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Chapter 1

Introduction
“Imagine that we had some way to look directly at the molecules in a living
organism. . . . Many of the questions puzzling the current cadre of scientists
would be answered at a glance. But the nanoscale world of molecules is separated
from our everyday world of the experience by a daunting million-fold di↵erence
in size, so the world of molecules is completely invisible.”

Figure 1.1: Formation and budding of lipid droplets in the membrane of the
endoplasmic reticulum. Illustration by David S. Goodsell (RCSB Protein Data
Bank, see Ref. [1]).

These words from the preface of David S. Goodsells Book The Machinery of
Life [2] sum up the challenge and likewise the motivation of everyone trying to
understand biological processes and thus life itself [3]. In his colorful paintings,
such as the one shown in Fig. 1.1, he depicts life at a cellular or sub-cellular level
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1. Introduction

revealing its beauty and complexity. The knowledge needed for these illustrations
is based on experiments and models developed to overcome the di↵erence in
length and timescale that separates us from the molecular world.

The biological key players, amongst proteins and DNA, are lipids. Lipids are the
main building block for membranes which compartmentalize organisms into cells
and cells into cell organelles, e.g. the nucleus, the endoplasmic reticulum (ER) or
lipid droplets (LDs, Fig. 1.1). This separation is driven by the amphiphilic
nature of lipids, i.e. having a hydrophilic headgroup and a hydrophobic
tail. The hydrophobic e↵ect causes the lipids to spontaneously assemble
into supra-molecular aggregates, such as micelles, vesicles or bilayers [4].
Sheet-like assemblies, i.e. monolayers and bilayers, are a durable yet flexible
material, perfect for integration into dynamic processes. As membranes they
serve as barriers while still allowing active and passive transport and energy
transduction [5]. This is possible since individual lipids are not stationary, as
in a crystal, but indeed very mobile. Their ability to di↵use laterally in the
membrane is integral for accommodation and tra�cking of proteins and enables
the membrane to quickly adapt to topological changes.

With the recognition of membranes and their fluid nature as active players in
cellular mechanisms, such as vesicle fusion [6] or formation of targeting sites
due to curvature [7], the interest in a detailed understanding and quantification
of these collective transformations has grown. Many techniques, in vivo, in
vitro and in silico, have been devised to investigate these phenomena. While
in vivo studies will naturally describe a process in its full complexity, in vitro
experiments using model systems, such as giant unilamelar vesicles (GUV) or
pore-spanning membranes (PSM) [8] enable researchers to single out important
factors influencing a process. Modern techniques such as single-atom cryo
electron microscopy provide the means to resolve structures of proteins in
membranes in atomistic detail [9]. Even important fusion intermediates have
been identified using fluorescence labelling of lipids in GUVs [6, 10]. Despite the
former providing the possibility to capture an exact (down to ⇡ 1.5 Å [11]) image
of biologically relevant structures and the latter easily capturing the timescale of
complex transformations in membranes, there remains a gap that computer-aided
modelling seeks to fill.

Molecular dynamics (MD) simulations o↵er a glimpse at the invisible world
described in the quote at the beginning. While continuum models based on the
Helfrich elastic model [12], focus properties of lipid assemblies as a material
at the mesoscale, particle-based simulations allow us to follow the dynamics
of individual molecules in the system. With the technical advances in the last
decades and broad access to computational resources, simulations have become a
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widely used tool to visualize and uncover mechanistic information not available
through experiment [13].

Most notably, free-energy methods have added substantial value to the field. With
an abundance of techniques [14] they have provided the opportunity to quantify
processes at the molecular level and thus, complement experiments and pave
the way to mechanistic understanding. The free energy F contains information
about the stability of a given configuration. Thus, comparison of the free energy
makes it possible to determine whether a process happens spontaneously, i.e. the
transition of the system to a more stable state. Unfortunately, the calculation of
the free energy is at best challenging if not impossible for large systems, since it
requires knowledge of all possible configurations, i.e. phase space. The stability
of a state is directly linked to the number of microstates/configurations associated.
The di↵erence in free energy between two states can be determined without
the knowledge of the absolute free energy by measuring the changes along the
transition route. However, two distinct phases are often separated by barriers,
i.e. configurations of low stability and thus low sampling probability. This often
renders (su�cient) sampling of the transition impossible to achieve in simulations.
For successful calculation of the free-energy di↵erence it is thus indispensable
to find ways to sample states along a path, physical or non-physical, connecting
them. A common way to achieve this, is the usage of external potentials to guide
the process, e.g. gradually changing the position of a particle or its interaction
with other particles while monitoring the changes in the potential [15].

However, the fluid nature of membranes poses a challenge to find a suitable
reaction coordinate, i.e. a parameter that describes the change along a
transformation path. Topological changes often involve a large number of lipid
molecules (collective transformation) that need to be considered. Furthermore,
lipids of the same type are basically indistinguishable when exchanged, that
is every microstate has a high degeneracy. In a simulation, however, the
particles/molecules are labeled individually. Collective rearrangements require
that the di↵usive nature be retained, implying that the lipids need to be
indistinguishable. Applying an external potential on the individual molecules
compromises that condition. A permutation reduction, as used by Bubnis et
al. [16] or using, e.g. local densities as a guiding parameter (Müller et al. [17–19])
o↵er mitigation.

Nevertheless, the application of these methods is still limited to only a few studies.
However, with the increasing prevalence of computer simulations in life science,
there is a demand for methods that are easy to use and applicable to a broad
spectrum of systems.

The aim of this project was to develop and apply a versatile free-energy calculation
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1. Introduction

protocol to enable the estimation of free-energy di↵erences between meta-stable
states of lipid assemblies. Building on the work by Müller et al. [17–19] the
method is meant to provide high accessibility in order to make this type of free
energy methods more suitable for a broader usage in the community of bio-
molecular modellers. Combining thermodynamic integration, one of the most
established free-energy methods with a density-based external potential, o↵ers
the possibility to outline morphologies along a reversible path connecting two
meta-stable states.

In addition, lipid droplets, as an example for membranes as active players
in biological processes (see Fig. 1.1), are investigated with a focus on their
emergence and the role of the related protein seipin.

This thesis is organized as follows. In the following, a very brief introduction
into the underlying principles of the methods used in this thesis (Sec. 1.2 and 1.1)
is given.

Chap. 2 represents the greatest share of this work: the implementation and testing
of the so called density field thermodynamic integration (DFTI). The method was
tested for three cases, breaking of a worm-like and a toroidal micelle and the
formation of a hemifusion stalk (the results for the toroidal micelle can be found
in the appendix of Chapter 3). Comparison with results obtained via another
free-energy method, the so called string method [17, 20], demonstrates that the
DFTI indeed could serve as a faster alternative, if knowledge about the exact
physical pathway is not required.

In Chap. 3 a special case of lipid self-assembly is explored: the formation of
nano-sized toroidal micelles from single-chain bola amphiphiles. This study
plays with the idea of lipids as smart materials. Driven by curiosity and backed
by free-energy calculations, we predict the existence of these structures that have
not yet been observed experimentally.

Chap. 4 presents the results obtained, up to the current point, in modelling lipid
droplet budding. Insights into the modelling process as well as a discussion of
obstacles and limitations of the methods at hand are provided.

Each Chapter features an introduction to the respective topic and a thorough
discussion of the presented results. Chapter 2 and 3, at the same time, present
publications compiling results obtained during this work (see List of Papers
for author contribution). The thesis is concluded by a summary and outlook in
Chapter 5.
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Molecular Simulations

1.1 Molecular Simulations
With increasing computational power, simulation techniques have become a
very resourceful tool in all fields for testing and verification of hypotheses. In
soft matter sciences molecular dynamics (MD) helps to study thermodynamic
properties and the dynamics of molecules.

MD is based on the principles of classical mechanics, namely Newton’s second
law of motion:

F = ma. (1.1)

In MD, applying the Born-Oppenheimer approximation (i.e. separation of the
electronic motion from the motion of the core), only the motion of the nuclei as
rigid bodies is described. The particles thereby move in a conservative potential.
This potential includes all interactions relevant to the system, meaning intra-
(bonded) and intermolecular (non-bonded) interactions. Integration of Newton’s
law yields the evolution of the system in time. This classical description is
essential to enable simulations on the timescale of nano- or microseconds.
Quantum chemical approaches, despite being more detailed and theoretically
more accurate, are not feasible for large molecules or systems nor is the additional
information required for many questions posed in biophysics or material science.

In the following paragraphs the principles of molecular dynamics simulations
relevant for this thesis are shortly described. For a more detailed description,
textbooks such as Ref. [21] and Ref. [22], are referred to.

Numerical Integration Eq. 1.1 describes the force Fi = �riV(r) exerted on
each particle i in the system.

Fi = �riV(r) = mi
d2ri(t)

dt2 = miai. (1.2)

The forces are calculated as the negative gradient of the potential V(r) in which
the particles move, where ri(t) are the coordinates of particle i with mass mi at a
specific point in time and r the coordinates of all particles. The integration can be
carried out by the leap-frog algorithm (Eq. 1.3 and 1.4) [23], which is the standard
integrator for the Gromacs molecular dynamics software package [24–26].

r(t + �t) = r(t) + v
 
t +

1
2
�t

!
�t (1.3)

5



1. Introduction

v
 
t +

1
2
�t

!
= v

 
t � 1

2
�t

!
+

Fi(t)
mi
�t (1.4)

This simple and e�cient algorithm evaluates positions r and velocities v at
interleaving half-steps. Time reversibility of the leapfrog algorithm ensures
energy conservation. The time for one full step depends on the fastest motion
occurring in the system. Choosing a too large time step will not capture them
correctly and lead to instabilities in the integration [27].

Force Field The force F (Eq. 1.2), is the negative gradient of the potential
V(r) of the system. This potential is comprised of all interactions in the
system. The interactions can be separated in bonded and non-bonded interactions.
While bonded interactions describe all the bonds that exist between particles
forming molecules, the non-bonded interactions determine the relation of di↵erent
particles to each other. A set of functions describing each part of the potential,
or more often, the associated parameters of these functions is referred to as
force field or model. The functional form as well as the respective parameters
depend on the specific problem, but a common choice, also used in the gromacs
MD-implementation, is shown in Eq. 1.5.

V(r) =
X

bonds

1
2

kb(b � b0)2

+
X

angles

1
2

k✓(cos ✓ � cos✓0)2

+
X

dihedral

k�(1 + cos(n� � �S ))

+
X

improper

1
2

k⇣(⇣ � ⇣0)2

+
X

coulomb

f
qiq j

✏r ri, j

+
X

LJ

4✏i, j

0
BBBBB@

 
�i, j

ri, j

!12

�
 
�i, j

ri, j

!61CCCCCA

(1.5)

Bonded interactions are treated as simple harmonic oscillators with force
constants k and equilibrium bond lenghts b0, angles ✓0 and out-of-plane angles
�0. The non-bonded interactions are separated into electrostatic interactions of
(partially) charged particles and the dispersion forces. Electrostatic interactions
are described by Coulomb’s law and dispersion by a 6-12-Lennard-Jones
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Molecular Simulations

Potential [28]. This potential mimics the attractive Van-der-Waals (VdW) forces
between particles at a distance and the short-range Pauli repulsion at very short
inter-particle distances. The parameters constituting a force field are often derived
empirically by fitting to experimental or computed parameters, e.g. from quantum
mechanical or ab initio calculations. Since the calculation of all possible pairwise
interactions (O(N2)) would take up a significant amount of the simulation time,
it is necessary/common to focus on the interactions with highest relevance by
applying cut-o↵s. Since both the Lennard-Jones and Coulomb Potential decay to
zero for growing distance, the interactions of particles that are far apart have a
minor impact and can be neglected/cut.

Coarse Graining The calculation of the forces acting on individual particles
is what takes up most of the time in a simulation. In order to yield longer
simulation time optimizations are necessary. One strategy to reduce the time
spent for the calculation of forces is coarse graining (CG): by combining groups
of atoms into larger particles, and thus omitting molecular details, the number of
degrees of freedom is reduced and less interactions need to be calculated. Having
larger particles, i.e. not considering the fast motion of individual atoms, also
allows for the use of larger time steps without causing instabilities, yielding an
additional speedup. These reduced models have a smoother energy landscape
facilitating e�cient sampling, because small barriers are easier and thus more
likely to overcome. It is important to find a suitable model for the question asked.
A coarser model may not be su�cient to study, for instance, a conformational
change of a protein binding pocket upon reactant binding, but it can help to
understand the motion of proteins on a membrane, which would not be feasible
to simulate in all-atom detail.

The Martini model [30] is a coarse grained force field specifically designed for
simulations of bio-membranes and related species, such as proteins and other
small molecules. Being parametrized to mimic the phase behaviour of lipids, it
is well suited to study the collective behaviour, i.e. aggregation and dynamic
transformation, of lipid assemblies. Allowing a time step of up to 40 fs (compare
all-atom ⇡ 2 fs) it is possible to tackle phenomena at timescales far beyond the
capabilities of more detailed models. Yet it provides enough chemical detail to
even identify protein binding sites [31].

The general approach of the Martini model is mapping about four heavy atoms
(i.e. carbon, oxygen, nitrogen, etc.) into particles of same size and mass (with
exceptions for special cases, such as aromatic rings). These particles are assigned
a type defining their nature, such as charged, hydrophilic/phobic, neutral. This
building block approach allows for using one’s chemical intuition, for easy
modifications or creation of molecule parametrizations.
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1. Introduction

Figure 1.2: A) Example of the Martini mapping scheme applied to a POPC
molecule (1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine). B) Comparison of
the energy landscape for an all-atom desciption vs. coarse grained. Smoothening
of the energy landscape enables more e�cient sampling (Figure adapted from
Ref. [29]. The original source can be found here. For further permission please
contact ACS.)

1.2 Free-Energy Calculations
When trying to understand our world we ask why something happens the way it
does. This question is synonymous to the search for the driving forces powering
processes. In biophysics, processes are governed by thermodynamics. A system
will try to adopt a phase of lower free energy F. Di↵erences in the free energy of
di↵erent states of a system tell something about the spontaneity of a transition
from one thermodynamic state to another and determines the direction. The
occurrence of a process, however, may be hampered by energetic barriers, i.e
energetically unfavorable configurations that need to be surpassed to get to a
more stable state.

The free energy of a system can be understood as a thermodynamic equivalent
of the potential energy in mechanics. It provides a measure of how much energy
is stored in a thermodynamic state to do work on the system. The absolute free
energy is given by

F = �1
�

ln Q (1.6)

where � is the inverse temperature ( 1
kBT ) and Q is the partition function of the

system.

The partition function of a thermodynamic state A is given by

QA =
1

h3N N!

Z

�A

exp(��H(x, p))dxdp (1.7)
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Free-Energy Calculations

�A is the phase space accessible to state A. The relation to the total phase space �
(meaning all possible configurations) is the probability pA to find the system in
state A.

The connection to the total partition function Q, containing information about all
accessible states, is a challenging problem when trying to calculate this valuable
quantity. Only for the simplest systems we can obtain an analytical function for
Q and thus calculate the absolute free energy at all. However, for most systems,
especially all realistic ones, the calculation of the integral over phase space is far
beyond our capabilities. Hence, we need to find ways to retrieve the free energy
by other, more accessible means.

In general the quantity containing the information we seek is not the absolute free
energy but the relative free energy, i.e. the di↵erence �F between two states.

�FAB = FB � FA = �
1
�

ln
pB

pA
= �1
�

ln
QB

QA
(1.8)

Free energy di↵erences can in principle be evaluated from single trajectories of
equilibrium simulations covering all possible states, as it is done in Zwanzig’s
approach (also known as Free Energy Perturbation) [32]. However, in practice
this is di�cult to realize. Most systems will not have a su�cient phase space
overlap between two states, making su�cient sampling unattainable. Stable
low energy states are often separated by energy barriers, i.e. states of very low
probability, that will not be overcome in a feasible amount of time considering
simulation time scales (though this can also be true for experiments).

A way to bypass lack in overlap is the introduction of intermediate states [33,
34]. These intermediate configurations building a path between two states do
not necessarily have to correspond to any physical states. The transformation
is often described by a coupling parameter �, with � ⌘ 0 or � ⌘ 1 for the
metastable physical states A and B, respectively, and adopting values 0 < � < 1
for intermediates. This principle is used, e.g. to determine binding or solvation
free energies. Interactions of involved particles can successively be altered
in their interactions shifting them from one particle type to another or from
existence to non-existence. But also for less alchemical [35] transformations,
such as conformational changes by backbone rotation in proteins or morphological
changes in lipid assemblies, this principle can be used. Often external potentials
are harnessed to drive the system over barriers by stabilizing unfavourable states
(see Fig. 1.3). Commonly, the external biasing potential takes the form of a
harmonic potential where the respective force constant penalizes deviations from
a reference value for a chosen reaction coordinate.
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1. Introduction

Figure 1.3: Windowed sampling. Biasing potentials (indicated by colored blocks)
can be used to sample unstable states along a transformation path. (adapted from
Ref. [36])

Many methods, such as the Bennett Acceptance Ratio (BAR) method, Multistate
Bennett Acceptance Ratio (MBAR) or the Weighted Histogram Analysis Method
(WHAM) [37], to calculate the free energy di↵erences from the sampled states
have been developed. For an in-depth review and overview of Free energy
calculations and possible approaches, Refs. [22, 32, 37] are referred to.

Thermodynamic Integration Free-energy calculations are still an active field
of research and new methods and applications arise with new technological
advances and new use cases. Thermodynamic integration (TI) is a common way
to estimate the free energy di↵erence. As described above, a dependence on a
coupling parameter � can be introduced to the Hamiltonian H of a system linking
two di↵erent states A and B. With the Hamiltonian, or mostly the potential energy
term V(q), being a function of �, the free energy will also be such.

Instead of estimating the probabilities to adopt a certain state the derivative of the
free energy (cf. Eq. 1.6) with respect to � is calculated:

dF
d�
= ���1 d

d�
ln

Z
e��V(�,q)dq = ���1

d
d�

R
e��V(�,q)dq

Q
(1.9)

This is equivalent to the canonical ensemble average of �V��

dF
d�
= ���1��

R dV(�,q)
d� e��V(�,q)dq

Q
=

*
�V(�, q)
��

+

�

(1.10)
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Free-Energy Calculations

If the transition pathway is chosen properly, the drift in the free energies given by
1.6 can be calculated via numerical integration over all intermediate states �i,

�F =
Z 1

0

*
dV(�i, q)

d�i

+

�i

d�. (1.11)

The integration can be performed using simple integration schemes like the
trapezoidal or simpson’s rule or cubic splines. Also here the the intermediate
states do not have to have physical meaning. The only constraints are that V(�) be
a continuous function and that the averages at the intermediate states be taken over
a proper equilibrium ensemble. Therefore, su�cient sampling of the equilibrium
distribution needs to be ensured. In section 2.2 a working definition of equilibrium
used in our simulations can be found.
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Chapter 2

Density Field
Thermodynamic Integration
(DFTI): A "Soft" Approach to
Calculate the Free Energy of
Surfactant Self-Assemblies

Laura Josefine Endter, Yuliya Smirnova, Herre
Jelger Risselada

Published in The Journal of Physical Chemistry B, July 2020, volume 124,

issue 31, pp. 6775–6785. DOI: 10.1021/acs.jpcb.0c03982.

