denote by do =
f-(S771) the topological boundary of o in X.

A subcomplex K C X is called full if, whenever K contains the boundary
of a cell o of X, it also contains o.

The complex X is regular if for each cell o, the extended attaching map
F,: Di s5CXisa homeomorphism onto its image.

The complex X is bounded if there is a constant C' > 0 such that each cell
o € ;X (for arbitrary j) fulfills

{pe&iaX|pCiot <C

and
Hre&nX|oCor} <C.

Regularity is a rather strong restriction for CW-complexes. On the one
hand, it can necessitate much more complicated cell structures: For example,
the n-sphere has a CW-structure with only two cells (a 0- and an n-cell) but its
smallest regular CW-structure consists of 2n + 1 cells (two of each dimension
between 0 and n).

On the other hand, regularity allows to treat the cells in a much more
intuitive way: For example, it allows us to say that the boundary of a cell o
consists of certain other cells, and it ensures that the closure of every cell is a
subcomplex:

2.2 Lemma. Let X be a reqular CW-complex. Let p € £;_1X and o € &;X.
Then either p C do or pNdo = ).

Proof. Assume the contrary and choose a point

x€pNdoNp)\ do.

(The intersection is nonempty because p is connected.) Since do is closed in
X, we have z € Jo.

Using the attaching map f,: S9! — do C X, define U, = f,(B,.(f;(z))),
where B,(£) means the open r-ball around £ in S7~! C RY. Each of the U, is
by definition homeomorphic to D’~! and contained in do.

If there were an r > 0 such that U, C p, then this U, would also be an
open neighborhood of x in p (since p itself is homeomorphic to a disc DI1).
But then x could not be contained in p \ do — contradiction.

Thus, there is a sequence of points ¥y, € U, that are not contained in p.
Since it is compact, do intersects only finitely many cells, so we can assume
that all y,. are contained in the same k-cell p’ (for some k < j—1), and therefore
x € p/. However, by construction of the CW-complex, the open cell p must be
disjoint from the closure of any other cell of dimension < j — 1, so this, too, is
a contradiction. O

2.3 Corollary. If S C X is a union of cells of X, then its closure S is a
subcomplez of X.

13



Note that both this lemma and its corollary are false for general CW-
complexes: For example, given a one-dimensional CW-complex X, one could
attach a 2-cell by mapping its entire boundary to a single point of X that is
not a 0O-cell. Then the boundary of this cell contains one point of a 1-cell, but
not the rest of that cell, and its closure in X is not a subcomplex.

2.4 Remark. In fact, regular CW-complexes are relatively close to simplicial
complexes. Allen Hatcher describes their relations as follows ([Hat02], p. 534):

“A CW complex is called regular if its characteristic maps can be chosen
to be embeddings. The closures of the cells are then homeomorphic to closed
balls, and so it makes sense to speak of closed cells in a reqular CW complex.
The closed cells can be regarded as cones on their boundary spheres, and these
cone structures can be used to subdivide a reqular CW complex into a reqular
A-complez, by induction over skeleta. [...] The barycentric subdivision of a
reqular unordered A-complex is a simplicial complex.”

Therefore, working in a category of regular CW-complexes is very close
to working in the simplicial category. Compared to simplicial complexes, the
main advantage of regular CW-complexes is their compatibility with product
spaces, as the product of two regular cells is again a regular cell, while the
product of two simplices is almost never a simplex.

For regular CW-complexes, the cellular chain complex takes a particularly
simple form: Write the chain groups as C[€;X] and the differential as

0;: Cl&;X]| — C[§;1X], 0 Z [0 :plp
peE;i 1 X

with incidence numbers [0 : p] € Z. Then we have:

2.5 Lemma. Let X be a reqular CW-complex, 0 € £;X and p € £;_1X. Then

+1, if p C o,
[o:p] = .
0, otherwise

Proof. See [Sucl6], Lemma 1.5. O

As our goal is to consider L2-invariants, we will soon pass to the Hilbert
space completion of the chain groups, namely, (*(&;X). The properties of
boundedness and regularity together will ensure that the differentials extend
to bounded operators on these spaces.

2.6 Definition. Let X be a regular CW-complex.
Define the combinatorial distance of two j-cells 0,0’ € £;X as follows:

e deomp(0,0’) =0 if and only if o = o’.

e deomp(0,0") = 1if 0 # o’ and thereis a (j—1)-cell p such that p C doNdo’
or if there is a (j + 1)-cell 7 such that o Uo’ C O7.

14



e deomp(0,0") = n if n is the smallest integer for which there are
o =0y, 01,..., 0p = 0 such that deomp (0, 0511) = 1 for all 7.

For o € ;X define
BT(O') e {O'/ € (C/’JX ‘ dcomb(07 0”) S 7“} .

This turns &;X into a discrete metric space, except that the distance of
two cells might be infinite if there is no “path” of adjacent cells connecting
them.

If X is connected, then deomp is @ metric on £gX and £ X, but it might not
be a metric on £;X for j > 2. See Figure 1 for an example.

2.7 Definition. In analogy to simplicial complexes, and to simplify language,
a k-cell p contained in the boundary of a j-cell o will sometimes be referred
to as a (k-)face of o. Then, two (distinct) j-cells are adjacent to each other if
they share a (j — 1)-face or if both of them are faces of the same (j + 1)-cell.

2.8 Lemma. If X is bounded with constant C' (compare Def. 2.1), then
|B,(0)| < (2C(C —1))".

Especially, there is a bound on the size of r-balls around cells of X depending
only on r.

Proof. By induction on r: For r = 1, note that do contains at most C' cells of
dimension j — 1, and each of those is contained in the boundaries of at most
C — 1 other j-cells; and analogously, o is contained in the boundaries of at
most C' cells of dimension j 4+ 1, each of which contains at most C' — 1 other
j-cells. For r > 1, simply use B,11(0) € U,cp, () Bi1(0’). O

Local isomorphisms and patterns

To find some kind of order in infinite complexes, we require a way to compare
small parts of the complex to each other, that is, a notion of local isomorphism.
However, in order to translate these topological similarities into algebraical
ones, we are interested in something significantly stronger than an isomorphism
of CW-complexes:

2.9 Definition. An (orientation-preserving) reqular isomorphism between two
regular CW-complexes K and L is a map v: K — L such that for each j-cell
o of K, the image (o) C L is a j-cell of L and 7: 0 — 7(0) is an orientation-
preserving homeomorphism.

A local isomorphism of a regular CW-complex X is a regular isomorphism
~v: K — L between two (finite) subcomplexes K, L C X.

This definition of a local isomorphism is explicitly about preserving a par-
ticular cell structure, not just a topological shape. Nonetheless, it appears
very often when we build cell structures for infinite CW-complexes — simply
put, local isomorphisms describe a copy-and-paste approach to putting cell
structures on larger spaces by some kind of “tiling”, periodic or not.

15



Figure 1: The combinatorial distance. In this complex, edge 0 is adjacent to
edge 1, as they share a vertex, and edge 1 is adjacent to edge 2 for the same
reason. Edge 2 is adjacent to edge 3 since they are both contained in the same
2-cell (the hexagon). Thus, the edges 0 and 3 have combinatorial distance
three. Meanwhile, the triangle and the hexagon have combinatorial distance
00, since they are neither adjacent to each other nor to any other 2-cell.

2.10 Definition. Let o be a j-cell of X. Let B,(c) be the smallest full
subcomplex of X that contains B, (c) = {0’ € &X | decomb(0,0’) <1}, and &
be the subcomplex given by the closure of o in X. Then the r-pattern of o is
the regular isomorphism type of the pair (BT(O'), 8)‘

Denote by Pat; . (X) the set of all r-patterns of j-cells in X.

2.11 Lemma. If X is a bounded reqular CW-complez, the set Pat;,.(X) is
finite.

Proof. Since X is bounded, Lemma 2.8 ensures that there is an upper bound
for the number of cells in any subcomplex B, (o).

Using Hatcher’s argument (see Remark 2.4), we can turn every finite regular
CW-complex K into a finite simplicial complex K®™P  and two complexes
K, K5 are regularly isomorphic if and only if there is a simplicial isomorphism
K™ — K3™P . Furthermore, we obtain a new bound for the maximal number
of simplices in such a complex.

In this process, a cell o € £;X turns into one or several simplices; its closure
will be a simplicial subcomplex.

For obvious combinatorial reasons, there are only finitely many simplicial
pairs (B, (0)¥™P, 5*™P) “and the claim follows. O

Frontiers

Local isomorphisms show the similarity between two parts of a complex, but
this similarity inevitably ends somewhere — presumably at the boundary of
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AA AA
AA A\

Figure 2: Patterns. The two vertices marked black have clearly different
1-patterns (top row). In their 2-patterns (bottom row), the complexes Bs(o)
are isomorphic, but the pairs (Eg(a),&\) are not, so the 2-patterns are also
different. (For any other vertex in this complex, the patterns are identical to
one of these two.)

these subcomplexes. When we look at the algebraic side of things, it turns out
that this affects not just the cells that form the topological boundary of such a
subcomplex; instead, we need to consider every cell “adjacent” to the outside
of the subcomplex with regard to the combinatorial distance. To distinguish
these cells from those in the actual boundary, we will call them frontiers:

2.12 Definition. The original j-frontiers of a subcomplex K C X are the
j-cells adjacent to X \ K. The set of original j-frontiers is denoted F;"*K’, so

FeK = {0 € &K | deom (0, (X \ ) = 1}

It is desirable that local isomorphisms preserve frontiers, that is, v(F; K) =
F;(vK). Unfortunately, this definition does not deliver that property: If a cell
o € &K lies “at the margin” of X itself, then it will often not be a frontier
of K, but many local isomorphisms v: K — L will map o to a frontier of L.
For example, consider the simplicial complex X = [0, 00), with £, X = Ny and
EX = {(n,n+1)|n € Ny}, and the subcomplex K = [0,5]. By definition,
FU8K = {5}; but for any n > 0, the local isomorphism ~: [0, 5] — [n,n + 5],
x +— x + n will also map 0 to a frontier.

To remedy this problem, let us extend the definition of frontiers:

2.13 Definition. The (generalized) j-frontiers of a subcomplex K C X are
given by
FK= |J 7'(F"™0K)

vel'(K,?)
where I'(K, ?) is the set of all local isomorphisms v: K — vK C X.
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Figure 3: Frontiers. All 1-frontiers of the dark blue subcomplex are marked
in orange. Note that not all frontiers are part of the topological boundary of
the subcomplex.

Figure 4: Generalized frontiers. The original 1-frontiers of this subcomplex
are only those marked in orange. However, as there is a local isomorphism
mapping this complex to the one from Figure 3, the 1-cells marked in red are
generalized frontiers.

2.14 Lemma. Ifvy: K — vK is a local isomorphism, then ~(F; K) = F;(vK).

Proof. Let o € F;K. Then there is a local isomorphism 7': K — 'K such
that v'o € Fl8(y/K). As v oy 1: vK — ~'K is also a local isomorphism
and (7 oy 1) (yo) = 7o € F"e(y/K), one obtains yo € F;(vK). This proves
V(F;K) € Fi(K).

Applying the same argument to the local isomorphism v ': yK — K
shows 771 (F;(vK)) C F;K. Since v: ;K — &;(vK) is a bijection, this
implies F;(vK) C ~v(F; K). O
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From now on, generalized frontiers will simply be called “frontiers”.?

2.15 Remark. The set of generalized frontiers can be rather large: For any cell
in K, there could be some local isomorphism mapping it to a frontier. The
easiest way to prove that a cell is not a frontier is to use the boundedness of
the complex: Any cell o € £; K whose combinatorial neighborhood B;(c) C K
already has the maximal possible size cannot be a generalized frontier of K.
Namely, for any local isomorphism v: K — K, the cell yo already has the
maximal number of neighbors in (B (o)) C 7K, so it cannot also be adjacent
to a cell outside of K.

2.16 Lemma. Let K C X be a full subcomplex and o € £;K. Letv: K — vK
be a local isomorphism.

(a) dcomb(aw’TjK) = dcomb(’YJPFj(’yK))'
(b) If deomp (o, F;K) > r, then o and yo have the same r-pattern.

Proof.  (a) Let deomb (0, F;K) = r. Write 0 = 0 and choose cells oy, ..., 0, €

E;X such that deomp(0i,0i41) = 1 for all 0 <i <r—1 and 0, € F;K.
Note that all o; actually lie in £; K since otherwise deomn (o, F;K) would
be smaller than r. Since v(F;K) = F;(7K) by Lemma 2.14, we have
o € Fi(7K).
Furthermore, deomp (70, 70i41) = 1 for all ¢: If o; and 0,41 share a face
p € £_1X, then p lies in K and ~o; and 7o, share the face vp. If o;
and ;41 are both faces of a cell 7 € £;11 X, then 7 must lie in K: If any
other j-face of 7 were not contained in K, then o; would already be a
frontier of K, which it is not; so all j-faces of 7 lie in K; as K is full,
this implies that 7 lies in K. Consequently, v7 exists and has both ~o;
and vo;,1 as faces.

Thus, we obtain
deomt (70, Fj(VK)) < deomb(¥0,70,) <7 = deom (0, F5K).
Applying the same argument to v~! yields
deomb (Y0, F5(VK)) > deomp (0, Fi K).
(b) By part (a), deomb (0, F;K) > 1 impli\es deomb (0, Fj(vK)) > r, and thus

B,(yo) C &;(yK), which implies B,(yo) € yK. Thus, v: K — vK
restricts to an isomorphism

vi (Bi(0).5) = (Br(r0).755)

so the patterns are the same. O

3In [Sucl6], the original frontiers were denoted F;K and the generalized frontiers ]-"7gK .
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2.2 Aperiodic order and the trace

With the stage set, we can now begin to tame infinite complexes.

2.17 Definition. An amenable exhaustion or Folner sequence of a regular
CW-complex X is a sequence of finite full subcomplexes K,, C X such that

e {1 CKy,CK;C...CX and U K,, = X (exhaustion),
| FiEm|

meN

=0 for all j with £;X # 0 (amenability).

Note that if X is finite, then there must be an my € N such that K,, = X for
all m > my.

The following definitions are a generalization of those given in [Ele06]
(where they were only used for graphs).

2.18 Definition. An (regular and bounded) CW-complex X has aperiodic
order if for every j,r € N there is a function

Pj,rl Patj,T(X) — [0, 1]
such that every amenable exhaustion (K,,)nen satisfies

& K
s S = rto

where 'Ky, is the set of cells 0 € &K, whose r-patterns are equal to a €
Patjﬂ, (X) .
P; () is called the frequency of the pattern . The definition immediately

implies
> P =1
a€Pat; . (X)

Note that if X is finite, then every amenable exhaustion is eventually con-
stant, and the complex automatically has aperiodic order.

2.19 Example. The property that any amenable exhaustion produces the
same pattern frequencies is far from automatic. As a simple counterexample,
define a CW-complex X as follows: Let & X = Z with O-cells o, for n € Z.
Connect o, to 0,41 by one edge if n < 0, and by two edges if n > 0:

0O_9 O_1 (o) 01 (o) 03

The 0-cells of this complex have three different 1-patterns: For o, with n <0,

. . . /A, .
the pattern is o —— e ——=o, for o it is o——=e__ o, and for o, with
—=\0

. . /X
n>0itis o e ~o.
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For any positive integers a, b € N, the full subcomplexes (K ,[S’b])meN spanned

by EOKL?”} = {0, | —am < n < bm} form an amenable exhaustion, and in that
exhaustion, we find the pattern frequencies

—1 a
]P)[a’b] — am _
1 (e * °) mggoaqubm—l—l a+b’
[a.b) o 1 _
Pii(o——e Zo)= lim o1 =
a . bm —1 b
P (0 Se T o) = lim — =

moocoam+bm+1  a+b

which clearly depend on the choice of the exhaustion. Thus, this complex does
not have aperiodic order.

2.20 Definition. The propagation of an operator A € B(EQ(SjX)) is given by
prop(A) = max {deomn(0,0") | 0,0’ € ;X and (0, Ac’) # 0}.

An operator A € B((*(€;X)) is called r-pattern-invariant if prop(A) < r
and the following commutativity condition holds: If v: K — L is a local
isomorphism and ¢ € &K such that B,(0) C K and B,(yo) C L, then
Avo = vAo and A*yo = yA%o.

An operator is called geometric if it is r-pattern-invariant for some r € N.

Denote by A5*°(X) the set of all geometric operators in B((*(€;X)).

2.21 Definition and Lemma. Let X be a regular and bounded CW-complex.
(a) For each j € Ny, let 9;: (*(£;X) — (*(€;_1X) be the operator induced
by the differential of the cellular chain complex of X.

That is, for any cells 0 € £;X and p € £_1X, the value of (p,0,0) is
given by the degree of the map

gi-1 LXo'—l)LOLX(j—l)/(X(j—l)\p) ~ L 5/0p 2 i1,

where f, is the attaching map of o and g, is induced by the inverse of
the attaching map of p.

Each 0, is a bounded operator.
(b) Define the j-th combinatorial Laplacian of X by
Aj — aj+1a;+1 + 8;8]

Each A, is a positive 1-pattern-invariant operator on ¢?(€;X), and thus
geometric.

Proof. By definition of the combinatorial distance and Lemma 2.5, each A;
has propagation < 1 and is indeed 1-pattern invariant. For a proof that 0;
and A; are bounded, see [Sucl6], Lemma 2.2 / Def. 2.5 / Remark 2.6. O
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2.22 Lemma. AJ”(X) is a *-algebra.

Proof. If A is ri-pattern-invariant and B is ro-pattern-invariant, then clearly
A + ¢B is max(ry, ry)-pattern-invariant for every ¢ € C.

The composition AB is (r; 4 r3)-pattern-invariant: Given v: K — L and
o € &K such that B, 4,,(0) € K and B, 4,,(v0) C L, we can write Bo =
Y oore Bry (o) by’ (since prop(B) < r3) and thus obtain

ABvyo = AyBo = Z bor Ay’ = Z boyAo' = yABo

0'€Bry (0) 0'€Bry (0)

using that for all o’ € B,,(¢) we have B,,(¢') C B,,4,,(0) € K and B,,(y0’) C
By +ry(vo) € L. (The latter follows from Lemma 2.16.)

Finally, if A is r-pattern-invariant, then so is A*; this follows directly from
the definition. O

2.23 Definition and Lemma. Let X be a complex with aperiodic order and
(K,,) an amenable exhaustion of X. Then the following defines a tracial state

on A%°(X):
J
) 1
tra(T) = %I—%OW > (0,T0) (1)
Jom Uengm

This is independent of the choice of (K,,), and if T € A" (X) is r-pattern-
invariant, then

tra(T) = > Pa)(oa,Tod), (2)

acPat; . (X)

where o, € ;X is any j-cell with r-pattern «.

Proof. Well-definedness: Let T € A%°(X) be r-pattern-invariant. If two
j-cells p,o € €;X have the same r-pattern, then there is a local isomorphism

y: Er(p) — B\T(O') such that vp = 0. Thus,

(0,Ta) =(yp, Typ) =(vp,vTp) ={p. Tp)

because supp(Tp) C B,.(p). Therefore, (o, T'o) only depends on the r-pattern
of o, and we obtain

1
K, Z (0,To) = Z

O'GSij ocGPatjyr(X)

(00, Toa) ™= Y Pu(@){0a,Tow) .

acPat; . (X)

This proves that the limit in Equation (1) exists and does not depend on the
choice of amenable exhaustion, and it proves Equation (2).

Linearity is clear from the definition.

State: The Cauchy—Schwarz inequality and the convention ||o|| = 1 yield
[(o,To)| < ||T|| for all o € £;X, and thus [try T| < [|T']| for all T € A5*°(X).
Conversely, try(id) = 1 = ||id||.
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Trace property: Let S, T € A}*(X) be r-pattern-invariant. (If S is ri-
pattern-invariant and 7T is re-pattern-invariant, simply let r = max(ry,73).)
Define the the set of “r-frontiers” of K,,

Fj K = &K N By (FiKm) = {0 € &Ko | deos (0, (E;X \ E;Kn)) <7}

Note that by boundedness of X there is C' > 0 (depending on X and r, but
not on m) such that {]—}’”Km{ < C|F;K,,| for all m.

Y (0.8Toy= Y (0,8T0)+ O(|F;Ky)

0€E; Km 0€E; K \Fi K,

=YY S0 To)+ O(FiK,)

TEE K \F} K pEE; Km

= Y Y (0.50)(p. To) + O(|F;Knl)

TEE K \FI K pEE; K \F Ko

In the first line, at most !.7:]4er| terms are left out; in the third line, at most
C |.7-7Km| terms are left out: For each p in Fj’"Km, there are at most C' cells
o for which (p, To) # 0. Each of the dropped terms is bounded by [|S|| ||T]|.
Thus, the O-constants depend on S and T, but not on m.

The same computation yields

Y. pTSpy= ) Y. (nTo)o,5p) + O(F;Knl).

pEE; Km PEE; Km\FI Km 0€E;Km\FI Kn,
Thus,
(0,(ST —TS)o) :(9( ] ) > 0. O
€K m] ae;% €5 m]

2.3 The algebra of pattern-invariant operators

The *-algebra A%™(X) can easily be extended to a C*-algebra:

2.24 Definition. Let A;(X) be the operator-norm closure of A%°(X) in
B((*(£;X)). As the norm try is norm-continuous, it immediately extends
to a trace on A;(X).

This allows us to define a functional calculus f(7T') for every geometric op-
erator T € A5°(X) and every continuous function f, and to take the trace
tr4(f(T)). However, we are aiming to define spectral projections for these op-
erators, that is, xjo,x(7") with the clearly discontinuous characteristic functions
X[o,n]- This requires a von Neumann algebral

The obvious next step would be to take the weak closure of A%*(X) in
B (62(5']-)( )), and extend the trace by weak continuity. Unfortunately, the
trace fails to be weakly continuous:
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2.25 Example. Consider X = [0, 00) with the standard CW-structure given
by &X = Np and £ X = {(n,n+1)|n € Ny}. Here, every vertex has degree
two, except for {0}, which has degree one.

For each r € N, define an operator P, € B((*(E,X)) by

p o, if every vertex in B,(c) has degree two,
r0 = .
0, otherwise.

Clearly, P, is r-pattern-invariant and thus contained in .A%*(X), and for every
r we have tr4(P,) = 1 because P,o = ¢ for almost all o € £ X.

But on the other hand, (P, ),y is a decreasing sequence of projections that
weakly (even strongly) converge to zero! As tr(P,) ——— 1 # 0 = tr4(0), the
trace is not weakly continuous.

To obtain a more suitable algebra, we employ the Gelfand-Naimark-Segal
construction.

First of all, the trace on A;(X) defines a scalar product on the algebra
itself:

2.26 Definition. Define a hermitian form and the corresponding seminorm

on A;(X) by
(5, T)y = tra(S™T), 1T, = V/tra(T*T).
2.27 Lemma. Let S,T € A;(X). Then we have:
(@) [Tl < 7]
(b) 105 = Tl
(©) (15T, < IS WTMl5

e) The set K;j(X) ={T € A;(X)|||T|l; =0} is a closed ideal of A;(X).

)
)
() [[ST I < (ISl - 177
)
f) K

(
( (X)) = {0} if and only if for every r € N and every o € &;X, the
r-pattern of o has positive frequency. Then, || ||, is a norm on A;(X).

Proof.  (a) This holds since tr4 is a state (and by the C*-property):

2 * * 2
1T, = tra(T™T) < |T°T1 = (|71

(b) This follows directly from the trace property:
I3, = tra(T*T) = tea(TT) = || T7|f3,.-

1 _ 1
(c) ISTf3 = lim > lISTo|* < lim > Isli*lTal?

e |5]Km| o €& Km o |5]Km| o€&iKm

2 2
= [IS17 - 17115
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(d) This follows from (b) and (c¢) combined.

(e) The triangle inequality for seminorms gives ||S 4+ AT'||,, < [|S|l;,+|A |1 T']|5,
for all A € C, so K;(X) is a linear subspace. By (c), it is a left ideal,
and by (d) it is a right ideal. Finally, it is closed (in the original norm
topology) because tr4 and thus || ||,, are norm-continuous.

(f) Assume there are a j-cell 0 € £;X and an r € N such that the r-pattern
a of o has P; (o) = 0. Then the operator given by Tp = p if p has the
same r-pattern as o and Tp = 0 otherwise is clearly r-pattern-invariant
and non-zero, but its H-norm vanishes. Thus, /C;(X) is nontrivial.

Conversely, assume that every pattern of every j-cell in the complex has
positive frequency. Let T' € A,;(X) and o € &;X such that T'o # 0. By
definition of A;(X), there is S € A5*°(X) such that ||T — S|| < 5 ||To],
and S is s-pattern-invariant for some s € N. Let a, be the s-pattern of
o. By assumption, P; (a,) > 0, and every p € £;X with this pattern
fulfills

2

1Spll = |Soll = IToll = ITo = Sof| = S I To|
1

= IToll 2 [ISpll = 1Sp = Toll = 5 [ T|

This implies

]P)jvs(aa) ||7j0-||2 > 0 D

T35, = tear (T°T) >

2.28 Remark. 1t should be noted that the H-norm is not submultiplicative:
Consider a complex with just three cells, and let

T =

—_ = =
—_ = =
—_ = =

On Mats(C), we have trq = 3 tr, and we obtain HT||§{ =3<3V3=|T?,.

With the newly constructed scalar product, we can complete A;(X) into a
Hilbert space and have it act on this extended version of itself:

2.29 Definition and Lemma. Define a Hilbert space H;(X) as the comple-
tion of the pre-Hilbert space (A;(X)/K;(X), (-, )4)-

Then the action of A;(X) on H,;(X) by left multiplication yields a *-homo-
morphism A;(X) — B(H;(X)). If £;(X) = 0, this map is isometric (with
respect to the operator norms on each side).

Define the von Neumann algebra N;(X) as the weak closure of A;(X) in
B, (X)).

When the space X is clear, simply write A;, H; and N instead of A;(X),
H;(X) and N;(X).

25



Proof. Note first that the statements of Lemma 2.27 (b), (c) and (d) still hold
if T (in (b) and (c)) respectively S (in (d)) are replaced by elements of ;.
This shows that for every T' € A;, the map H; — H;,= — T'- = is well-defined
and has B(#;)-operator norm less than or equal to ||T||. (In particular, if we
change the representative of = by something of H-norm 0, then the result will
also change by something of H-norm 0.)

To see that A; — B(#H,;) is a *-homomorphism, note that for A, B,T" € A;,

(A, TB), = tra(A*TB) = trs((T*A)*B) =(I" A, B),, ,

where 7™ denotes the adjoint of 7" in A;. Since A;/K; is dense in H; (w.r.t.
the H-norm), this proves (=, 77),, =(T*=,T),, for all Z,T € H;, as desired.

Finally, if IC; = 0, then the map A; — B(H,;) is injective (because id € H,,
and T #0 = T -id # 0), and every injective *-homomorphism between
C*-algebras is isometric. O]

2.30 Example. Let X be a finite complex, fix some j € {0,...,dim X}, and
let n = [€;X]. Then B(*(€;X)) = Mat,(C), and the trace on A¥’(X) C
Mat,,(C) is given by the normalized matrix trace. The H-norm is given by the
normalized Frobenius norm

% Z It

ij=1

1705 =

and obviously K;(X) = {0}. As the spaces are all finite-dimensional, all norms
are equivalent, and we obtain H;(X) = A;(X) = A%°(X). Furthermore,
B(H;) is finite-dimensional, and thus A;(X) C B(H,) is closed, so we also
obtain N;(X) = A;(X) = A7(X).

2.31 Example. Let X = R with the standard CW-structure, so &R = Z =
E1R. In this case, every local isomorphism extends to a global isomorphism,
and the group of global isomorphisms is generated by Z-translations and the
reflection at zero.

Let us determine the geometric operators on &R. Since they must be
Z-equivariant, we can use the standard Fourier isomorphisms (?7Z = L?(S!)
and B((*Z)* = L>=(S'). Here, the reflection at zero corresponds to

R: L2(SY) — L*(SY), f(2) = f(z7).
Thus, if a geometric operator T on ¢*(&R) is given by a function t € L>(S!),
that function must fulfill
t(z)- f(z7') =TRf(2) = RTf(2) = (t- /)(z7") =t(z"") - f(z71)

for any f € L*(S'), and thus t(z) = t(z71).

On the other hand, a Z-equivariant operator of propagation r must be a
linear combination of shifts by distances < r, so its corresponding function in
L>=(S') is a Laurent polynomial of degrees between —r and r.
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Consequently, A5 (R) corresponds to symmetric polynomials in z and 27,

or equivalently, to polynomials in Re(z) = %(z + 271). By the Weierstrass
approximation theorem, the norm closure is given by

Ao(R) = C([-1,1)).

The H-norm on A is clearly equivalent to the L?-norm on [—1,1], and thus
Ho(R) = L*([~1,1]),

which immediately implies
No(R) = L>([-1,1)).

In both examples, N, can be identified with a linear subspace of H;. This
holds in general:

2.32 Lemma. The map N;(X) — H;(X), T — T[id] is injective and has
dense image. Thus, Nj(X) can be identified with a dense subspace of H;(X).

Proof. By Lemma 2.27 (d), right multiplication by an element of A; is also a
bounded operator on H;, and it certainly commutes with any operator given
by left multiplication with an element of A;.

By the double commutant theorem, that means that right multiplication
by an element of A; also commutes with every operator T' € N;. Therefore, if
[A] is the element of H; represented by A € A;, we have

TIA] =T(id] - A) = T[id] - A,
so the restriction of T' to A;/K; C H; is uniquely determined by the value
of T[id]. As A;/K; is dense in H;, this implies that N; — H;, T — T[id] is
injective. Finally, the image of this map certainly contains 4;/KC;, which is

dense in H;. O

2.33 Corollary. The trace on A;(X) extends to a weakly continuous faithful
trace on N, namely by

try: NG(X) = C, T — ([id], Tfid]),,

Proof. The functional try is by definition weakly continuous on B(H;).
For A € A;, we have

trar(A) = ([id], A[id]),, = try(id*Aid) = try(A4) = tra(A),

so this indeed coincides with the original trace when applied to A;.
If P € Nj is a non-zero projection, then

tra(P) = tea(P*P) = || Plid]|[, # 0

by Lemma 2.32. Thus, try, is faithful.
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It remains to prove the trace property on Nj. Given S,T € N;, find nets
(Ai)ieb(Bk)kEK - Aj such that § = limiel Az and T = limkeK Bk in the
weak operator topology. As trys is weakly continuous, multiplication is weakly
continuous in each factor, and the trace property holds on A;, we obtain

trar(ST) = lim trar(A;T) = lim ]llr[r% trar(A; B)
€
= hIIIl %un trar(BrA;) = liIIII trar(T'A;) = trpa(T'5). O
1€ 1€

2.84 Remark. For completeness, let us show that the map N; — H;, T +— T/id]
is in general not surjective. One such example is given in 2.31, where we show
NG = L([-1,1)) © L2(-1,1]) = ;.

Here is a second example: Assume that in the complex X there are patterns
a, € Pat,, ;(X), with 0 = ry < r; <ry < ..., such that each o € £X with
rp-pattern a,, also has r,,-pattern a,, for all m < n, but only half of these cells
also have r,;i-pattern a,,41. Then «,, has frequency 27". Now define A,, € A;

by
Ano = 2™30 where m = min (n, max {k | ¢ has ry-pattern ay}) .
This is a Cauchy sequence in H:

1A, — A3 = trH((A — An)?)

— Z 2~ (k+1) 2k/3 2m/3 Z 9~ (k+1) | (271/3 2m/3)

k=m+1 k=n+1
g Z 2—(k+l) . 22k/3 + Z 2—(k+1) . 22n/3
k=m+1 k=n+1
— Z 271@/371 + 27(1’L+1) . 22n/3
k=m+1
S% Z 2—k/3+2—n/3—1 m,n—00 0.
k=m+1

Thus, = = lim,, o A, exists in H;. Assume that there were T € N such that
T[id] = Z. Then, by the argument from the proof of Lemma 2.32, we would
have T[A,,] = T[id] - A, = E- A, for every m € N. Since T is by assumption
continuous, this gives T= = lim,, .o, =- A,,. Conversely, as right multiplication
by A,, is continuous, = - A,, = lim,, o, 4, - A,,.

For all m < n, we have

| An A3, = try(A, A% A,)

> tI"H A4 Z 9= (k+1) 24k/3 + 2—(m+1) . 24m/3
k=0
— Z 2k/3—1 + 2m/3—1 m—oo 0.
k=0

Thus, TZ cannot be an element of H;. Contradiction!
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2.4 Dimensions

In the finite-dimensional world, every dimension of a vector space can be ex-
pressed as the trace of the projection to that space. With the trace on N;(X)
developed above, we can apply the same concept to define finite dimensions
for certain subspaces of H,;(X):

2.35 Definition. A closed subspace V' C H;(X) is called geometric, if the
orthogonal projection to V' lies in Nj(X). For every such subspace, define

dimy (V) = try(proj, ).
Let us collect some basic properties of this dimension:

2.36 Lemma. (a) If V,IW C H,;(X) are geometric subspaces, then so are
VEVAW and V +W.

(b) If VLW, then dimp(V & W) = dimp (V') + dimp(W).
(c) If T € N;j(X), then ker(T) and im(T) are geometric subspaces, and

dimy (im(7)) = dimy (H;(X)) — dimy (ker(T)).

(d) If V,W CH,;(X) are geometric subspaces, then
dimp (V + W) = dimp (V) + dimp (W) — dimp(V N W).

Proof. (a) If Py is the orthogonal projection to V' € N;(X), then id — Py €
N;(X) projects to V*+, so V+ is geometric.
By a theorem of von Neumann [von50], the projection to V- N W is given
by
Pyrw = JLH;O(PVPW)n

in strong operator topology. This is clearly contained in N;(X), so VN W is
geometric.

Since (V + W)+ = VE n W+ the third statement follows from the first
two.

(b) This follows directly from Pygw = Py + Py.

(c) Since xq03(T") € N;(X) projects to ker(T'), the kernel is geometric, and

as im(7T) = ker(T*)*, it follows from (a) that im(7) is also geometric.
Write T = U |T| with |T'| = VT*T and U unitary. Clearly, U, |T| € N;(X)

and ker(T") = ker |T'|. If @ projects to im |T'|, then UQU™* projects to im(7T),
so we get

dimy (ker(T")) = dimy (ker [T']), dimy (im(7)) = dimy (im |[T7]).
Finally, as |T'| is self-adjoint, we have
H;(X) =ker |T| @ im T,

so the statement follows from (b).
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(d) Let W = (id — P,)W be the projection of W to V+. This gives the
orthogonal decomposition V + W = V & W, and by (b), dimpy(V + W) =
dimp (V) + dimy (W). Note that W is geometric by (c), because it is the
image of (id — Py) Py. Furthermore, ker((id — PV)PW) =W+ae (VnW), and
so (b) and (c) yield

dim W = dimy (im((id — Py)Py))
= dimy (H;(X)) — dimpy (W) = dimp (V N W)
= dimy (W) — dimp(V N W)
This completes the proof. n

2.37 Corollary. If VW C H;(X) are two geometric subspaces such that
dimp (V) < dimp (W), then W NV+ #£ {0}.

Proof. Apply Lemma 2.36 to Py Py. We have ker(Py Py) = Wt o (WnNVL),
and im(Py Py) C V. Therefore,

dimpr (V') > dimyy (1m (Py Pw) )

= dimy (H;(X)) — dimy (W) — dimy (W N V*)
= dimy (W) — dimy (W N V)
(W) —

= dlmN(Wﬂ VL) > dimp (W) — dimp (V) > 0.

As a zero space would have dimension zero, this completes the proof. O

2.5 Spectral density functions

We are now, finally, ready to define and discuss the spectral density functions
(or “integrated densities of states”) of geometric operators:

2.38 Definition. Given a positive operator T' € N;(X) and A € [0, 00), define
the spectral projections of T by

ET(N) = X (T) = Xpon(T) € Nj(X)
and the spectral density function of T by
FT:[0,00) = [0,1], A = try (Er(N)).
In general, for any operator T € N;(X), define
ET\) =ETT(\?) and FT(\) = FT'T(\?).

(This is well-defined, as Lemma A.8 proves the equality ET(\) = ET T(\?) for
self-adjoint 7T'.)
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2.39 Lemma. Let T € N;. Then its spectral density function FT fulfills the
following:

(a) FT(0) = dimp(ker T).

(b) FT is increasing.

(c) FT is right-continuous.

(d) FT(\) = dimpy(H;) =1 for every X > ||T|.
Proof. All of this follows from the definition and Theorem A.6. O]
2.40 Lemma. For any T € N;(X) and all A > 0, we have FT(\) = FITI(\) =
FT'(\).
Proof. By definition,

FT(\) = try ETT(A) = try ETF(0) = FITI())

and FT7()\) = try ETT7()). Since spec(T*T) C [0,00), we have ETT()\) =
X(0, (1T and the same for TT*. Choose a sequence of polynomials (P, )men
that converge pointwise to xjo,x- Then Theorem A.3 implies that p,, (77T
converges weakly to E7 T()), and as the trace is weakly continuous, we get
FT(\) = lim,, o0 ttar P (T*T) and FT7(N) = limy,, o0 trar 9 (TT).

On the other hand, the trace property implies trys ((T*T)k) = try ((TT*)’“)
for all k, so (by linearity of the trace) those two limits are equal. O

2.41 Remark. If £;X is finite, every self-adjoint operator T € N;(X) cor-
responds to a hermitian (n x n)-matrix, and there is an orthonormal basis
of C" with respect to which 7" has the form diag()\y, ..., \,) with eigenvalues
A1 < ... < \,. Then the spectral projection ET(u) is given by the projection
to the first & basis vectors, where k is given by A\, < 1 < A\pp1, and FT(u) =
tra(ET (1)) = k/n. Especially, the spectral density function of an operator on
a finite-dimensional space is always a right-continuous step function.

The idea of spectral density functions is that F'(\) measures the size of the
maximal subspace on which 7" is bounded by A:

2.42 Lemma. Let T € N;(X) be self-adjoint and > 0. Then
FT (1) = max {dimy V' |V C H;(X) geometric, | T|y| < u}.
(Here, Ty is considered as an operator T:'V — H;(X).)

Proof. By definition, F* () = tra(E” (1)) = dimy (im E7 (1)), and the space
im E7(p) is geometric. Lemma A.9 gives ||[Tv|| < p||v| for all v € im ET (u),
and thus

FT(1) = dimp(im E7 (1)) < max {dimy V' |V geometric, ||T|y| < p} .

Conversely, let V' C (2(£;X) be a geometric subspace such that dimy V' >
FT(1). By Corollary 2.37, this implies that there is a nonzero vector z €
VN (imET(/UL))L. Then, Lemma A.9 yields ||Tz| > p|z||, and therefore
IT]v]l > A. O
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Finally, it should be noted that the spectral density function of an operator
T contains all necessary information to determine the trace for any operator
that can be obtained from T through functional calculus:

2.43 Lemma. For any self-adjoint T € N (X) and any function f € L>°(R),
we have

e (£T) = [ FVFT ()
where the measure dF"(X) is given by dF" ((a,b]) = FT(b) — F'(a).

Proof. Using the definition of F' and Theorem A.6, we obtain:
toa (f(T)) = (lidx], f(T)[idx]),, = /Rf(A) d([idx], " (V)[idx]),,
_ /Rf()\) d(tra (BT (V) = /Rf()\) dFT()). O

2.44 Remark. If one is interested solely in the spectral density functions of
geometric operators, but not in their von Neumann algebra, Lemma 2.43 can
serve as an alternative definition:

For any bounded continuous function f: spec(T') — C, we have f(T) € A;,
so tra(f(T)) is immediately defined. Especially, this defines a positive linear
functional

Ce(spec(T)) = C, f = tra(f(T)).

By the Riesz—Markov-Kakutani representation theorem (see [Elsll1], p.358),
this implies the existence of a unique locally finite inner regular measure u’
on spec(7T) such that

e (£1) = [ LT

holds for every f € C.(spec(T')). One can then define the spectral density
function by

FT(\) = / -~
spec(T)

obtaining the same function as in our Definition 2.38 (and, of course, dFT =
uT). The author would like to thank Ralf Meyer for pointing out this approach.
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3 Self-similar complexes and uniform conver-
gence

In the previous chapter, we have been using spaces with aperiodic order, that
is, spaces where every pattern of cells appears at a frequency that becomes
approximately constant on a large scale. Now, we shall discuss a way to
actually construct such spaces using self-similarity.