I

Abstract

Thermodynamic integration is one of the most established methods to
quantify excess free energies between di↵erent meta-stable states. Excess
intermolecular interactions in surfactant assemblies are on the scale of the
energy of thermal fluctuations. Therefore, these materials can be deformed
and topologically altered via relatively small mechanical stresses. It is thus
intuitive to design reaction paths and associated order parameters which
exploit the ‘soft’ nature of these materials to mechanically rather than
alchemically morph surfactant assemblies from state to state. Here, we
propose a novel method coined ‘Density Field Thermodynamic Integration’
(DFTI) which adopts the universality and transferability of alchemical
methods while simultaneously exploiting the soft excess interactions
between surfactant molecules. DFTI is designed for a rapid quantification
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2. Density Field Thermodynamic Integration (DFTI)

of the free energy di↵erences between di↵erent metastable structures in
soft, fluid materials. The DFTI method uses an external field coupled to
the local density to mechanically morph the system between meta-stable
states of interest. Here, we explored the capability of the DFTI method to
swiftly and accurately calculate free energy di↵erences between states. To
this aim, we studied two di↵erent coarse-grained lipidic surfactant systems:
(i) a fusion stalk, and (ii) worm-like micelle. Our results illustrate that DFTI
can provide an e�cient, versatile and rather reliable method to calculate the
free energy di↵erences between surfactant assemblies.
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2.1 Introduction
Surfactant assemblies are characterized by soft intermolecular interactions and
can be deformed or topologically altered by thermal or mechanical stress of the
magnitude of thermal fluctuations. In biology, the protein mediated remodeling
of the lipid membrane is essential for many cellular processes [1] such as, for
example, membrane fission [2], fusion [3, 4], formation of lipid droplets [5–
7] or cell lysis [8, 9]. Quantifying the free-energy di↵erences between end
states of formed intermediates can provide valuable insights into the potential
roles and mechanisms of cellular remodeling proteins. In particular, since
free energies of lipidic reaction intermediates are typically eluded from direct
experimental determination (e.g., the stalk structure in membrane fusion [10]).
In material sciences, the rheological properties of worm-like micelle solutions
under shear stresses relate to the micelle’s likelihood to undergo scission and/or
form branches [11–14]. Within these fields, the ability to theoretically predict
the thermodynamic stability and likelihood of occurrence of di↵erent formed
topologies via quantification of their relative free-energy di↵erence would
therefore aid to the rational design of novel synthetic surfactants.

Free-energy di↵erences between states cannot be calculated directly because the
free energy of a system is not simply a function of the phase space coordinates
of the system, but rather a function of the Boltzmann-weighted integral over
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phase space (the partition function). In particular, quantifying relative free-energy
di↵erences between di↵erent surfactant assemblies is challenging because of
the highly di↵usive nature of these materials [15–18]. Ideally, a free-energy
calculation method is (i) accurate, (ii) computationally inexpensive, and (iii)
applicable for di↵erent systems of interest (multi-purpose).

Thermodynamic integration is one of the most established methods for quantify-
ing excess free energy between di↵erent (meta-stable) states. In thermodynamic
integration, the free-energy di↵erence �F is calculated by defining a thermody-
namic path between the states and integrating over ensemble-averaged enthalpy
changes

D
�U(�)
��

E
along the path:

�F0!1 =

Z 1

0

D�U(�)
��

E
d� (2.1)

The intermediate states connecting the end states do not necessarily have to be
realistic or likely states. The only prerequisite of the path and its concomitant
thermodynamic field, which is conjugated to the order parameter (density), is
that the path is thermodynamically reversible, �F0!1 = ��F1!0, and produces a
smooth, integrable curve when plotting

D
�U(�)
��

E
against the reaction coordinate �,

i.e., there is no hysteresis along the chosen path. Optimally, to enhance accuracy
as well as computational (sampling) e�ciency

D
�U(�)
��

E
is minimized along the

reaction coordinate � since fluctuations in �U(�)
�� are substantial. In other words,

the thermodynamically reversible work performed to morph the system to the
mutual reference state is optimally of a similar order of magnitude as the free
energy di↵erence between the two states of interests.

In 1984 Frenkel and Ladd proposed the “Einstein crystal method” to compute the
free energy of solids [19]. The unique advantage of the Einstein crystal is that
the N interaction sites in the system are converted to a set of N independent, non-
interacting, restrained harmonic oscillators whose absolute free energy can be
analytically derived. Variations on this universal approach have been successfully
exploited in calculating the relative free energy di↵erences in self-assembled,
di↵usive systems using soft density field based coarse-grained models [15, 20].
In more fine-grained molecular models, the �G associated with switching o↵
Lennard-Jones based inter-molecular non-bonded interactions becomes large
when studying surfactant assemblies of relevant sizes of hundreds of surfactant
molecules or more [21–23]. As a consequence, the estimation of the free energy
vastly becomes inaccurate with increasing system size because the free energy
di↵erence of interest between the two end states is now constituted by the
di↵erence between two extremely large numbers.
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It is seemingly intuitive to think of a ‘softer’ alchemical scheme which avoids
completely switching o↵ the non-bonded interactions. For example, an alternative
pathway would be to switch o↵ bonded interaction and morph both end states into
a mutual Lennard-Jones fluid or gas. However, switching o↵ bonded interactions
within surfactant molecules will (i) result in fast divergent values in

D
�U(�)
��

E

because of sudden free di↵usion, and (ii) will lead to heterogeneous fluid behavior
because of the neighbor exclusion criteria implemented in most molecular force-
fields (previously bonded interaction pairs are excluded from Lennard-Jones
interactions).

Intermolecular interactions in soft materials are on the scale of the energy
of thermal fluctuations. Therefore, these materials can be deformed and
topologically altered via relatively small mechanical stresses. It is thus intuitive
to design reaction paths and associated order parameters which exploit the ’soft’
nature of these materials by mechanically rather than alchemically morphing the
system between the two end states, ie. finding a preferably universal description
of topological changes. Di↵erent pioneering mechanical reaction paths have
been proposed for self-assembled systems to calculate the free energy di↵erences
between membrane fusion intermediates [15, 24–26], the fluid- to gel phase
transition in lipid membranes [27], the end cap free energies of worm-like
micelles [28], or membrane pore formation [29–32]. These reaction coordinates,
however, were tailored to study a particular system (or mechanism) of interest –
di↵erent tools for di↵erent jobs. In contrast, alchemical methods like the Einstein
Crystal method are universal and transferable, but are in turn not practical for
large di↵usive Lennard-Jones systems.

Here, we propose a novel method coined "Density Field Thermodynamic
Integration (DFTI)" which adopts the universality and transferability of the
Einstein Crystal method while simultaneously exploiting the soft excess
interactions between surfactant molecules. The DFTI method uses an external
field based on the local density [10, 16, 33] to mechanically morph the system
between meta-stable states of interest. DFTI is designed for a rapid quantification
of the free-energy di↵erences between di↵erent metastable structures in soft
materials. In this work, we will explore the capability of the DFTI method to
swiftly and accurately calculate free-energy di↵erences between states. With this
aim, we will study two di↵erent coarse-grained lipidic surfactant systems: (i) A
fusion stalk, (ii) a worm-like micelle.
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2.2 Methods

2.2.1 Density Field Description

Structural transformations in surfactant self-assemblies are collective and involve
a large amount of highly di↵usive molecules. Local densities provide an e↵ective
high dimensional reaction coordinate to delineate complex self-assembled
structures, because density is (i) indiscriminate for the individual labels which
molecular species carry within molecular simulations, but (ii) does discriminate
between subtle di↵erences in adopted structure. The local densities of a
chosen group of atoms or molecules are defined on a discrete three dimensional
collocation lattice spanning the simulation box. Particles contribute to the lattice
points according to a weighting function. Here, we used the density of the
hydrophobic lipid tails together with a linear assignment function W(ri, c), where
ri are coordinates of particle i and c denotes a position on the collocation grid. The
instantaneous number density per grid point, m̂(c), is determined by calculating
the contribution to the nearest grid points forming a grid cell with volume �L3 by
integration over the system volume V .

m̂(c) =
Z

V

dr
�L3 W(r, c)m̂(r) =

1
�L3

X

i

W(ri, c) (2.2)

where m̂(r) =
P

i �(ri � r) and the summation is over all particles of interest, for a
more detailed description see [33].

In a simulation the density of a configuration is used as an order parameter for
the morphology under investigation. Changes in the configuration are traced
locally at each grid point and can be used to guide the simulation. The di↵erence
between reference and instantaneous local densities are used to calculate restoring
forces due to a harmonic potential. The forces are redistributed to each particle
according to the weighting function. The contribution of this external potential,
Vup, is added to the system’s Hamiltonian:

Humbrella({r},m(r))
kBT

=
H({r})
kBT

+ Vup

Vup =
k
2

Z

V
d3

r[m(r) � m̂(r, {r})]2,
(2.3)

where m(r) are the local reference densities computed from averaging over the
coordinates of a reference structure and m̂(r, {r}) are the instantaneous local
densities calculated from the coordinates {r} of the particles configurations. The
factor k denotes the force constant of the harmonic potential. The choice of the
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density as the order parameter allows to account for the indistinguishability
of di↵using lipids, while restraining the overall morphology. Finally, it is
important to note that simulations were performed in the NVT ensemble to
ensure a conserved box size and thus allow the direct comparison (mapping) of
the density profiles across all morphologies. Simulation within the NPT ensemble
would require an adaptive density grid which is currently not implemented. Such
simulations would require calculation of pressure which is not trivial since usual
way to calculate virial is not applicable in lattice (or grid) systems. The free energy
contribution associated with translation to the NPT ensemble can be alternatively
obtained from the corresponding (P�V) term when switching ensemble. In our
simulations we equilibrated one of the end states in the NPT ensemble before
switching to NVT and thus such a contribution is small (in the range of kBT ) .

2.2.2 Thermodynamic Integration

To determine the free-energy di↵erence �Fa,b between two (meta-)stable states, a
thermodynamic cycle can be constructed which avoids first order transitions and
allows a reversible transformation from one state to another.

Figure 2.1: Thermodynamic cycle connecting two reference states a and b with
reference densities ma and mb via states a0 and b0 where the morphologies are
restrained by an umbrella potential Vup.

All states along the chosen path can be expressed by a combination of the end
states which are described by their individual Hamiltonian. Here we use the added
umbrella potential Vup to guide the transformation by introducing a dependence
of the densities m(r) and magnitude k on a coupling parameter �.
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m(r, �) = f (�)mb(r) + (1 � f (�))ma(r)
k(�) = f (�)kb + (1 � f (�))ka,

(2.4)

where f (�) determines the functional form of this coupling. In the most simple
case this corresponds to a linear coupling ( f (�) = �). The free-energy di↵erence
is yielded by integration over the ensemble average of the changes in the potential

Vup(�) =
k(�)

2

Z

V
d3

r[m(r, �) � m̂(r, {r})]2 (2.5)

with respect to a coupling parameter �.
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Z 1

0
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��
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+k(�)
Z

V
d3

r[m(r, �) � m̂(r, {r})]�m(r, �)
��

(2.7)

The DFTI uses the discretized density field as an order parameter to construct an
integrable but unphysical transition path. This is performed in a set of simulations
(windows) where every individual window is subject to a reference state that is
defined by a density field m(r, �) and the force constant k(�).

The thermodynamic cycle used in this work consists of three separate calculation
steps. The free energy di↵erence of interest – morphing between two structures
in the absence of an umbrella field – is obtained by completion of the full
thermodynamic cycle (adding and subtracting of the three obtained free energy
contributions). When calculating the free energy contribution of the umbrella
field itself, it is important to emphasize that � = 0 defines the biased state where
the the umbrella field is coupled to force constant k�=0 > 0, whereas � = 1 defines
the unbiased state (k�=1 = 0), i.e. the absence of the umbrella field. This is an
arbitrary choice due to the reversibility of the process.

To calculate the free energy gain associated with ‘releasing’ each end state toward
its physical state, the external potential is switched o↵ (k�=1 = 0) according
to the coupling function f (�) over a set of simulation windows where the
reference density field m(r, �) = ma is kept constant. The gradual decrease of
the external potential eventually enables free translation/rotation as well as large
scale thermal fluctuations of the structure. In the second part, the morphology
is transformed from the reference state ma to the reference state mb at a constant
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2. Density Field Thermodynamic Integration (DFTI)

field strength. The reference density profiles of the intermediate states do not
have any physical meaning and are constructed according to the Eq. 2.4. For the
complete thermodynamic cycle a simulation similar to the first part is performed
using the morphologies of the meta-stable target state b. Initial reference densities
of the end states are obtained as averages of the densities over the course of 200 ns
simulations in the external field using an instantaneous snapshot density of the
equilibrated structure as reference.

2.2.3 Minimum free-energy path calculation

As validation of our results we applied the improved string method by Weinan et
al. [34] to our systems. This method has been successfully used by Smirnova et
al. [10] to calculate the free energy barriers of inter-membrane stalk formation. A
detailed description can be found in Ref. [16].

Analogous to our thermodynamic integration scheme, an external field acting on
the density description of a system is used to describe both the end states and
the intermediate structures (windows). In contrast to TI methods, however, the
string method allows for the reconstruction of a physical path, i.e. the path of the
minimum free energy (MFEP), between the two end-states. This path represents
the most likely reaction pathway for the transition between the reference states.
This is achieved by an iterative two step procedure. First, the free energy of the
morphologies along the path (string) are minimized due to the gradient of the free
energy in density space, which is described by the local chemical potential

µup(r) =
�Fup(m(r))
�m(r)

= k kBT [m(r) � hm̂(r, {r})i] (2.8)

The chemical potential is computed by short restrained simulations of all
configurations along the string using the umbrella field described above. µ
results from the di↵erence of the reference density field and the average density
distribution during the simulation. The reference densities of the successive
iteration are re-evaluated by

m(c)n = m(c)n�1 �
µ(c)
kBT
✏, (2.9)

where ✏ is a constant defining the "speed" of this evolution, m(c) and µ(c) are
the local density and chemical potential at a given grid point c. This leads
to a minimization of the free energy of the system, which e↵ectively means a
quenching of fluctuations around the meta-stable state.
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In a second step the string is reparametrized such that all morphologies are
positioned equidistantly along the path. This is done using cubic splines.

The free-energy di↵erences along the MFEP can be obtained by integration over
the chemical potential along the path, given by the contour parameter s.

�F(s) =
Z s

0
ds0

dF
ds0
,

dF
ds
=

Z
d3

r
�F[ms]
�ms

dms

ds

=

Z
d3

rµs(r)
dms(r)

ds

(2.10)

This integration is a volumetric, multidimensional equivalent of integrating the
force along the arclength to obtain the performed equilibrium work.

2.2.4 Error analysis
The protocol of Schiferl and Wallace [35] was used to ensure correct sampling
(sampling from an equilibrium distribution) and to calculate the corresponding
errors for the ensemble averages. A system is considered to be in equilibrium
with respect to an observable X if mean and variance of the timeseries X(t) are
independent of time. The data set is split in n bins and individual bins were tested
for normality using the Shapiro-Wilk shape test. Averages Xk and variances sk of
the bins were tested for trends using the Mann-Kendall Trend test. The ensemble
average was then calculated as the mean of all Xk. Errors are provided as standard
deviation s calculated from the sample variance s2 = 1

n�1
Pn

k=1(Xk � X̄)2. The
free energy di↵erences were obtained by integration of the obtained curve using
Simpson’s rule. Errors were propagated accordingly.

2.2.5 Simulations setup
All simulations were performed using the coarse grained Martini force field
(version 2.2) and the Gromacs molecular dynamics simulation suite. The external
density umbrella potential and the calculation of the potential derivative with
respect to the coupling parameter � were implemented in Gromacs version 4.6.4.
All simulations were performed in the NVT ensemble which ensures a conserved
box size and thus allows the comparison (mapping) of the density profiles across
all morphologies. The box size was determined from an equilibrium simulation
at a pressure of 1 bar within the NPT ensemble of one of the end states. The
velocity re-scaling scheme was used to couple the temperature in the simulations
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to a constant-temperature bath [36]. The cut-o↵ radius for coulomb and Van-der-
Waals interactions and the neighborlist cut-o↵ were set to 1.2 nm in compliance
with the recommended parameters for the used Martini force field (version 2.2).

Fusion stalk The simulation contained two lipid bilayers each formed by 128
POPC (1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine) molecules separated
by a layer of 220 water beads corresponding to an inter-membrane distance of
1.2 nm. All simulations were performed at 300 K.

The thermodynamic cycle as described above proceeds in two steps. First, the
strength of the external field is switched on for both of the end states: � = 0
corresponds to the restrained morphology with a field strength constant of k.
� = 1 accordingly corresponds to the free simulation with no external field acting
(k = 0). The values for k�L3 chosen in Gromacs units were 20, 50, 100 and
200 kJmol�1nm3. Second, the switched-on external field, which restrains the
system to a preset local density, is exploited to morph between the two end states
via superposition of the reference densities of both end states. State a (bilayers
without stalk) is set at � = 0 and state b (bilayers connected by hemifusion stalk)
at � = 1. For this superpostition a linear ( f (�) = �) coupling scheme was used
(see Eq. 2.4).

For each step of the thermodynamic cycle the spacing of � was chosen as 0.01,
which corresponds to 101 intermediate states. All morphologies along the reaction
coordinate were equilibrated in the corresponding external field for 4 ns followed
by a 1.2µs simulation. The initial structures of the end states were obtained from
Ref. [10].

Worm-like micelle. The worm-like micelle (WM) is formed from 100 coarse
grained dotriacontane-1,32-diyl-bis[2-(trimethylammonio)ethylphosphate] (PC-
32-PC) lipids and solvated in water in a 9x9x13 nm simulation box. The
simulation temperature was set to 350 K, for which the PC-32-PC is expected to
form small micellar aggregates.

The free-energy di↵erence between the state of the bilayers and the metastable
hemifusion stalk connecting the two sheets is calculated using the same approach
as for the bola micelle using a linear ( f (�) = �) as well as a quadratic
( f (�) = (1 � �)2) coupling scheme.

The transformation was split in 51 consecutive simulation windows for each part
along the scission reaction coordinate using a linear coupling scheme ( f (�) = �).
Each window was adapted to its corresponding umbrella field for 400 ps followed
by a 400 ns production run. For the field strengths of k�L3 = 50, 200 kJmol�1nm3

a simulation time of 1.2µs was used. The continues worm-like micelle was
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constructed by spontaneous aggregation within the NPT ensemble. The broken
worm-like micelle was constructed by exerting tension on the obtained continues
worm-like micelle until rupture occurred. The size of the box was subsequently
adopted such that the two free ends of the worm-like micelle were brought in close
apposition. The corresponding box dimensions were imposed on the continues
worm-like micelle to conserve volume between both end states. The continues
micelle is therefore under a small excess tension/force of about 1 kBTnm�1 to
enable relaxation of excess length when the two free end caps are formed. This is
not expected to significantly (< 1 kBT ) a↵ect the free energy di↵erence between
the end states.