In short, a self-similar space is obtained through an iterative process: We
start with a finite cell complex and glue several copies of it together. We can
then use the resulting (still finite) complex and repeat the process ad infinitum,
eventually obtaining the self-similar complex as the union of all iteration steps.

It is intuitively clear that patterns that are present in the finite subcom-
plexes will repeat infinitely often in the final complex. On the other hand,
whenever two subcomplexes are glued together, new patterns can be created.
This lets the whole complex be more than the sum of its parts, but it also holds
potential for instability and divergence. To keep this variation in check, we
need amenability: The number of cells at which different subcomplexes meet
each other must be small compared to the total number of cells.

Under these conditions, we will show first that the self-similar structure
indeed implies the aperiodic order required in the previous chapter. Then,
we will come to the centerpiece of this thesis: We will prove that, on a self-
similar complex, the spectral density function for any geometric operator can
be approximated uniformly by the spectral density functions of the finite sub-
complexes that form the self-similar structure.

3.1 Definition. A self-similar complez is a bounded regular CW-complex X
for which there is a self-similar exhaustion, that is, an amenable exhaustion
K, C Ky C K3 C ... C X by connected* subcomplexes as in Def. 2.17, such
that for each m € N there is a finite set G(m,m + 1) of local isomorphisms
v: Ky = vK,, C X that fulfills

Kerl = U nyma

veG(m,m+1)
Ei(mEKm) NEj (72 Knm) = Fj(mKn) N F;(12K,,) for all 41 # vs.

Thus, each subcomplex K, 1 consists of “copies” of the next-smaller subcom-
plex K,, that overlap only at their frontiers. Write

Gm,m+k) = {Ymtk-10...0Ymt107m |7 €G(J,J + 1)},

G(m) =) G(m,m+k).

k=0

4Connectedness in the topological sense implies that any two vertices in K, have a finite
combinatorial distance; this is relevant for the proof of Theorem 3.4. On the other hand, it
does not imply that any two j-cells for j > 2 have finite combinatorial distance, and that is
not needed for any proofs.
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Then we obtain

Koin= |J 1Kn and X= | 7K,
vE€G(m,m~+k) v€G(m)

where the various copies of K, still only overlap at their frontiers.

Note that the self-similar exhaustion (K,,) and its local isomorphism sets
G(m,m + 1) are not a fixed part of the structure — they only need to exist.

3.2 Example. R? with the standard CW-structure (that is, &R = Z4, etc.)
is self-similar. For example, let K,, = [-3™, 3™] for all m € Ny, where the
3¢ local isomorphisms in G(m,m + 1) are given by shifts by 2 - 3™ - ijl €€,
where ¢; € {—1,0,1} and e; are the standard basis vectors in R
Check that these K, are indeed a Fglner sequence: for the top-dimensional

cells, we have

| FaKom|  2d-(2-3™)%1  d e 0

EaK| — (2-3m)d 3m ’

in other dimensions, we get terms of the same order of magnitude.

An entirely different self-similar exhaustion of R? is shown in Figure 5.
Here, every K,,,1 consists of only four copies of K, (instead of nine as in the
first structure).

Figure 5: Another self-similar structure on R%. In order to cover the entirety
of R?, new “corners” have to be attached on alternating sides: K; (orange)
and K3 (purple) extend to the top right of Ky (yellow), while K5 (red) and
K, (blue) extend to the bottom left. Note that each subcomplex includes its
predecessors, so K is actually the entire picture (and not just the blue parts).
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Figure 6: Subcomplexes Ky to Ky of Sierpinski’s triangle. Kj is the yellow
triangle on top, K7 consists of the yellow and orange parts, Ky adds the red
parts, etc. The whole space would extend infinitely towards the bottom of the

page.

3.3 Example (Sierpinski’s triangle). Let Ky be a triangle and form K,
from three copies of K,, each connected at their “corners” (see Figure 6).

In this case, amenability is trivial: each K, has |FoK,,| =3, |F1 K| = 6,
|FoKn| = 0, regardless of m. (There are two slightly counterintuitive aspects
to this: First, the top corner is not an original frontier, but it is a generalized
frontier, as it gets mapped to a frontier by many local isomorphisms. Second,
any two 2-cells have combinatorial distance oo, as they can only border each
other at a vertex, not along an edge.)

The top corner has a unique 1-pattern: It is the only vertex of degree two,
all other vertices have degree four. Thus, this is an example of a space where
a pattern has frequency zero. Consequently, an operator P € B(¢?(€,X)) that
projects to the space spanned by vertices of degree two would of course be
geometric, but have tr4(P) = 0.

To avoid this, we can instead use the “twin triangle” (see Figure 7). Here,
every pattern has positive frequency. (It will be shown in the next section that
the pattern frequencies indeed exist.)
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Figure 7: The “twin triangle”. K, now consists of two triangles (yellow),
but every K,, for m > 0 still consists of three copies of K,,_1. Unlike the
original triangle, the twin triangle has no “special vertex”: For any r, the r-
neighborhood of the “central vertex” (the one between the two yellow triangles)
looks no different than the r-neighborhood of infinitely many other points.
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3.1 Self-similarity implies aperiodic order

Let us now prove that self-similar complexes do indeed have aperiodic order.
This is not surprising, as their construction has clearly a “repetitive” nature,
but it is not completely obvious either, since we need to check that the fre-
quency of patterns converges not just along a given self-similar exhaustion, but
along any Folner sequence, self-similar or not.

3.4 Theorem. FEvery self-similar complex has aperiodic order.

Proof. Let (K,,) be a self-similar exhaustion of X. Fix j,r € Ny and a pattern
a € Pat; . (X).
For any subcomplex K C X, consider the “r-interior”:

I;K = {O' € SJK ‘ dcomb(aaX \ K) > T},
K = {oe 'K ‘ o has r-pattern o} .

By Lemma 2.16, we have
o |Z;’°‘(7Km)‘ = |I;’°‘Km‘ for every v € G(m,n),

o T (mKm) NI (72 K,n) = 0 whenever 41,792 € G(m,n) with 41 # 7,

o &KL\ U Zi(vEKw)

<C, |g(man)| |‘EKm|a

v €G(m,n)
where C, = max |B,(0)|. (C, is finite since X is bounded.)
ogEL;

Therefore, the number of times the pattern a appears in K, is given by

E0KL| = > T (v Km)| + O(G (m, n)| | FiKon))
vy € G(m,n)
= G(m,n)| |Z}" K| + O(1G(m, )| |F; Konl)
= |G(m, n)| [£ K| + O(1G(m,n)| |[F;Kom|)

where the last line follows from |E;K,,| — | I K| < Gy |F; K.
On the other hand, the total number of j-cells in K, is

EiKal = > T (vKw)| + O(G(m, n)| | Fi Kom)
y€G(mn)
= |G(m, n)| |Z; K| + O(|G(m, n)| | F; Kn)
= |G(m, )| |&; K| 4+ O(1G(m, n)| | F; K|
One obtains the pattern frequency:
E0 K| |G (m,n)| |7 K| + O(1G(m, )| |FK)
& Kal — 1G(m, 0)][€; K| + O(1G(m, n)| [ F; Konl)
& K| + O(|FKoml)
&Kl + O(|F; Kinl)
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Now fix any € > 0. Choose m large enough that for all n > m, the O-terms
are less than ¢|&; K,,|, which gives:
Ve el _ R _ 1 JErK]

. gaK’ITL . . . .
Thus, the sequence of frequencies (h e |> is convergent, and it has a limit
jhm
EC K|
P, .(a) = lim ‘ J
J’r( ) oo |5]Km|

It remains to show that if (L) is a different amenable exhaustion of X,

then (‘gﬂa Lk’) converges to the same limit.
Again, fix ¢ > 0. Let

€5 L]

C, = max |B,(0)]|.

ogc 5]'X
Choose m large enough that
€7 Kol

|2 Ko
]P)jﬂ"<a) - |(€K | -
A m

C, | K
O g el

|‘€ij|

Y

are all smaller than e.
Let?

_ /
bm - p7p’nEl%§{Km dcomb<p7 1Y )

(note that this is always finite) and

D,, = max |By, (p)].

pe&oX
Then choose kg large enough such that for all k > kg,
[File|

B
For m € N, let

Gin(m, k) = {y € G(m) | 7K C L},
Gout (m, k) = {v € G(m) [ 7K 0 Ly, # 0},
gfront(mu k) - gout(m7 k) \ gin(m7 k)
Then the frequency of the pattern v in L can be estimated by

|Gin(m, k)| ‘IJLQK”J < |SJQL’C‘ < |Gout (m, k)| (‘EJQKm‘ + G |‘F3KmD
Gout (m, ) [E; K| = [E;Li] |Gin(m, k)| |} K|

5Unlike C,., which counts the j-cells in r-patterns, the constant D,,, always counts 0-cells.
This is necessary because we will soon use that any two 0-cells in the complex are connected
by a “path” of adjacent cells, which does not hold for general j-cells.
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where the term |Gout(m, k)| C, | F; K, | estimates the number of cells whose
r-pattern in L; may stretch across multiple copies of K,,.
By choice of m, we already know
1, a

1—&)P;, (o)< 2 ™1 and
( 5) s (Oé)_ yngm| an ‘I;Km‘ = 1—8

P, ().

It remains to bound the ratio of |Gi,(m, k)| and |Gous(m, k)|
If v € Guont(m, k), then vK,, contains a vertex in Lj and a vertex in

X \ Lg; since K,, (and thus vK,,) is connected, it must also contain a vertex
p € FolLy. Therefore,

U &OKw) € By, (FoLs)
Y E gfront (m’k)
and thus
U &OKwm)| < Dy | FoLal .
RaS gfront (muk)

Conversely, as the different copies of K, only overlap at their frontiers, we
have

|gfront<m>k)’ : (‘50Km| — |fOKm|) S U 50(’)/Km) .
YE gfront (m,k)

Combining the previous two equations yields the estimate
’gfront(ma k’)‘ : <|50Km’ - ‘FOKmD S Dm |f0Lk’ )

and if m is large enough to ensure |FoK,,| < 3 |E9Ky|, we obtain

Dy, | FoLy| | FoLk|
gron m,k S S 2Dm
Grom (1= g e [ = Fo ] = 2P €K
On the other hand,
|Eo L]

Lk C U fYKm - |Gout<m)k>’ >
'Yegout(myk)

|80Km|’

which implies

’gfront(ma k)‘ |‘FOL]€’

<2D,, —— < 2¢
|Gout(m> k)’ N ’80Lk|
and therefore G (. B)|
in{"M,
— T L > 11— 9.
|Gout(m, k)| —

Thus, we finally end up with
EXL
S‘] k!g 1+4+¢ jr(a).
&Lkl — (1—2e)(1—¢) 7
As e was arbitrary and this holds for all £ > kg, the limits indeed coincide. [J

(1-2)(1—¢)P;, ()
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3.2 Approximating spectral density functions

We now come to the main theorem about spectral density functions of geo-
metric operators on self-similar complexes.

Given any geometric operator 7" on a self-similar complex X, we form a
sequence of “restricted” operators T}, on the finite subcomplexes K,,.%

These operators T), can always be obtained by 7, := P,T1,, where
In: A(E;K,,) — (2(E;X) is the inclusion and B,,: (*(£;X) — (2(&;K,,) is
the orthogonal projection.

However, as the proof of convergence extensively uses that the frontiers
of K,, are negligible compared to its interior, the behavior of T,, near these
frontiers is equally negligible. Thus, our choice of T}, is rather flexible. In the
most interesting case, when T" = A§-X) is the Laplacian on X, we can choose

T, = A;K’") to be the Laplacian on K, (which ignores the existence of all
cells in X \ K,,), even if that operator takes significantly different values on
frontiers of K,,.

Firstly, in Theorem 3.5, we will show that the spectral density functions of
the operators T}, are uniformly convergent (without yet specifying the limit).
Then, in Theorem 3.11, we will show that their limit is actually the spectral
density function of T" as defined in Def. 2.38.

This is remarkable in so far as the function from 2.38 measured the sizes
of subspaces of H;(X) (the abstract Hilbert space formed from the geometric
operators themselves), while the spectral density functions of the T, actually
measure subspaces spanned by cells in K,,. Furthermore, it proves that the
choice of (K,,) does not matter at all — the spectral density functions will
always converge to the same limit!

3.5 Theorem. Let X be a self-similar CW-complex with self-similar exhaus-
tion (Kp) ey, and let T € A°(X) be a positive r-pattern-invariant operator.
Choose a sequence of positive operators T,, € B((*(E;K.,,)) such that, for
all m, [|Tn|| < C for some constant C, prop(T,,) < r, and To = T,,0 for
every o € T Ky,
Let F,, be the spectral density functions of T,,, that is,

1

C 2(E; '
max {dimc W W C l*(E;Ky,) linear subspace such that} ‘

| Tnv|l < A o] for allw e W

Then the sequence of functions F,, converges uniformly, and the limit does not
depend on the choice of the sequence (1,,).

Before we begin the actual proof, some elementary lemmas:

3.6 Lemma. Let A, B be finite-dimensional vector spaces and C C A® B be
a subspace. Then
dim(ANC) > dim(C) — dim(B).

6The exhaustion (K,,) is not fixed, and it will become clear later that its choice does not
matter.
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Proof. We have A® B O A+ C and thus

dim(A @ B) > dim(A + C)
— dim(A) + dim(B) > dim(A) + dim(C) — dim(AN C)
— dim(B) > dim(C) — dim(A N C)
= dim(ANC) > dim(C) — dim(B). O

3.7 Lemma. Let T: C" — C" be a self-adjoint operator and > 0. Assume
that exactly k of the eigenvalues of T' (counted with multiplicity) have absolute
value < p. Let V- C C™ be a subspace such that ||Tv| < pl|v|| for allv € V.
Then:

(a) dimV <k.

(b) If dimV < k, there is a subspace W D V' such that |Tw|| < pljw|| for
allw e W and dim W = k.

Proof. Let (e;)I, be an ONB of eigenvectors of T, and (\;)!_; be the cor-
responding eigenvalues. Without loss of generality we have

Pl < SR S < Pl << -

(a) Assume dim V' > k. Then the spaces V' and span(eg1, ..., e,) must have
a nontrivial intersection (since their dimensions add up to more than n). But
any nonzero vector r =y ., 41 Tie; fulfills

n n
Tzl = Y Nlail* > Y b |l = i |l2]*,

i=k+1 1=k+1

so it cannot lie in V. Contradiction!

(b) Assume dim V' < k. It suffices to construct a space W D V such that
|Tw] < pl||w] for all w € W and dimW = dim V' + 1. If that dimension is
not yet equal to k, simply repeat the process a finite number of times.

Let Eig(u) = {x € C"|Tx = px} be the eigenspace of p. (This will often,
but not always, be {0}.)

Case 1: Eig(p) € V. Define W = V + Eig(p). Then any vector v + z,
where v € V and = € Eig(u), fulfills

IT(v+ 2)[|* = |T||* + 2Re(Tw, Tx) + || T ||?
= || Tw|)* + 2Re(v, T?z) + | Tz||?
= | Tv||* + 244° Re(v, @) + pi* |l||”
< 1 |[o]|* + 244° Re(v, @) + p® |||
= p* flo + 2.

Case 2: Eig(p) € V. (This includes the case |Agx| < u, when Eig(u) = {0}.)
Define
B = +/|T? — p2id|: C" — C".
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(That is, Be; = \/|\? — p?| - e; for all 1 < i < n.) Let P: C* — C" be the
orthogonal projection to span(es,...,e;). Note that P and B commute and
that ker(B) = Eig(u) = span {e; | |\i| = 1} € im(P). Then

dim(PBV) < dim(BV) = dim(V) — dim Eig(u) < rank(P) — dim Eig(u),
and therefore, there is a nonzero vector
yo € im(P) N (PBV)* N Eig(u)™*.

Since B = B* and everything is finite-dimensional, we have Eig(u)* = ker(B)*
im(B), so there is a pre-image ro = B~ 'yy. Now define W =V & Cu,.
We have

T? — pid = — |T? = p?id| P + |T% — p?id| (id — P) = —=B*P 4 B*(id — P)
and so, for any vector z € C",

T = 2 2l = (T2, ) — (2, )
={(T* — p*id)z, z)
= —(B’Pz,z) +(B*(id — P)z,z)
= —||PBz|* + ||(id — P)Bz|.

Therefore, for v € V and x € Cxq, we obtain

|T(v+ 2)||* = 12 ||v + z||* = — ||PBv+ PBz|” + ||(id — P)Bv + (id — P)Bz|?
—||PBv|* — ||Bz|” + ||(id — P)Buv|

< —||PBv|* +|/(id — P)Buv]

= || Tv||* = i ||v]®

<0,

where we used that PBx = Bx L PBv and (id — P)Bz = 0. Thus, we obtain
indeed ||T'(v+ )| < pllv + || O

3.8 Definition. Let H be an (at most countably infinite-dimensional) Hilbert
space, J C H a closed subspace, T € B(#H) and A > 0. Then define

L(T,\,TJ)=A{V CJ closed subspace| ||[Tv|| < Al|v| for allve V}.
A subspace W' € L(T,\, J) is called of mazimal dimension if
dime W' = max {dimc¢ W |W € L(T,\,J)}.

Note: With this notation, the spectral density functions from Theorem 3.5
can be written as F,,(\) = m -max {dim¢c W |W € L(T,,, \, *(E;K.n)) }-

42



3.9 Lemma. Let H be an (at most countably infinite-dimensional) Hilbert
space, J C H a finite-dimensional subspace, T € B(H) self-adjoint and A > 0.
Let V€ L(T,\,J). Then there is a subspace W € L(T,\,J) of mazximal
dimension such that V. C W.

Proof. Let S: H — H be a unitary operator such that STJ C 7. (This
exists because dim(7J) < dim(J).) Then consider the restriction ST|; as
an operator J — J and let ST|; = UA be its polar decomposition, that
is, U: J — J is unitary and A: J — J is positive. By construction, every
r € J fulfills

[Az|| = |U*STz|| = [|STx|| = | T

Therefore, L(T,\,J) = L(A,\,J), and A is self-adjoint. Now the claim
follows from Lemma 3.7. m

3.10 Lemma. Let T € B(C*) be positive and X > 0. Let W C CF and
Ve L(T,\,W) be mazimal. For n € N define

T"=T@eTe®..eT: C" - C",
V" =VoVe...eV,
We"=WoWeae...oW.

Then V" is a mazimal element of L(T®", X\, W),

Proof. To see that V& € L(T®", X\, W%"), write v € VE" as v = @], v; with
v; € V. Then

N 2 " n " 2
75| = (| Toil| =Y ITwill> < DA il = X2 | P wi|| =2l
i=1 i=1 i=1 i=1

As in the proof of Lemma 3.9, there is a self-adjoint operator A: W — W
such that ||Aw|| = ||Tw|| for every w € W, and thus A®™: W% — W fulfills
| AP w|| = || T%"w|| for every w € W™,

Let k be the number of eigenvalues of A (counted with multiplicities) that
have absolute value < \. Clearly, A®™ has nk such eigenvalues. Thus, by
Lemma 3.7, every maximal element of £(T', A\, W) is k-dimensional and every
maximal element of £(T', A\, W%") is nk-dimensional.

Finally, V' is maximal in £(T,\,W), so dimV = k, thus dim V%" = nk,
and thus V" is maximal in £(T, \, W®"). O

Proof of Theorem 3.5. Fix m € N large enough that IQE:“ < %

Decompose &, K, into an interior part and a part close to the frontier:

Zf“Km ={o € &Ky | deomb(o, X \ Ki) > 1+ 1},
.ErJrle = {0’ € gJKm ’ dcomb(07 X \ Km) S r+ 1} .