Endpoint Minimization All simulations were performed under similar condi-
tions as described above. Only short simulations of 50 ns are performed for each
iteration. Reference densities were updated using a step width ✏ = 0.01 according
to Eq. 2.9. Linear coupling was used for the thermodynamic integration part.
Thermodynamic integration was carried out at various force constants as test for
consistency of the obtained results.

2.3 Results and Discussion

2.3.1 Formation of a hemifusion stalk
In this work we present and compare our results of the free-energy calculation
performed for the systems described in the method section. As a first example,
we studied the formation of a hemifusion stalk formed between two apposed
membranes (Fig. 2.2).

Smirnova et al. [10] recently used the string method to study the dependence
of the barrier in this reaction pathway on the inter-membrane distance. It was
demonstrated that the here-used hydrophobic density based reaction coordinate
enables a fully thermodynamically reversible pathway, as being evident from
committer analysis of the resolved free energy barrier (hysteresis was absent).
Moverover, the non-distinctive, soft and coarse nature of this restraining field
still enables free di↵usion of molecules over the density grid, quite in contrast
to the Einstein crystal method which localizes individual atoms to a crystal
lattice [22]. In this example, we used a linear coupling scheme and field strengths
of k�L3 = 20, 50, 100 and 200 kJmol�1nm3 to estimate the free-energy di↵erence
between (a) two free apposed membranes, (b) a hemifusion stalk connecting
them. Fig. 2.3 shows all individual steps of the thermodynamic integration. It is
evident that the calculation of the first step within the thermodynamic cycle, i.e.
switching o↵ the external density field, yields a well-behaved curve in case of
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Figure 2.2: Snapshots of the DFTI for the formation of a hemifusion stalk
between two bilayers. (a) start configuration A: two bilayers separated by an
inter-membrane spacing of 1.2 nm or 220 water beads, (b) intermediate state
(morphology 50/101) created by linear coupling. (c) start configuration B: two
bilayers connected by a hemifusion stalk.

the two bilayers without a stalk. In contrast, for the target morphology, i.e. two
bilayers connected by stalk, one can see a diverging behaviour when switching o↵
the external field. This is explained by the sudden free lateral di↵usion of the stalk
structure when the field vanishes: An entropic e↵ect. This entropic e↵ect can
be intuitively explained from a minimalistic model of a single particle in a box
whose position is restrained by a vanishing umbrella potential (see Sec. 2.A.4).
Nevertheless, a good estimate of the free-energy di↵erence can be obtained by
linear extrapolation of the last values close to � = 1 (no external field).

The second step in the thermodynamic cycle involves morphing between the
two free apposed membranes and a formed hemifusion stalk. For weak external
fields (k�L3 < 20 kJmol�1nm3), instabilities occur for some � values whose
corresponding morphologies resemble the state of the physical transition barrier
(a single or few lipids which bridge the two membranes [10]), because of barrier
crossing against the external potential. This indicates that the external field is
unable to su�ciently control the system close to the physical transition barrier.
Such an observed instability implies that certain phase-space regions in that
particular window are not easily thermally accessible and which challenges
complete sampling of its biased equilibrium ensemble. These instabilities are
prevented by increasing the strength of the external field. However, large force
constants suppress the di↵usion of individual lipids, result in ‘freezing’ of the
overall structure, and therefore yield a slower sampling [33]. The reduced
sampling at high k values especially a↵ects the region near the physical transition
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Figure 2.3: The free energy of stalk formation between two membranes as
calculated via DFTI for di↵erent force constants of the density field. (a) Morphing
the system between the two end states: A double membrane system without a
stalk (� = 0) and with a stalk (� = 1), (b) Switching o↵ the restraining field for
two unconnected bilayers (c) As in b but for bilayers where a stalk is present.
Note the diverging behavior at � = 1 which is because of free di↵usion of the
center of mass of the stalk.

state (� = 0.5) which features a single lipid connecting two membranes (see
Fig. 2.2). The choice of parameters such as the field strength of the discretization
of density is a matter of balance and demands good knowledge of the systems
properties and particularities. The physical transition state of the here-studied
example systems are all of a single molecular nature, i.e. a single or few lipids
connecting the two apposed leaflets/micelles. Therefore, the discretization of the
density field must be su�ciently fine to enforce the obedience of the structure
towards the imposed local reference densities. A finer discretization of the density
field would allow for the usage of smaller force constants k (since the total number
of restraints on the system increases).

Table 2.1 summarizes the estimated free energy contributions for all of the
di↵erent steps within the thermodynamic cycle. The grey colored region Table 2.1,
illustrates the repetition of the exact same procedure but with the two end states
being defined by a slightly di↵erent reference density (coined ’# up 30’). In this
example, the reference density ‘#up 30’ represent a more minimized density field.
This subject will be discussed in detail in the final section of this manuscript.

To this end, the outcome of the full thermodynamic cycle is presented in Table 2.1,
column E. Notably, the full thermodynamic cycle is (and must be) invariant of (i)
the choice of the reference density of the two end states, and (ii) the choice of
field strength k. However, the individual values obtained for the di↵erent steps
within the cycle are not invariant of these choices. For example, the free-energy
gain due to switching o↵ the field increases with increasing field strength k.
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Table 2.1: Results of the DFTI calculations for the formation of a stalk for two
bilayers at a distance of 1.2 nm for various force constants k. (A) Switching
o↵ the restraining field for two unconnected bilayers. (B) Switching o↵ the
restraining field but for two bilayers with a stalk. (C) Morphing from two
unconnected bilayers to two bilayers with stalk. (D) As in C but now calculated
from the chemical potential along reaction coordinate. (E) Free energy di↵erence
calculated along the full thermodynamic cycle. The grey colored region in
Table 2.1, illustrates the repetition of the same procedure but with the two end
states being defined by a slightly di↵erent reference density (coined ‘#up 30’).

#up k�L3 [kJmol�1nm3] A [kBT ] B [kBT ] C [kBT ] D [kBT ] E [kBT ]
0 20 -476.81 ±0.15 -486.49 ±1.52 20.66±1.60 20.6 10.98±2.21

50 -967.48 ±0.31 -975.20 ±1.22 20.84±1.23 20.9 13.12±1.75
100 -1539.15 ±0.45 -1546.88±2.92 21.10±1.54 21.1 13.37±3.33
200 -2295.40 ±0.70 -2305.84±4.43 24.57±1.62 24.5 14.13±4.76

30 20 -476.73 ±0.14 -483.60 ±1.18 19.58±1.35 19.6 12.71±1.79
50 -968.29 ±0.25 -973.51 ±0.64 19.41±1.54 19.5 14.20±1.68
100 -1540.68 ±0.32 -1545.15±0.77 19.39±1.56 19.5 14.92±1.76
200 -2297.33 ±0.50 -2302.34±1.16 19.58±1.87 19.9 14.57±2.25

Finally, the free-energy di↵erences of the morphing step can be alternatively
calculated from direct integration over the local chemical potential along the path
rather than integrating over hdVup

d� i (see Eq. 2.8). Generally, the values obtained
via integration over the chemical potential are in good correspondence with the
values obtained by thermodynamic integration (see Table 2.1, column D) as well
as the string method [10]. In this example, all obtained values are within the
range of 10-15 kBT . Experimental quantification of the corresponding value of
the stalks free energy remains ambiguous and its actual value has been debated
for decades [37].

2.3.2 Endcap Energy of a Wormlike Micelle

As a second example, we studied a wormlike micelle (WM) formed by a coarse-
grained model of the lipidic surfactant PC-32-PC. These type of surfactants
exhibit a complex temperature induced phase behaviour and are thus an interesting
candidate for detailed study of the underlying free-energy landscape [38]. Here,
we investigate the scission of a continuous wormlike micelle as shown in Fig. 2.4.
The free-energy cost of this transformation corresponds to the free-energy cost
associated with forming the two free endcaps of the broken micelle.

Fig. 2.5b shows the obtained averages hdVup

d� i for the first step of the thermody-
namic cycle (i.e., switching o↵ the density field) for the continuous wormlike
micelle. In a very weak or non existing external field (� = 1) the structure is
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Figure 2.4: Depiction of the scission of a wormlike micelle formed of bola
lipids (PC-32-PC) as a continuous micelle in periodic boundary conditions, at an
intermediate state along the reaction coordinate � and the broken WM with two
endcaps formed.

Figure 2.5: Curves for the DFTI of the breaking of a worm-like micelle (WM). (a)
Switching of the density field from continuous WM to broken WM. (b) The free
energy contribution associated with switching o↵ the restraining field. Notice the
strong diverging behaviour close to � = 1. (c) Curve for continuous WM omitting
the last points along the reaction coordinate that cannot be fully sampled. (d)
As in panel c but for a broken WM. Values of the field strength k are in units of
kJmol�1nm3

free for translation across the simulation box and will deform due to thermal
fluctuations of the morphology. This can be observed from the divergence in the
values of hdVup

d� i when � approaches the value of 1. This divergence is most pro-
nounced in the broken worm-like micelle, i.e. after scission occurred, because the
micelle picks up additional fluctuation, translation and rotational modes (see SI).
Since thermally accessible modes are weak, they are e↵ectively retained until the
restraining field nearly vanishes. However, all of these modes are simultaneously
released when approaching � = 1 giving rise to a strong divergence in the free
energy because there exist a large multiple of them and each of these individual
modes enters with a thermal free energy contribution. The resulting divergence
challenges integration of the free energy since the obtained values in this regime
become less reliable (increasing error) while substantially contributing to the
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total integral. These final states cannot be su�ciently sampled to obtain a reliable
ensemble average, since no true equilibrium for the measured observable h �V�� i is
reached. As a consequence, the points close to � = 1 can only be approximated
either by linear extrapolation or by fitting an analytical function that models the
behaviour of the unrestrained morphology.

The second step of the thermodynamic cycle involves morphing between the two
end states while suppressing large scale thermal fluctuations. In contrast to the
previous step where the field was switched o↵, this step of the cycle again yields
a well defined, integratable curve. The results of the calculation for di↵erent
field strengths are shown in Table 2.2. We obtain a value of ⇡ 22.4 ± 2.7 kBT
(k�L3 = 50 kJmol�1nm3) for the free energy di↵erence between the continuous
and the broken wormlike micelle within the external umbrella field. For the
alternative route, i.e. integration over the local chemical potential along the path
(see Eq. 2.8 and Sec.2.9), we obtained a value of 22.2 kBT . This value is in good
agreement with the value of ⇡ 22.4 kBT obtained by integration over hdVup

d� i, again
illustrating that both of these routes are equivalent. Moreover, an end cap free
energy of about 20 kBT is in excellent correspondence with the value determined
by both experiments [39] and simulations of similar worm-like micelles [28].

The evaluation of the full thermodynamic cycle, however, is rendered di�cult
by the di�culties associated with sampling of morphologies in a vanishing
umbrella field and thus do not allow for a reliable estimate. A worm-like
micelle thus represents a worst-case scenario for free energy calculations due to
the free energy associated with its large translational and rotational degrees of
freedom. Interestingly, even for settings where the error in the free-energy average
becomes large, the average value itself remains surprisingly similar (within
3 kBT ) for both the broken and continuous worm-like micelle (see Table 2.2).
This is likely explained by an e↵ective cancellation of errors because we use a
similar simulation protocol (e.g., the same simulation length) in both cases. The
magnitude of the overall error generally increases for increasing field strength (see
Table 2.2) due to the linear dependence of k on dVup

d� . Decreasing the strength of
the field therefore improves accuracy. However, the field must remain su�ciently
strong to keep the overall structure and enforce reversible morphing between the
two end states. Decreasing field strength thus only provides a limited solution
to improve The ability of improving integration accuracy via a decrease in field
strength is thus rather limited.

2.3.2.1 Nonlinear Coupling

A common approach to overcome diverging behaviour near endpoints in
thermodynamic integration schemes is the choice of a nonlinear coupling
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Table 2.2: Results of the DFTI calculations of the free energies of the scission of a
worm-like bola lipid micelle (WM) for various force constants k, linear coupling
scheme ( f (�) = �), and quadratic coupling scheme f (�) = (1 � �)2 (colored in
grey). Free energy contribution associated with switching o↵ the restraining field
(A) the continuous WM and (B) the broken WM. (C) Free energy contribution
associated with morphing from a continuous to a broken WM. (D) As in C but
now calculated from the chemical potential along the reaction coordinate.(E)
Free energy di↵erence calculated along the full thermodynamic cycle. The grey
colored region corresponds to the same system using a quadratic coupling scheme
(see Fig. 2.10).

k�L3[kJmol�1nm3] A [kBT ] B [kBT ] C [kBT ] D [kBT ] E [kBT ]
50 -305 ± 7 -306 ± 24 22.37 ± 2.69 22.4 22.1±24.8
100 -448 ± 17 -445± 40 20.82 ± 2.35 20.7 23.0±43.8
200 -629 ± 108 -626 ± 57 21.04 ± 2.27 21.0 24.4±122.9
300 -752 ± 53 -749 ± 120 21.91 ± 4.49 22.1 24.9±131.4
50 -315.06 ± 0.8 -316.21 ± 2.62 20.88 ± 2.13 20.8 19.6±3.5

Figure 2.6: Comparison of the curves for switching o↵ the external potential for
a worm-like micelle (WM) for linear and quadratic coupling scheme. The total
integral (the free energy) is the same for both schemes (the scale di↵ers in the
two panels). The large advantage of using a quadratic scheme is that it transfers
the divergence to points least contributing to the total integral because hdVup

d� i is in
such a scheme designed to vanish at � = 1. For the full thermodynamic cycle see
Fig. 2.10
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scheme [40]. This can help to overcome instabilities and find an alternative
functional form with a well defined integral. Here, we employed a quadratic
coupling scheme, f (�) = (1 � �)2, to improve the integration step involved with
switching on/o↵ the external umbrella field. The derivation of this scheme can be
found in the SI (Sec.2.A). It is noteworthy that this alternative quadratic coupling
scheme conserves the value of the total integral and only reshapes the form of
the hdVup

d� i curve. Indeed, this altered functional form hdVup

d� i significantly improves
integration and now yields acceptable errors within the estimated free energy
di↵erence (i.e., within the order of kBT ) since the contribution of the windows
with a very weak external potential are down-scaled (see Fig. 2.6 and Fig. 2.10),
see Table 2.2. The here-obtained values illustrate that the free energy contribution
associated with switching o↵ the field is rather similar for both a continues and
broken worm-like micelle, namely �315.1 ± 0.8 kBT versus �316.2 ± 2.6 kBT
respectively. This illustrates that most of the free-energy cost is because of
translational entropy whereas di↵erences in large scale thermal fluctuations and
rational degrees of freedom only marginally contribute to the total entropic cost
(a few kBT ). Furthermore, the result of the second part of the thermodynamic
cycle – the morphing of a continues to a broken worm-like micelle (WM) – yields
a free energy di↵erence of 20.88 ± 2.13 kBT , which compares very well to the
value obtained using the linear coupling scheme or the string method. Fig. 2.6
compares the curves obtained for switching o↵ the external umbrella potential
for both of the end states of the WM. In case of the broken WM a few data points
do not follow the expected smooth curve of the transition. These outliers result
from ‘lack of obedience’ to the applied external potential. The large advantage
of using a quadratic scheme is that it transfers the divergence of these windows
to points least contributing to the total integral (i.e., the free energy) because
hdVup

d� i is designed to vanish at � = 1. This substantially eases approximation
of these values via, for example, linear interpolation (our example). Although
the obtained accuracy is already rather satisfactory for our purpose, accuracy
may be further improved via the e↵ective removal of rigid-body translation
and rotation of the WM due to escaping the vanishing restraining field (e.g.,
minimizing hdVup

d� i for each frame within the trajectory by post processing) or
simply by manually discarding ‘escape events’ (nucleation) from the sampling.
We emphasize, however, that for many applications in periodic membrane systems
problems with divergence because of ‘escape events’ are expected to be far less
frequent.

Importantly, calculation of the full thermodynamic cycle allows for an unbiased
calculation of the actual free energy di↵erence between the continuous and
broken WM. It is noteworthy that the linear and quadratic coupling schemes
can in principle also be used in a mixed fashion given that the force constant is
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conserved. For example, the morphing step can be calculated using the linear
scheme, whereas the on/o↵ switching of the field are calculated via the quadratic
scheme.

2.3.3 Thermal fluctuations and the free energy estimate
Thus far, our focus was on calculating the full unbiased thermodynamic cycle.
Alternatively, the contribution of the external umbrella field can be minimized
within the biased umbrella ensemble rather than being subtracted via the full
thermodynamic cycle. For such a procedure, the two end states of interest must
correspond to local minima within the free energy landscape. Similar to the
evolution of the density profiles in the string method (see Sec. 2.2.3), the free
energy of the morphologies within the biased ensemble can be minimized using
the local chemical potential. The reference densities are iteratively adapted by
following the gradient (the excess chemical potential) of the underlying free
energy landscape (see Eq. 2.9).

Figure 2.7: Schematic for the thermodynamic Integration with preceding endpoint
free energy minimization (density field optimization).

This procedure quenches large thermal fluctuations and yields the structures of
lowest free energy. It relies on the approximation that large thermal fluctuations
are similarly quenched out for both of the end states thereby conserving the native
free energy di↵erence (This approximation is common in polymer field theoretical
methods). The density field minimization procedure was tested for the scission
of the wormlike micelles (WM) formed by the PC-32-PC bola lipids as well as
for the stalk formation. Table 2.3 illustrates the outcome of the thermodynamic
integration as a function of field minimization (the number of updates). Since the
excess free energy exerted by the external umbrella field is being minimized, the
estimated free energy between the end states is expected to decrease in the course
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of the minimization procedure until a lower bound is reached. After minimization,
the umbrella field is in its ground state and therefore the estimated free energy
di↵erence between the two end states becomes independent of the force constant
(the mean force exerted against the field vanishes for both end states). This field
minimization procedure can be alternatively exploited to both validate and proof
meta-stability of the end states since the excess chemical potential must vanish in
the course of the minimization if the end state represents a free energy minimum.
This vanishing excess chemical potential is indicated by a plateau (convergence)
in the free energy in Fig. 2.8.

Figure 2.8: Minimization of the external density field. (1) Free-energy di↵erences
between updates over a course of 59 minimization steps. After 50 updates the
di↵erences level out to order of kBT indicating that the reference field is close
to the local minimum. (2) Calculations of the free-energy di↵erences between
the restrained end states via the changes in the density field along the reaction
coordinate � after 5, 20 and 50 minimization steps. Initial deviations because of a
di↵erence in field strength k vanish over the course of the minimization.

The alternative ‘density field minimization step’ followed by direct thermody-
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namic integration between the two end states is capable of yielding fast and
reliable estimate of the native free energy di↵erence. This method relies on the
approximation that the free energy bias introduced by the presence of the field
(albeit minimized) is small with respect to the free energy di↵erence of interest.
Indeed, even for the highly flexible worm-like micelle system, only a small bias
into the native free energy di↵erence between the two end states (being a few
kBT only) is introduced by the minimized field, as evident by comparison with
the full thermodynamic cycle. The advantage of the ‘density field optimization
step’ is that the two most involved and computational demanding steps within
the full thermodynamic cycle, i.e. switching o↵ the umbrella field for both of the
end states, are replaced by two single simulations of the ends states where the
reference density and its concomitant umbrella fields are iteratively minimized
(this can be done in a single run).