(Especially, F} Ky, = F;Kp,.) We obviously obtain

e2(ngm> — 62(Ijr+1Km) & ;(ETHKm)
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and
Tm’ﬁ(zj“lkm) = T’e2(zjf+11<m)~

Choose a subspace
Via(\) € L(Tm, A (T K ) = LT, (TTK,))

of maximal dimension. Clearly, E(Tm,/\,EQ(IjTHKm)) C L(Tom, A\ P(EK ).
Thus, by Lemma 3.9, there is a subspace

Wi(X) € L(Tn, N, (€K )
of maximal dimension such that
By definition, we get
dim(W,,, (X))
Fn(\) = —————.
&5 K

Since W, (A)N¢? (IjT“Km) is an element of L£(T,,, A, EQ(IJ”IKm)) and contains
Vin(X), we must have W, (\) N0 (Z M Ky,) = Vi (M) (otherwise V() wouldn’t
be of maximal dimension). By Lemma 3.6, this implies

dim(V,, (X)) > dim(W,, (X)) — dim (&*(F/ ' K,r))
and therefore

_ dim(V,,(V)) - dim(2(F; 1K) <o | Fi Kl
Eilm| | T €5 Fom] TG Kl

Fn(A)

where again C, = maxyce;x |Bry1(0)|. Since the exhaustion is amenable, this
error term will go to zero for large m; note that it depends neither on A nor
on the choice of T,,. On the other hand, on the “interior part” EQ(Ij’”*le),
T and T, coincide, so dim(V;,(\)) does not depend on the choice of T,,,.
Now let n > m. Then there is a set G(m,n) of local isomorphisms such
that
K, = |J 7Km

v €G(m,n)

Decompose &K, into “images of interiors” and the rest:

Z(m,n)i"K, = |_| I (v Ko),
y€G(m;n)

Flmn)i"K, = ) FH (K
v € G(m,n)

Note that the first union is disjoint (while the second one is not). We get
(&K, = C(Z(m, n);f“Kn) @ 7 (F(m, n);THKn)
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and

dim(¢*(Z(m, n); " Ky)) = 1G(m,n)| - dim((Z] T K,y,)),

dim(¢*(F(m,n)iH K,)) < |G(m,n)| - dim(¢*(F/ ' K,y))

<[G(m,n)| - Crpr - |F Kol -
We also have
C(Z(m,n)"K,) C (I K,)
and thus
Tn’ZZ(I(m,n);+lKn> = T’ez(z(m,n);“xn)-

(Proof of this fact: It suffices to show that F; K, C (J,v(F;K). So assume
o € F;K,. Then there is v € G(n) such that d(y(c), X \ 7K,) = 1. On the
other hand, there must be o’ € &;K,, and 7' € G(m, n) such that o = +'(¢’).
Thus, yov' € G(m) and d(yo7/(0”), X\ (vov)K,,) = 1 (because v K,, C K,,),
so o' € F;K,,, so 0 €y (F;Ky).)

Define

vy € G(m,n)
By Lemma 3.10, V;,, » () is indeed a maximal element of E(T, A, 02 (I(m, n)§+1Kn) )
We have
L(T,\, 2 (I(m,n);“Kn)) = L(T,, N, 0*(Z(m, n)§+1Kn)) C L(T,, N, P(EK)),

so by Lemma 3.9 there is W, (\) € L(T,, \, (*(§;K,,)) of maximal dimension
such that W,,(A) D V,,.(A), and

As above, we have W,,(X) N £%(Z(m,n); "' K,) = V;un(A) and thus, by Lemma
3.6,
dim (W, (X)) — dim (V0 (X)) < dim (22 (F(m, n); T K,,)).

Since Kn = U, cgimmn)
their frontiers, we have

vK,, and the different copies of K,, overlap only at

& ] = 1G(m, n)| - (€| = |F5Kml) = 5 [G(m,n)] - € K]

N | —

|75 K|
€5 K|

(since m is large enough to fulfill < %) This gives

_ dim(Via (M) | _ dim (€2 (F(m,n)i ' K,))
&Kl T € K]
G(m, )| - Crpr - | F Ko
T 51G(mon)] - € Kl
[ K]
€5 K]

Fa(X)

<204
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Again, the term dim(V},,(\)) does not depend on the choice of T,,, and the
error term does not depend on .
We can also express the denominator in terms of |£;K,,|:

_ |G(m, n)| - [E K| — |€K]
€] - 1G(m, n)| - [E; K

GOm.n)| | F Kl | F K
= 160, w16 K]~ &K &Kl

1 1
’]Ean| 1G(m,n)| - [E Ky

We certainly have dim(V},, ,(\)) < |€;K,|, so this gives

dim(Voa (V) dim(Va(N)
€51 |G(m, )| - € Ko

5Kl
~ &K

It remains to compute

dim(Vm()\))_ dim(Vy, (X))
|ngm| G (m,n)|- |ngm|

But this term equals zero, since Vi, n(A) = ., 7(Vin(1)) !
Finally, we can combine all the estimates to obtain

dim<vm<A>>'
F.(\)—F, M) <|F,(\) — ———~
Pl = F0)| < |Fo() = e
L[ AV () | dim(V, (V)
5 1Gm )] - 1€, K]
L] AV () dim(vmm(A))’
Glmon)| 16 K] &K
dim(V,,.(A)) ‘
4 |l )
|5an| ( )
FKnl FK] F )
< WiBml S 8m]
SO gk, PO E R, TP k.,

<(BC41+1) .5,
A m

The error in the end depends neither on A nor on n, so the sequence (F,,)men
is uniformly Cauchy, and thus uniformly convergent. O

Now, we come to the second part of the main result: The limit of the
spectral density functions F}, of the “restricted” operators T, indeed coincides
with the spectral density function of 7' defined in 2.38.

3.11 Theorem. Let X,(Ky) and T € AJ*(X), T,, € B({’K,,) be as in
Theorem 3.5, and denote again by F and F,, the spectral density functions of
T respectively T,,. Then the sequence (F,,) converges uniformly to F'.
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3.12 Definition. To simplify notation, write

tr,, (T) == |gj;(m| Z (0,To).

O’Engm

as long as the exhaustion (K,,) is fixed. This makes sense both for “global”
operators T' € B(?X) and for “local” operators T,, € B((*K,,).

3.13 Lemma. Let f: R — R be continuous and T,T,, as in 3.5. Then

try f(T) = lm tr, (f(T))) -
m—r0o0
(Here, f(T) is intended as functional calculus in A;(X), and f(T,,) as func-
tional calculus in B(C*(E;K,y)).)

Proof. As f is continuous, we have indeed f(7) € A;(X), so the trace can
be computed by try f(T) = limy, o0 try,, (f(T)). If f is a polynomial, then
f(T)o = f(T')o for every o € IT7"K,,, where 7 is the propagation of T" and n
is the degree of f. As the nr-neighborhood of the frontier is negligible for the
trace, the claim follows.

For general f, note that (by assumption) the norms {||7,|l,, |m € N} are
bounded, and T and all T}, are positive. Thus, there is D > 0 such that
[0, D] contains all spectra of T and T,,, and by the Weierstrass approximation
theorem there is a polynomial p with |f(\) — p(A\)| < € for all A € [0, D].

Then, using that both try and tr,, have norm one, we obtain

ti f(T) = lim_tr, (F(T))| < [toa £(T) = toa p(T)]

m—0o0
+ e p(T) = T try, (p(T;0)|
| Tt ((T)) = Tt (F(T))|
<e+0+e.
As ¢ was arbitrary, the claim follows. O

3.14 Lemma. For all 6 > 0 and A € R define the continuous function

1, x € (—o0, A,
Hs(x) = 1—””5—’\, r € [N+ 4],
0, x € [A+6,00).

Then for every € > 0 there is 6 > 0 (independent of m) such that
|F(A) —tra fas(T)| <e and  |Fp(N) —try, Hrs(Tn)] <€

for all m € N.
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Proof. First, note that

trar fos(T /fxa ) dF(x
tr fas(T /fm ) dF ().

Note that it suffices to let the integrals run over [O, 170

From now on, focus on the first integral, the second one actually works the
same.

The Lebesgue—Stieltjes integral fulfills the following version of integration
by parts (due to Hewitt, [Hew60]): If in each point either f or g is continuous,
then

b b
/ fdg+ / gdf = f(b+)g(b+) — fla—)gla—),

where f(b+) = lim, 4 f(z), etc. In our case, fys is everywhere continuous,
so the condition is fulfilled. With a = 0 and b = ||T[[,, we have

hos(0+)F(b+) — fas(a—)F(a—)=0-1—1-0=0.
Thus,

trar fos (1 / Irs(x) dF(x / F(z)dfss()

B df>\§ 1 A+6
——/0 F(x) —/—= I dx 5/\ F(z)dzx.

(Note: While fys is only almost everywhere differentiable, it is everywhere
continuous, and thus, no single point has positive measure in df) 5, and we can
leave out the two non-differentiable points A and A + §. On the rest of the
interval, df = % dz holds.) The same argument applied to F,, yields

1 A+
trm fA,é(Tm) = 5/ Fm(x) dr.
A

Every spectral density function is right-continuous and non-decreasing.
Thus, there is 0o, > 0 such that [F(A\) — F(z)| < e for all z € [\, A\ + 0]

By Theorem 3.5, the functions F},, are uniformly convergent to some func-
tion Flip, so there is M such that |F,,,(x) — Fim(z)| < /3 forallm > M. As a
limit of right-continuous functions, F, is right-continuous. Thus, there is 0y,
such that |Fiim(A\) — Fiim ()] < &/3 for all © € [\, X\ + O], and that implies

[Fn(A) = Fon(2)|
< Fn(A) = Fim(A)| + [Flim(A) = Flim (2)] + [ Fim (2) — P (2)] < €

for all m > M and all x € [\, A + jiu]-
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Finally, for each of the functions Fi, F», ..., Fy;_1, there is a 9,, > 0 such
that [F,(A) — Fiu(z)| < e for all @ € [\, A + 0.
Setting 6 = min(dy, ..., -1, Oim, 000 ), We get indeed

IF(\) = ton fos(T) <& and  |Fn(N) — tr frs(Tn)| <

for all m € N and all z € [\, A+ §]. O

Proof of Theorem 3.11. First show pointwise convergence.
Fix ¢ > 0. By Lemma 3.14, there are 6 > 0 and a continuous function f) s
such that

€ €
|F(X\) —try fas(T)] < 3 and  |F(A) — tr, fas(Tn)] < 3
for all m € N.

By Lemma 3.13, the function f) s satisfies

tra fas(T) = lim try, (frs(Tm))

so there is M € N such that for every m > M,

ltrp s (T) = t2m (s (Ton))| < %

Thus, for every m > M,
[F(\) = Fn(M)| <e.

This proves pointwise convergence, and thus, F'(\) = Fj, (M) for all A € R. As
we already know that F,, — Fl;, uniformly, uniform convergence follows. [J

3.3 Different normalizations

From an algebraical point of view, it is natural to normalize the trace on
B((*(£;K.,)) by the dimension of that space, that is, by |€;K,,|. (This turns
the normalized trace into a state, that is, a linear functional of norm one. In
particular, it leads to dimp(#;) = trar(id) = 1.) Topologically, however, this
is not the most useful normalization:

First, it causes problems when we want to compare L2-invariants of different
dimensions, e. g. when computing Euler characteristics. For this, it is desirable
to divide all traces on B((*(€;K,,)) (for the various values of j) by the same
number.

Second, it is unsuitable for comparing different self-similar CW-complexes.
For example, different CW-structures on the same complex will often result in
different numbers of cells (in any dimension), but they should not change the
topological invariants.

Third, it proves to be unfortunate for product spaces, where we need the
normalizations on X, Y and X X Y to be compatible, but |&;K,,| - |Ej Ly, | #
|E; (K X Lyy,)| for any j > 1.
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There are several possibilities for this normalization factor — one might
choose the number of vertices, or of top-dimensional cells, or even the number
of local isomorphisms in G(1,m) (that is, how many copies of K are needed to
“build” K,,). To show that all of these normalizations are indeed equivalent
(in so far as they only produce a constant prefactor to the trace), let us show
that their ratios converge:

K
3.15 Lemma. (a) For every j € Ny, the limit lim & K| exists.
m=oe [G(1,m))|
b) If & X # 0, then lim —2—"- > 0.

Proof. (a) We have K,,;1 = U'yég(m,m—l-l) 7K, and therefore |&;K,11| <
|G(m,m+1)|-|&;K,,|, while |G(1,m + 1)| =|G(1,m)| - |G(m, m + 1)|. Thus,

EiBmu|  _ 1Gm,m+ 1] |EKm| _ & Kn]
G(L,m+1)] = |G(1,m)|-|G(m,m+1)] = |G(1,m)|

for all m. Hence, the sequence ( 1€ Kom|

GLm)] )m is non-increasing (and bounded from

below by 0), so it converges.

(b) If X contains any j-cell, then amenability demands that there is my € N
such that |&;K,,| > |F;K,,| for all m > mg. Then, we have for all m > myg
and thus also for the limit m — oo,

EiBm| |G (mo, m)| - (1€ Km| = | FiBmel) o 1

= > > 0. L]
3.16 Remark. We can define the shorthand
£ X] € Km|

= lim

G(1,00)[  m=oe |G(1,m))|

Note, however, that this depends on the choice of (K,,): For example, if a
second exhaustion were given by L,, = K,,.1 with the local isomorphisms
G'(m,n) =G(m+1,n+ 1), then we would obtain

hm ’g] | — llm ’8.7 +1 |

. |E; K|
oo |G(1.m)| o = |G(1,2)|- lim

m=oo |G(1,m))|

In contrast, the ratio of cell numbers is an intrinsic property of X itself:

3.17 Definition and Lemma. For any j,k € Ny such that X # 0, the
limit e x £K

EX] oy i

ExX| mooo |E K|
exists and is independent of the exhaustion (K,,). If £;X # 0, the limit is
positive.
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Proof. The existence follows directly from Lemma 3.15; it remains to show the

independence of (K,,). A general proof is given in [Sucl6] (Lemma 4.12); as

an illustration, let us give the (much shorter) proof for the simplicial case here:
Consider specifically k = 0 and define T' € AF*(X) as

_MoegXlpeo)]

T
P i1

As every j-simplex contains exactly j + 1 vertices, this immediately yields

1 1 1 1
T = et 2 1 2 T EEd 2 i1 2 !

pe€L Km O'Egé'Km UESij pe;:/gKm

pEo o
L Ly ekl
|50Km| |‘€0Km|

UEngm

Now the claim follows from Theorem 3.4, as try(7) = lim,, oo trg,, (1) is
independent of the choice of (K,,). Finally, for & > 0, simply use

lim 1&ifml
hm |5]Km| _ m—oo |50Km|
m—00 |5 K ’ o 3 |5ka‘ )

kdSm lim =

m—oo |€0Kml

For the positivity of the limit, combine this result with Lemma 3.15 (b). O
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4 L2-Betti numbers and Novikov—Shubin in-

variants

Let us now turn towards the actual L?-invariants that can be derived from the
spectral density functions of Laplacians. First among these are the L2-Betti
numbers, which simply measure the sizes of the kernels of the Laplacians, or
the amount of “harmonic chains” on the complex. Second, we will consider
Novikov—Shubin invariants, which look at the spectrum near (but not at) zero;
one might say that they measure the amount of “almost harmonic chains” on
the complex.”
For both of these invariants, we will look at two main questions:

(a) We will justify the name “invariants” by proving that they are indeed
invariant under suitable homotopies. This, of course, requires to first con-
struct the notion of a self-similar homotopy compatible with the structure
of the spaces.

(b) We will attempt to approximate the invariants by their equivalents on
finite subcomplexes. For L2-Betti numbers, this turns out to be a sim-
ple corollary; for Novikov—Shubin invariants the situation is much more
complicated.

4.1 Approximation of L?-Betti numbers

The L2-Betti numbers of an operator measure the size of its kernel — although,
strictly speaking, the “ker7” in the following definition is a subspace of H,,
not of *(£;X), so we do not directly measure how many chains in ¢*(&;X) get
mapped to zero!

Nonetheless, L?-Betti numbers measure a “failure to be injective”, and the
approximation result below shows that their values are very much correlated
with the behavior of the operator on ¢(£;X).

4.1 Definition. Given a positive operator T € N, the L?-Betti number of T
is

V(T = FT(0) = dimy(ker T).
Given a self-similar complex X, define its j-th L?-Betti number as
(2 _ 12 (A
b (X) = b (AFY).

In this chapter, dimys is normalized such that the total space has dimension
one. As mentioned in 3.3, it is occasionally useful to use other normalizations;
we will use a different one in Chapter 6.

"The third main invariant (L2-torsion and the Fuglede-Kadison determinants necessary
to construct it) will be considered in the next chapter.
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As L2-Betti numbers are simply the values of the spectral density functions
at zero, their approximation follows directly from the work done in the previous
chapter:

4.2 Corollary. Let X be a self-similar CW-complex with self-similar exhaus-
tion (Ky,),,en- Denote by

the classical Betti numbers of K,,, and by
65»2) (X) = dimy, (ker A;X)>

the L*-Betti numbers of X. Then

(Kn)
b (x) = tim DEm)
;) = i
Proof. In Theorem 3.11, put 7' = AgX) and T, = Ag.K’”). Then b;Q)(X) = F(0)
and ‘B g(ﬁz‘) = F,,(0), and convergence follows. O

In the classical case, L2-Betti numbers over (elementary) amenable groups
can often only take certain rational values.® For our version of self-similar
complexes, we cannot expect such a restriction:

4.3 Example. Given any number y € [0, 1], write y = » 77, y;277 with y; €
{0,1}, and define complexes (K,,)>_, as follows:

Let Ky = [0,1]? be a square with the standard CW-structure. If y,, = 0,
define K, as the union of two copies of K, ; that are glued together along
an edge. If y,, = 1, instead define K, as the union of two copies of K,,_; that
are glued together only at the two endpoints of an edge. (See Figure 8.)

With §;(Ky) = 0 and |&; K| = 4, we obtain

Bi(Ep) =2+ (K1) + ym = 2"y,

J=1

E K| =2 |E K| + Y — 1 =274+ 2" (y; — 1)

j=1
=3-2"—14) 2"y,
j=1

Thus, if we set X =J~_, Ko,

: Kim) y
b (YY) = 1 Pr(Km)

and therefore any number between 0 and 1/4 appears as the first L?-Betti
number of such a complex.

8This is a special case of Atiyah’s conjecture, compare [DLM*03].
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Figure 8: K to K4 for the complex of Example 4.3. In the picture for K,,, the
places where the two copies of K,,_; are glued together are marked in black:
two vertices in Ky, K3 and K4, and an entire edge in K5. Thus, this complex
encodes the number y = (0.1011. . .),.

Il
[

4.2 Novikov—Shubin invariants

The Betti numbers of a space measure the size of the kernel of its Laplacian;
in a way, they count how many “harmonic” chains of cells exist on that space.
For finite complexes, the Laplacian is invertible whenever there are no such
harmonic chains, and if that happens in all dimensions greater zero, the chain
complex is contractible. (Note that the space itself need not be contractible,
as the homology with complex coefficients does not “see” all topological pro-
perties. The contractibility of the chain complex is thus more of an algebraic
statement than a topological one.)

In infinite complexes, this simple statement is no longer true, as an injec-
tive Laplacian is not always invertible. Thus, it becomes necessary to consider
“almost harmonic” chains: elements = € H;(X) for which A= is not zero, but
arbitrarily small. This “almost-kernel” is measured by the Novikov—-Shubin in-
variant, which is defined as the doubly-logarithmic slope of the spectral density
function at zero:

4.4 Definition. Given a non-decreasing function F': [0,00) — [0, 00), define
its Novikov—Shubin invariant by

L Jos(F() — F(0)
a(F) ={ r-0 log(\)

oo™, otherwise,

, if F(\) > F(0) for all A > 0,

where oo™ is understood as a new symbol meaning “more than oo”.

For an operator T' € N;(X), define o(T) = a(FT), where F7 is the spectral
density function of T.

For a self-similar complex X, define a;;(X) = a(AE-X)). (This is a deviation

from the literature standard, where o;(X) is defined as aj(a§X)) instead; we

prefer using the Laplacian as 8§X) is not a self-adjoint operator.)
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Novikov—Shubin invariants can take any value in [0, co] as well as the addi-
tional value oo™, which indicates a spectral gap around zero: «a(F) is set to oo™
whenever F' is constant on an interval [0, €) for some £ > 0; if F' is the spectral
density function of some operator T, this implies that spec(T) N (0,¢) = 0. If
T is injective, this implies that it is bounded from below by ¢, and conversely,
every operator that is bounded from below will exhibit this spectral gap. As
being bounded from below is equivalent to invertibility, this shows:

4.5 Lemma. An operator T € N;(X) is invertible if and only if ker(T') = {0}
and a(T) = oo™

4.6 Remark. A space X is said to have the limit property if the limit inferior
in 4.4 is a true limit. Liick notes that every G-CW-complex known to him has
the limit property ([Liic02], page 92, Remark 2.42).