Table 2.3: Results of the DFTI calculations for the scission of a bola WM at
di↵erent stages of minimization of the endstates (#up). (A) altering of field
strength for a continuous WM and (B) the broken WM. (C) switching of the
reference density field continuous to broken WM. (D) �F calculated from
chemical potential along reaction coordinate.

#up k�L3 [kJmol�1nm3] A [kBT ] B [kBT ] C [kBT ] D [kBT ] E [kBT ]
5 20 -184.89 ±5.89 -217.86 ±10.52 51.90 ±1.88 52.00 19.01

50 -323.91 ±20.93 -384.49 ±13.73 81.94 ±1.92 81.86 21.44
100 -468.11 ±73.85 -544.86 ±44.36 103.10 ±3.13 103.13 26.31

20 20 -175.66 ±12.68 -181.54 ±7.87 26.35 ±2.00 26.27 20.36
50 -308.28 ±43.97 -314.41 ±18.25 27.73 ±2.32 27.72 21.53
100 -448.69 ±33.50 -452.92 ±40.47 27.75 ±3.91 27.56 23.46

50 20 -172.48 ±10.18 -173.75 ±9.15 21.53 ±1.89 21.42 20.19
50 -304.23 ±25.49 -302.84 ±24.75 20.09 ±2.02 20.21 21.55
100 -444.17 ±54.44 -440.48 ±42.99 18.57 ±4.34 18.80 22.52

Furthermore, the clear advantage over other related methods such as the string
method is its lesser computational demand. For the string method all structures
along the path need to be simulated and updated in every iteration and convergence
towards the MFEP is often very slow, therefore demanding many updates (often
in the order of 102). It is noteworthy that the string does not have to converge to
the MFEP to obtain the free-energy di↵erence between the two end states given
that these end states have already converged to the local minimum. Hence,
such a scenario would be analogous to the chemical potential along some
nonphysical path connecting two free energy minima (see Table 2.3, column
D). In case of density field thermodynamic integration, only the end states need
to be updated, and which can be done very quickly since no communication
between the morphologies is required (they are independent), which yields
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the lesser computational demand compared to the string method. After field
minimization subsequent thermodynamic integration is performed via a single
additional simulation step that can easily be automatised and run in parallel. Of
course, in contrast to the string method, the obtained pathway remains nonphysical
and does not allow the calculation of barriers which are naturally calculated using
the string method.

2.3.4 Conclusion

The thermodynamic integration scheme, coined ‘Density Field Thermodynamic
Integration’ (DFTI), outlined above was used to compute the free-energy
di↵erences between two meta-stable states in the example of (i) the formation
of a hemifusion stalk between two lipid bilayers and (ii) the scission of a worm-
like micelle. The calculation of free energy di↵erences in lipidic systems is a
challenging task because of the fluid nature of self-assembled systems, especially
when including the contribution of thermal fluctuations. General purpose methods
aimed to calculate free energies of self-assembled surfactant structures in Lennard-
Jones based molecular dynamics simulations are still limited to pioneering studies.
Bubnis et al. previously proposed umbrella sampling of collective Eigen modes
(Principle Component Analysis) in conjunction with a permutation reduction
algorithm to correct for the di↵usivity of surfactant molecules [17]. This method
is highly e↵ective when structural changes are characterized by a dominant
collective mode such as, for example, bending of a membrane sheet [17]. Large
collective modes can be alternatively modeled by explicitly using membrane
curvature as a collective reaction coordinate [41]. However, smoothly enforcing
the structure through a transition state of single molecular nature (our two example
systems) is hard to achieve by coupling to only a single or even a few collective
modes. Consequently, ensuring thermodynamic reversibility may thus be rather
challenging.

Our results illustrate that DFTI can provide a fast, versatile and rather reliable
general purpose method for free energy calculations in surfactant assemblies.
Local hydrophobic density enables a high dimensional thermodynamically
reversible reaction coordinate that is able to capture structural intermediates even
of a single molecular nature (high resolution). The additional computational cost
associated with the density assignment and concomitant force calculation is very
low (single ‘for’ loops) and scales linearly with system size. Usage of a quadratic
coupling scheme o↵ers a marked improvement in the accuracy of the obtained
thermodynamic cycle, especially in systems that possess large translational and
rotational degrees of freedom. Integration accuracy may be even further improved
by post processing of the obtained trajectory. For example, rigid-body translation
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and rotation of a lipid assembly due to escaping the vanishing restraining field
could be e↵ectively removed via a fitting procedure which minimizes hdVup

d� i
for each frame within the trajectory. Furthermore, the alternative ‘density field
minimization’ path allows for comparatively quick calculations of free energy
di↵erences by quenching thermal fluctuations in a minimization step, followed by
a subsequent thermodynamic integration step. Notably, the here-obtained results
compare well to the values obtained with the computationally more demanding
string method which in contrast yields a likely, physical free energy pathway [10].
Thus, given that the end states are of minimum free energy (i.e., the retraining field
is in its ground state), accurate calculation of their free energy di↵erence does not
require a physical path. Although not yielding a physical pathway, we conclude
that DFTI methods provides a valuable tool to both e�ciently and rapidly quantify
the free energy di↵erence between meta-stable states. Furthermore, our finding
that the free energy bias due to the presence of the minimized field is rather small
(a few kBT only), as evident by our calculation of the full thermodynamic cycle,
advocates the potential of density field based string methods in resolving likely
reaction pathways in soft, di↵usive materials.
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Appendix 2.A Supporting Information

2.A.1 Derivation of the Functional Form of dVup

d�

The umbrella potential acting on a given morphology is given by,

Vup(r, �) =
k(�)

2

Z

V
d3

r[m(r, �) � m̂(r, {r})]2

where the reference density m(r) and the coupling strength k are functions
of the coupling parameter �. ma,b and ka,b are the density and force constant
corresponding to end states a and b respectively.

m(r, �) = f (�)mb(r) + [1 � f (�)]ma(r)

k(�) = f (�)kb + [1 � f (�)]ka

The derivative with respect to the coupling parameter is calculated by

dVup(�)
d�

=
1
2

dk(�)
d�

Z

V
d3

r[m(r, �) � m̂(r, {r})]2

+k(�)
Z

V
d3

r[m(r, �) � m̂(r, {r})]dm(r, �)
d�

(2.11)

Using the discretized collocation lattice for calculation of the local densities the
integration over the box volume becomes a summation over all lattice points.

dVup(�)
d�

=
1
2

dk(�)
d�

X

c

[m(c, �) � m̂(c, {r})]2

+k(�)
X

c

[m(c, �) � m̂(c, {r})]dm(c, �)
d�

(2.12)

The calculations in Eq. 2.12 take into account the contribution of each grid point
in every molecular dynamics step. Here, m(c), m̂(c) denote the local reference
density and the local instantaneous density respectively.

2.A.1.1 Linear Coupling f (�) = �

Part 1: The field strength is changed with � (ka = 0, kb = k). The reference
field is kept constant (ma = mb = m):

dVup,c

d�
=

k
2

[m(c) � m̂(c)]2
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Part2 The reference density is changed over the course of � and the field
strength is kept constant (ka = kb = k):

dVup,c

d�
= k [�mb(c) + (1 � �)ma(c) � m̂(c)] [mb(c) � ma(c)]

2.A.1.2 Quadratic Coupling f (�) = (1 � �)2

Part 1: The field strength is changed with � (ka = 0, kb = k). The reference
field is kept constant (ma = mb = m):

dVup,c

d�
= k(� � 1)[m(c) � m̂(c)]2

Part2 The reference density is changed over the course of � and the field
strength is kept constant (ka = kb = k):

dVup,c

d�
= 2k(1 � �)[ma(c) + (1 � �)2(mb(c) � ma(c)) � m̂(c)](ma(c) � mb(c))

2.A.2 Scission of a Wormlike Micelle

Figure 2.9: left: Scission of WM in external potential: Cumulative change of
free energy along reaction coordinate calculated from the chemical potential.
The obtained free energy di↵erence between the end states is independent of the
used force constant. right: Corresponding minimum free energy path (MFEP)
calculated using the string method.
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Figure 2.10: Curves for the DFTI of the breaking of a WM using the quadratic
coupling scheme ( f (�) = (1 � �)2. (a) Morphing between a continuous WM to
broken WM. (b) Curve for a continuous WM (c) like (b) but for broken WM.
The deviation close to � = 0 are because the structure ‘escapes’ the vanishing
restraining field in the course of the simulation. However, the e↵ect on the area
of total integral remains limited. Accuracy may be further improved by manually
omitting these ’escape events’ from the averaging. (d) Change of free energy
along the reaction coordinate � calculated from the changes in the density field
along the transition path (compare Eq. 6)
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2.A.3 Formation of a Hemifusion Stalk

Figure 2.11: Cumulative change of free energy along reaction coordinate
calculated from the chemical potential for di↵erent k for stalk formation at
a inter-membrane distance of 1.2 nm (⌘ 220 water beads). Calculations were
performed for initial reference densities (# up 0) and after 30 minimization steps.
Minimization quenches fluctuations responsible for for the dependence of the
free energy di↵erence on the field strength in the initial states.

2.A.4 How entropy causes strong divergence in hdV
d� i: a

2D toy model
In the following section we illustrate from a statistical mechanical principle how
hdV

d� i diverges when a system is subject to a vanishing umbrella potential. Our
simplified toy model is comprised of one particle in a discretized 2D box subject
to an external umbrella potential. For this system we know the partition function
and are able to analytically determine the derivative of the potential with respect
to the reaction coordinate �. In a weak external potential the particle is free to
explore the space outside of the reference field thus leading to a diverging curve
for h dV

d� i.
We imagine a Box with N2 cells (c) of volume �L2=1. A is defined as reference
state for a particle located somewhere in this box. This particle serves as analogy
for a molecular conformation used in our simulations. The particles location is
described by its density, therefore the ‘instantaneous density’ ⇢̂ in a cell is 1 if the
particle is located in this particular cell. In all other cells ⇢̂ = 0. The reference
density is uniformely distributed over all cells in A. Therefore, every cell has
a density ⇢r =

1
n2 since the overall number density is normalized to 1. Outside
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Figure 2.12: Particle in a discretized box. An external harmonic potential V is
acting on the particle according to a reference density. The reference density is 1

n2

in A and 0 in B.

of this area (B) the reference density is ⇢r = 0. The particle is subjected to an
external harmonic potential of the form:

V(�) =
k(�)

2

X

c

(⇢̂ � ⇢r)2 (2.13)

We chose our force constant according to our simulation procedure, which means
switching the straight of the potential from k to 0 along the reaction coordinate �.
for k(�) = �k1 + (1 � �)k0, k0 = k and k1 = 0 the potential reads

V(�) =
(1 � �)k

2

X

c

(⇢̂ � ⇢r)2 (2.14)

We can define the partition function Z and the derivative of the free energy as,
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We can distinguish two cases:

• particle in reference field A (⇢r =
1
n2 )

• particle outside reference field! in B (⇢r = 0)

The sum over the cells in the potential can be split accordingly:

V(�) =
k(�)

2

✓X

A

(⇢̂ � 1
n2 )2 +

X

B

(⇢̂ � 0)2
◆

(2.17)

If the particle is in one cell of A ⇢̂ is 1 in one cell and 0 in all n2 � 1 remaining
cells in A and in B. The potential takes the form:

VA(�) =
"
� (1 � �)k

2kBT

 
1 � 1

n2

!#
(2.18)

If the particle is located in B the potential reads:

VB(�) =
"
� (1 � �)k

2kBT

 
1 +

1
n2

!#
(2.19)

There are n2 equal states where the particle is in one of the cells of A and N2 � n2

equal states for the particle outside this area (B). Therefore we can calculate the
partition function as

Z =n2 exp
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� (1 � �)k

2kBT

 
1 � 1

n2

!#

+ (N2 � n2) exp
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The ensemble average over the derivative of the potential with respect to the
coupling parameter � can be calculated as
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(2.21)

Fig. 2.13 shows the behaviour of the above derived model Eq. 2.21 for decreasing
the external field strength. As in the simulated systems the model system picks
up translational degrees of freedom in a week external field which leads to the
diverging behaviour.
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Figure 2.13: Behaviour of the particle in a discretized box when linearly
decreasing the strength of the external field. Note the strong divergence of
dV
d� when � approaches 1. The observed behavior is in well agreement with
the divergence observed in surfactant assemblies subject to a vanishing high
dimensional umbrella field. It also illustrates that usage of a weaker force constant
indeed reduces divergence.
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Abstract

Highly curved toroidal micelles with diameters as small as 100 nm have
been successfully constructed by self-assembly of amphiphilic block
copolymers. These structures may have an interesting potential for gene
or drug delivery. Experimental observations suggest that toroidal micelles
likely originate from spherical or disc-like micelles which are tricked into
forming toroidal micelles upon external stimuli (‘smart’ materials). Since
self-assembly of polymeric and lipid surfactants is guided by the same
physical principles, we hypothesize that ‘smart’ lipid surfactants can be
equivalently tricked into forming highly curved toroidal micelles that are
tenfold smaller ('10 nm diameter). Paradoxically, these ‘nano rings’ have
never been observed. Using coarse-grained molecular dynamics (MD)
simulations in conjunction with a state-of-the-art free energy calculation
method (a string method), we illustrate how a thermo-responsive lipid
surfactant is able to form toroidal micelles. These micelles originate from
disc-like micelles that are spontaneously perforated upon heat shocking,
thereby supporting a longstanding hypothesis on the possible origin of
polymeric toroidal micelle phases observed in experiments. We illustrate
that kinetically stable ‘nano rings’ are substantially shorter lived than their
tenfold larger polymeric analogs. The estimated life-time (milliseconds) is
in fact similar to the characteristic breaking time of the corresponding worm-
like micelle. Finally, we resolve the characteristic finger print which ‘nano
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rings’ leave in time-resolved X-ray spectra and illustrate how the uptake
of small DNA fragments may enhance their stability. Despite a shared
kinetics of self-assembly, length scale dependent di↵erences in the life-
time of surfactant phases can occur when phases are kinetically rather than
thermodynamically stable. This results in the apparent absence or presence
of toroidal micelle phases on di↵erent length scales. Our theoretical work
precisely illustrates that the universality of surfactants nevertheless remains
conserved even at di↵erent length scales.
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3.1 Introduction
Directed self-assembly of surfactants plays an important role in the development
of novel nanostructures utilized in, for example, gene and drug delivery [1–6]. In
particular, toroidal nanostructures are of growing importance due to their unique
geometry and potential utility in material fabrication. In recent years a variety
of amphiphilic block copolymers have been shown capable to self-assemble into
toroidal micelles (e.g., [7–14]). The diameter of the smallest toroidal micelles
formed by amphiphilic polymers is about 100 nm [9].

The thermodynamic stability of toroidal micelles has been extensively studied
using continuum elastic models (e.g., citation [15]) or self-consistent field theory
(e.g., citation [16]). The excess free energy of a toroidal micelle is predominantly
determined by its bending free energy. Modeling the torus by a circle [17], the
bending free energy is given by, Fb =

⇡
R , with R being the radius of the torus

and  the elastic bending modulus (See SI for further details). The formation
of toroidal micelles from cylinder-forming amphiphilic molecules in solution
was initially thought to occur through fusion of the micelle’s free end caps
in an end-to-end fashion [18–20]. For a worm-like or rod-like micelle with
contour length L, toroidal micelle formation is thermodynamically favorable
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when the free energy of its two free end caps, 2Fcap, becomes larger than the
bending free energy of the corresponding toroidal micelle, thus 2Fcap >

2⇡2

L . For
micelles undergoing ‘chain growth polymerization’ toroidal micelle formation
will eventually become thermodynamically favorable, because the bending energy
stored in the torus vanishes with increasing contour length (/ 1/L). However, ring
formation via fusion of the two free ends is opposed by an entropic free energy
cost that according to random walk statistics increases with the logarithm of the
contour length, / lnL (see SI for a detailed explanation) The total free energy
barrier against ring formation, F⇤ring, is given by, F⇤ring =

2⇡2

L + c(T )lnL + F0,
with c(T ) and F0 being constant terms. Figure 3.1a sketches the kinetic free
energy barrier against ring formation as a function of L. The plot illustrates
the existence of an optimum fibril length at which formation of a toroidal
micelle is most likely. However, a growing and su�ciently sti↵ worm-like
or rod-like micelle will overshoot such a regime. Therefore, formation of
a ring, despite being thermodynamically favorable, is generally a rare event,
albeit less rare in floppy worm-like micelles with attractive free ends [21]. In
support of such a notion, experimental observations have hypothesized that
highly curved toroids in ABC triblock copolymers are constructed either through
elimination of high-energy spherical micelles and/or cylindrical micelle end caps,
or through perforation of disc-like micelles [8]. Extensive mesoscopic field-
based simulations of single-component amphiphilic diblock copolymer systems
prompted that toroidal micelles are formed from growing spherical micelles
that suddenly transit into toroidal micelles [22]. A similar transition has been
observed in coarse-grained dissipative particle dynamics simulations of triblock
copolymers [23]. In these pathways, the micelles do not coalesce, but rather grow
radially by attracting copolymers from the solution. Once a critical micelle size
is exceeded, copolymers start to flip-flop such that the micelle’s core becomes
hydrophilic and transits into a toroidal micelle.

Experimental fabrication of highly curved toroidal micelles is commonly based
on exploiting the stimuli-responsiveness of polymeric surfactants [8–10]. Stimuli-
responsive or ‘smart’ materials are capable of altering their physical properties
upon exposure to external stimuli. Formation of toroidal micelles is actively
induced by gradually changing solvent conditions (e.g., the ratio between ethanol
and THF) [8, 9]. This alters the solubility of the blocks and consequently
impairs the thermodynamic stability of a pre-existing spherical or disc-like
micelle structure thereby stimulating the subsequent kinetic transition into a
toroidal micelle [8, 9]. It is still an open question whether also lipids or other
small sized amphiphiles can form toroidal micelles via stimuli-directed self-
aggregation. Although lipid and polymeric surfactants form similar lyotropic
phases [4, 5], highly curved lipid toroidal micelle phases have thus far not been
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experimentally observed. Given the characteristic hydrophobic thickness of lipid
self-assemblies [5], being about 4 nm, the lower size limit of a highly curved
toroidal micelle would be in the range of about 10 nm – a size of interest for
potential applications in the biomedical field. Lipid ‘nano rings’ could, for
example, be envisioned as biocompatible transporters or vehicles of short DNA
and RNA fragments. However, it is remains unclear whether highly curved lipid
toroidal micelle phases are actually kinetically accessible.

Molecular simulations provide a growing and powerful tool to explore the
complex landscape of surfactant self-assembly [24]. Here, we use coarse-grained
molecular dynamics (MD) simulations in conjunction with a state-of-the-art free
energy calculation method (a string method) to shed some light into the complex
kinetics and free energy landscape of stimuli-directed self-aggregation. We
illustrate the example of a thermo-responsive ‘smart’ lipid surfactant that forms
hexagonal shaped disc-like micelle structures below the chain melting temperature
(Tm), which are tricked into forming 10 nm-sized toroidal micelles (‘nano rings’)
rather than worm-like-micelles upon heat shocking (>> Tm). Finally, we illustrate
that kinetically stable ‘nano rings’ are substantially shorter lived than their tenfold
larger polymeric analogs.