It is not hard to write down a function that does not fulfill the limit prop-
erty; for example, let

F(0)=0 and F(\)=2"%if Ae[27%* 27%) for k € N.
Then clearly

o(F) = liminf BEN = FO) Lo i sup 28X = F(0)

= 1.
A—0+ log(A) 2 A0+ log(A)

However, it is unclear whether such a counterexample could occur as the spec-
tral density function of a Laplacian of a self-similar complex.

Let us quickly note some obvious properties of Novikov—Shubin invariants of
functions. Most of these follow trivially from the definition; compare [Liic02],
p. 771t

4.7 Lemma. Let F,G: [0,00) — [0,00) be non-decreasing and r > 0. Then
(using r - 00 =00 and r- oot = oco™)

a(r- F(A) = a(F (),
a(F(r-A) = a(F (X)),
a(F(A) = r-a(F(A),
o(F + G) = min(«(F), a(G)),

and, if F'(0) = G(0), then
F<G = afF) > aG).

4.8 Definition and Lemma. Two non-decreasing functions F,G: [0, 00) —
[0,00) are dilatationally equivalent, written F' ~ G, if there are ¢, C' > 0 such
that

F\) <G(CX) and G(A) < F(CX) forall A €0,¢).

In that case,

a(F) = a(G).
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Proof. This is a direct consequence of Lemma 4.7. n

4.9 Corollary. Let X be a self-similar complex. For any two operators S, T €
N;(X) we have the following properties:

(a) (T*T) = a(TT*) = 5 (T*) = 1 a(T).
(b) If S is invertible, then a(ST) = a(T'S) = a(T).
Proof. (a) This follows from Lemmas 2.40 and 4.7.

(b) If S is invertible, there is a constant C' > 0 such that C~||Z|| < ||SZ]| <
C||Z|| for all = € H,;. Therefore, if V' C H; is a subspace fulfilling
IT|v|| < A, then ||ST|v| < CA, so Lemma 2.42 yields F(ST)(CX) >
F(T)(N).

Conversely, if W C H; is a subspace fulfilling ||[ST|w| < C~'), then
IT|v]] < A, so Lemma 2.42 yields F(T)(A\) > F(ST)(C~\).

Now a(ST) = «(T) follows from Lemma 4.8, and since S* is also invert-
ible, part (a) gives a(T'S) = a((T'S)*) = a(S*T*) = a(T*) = «(T). O

Even though we mostly work with the Laplacians A;, we will sometimes
need to refer back to the boundary operators d;. To this end, we use the
following relation:

4.10 Corollary. Let X be a self-similar complex, and 0;: (*(£;X) — (*(&;_1X)
the differential in its L*-chain complex. Then

(D) — mm(a(aj) a(8j+1)) _

2 72

Proof. Define A; = 970; and Aj; = 9;4107,,, so the Laplacian takes the
form A; = A;_ + A, (Of course, both of the operators A;; are geomet-
ric.) By definition, F'(9;)(\) = F(A;-)(A\?), and by Lemma 2.40 we also have
F(0j11)(A\) = F(05,1)(A) = F(A;1)(A?). Therefore, Lemma 4.7 gives

@(9;+1)
Y

o(a,) = "0 ana a(a) =

It is a well-known fact that on every finite CW-complex, the chain complex
can be decomposed into the orthogonal sum

C[(%X] = ker(Aj) D 1m(8;) D im(8j+1),

and that w.r.t. this decomposition, the Laplacian takes the form

0 0 0
A=(0 A 0
0 0 Ay
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Therefore, the (renormalized) spectral density function on every finite subcom-
plex K,, C X fulfills

F(A)) = F(A%) + P(A).

J

By Theorem 3.11, the same holds on X:
F(AY) = F(A5Y) + F(a7Y).

Now the claim follows from Lemma 4.7. OJ

4.3 Homotopy invariance of L2-Betti numbers

The name L2-invariant refers to homotopy invariance. However, this can-
not mean invariance under any homotopy: For example, all of the complexes
defined in Example 4.3 (except for the one corresponding to y = 0) are ho-
motopy equivalent, yet their L?-Betti numbers take many different values.
Namely, each of these complexes has countably many holes, but their density
is different — something that a conventional homotopy cannot account for.

Thus, a homotopy of self-similar complexes must in some way preserve
the self-similar structure to have any chance of preserving our version of L*-
invariants. It is important to note that the self-similar structure on a complex
is not part of the space itself — rather, a complex is self-similar as soon as there
is at least one such structure, and the invariants are independent of its choice.
Therefore, it should suffice that a self-similar map is compatible with some
self-similar structure on each space:

4.11 Definition. Let X and Y be self-similar complexes. A map f: X — Y
is a self-similar map if there are self-similar structures (Km, G(m,m + 1)) on
X and (Ly,,G'(m,m+ 1)) on Y such that for all m:

() f(Kn) C L,
(b) there is a bijection ¢,,: G(m,m + 1) = G'(m,m + 1),

(c¢) and the map is “equivariant” with respect to these local isomorphisms;
that is, the following diagram commutes for each v € G(m, m + 1):

Ko, 2 VK,
I s
Ly, o ©m(7) L,

A homotopy equivalence requires four such maps (one in each direction
and a homotopy in each space), and it appears necessary that all of them use
the same structure:
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Il

Figure 9: A self-similar homotopy. The Sierpinski triangle is self-similarly
homotopy equivalent to a 1-dimensional complex.

4.12 Definition. Let X and Y be self-similar complexes. A pair of maps
f: X =Y and g: Y — X is a self-similar homotopy equivalence if there are
self-similar structures (K,,,G(m,m+ 1)) on X and (L, G'(m,m +1)) on Y
such that:

(a) f(Km) C Lm and g(Lpm) C K,

(b) the homotopy h;: ¢gf ~ idx restricts to hi|gk,,: (9|0.,)(f|k,,) ~idk,,,

(¢) the homotopy hse: fg ~ idy restricts to halr,,: (flk,.)(9]L,,) ~idL,,,

(d) there is a bijection ¢,,: G(m,m + 1) = G'(m,m + 1),

)

(e) and both maps and homotopies are “equivariant” with respect to these
local isomorphisms; that is, all of the following diagrams commute for
each m, each v € G(m, m + 1) and each 7' € G'(m,m + 1):

K,, i K, K, x [0,1] 225K, % [0, 1]
A S

Lo : ~' L Lo % [0,1] 22951, % [0,1]
lg lg lhg lhz

Ky — 00 ool (K, L, Y L,

Let us now turn to L2-Betti numbers. By definition, a homotopy equi-
valence between two self-similar complexes X and Y implies that there are
self-similar structures (K,,) on X and (L,,) on Y such that K,, ~ L,, for
all m, and thus the classical Betti numbers of these subcomplexes are equal:

Bi(Kom) = Bi(Lm).
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By Corollary 4.2, the L2-Betti numbers of X and Y can be approximated
by B8;(K,,) and 5;(Ly,), but only after normalization — and our usual normali-
zation factor is the number of cells (of some dimension) in each subcomplex,
which is certainly not homotopy invariant.

By Lemma 3.15, the limits lim % and lim L5ifml
m—0o0 ’

Mmoo |G (Lm)|

property 4.12 (d) we have |G(1,m)| = |G'(1,m)|. Thus, the limit lim

m—r0o0

exist, and by

|€5 Km|
|€; Lim|

exists as well, and we can write
: |gj Lml

B (X) = tim )y Oilln) lim
) = I R ™ i K]~ e [E K] i 16D

& Lm| )
=1 —— .7 (Y).
oo [E K] ¥)

This already proves that if b§2) (X) =0, then also b§2) (Y)=0.
If the j-th Betti numbers are non-zero, it remains to show that the normal-

ization factor lim Hfjf(m“ does not depend on the choices of (K,,) and (L,,):
m—00 m

Assume (K)) and (L] ) are other self-similar exhaustions of X and Y such
that K, ~ L! for every m. Again, we obtain 5;(K],) = G;(L],). From
Corollary 4.2 we see that

. Bi(Kw) e B (K|
1 =P (X) = lim L —m/l
A R Ly A
B L) @ 1B (L)
1 = p(Y) = lim HTm/d
W TE L, Y= e

Therefore, using K,,, ~ L,, and K| ~ L! |

- EKLL L B BilL) &L,
lim ™ — lim M. — lim e = o
m—00 ’E']Km| M—00 ﬁ(Km) M—00 ﬁ(Lm) M—00 ‘Eij|

and thus indeed .

mesoo [E5L0 | moeo [E; L]

This yields the following statement:

4.13 Theorem. If two self-similar compleres X and Y are homotopy equiv-
alent in the sense of Definition /.12, then their L?-Betti numbers are related
by the formula

@y _ iy 1S Iml @
b X) = dm et )
where the factor lim “?II}’”H is the same for any two self-similar exhaustions
m—oo %754 m

(Kw), (L) that fulfill K, ~ L, for every m.
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4.4 Homotopy invariance of Novikov—Shubin invariants

Unlike L2-Betti numbers, Novikov—-Shubin invariants are not affected by nor-
malization factors: Since they only use the logarithm of the spectral density
function, any constant factor becomes negligible. That allows us to obtain
“true” invariance under self-similar homotopy equivalences:

4.14 Theorem. If two self-similar complezes X and Y are homotopy equiv-
alent in the sense of Definition 4.12, then their Novikov—Shubin invariants
are equal. More precisely, we have both 04(8§X)) = a(ﬁj(-y)) and a(Ag-X)) =
a(AE-Y)) for all j.

In order to work with self-similar maps, we first need to prove that they
indeed induce bounded operators on the L2-chain complex:

4.15 Lemma. Let f: X — Y be a self-similar map. Then the induced chain
maps f;: C[&;X] — C[&;Y] are bounded, and thus extend to bounded operators
fji EQ(SJX) — 62(5]}/)

Proof. Use the same notation as before: (K,,) is a self-similar exhaustion of X
with local isomorphisms G(m, m+1), and (L,,) is the corresponding self-similar
exhaustion of Y with local isomorphisms G'(m,m + 1)

Choose m large enough that L,, has a non-frontier cell. Then there is a
constant D such that every «vL,, (for v € G'(m)) overlaps at most D other such
copies of L,,. Namely, let » be the maximal combinatorial distance between
vertices in L,, (this is finite, as we assume L,, to be connected). Then, for any
vertex p € & (vLn), the 2r-ball around p contains an interior vertex of every
other copy 7'L,, that intersects vL,,. As different translates only overlap at
their frontiers, all these interior vertices are distinct, and as the complex Y is
bounded, Bs,(p) is finite. Thus, we can set D = |Ba,.(p)].

Write z € C[E;X] as a sum > g, T, Where the 2, € C[&;(vK,,)] are
mutually orthogonal and only finitely many z., are nonzero. By assumption,
fi(zy) € Clp(v)Ly,] for some () € G'(m), but since the translates of L,, can
overlap at their frontiers, the f;(x,) are not necessarily mutually orthogonal.

Enumerate the v € G(m) with x, # 0 as v,...,7n such that

1F5 @)l Z 15l = - = ()]

Then, in the sum
N

£ @)IF = D (fia), fi(a)

ik=1

there are at most 2D nonzero terms containing f(x., ), because supp(f(z,,)) C
©(71) (L) and @(y1) Ly, intersects at most D other translates ¢(vx)L,,. Each
of those terms fulfills

(i (@a0)s Fi (@ ] < Wil i)l < 15 ()
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Thus,
£ @)1 < 2D || fi ()P + D (Fiwa)s ()

ik=2

and by induction we obtain

2

N
1@ < QDZ 1£5(+:)

Finally, since f commutes with local isomorphisms, so does f;, and thus

15 (@) < || fileie || - s

for all v. We conclude
1751 < V2D || fjleie 0

and ||fj|(c[ngm} | is finite because &; K., is finite. O

4.16 Remark. Given a self-similar homotopy h: X x [0,1] — Y between two
maps X — Y, the induced chain homotopy 7;: C[£;X] — C[€;41Y] can be
obtained as (—1)7 times the restriction of

hy: C[€j41(X x [0,1])] = C[€41Y],
using the Kiinneth isomorphism
Eir1 (X x[0,1]) 2 EMX UE X UEX.
(Compare [Liic05], page 61.) Applying Lemma 4.15 to h; therefore also proves
that n; is bounded.

As a preparation for the proof of homotopy invariance, let us show that
if two finite CW-complexes are homotopy equivalent, then the spectral den-
sity functions of their differentials are dilatationally equivalent in a precisely
controlled way:

f
4.17 Lemma. Let K<T_>L be a homotopy equivalence between two finite

CW-complexes with homotopies hy: gf =~ idg and hy: fg =~ idgp, and let
m;: Cl&K] — Cl€j 1 K] and nyj: C[E;L] — C[Ej41L] be the chain homo-
topies induced by hy and hs.
Denote by F,,u(0;) the non-normalized spectral density functions of the dif-
ferentials, and let FiL(9;)(N) = Fun(9;)(X\) — Fun(9;)(0). Then
Fun(9) (V) < Fun(07) 211 fi=1ll 9511 2)

J

Fan(07)"(A) < Fan(07) 2 lgj-all Lf511 X)

1 1
0 <A <min ( , ) .
2 HTILj—lH 2 H772,j—1||

for all
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Proof. Fix j and A and let V' C C[&; K] be the vector space spanned by all
eigenvectors of (97*)*0f* with eigenvalues < A*. (In other words, this is the
image of the spectral projection E()) for the operator 9/.)

Furthermore, let

P;: C[&;K] — ker(0F)",  Qj: CIE;L] — ker(97)*

be the orthogonal projections. Thus, the non-normalized spectral density func-
tion of 9 takes the values

Fan(0F)(A) = dim(V),
an(aJK)J_(/\) = an(ajK)O‘) - an<agf'{>(0) = dim(PjV).
Define
W =Q,f;PV.
Let x € P;V and write f;(x) =y + z with y = Q; f;(x) € W and z € ker(9F).
By definition of the chain homotopy, we have
v = g;(y) + 95(2) + mj105 () + O ym5(x).
However, g, commutes with the differentials, so 0f*g;(2) = g;-10}(2) = 0.
Thus, both the second and the fourth summand lie in ker(9F) L z, and we
obtain
r = Pjx = Pjg;(y) + ij,jfl@f((x)-
By choice of x and \, we have
]l < 112595 )| + [| Py j—105* ()
< g+ -1l |05 ()
< gl Nyl + N =2 I A ]
1
< llgilHlyll + 5 ll]
= |zl < 2lg;ll Iyl -

This proves that @Q; f;: P,V — W,z — y is bounded from below and therefore
injective, so

dim(P;V) = dim(W).

Elements of W are trivially orthogonal to the kernel of (9jL, and furthermore,

|07 Wl| = 107 £ @) = [| £-105 (@)

< il |05 ]| < Il A 1]
< 2M [ fi=1ll g5l Iyl

so the finite-dimensional analogue of Lemma 2.42 shows that

Fuan(0)" 2 fi1lHlgi | A) = dim(W) = dim(P;V) = Fun(97°) " (V).
This proves the first estimate. To prove the second estimate, simply swap K

with L, f with g, and n; with 7. m
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Now we can use approximation of spectral density functions to prove 4.14:

Proof of Thm. 4.14. Use all notation from Def. 4.12.
The maps f,g and the homotopies hq, hy induce chain maps and chain
homotopies

m,;: Cl&X] = Cl&; 1 X] 2, ClEY] — ClE Y]
on the cellular (non-L?) chain complexes of X and Y. By assumption, the

maps can be restricted to K, and L,,, and thus the same applies to their
induced maps on the chain complexes, yielding

fi: Cl€j K] — ClE; L] g9j: Cl&; L] — ClE; K]
M ClE K] = ClEj 41 K] M2, ClEj L] = ClEj11 L]
On the other hand, Lemma 4.15 and Remark 4.16 show that all these chain
maps are indeed bounded operators. Thus, they extend to the L?-chain com-
plexes (2(&;X) resp. (*(£;Y), and we can estimate Hfj|(c[ngm}H < || f;ll, and
the same for g;,7;; and 7n2;. Especially, these norms are bounded uniformly
in m.
Apply Lemma 4.17 to K,, and L,, to get
Fun(0f) - () < Fun(0F) (VT - )
Fan(0f )1 () < Fan(0]) (VT - )

- J

for all A € (0,¢), where
VC = max(2 £l g5l 2 g5l 151])

, < 1 1 )
€ = min ,
2{[m -1l 2 1m2,-1]l

and neither € nor C' depend on m.
Remember that F,,(9;)"(A) = Fun(A;-)*(A?). Therefore, we have

Funl A () € (A1) (- )
an(AJLT>L()‘> < an<AjK—m>L(C ) )‘)

and furthermore, A]X_ and A}/_ are geometric operators, they are approximated

by A]Kj” and AJLL”, and Theorem 3.11 is applicable. However, in order to apply
it, we have to renormalize:
Recall from Lemma 3.15 that the limits

K, L
lim —|€] m| and lim —’gj m|
m—o0 [G(1,m)| m—o0 |G'(1,m)|

exist and are nonzero whenever £;X # () # ;Y. We are assuming that

G(1,m)| = |G'(1,m)]
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for all m. Thus, the limit

. |& L)
=1
"L g K
exists, and we get from 3.11 that for every A € (0,¢),
Fan(AF™) () Fan(Afm)H(CN)
F(AX = lim ——LZ 2 < i J
(A5-)(4) = lim_ & K] Comeee &K
- Fu(A7m)H(CN) y

and, by the same argument,
r- F(AY)(N) < F(AX)(CN).
Now, Lemmas 4.7 and 4.8 yield
a(F(AX)) = alr- FAL)) = a(F(AL)

and thus N .
(@) = 2a(AF) = 20(AY) = a(0M).

J
Finally, the statement for A follows from Corollary 4.10. O]

4.5 Novikov—Shubin invariants, random walks and
growth

Betti numbers have a clear topological meaning (“counting holes in a space”),
and their approximation carries that meaning over to L2-Betti numbers (count-
ing the “frequency of holes”). It is significantly harder to ascribe such meaning
to Novikov—Shubin invariants, especially since they are completely trivial for
finite subspaces. (The spectral density function of any operator on a finite
complex is always a step function, giving it a = co™.)

For the classical Novikov—Shubin invariants of (Laplacians on) spaces with
a suitable group action, there is indeed a geometrical (though not truly topo-
logical) meaning of at least the zeroth Novikov—Shubin number:

4.18 Definition. Let G be a finitely generated infinite group and C' its Cayley
graph with regard to some finite generating set S. Let d be the combinatorial

distance of vertices of C' (or, equivalently, the word metric of G with respect
to S), and
B.(e) ={g € Gld(e,g) <1}

G has polynomial growth, if there is a number d > 0 such that
| B, (e)| ~ 1,

and in that case, d is called the degree of growth of G. (It turns out that d
does not depend on the choice of S.)
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All infinite virtually nilpotent groups have polynomial growth ([Gro81]),
and the degree of growth is closely linked to the first Novikov—Shubin invariant.
This theorem is originally due to Lott ([Lot92]); we cite the fully generalized
version from Liick ([Liic02], Lemmas 2.45 and 2.46):

4.19 Theorem. Let G be a finitely generated group and X a connected free
G-CW-complex of finite type.

(a) If G is finite or not amenable, oy (X) = oo™.
(b) If G is infinite and amenable, but not virtually nilpotent, a;(X) = oo.

(¢) If G is infinite and virtually nilpotent, oy (X) equals the degree of growth
of G.

However, the proof of this theorem, as given by Liick, makes it clear that
a and the degree of growth are not directly related to each other. Rather,
they are both connected to a third quantity: the return probability of random
walks.

For any vertex p € X, let Si1(p) = {0 € EX | deomb(p, o) = 1} (this is
the set of all neighboring vertices of p), and define the transition operator

Za

a€S1(p)

P: 62(80X> — 62(80)(), p—

1
151(p)]

Then (o, P"p) is the probability that a simple random walk starting at p will
be at o after exactly n steps. In particular, the probability that the random
walk will return to p after exactly n steps is given by

pp(n) =(p, P"p) .

As vertices of X can have very different neighborhoods, p,(n) does indeed
depend on p, or, more precisely, on the n-pattern of p. However, as the operator
Pm is clearly pattern-invariant, we can take the average value

: 1 n n
p(n)znll_{%om > (0,P"a) = tra(P").

c€EKm

(On a homogenous space — a space with a transitive group action — there is
only one pattern, and p,(n) does not depend on p.)

These return probabilities are closely linked to ag(X), and this holds for
G-CW-complexes as well as for spaces with aperiodic order:

4.20 Lemma. If there are constants C > ¢ > 0 and a > 0 such that cn® <
p(n) < Cn%, then ap(X) = a.

Proof. Let ©p = ﬁ(p) p. As X is a bounded complex, © is bounded from
below and thus invertible, and it fulfills

A¢® = (id — P).
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Thus, Lemma 4.9 yields
ap(X) = a(Ay) = a(id — P).
The rest of the proof carries over verbatim from [Liic02], p. 95f. O

The second half of the proof of Theorem 4.19 follows from a theorem of
Varopoulos:

4.21 Theorem ([Var87]). Let G be a finitely generated group.

(a) If G does not have polynomial growth, then for every a > 0 there is C' > 0
such that p(n) < C'n~®.

(b) G has polynomial growth of degree 2a if and only if there are C > ¢ >0
such that cn™® < p(n) < Cn~* for every even n € N.

This, however, does not hold for spaces with aperiodic order, and not even
for self-similar spaces. The Sierpinski triangle is actually a counterexample, as
proven by Woess ([Woe00], p. 171):

“.. we have seen that under certain conditions (quasi-homogeneity), poly-
nomial growth with degree v and decay of order n™"'/? for transition probabilities
occur with the same exponents v’ = r. In this section we shall study a class
of graphs with polynomial growth, where v’ is strictly smaller than r. These
are the simplest “fractal” graphs, strongly related to the Sierpinski fractals in
d > 2 dimensions.”

Thus, for self-similar spaces like the Sierpinski triangle, the zeroth Novikov—
Shubin invariant is indeed related to return probabilities, but it is not tied to
growth.

4.6 Approximation of Novikov—Shubin invariants

As mentioned above, the Novikov—Shubin invariants of finite subcomplexes
always take the value oo™, since the spectral density function of an operator
on a finite-dimensional space is always constant around zero. Thus, o;(X) will
usually not be the limit of a;(K,,). However, there is still a possibility that
a;(X) might be computable as the limit of some number derived from K,,.
For G-CW-complexes, Kammeyer [Kam17] explored the possibility of ap-
proximating «;(X) by the “alpha numbers” of approximating step functions:

4.22 Definition. Let F': [0,00) — [0, 00) be a non-decreasing right-continuous
step function with finitely many steps. Then let AT = min {\A € R| F(\) > F(0)}
and define the alpha number of F by

_ log(F(\*) = F(0)
log(A*)

Qdiscrete (F>
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Kammeyer finds that for a G-CW-complex with virtually cyclic group G,
the limsup of the alpha numbers’ indeed converges to the Novikov-Shubin
invariants of X, but the lim inf does not. However, his methods make extensive
use of the specific group structure and cannot carry over to the self-similar case.

It would be appealing to assume that if a sequence of step functions con-
verges uniformly to a continuous function, then their alpha numbers converge
to its Novikov—Shubin invariant. Unfortunately, this is false in general: Let!®

0, ifzel0,e™),
G [0,00) = [0,00), A= ¢ = ifz € le™, 1),
1, ifzell, o00).
Each G, is non-decreasing, and the sequence (G,,) converges uniformly to

0, ifzel0,1),

G: |0, —[0,00), A —
0,.00) = {0, 00) {1, if z € 1, 00).
Then the alpha numbers of the G,, are

log(1/m) _ log(m) mo
log(e=™) m

Qdiscrete (Gm) 4 07

while clearly

a(G) = oo™,

yielding the maximal possible difference between the Novikov—-Shubin invariant
and its “approximation”.

Thus, the alpha numbers could only be guaranteed to converge if we could
reliably control the smallest eigenvalue of the Laplacian on K,,. This is clearly
not possible, as we know very little about the frontiers (and have consistently
ignored their contributions in the previous approximations). Consequently, it
appears unlikely that the alpha numbers would yield a reliable approximation
for Novikov—Shubin invariants on self-similar complexes.

9Kammeyer considers finite subcovers of the covering X — X /G, instead of amenable
subcomplexes of X itself.
10This counterexample will appear again in Remark 5.10.
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5 Fuglede—Kadison determinants and torsion

The Fuglede—Kadison determinant is, for the most part, a generalization of the
usual determinant to operators on infinite-dimensional spaces, and it preserves
several important properties of the determinant.

However, it deviates from the classical determinant in two regards: First,
as its definition relies on the spectral density function of an operator, it only
depends on the “absolute value” of the operator, and will never carry a sign.

Second, and most importantly, the Fuglede-Kadison determinant of an
operator ignores the operator’s kernel — especially, it does not become zero
whenever the operator is not injective! The determinant can become zero, but
this instead requires a large amount of very small spectral values. Thus, a zero
determinant indicates a large “almost-kernel” instead of a non-trivial kernel.!!

In the first part of this chapter, we will show that the Fuglede-Kadison
determinants in our setting show most of the properties of their classical coun-
terparts, especially multiplicativity. In the second part, we discuss whether
these determinants can be approximated by finite-dimensional analogues. The
third and last part of the chapter defines and briefly discusses the third L*-
invariant, L2-torsion, that is constructed from the Fuglede-Kadison determi-
nants of Laplacians.

5.1 Definition and properties

5.1 Definition. Given an operator T with spectral density function F'7, define
the Fuglede—Kadison determinant of T by

detpg (T) = exp / log(\) dET (),
(0,00)

where we set exp(—o0) = 0 and the measure dF7 is given by
dF" ((a,b]) = F'(b) — F"(a).

T is called of determinant class if detpk(T") > 0, that is, if the integral in the
definition is finite.

5.2 Remark. (a) As the definition of detpk(7') only depends on the spectral
density function of T', one can also speak of “the determinant of F” for
any non-decreasing right-continuous function F': [0, 00) — [0, 00).

(b) If T has eigenvalues, FT can have jump discontinuities, and thus the
measure dF? can have atoms. Especially, if T is not injective, it can
happen that dFT({0}) > 0, so it is important to note that the domain
of integration does not contain the point 0.

Hlarge “almost-kernels” correspond to small Novikov-Shubin numbers, and indeed
a(T) > 0 implies detrk (T") > 0. See [Liic02], Theorem 3.14 (4).
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(¢) On the other hand, the upper bound of the domain of integration is
irrelevant: For any A > [T, we have F'(\) = try(ET(N)) = 1, so
dFT((||T||Op ,00)) = 0. Thus, the Fuglede-Kadison determinant can be
computed as

detr (T) = exp / log(\) dFT(\).
(0,[1T']] ]

For the practical computation of the Fuglede-Kadison determinant, the
following lemma is most useful:

5.3 Lemma ([Liic02], Lemma 3.15). If [, log(A) dF()) > —oo, then

b J—
/ log(\) dF(\) = log(b)(F(b) — F(0)) — / ww.
(0,b]

0

To simplify notation, let

Then we obtain

Ly [P
log(A\) dF(A\) = log(b) F—(b) — dA.
[, s ar0) = s P — [

0

5.4 Remark. It T': C* — C" is a positive self-adjoint operator, then

detpk (T) = VH {\ eigenvalue of T'| A > 0}.

Especially, the Fuglede-Kadison determinant of an operator on a finite-dimen-
sional space is never zero. (The determinant of the zero operator is given by
an empty product, and thus it equals 1.)

Many properties of the Fuglede-Kadison determinant, most importantly
their multiplicativity, carry over from the classical case.

In the following theorem, most statements and proofs follow Liick ([Liic02],
Theorem 3.14 and Lemma 3.15), except for 5.5 (b):

5.5 Theorem. Always let S, T € N;(X).

(a) detFK(T) = detFK(T*) = \/detFK(T*T) = \/detFK(TT*)

(b) If T is self-adjoint, then T + Pyerr is injective and
detFK(T -+ PkerT) = detFK(T).

(c) If T is positive and injective, then

detFK (T) = 51_1}({14_ detpK (T +¢ 1d)
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(d) If T is invertible, then
1 *
detpx (T') = exp<§ tr (log(T T))) :

(e) If S, T are injective and positive, then

S<T — detFK(S) < detFK(T)

(f) If S is injective and T has dense image, then

Proof. (a) By Lemma A8, every self-adjoint operator fulfills FT()\) = FT°(\?),
and for every other operator T, the spectral density function is defined
by FT(\) = FT"T()\?). Therefore, we get

dF" " ((a,b]) = FT(Vb) — F"(va) = dF"((v/a, V1))
and thus

detpx (T*T) = exp / log(\) dFT"T(\)
(0,00)

= exp/ log(A?) dFT()\) = detpx(T)?
(0,00)

The same argument shows detpxk (7) detpi (TT*), and applying

Lemma 2.40 yields detFK (T) = detFK (T*)

(b) Write T = T + Perr. Given a vector z = x + y € ker(T) & ker(T)*, we
have Tz = x + Ty and (z, T'y) = (T'z,y) = 0. Therefore,

~ (12
2 2
|72 = e + w2,

and this implies that the spectral density function of T is given by

FF ) — FT()\) — FT(0) if Ae]o0,1),
)= FT()\), if A e [1,00).

Thus, the resulting measure on (0, c0) is given by
dFT = dFT + F7(0) - &,

and as log(1) = 0, this implies

detpx (T) = exp/ log(\) dFT () = exp /(0 log()\) dFT(A) = detpg (7).

(0,00) ,00)
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(d)

(e)

This follows from FT*e4()\) = FT(\ — ) and Beppo Levi’s monotone
convergence theorem.

If T and thus T*T are invertible, they are bounded from below, so
spec(T*T) C (0,00) and log(T*T") € N;. Applying part (a) and Theorem
A.6 gives

1
log detpk (T) = 5 log detpk (TT)

/ log(A) dET"T(\)
(0,00)

trpr / log(A) dET"T(\)
(0,00)

N = N = DN =

try (log(T*T)).
From
2 2
H\/ng =(z,Sz) <(z,Tz) = H\/TxH
and Lemma 2.42, we get FVT(X) < FV5()) for all A € [0, 0), and with

part (a), this yields FT(\) < F¥()) for all A € [0,00). Using Lemma 5.3
with b = max(||S]|,||T]|), we have

dA

b S
log detpk (S) = log(b) F5(b) _/0 F)E)\)

and the same for T'. (Note that S, T are injective, so F°(0) = 0 = F1(0).)
As F5(b) = dimp(¢*(€; X)) = FT(b), this implies the result.

Show first: If A, B are both positive and invertible, then
detFK(ABBA) = detFK(A)2 detFK(B)2
Use Lemma 3.18 from [Liic02]: If the operator-valued function X : [0, 1] —

B(H) is differentiable (in the sense that there is X'(t) € B(#) such that

e—0

SIX(t+e) = X(t) — X' ()], — 0), and if J, spec(X (t)) lies in the
interior of the domain of a holomorphic function f, then

try (%f(X(t))) = trN<f’(X(t)) oX’(t)>.

Liick proves this for the von Neumann trace on N'(G), but the only prop-
erty of the trace his proof requires is that it commutes with integration,
which holds for trys, too, as every integral fol X (t) dt fulfills by definition

1 1
<§1,/ X(t) dt§2> = / (&1, X(t)&) dt  for all &,& € H.
0 0
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As A, B > 0 are invertible, their spectra are contained in [e,00) for
some € > 0, so log(A), log(B) and log(ABBA) are defined and bounded.
Applying the previous lemma gives

d d

-t (log (Ao (tB*+ (1 —t)id) 0 4)) = -t (log (tB* + (1 —t)id)) .
As for t = 0 we have

try (log (Ao (0- B>+ 1-id) o A)) = try (log(A?)),
try (log (0- B*+1-id)) =0,

this yields
tra (log(A oB?o A)) — try (10g(A2))

_ /1 9 e (log (Ao (tB + (1= 1)id) o A)) dt

/ — try (log (tB® + (1 —t)id)) dt
= try (log(B )) — tra (log(id))
= try (log(B?)) .

Together with part (d), this implies detpx (ABBA) = detpk(A)? detpk(B)?
for invertible A, B.

Now extend this statement to any injective A, B > 0. Choose C' > 0
such that for all € € [0, 1],

ABBA < A(B+¢id)? A< ABBA + C¢id.
Since ABBA > 0 is injective, we can then use part (e) to get

e—0+

Setting X = BA in detpg (X*X) = detpx (X X*), we get det(ABBA) =
det(BAAB), and so,

detpi(ABBA) = lim detyk (A(B +¢id)* A)
1 . 2 .
= 61_1>%1+ detpk ((B +¢id) A* (B +¢id))
= lim lim detpk ((B +¢id) (A +did)* (B +¢id)).

e—0+ §—0+

Now apply the previous result, as B 4+ cid and A + 9 id are positive and
invertible. This gives, for any injective A, B > 0,

detpx (ABBA) = lim detpg (B +eid)” lim detypyk (A + §id)?
e—0+ 0—0+
= detFK(B)2 detFK(A)Q.
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Finally, return to the original statement. Let S be injective and T have
dense image. Write S = VB and T' = AU with U,V unitary and B =
VS*S, A = TT* positive. Note that since T* is injective, the operators
A and B are both injective. Thus, we can conclude

detpg (ST) = \/detpk
= \/detpg (U*ABV*V BAU)

(T+5+ST)
(

= \/detr (U*ABBAU)
(
(

— \/detpx (ABBA)
= \/detFK A)2 detFK(B)2

= detpK(A) etpK( )
= detFK(S) etFK( ) ]

5.6 Remark. Even in the finite-dimensional case, properties (c), (e) and (f) fail
without injectivity: Simply consider S,T € Maty(C), where the trace is given

by
tr a b _a+d
N\e d) = 2

and thus the Fuglede-Kadison determinant is the square root of the product
of the absolute values of the non-zero singular values of a matrix.

(c) Let T = <(1) 8) This is positive but not injective, and detpk(7T") = 1.

e—0

On the other hand, detpk(T +cid) = /(1 +¢) - ¢ — 0.

(e) Let S = <(1) 8) and T = (g 1(/)4>. Then we have S < T, but

(f) Using the same example matrices as for (e), we have

detp (ST) = V2 # 1 - — = detpk(S) - detpk (7).

1
V2
To show that the “essential surjectivity” of the second operator (i.e.
dense image) is also necessary, consider

detFK(TS) = \/5 7é % 1= detFK(T) : detFK(S)

If T € N;(X) is positive but not injective, 5.5 (¢) can be generalized as
follows:

5.7 Corollary. Assume T € N;(X) and T > 0, and let § := dimy(ker T).
Then

— . _ﬁ .
detpk (T) 51_1>%1+ e " detpk (T + €id).
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Proof. Write P = Py, 1 for the orthogonal projection to ker(7") C H. Abbrevi-
ate f = dimps(ker T') and n = dimy(#;). (Under the standard normalization,
n =1, but the statement still holds for other normalizations.)

Combining 5.5 (b) and (c), we have

e—0+

Since TP = 0, we have (T + eid)(e"'P +id) = T + P + ¢id, and as both
T + eid and e ' P + id are invertible for every € > 0, we get from 5.5 (f)

detrg(T) = Tim (deterc(T + <id) - detec (=™ P +id) ).

=1
e—0+

Finally, note that the spectral density function of e™'P + id is given by

0 for A € [0,1),
FPH(0) = < dimp(ker(T)Y) =5 — 8 for A€ [1,1+&7Y),
dlm/\/('Hj) =7 for \ - [1_’_871700)7

which yields

detpk(e7'P +id) = exp / log(\) dF="PHI())
(0,00)
= exp((n — B) log(1) + B log(1 + 7))
=1+’

For ¢ — 0+, this is asymptotically equal to e, and therefore,

detFK(T) = 111(1]1+ <detFK(T+5 ld) detpK(5_1P+1d)> = hI(I)lJr E_ﬁ detFK(T+5 ld)
[

The most interesting determinants are those of Laplacians. In the classi-
cal case, Dodziuk and Mathai ([DM98]) showed that Laplacians on G-CW-
complexes are always of determinant class, and their proof can be adapted to
the self-similar case as well:

5.8 Theorem. The Laplacians A;X) of a self-similar CW-complex X are of
determinant class.
Proof. Show first that detpgk (AgKm)) > 1 for every m.

Let & = dim¢ ker(AgK’”)) and let \q,...,\. be the eigenvalues of AgKm),
where \; =0 for i < k and A\; > 0 for ¢ > k. As mentioned in Remark 5.4,

detpic (AV)




The characteristic polynomial of Ag-K'”) is

T T

x(@) =i —2) =a* J] i—2) = (=2)" - o(2).

=1 i=k+1

Note that
¢<O) = detpk (A§-Km))r > 0.

Since this can also be computed as
x(x) = det <A§Km) —x- id)

and A;K’") is an integer matrix, we know that y(z) has integer coefficients,
and so the same must hold for ¢(x)! Therefore, ¥(0) > 0 implies 1»(0) > 1,
and this proves the claim.

Now let F},, be the normalized spectral density function of A;K’"). Choose

b > 0 large enough that HAfQ ‘ < b and ‘ AgKm)H < b for all m. (This is

possible since the bound on the norm of the Laplacian only depends on the
number of “neighbors” a cell can have, which is bounded throughout X.) We
get for all m

log detpk (F,) = log detrk (AEK’“)) > 0.
On the other hand,

FJ_
log detrk (F,) = log(b) F=(b) — / mA(A) d,
(0]

so for all m FLO
log(b) F:(b) > / (V) dA.
0p A

Since [}, converges pointwise!? to F' = F (A;X)), there is M € N such that for
all m > M,

log(b) F-(b) > /( N d i“) ax.

Now, Fatou’s lemma gives

)

log(t) () = | ar,

(0,]

and therefore

log detpk (F) = log(b) F*(b) — / ) dX > 0. O

0 A

12Even uniformly, but we don’t need that here.
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5.2 Approximation

Let us explore under which circumstances the Fuglede-Kadison determinants
of geometric operators can be approximated by finite-dimensional restrictions.!?

By Theorem 3.11, the spectral density function of an operator 7" on a self-
similar complex is approximated uniformly by those of restrictions of 7" to finite
subcomplexes K,,. Recalling Lemma 5.3, we can express the determinants as
follows (with F(\) = F(\) — F(0) and b > ||T]|):

dA.

1
log detpk (F) = log(b) F*(b) — /(0 ) F )\()‘)

However, as 1/ is unbounded on (0,b], even uniform convergence F,, — F
will not ensure convergence of these integrals.

This problem can of course be avoided if the domain of integration is
bounded away from zero. This is satisfied when T has a spectral gap at zero:

5.9 Theorem. Let X be a self-similar complex with Folner sequence (K,,).
Assume that T € A;(X) is positive and has a spectral gap at zero, that is,
spec(T) N (0,¢) = O for some e > 0. (This is equivalent to T being invertible
when restricted to ker(T)*.)

Define T, := P, T, where I,: (*(§;K,,) — (*(;X) is the inclusion and
Pon: C3(E;X) — (*(E;K,y) is the orthogonal projection. Then

detFK(T) = lim detFK Tm
m—00

Proof. Note first that the spectrum of T" does not depend on whether we
consider it as an element of B(¢*(&;X)) or an element of B(H;(X)).
By assumption, there is € > 0 such that

(v, Tv) > ¢ ||v||* for all v € ker(T)* C 2(&;X).
Using P = I,,,, we have
(w, Tryw) = (w, Py, T1,w) =(w, Tw) for all w € (*(&K,,),
so ker(T,,,) = ker(T') N (*(&;K,,), and we obtain
(w, Tpw) = (w, Tw) > ¢ ||lw|? for all w € ker(T},)* C (*(E;K,p).

Consequently, both F7 and every F'Tm are constant on [0,¢). Furthermore,
note that ||T,,|| < ||T|| for all m. As the function A — 1/X is bounded on
[e,00), uniform convergence F'm — FT implies convergence of the integrals

T T
/ Fr(3) ) o / F'0)
el A e A

By Lemma 5.3, the claim follows. O

13In the classical case, the approximation of Fuglede-Kadison determinants of any oper-
ator T' € Mat, ;(QG) is known if G is an infinite virtually cyclic group. For G = Z™ it is
known that detpk (T') = limsup,, detpx (T},). See [Liic16], Remark 6.5.
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In this lemma, we have used that a spectral gap of T' directly implies that
the restrictions of T' to smaller subcomplexes have the exact same spectral
gap. This would not necessarily work with the more general “approximating
operators” in Theorem 3.11, as a single “rogue eigenvalue” getting too close
to zero can destroy the convergence:

5.10 Example. Define a sequence of functions

0, ifzel0,e™),
G [0,00) = [0,00), A ¢ = ifxefe™, 1),
1, ifzell, o00).