3.2 Methods

Molecular dynamics (MD) simulations were performed performed with the
Gromacs simulation package [25] version 2019, unless stated otherwise, using the
Martini coarse-grained (CG) model for bio-molecular simulations version 2.2.
The Martini model is parametrized on representing thermodynamic properties
such as partitioning free energies of alkanes in water [26]. The modeled lipid
surfactant – a single chain bolaamphiphile [27–29] – mimicks a saturated
hydrophobic chain consisting of 32 CH2 units (B-block) connected to two
hydrophilic zwitterionic phosphocholine (PC) headgroups on both ends (A-
block) [30]. Its symmetric A–B–A architecture is in fact equivalent to that
of a Pluronic – a widely used family of thermo-responsive symmetric triblock
copolymers manufactured by BASF [31–33]. A detailed description of all
simulation techniques, including force-field parameters, used in this study can be
found in the extended method section within the SI.

Minimum free energy pathways were resolved using a density-field based string
method implemented in Gromacs version 4.6.4 (see SI and citation [34] for further
details on this method). Reported simulation times have been corrected for the
about four times faster di↵usion of the coarse-grained model in comparison to
atomistic simulations by multiplication by a constant factor of four [26]. The
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simulation system was coupled to a constant temperature bath using the ’V-
rescale’ algorithm with a relaxation time of 1.0 ps. The time step used in the
simulation was 20 fs. The dielectric constant in the simulations was ✏r = 15.
The neighbour-list was updated every 10 simulation steps. The pressure was
isotropically coupled to 1 bar (Berendsen pressure coupling) with a relaxation
time of 1.0 ps. A shifted cuto↵ of 1.2 nm was used for both Coulomb and Lennard-
Jones (LJ) interactions. Interactions were gradually scaled to zero beyond 0 nm
(Coulomb) and 1.0 nm (LJ) respectively.

The replica exchange simulations were performed using Gromacs version 4.5.7.
The replica exchange frequency was 2 ps. In the solvent free replica exchange
simulations a Langevin thermostat was used with a friction coe�cient of 0.25 ps�1.
All solvent free simulations were performed in the NVT ensemble. Further details
on the simulation setups and settings can be found in the SI.

Figure 3.1: Temperature induced formation of lipid toroidal micelles. (a) A worm-like
micelle faces a kinetic barrier against ring formation via self-folding and fusion of the
two free end caps (F⇤) that increases with growing length L. (b) Cooling of a fluid worm-
like micelle below Tm (273 K) results in the formation of a fibril consisting of disc-like
structures. (c,d) A short subsequent heat shock (400 K for 5 ns) induces a sudden disc
to torus transition. The formed branched toroidal structure is subsequently simulated at
360 K for 600 ns of simulated time. The unstable junctions between the toroidal micelles
result in scission and ‘ring opening’. The lipid surfactant in this example features two
hydrophilic phosphatidylcholine headgroups (colored orange) connected to the ends of a
hydrophobic chain (colored green) with a chain melting temperature, Tm ' 295 K.
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3.3 Results

3.3.1 Thermo-responsive formation of isolated toroidal
micelles

In a first step, we study the e↵ect of cooling a pre-constructed worm-like micelle
consisting of 500 surfactant molecules below the phase transition temperature Tm.
The Martini model is able to qualitatively describe the fluid-gel phase transition
in lipid membranes [35, 36]. Figure 3.1b illustrates that transition toward the
gel phase enforces the formation of disc-like structures, which are especially
pronounced at the two free ends of the worm-like micelle. We will study these
structures in closer detail in a later section. Motivated by an earlier hypothesis on
the origin of toroidal micelles [8], we investigate whether these disc-like structures
have a propensity to transit into toroidal micelles upon an external stimulus. To
this aim, we apply a short 5 ns heat shock (>> Tm). Indeed, heat shocking enforces
a rapid transition into branched toroidal micelles (Fig. 3.1b). However, these
branched toroidal micelles subsequently split o↵ into forming separate, isolated
‘rings’ after simulation at a lower temperature (360 K). Interestingly, these
observations indicate that a lipid connection between the formed ‘rings’ – a four-
branch or four-junction – is evidently not thermodynamically stable (Fig. 3.1d).
This behavior stands quite in contrast with the behavior of polymeric surfactants
observed in experiments [8, 37] and mesoscopic simulations [38, 39] as well
as the behavior observed for ionic surfactants in molecular simulations [21].
Furthermore, we observe that a formed four-junction can alternatively escape into
a three-junction via ‘opening’ of one ring [40], Fig. 3.1d. We extensively study
these scission mechanisms and their relative probabilities of occurrence in close
detail in Fig. 3.5.

In a following step, we study the disc-to-torus transition in close detail by
performing extensive temperature replica exchange (T-REM) simulations of
a smaller aggregate (144 molecules) over a temperature ladder ranging from
280 K to 450 K. The size of this aggregate corresponds to the size of the isolated
toroidal micelles formed in Fig. 3.1. Replica exchange simulations allow for
an extensive sampling of structure space. We conduct these simulations both
in implicit and explicit solvent conditions [26, 41]. The obtained temperature
versus enthalpy curve suggests a phase transition temperature Tm of about 330 K
for the implicit solvent model and 295 K for the explicit solvent model (see
Fig. 3.6 and 3.7). Indeed, disc-like micelles are formed below Tm, see Fig. 3.2a.
The central region of such a disc-like micelle is comprised of hexagonal close-
packed lipid tails whereas its edge consists of a belt of intertwined surfactants
thereby e↵ectively shielding its hydrophobic edge (Fig. 3.2a). In fact, this
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Figure 3.2: Disc-like and toroidal micelles. (a) Example of a hexagonal disc formed
within the molecular dynamics simulations below Tm. (b) The edge of the disc consists
of a belt of intertwined surfactants (top view). Note that the surfactants adopt a bent
conformation close to the disc’s edge (side view). (c) Heating a disc in the gel phase
up to 360 K induces a rapid transition toward a toroidal micelle. (d,e) Transmission
electron microscopy (TEM) imaging of discs (d) and toroidal micelles (e) formed in ABC
tri-block copolymer solutions (Adapted from Cui et al. [8]).

observed structure somewhat resembles the proposed structure of a "hockey
puck" micelle [42]. A closer look at the disc’s overall structure reveals that such
a disc is not circular but rather hexagonally shaped, see Fig. 3.2a. This can be
explained by realization of a low energy configuration, i.e. a hexagonal packing,
upon gelation. The cross-sectional side view of the disc reveals that the surfactants
adopt a strongly bent conformation near the edge of the disc, see Fig. 3.2b. Since
such a bent configuration reduces the unfavorable hydrophobic surface of the
disc’s edge, we hypothesize that a remaining degree of chain flexibility below
Tm may be essential for disc formation. Indeed, increasing the chain sti↵ness
of the surfactant’s hydrophobic mid part (shown in green color), i.e. modeling
this part as a sti↵ rod, e↵ectively impairs disc formation in our simulations and
rather results into an alternative helical fibril structure, in agreement with previous
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grid-based Monte Carlo simulations [43, 44] (see Fig. 3.8). Finally, it is important
to emphasize that the surfactant’s special architecture, i.e. the bolaform, is crucial
for disc stability. For sake of illustration, we performed simulations of a stable
pre-formed disc at 275 K where we ’sliced’ the bola surfactants in half through
the center of their hydrophobic tail region, thereby yielding two regular lipid
surfactants (see Fig. 3.9). Consequently, the disc rapidly loses its structural
integrity and morphs into a regular worm-like micelle despite conservation of
the overall hydrophobic and hydrophilic volume fraction. This clearly indicates
that ’bolafication’ is essential for the disc’s stability. To this end, we emphasize
that rationalisation of the disc’s free energy and concomitant stability by elastic
models (e.g. [45]) is not straightforward due to the crystalline nature of the disc
in the gel phase.

Above Tm, the structural space is dominated by toroidal micelles. Exploring the
formation of toroidal micelles in detail reveals that toroidal micelles indeed result
from spontaneous ‘perforation’ of disc-like micelles above Tm, see Fig. 3.2c.
Therefore, our simulations support the hypothesis that toroidal micelles in ABC
triblock copolymer systems directly originate from the perforation of preceding
disc-like micelles upon an external stimulus (e.g., change in solvent conditions)[8],
see Fig. 3.2d,e. Our simulations suggest the following mechanism: Upon melting
the disc loses structural integrity. Elongation of the disc into a worm-like micelle
would increase the interfacial length of the disc’s unfavorable edge. Therefore,
the circular shape of the disc remains rather conserved upon melting. Since the
disc’s edge is relatively hydrophobic, it tends to shield itself from the water phase
by ‘escaping’ into a toroidal micelle. Worm-like micelles are rarely observed in
the high temperature regime. These worm-like micelles do not result from ‘ring
opening’ but rather from the formation of propeller-shaped micelles consisting of
two smaller discs slightly above Tm (see Fig. 3.6). These discs are seemingly too
small to allow a perforation mechanism into a toroidal micelle. Thus, melting of
a disc-like micelle proceeds via di↵erent competitive kinetic pathways. Toroidal
micelles are formed if the disc-to-torus transition proceeds at a faster rate – a
kinetic trap. Here, a well-defined overall circular disc shape likely enforces
formation of a toroidal micelle. Therefore, the more circular disc-like structures
formed at the ends of the frozen worm-like micelle are expected to have an
increased propensity to transit into toroidal micelles, see Fig. 3.1b.

3.3.2 Kinetic stability of the formed toroidal micelle

Opening of the torus is characterized by a scission event and is associated with the
formation of two free hemispherical end caps. To this end, we calculated the free
energy barrier against scission using a state-of-the-art density-field based string
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Figure 3.3: Free energy barrier against scission. (a,b) Resolved reaction pathway of
ring opening (a) and scission of a worm-like micelle (b): (i) The reactant state, (ii) the
intermediate corresponding to the resolved free energy barrier, (iii) the product state. (c)
Free energy along the resolved scission pathway. (d) X-ray spectrum resolved [46, 47]
for a disc-like micelle in the gel phase (< Tm), a toroidal micelle, and a micelle consisting
of 60 surfactants only. The toroidal micelle is characterized by a pronounced ‘buckle’
at around 1 nm�1 (green arrow). (e) Uptake of a 12-base pair polyelectrolyte (a DNA
fragment) by an open micelle (#144) comprised of 50 % cationic and 50 % zwitterionic
lipid surfactants at low ionic strength (0.1 M NaCl) and high ionic strength (1 M NaCl).

method [34]. This method resolves a thermodynamically reversible reaction
pathway of minimal free energy, i.e. the most likely pathway, to transit from a
reactant into the product state, in our example being a (i) toroidal micelle, and (ii)
an open toroidal micelle respectively (see SI for further details).

The resolved pathway of minimal free energy is illustrated in Fig. 3.3. Notably,
the observed scission mechanism is similar – but in a reverse direction – to
the observed mechanism of forming the first fusion intermediate in biological
membrane fusion [34]. The structure associated with the free energy barrier
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features a single lipid which connects the two formed free ends. Fig. 3.3 illustrates
a scission barrier of 21 kBT for a toroidal micelle (144 molecules). The rate of
scission k is given by, k = Ae

�F⇤
kBT , with A being the kinetic prefactor. Therefore,

the average life-time ⌧ of a toroidal micelle is ⌧ = 1/k. The scission and fusion
rates of hemifusion intermediates in lipid membranes, which are closely related
to the scission and fusion of micelles, have been determined from coarse-grained
simulations using Markov state modeling (see SI in Ref. [48]). From this study
we can obtain an estimation of the kinetic prefactor A, being about 10�10s�1. This
estimate includes a factor of 1/4 to correct for the four times faster di↵usion of
the used coarse-grained model [26]. In such case, within the accuracy of coarse-
grained models, the corresponding average lifetime of a toroidal micelle would be
0.13 s. Our main finding, however, is that the scission barrier of the highly curved
toroidal micelle and worm-like micelle remain rather similar (21 versus 26 kBT ).
This implies that ‘ring opening’ and subsequent fractionation of the corresponding
worm-like micelle are expected to occur on a rather similar time-scale. For worm-
like micelles formed by small (ionic) surfactants, characteristic breaking times are
of the order of milliseconds as being determined by rheological experiments [49],
but may extend up to seconds or minutes for lecithin worm-like micelles at
equilibrium [50]. Since time-resolved X-ray scattering experiments enable a time
resolution of only a few milliseconds [51] detection of toroidal micelles with
these techniques must be possible even with the toroidal micelles being highly
transient in nature. In particular, since toroidal micelles leave a pronounced
fingerprint within X-ray and SANS spectra (see Fig. 3.3d and Fig. 3.10).

3.4 Discussion
Previous SANS experiments suggested that zwitterionic lipid bolaamphiphiles
are restricted to form small non-spherical micelles above Tm in solution, while
forming worm-like fibrils of microscopic sizes below Tm [52]. However, it is
important to emphasize that the estimated free energy of the two end caps, being
' 20 kBT , is subject to the condition that the two end caps are kept in a close
proximity to each other thereby making the reverse fusion reaction likely [34]. In
contrast, the size distribution of worm-like micelles in solution is the outcome
of a balance between the e↵ective fusion and scission rate free in solution [21,
53–59]. Free in solution, zwitterionic micelles are additionally subject to strong
hydration repulsion which opposes close proximity and thereby hinders rapid
coalescence of micelles via consecutive fusion events. Hence, the end cap free
energy and concomitant scission barrier derived in molecular simulations via
free energy calculations (e.g., citations [60, 61]) rather reflects an intrinsic free
energy which may not trivially translate into the expected size distribution free in
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solution.

Fluid worm-like micelles are often formed by ionic surfactants under high
ionic strength [49, 51]. Under this condition micelles become attractive [51].
Consequently, the rate of fusion becomes substantially larger than the rate of
scission. This enables growth of worm-like micelles up to a size of micrometers.
For zwitterionic surfactants at a low concentration, the characteristic time
of micelle fusion (the inverse fusion rate) may in fact be smaller than the
characteristic breaking time (the inverse scission rate) of a worm-like micelle,
despite a positive intrinsic free energy of its free end caps. Thus, zwitterionic
surfactants may require a much larger hydrophobic tail to form fluid worm-like
micelles than ionic surfactants at high ionic strength because the concomitant
decrease in fusion rate must be compensated by a larger breaking time [62]. In
contrast, below the chain melting temperature Tm, the characteristic breaking time
becomes extremely large (up to days [62]) explaining the stability of lipid worm-
like micelles or fibrils in the gel phase [29, 62]. It is noteworthy that a large kinetic
free energy barrier against fusion is also a key reason for biological membrane
fusion requiring the presence of fusion proteins to actively bring the membranes
in close proximity, despite the fact that fusion of vesicles is thermodynamically
highly favorable [63]. The size distribution that worm-like micelles adopt in
solution is determined by both the excess free energy of the end caps, which is
largely dictated by the e↵ective packing shape of constituent surfactants [64], and
the e↵ective free energy barrier against micelle coalescence, which is dictated
by hydration repulsion [51]. Finally, the kinetics and rate of fusion will be
significantly faster if fusion is facilitated by ’branching’ and subsequent sliding
of worm-like micelles rather than solely end-to-end fusion [50].

3.4.1 Size matters

It is important to emphasize that the overall shape of the open torus at the scission
barrier is very similar to that of the closed torus (see Fig. 3.3a). This suggests
that the scission barrier mainly depends on the elastic energy associated with
the formation of the two hemispherical free end caps, since the excess bending
free energy of the torus itself is largely conserved. This directly explains why
both the barrier against ring opening and the scission barrier of the corresponding
worm-like micelle are of similar magnitude (see Fig. 3.3c). In a highly curved
polymeric toroidal micelle, the diameter of both the torus and its constituent tube
will be about tenfold larger [9]. Consequently, the constituent tube of the torus
increases in sti↵ness. This increases the concomitant elastic energy associated
with forming the two hemispherical free end caps when undergoing scission. We
argue that the scission barrier likely scales by a factor of 103 with increasing
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length-scale (see SI for a detailed explanation). Polymeric toroidal micelles are
thus highly metastable due to their tenfold larger scale (see SI for further details).

Lipid liposomes or vesicles, in contrast to lipid toroidal micelles, will self-heal
after spontaneous poration. The closing of the pore is enforced by a force at the
interface of a formed pore (a line tension). Thus, liposomal formulations can
have a shelf life of months or perhaps even years despite the fact that spontaneous
membrane pore formation faces a free energy barrier of only several tens of
kBT [65]. Even if a toroidal micelle is thermodynamically stable, i.e. the free
energy of the two end caps is larger than the bending energy of the torus, ring
opening does not yield a restoring force that would promote closing of the torus.
Self-healing would thus require the introduction of an additional driving force
that opposes unbending of the open torus.

Interestingly, our simulations suggest that incorporation of a 12-base pair
polyelectrolyte – a DNA fragment – within the central cavity of an open toroidal
micelle comprised of 50 % cationic and 50 % zwitterionic lipid surfactants
counteracts the release of bending energy at low ionic strength (0.1 M NaCl), see
Fig. 3.3e. The uptake and incorporation of such a DNA fragment is driven by a
gain in the electric potential energy when residing within the central cavity of the
torus (see Fig. 3.11). In contrast, high ionic strength (1 M NaCl) enables complete
opening of the toroidal micelle because of electrostatic screening and concomitant
sti↵ening of the micelle [66]. This observation is analogous to DNA’s well-known
ability to stabilize inverted hexagonal phases in stacked positively net charged
membrane systems [67]. In contrast, at high ionic strength, the electrostatic
screening is too strong and the torus completely opens (see Fig. 3.3e). Notably,
the open ring is metastable even if its bending free energy is compensated (see
Fig. 3.3b) since closing of the ring faces a small free energy barrier against
the combination of the two end caps (see Fig. 3.3a). However, DNA-mediated
stabilization of ‘nano rings’ requires that: (i) The toroidal micelle can exist below
the denaturation temperature of DNA, (ii) the formed DNA-micelle complex
must be kinetically or thermodynamically restricted from forming alternative
phases such as, for example, hexagonally stacked rods or micelles. It is uncertain
whether such a phase regime is experimentally accessible.

3.5 Conclusions

We illustrated how a thermo-responsive lipid surfactant can be kinetically tricked
into forming highly curved toroidal structures. Our free energy calculations
illustrate that the scission barrier of toroidal micelles, despite being under a
high curvature stress, is in fact rather similar to that of worm-like micelles.
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Consequently, the lifetime of a highly curved toroidal micelle is similar to the
breaking time of its corresponding micelle at equilibrium. Our work provides
a unique molecular glance into the complex kinetics of stimuli-responsive self-
aggregation on a nano scale. Despite seemingly similar kinetics of structure
formation on di↵erent length scales, scale dependent di↵erences in the life-
time of formed phases can arise when the phases are kinetically rather than
thermodynamically stable. Consequently, lipid ‘nano rings’ have a lifetime of
likely milliseconds to seconds, quite in contrast to the highly metastable toroidal
micelles formed by block copolymers. This explains the paradoxical absence of
toroidal micelle phases at a tenfold smaller length scale.