Each G,, is non-decreasing, and the sequence (G,,) converges uniformly to

0, ifzel0,1),

Gwawwﬂﬁw%“*éwﬁxemm)

Yet, one clearly has for all m € N

log detri(Gn) = log(1) G (1)—/1G’“T(A)cm
_ - /-—w
_ log(1) —log(e™™)
— 1, "

log et (G) = log(1) G(1) — /0 1 @ dx
_o,

and thus

More generally, for any bounded non—decreasmg function F': [0, 00) — [0, c0),
define a sequence of functions F = F+G,,. Then each Fm is non-decreasing,
the sequence (F ) converges uniformly to the function F = F + G, and, since
log detpk (F) is linear in the function F,

lim log detpk (F,) = log detpk (F) — 1.

If the functions in counterexample 5.10 were indeed the spectral density
functions of a sequence of operators, the lowest “eigenvalue” of those operators
would have to decay exponentially in m, while their normalized multiplicity
decayed only polynomially (indicating that the number of cells in K, increased
polynomially in m). This indicates that the convergence of determinants might
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be achievable in cases where the smallest positive eigenvalues of the restrictions
T,, can be controlled:

Assume that T' € A;(X) is of determinant class but without spectral gap,
and let T,,, F,, and F be as above. Abbreviate ¢, = ||F,, — F|| and let fi,,
be the smallest positive eigenvalue of T},. Since T has no spectral gap and F,,
approximates F', we know that

lim g, =0= lim pu,.
m—00 m—0o0

Since F£(\) = 0 for A < fi,,, we obtain the estimate

b olyy L fim L b
/F () Fm()\)d)\‘g/ L) (A)dA+/ g
0 0 A M,

A A

< | TED 4y e, (logt) ~ log())-

Since F' is of determinant class, we know that

/um FX(\) D A
0 A n

and obviously
em log(b) =22 0.
Therefore, detpk(7,) will converge to detgk (7' if

m— 00

Em 10g(m) > 0.

This would be satisfied if p,, were bounded from below by any power of g,,.
The proof of 3.11 shows that

K
em = | — Fll. = o('f" m') |

|ngm|

Thus, ¢, falls faster if the complex is “more amenable”.

The problem of bounding this smallest positive eigenvalue has been studied
extensively for the Laplacians of graphs. However, the answer points in the
wrong direction for our purpose: The smallest positive eigenvalue becomes
“large”, when the graph is a magnifier, that is, all subsets of the graph have
“large” neighborhoods. In other words, we obtain a better bound on the
smallest eigenvalue if the complex is less amenable! More concretely, consider
the following result by Alon:

5.11 Lemma ([Alo86], Lemma 2.4). If K is a finite graph such that every
vertex subset A C EgK with |A] < 5 |E K| fulfills

{o € EK | deomp(0, A) = 1} > c|A|

for some constant ¢ > 0, then the smallest positive eigenvalue of AéK) s at
least 2 /(2¢* + 4).
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For well-chosen Fglner sequences (K, ), these two properties can sometimes
be reconciled. Essentially, this requires an exhaustion (X,) such that no K,,
has a proper subset that is “much more amenable” than K, itself:

5.12 Theorem. Let X be a self-similar complex and assume there is a self-
similar Folner sequence (K,,) for which there are constants c,e > 0 such that
for every vertex subset A,, C EK,, with |A| < % |E0 K,

{o € &K | deomp (0, A) = 1} > c. (|~7:3Km|)e
|A] &K

Then p y

Proof. Use the same notation as above. (Note, however, that unlike in The-

orem 5.9, A(()K"‘) is not the restriction of A(()X) to K,,.) By Alon’s lemma and
Theorem 3.11, we have p,, > dc25§,f, where d > 0 combines the factor 4 from

5.11 with the O-constant of ¢, = O(‘lﬁ?gm‘l>, and that gives
jHhm

mM— 00
[l

lem log ] < |5m- (log(dc2) + 2e 1og(5m))| — 0.

5.13 Example. (a) Consider the Laplacian on one-cells of R? with the stan-
dard CW-structure (compare Example 3.2), and choose a Fglner se-
quence consisting of cubes, K,, = [-3™,3™]¢. We obtain

[ Film| 1

~S —

o |ngm| 3m

On the other hand, among subsets A C & K,, with |A| < 1| K|, the
one with the fewest frontiers in K, will simply be a half-cube, containing
5 (2-3™)% vertices, of which (2-3™)%"! are frontiers, so 5.11 yields a

lower bound
c\2
> I
Hm = <3m>

for some constant ¢ > 0. This easily suffices to ensure convergence of
determinants.

(b) For Sierpinski’s triangle (see Example 3.3), there are numerous sub-
complexes of any size with exactly three frontiers (namely, large sub-
triangles). Thus, the constant ¢ in 5.11 frequently takes values pro-
portional to 1/|A|, but one can also choose (K,,) in such a way that
Em ~ 1/|E K| Again, we obtain u,, ~ €2, which suffices for conver-
gence.
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5.3 L2-torsion

The Fuglede-Kadison determinants of Laplacians of a space are not homotopy
invariants by themselves.'* However, they give a rise to another L?-invariant,
the L2-torsion.

Classically, L?-torsion is defined as the logarithm of the alternating product
of Fuglede-Kadison determinants of the differentials 8J(-X). This is easily shown
to be equal to the following expression in terms of the Laplacians, which shall
serve as our definition:

5.14 Definition. The L2-torsion of an aperiodically ordered CW-complex X
is

dim X
1

5200 = 137 19 ot (A,

§=0
provided every ASX) is of determinant class.

This definition makes sense for any self-similar complex, as their Laplacians
are always of determinant class (see 5.8).

Whether the L2-torsion is in fact a homotopy invariant remains a difficult
question. In the classical case, this can be proven for G-CW-complexes that
are “det-L2-acyclic”, that is, where every Laplacian is of determinant class and
all L?-Betti numbers vanish:

5.15 Theorem ([Liic02], Theorem 3.93 and Lemma 13.6). Let X and Y be
finite free G-C'W-complezes, where G is an amenable group. If X and Y are

G-homotopy equivalent and one of the two is det-L?-acyclic, then both of them
are det-L*-acyclic and p?(X) = p?(Y).

Unfortunately, proving an analogous statement for the self-similar case is
beyond the scope of this thesis: In the classical case, the L?-torsion of X and YV’
will a priori differ by a term related to the Whitehead torsion of the homotopy
equivalence between the two; the classical proof then relies on properties of
the group G to ensure that this term (always) vanishes. In the aperiodical
case, no such Whitehead torsion exists; it remains to be determined if there is
a suitable analogue.

As an additional complication, even if the L?-Betti numbers vanish, the
L?-chain complex of a self-similar complex may not be truly L2-acyclic, since
some Laplacians may have (small) kernels in ¢?(&;X) even if the induced op-
erators on H;(X) are injective. Finally, there can be no finite-dimensional
analogue that carries over to the whole space by approximation, as the usual
(non-L?) chain complex of a finite CW-complex cannot be acyclic.

Finite example: In a circle formed from three O-cells and three 1l-cells, we have
detpi (A1) = V9 ~ 2.08, while in a circle with four O-cells and four 1-cells, detpg(A;) =
V16 = 2.
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6 Product spaces

Intuitively, the cartesian product of two self-similar spaces should again be a
self-similar space. That is indeed the case (although it takes a nonzero amount
of work to prove amenability), and thus, it makes sense to try and express the
L2-invariants of such a product space through those of its factors. In this final
chapter, we will derive such formulas for L2-Betti numbers, Novikov-Shubin
invariants and L2-torsion.

In doing so, we hope to demonstrate once more how the approximation
theorem for spectral density functions allows us to gain information about
L?-invariants, even when those invariants themselves cannot be approximated
by finite-dimensional analogues.

6.1 Products of self-similar complexes are self-similar

6.1 Theorem. Let X and Y be self-similar CW-complexes with self-similar
exhaustions (K,,) respectively (L,,). Then X XY is a self-similar CW-complex
with self-similar exhaustion (K, X Ly,).

Proof. Note first that the product of regular CW-complexes is again regu-
lar: For any two cells 0 € ;X and 7 € &,Y, the extended attaching maps
f,: Di -5 C X and f,: D*¥ — 7 C Y are by assumption homeomorphisms,
so the product attaching map f,y,: DItk ~ DJi x DF Xl G« 7 CXxY
is again a homeomorphism.

Second, the product of bounded complexes is bounded: The topological
boundary of a product cell is (o x 7) = do x T U o x J7, and thus we get

{r € &1 (X XY) [ C (0 x7)}]
= ) HAXpe&Xx&Y[ACT, nCT)}

a+b=j+k—1

<[{rAe&X[ACT}| - Hue &Y [ncT)}

and analogously

{r € Ejrrn (X xY) [ (0 xT) C Ok}
<[{re&X|oCA}-{re&Y|r Sl

where £,X = [J; ;X is the set of all cells of X. As X and Y are bounded,
these numbers are bounded, showing that X x Y is bounded.

To show that (K, X L,,) is again a Fglner sequence, we need to understand
the frontiers in a product space:

6.2 Lemma. Let X,Y be reqular CW-complezes. Let o1 € £; X, 05 € £, X,
71 € &Y and 1o € E,Y such that j1+ky =d = jo+ky. Then the cells o1 X1y
and o9 X 15 are adjacent in E(X X Y') if and only if one of the following holds:
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1) = (J2, k2), o1 is adjacent to o9 in X and 71 = 7.

.
—_
o

(
= (Jo, ko), 01 = 09 and 1 is adjacent to 5 in Y.
(

) (k)
) (1, k1)

(C) (jhkl): j2+1,]{32—1), (90'120'2 andﬁgﬁTQ.
) (k1)

Proof. [<=] follows immediately from d(c x 7) = (do x 7) U (0 x O7).
[=>|: Assume that oy x 7 and oy X 75 share a (j; + k1 — 1)-face o3 x 73:

o3 X 13 C O(01 X 11) NI (03 X To)
= ((Joy X 1) U (01 X O11)) N ((Oo9 X T2) U (09 X OT3))
= ((0o1 x 1) N (Dog X 13)) U (01 X 11) N (09 X O73))
U ((o1 x O11) N (Ooy X 7)) U ((01 X O11) N (02 X OT2))
= ((80'1 N 80'2) X (7'1 N 7'2)) U ((80’1 N 0'2) X (Tl N 87'2))
U ((01 N Oog) x (011 N12)) U ((01 Nog) X (1 N OTR))

N
U

By Lemma 2.2, g3 x 13 must be fully contained in one of the four “U-summands”.
For purely dimensional reasons (and because any two open cells are either iden-
tical or disjoint),
o3 X 13 C (o1 N Jos) X (11 N 7o) implies case (a),
o3 X 13 C (dop Nay) X (11 N O71p) implies case (c),
o3 X 13 C (01 Ndoy) x (01 N'1z) implies case (d
o3 X 13 C (01 N0o2) X (01 N O1y) implies case (b

)
).
Conversely, assume there is a (j; + k1 +1)-cell o4 x 74 whose boundary contains
both o; X 71 and g9 X T3:

(0’1 X 7'1> U (0'2 X 7'2) - (80'4 X 7'4) U (0'4 X 87'4)

Using Lemma 2.2 again, each of the two ¢; x 7; must be contained in doy X 74
or in g4 X O14. We obtain the following cases:

(o1 X 1) U (02 X 173) C doy x 74 implies case (a),

(o1 X 1) U (02 X 73) C 04 X O1y4 implies case (b),

o1 X 11 C oy X 174 and 09 X 75 C 04 X 074 implies case (d),

o1 X 11 C oy X 01y and 09 X 75 C Joy X 74 implies case (c). O

Proof of Theorem 6.1, continued. Let G(m,m + 1) and G'(m, m + 1) be the
sets of local isomorphisms for X resp. Y associated to the Fglner sequences
(Kp,) and (L,,). It is clear that

Kpp1 X Lper = | (7 X 8)(K X Lin).

v €G(m,m+1)
§€gG'(mm+1)

It remains to show that the exhaustion (K,, X L,,) is amenable (i.e. a Fglner
sequence).
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Let 01 € £,X and 7y € &Y such that oy X 7 is a frontier of K, X L,,.
Let 09 X 15 be a cell of (X x Y)\ (K,, X L,,) adjacent to it and apply Lemma
6.2. Case (a) implies 07 € F;K,, and case (b) implies 7y € F;L,,. In case
(c), o9 € 0oy C Ky, 80 o € Ly, As Ly, is a full subcomplex, 7, must have
a face outside L,,, and that face is adjacent (via 73) to 71, so 71 € FiLy,
Analogously, we get 0, € F;K,, in case (d). Thus, we obtain indeed

|«7:d(Km X Lm)| < Zj+k:d, ’(‘FJKm X gkLm) U (ngm X kam)‘
|gd(Km X Lm)| N Zj—i—k:d |(€]Km X gkLm|
- i th=d ‘EJKm X EkLm‘

< (!EKm X ExLm| €K % kam|>
= 2 \NE K X ExL| €K X Ex L]

},;d ( € Km| €Ll

6.2 L2-Betti numbers of product spaces

If K and L are finite CW-complexes, then K x L is a finite CW-complex whose
(-cells are given by
E(KxL)= | ) &K x &L.
j+k=¢
And in perfect analogy, their (non-normalized) Betti numbers are given by the
Kinneth formula

Bu(K x L;C) = Y Bi(K;C) - B(L; C).
k=t

Until now, we have usually normalized the trace on ¢*(&;X) = C[£;X] by the
number of j-cells themselves (such that the trace becomes a state). Unfortu-
nately, this normalization is incompatible with the Kiinneth formula:

Be(K x L;C) _ 2wt B (G C) - Bi(L; C) Z B5;(K;C) ﬁj(K§C>
|Ee(K x L) > ket [E K X EL &K &L

Jt+k=L

Getting the Kiinneth formula to work with our approximation therefore re-
quires a different normalization. The easiest solution is to always normalize
by the number of vertices instead: As a zero-cell in K x L must be the product
of two zero-cells of K and L, we have

IEo(K x L)| = |&K| - &L,

and thus the renormalized Kiinneth formula holds:

B@(K X L (C Z 63 C ﬁ](K,C>
|g(] K X L |50K| ’goL’

+k=¢
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Now, the approximation theorem for L2-Betti numbers yields a Kiinneth
formula for self-similar complexes:

6.3 Theorem. Let X and Y be self-similar complezes, and normalize every
trace by the numbers of vertices. Then L?-Betti numbers fulfill the Kiinneth

formula:
bP(X xY) = > bP(X) b (7).
k=t
Proof. Let (K,,) and (L,,) be Fglner sequences for X resp. Y. By Theorem

6.1, (K,, X Ly,) is a Folner sequence for X x Y, and Corollary 4.2 together
with Lemma 3.17 gives us

O(x x v — pim e % L iy BiUm) e Be(Lm)
b (X xY) = lim Eo(Kom X Lo Z ml_m_‘gof( | oo |EoLn]
= Y P(x) b(2) (V). O

J+k=¢t

6.3 Novikov—Shubin invariants of product spaces

While there is no approximation theorem for Novikov—Shubin invariants, we
can make use of the approximation theorem for the spectral density functions
themselves to obtain a formula for the Novikov—Shubin invariants of a product
space.

For any two finite subcomplexes K, L, the Laplacian of the product is given
by

AéKXL) - @ (A§K) ® idp(gkL) + ing(ng) ® A]E:L)),
j+k=¢

and for the non-normalized spectral density functions of operators on finite-
dimensional spaces, we have

Fon(f ® 9) = Fun(f) + Fan(9)
and (compare [Liic02], Lemma 2.31)
Fan(f)(A/2) - Fan(9)(A/2) < Fu(f®id+id®@g)(A) < Fan(f)(A) - Fan(9) (V).
Therefore, the non-normalized spectral density function of AEKXL) fulfills
an K><L) Z F.. A(K . (A L))7
jt+k=¢

where the dilational equivalence only dilates by a factor of 2.

This still holds if we normalize with the number of vertices, as |Ey(K x L)| =
|E0K|-|E0L|, and as the dilatational equivalence uses the same constant (namely,
2) for every subcomplex, the approximation theorem 3.11 yields

FAF) = ™ F(AM) F(a)).

J
k=t
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Finally, Lemma 4.7 gives a(F+G) = min(a(F), «(G)), and therefore we arrive
at the following statement, analogous to [Liic02], Lemma 2.35 (1):

6.4 Lemma. Let X andY be self-similar complexes. Then

(X xY)= jrfkigzoz(F(Aéx)) .F(AS@)) :

It remains to express a(F - G) in terms of a(F) and a(G). Recalling the
notation F-(\) = F(\) — F(0), we have
a(F-G)=a(F"- G-+ F~-G(0) + F(0)- G+ F(0) - G(0))
= min{a(F" - G"),a(F*" - G(0),(F(0) - GF), a(F(0) - G(0)) }

The constant function F'(0) - G(0) has a = oo™, so the last term is irrelevant.
The middle terms can be relevant, depending on F'(0) and G(0):

a(FY) = a(F) if G(0) > 0,

Oc(FJ‘ -G(0) = {oo+ if G(0) =0.

a(Gh) = a(@) if F(0) >0,
oot if F(0) = 0.

The first term is always relevant, but not always obvious: We have

LG g PEE) GO loa(FE) + log(GH(Y)
A G I T gy 1o () |

but a limit inferior, unlike a true limit, does not necessarily commute with
addition!

Thus, the final theorem about Novikov—Shubin invariants of product spaces
is only guaranteed to be true if the complexes fulfill the limit property (see
Remark 4.6). Fortunately, the arguments outlined above also show that if X
and Y have the limit property, then so does X x Y.

6.5 Theorem. Let X and Y be self-similar complexes satisfying the limit
property. Then

X xY) = min({aj(X) + o, (Y)|j+k =1}

U {aj()o ) b2 (V) > o} U {ak(Y) ( b2, (X) > 0})

Unlike in Theorems 6.3 and 6.6, the choice of normalization does not ac-
tually matter in this theorem, since replacing a spectral density function F' by
r - F' for any constant » > 0 does not change the Novikov—Shubin invariant of
F (compare Lemma 4.7).
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6.4 L?-torsion of product spaces

Finally, we aim to prove the following formula for the L2-torsion of a product
space:

6.6 Theorem. Let X and Y be self-similar complexes, and normalize every
trace by the numbers of vertices. Then

PPX x V) = xB(X) p® (V) + xP (V) p? (X)),
where x? denotes the L?-Euler characteristic.

Although the torsion of X X Y is not necessarily equal to the limit of the
torsions of K,, X L,,, it is worth it to prove this formula for finite complexes
first — every lemma in the following subsection will be needed for the proof of
Theorem 6.6.

Torsion in the finite-dimensional case

6.7 Definition. Let (C\, ¢,) be a finite-dimensional chain complex of C-vector
spaces (i.e. all but finitely many C), are 0, and the non-zero ones are finite-

dimensional). Define the Laplacians of C, by AZ(,C) = Cpy1Cpy1 T €0y, and let

F (Az(,c)) be their (non-normalized) spectral density functions.!® Then define
the torsion of C, by

1
p(Cy) = —3 Z(—l)p - p - log detpgk F(A;C)).
p

6.8 Theorem. Let C, and D, be chain complexes as above. Then

p(C. @ D.) = x(Ci) p(D.) + x(Dx) p(C.).

The proof of this builds on two main lemmas. The first one explains why
the Euler characteristic appears in the formula:

6.9 Lemma. Let C, be a chain complex as above. Then

D (=D)PF(AY) = X(C) - X(ooo)-

p

Proof. We have an orthogonal decomposition
Cp = ker Ag @ im(cy1) @ ker(c,) "

Define ¢, : ker(c,)" — im(c,) as the restriction of ¢,. Then the Laplacian

decomposes as

A;C) =06y (cyy)* ® (6))"cy

15While we are dealing purely with the finite-dimensional case, the non-normalized spec-
tral density functions will simply be denoted F' instead of Fj,.
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Therefore, and because F(f*f) = F(ff*),

F(A](DC)) = dim(ker AC) * X[0,00) + F( ;H( ;H)*) + F((cl)*cL)
= ﬁp(c ) X[0,00) T F(( p+1> p+1) + F(( )* L) .
This gives

(—1)PF(A)

p

-

D (—1)78,(CL) - Xjowo) + Z( DPF ((cp1)"Cpar) + Z )¢,)
ZXC'*)'X[o,oo)—Z(—l) )e,) +Z &)'e)

p

= X(C*) : X[O,oo)- [l

The second main lemma expresses spectral density functions of the product
complex via spectral density functions of the two “factors”:

6.10 Lemma. Let C, and D, be chain complexes as above. Then
FAC?) = ¥ L pao) .« FaD),

where * denotes convolution.

Proof. Note first:

+oo

+oo
X, 00) * X[, 00)( / X, 00) (§) * X[, 00) (A — &) €

X, 00) ’ X(—oo,)\—u}(f) dg

—0o0

JA—p—v, A= pt,
0, ifA<p+v,

and therefore, for almost all A,

d R T 78
D Xle) * Xl (X) = {0, if A < pu+ m} = Xty (M)

By definition, the tensor product of chain complexes has the form

(C® D), GB C, ® D,
pt+g=n
and it is known that

AC®D) _ @ (Az(,c) ®idp, +idc, ® ASJD)) ’

pF+q=n
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which immediately implies

PO = 3 P60 0dp, +id, 0 A7)

pt+q=n

Define m, = dim(C,) and n, = dim(D,). Let (u,;)i% be the eigenvalues
of AZ(;C) and (uq,j)?il be the eigenvalues of A,(JD). Then the eigenvalues of
AI(;C) ®1idp, +idg, ® A,(ID) are exactly (f,; + V)i, and we obtain

d d [ "q
S REUIRECIED DY RAINED S
ptq=n p+qg=n i=1 j=1

d
= 2 22 i Wiapnoo) * Xivgy00)

pt+g=n i=1 j=1
Mp Ngq

S
ptg=n i=1 j=1

= Y F(A @idp, +idg, ® AP
pt+g=n

= F(A®D)) O

n

Now we are ready for the proof of Theorem 6.8. Unlike the lemmas, this
proof will not be needed to prove Theorem 6.6; but it uses the same methods
and can largely serve as a blueprint for the proof of that theorem.

Proof of Theorem 6.8. Choose b > a > 0 such that b > p,; + v,; hold for
all p,q,i,j and p,; > a, v,; > a holds whenever p,; > 0, v,; > 0. (This is
possible since C, and D, are finite-dimensional.)

Start by using the linearity of the determinant:

p(Ce @ D,) = —% > (=1)" - n - log detypk (ALT®P))

n

1 n
) log detpk (Z(—l) n- F(AELC@)D)))

n

(Note that only finitely many terms in the sum are non-zero.)
Now compute this sum of spectral density functions using Lemma 6.9:

S ALY = Y1 Y SR (A)  F(A)

n p+Hqg=n

_ % SO PRAL) = 3 (-1)7 - - F(AP)

q

+ % p (1P -p- F(AD) > (—1)7F (AP

q
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n % (=17 p- F(AL) * (x(D2) - Xpo.00))

As in the proof of Lemma 6.10, we have

d d
a X[, o0) * XJo, oo)(/\) = a X[0,00) * X]u, oo)(/\) = X[u,oo)(A)

for all p and almost all A (namely, A # u). Since F (A;(,C) ) and F (A((ID)) are
linear combinations of such step functions, we get for almost all A

S0 n- F(ALED) =y () - S (-1 q- F(AP)

n q

+X(D2) Y (=1 p- F(A9)

Again by linearity of log detpk, we obtain the claim:

1 n

n

= x(C,) - (—%) Z(—l)q - q - log detpgk F(AgD))
+ x(D,) - (—%) Z(—l)p - p - log detpgk (F(Aéc)))
= x(C5) p(D.) + x(D.) p(C.). -

Torsion in the infinite case

We are now moving towards the proof of Theorem 6.6. To carry over as much
as possible from the previous subsection, we need some analytical preparations:

6.11 Lemma. Let f,,, gm: R — R be two sequences of functions such that
0<fn<1l 0<g,<1 and fr,(A)=0=gn(\) forallXA<0

hold for all m. Assume that f, — f and g ——s g uniformly.
Then fm * gm —— f % g, and the convergence is uniform on any compact

mterval.

Proof.
[ # gm(A) = f o g < [(fm = 1) gm(N)] + 1] * (g — 9) (M)

/ €)= £(6)] lgm(A — €)] de

+/0 FO] lgm(A— &) — (A —€)] de
< A o = Fllo Nl + AUl Nlgn — gl
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By assumption, the last line converges to 0 for m — oo. On any compact
interval, |A| is bounded and the convergence is uniform. O

We also need to make sure that even in a sequence of only almost every-
where differentiable functions, limit and derivative can be exchanged:

6.12 Theorem ([Heu09], Theorem 104.3, slightly generalized). Let f,,: [a,b] —

R be a sequence of continuous almost everywhere differentiable functions, such

that lim f,,(Xo) ewists for at least one Ny € [a,b] and the sequence of deriva-
m—r0o0

tives fr. is almost everywhere uniformly convergent (that is, there is a set
N C [a,b] of measure zero such that f), converges uniformly on |a,b] \ N).

Then the sequence f,, is uniformly convergent, its limit is almost every-
where differentiable, and 1i£11 Y — 4 W%I_I,I;ofm almost everywhere.

oo AA T dX

Proof. Let f,, be differentiable on [a,b] \ N,,, where N,, has measure zero.
Define N = |J,-_, N,,; this is again a set of measure zero.

Fix ¢ > 0. By assumption there is nyg € N such that for all m,n > ny we
have

Fah0) = o)) < 3,
I = F2N)] <

2(b—a)

for all A € [a,b] \ N.

Since all f,, are continuous, the mean value theorem still applies: For all
a<a<p<b,

FnlB) — finla) = / Fh(0) dA

[o, B\N

= [fa(B) = fu(a)[ < (B=a)- sup [f,(N)].

A€[a,B\N

Therefore, for all m,n > ng and all A\, u € [a, b,

‘(me‘) - fno‘)) - (fm(:u) - fn(:u))| < P‘ - :U| ’

2(b—a)

On the one hand, putting p = Ay, this implies
€A —pf
) = O] < 1£00) = Fula)] + 55— <=

so the sequence f,, is uniformly convergent.
On the other hand, we can re-order this to get
| () = Fn(12)) = (FaN) = Ful) ] < [A =l -

2(b—a)

and, after division by |\ — p,
fm()‘) — fm(:u) _ fn()‘) _ fn(:u') €

A= 1 A= <2(b—a)'
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Sm (N = m(u)
A—

Now let A € [a,b] \ N. Then f’ () = lim,_,, M exists for all m,
and therefore the limits

Therefore, the sequence of functions (A, ) — converges uniformly.

lim —* = lim lim (A = fm(t)

m—00 d)\ M—r00 f—\ — U

and
— lim f,, = lim lim fn(A) = fm (1)

d)\ m—oo L= A m—+00 A — 1]

both exist and are equal (compare the same book by Heuser, Theorem 104.1).
O

Now we can prove an analogue of Lemma 6.10 for self-similar complexes.

6.13 Lemma. Let X and Y be self-similar CW-complexes as above. Then

PARY) = 3 F(AR) (A,

p+q=n
where the sum runs over all (p,q) € Z* such that p+ q = n.

Proof. By Lemma 6.10, we get for each m

d
Fon (A ) = 37 = B (A7) 5 Fn (),
ptg=n
where Fi, (A('“)) are the non-normalized spectral density functions. Normal-

izing by the number of vertices, we obtain

P 9) 0 Fun(AF) Fun(A)

= *
‘50<Km X Lm)‘ pia=n d)\ ’goK ‘ ’goLm‘

F(A(KmXLm)) _

n

for all m.
By Theorem 3.11, the normalized spectral density functions converge uni-
formly, so we know

d Fan(AS™)  Fu(AF™)
(XxY _ nn nn q
PATY) = lim 5 o Eoknl &Ll

pt+q=n

and, using Lemma 6.11,

d . an (A;Km)) an (AEILm)) . d (X) (y)
p+qg=n a Tilj)rloo |€0Km| i |(€0Lm| - p—&—zq;n a F<AP ) * F(Aq )

It remains to show that the limit commutes with the derivative. That follows
from Theorem 6.12 applied to the function

F.. AEm) F.. AEm)
oo 3 Ful) (o)
prq=n |80Km| |50Lm|
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Namely, we know that this function is almost everywhere differentiable, we
know that its derivative is uniformly convergent to F (A%K’"XL’”)), and we
know that f,,,(A) =0 for all A <0. O

Next, we need an analogue of Lemma 6.9 for X, and a last technical result:

6.14 Lemma. Let X be a self-similar chain complex as always. Then

S (1PF(AF) = XD (X) - Xjpo)-

p

Proof. Applying Lemma 6.9 to C,(K,,) yields

Z(—l)pan(A;()Km)) = X(Km) - X[0,00)-
p

Divide by |&K,,| and take lim,, ,... By previous results, the claim follows. [

6.15 Lemma. Let F': R — R be continuous at A € R. Then & (Fxx[0,00))(A) =
ix (Xpoo) * F)(A) = F(N).

Proof. For any A\, u € R, we have

F X[O,oo)(A) — F'x X[0,00) (M)
/F ) Xfoooy (A — £) dé — / ) X0y (41 — €) €
R

o[
fre

F(¢

Since F' is continuous at A, the last line tends to (A — p) - F/(\) as u tends to
A, and we obtain

d e FE X (A) = F o Xjoso) (1)
By commutativity of convolution, the same holds for xo) * F. O]

Now we can prove the main result:

Proof of Theorem 6.6. Start by using the linearity of the determinant:

1
PPX XY)=—=

22(—1) ‘n- logdetFK(A(XXY))

n

1
= —5 log detFK (Z(—l)n n- F(A%XXY))>

n

(Note that only finitely many terms in the sum are non-zero.)
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Insert the result of Lemma 6.13, then use Lemma 6.14:

Z(—l)” ‘n- F(AgXXY)) = Z(—l)” ‘n- Z dd)\ F(AI(,X)) * F(Agy))

n p+qg=n

= Z 1)PF A(X) *Z(_l)q'q'F(Az(JY))

- % ] (1P -p- F(AD) > (=1)1F(A)))

From Lemma 6.15, we have

d d
I (oo * F(A)) = F(AT), o5 (F(AFY) 5 X)) = F(AFY)

at each point where those spectral density functions are continuous. F (AEIY) )

and F (Aéx)) can have at most countably many discontinuities'®, so these
equalities hold almost everywhere. Inserting this into the previous calculation
gives

Z(_l)n n - F(AKY)) = @(X). Z(_1>q q- F(A((]Y))

n q

+XP W)Y (=P p- F(AY),

p

again almost everywhere. Finally, log detgk (F') is defined via an integral over
F(A)/X and the value of F' at a sufficiently large b € R. Choosing b large

enough, each F (Agy)) and F (A](gx)) will be constant around b, while the
almost-everywhere equality yields an equality of the integrals. Thus,

1 n X
PP(X xY) = —3 log detpk (Z(—l) n - F(A;X Y)))

n

= x?P(X)- <—%) Z(— )9 q - log detpk F(AEIY))
+xP(Y (——) Z - p - log detpi F/(ALY)
= xP(X) PP (V) + XD (Y) o (X). O

16Proof: Every F(AUm)) has at most finitely many discontinuities. If all F(AFm))
are continuous at ), then so is F(AX)) (because of uniform convergence). Thus, the set of
discontinuities of F(A(X)) is contained in the union of the sets of discontinuities of F'(A*m)),
and thus countable.
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A Borel functional calculus

For the reader’s convenience, this appendix summarizes the definition and
some properties of the Borel functional calculus for self-adjoint operators. It
mostly follows [RS72] and [Liic02].

Most of these results do not require the operator to be bounded, and they
will be stated here in full generality, even though this thesis in general only
deals with bounded operators.

In the following, let 7': dom(7T) C H — H a densely defined (possibly
unbounded) self-adjoint operator on a separable Hilbert space H. In particular,
the word “self-adjoint” implies that dom(7") = dom(7™) and that T is closed.

A.1 Theorem. There are a measure space (X, p), with p a finite measure,
a real-valued function t € L*(X, u) and a unitary operator U: H — L*(X, p)
such that

vedom(T) <« UUG{fELQ(X,u)|t~f€L2(X,u)}

and the following diagram commutes:

H—L N

L(X, p) == L¥(X, o)
where M, is given by multiplication by t, that is,

(M, f) () = t(x) - f(z).
Proof. See [RS72], Theorem VIII 4. O

A.2 Lemma. Under the notation and conditions of Theorem A.l1, the spec-
trum of T s equal to the essential range of t.

Proof. Since ||Uv||, = [jv||y, for al v € H and (T — Aidy) = U*M,_\ U, it is
clear that specT’ = spec M;.

Let (X )ess be the essential range of ¢; that is, the set of all 7 € R such that
p({z e X||r—t(x)| <e}) >0 forall e > 0.

Assume A € t(X)egs, and for any n € N pick a measurable set A,, C X such
that [t(z) — A] < & for all 2 € A, and p(A,) > 0. Let x4, be the indicator
function of A,. Then x4, € L*(X, 1) (since the measure is finite), and

| |
||(t—A)-><An||§:/ |(t—A)-XAnl2du<_z/ Xanl*dpr = — lIxa s
X neJx n

As n was arbitrary, M;_, = M; — \id is not bounded from below, and thus
cannot be invertible. It follows that A € spec(M;) = spec(T).
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Conversely, assume A ¢ t(X)ess. Then there is an e > 0 and a set B C X
such that |t(z) — A| > e for all z € B and pu(B) = pu(X). Hence, every function
[ € L*(X, u) satisfies

=2 15 = [ 16=2)Pduz 2 [ 12 du =211,

so M;_x = M,; — Xid is bounded from below, and thus invertible. It follows
that A ¢ spec(M,;) = spec(T). O

A.3 Theorem (Borel functional calculus). Under the notation and conditions
of Theorem A.1, the map

L®(R) — B(H), h— W(T) := UM ,,U
does not depend on the choice of (X, ) and has the following properties:
(a) It is a x-homomorphism of algebras.

< Allse-

(b) It is norm-continuous. More precisely, ||h(T)][,, <

(c) If the sequence (h,) C L*(R) converges pointwise to h € L*(R) and the
sequence (||hnl|y) is bounded, then (h,(T)) converges to h(T) in strong
operator topology.

(d) If Tv = Av for some A € C and v € H, then h(T)v = h(\)v.
(e) If h >0, then h(T) > 0.
Proof. See [RS72], Theorem VIIL5. O

A.4 Corollary. The operator h(T) only depends on the values of h on spec(T),
so functional calculus can be considered as a map L (spec(T)) — B(H).

Proof. By definition, h(T) only depends on the function h ot € L®(X, ).
If two functions h,h’ agree on t(X)es, then h ot and h' ot agree p-almost
everywhere on X, and thus represent the same element of L*>(X, u). O

A.5 Corollary. (a) Ifh(\) € {0,1} for all X € R, then h(T) is a projection.
(b) If |h(A)| =1 for all X € R, then h(T) is unitary.

Proof. Since h — h(T) is an algebra homomorphism, we have (h(T))" =
h*(T), where *: L*(R) — L*(R) is given by pointwise complex conjugation.
This gives:

(a) If h(X) € {0,1} for all A € R, then |A(\)|> = h()) for all A € R, and thus

WT)*h(T) = (W*h)(T) = |h[* (T) = h(T).
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(b) If [h(A)| = 1 for all A € R, then 1/h()) (A) = h*(A) for all A € R,

and thus

WT)™ = (1/h)(T) = h*(T) = M(T)". B

A.6 Theorem. For any measurable subset Q C R, define a projection EY =
Xa(T) (where xq is the characteristic function of Q). This defines a projection-
valued measure on R:

(a) Ef =0
(b) EH{ =id
(c) Q= I_I?fll Q, = Esj; = Zi’f’zl Eg;n

(The sum converges in strong operator topology.)

(d) Eg

_ T T
ang = Paly

This implies that for any v, w € H, the map Q — <v, E£w> defines a real-valued
measure on R, and the functional calculus of Theorem A.3 can be computed as

(. h(T)w) = [ 1) do, B ().

where ET()\) := E(T_OO)\]. In short, write

Proof. See [RST2], pp. 262f. ]

Finally, if the operator in question lies in a particular sub-algebra, it is
highly desirable that the same holds for the results of its functional calculus.
That is indeed the case:

A.7 Corollary. Assume that T is bounded. Let A C B(H) be a C*-algebra
and N C B(H) a von Neumann algebra such that T € A CN.

(a) If h € L>™(spec(T)) is continuous, we have h(T) € A.
(b) For any h € L*>(spec(T)), we have h(T) € N.

Proof.  (a) AsT is bounded, there is a compact interval I containing spec(T').
By the Weierstrass approximation theorem, there are polynomials (p;, )nen
n—oo

such that ||k —p,| ., — 0. Clearly, p,(T') € A for all n (because A

is an algebra), and ||h(T) — p,(T) T

lop — 0 (by A3 (b)). Asa Ais
norm-closed, this proves the claim.
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(b) Show first that for all A € R the spectral projection E7(X) = X(—oo (1)
lies in AV: Setting

1, if r € (—o0, A,
falr) =< 1—=n(r—X), ifre [/\,)\4—%],
0, if r e [/\—I—%,oo),

we obtain f,(T) € A for all n (because the f, are continuous) and
fo =% X(—oo Pointwise. Clearly, | .||, = 1 for all n.

Thus, f,(T) 2= ET()) in strong (and thus weak) operator topology
by A.3 (c). As N is weakly closed, this proves ET(\) € NV,

Now let h € L*™(spec(T)) be any measurable function. By A.6, the
integral h(T) = [, pec(T) h(\) dX is the weak limit of finite sums of spectral

projections ET()), and therefore lies in N O

In the definition of spectral density functions (2.38), operators that are not
positive or map a Hilbert space to a different Hilbert space are treated by
considering T*T instead of T'. To ensure consistency with the usual definition,
one needs to check what this does to an operator that is already positive:

A.8 Lemma. Let T > 0 as above. Then ET°()\?) = ET()).

Proof. The commutative diagram of Theorem A.1 can be expanded to

H H H

U \jU lU
Mt Mt
LQ(Xv :LL) - L2<X7 /JJ) _>L2(X7 :u)
\—//

M,>

Thus, using Theorem A.3, we obtain
BT (0) = X(oon(T?) = UMy, o0l
and for all » € R we have (note t(r) > 0):
(X(_OO’AQJ ° t2) (r) = {(1) ifott(gg:WSiSQQ} - {(1) iittlggwgisé\} B (X(foo’)‘] ° t) ()
Thus, indeed,
ET(\)=U'M,__ o2 U=UMy__ alU=E"()). O
(It therefore makes sense to define FT(\) := FT'T(A\?) for any not self-

adjoint operator T' € N;(X). It would not make sense to define E7(\) that
way, because that would yield [ AdET()X) = |T'| in contradiction to A.6.)
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Finally, let us note the following “interpretation” of the spectral projec-
tions: Simply speaking, the image of E7()) is a maximal subspace on which
T is bounded by A.

A.9 Lemma. Assume the conditions and notation of Theorem A.1, and let
v € H be nonzero. Then

E'Nv=v = |Tv] <X,
ET\)v=0 = ||Tv|| > A|lv]|.

Proof. Either see [Liic02], Lemma 2.2, p. 73, or consider the following:
Using Theorems A.1, A.3 and A.6, we have the commutative diagram

ET())

H H
U lU
LA(X, ) == LX(X, )

where X = X(—oop 01 € L®(X) is the characteristic function of the set
{z € X||t(x)] < A}. (Thus, 1 — x is the characteristic function of the set
{z € X||t(xz)] > A\}.) Fix v € H and let Uv be given by the function f €
L*(X, ). Then we have:

7ol = N0Tol = [ 1t 7 d
—/ It'fIQ'Xdqu/\t'fIQ'(l—X)du
X X
If ET(\)v = v, then x - f = f (and thus (1 — x) - f = 0), so
ol = [ Eoxan= [ g
X {z | 1t(x)|<A}
< [ 171 du= X2 U0l = 2 ol
X

Finally, if ET(A\)v = 0, then x - f =0, so

ITol, = /X o gF - du= [ £ £ dp

{z [[t(@)[>A}

> N2 /X P du= XUl = X2 ol

(Of course, the “greater than” requires that the integral is nonzero; that is the
case since || f|, = ||v]|,, > 0.) O
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