We now consider it plausible that lipid ‘nano rings’ have already been fabricated
within experiments but have thus far escaped experimental detection. We therefore
advocate experimental revisiting of previously studied thermo-responsive lipid
bola amphiphile systems (e.g, citations [30, 52]) with state-of-the-art time-
resolved X-ray scattering techniques (e.g, citation [51]). Of related interest
is the observed thermodynamic preference of lipid bola amphiphiles to form
disc-like structures below Tm. The presence of disc-like structures may very
well explain the regular thickness undulations observed in AFM experiments in
fibrils formed by lipid bola amphiphiles below Tm [43]. Isolated lipid discs could
alternatively precipitate from solution and form fibrils via repetitive stacking
of discs analogous to their observed behavior in block copolymer mixtures [8].
Repetitive stacking of slightly tilted discs may explain the observation of fibrils
with a somewhat helical appearance as has been observed in transmission electron
microscopy of hydrogels formed by lipid bola amphiphiles [30, 68]. Fitting high-
resolution SANS and SAXS sprectra of these fibril structures with alternative
models based on disc structures in either a ‘chained’ (see Fig. 3.1A) or stacked
conformation may yield novel insights into the packing and self-organization of
lipid Pluronic analogs below Tm.

Finally, the stability and lifetime of ‘nano rings’ could be increased by introducing
a restoring force which opposes unbending of the torus. Incorporation of a
short double-stranded DNA fragment or another poly-electrolyte within the torus
can compensate the unfavorable bending energy stored within a positively net
charged toroidal micelle at low ionic strength. Because of their versatile self-
organization, bolaamphiphiles have already illustrated a great potential in the
field of drug delivery [28]. Lipid ‘Nano rings’ stabilized by DNA fragments may
have interesting applications in, for example, gene delivery technologies [5, 69].
Their small size (' 10 nm) as well as their responsive nature upon external stimuli
such as, for example, temperature and ionic strength may be advantageous for the
transfection of small DNA fragments in cells.
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Appendix 3.A Supporting Information

3.A.1 System setup

Simulation settings. Molecular dynamics simulations were performed with the
GROMACS simulation package [25] version 2019, unless stated otherwise. We
used the MARTINI coarse-grained model [26] version 2.2 to simulate the lipids,
nucleic acids and solvent. Timescales noted within this work are corrected for the
four times faster di↵usion of the coarse-grained model in comparison to atomistic
simulations (multiplication by a factor of four) [26]. In all simulations, the system
was coupled to a constant temperature bath using the ’V-rescale’ algorithm with
a relaxation time of 1.0 ps. For the solvent free replica exchange simulations a
Langevin thermostat was used with a friction coe�cient of 0.25 ps�1. The time
step used in the simulation was 20 fs. The dielectric constant in the simulations
was ✏r = 15. The neighbour-list was updated every 10 simulation steps. The
pressure was isotropically coupled to 1 bar (Berendsen pressure coupling) with a
relaxation time of 1.0 ps. A shifted cuto↵ of 1.2 nm was used for both Coulomb-
and Lennard-Jones (LJ) interactions. Interactions were gradually scaled to zero
beyond 1.0 nm (coulomb) and 1.0 nm (LJ) respectively.

Surfactant model. The molecular structure of a PC-C32-PC single chain bola
surfactant is illustrated in Fig. 3.4. The head groups of the thermo-responsive
lipid surfactant – a single chain bola lipid – were modeled by a negatively charged
“Q0” 6-12 Lennard-Jones (LJ) interaction type (PO4 group) and positively charged
“Qa” 6-12 LL interaction type (NC3 group). The 8 tails beads were modeled by
“C1” 6-12 LJ interaction types. All interaction types are corresponding to the
standard LJ definition within the Martini model. Bonded parameters correspond
to the standard martini force-field of a DPPC lipid. The equilibrium bond angle
between the phosphate and first carbon bead was set to 120 degrees.

Replica Exchange Molecular Dynamics simulations (REMD). In the solvent free
simulations (DryMartini model) replica exchange simulations were performed
using Gromacs version 4.5.7. The exchange frequency was every 100 simulation
steps (2 ps). In all solvent free simulations, a Langevin integrator with an inverse
friction coe�cient of 4 ps�1 was used to couple the system to a heath bath. The
following temperature ladder was used:279.8 284.8 289.9 295.0 300.2 305.5
310.8 316.2 321.6 327.2 332.2 335.6 338.0 339.9 342.8 344.6 350.1 356.0 362.0
368.0 374.2 380.4 386.7 393.1 399.6 406.1 412.8 419.5 426.3 433.2 440.2 450.0
K. It is important that the ‘replica density’ is su�cient near the phase transition
temperature such that exchanges between temperature below and above Tm can
occur. The here suggested temperature ladder yields a finite acceptance ratio over
all replicas. The obtained average transition probabilities are: .31 .30 .29 .31 .31
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Figure 3.4: CG model of the PC-C32-PC single chain bola surfactant used in this work.

.31 .30 .29 .32 .39 .56 .69 .76 .64 .77 .39 .36 .37 .37 .38 .38 .38 .37 .37 .38 .38

.40 .39 .40 .39 .25.

Surfactants were randomly distributed over the 20 nm3 simulation box at the start
of each replica simulation to yield an unbiased starting structure. Coalescence
of surfactants into micelle structures spontaneously occurs in the course of the
simulations. The box dimension was 20x20x20 nm3. Because micelle structures
are attractive within the solvent free model (hydration repulsions are absent)
larger box dimensions were chosen to prevent self-interactions over the periodic
boundaries. It is noteworthy that these larger box dimensions do not comprise
the computational e�ciency, quite in contrast to the simulations performed in
explicit solvent.

Each replica was equilibrated (thermalized) for 1.6 ns. The total simulation length
for each replica was 1.6 µs. Simulation parameters were chosen as o�cially
recommended for the DryMartini model.

For the simulation in explicit solvent, we used the following temperature ladder:
270.84 271.57 272.31 273.05 273.79 274.54 275.28 276.03 276.78 277.52 278.28
279.03 279.78 280.54 281.30 282.06 282.82 283.58 284.34 285.11 285.88 286.65
287.42 288.19 288.96 289.74 290.52 291.30 292.08 292.86 293.65 294.43 295.22
296.01 296.80 297.59 298.39 299.18 299.98 300.78 301.58 302.39 303.20 304.00
304.81 305.62 306.43 307.25 308.06 308.88 309.70 310.52 311.34 312.16 312.99
313.82 314.65 315.48 316.31 317.14 317.98 318.82 319.66 320.50 321.35 322.19
323.04 323.89 324.74 325.60 326.45 327.31 328.17 329.03 329.89 330.75 331.62
332.49 333.36 334.23 335.10 335.98 336.86 337.74 338.62 339.50 340.39 341.27
342.16 343.05 343.95 344.84 345.74 346.64 347.54 348.44 349.35 350.25 351.16
352.07 352.98 353.90 354.81 355.73 356.65 357.58 358.50 359.43 360.35 361.29
362.22 363.15 364.09 365.03 365.97 366.91 367.86 368.80 369.75 370.70 K,
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yielding acceptance rates of .64 .64 .63 .63 .63 .63 .63 .63 .64 .63 .64 .64 .63 .62
.63 .64 .63 .63 .63 .63 .62 .62 .63 .63 .62 .62 .62 .61 .62 .62 .62 .62 .61 .62 .62 .62
.63 .63 .62 .63 .62 .63 .64 .63 .63 .63 .64 .64 .64 .64 .64 .64 .64 .63 .64 .64 .63 .64
.64 .63 .64 .64 .64 .64 .63 .63 .64 .63 .64 .64 .63 .63 .64 .64 .64 .63 .64 .63 .64 .64
.64 .64 .65 .64 .63 .64 .64 .64 .64 .64 .64 .63 .63 .64 .63 .64 .65 .63 .64 .63 .65
.65 .64 .64 .63 .64 .64 .64 .64 .64 .64 .64 .64 .64 .63 .63 .64 .64 .63. All replicas
started with the disc-like micelle obtained in the solvent free simulations. In these
simulations the system’s potential energy and therefore the transition probability
between replicas is dominated by solvent fluctuations (see Fig. 3.7). Therefore,
the solvent free model gives a more reliable result of the actual structural ensemble
obtained via REMD. For all replica a disc-shaped micelle formed from 144 bola
lipids was used. The box dimension was 12.5x12.5x8.0 nm3 and contained
' 12770 solvent beads, with 1260 of which being Martini Anti-freeze water
beads. Each replica was equilibrated for 1.2 ns in the NVT ensemble and 4 ns in
the NPT ensemble. The total simulation length for each replica was 1.2 µs. The
velocity rescale algorithm was used for temperature coupling and the Berendsen
barostat for pressure coupling respectively. Coupling parameters were chosen in
accordance with the recommended simulation parameters for the Martini model,
which can be found on the o�cial Martini webpage.

Worm-like micelles. The periodic worm-like micelles used for estimating the
scission barrier consist of 100 surfactants and about 7010 solvent beads. The
box dimension was 8.5 ⇥ 8.5 ⇥ 14.1 nm3. These periodic worm-like micelles
were constructed from spontaneous aggregation by randomly placing lipids
within a cylindrically confined region (a flat bottom potential) with a radius
of 2.5 nm (at 360 K). The large disc-like micelle of 500 surfactants was obtained
by stacking the continues worm-like micelle along the x-dimension. The slow and
computationally expensive transition toward disc-like structures was obtained by
simulating this worm-like micelle at 273 K for about 10 microseconds using the
solvent free version of the model. The heat shock simulations were performed in
explicit solvent in a system with a box dimension of 40 ⇥ 20 ⇥ 22 nm3 containing
120000 solvent beads.

DNA simulations. All DNA simulations were performed using a coarse-grained
model of an 12-base pair double stranded DNA d(CCCCCTTTTTCC)2 [70]. The
toroidal micelles were comprised of 72 neutral PC-C32-PC lipids and 72 cationic
lipids. Cationic lipids where modeled by modeling the phosphate group as
electrically neutral. The box dimension was 11x11x8.4 nm3 and contained ' 6500
solvent beads. In these simulations long range electrostatics were introduced
using the particle-mesh Ewald summation method. Electrostatic screening by the
solvent is implicit via the dielectric constant, ✏r = 15. Counter ions were added to
ensure electrostatically neutral conditions. It should be noted that electrostatics is
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only semi-quantitatively described by these type of coarse-grained models.

SAXS and SANS spectra. Scattering spectra were resolved using the CRYSON
and CRYSOL online servers (https://www.embl-hamburg.de/biosaxs/atsas-
online/) [46, 47] using default settings. This server requires an atomistic structure
file (pdb file) as an input to resolve the corresponding spectra. Atomistic structures
of micelles were obtained by back mapping the obtained coarse-grained structure
using the initram platform in combination with the Charmm36 force-field [71].

3.A.2 Free energy calculations

Free energies were calculated using a modified version of the improved string
method [72–75]. For these calculations a customised version of Gromacs 4.6.4
was used. The string method allows for the reconstruction of a physical path,
i.e. the path of the minimum free energy (MFEP), between the two end-states.
This path represents the most likely reaction pathway for the transition between
the reference states. This is achieved by an iterative two step procedure. First,
the free energy of the morphologies along the path (string) are minimized due to
the gradient of the free energy in density space, which is described by the local
chemical potential

µup(r) =
�Fup(m(r))
�m(r)

= k kBT [m(r) � hm̂(r, {r})i] (3.1)

where m̂(r) are the local densities computed from the coordinates of a reference
structure and m(r) are the instantaneous local densities. The factor k denotes
the force constant of the harmonic umbrella potential. The chemical potential is
computed by performing short restrained simulations of all configurations along
the string within the applied umbrella field (Vup). The excess local chemical
potential µ balancing the applied external field is directly derived from the
di↵erence of the reference density field and the average density distribution
during the simulation. The reference densities of the successive iteration are
reevaluated by

m(c)n = m(c)n�1 �
µ(c)
kBT
✏, (3.2)

where ✏ is a constant defining the "speed" of this evolution, m(c) and µ(c) are
the local density and chemical potential at a given grid point c. This leads
to a minimization of the free energy of the system, which e↵ectively means a
quenching of fluctuations around the meta-stable state.
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In a second step the string is reparameterized and renormalized via fitting to cubic
splines such that all morphologies are positioned equidistantly along the path
(distances are normalized with respect to the overall arclength).

The free-energy di↵erences along the MFEP can be obtained by integration over
the chemical potential along the path, given by the contour parameter s.

�F(s) =
Z s

0
ds0

dF
ds0
,

dF
ds
=

Z
d3

r
�F[ms]
�ms

dms

ds

=

Z
d3

rµs(r)
dms(r)

ds

(3.3)

This integration is a volumetric, multidimensional equivalent of integrating the
force along the arclength to obtain the performed equilibrium work.

The scission reaction was split in 30 consecutive simulation windows based on
linear interpolation of the calculated density vector of the two end states. An
umbrella field strength of k = 50 kJmol�1nm3 was used. This value was chosen
based on experience as a balance between maintaining the configuration of a
specific point along the string, yet enabling free di↵usion of the lipids. It is
important to emphasize that this field only acts on the hydrophobic density, i.e.
the carbon tails of the surfactants (C1 beads within the martini model). Scission
end states were obtained by exploiting the ability of the density field method to
impose manually constructed ‘voids’ within the hydrophobic density. The string,
i.e. the local reference densities of the 30 morphologies, was iteratively evaluated
and updated every 10 ns. Free energy calculations were performed within the
NVT ensemble after a short relaxation within the NPT ensemble. This choice
of ensemble is not expected to significantly (< 1 kBT ) a↵ect the free energy
di↵erence between the end states.

3.A.3 Bending free energy of a toroidal micelle

Since a toroidal micelle has zero Gaussian curvature, it can be described by a line
with one principle radius 1/R and a bending modulus . The bending free energy
per unit length is given by F = 1

2(
1
R )2 [17]. Since the arclength of the torus is 2⇡R

the total bending free energy of the torus reduces to 2⇡R ⇥ 1
2(

1
R)2 ! F(R) = ⇡R .

F(R) has no free energy minimum and favors growth toward an infinite radius.
However, creation of excess arclength is penalized by a tension due to the
compressibilty of the micelle. Owing to a large compressibility the concomitant
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Figure 3.5: Hemifused toroidal micelles. We performed 20 independent 1 µs simulations
of two hemifused toroidal micelles at 360 K. Scission into two independent micelles is
the most likely pathway. Alternatively, ring opening can occur and results in a key-like
structure. The remaining tail is either completely absorbed by the growing ring or a
successive, second ring opening event occurs which results in a worm-like micelle. Ring
opening thus mainly occurs in the presence of branched structures. The inset show an
example of the corresponding structural ensemble observed in experiments [8].

strain energy is small in comparison to the bending free energy and is therefore
being omitted in our rationalization of toroidal micelle formation.

3.A.4 Entropic contribution to the free energy barrier of
toroidal micelle formation

We model a growing micelle via step-growth polymerization like a random walk
in three dimensions. The end-to-end vector ~R of the worm-like micelle with
contour length L is distributed according to the following probability density
function P(~R) = ( 3

2⇡Ll)
3/2e� 3~R2

2Ll , with l being the statistical chain length [76–78].
The probability to form a toroidal micelle is given by Ptor =

R ✏
0 4⇡R2P(~R)dR with

✏ being a small fixed minimal distance that su�ces for fusion of the two free ends.
The distribution P(~R) widens when L increases and since ✏ is a fixed quantity
Ptor decreases with increasing L. The normalization factor ( 3

2⇡Ll)
3/2 rescales the

integral when L increases. Therefore, the scaling of Ptor with L is of the form
Ptor / L�� (� > 0). This general form is conserved even when the random walk
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Figure 3.6: Temperature replica exchange molecular dynamics simulations of an self-
aggregate consisting of 144 surfactants. The phase transition temperature Tm (about
330 K in this model) is characterized by a jump in the temperature versus potential energy
relationship (vertical dashed line). The structural space is dominated by disc-like micelles
< Tm and toroidal micelles (> Tm). Slightly above 330 K deformed discs and occasional
double disc structures (‘propeller’ like structures) are formed consisting of smaller discs.
This latter structure escapes into a worm-like micelle fragment rather than a toroidal
micelle likely because the small size of the disc does not enable such a transition. In this
example, all simulations started from a random spatial distribution of surfactants over the
simulation box (solvent free model).

deviates from ideal behavior. Since the free energy �F is proportional to �lnPtor,
it immediately follows that �F / �lnL. It is important to emphasize that this
weak contribution plays in fact little to no role in the formation of highly curved
toroidal micelles (L is in the order of the thickness of the worm-like micelle).
Formation of highly curved toroidal micelles is predominantly determined by the
bending free energy.

3.A.5 Bending modulus of the worm-like micelle

Estimation of the elastic bending modulus of a worm-like micelle is inspired
by the observation of a tri-junction formed after ring opening of two hemifused
toroidal micelles. The attached appendix is subsequently absorbed by the toroidal
micelle due to the inclination to minimize the bending free energy (see Fig. 3.12).
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Figure 3.7: Temperature replica exchange molecular dynamics simulations of an self-
aggregate consisting of 144 surfactants under explicit solvent conditions. Detailed
analysis of enthalpy (potential energy). The linear behavior of the potential energy
with temperature is because of the presence of solvent. The potential energy can be
decomposed into Lennard-Jones (LJ) and electrostatic (Coulomb) contributions from
bola lipids (Bol) and solvent (W). The trend in lipid-lipid interactions (bol-bol) suggests a
chain melting temperature of about 295 K under explicit solvent conditions. The obtained
structural ensemble features disc-like (< Tm) and toroidal micelles (> Tm).

Hence, the absorption force FL exerted by the growing toroidal micelle directly
relates to the bending modulus, . The bending free energy of the toroidal micelle
is given by, F = ⇡R . Minimization of the bending free energy results in an excess
line tension. The concomitant radial force that drives growth of the micelle’s
radius via absorption of the appendix is, dF

dR = � ⇡R2 . The relationship between
the radial force and the line tension (the line tension equals the absorption force
FL) is given by the geometric conversion: dF

dR = 2⇡FL. Substitution yields,
� ⇡R2 = 2⇡FL !  = �2FLR2. The absorption force FL can be directly measured
from a long simulation at a fixed length L (see Fig. 3.12). Owing to the micelle’s
large resistance against stretching the obtained value of  lies close to the value
of  at tension-less conditions.
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Figure 3.8: (left) Helical fibril formed by bola surfactants with an inherently sti↵
hydrophobic chain, i.e. the hydrophobic chain is modeled as a sti↵ rod (a harmonic bond
angle potential with a force constant of 10000 kJ/mol). The helix features a hydrophobic
pitch/grove (colored green) running over the surface of the helix. Reintroduction of
realistic chain flexibility rapidly transits such a helix into a worm-like cell even below Tm
indicating loss of thermodynamic stability. (right) Repetitive stacking of slightly tilted
discs may alternatively explain the observation of fibrils with a faint helical appearance
as has been observed in “uranyl stained” transmission electron microscopy of hydrogels
formed by lipid bola amphiphiles [30, 68]

3.A.6 Scale dependence of the scission barrier

To explore the influence of length scale on the stability of the toroidal micelle,
we express the bending free energy stored in a toroidal micelle in terms of the
radius of its constituting cylinder r and the radius of the toroidal micelle R (see
Fig. 3.13). Since the overall shape of the torus itself and therefore its bending free
energy is largely conserved at the scission barrier, the free energy barrier against
ring opening mainly stems from the excess bending free energy required to create
two hemispherical free end caps with a mean curvature of 1/r. Therefore, the
goal is to derive how the free energy energy of the two end caps 2Fend scales
with r. To this aim, we suppose that the constituent rod is a Hookean material,
homogeneous, with Young’s modulus Y . The bending free energy per unit length
Fr is given by Fr =

1
2YI( 1

R )2 with I being the moment of inertia of the rod’s cross
section. For a solid rod I = ⇡

4 r4. Therefore, the bending free energy per unit
length is given by Fr =

⇡
8 Yr4(1/R)2. Equivalently, Fr can be expressed in terms

of the bending modulus  ! Fr = 1/2(1/R)2. Therefore,  can be alternatively
written in terms of Y as,  = ⇡4 Yr4. This expression illustrates that  / r4. Since
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Figure 3.9: Simulations of a preformed hexagonally shaped at 275 K with the bola
surfactants being ’sliced in halve’ thereby yielding a lipid surfactant with a regular
architecture (shown in the inset). The disc rapidly loses it structural stability and morphs
into a regular worm-like micelle despite conservation of the overall hydrophobic and
hydrophilic volume fraction. These simulations illustrate the important role ’bolafication’
of surfactants plays in stabilizing the disc’s structure.

Figure 3.10: SANS spectrum resolved for a toroidal micelle, a disc-like micelle in
the gel phase (< Tm), and a small ‘aspherical’ micelle consisting of 60 surfactants only.
Molecular snapshots of the three corresponding structures are illustrated in the inset.
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Figure 3.11: Molecular simulations illustrating the spontaneous uptake of a 12-base
pair double stranded DNA fragment by a 10 nm-sized toroidal micelle (144 surfactants)
comprised of 50 % cationic and 50 % zwitterionic lipid surfactants. The micelle has a
positive net charge, the DNA is negatively charged. DNA uptake is driven by a gain in
Coulomb energy. Counter ions (Cl�) are depicted as blue spheres.

Figure 3.12: Calculation of the bending modulus. Since a toroidal micelle of radius R
tends to minimize its free energy via additional radial growth, the attached appendix is
being absorbed due to a force FL. This force is measured by conserving the distance L,
i.e. the distance between the center of mass of the two purple colored lipids. The total
system contains 189 lipids. The radius of this (smaller) ring is about 2.5 nm as measured
from the hydrophobic center of the constituting cylinder. The force FL ,measured over
600 ns simulation, is �7.8 ± 1.0 kBT /nm or about 38 pN (a considerable pulling force on
a molecular scale). Therefore, the resulting bending modulus  = 97.5 kBT ·nm or about
100 kBT ·nm.
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the diameter of a highly curved polymeric toroidal micelle is a tenfold larger,
and given that the aspect ratio r/R is conserved, the diameter of its constituting
cylinder will also be a tenfold thicker. Consequently,  increases by a factor,
104 = 10000.

Figure 3.13: Sketch of a torus with total radius R. The radius of the constituent cylinder
is r. The gauss-bonnet theorem dictates that a torus has zero Gaussian curvature. Because
of symmetry the integral Gaussian curvature of each cross-section along the contour of
the torus (e.g., indicated by the blue, red and purple circles) must therefore also be equal
to zero. Consequently, the free energy density along the contour only depends on the
mean curvature and its concomitant elastic modulus. A torus can therefore alternatively
be modeled by a line (colored grey) with a single e↵ective bending modulus [17]

Finally, we need to establish a relationship between the bending modulus 
of the constituent worm-like micelle and the elastic free energy of the two
hemispherical free end caps, 2Fend. The Helfrich elastic free energy [79] of
a spherical lipid vesicle Fves with a radius R is given by, Fves =

R
A(2mem

1
R2 +

mem
1

R2 ). Integration over the surface area 4⇡R2 yields a constant free energy,
Fves = 8⇡mem + 4⇡mem, whose value is invariant of R and only dependents
on the independent contributions of the mean curvature modulus mem and the
Gaussian curvature modulus mem [79]. Equivalently, the free energy of the
micelle’s hemispherical end cap in the monolayer representation is of the form
2Fend = 8⇡mono(r) + 4⇡mono(r). Thus, 2Fend is linearly proportional to the value
of each elastic modulus within the monolayer representation.

In contrast to a vesicle, a toroidal micelle has zero overall Gaussian curvature
because its genus is 1 (gauss-bonnet theorem) and its bending free energy is thus
independent on the value of mono [15]. Cross-sections of the torus are indicated
by di↵erent colored circles with radius r in(see Fig. 3.13). Because of symmetry,
the total integral Gaussian curvature of a torus can only vanish when the local
integral Gaussian curvature of each cross-section vanishes. Consequently, the
contour’s free energy density can be modeled by a line (colored grey line
in Fig. 3.13) subject to a single, e↵ective modulus . In case of an open
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torus, the Gaussian curvature only contributes to the free energy of the two
hemispherical free end caps – the scission barrier – whose total free energy
can be described by the above constant 2Fend. The free energy density of the
torus’ cross-section must be equivalent in both Hamiltonian descriptions [15,
17],

R
L

1
2(1/R)2 !

R
A(1

2mono(2H(R, r))2 + monoK(R, r)), with H being the local
mean curvature and K the local Gaussian curvature. The first Hamiltonian does
not explicitly depend on r since its contribution to the free energy density is
e↵ectively embedded within the value of :  / monor. Hence, the dimension of
 is energy times length whereas the dimension of mono is energy. Finally, since
2Fend is linear proportional to mono it thus follows that 2Fend / r3. However,
this estimation only provides a lower bound on how 2Fend scales with r since
the contribution of 4⇡mono(r) is not known. The estimation holds as long as
4⇡mono(r) scales similar or less with r than 8⇡mono(r).

Appendix 3.B DFTI Calculation
We used the DFTI method as described in Chapter 0 to calculate the free energy
di↵erence between a bolo lipid torus and a worm-like micelle (see 3.3). A
quadratic coupling scheme (Sec. 2.3.2.1) in combination with the proposed
minimization scheme (2.3.3) was used. Due to strong fluctuations in a very weak
restraining field the evaluation of the full thermodynamic cycle is not possible.
In accordance to our results obtained for the scission of the continuous WM
Fig. 3.14 we were able to reproduce the results obtained via the string method
(Fig. 3.3). The result of 14.20+-1.23 (k = 100: 15.43±1.63) for the morphing in
the restraining external potential are in good agreement with our results from the
string method (16.25±0.99). This serves as an additional prove of concept for the
DFTI method.
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Figure 3.14: DFTI of the scission event of a toroidal bola lipid micelle using
a quadratic coupling scheme without optimization and after 33/59 updates. (a)
Switching of the density field from a torus to a wormlike micelle. (b) Cumulative
change of free energy along reaction coordinate calculated from the chemical
potential for di↵erent k = 50, 100 . (c/d)The free energy contribution associated
with switching o↵ the restraining field for torus/WM. Values of the field strength
k are in units of kJmol�1nm3.
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Chapter 4

Lipid Droplet Modelling

4.1 Introduction

Lipid droplets, also called lipid bodies, fat bodies, adiposomes or oil bodies in
plants, are the organelles that serve as energy storage in cells. These 1 � 100µm
sized objects are found in most eukaryotic cells and have become a very active
field of research with ever growing interest in the last decade [38, 39]. LDs are
set apart from other organelles found in the cell by their unique architecture: An
accumulation of predominantly neutral lipids and sterol esters shielded from the
cytosol by a phospholipid monolayer [40].

Figure 4.1: Lipid droplet biogenesis model: The droplets are formed by
accumulation of neutral lipids, synthesized by DGAT1 and DGAT2, in the bilayer
of the endoplasmic reticulum. After reaching a certain size the oil lenses bud
towards the cytoplasm. Most lipid droplets remain connected to the ER, acquiring
specific proteins through lipid bridges, while some may disconnect. (Republished
with permission of ANNUAL REVIEWS, INC., from Ref. [41]; permission
conveyed through Copyright Clearance Center Inc.).

Figure 4.1 shows the lipid droplet biogenesis as proposed by Walther et al. [41].
The neutral lipids forming the droplets are mostly triaclyglycerols (TAG) formed
by esterification of fatty acids in the endoplasmic reticulum (ER). The droplets
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are at the core of lipid metabolism, growing in nutrition excess and releasing
the neutral lipids for energy production when needed. At a critical nucleation
concentration (CNC) of 3-10 mol% these lipids phase separate to form TAG
lenses between the two leaflets of the ER membrane [42–44]. Formed lenses
eventually coalesce or grow to form nascent droplets that unidirectionally emerge
from the ER bilayer towards the cytosol [45, 46]. This budded state of TAG
lenses with sizes <200µm is labeled nascent lipids droplets (nLDs). The size
of the droplets at which this process occurs and the mechanism are not yet well
understood.

Early stage droplet formation (lenses, nLDs) is elusive to all experimental
techniques at hand [44]. Usage of neutral lipid fluorescence dyes fails for small
assemblies of neutral lipids. Wang et al. detected early stage droplets of ⇠ 0.4µm
using a fluorescence labelling of the GPAT4 membrane hairpin domain (LiveDrop
method) [47]. nLDs detected via electron microscopy tomography are in the
range of 30-60 nm [48].

Also in the later stages of the droplet’s life, many open questions remain, e.g.
whether a formed droplet leaves the ER entirely or permanently stays connected
or how the growth process of the droplets is coordinated [49, 50]. Various studies
found that many factors may drive or influence the budding process, such as
membrane asymmetry, surface tension, lipid composition and/or ER topology [51–
53]. Lipids that promote negative spontaneous curvature, e.g. diacylglycerols
(DAGs), facilitate LD embedding, whereas lipids promoting positive spontaneous
curvature, e.g. lysolipids, help the budding process [54, 55]. It is debated whether
an assymetry in the lipid composition between the layers [56] or the positive
curvature of the tubular ER gives rise to the direction of the emergence [54].

Chorlay et al. extensively studied the e↵ect of surface tension budding direction
of LDs using on the droplet shape to describe the dewetting. Their experiments
suggest that for droplets > 20 nm the e↵ect of surface tension dominates over
curvature e↵ects and an asymmetry in the surface tensions of inner and outer
monolayer determines directionality [57]. Deslandes et al. [58] found that neither
intrinsic ER asymmetry, nor spontaneous curvature of the monolayers, but rather
the marked di↵erence in surface tension between bilayer (⇠ 10�5 N/m [52]) and
monolayer (⇠ 10�3 N/m [59]) is critical for budding.

The rich proteom associated with the droplet monolayer and the contact site
between LD and ER is investigated for its potential role in regulating the aspects
of the droplet formation. Amongst other proteins, such as Rab18, FIT2, Pex30
and ACLS3, seipin was found to be one key player in the regulation of the droplet
formation [45, 46, 50]. Seipin foci were found to be moving along the ER until
colocalizing with the formation sites of the neutral lipid lenses [50].
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Figure 4.2: Seipin undecamer model generated on basis of Cryo-EM structure
6DS5 [66] using Modeller. Color code is chosen by protomer. left: side view,
right: top-view

A deficiency or mutations of seipin lead to abnormal droplet formation (supersized
or tiny) and are linked to neuronal disorders and lipodystrophy [46, 47, 49, 60–62].
The exact role of seipin in LD formation is yet to be clarified. Hypotheses range
from a role in stabilizing nascent droplets, destabilizing the ER membrane in
order to allow growth of lenses [63], regulating TAG delivery to already formed
droplets [64] or stabilizing the contact between ER and LD [65].

The structure of the highly conserved seipin oligomers was only recently revealed
by Cryo-EM imaging [66, 67]. Human seipin was found to arrange as undecamer
in a ring shape (Fig. 4.2).

Each protomer possesses two transmembrane helices linked by a luminal part
localized in the ER lumen. The core of the seipin ring, surrounded by the 11
protomer �-sandwich, is formed by hydrophobic ↵-helices serving as membrane
anchor [66]. The well conserved luminal domain has high similarity to known
lipid binding proteins and was shown to be able to bind phosphatic acid (PA).
This suggests a role in phospholipid (PL) or DAG synthesis by facilitating access
of metabolic enzymes to their reagents [66].

Salo et al. captured the ER-LD contact site via electron microscopy. They
observed well-defined neck-like structures of sizes in the range of the seipin
oligomer, suggesting the hypothesis that seipin is crucial to maintain this
structure [64].

However, there are many open question and factors that need consideration on the
journey to understanding the mechanism of initial formation and budding process
of LDs.
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The aim of this project was to build a coarse-grained lipid droplet system that
allows studying the budding process. The multiple factors that are potentially
important for the budding process require a highly adaptable model. The choice
of the Martini model o↵ers the option to easily alter the system. The model
was intended to be used with our free-energy methods to elucidate the energetic
requirement associated with the budding process and to investigate whether seipin
may facilitate the process by stabilizing the bilayer/LD contact. The budding
process was to be studied with and without seipin to compare di↵erences that may
arise due to the presence of the protein. To this aim, a coarse-grained structure of
the seipin dodecamer needed to be prepared from the cryo-EM structure which
lacks the transmembrane domain.

4.2 Simulation Setup

Simulation and Analysis Tools All simulations were performed using the
Gromacs simulation package, v2019.6 or v2020.4 [24–26]. Trajectories were
analysed using the python package MDAnalysis v1.0 [68] and visualized using
nglview v2.7.7. All simulation parameters follow the o�cial recommendations
for the Martini force field [30, 69]. Furthermore, Insane [70] was used for
generation of POPC (palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine) bilayers,
the Modeller package v9.21 for protein modelling and martinize v2.6 [71] for
coarse-graining of atomistic structures.

Lipid Droplet Model The lipid droplet model was built by multiple short
assembly steps using the DryMartini model (v2.1). The simulations were
performed using Gromacs v2019.6 using a leap-frog stochastic dynamics
integrator (SD) at 310 K with a time step of 40 fs. The shift algorithm was used
for electrostatic interactions. with a cut-o↵ of 1.2 nm. A single cut-o↵ of 1.4 nm
was used for Van der Waals interactions. Pressure coupling was done with the
Berendsen barostat with a reference pressure of 0 bar and semiisotropic coupling.
The neutral lipid core containing 2000 TAG molecules (triolein, parametrization in
accordance to Ref. [72]) was formed by self-assembly from a random distribution.
POPC was added to the box until no additional molecules were accommodated
in the self-assembled monolayer formed around the neutral lipid lens. The
formed droplet was joined at varying distance with a 40x40 nm POPC membrane
assembled using the Insane tool to form a lens and a budded droplet. A flat-bottom
restraining potential was used to establish a membrane protrusion connecting the
initial droplet with the bilayer for the budded droplet setup. The resulting system
was solvated using standard Martini water.
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Lipid Droplet Asymmetry Reduction The simulations were performed using
Gromacs v2020.4 using a time step of 30 fs and the force field parameters
of the Martini model (v2.2). Neighbour searching was performed every 20
steps. The reaction-field algorithm was used for non-bonded interactions
with a cut-o↵ of 1.1 nm. After energy minimization the simulations were
carried out in the NPT ensemble. A pressure of 1 bar was ensured using the
Parrinello–Rahman barostat [73] Temperature was controlled at 310 K using the V-
rescale thermostat [74]. The POPC asymmetry was reduced in steps of 18 POPC
over a course of 78 consecutive simulations of 300 ns. After each simulation a
python script (MDAnalysis) was used to identify the leaflets, randomly select
POPCs for deletion and generate new input configurations and topologies.

Pulling Simulations The simulations were performed using Gromacs v2020.4.
A leap-frog stochastic dynamics integrator (SD) was used at 310 K with a time
step of 30 fs. The Shift algorithm was used for electrostatic interactions with a
cut-o↵ of 1.2 nm. Pressure was maintained at 0 bar with the Berendsen barostat
and semiisotropic coupling. The implicit solvent DryMartini model was used.
Di↵erent pull coordinates were tested on a LD lens using all TAG molecules and
the POPC molecules of the lower monolayer as reference groups. A 10 nm pore
was introduced using a cylindrical flat bottom potential on the POPC molecules
oriented along the z-axis. A pull rate of 0.00002 nm ps�1 and a force constant of
500 kJ mol�1 nm�2 was used.

Alchemical Transformation A solvated 10x10 nm2 POPC bilayer was pre-
pared using Insane. The leap-frog stochastic dynamics integrator (SD) was used
with a time step of 30 fs and the temperature set to 310 K. The Shift algorithm
was used for electrostatic interactions with a cut-o↵ of 1.2 nm and pressure was
maintained at 1 bar using the Parinello-Rahman with semiisotropic coupling. A
cuto↵ of 1.1 nm and a table-extension to 2.5 nm was used. The POPC that were
decoupled were set as reference group for the decoupling. First the Coulomb
interactions were decoupled in � steps of 0.1 (10 Windows) followed by the decou-
pling of the VdW interactions over 30 steps (mdp-option vdw-q). Intra-molecular
non-bonded interactions were decoupled as well (couple-intramol=yes). A soft-
core potential was used with an sc-alpha set to 0.5 and sc-sigma to 0.47 to account
for the larger Martini beads.

Seipin The undecamer of human seipin was modeled based on cryo-EM
structure 6DS5 (RCSB-PDB) [66]. The cryo-EM structure does not resolve
the transmembrane helices and a short luminal part at the N- and C-terminus of
the protein. Thus, these parts were added to the structure using Modeller. The
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transmembrane ↵-helices were modelled for aa. 27-47 and 247-270 in accordance
to Wee et al. [75]. The N- and C-terminal cytosolic domains (aa. 1-19 and 274-
398) were omitted from the structure. Constraints were added to orient the
↵-helices orthogonally to the luminal part. The atomistic structure was coarse
grained using the Martini tool Martinize.

Seipin was inserted into a 20 nm membrane disc and a salt concentration of 0.15 M
using the Insane tool [70]. After energy minimization a 150 ns simulation was
performed to relax the structure. The simulation was carried out using Gromacs
v2020.4 with the standard leap-frog integrator and a time step of 30 fs. Neighbour
searching was performed every 20 steps. The Reaction-Field algorithm was used
for non-bonded interactions with a cut-o↵ of 1.1 nm. Temperature coupling was
maintaind at 310 K with the V-rescale algorithm and pressure was coupled at
1 bar with the Parrinello-Rahman algorithm.

In order to study the interaction of seipin with TAG blisters a 45x45 nm2

membrane containing 14.8 mol% TAG was prepared. Seipin was inserted as
a cylindrical cut-out from the equilibrated structure into the TAG-containing
membrane using MDAnalysis routines [68]. The resulting TAG concentration
was 11.7 mol%. After energy minimization and a short equilibration, a simulation
of 15µs was performed.

4.3 Results and Discussion
Stability of the budded state The droplet shape and dewetting from the
bilayer in experimental setups, such as the droplet-embedded vesicle system,
is governed by surface tension [57]. The tension can be modulated by the
surface coverage of the monolayers. The budded droplet state described in 4.2
was modelled such that the monolayer which accomodates the majority of
the droplet contains more lipids than the other monolayer. Since the system
is confined in a box with periodic boundary conditions and lipid flip-flops
are unlikely to occur on the timescale of the simulations due to high energy
barriers [76], there is no material exchange between the monolayers. The fat-
storage-inducing transmembrane protein 2 (FIT2) is thought to regulate supply of
new phospholipids to the ER, regulating surface tension and possibly facilitating
adaptation of new morphologies [77].

In order to drive the droplet system from a lens to a budded droplet or vice
versa, the lipid coverage and thus the asymmetry between the two membrane
leaflets can be increased/decreased. In order to test the stability of the budded
state and generate morphologies of intermediate states, two types of simulations
allowing for the compensation of the PL asymmetry of the initial systems were
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Figure 4.3: Snapshots of the LD model: A) Depiction of the deletion scheme:
POPC molecules are randomly selected (red) and deleted from the configuration
(number of selected POPC in the figure is not representative of the actual selection
(18 POPC)). B) Putative role of seipin (red): structural stabilization of the
LD/bilayer contact. C-D) Snapshots at various monolayer asymmetries (50,30
and 0%).

performed. The asymmetry can be modulated by simply successively deleting
excess PLs from one monolayer. This is done in independent simulations that
are automatically set up via a script that performs the manipulation of the
configurations. The morphologies obtained (Fig. 4.3C-E) are in agreement with
simulations performed by Chorlay et al. on a comparable LD system [51]. An
alternative route is to introduce a pore into the bilayer surrounding the droplet.
This setup leads to similar intermediates while keeping the number of molecules
constant. This property is important considering that our free-energy methods,
such as the string method or the density field thermodynamic integration (see
Sec. 3.A.2 and Chap. 2) are only designed for use within the NVT ensemble as of
the writing of this thesis. Using an 8 nm pore formed via a repulsive harmonic
potential the budded droplet state collapsed into forming a lens over the course of
a 2µs simulation.

Order parameter for free energy calculations To simulate the budding
process, it is necessary to find a suitable reaction coordinate that can be used to
describe a reversible transformation path (see Sec. 1.2).
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Our density-field-based free energy methods (see Chap. 2 and 3) could, in
principle, be an elegant way to describe the transformation process. Two choices
for the respective reference molecules are imaginable: a) the hydrophobic tails of
the POPC molecules forming the membrane leaflets or b) the neutral lipids, since
the whole process can be seen as a dewetting process. The dewetting process is
linked to the dewetting angle and the corresponding shape of the neutral lipid
lens [57, 58]. Alas, there are critical objections to be raised.

1) The current implementation of the string method and DFTI as used in Chap. 2
and 3 only allows for simulations at constant volume and is not suited for changes
of the box vectors, which is crucial for the emergence of the droplet from the
bilayer. The budding will contract the box in the membrane plane at a constant
particle number. The grid used to calculate the local densities would need to
be adapted to that change. A simple scaling of the grid with the box vectors is
not su�cient, since it would make the comparison to the reference state or the
comparison between two di↵erent states along a path impossible, causing the
local chemical potential to lose its meaning. A possible solution might be to not
link the construction of the density grid to the simulation box but only apply it
at the "region of interest", e.g. the neutral lipid lens. Still, the implementation
needs careful consideration regarding the accounting for box deformations and
comparability of grid points.

2) Test simulations for a system size of ⇠ 30 k particles (modelling vesicle fusion)
showed a performance (80 ns/day), rendering a su�cient sampling for DFTI as
well as the string method unfeasible. Parallelizing the calculation of the forces
acting on particles due to the external potential, bears the potential of enormously
speeding up the calculations both for the DFTI and the string method.

The Gromacs software package o↵ers a variety of external potentials that can be
combined and applied to restrain or pull/steer a system. The biasing potentials
are applied to reference groups specified as input parameters. A particle or a
group can be pulled with respect to a reference coordinate or another group of
atoms. The distance between the reference groups describes the current state of
the process, i.e. it represents the reaction coordinate. Several pulling schemes
(Fig. 4.4) were considered in order to resolve the dilemma described above but
none were found to do the trick.

In terms of the budding process this could be applied by pulling the center of
mass of the neutral lipid lens away from its equilibrium position (Fig. 4.4A) or by
pulling the lipid lens with respect to the lower bilayer. In the former scheme, the
bilayer will be pulled together with the droplet without triggering the dewetting
from the bilayer. In the latter scheme, the lower monolayer would remain in its
position while the lens is pulled away.
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Figure 4.4: Pulling coordinates for the budding of a neutral lipid lens from a
lipid bilayer with a pore for material exchange. A) direct pulling of the center of
mass (COM) of the TAG lens, B) applying a flat bottom potential to the lower
monolayer (lipids cannot pass beyond this threshold) C) pulling the COM of
TAG with respect to a cylindrical cutout of the lower monolayer, D) di↵usion of
lipids from the lower monolayer to the upper monolayer corrupts unambiguous
determination of COM of the reference group.

A flat bottom potential can be used to ensure that the bilayer (Fig. 4.4B) does not
follow the motion of the droplet. Applying this potential to one of the monolayers
will a) hinder normal undulation of the membrane and b) not allow lipids of the
lower leaflet to move to the upper leaflet. Thus, the transformation is inhibited
by design. Using a cylindrical patch of the lower monolayer (Fig. 4.4C) as a
reference for the pulling of the neutral lipids seemed the most promising, but test
simulations did not yield the transformation results sought. Yet another obstacle
using lipids of the lower bilayer as reference group is the (desired) migration to
the upper layer (Fig. 4.4D). Since reference groups are provided as particle labels
at the beginning of the simulation and not dynamically adapted, this might lead
to artifacts in the calculation of the reference positions/distances.

Additionally, an alchemical approach was tested using the Gromacs built-in
alchemical transformations. By gradually reducing interactions between particles
(Coulomb and LJ), particles can be annihilated from the simulation system.
This is commonly used for the calculation of binding a�nities or solvation free
energies [78, 79]. We applied this scheme to a small POPC membrane patch,
where we morphed 30% of the POPC molecules of one membrane layer. Though
the principle does work, the simulation performance of the Gromacs 2020.4
implementation rendered this method far beyond reasonable usage of computing
time. Especially, since it is to be expected, that a considerable number of sampling
replicas would be necessary to ensure su�cient overlap of all windows along the
transformation path.

Seipin and TAG blisters To investigate the behaviour of the coarse-grained
seipin model described in 4.3, unbiased simulations of the protein in a POPC
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a)

b) c) d)

Figure 4.5: Seipin (MartiniModel) in a POPC membrane with 11.4 mol% TAG.
a: Side view of seipin in the POPC membrane with TAG blisters after 15.7µs.
b-d: Snapshots at t=0,1,15.7µs. Gray dots indicate POPC headgroups. TAG
molecules are colored orange.

membrane containing 13 mol% of TAG between the bilayer leaflets were
performed. The radius of gyration of seipin is lowered over the course of the first
2 microseconds of the simulation (see Fig. 4.6a), indicating a contraction of the
structure. Seipin as modelled from Cryo-EM structure RCSB-PDB 6DS5 [66]
orients its transmembrane helices perpendicular to the membrane plane reducing
the radius of the formed ring to about 6.2 nm. An initially random distribution of
TAG molecules in the membrane quickly assembled into larger clusters of about
100 molecules. After a 15.7µs simulation, the smaller blisters had combined into
three clusters (compare Fig. 4.5). Once a cluster associated with the ring formed
by the seipin transmembrane domains, it stayed in contact. This agrees with the
observation by Zoni et al. [80] that di↵usion of TAGs in the vicinity of seipin
TM helices is slowed down. Fig. 4.6b depicts the count of TAG molecules found
within a cylinder of radius r=6.4 nm or r=3.2 nm from the center of the seipin
ring (⇠center of geometry of the protein).

After about 7µs, the numbers seem to stabilize to 50.0±4.6 and 11.6±2.1 for the
smaller radius (mean calculated for the last 17.64µs). Interestingly, the TAG
assemblies do not cluster in the center of the seipin ring as was very recently
predicted by comparable molecular dynamics simulations by Prasanna et al. [81].
In their data, seipin collects randomly dispersed TAG molecules at an initial
concentration of 2.5 mol% over the course of a 30µs simulation. They also
showed that a serine (Ser166) located in the inner ring of the seipin oligomer
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Figure 4.6: Seipin in POPC membrane with TAG. left: Radius of Gyration of
seipin representing the alignement of the transmembrane domains in the bilayer.
right: Number of TAG molecules associated with seipin within a cylinder of
radius of 6.4 and 3.2 nm from the center of geometry of the protein.

seems to have increased a�nity towards the TAG molecules. The fact that the
number of TAG molecules in a small radius from the seipin center does not
steadily increase (see Fig. 4.6b), indicating that there is no flux from the clusters
at the outer rim of the molecule, seems to contradict these findings. The di↵erent
observations might be due to the initial cluster formation of the TAG molecules.
Prasanna et al. [81] used a low concentration leading to comparatively slow
assembly, whereas the simulations presented here start with TAG assemblies
already present and growing quickly due to high membrane TAG concentration.
Furthermore, a di↵erence in the seipin model could cause di↵erent function
of the protein. The N- and C-terminal transmembrane domains of the same
protomer of the seipin model used in this work are in close contact, whereas it
appears that they are arranged equidistantly around the undecamer in the work
of Prasanna et al. [81]. A possible influence should be addressed in additional
simulations. Salo et al. [64] found that LDs with seipin associated will grow at
the expense of droplets that have been depleted of seipin. Prasanna et al. [81]
further postulated that seipin could be important to facilitate clustering of TAGs
at starving conditions, i.e. low TAG concentration.

A shift in seipins function due to concentration changes could explain the di↵erent
observations. While facilitating growth at low concentrations, seipin may control
the ripening of droplets at high concentrations by linking TAG clusters. The helix
ring could serve as a kind of obstacle ensuring a steady growth while preventing
quick coalescence.
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4.4 Summary and Outlook
Lipid droplets are a good example of the complexity of membrane biology. There
are many facets to this system that need to be considered, e.g. the composition
and curvature of the endoplasmic reticulum [82], the proteins found to influence
LD biogenesis [77] or the physics of fluid materials like lipids itself [42]. In order
to investigate the mechanisms at play, models need to be designed to separate the
various aspects of a process. Decreasing the complexity helps to spot the relevant
mechanisms. Though in silico modelling via molecular dynamics simulations
is vastly limited by the computational resources and routines available, it has
become an important tool to support experimental findings or to deliver new ideas
for experiment design. Finding a suitable reaction coordinate to describe the
budding process as a part of the lipid droplet biogenesis, proved to be di�cult
due to this limitation.

In order to calculate the free energy associated with a constructed path between
a droplet lens and a budded droplet a sequence of structures is produced
which are then sampled individually. Even though the DFTI, as well as the
alchemical approach described in Sec. 4.3 could in principle be used to achieve
the transformation, they can be rendered unfeasible due to simulation cost at the
current state of their implementations. Using the restraining potentials provided
by Gromacs seems the most promising option. Although a thorough scaling to
minimize cost and testing to rule out artifacts due to poorly chosen reference
groups should be considered. Unfortunately, the execution of these simulations
or the implementation improvement is beyond the limit of this thesis.

The role of seipin and its companions, such as PEX30 or FIT2 [77], is still not
fully understood and there are interesting aspects left to be investigated. Molecular
dynamics simulations will presumably gain increasing importance in the process
of elucidating protein function. Aspects of the coarse-grained seipin model could
be refined to ensure that the protein function is not biased. The location of
transmembrane helices, for instance, could potentially influence the interaction
with the neutral lipids. It may be beneficial to employ atomistic simulations
to refine the structure. Also, inter-helix interactions should be investigated to
determine the alignment of the transmembrane helices and the potential shift in
functionality of the seipin oligomer.
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Chapter 5

Summary, Conclusion and
Outlook
Membranes and their constituting lipids are an integral component of life. We are
only at the beginning of understanding the complex interplay of all components.
Molecular simulations can bridge a gap not covered by experimental techniques:
providing a comprehensive insight into processes happening on a molecular level.
With the technical advances in the last decades, the popularity of simulations as a
tool to support or even predict experimental results has vastly increased, and with
it the need for easily accessible methods. The coarse-grained Martini model [30]
is one example of this trend. With its relatively simple near-atomistic building
block approach, it has a comparatively low access barrier and allows for quick
adaptation and extension for a variety of problems.

The density field thermodynamic integration method (DFTI, Chap. 2) that was
implemented and tested in this thesis lives in that same spirit: to provide an
accessible and versatile tool to estimate free-energy di↵erences between two
metastable lipid morphologies.

The combination of a thermodynamic integration (TI) scheme with a density-
based biasing potential paves the way for an application to a diverse set of
problems. The same holds true for the string method adaptation used in this work,
which was first used in this combination by Smirnova et al. [18] to calculate the
minimum free energy path (MFEP) for stalk formation between two apposing
membranes and the influence of the presence of SNARE transmembrane domains.
Both methods were tested on three example systems: the breaking of a worm-like
micelle (Sec. 2.3.2) and a toroidal micelle (see Sec. 3.B) and the formation of
a stalk (Sec. 2.3.1). In all cases DFTI and string method yielded comparable
results.

The density as an order parameter is not only suitable for describing the reaction
coordinate for topological transformations involving lipids, but could also
potentially be used on any component in a system to describe morphologies
without restricting motion of individual particles. With the possibility to tune
the grid size, i.e. the resolution of the density description, it is possible to
even describe delicate configurations, e.g. with regions composed of only one
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molecule, as seen in the examples.

The main advantage of the DFTI is that it is comparatively quick. While the
MFEP needs many (hundreds) iterations for convergence, the DFTI, in principle,
only needs one run. The (basic) implementation as well as the analysis are fairly
straight forward and less prone for implementation errors, since additional steps,
such as the reparametrization of the path in the string method, are not needed.
Yet there are weak points that could be addressed in future work.

1) The integration of the full thermodynamic cycle which would, in principle,
also account for fluctuations of the starting structures, fails if the system picks
up excessive translational degrees of freedom, thus resulting in a large entropic
contribution, when switching o↵ the external restraining field. In the discussed
examples it can be seen that this is less pronounced in the case of the stalk
formation compared to the worm-like micelle simply due to the nature of the
structure and their ability to translate in the simulation box. A trajectory post-
processing routine, where a fitting of the closest image to the reference field is
performed, could be implemented to account for the translation.

Furthermore, the alternative path described in Sec. 2.3.3 is a simple approach to
alleviate this shortcoming. In this scheme a quenching of the fluctuations, similar
to the string, using the gradient of the local chemical potential, is performed
prior to the TI of transformation between the local minima. Since this quenching
is only performed on a single structure and does not require communication
between several states, it will only require comparatively few iterations to obtain
the quenched reference states. This procedure can be used to provide a quick
estimate of the free energy di↵erence for cases where the information about the
minimum free energy path is not needed or to generate input references for, e.g.,
MFEP calculations.

2) Density as order parameter is very versatile and especially suitable to describe
membrane shapes. However, as described in Sec. 4.3, the implementation, as
used for this work, is not yet feasible for large systems due to simulation cost.
Code optimizations and parallelization could help to unfold the full potential of
DFTI as well as the string method. First steps towards the realization of this
coding project were done but the implementation has yet to be executed. One
possible approach here could be the usage of the Gromacs API that is available
since the Gromacs 2019 release [83].

3) The current limitation to simulations in the NVT ensemble would require an
additional free energy correction for systems undergoing transformations that are
not only limited to a small region such as the breaking of the WM, but do require
restructuring of the majority of the system. The budding process of a lipid droplet,
as described in 4.3, is an example for which this description does not su�ce. The
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structural transformation of the droplet happens on a much larger scale. During
the transformation from a budded droplet towards a lens the membrane would
grow in the xy-plane. The grid used to calculate the local densities would need
to be adapted to that change. On-the-fly adjustment of the grid is a non-trivial
task. A simple scaling of the grid with the box vectors is not su�cient since
the local chemical potential is only meaningful if locality itself is well defined.
Furthermore, systematically studying the influence of the force constant and step
size of the minimization on convergence for the DFTI minimization scheme and
the string method bears the potential of optimizing the process even more.

The work reported in Chapter 3 is located at the verge of biomaterials science.
The structural features of lipids are similar to block copolymers but on a smaller
length scale. Intrigued by the observation of toroidal micelles formed from
single-chain bola amphiphiles (PC-32-PC) in simulations, we explored the phase
behaviour of these special lipids. Ring shaped aggregates are well known from
block copolymers [84]. Since bola lipids possess a similar structure, i.e. two
polar headgroups linked by an apolar carbon chain, we hypothesized that toroidal
micelles could indeed be accessible under certain conditions. Calculation of the
minimum free energy path (MFEP) via the string method for the opening of a
toroidal micelle provided valuable insights to predict the stability of such a phase.
We proposed a pathway of tricking the system into forming rings by heat-shocking
disc shaped micelles formed below Tm. This alludes to the opportunity to use
these aggregates as thermo-responsive carrier systems, for instance, in drug or
gene delivery [85, 86].

Lipid droplets (LDs) are another interesting case, where free-energy calculations
could enlighten the ongoing discourse about the mechanism of their emergence.
Specifically, the influence of seipin on that process is debated. Comparative
studies with and without the protein should help to clarify whether it could serve
as structural stabilizer of the membrane/TAG lens contact or whether its role
is rather a nucleation site for TAG molecules or blisters. Chapter 4 reflects
the current stage of this process. Unfortunately our free-energy techniques are
not (yet) suitable for this system. Also, finding another reaction coordinate
proved to be di�cult, rendering the planned free-energy calculations beyond
the time limit of this thesis. The preliminary results already suggest that, in
the built model, the budded LD state is not a meta-stable configuration but it
can be used and adapted to further investigate factors, such as lipid composition
or the interaction with proteins. Due to early stages of the droplet formation
being elusive to experimental detection, there are only theoretical considerations
like the calculations of Chorlay et al. [57] setting the lower threshold of LD
budding at �20 nm. Thus, a possible size e↵ect is not to be neglected and for
future calculations, di↵erent droplet sizes should be compared. Simulations of
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the built seipin model reinforce the experimentally observed association with
premature TAG assemblies [50]. Further investigations concerning the seipin
model should be prompted to explain the di↵erent observations in the work of
Prasanna et al. [81]. The rapid development of new tools for membrane analysis
is also an important factor in the process of studying complex membrane systems.
Bhatia et al., for instance, recently published MemSurfer [87], which is capable
of accurately calculating topological properties of membranes, even for highly
curved surfaces (e.g. budded LDs).

To summarize, this work explored the usage of density field based free energy
methods in its predictive power and limitations.

The more we learn the more we realize the unimaginable complexity of our
physical world, including the biochemistry and biophysics of living organisms.
The importance of computer simulations and numerical methods will further
increase as a toolkit for analysis and predictions complementary to experimental
techniques. The development of reliable and flexible free energy methods will
be key for the integration into larger workflows to be e�ciently used in, e.g. the
development of lipidic carrier systems for drugs or the investigation of peptide
membrane interactions. To advance from single show cases and establish these
methods, implementations should be accessible. The density-field-based string
method and the DFTI would be good additions to the Gromacs free energy
kernel. With the adaptions suggested above, they could be useful to answer many
questions regarding the stability of soft matter morphologies investigated using
molecular dynamics.
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